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Generative	AI	&	Diffusion	Models	

• Impressive	results	in	image	and	text	generation	(GPT-4;	Dall-E,	…)


• Diffusion	models	are	the	state	of	the	art	in	image	generation	from	2020	


• Wide	range	of	applications	(text-to-image):	Dall-E,	Imagen,..


An	angry	bird A	cat-looking	dog	 Monkey	drinking	a	cocktail	in	

a	speak-easy	bar	



Diffusion	Models

Training	set:	a	set	of	images

										N	is	the	dimension	of	the	data,	P	their	number	

Langevin	equation	for	an	Ornstein-Uhlenbeck	process	

It	transforms	the	data	in	iid	Gaussian																			at	t>>1
<latexit sha1_base64="ZlgcJ6tR+yhWxbtFfb3uSXMZedw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIqMuiG1dSwT6gDWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt7W0vLK6tl7YKG5ube/s2qW9pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80XXmtx6oVCwS93ocUy/EA8ECRrA2Us8upd0Q6yHBHN1OKs6Je9yzy07VmQItEjcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnE6K3UTRGJMRHtCOoQKHVHnpNPoEHRmlj4JImic0mqq/N1IcKjUOfTOZ5VTzXib+53USHVx6KRNxoqkgs0NBwpGOUNYD6jNJieZjQzCRzGRFZIglJtq0VTQluPNfXiTN06p7XnXvzsq1q7yOAhzAIVTAhQuowQ3UoQEEHuEZXuHNerJerHfrYza6ZOU7+/AH1ucPemWS1Q==</latexit>

N (0, 1)

Diffusion	models	learn	how	to	go	backward	in	time

Generating	new	images	from	white	noise		

<latexit sha1_base64="aSPpuwhbYHauMnTjInrdNIMCjmE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KMOMiLoRim5cVrAPmA6SSTNtaCYZkjtCGfoZblwo4tavceffmLaz0NYDgcM555J7T5QKbsDzvp3Syura+kZ5s7K1vbO7V90/aBuVacpaVAmluxExTHDJWsBBsG6qGUkiwTrR6Hbqd56YNlzJBxinLEzIQPKYUwJWCnpJdu3XXdetNx+rNc/1ZsDLxC9IDRWw+a9eX9EsYRKoIMYEvpdCmBMNnAo2qfQyw1JCR2TAAkslSZgJ89nKE3xilT6OlbZPAp6pvydykhgzTiKbTAgMzaI3Ff/zggziqzDnMs2ASTr/KM4EBoWn9+M+14yCGFtCqOZ2V0yHRBMKtqWKLcFfPHmZtM9c/8L1789rjZuijjI6QsfoFPnoEjXQHWqiFqJIoWf0it4ccF6cd+djHi05xcwh+gPn8wcM8Y/M</latexit>

µ = 1, ..., P



Time-reversal	

Score	function	provides	the	force	field	to	go	back	in	time	

<latexit sha1_base64="ZlgcJ6tR+yhWxbtFfb3uSXMZedw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKIqMuiG1dSwT6gDWUynbRDJ5MwM1FK7Ke4caGIW7/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt7W0vLK6tl7YKG5ube/s2qW9pooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80XXmtx6oVCwS93ocUy/EA8ECRrA2Us8upd0Q6yHBHN1OKs6Je9yzy07VmQItEjcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnE6K3UTRGJMRHtCOoQKHVHnpNPoEHRmlj4JImic0mqq/N1IcKjUOfTOZ5VTzXib+53USHVx6KRNxoqkgs0NBwpGOUNYD6jNJieZjQzCRzGRFZIglJtq0VTQluPNfXiTN06p7XnXvzsq1q7yOAhzAIVTAhQuowQ3UoQEEHuEZXuHNerJerHfrYza6ZOU7+/AH1ucPemWS1Q==</latexit>

