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» “The world’'s most
valuable resource is no

DantRerin: longer oil, but data”

— The Economist

1/18



» Are there limits to what we can learn?
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THIS 15 YOUR MACHINE LEARNING SYSTET?

.. YOP! You POUR THE DATA INTO THIS BIG
» Are there limits to what we can learn? PILE OF LINEAR ALGEBRA, THEN (OLLECT

THE ANSLJERS ON THE OTHER SIDE.
WHAT IF THE ANSIERS ARE LJRONG? )

JUST STiR THE PILE UNTIL
THEY START LOOKING RIGHT.

» Which methods work? Why?
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JUST STiR THE PILE UNTIL
THEY START LOOKING RIGHT.

» Which methods work? Why?

» What are the bottlenecks?

2/18



Statistics & Information Theory — what are limits to learning?

> 1700's - Bayesian Statistics

» 1900-1920 - Fisher Information » late 1940's: Information Theory:

— How much information does a sample — Shannon Entropy: # of bits “of
have about a parameter? information” needed to identify a draw of X

» 1933: Neyman-Pearson Lemma:

— Limits on Hypothesis Testing > 1950+ Minimax, Contiguity, ...

> 1940’s: Cramér-Rao Bound: Is there enough information in the data?
— Limits on Statistical Estimation

Laplace Lagrange Gauss K.Pearson Edgeworth Fisher E.Pearson Neyman Cramér Rao Shannon Hamming - - -
1770's 1800's 1890's  1900's 1920's 1930’s 1940's 1948 1950
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Learning/Estimating is (also) optimization

Goal: Find parameter/signal/model that best “fits" the data
» Maximum likelihood estimation

» Training of Neural Networks
> ... Are these computational tasks feasible/easy?
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Learning/Estimating is (also) optimization

Goal: Find parameter/signal/model that best “fits" the data

» Maximum likelihood estimation

» Training of Neural Networks

S -

Many optimization/computational problems are
NP-hard (e.g. Knapsack)

Are these computational tasks feasible/easy?

1956: Godel's letter to von Neumann
(and John Nash's 1955)

1971-72: Cook and Karp's NP-hardness

Should we design (statistical) models so that optimization is easy?

Linearity, Convexity, ...
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An example: Communities in Social Networks

Given two disjoint sets of m = 7 nodes each. Independently:

P pairs between clusters have an edge with probability p

> pairs across clusters have an edge with probability g < p

A. Decelle, F. Krzakala, C. Moore, and L. Zdeborov4, 2011
E. Mossel. J. Neeman, A. Sly, 2012, 2013.

L. Massoulie, 2013.

E. Abbe, A. S. Bandeira, G. Hall, 2014.

A. S. Bandeira, 2018.
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An example: Communities in Social Networks

Can we recover the colors/partition?

A. Decelle, F. Krzakala, C. Moore, and L. Zdeborov4, 2011
E. Mossel. J. Neeman, A. Sly, 2012, 2013.

L. Massoulie, 2013.

E. Abbe, A. S. Bandeira, G. Hall, 2014.

A. S. Bandeira, 2018.
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An example: continued

> Theorem: For p = '°8" and g = 3987 If (iff)

n n '

\/>_\/B>\/§7

Minimum Bisection coincides with the true communities with high probability.

E. Abbe, A. S. Bandeira, G. Hall, 2014.
E. Mossel, J. Neeman, and A. Sly, 2014
B. Hajek, Y. Wu, and J. Xu., 2014

A. S. Bandeira, 2015.
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> Theorem: For p = a'®" and q = 6'05”, If (iff)

\/>_\/B>\/§7

Minimum Bisection coincides with the true communities with high probability.

» Theorem: Minimum Bisection is an NP-hard problem.

\/>_\/B>\/§7

Minimum Bisection can be computed efficiently with high probability.

» Theorem: If

Does this always happen?

E. Abbe, A. S. Bandeira, G. Hall, 2014.
E. Mossel, J. Neeman, and A. Sly, 2014
B. Hajek, Y. Wu, and J. Xu., 2014

A. S. Bandeira, 2015.
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Statistical-to-Computational Gaps

Hidden Clique Problem

» A graph G (n, %)
— each edge appears with probability %
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What Makes a Problem Hard?