N (0, 1)Time-reversed	Langevin	equation	transforms	iid	Gaussians																				in	new	data	
<latexit sha1_base64="v8kf/Iob1hNK3n51+Pj4/ejpNB8=">AAACGHicbVDJSgNBEO2JW4zbqEcvjUGIlzgjoh6DHvQYwSyQhFDT6SRNeha6a6JhyGd48Ve8eFDEa27+jZ0F1MQHBY/3qqiq50VSaHScLyu1tLyyupZez2xsbm3v2Lt7ZR3GivESC2Woqh5oLkXASyhQ8mqkOPie5BWvdz32K32utAiDexxEvOFDJxBtwQCN1LRPis3kBmKth7l6nzP6eEzrSnS6CEqFD9S4LUD4MZt21sk7E9BF4s5IlsxQbNqjeitksc8DZBK0rrlOhI0EFAom+TBTjzWPgPWgw2uGBuBz3Ugmjw3pkVFatB0qUwHSifp7IgFf64HvmU4fsKvnvbH4n1eLsX3ZSEQQxcgDNl3UjiXFkI5Toi2hOEM5MASYEuZWyrqggKHJMmNCcOdfXiTl07x7nnfvzrKFq1kcaXJADkmOuOSCFMgtKZISYeSJvJA38m49W6/Wh/U5bU1Zs5l98gfW6Bueh599</latexit>

PGauss(~x) ! Pdata(~x)

Sohl-Dickstein	et	al	2015	(ideas	from	out	of	equilibrium	thermodynamics!)	

Yang	&	Ermon	2019,	Ho	et	al	2020,	…	

For	a	review	see	Yang	et	al	“Diffusion	Models:	A	Comprehensive	Survey	of	Methods	and	Applications	




Estimating	the	score	function	

Regression	problem

Deepnet	(UNet)

Empirical	minimisation

<latexit sha1_base64="jzeTZiovkW7Ll7Fwq62/tzqfkDY="></latexit>

L(✓) =
Z

d~xPt(~x)
h
~S✓(~x) · ~S✓(~x)� 2 ~S✓(~x) · ~F(~x, t)

i
+ C

<latexit sha1_base64="1/Ip+W8PFUPLN0ecE+uJEBXNycg="></latexit>

L(✓) =
Z

d~xPt(~x) ~S✓(~x) · ~S✓(~x)� 2

Z
d~xPt(~x) ~S✓(~x) ·
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<latexit sha1_base64="LEgOhmg1M1AOchSM5vgsXT9Qoa0="></latexit>

L(✓(t)) =
X

xµ(t),aµ

����~S
✓(t)(~xµ(t)) +

~xµ(t)� ~aµe�t

�t

����
2



Theoretical	(math)	Results	

• Several	results	by	De	Bortoli	et	al.	(2012,	2022)	


If																																															and	the	distribution	of	data,				,is	regular	enough	then	

there	exists	positive	constants	B,C,D	such	that	

<latexit sha1_base64="n9CZfzubw5QHdNcQo4CE2LRFvOo="></latexit>

| ~S✓(~x)� ~F(~x, t)| < ✏
<latexit sha1_base64="8/NR2jtoIUJEl0ma8yE0lJ1aGWE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXzE0qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5A6hSjf0=</latexit>⇡

Generated	distribution
A	power	law	in	T	if	data	

lie	on	a	compact	manifold	Discretisation	step

<latexit sha1_base64="u9yPt8JMsLrL+UuziesgsC0HqW0="></latexit>

k~P✓(~xB(T ))� ⇡kTV < Be�T + C(✏+�t1/2)eDT

Informally	



What	is	the	role	of	dimension	of	the	data	?	


How	many	data	one	needs	to	get	a	good	diffusion	model	?	


What	is	the	role	of	the	approximation	class	(number	of	parameters,	form	of	the	
network,..)	?		