P ( node colors | SBM Graph ) <« Spin Glass (Physics)
Complexy of Posterior / Geometry of Solutions / Free-Energy Overlap Barrier

A. Decelle, F. Krzakala, C. Moore, and L. Zdeborovd, 2011
D. Gamarnik, M. Sudan, 2013
S. Hopkins, D. Steurer, 2017
A. S. Bandeira, D. Kunisky, A. S. Wein, 2019
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What Makes a Problem Hard?

P ( node colors | SBM Graph ) <« Spin Glass (Physics)
Complexy of Posterior / Geometry of Solutions / Free-Energy Overlap Barrier

What if one can only use low-degree polynomials of the data? (Hopkinssteurer 17)
Restricted class of algorithms / Low-Degree Method

Goal: When are different approaches equivalent?

A. Decelle, F. Krzakala, C. Moore, and L. Zdeborovd, 2011
D. Gamarnik, M. Sudan, 2013
S. Hopkins, D. Steurer, 2017
A. S. Bandeira, D. Kunisky, A. S. Wein, 2019
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Planted Model (parameter n — oc)

» Signal: x ~ p drawn from prior
» Data: Y ~ P, :=P(Y|x)
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Planted Model (parameter n — oc)

» Signal: x ~ p drawn from prior
» Data: Y ~ P, :=P(Y|x)
» Goal: Estimate x from Y

Hypothesis Testing

» Planted model (with “signal”) Y ~ P, Y ~ P, with x ~ p
» Null model (just noise) Y ~Q, e.g. G(n,1/2)

Le Cam Contiguity
If Eg L(Y)? = O(1), where L(Y) := C%(Y), then H.T. with o(1) error probability is impossible

Proof: Let A be the event where test says “Planted Model".

P(A) = Ep 1a(Y) = Eg L(Y)1a(Y) < vEq L(Y)*VEg 1a(Y)? = vEo L(Y)*VQ(A)
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The Low-Degree Method (e.g. [Hopkins-Steurer '17])

Goal: Hypothesis Testing between two distributions with o(1) error:

S. Hopkins, D. Steurer, 2017
S. Hopkins, 2018 (PhD thesis)
A. S. Bandeira, D. Kunisky, A. S. Wein, 2019 (survey)
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Is there a low degree polynomial f(Y)
that is big when Y ~ P and close to zero when Y ~ Q7

Ey. p[f(Y in P
IDEA: Compute max v~rlf(V)] mear.1 n -
fdeg D \/Eyg[f( Y)?] fluctuations in Q

S. Hopkins, D. Steurer, 2017
S. Hopkins, 2018 (PhD thesis)
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(some Linear Algebra)

Ey p[f(Y)]

max
raeg D /By ~olF(Y)7]
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(some Linear Algebra)

max _y~plF(Y)]
fdeg D\/Ey.g[f(Y)?]
= f?eang Ty o[ (V)] Likelihood ratio: L(Y) = g5(Y)
(L,f)
= frye?gXD If] (f.g) =Ey~olf(Y)g(Y)]

= [IL=P]| 1]l = V(. )

Maximizer: f = L=P := projection of L onto degree-D subspace

Norm of low-degree likelihood ratio
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The Low-Degree Method

max Epr[f(Y)] _ HLSD”
fdeg D \/Ey~q[f(Y)]
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The Low-Degree Method

max IEY~11>’['C(Y)]2 — L2

gD /Eyqlf(Y)’]

— oo degree-D polynomial can distinguish Q, P
n

Heuristically  ||LSP] =

O(1) degree-D polynomials fail

Conjecture (informal variant of [Hopkins '18])
For “nice” Q,P, if |L=P|| = O(1) for some D >> log n then no polynomial-time
algorithm can distinguish Q,P with success probability 1 — o(1).

(D)

degree-D polynomials <= time-n algorithms

> If |L=P|| = O(1) for some D > log n then no spectral method can distinguish Q from PP (in a
particular Sense) [Kunisky, Wein, B '19]

» Spectral methods are believed to be as powerful as sum-of-squares for average-case problems
[HKPRSS '17]

> e.g. Predicts exact sub-exponential computational cost of sparse PCA [Ding, Kunisky, Wein, B. '19]
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Y~P: Y ~Py,x~ p. Ly := dP,/dQ

NQL(Y) E (E LX(Y)>2: ELE E LML) = E E (L Lo

Y Y~Q \ X~ Y~QXp X! ~p X~ x! ~
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Y~P: Y ~Py,x~ p. Ly := dP,/dQ

2
E L-P(Y) = EQ<E LED(Y)> = E E E L°(V)L.°(Y)=E E (L;°,L
X~op

<D>
Y~Q Y~ Y~Qx~p x'~p X~ x! o x

X'

()]
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Y~P: Y ~Py,x~ p. Ly := dP,/dQ

E E E L°Y)L(Y)=E E (L;°, L")

2
E L°P(Y)?’=E ( E L,"(Y)) = /
Y~Q ( ) Y~Q \x~p X ( ) Y~Q x~px ~p x X~ X!~ (@)

Gaussian Additive Model: P: Y =XMX+Z vs Q:Y¥Y=Z
X ~ pu, distribution over RN and Z € RV i.i.d. A(0,1)
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(Take picture for proof sketch) Y~P: Y ~Pyx~pu. Ly := dP,/dQ

2
E L“°(Y)??= E (IE LjD(Y)> = E E E L2Y)L,(Y)= E E (L;"L
Y~Q Y~Q \x~p m

<D
Y ~Q x~p !~ X X~ >

x 12(Q)

)

Gaussian Additive Model: P: Y =XMX+Z vs Q:Y¥Y=Z
X ~ pu, distribution over RN and Z € RV i.i.d. A(0,1)

_
-

~ Exexp(=1]Y = \XJ)

12 2
O = eClvie) X (r0r0 = pxe)

L(Y)

L=7>3", cahs where {h,} are the Hermite polynomials  (orthonormal basis w.r.t. Q)
IL=P]? = Z\Q\SD c; where ¢, = (L, ha) = Eyg[L(Y)ha(Y)] = Ey~r[ha(Y)]

D
1
Result: [L<°|2 =" = E (X, X)‘] = E ep<P(X*(X,X")
d=0 ' ’
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Example: Wigner Spike Model Goal: Recover/Detect v from Avv " +W
Y= w+W
W Wigner, ||v| = 1.
Wij ~ N (0,1/n)

207

10t

-2 -1 0 1 2

Johnstone, AoS 2001.

Baik, Ben-Arous, Peche, AoP 2005.

D. Feral, S. Peche, CMP 2006.

A. S. Bandeira, D. Kunisky, A. S. Wein, 2019 (survey) 14/18
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Sparse PCA: For other priors, such as
vV~ Unif(S“_1 Nv]lo < n/100)
gaps appear (A\sar <1, Agoup = 1)

Tensor PCA, ...
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Free-energy barrier often created by energy/likelihood vs entropy/volume trade-offs

v

Tightly connected to Franz-Parisi Potential [FP'95]. Also connected to Bethe Free-Energy and Overlap Gap Property.
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> Free-energy barrier often created by energy/likelihood vs entropy/volume trade-offs

> Tightly connected to Franz-Parisi Potential [FP'95]. Also connected to Bethe Free-Energy and Overlap Gap Property.

P Possible to show Markov Chain Monte Carlo lower bounds
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The Franz-Parisi Criterion

Low-Degree Method: Problem is hard if LD(D) is bounded for some D >> log(n)
LD(D)= E (LgP.157)
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Main Results

» Low-Degree Method and Franz-Parisi Criterion are essentially equivalent for
Gaussian Additive Model
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Main Results and questions

» Low-Degree Method and Franz-Parisi Criterion are essentially equivalent for
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Main Results and questions

» Low-Degree Method and Franz-Parisi Criterion are essentially equivalent for
Gaussian Additive Model

[<xxM4g > ¢

LSP LD(D)

(proof by picture)
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» Low-Degree Hard = coldstarted local Markov-Chain-Monte-Carlo Hard (GAM)

» Franz-Parisi Hard = Low-Degree Hard for certain planted sparse models
gives new computational lower bound for Sparse Linear Regression

» Unfortunately, criteria are not equivalent for all planted models
% A better free-energy-based criteria needed?
% Recovery vs Estimation?
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Thank You

Shameless plug I: For PhD & Postdoc positions visit: https://people.math.ethz.ch/~abandeira/positions.html

Shameless plug Il: Draft available of a new book Mathematics of Data Science, and notes with Open Problems
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