				

Open	theoretical	questions	

A	statphys	analysis	of	diffusion	models	in	

the	high	dimension	-	large	number	of	data	limit			



High-dimensional	Gaussian	Data	

										N	is	the	dimension	of	the	data,	P	their	number	and	we	consider	the	limit

The	vector	of	data	is	multivariate	Gaussian																																where	the	density	

of	eigenvalues	of										converges	to	a	function	

<latexit sha1_base64="lxeDpSTcJn/HtEUEl5wj3HFQQXo=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZEXVZ7MaVVLAP6Iwlk6ZtaJIZkkyhDF268VfcuFDErZ/gzr8x085CWw9cOJxzL/feE0SMKu0431ZuaXlldS2/XtjY3NresXf3GiqMJSZ1HLJQtgKkCKOC1DXVjLQiSRAPGGkGw2rqN0dEKhqKez2OiM9RX9AexUgbqWMfeiOCIYKeohwmHkd6gBGDt5OSc1p9cE46dtEpO1PAReJmpAgy1Dr2l9cNccyJ0JghpdquE2k/QVJTzMik4MWKRAgPUZ+0DRWIE+Un00cm8NgoXdgLpSmh4VT9PZEgrtSYB6YzvVTNe6n4n9eOde/KT6iIYk0Eni3qxQzqEKapwC6VBGs2NgRhSc2tEA+QRFib7AomBHf+5UXSOCu7F2X37rxYuc7iyIMDcARKwAWXoAJuQA3UAQaP4Bm8gjfryXqx3q2PWWvOymb2wR9Ynz/005gB</latexit>

~a ⇠ N (0, C0)
<latexit sha1_base64="bcS5dL9S0GtGgDqpF7ZTSPsEWgY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz24rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4JRbeq3nrg2IlYPOE64H9GBEqFgFK10X3t0e6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuseHcX5epNHkcBjuEEzsCDK6jCLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gC50o1v</latexit>

C0 <latexit sha1_base64="Mc4GJiMQG+H6qn15IhWzk9xRtBY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN2VGRF0W3bisYB/QGUomk2lDM8mYZAql9DvcuFDErR/jzr8xbWehrQcCh3PO5d6cMOVMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWmCG0SyaXqhFhTzgRtGmY47aSK4iTktB0O72Z+e0SVZlI8mnFKgwT3BYsZwcZKga8Gsupzm4/wea9ccWvuHGiVeDmpQI5Gr/zlR5JkCRWGcKx113NTE0ywMoxwOi35maYpJkPcp11LBU6oDibzo6fozCoRiqWyTxg0V39PTHCi9TgJbTLBZqCXvZn4n9fNTHwTTJhIM0MFWSyKM46MRLMGUMQUJYaPLcFEMXsrIgOsMDG2p5ItwVv+8ippXdS8q5r3cFmp3+Z1FOEETqEKHlxDHe6hAU0g8ATP8Apvzsh5cd6dj0W04OQzx/AHzucPKrmRtQ==</latexit>

⇢(�)

Gaussian	 Linear	score	

<latexit sha1_base64="//qjWFRlz8Wk7gZDmY3Dck214Ec=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsoCURUTdCURCXFewDmhAm00mddvJgZiItIZ/gxl9x40IRty7d+TdO2iy09cCFwzn3cu89bsSokIbxrRXm5hcWl4rLpZXVtfUNfXOrKcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru4CrzWw+ECxoGd3IUEdtHvYB6FCOpJEffTywfyXuMGLxOHVoZHkJ5cHFkidh3+rDlJLSfwqHTd/SyUTXGgLPEzEkZ5Kg7+pfVDXHsk0BihoTomEYk7QRxSTEjacmKBYkQHqAe6SgaIJ8IOxk/lMI9pXShF3JVgYRj9fdEgnwhRr6rOrPrxbSXif95nVh653ZCgyiWJMCTRV7MoAxhlg7sUk6wZCNFEOZU3QrxPeIIS5VhSYVgTr88S5rHVfO0at6elGuXeRxFsAN2QQWY4AzUwA2ogwbA4BE8g1fwpj1pL9q79jFpLWj5zDb4A+3zBxw9nAI=</latexit>

Fi(x, t) = �
X

j

Wijxj

<latexit sha1_base64="I+00rIVOndDSI/Ih1hIP6n/D2y8=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8CAlEVGPRS+epIL9gCaUzXbTLt1swu5EKbEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgauw375nSPJZ3MEyYH5Ge5CGnBIzUsfdujmue4r0+EKXiB+xxGcIQd+yyU3EmwPPEzUkZ5ah17C+vG9M0YhKoIFq3XScBPyMKOBVsVPJSzRJCB6TH2oZKEjHtZ5P7R/jQKF0cxsqUBDxRf09kJNJ6GAWmMyLQ17PeWPzPa6cQXvgZl0kKTNLpojAVGGI8DgN3uWIUxNAQQhU3t2LaJ4pQMJGVTAju7MvzpHFScc8q7u1puXqZx1FE++gAHSEXnaMqukY1VEcUPaJn9IrerCfrxXq3PqatBSuf2UV/YH3+AHldlcI=</latexit>

N,P ! 1

<latexit sha1_base64="6pLJVg5+Zx5pKZLJaaCHTDvWjp8="></latexit>

Wtrue =
�
T (1� e�2t)I+ e�2tC0

��1



Empirical	estimation	of	the	score	

<latexit sha1_base64="VoBCSAiXROPDeZn14qAcmdvWe/Q=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsoCURUTdC0Y3LivYBTQiT6aROO3kwM5GWkE9w46+4caGIW5fu/BsnbRbaeuDC4Zx7ufceN2JUSMP41gpz8wuLS8Xl0srq2vqGvrnVFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13cJX5rQfCBQ2DOzmKiO2jXkA9ipFUkqPvJ5aP5D1GDN6mDq0MD6E8uDiyROw7fdhyEtpP4dDpO3rZqBpjwFli5qQMctQd/cvqhjj2SSAxQ0J0TCOSdoK4pJiRtGTFgkQID1CPdBQNkE+EnYwfSuGeUrrQC7mqQMKx+nsiQb4QI99Vndn1YtrLxP+8Tiy9czuhQRRLEuDJIi9mUIYwSwd2KSdYspEiCHOqboX4HnGEpcqwpEIwp1+eJc3jqnlaNW9OyrXLPI4i2AG7oAJMcAZq4BrUQQNg8AiewSt40560F+1d+5i0FrR8Zhv8gfb5AzFdnA8=</latexit>

Si(x, t) = �
X

j

Wijxj

Minimize	the	empirical	loss	

<latexit sha1_base64="aP/R1jgRy216Po5c6HTJTQSphEc="></latexit>

Wemp =
1

T (1� e�2t)

�
I� e�t(Dt)�1M t

�

What	is	the	role	of	dimension	of	the	data	?	


How	many	data	one	needs	to	get	a	good	diffusion	model	?	


<latexit sha1_base64="LEgOhmg1M1AOchSM5vgsXT9Qoa0="></latexit>

L(✓(t)) =
X

xµ(t),aµ

����~S
✓(t)(~xµ(t)) +

~xµ(t)� ~aµe�t

�t

����
2



A	random	matrix	theory	problem	

How	much	data	is	needed	for	a	good	score	estimation	depends	on	the	dimension

<latexit sha1_base64="WhZEmZIJheEF7YWgrFV4MBtKwys=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRBKHMiKgboVgXLivYC7TjkMmkbWzmQnJGKEPXbnwVNy4UcesTuPNtTNsRtPWHwJf/nENyfi8WXIFlfRm5ufmFxaX8cmFldW19w9zcqqsokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zh9SujeuOeScWj8AYGMXMC0g15h1MC2nLN3ctbcFN+NzyvZHDY9pkAgn/urlm0StZYeBbsDIooU9U1P9t+RJOAhUAFUaplWzE4KZHAqWDDQjtRLCa0T7qspTEkAVNOOl5liPe14+NOJPUJAY/d3xMpCZQaBJ7uDAj01HRtZP5XayXQOXNSHsYJsJBOHuokAkOER7lgn0tGQQw0ECq5/iumPSIJBZ1eQYdgT688C/Wjkn1Ssq+Pi+WLLI482kF76ADZ6BSV0RWqohqi6AE9oRf0ajwaz8ab8T5pzRnZzDb6I+PjG0v+mqc=</latexit>

Dt
ij = Ct

ij + �Ct
ijKey	idea	

For	large	P	

A	generalized	Rosenzweig-Porter	random	matrix	model

<latexit sha1_base64="jTzoXP7QON6AOL3e+AxBDNUFSPM=">AAACBHicbVDLSsNAFJ3UV62vqMtugkUQhJKIqBuhWBeupIp9QJOWyXTSDp08nLkRSsjCjb/ixoUibv0Id/6N0zYLbT1w4XDOvdx7jxtxJsE0v7XcwuLS8kp+tbC2vrG5pW/vNGQYC0LrJOShaLlYUs4CWgcGnLYiQbHvctp0h9Wx33ygQrIwuINRRB0f9wPmMYJBSV29eNmB82oHDm15LyCxPYFJcp0mtTS97eols2xOYMwTKyMllKHW1b/sXkhinwZAOJaybZkROAkWwAinacGOJY0wGeI+bSsaYJ9KJ5k8kRr7SukZXihUBWBM1N8TCfalHPmu6vQxDOSsNxb/89oxeGdOwoIoBhqQ6SIv5gaExjgRo8cEJcBHimAimLrVIAOscgCVW0GFYM2+PE8aR2XrpGzdHJcqF1kceVREe+gAWegUVdAVqqE6IugRPaNX9KY9aS/au/Yxbc1p2cwu+gPt8wfoMphI</latexit>

Dt = Ct +

r
N

P
R

For																	the	density	of	eigenvalues	(but	not	eigenvectors)		is	correctly	estimated<latexit sha1_base64="PLnwNwpE/2kvskDyEzcMUP8WcEU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepYG2hDWWznaRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnYBqFFxiy3AjsJMqpHEgsB2MbqZ++wmV5ol8MOMU/ZhGkoecUWOldrMXReSO9Ks1t+7OQJaJV5AaFGj2q1+9QcKyGKVhgmrd9dzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NzJ+TEKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNUC96U/E/r5uZ8MrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythQ6ooMzahig3BW3x5mTye1b2Lund/XmtcF3GU4QiO4RQ8uIQG3EITWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8rLo7O</latexit>

P � N

For																			eigenvalues	and	eigenvectors	are	correctly	estimated	
<latexit sha1_base64="BBgH3LwmUvdoSaMqkDU3e3yUMI8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh6LXjxJBfsB7VqyaXYbmk3WJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hrqt5+o0kyKezNOqB/jSLCQEWys1Gn0ogjdPtT65YpbdWdAy8TLSQVyNPrlr95AkjSmwhCOte56bmL8DCvDCKeTUi/VNMFkhCPatVTgmGo/m907QSdWGaBQKlvCoJn6eyLDsdbjOLCdMTZDvehNxf+8bmrCSz9jIkkNFWS+KEw5MhJNn0cDpigxfGwJJorZWxEZYoWJsRGVbAje4svLpFWreudV7+6sUr/K4yjCERzDKXhwAXW4gQY0gQCHZ3iFN+fReXHenY95a8HJZw7hD5zPH/wkj0g=</latexit>

P � N2

Kratsov	et	al	2015,	Facoetti,	GB,	Vivo,	2016,	Benigni	2018,…	

<latexit sha1_base64="A6DG9lS9TEu3Ycdk3bn2NNGFoQ4="></latexit>

�D
t
ij ⇠ O

✓
1p
P

◆
=

r
N

P
Rij



Number	of	Data	vs	Dimension	

Second	regime:	
<latexit sha1_base64="gqMb1cAg27nBpoI099LCD9+PimY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUREXRbduJIK9gFNKJPpTTp0MgkzE6GE+ituXCji1g9x5984TbPQ1gMXDufcO3fuCVLOlHacb2tldW19Y7OyVd3e2d3btw8OOyrJJIU2TXgiewFRwJmAtmaaQy+VQOKAQzcY38z87iNIxRLxoCcp+DGJBAsZJdpIA7vmFW/kAc9gilteFOG7gV13Gk4BvEzcktRRidbA/vKGCc1iEJpyolTfdVLt50RqRjlMq16mICV0TCLoGypIDMrPi8VTfGKUIQ4TaUpoXKi/J3ISKzWJA9MZEz1Si95M/M/rZzq88nMm0kyDoPNFYcaxTvAsCTxkEqjmE0MIlcz8FdMRkYRqk1fVhOAunrxMOmcN96Lh3p/Xm9dlHBV0hI7RKXLRJWqiW9RCbUTRBD2jV/RmPVkv1rv1MW9dscqZGvoD6/MHWoqUkg==</latexit>

P � N

<latexit sha1_base64="6RWOScFFK7Y6JAw6ehIiH0dK1zE=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6rJYF26UCvYBTQiT6aQdOnkwMymWkF9w46+4caGIW3fu/BsnaRbaeuDC4Zx7ufceN2JUSMP41hYWl5ZXVktr5fWNza1tfWe3LcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjruqJH5nTHhgobBvZxExPbRIKAexUgqydGr1phg+OAkVzcptAT1YWL5SA4xYvA2hVXjuJF7R45eMWpGDjhPzIJUQIGmo39Z/RDHPgkkZkiInmlE0k4QlxQzkpatWJAI4REakJ6iAfKJsJP8oxQeKqUPvZCrCiTM1d8TCfKFmPiu6syuFbNeJv7n9WLpXdgJDaJYkgBPF3kxgzKEWTywTznBkk0UQZhTdSvEQ8QRlirEsgrBnH15nrRPauZZzbw7rdQvizhKYB8cgCowwTmog2vQBC2AwSN4Bq/gTXvSXrR37WPauqAVM3vgD7TPH/uBm9Q=</latexit>

~xDM ⇠ N (0, CDM )

<latexit sha1_base64="GIFEPRke0IpUoGF62KnAuMcdZXg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY/FevAiVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjOuZ336iSjMpHswkpn6Eh4KFjGBjpVa9n97cTfvlilt1Z0DLxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcAR1X46u3aKTqwyQKFUtoRBM/X3RIojrSdRYDsjbEZ60cvE/7xuYsIrP2UiTgwVZL4oTDgyEmWvowFTlBg+sQQTxeytiIywwsTYgEo2BG/x5WXSOqt6F1Xv/rxSu87jKMIRHMMpeHAJNbiFBjSBwCM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fOVKO5w==</latexit>

CDM

The	diffusion	model	generate	Gaussian	data	

	has	the	same	density	of	eigenvalues	of									but	different	eigenvectors.	
<latexit sha1_base64="bcS5dL9S0GtGgDqpF7ZTSPsEWgY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz24rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4JRbeq3nrg2IlYPOE64H9GBEqFgFK10X3t0e6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuseHcX5epNHkcBjuEEzsCDK6jCLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gC50o1v</latexit>

C0
<latexit sha1_base64="pDGsSQKdBpW8c7yCgWLOIzC0c1Q=">AAACGHicbVDLSsNAFJ34rPVVdelmsAiuaiKiLotuXEkF+4AmlMnkph06mYSZSbGEfIYbf8WNC0XcduffOH0g2nrgwplz7mXuPX7CmdK2/WUtLa+srq0XNoqbW9s7u6W9/YaKU0mhTmMey5ZPFHAmoK6Z5tBKJJDI59D0+zdjvzkAqVgsHvQwAS8iXcFCRok2Uqd06oaS0MzJs7vc5UR0OWB3ABQ/YpcGsf55yKnXKZXtij0BXiTOjJTRDLVOaeQGMU0jEJpyolTbsRPtZURqRjnkRTdVkBDaJ11oGypIBMrLJofl+NgoAQ5jaUpoPFF/T2QkUmoY+aYzIrqn5r2x+J/XTnV45WVMJKkGQacfhSnHOsbjlHDAJFDNh4YQKpnZFdMeMUlpk2XRhODMn7xIGmcV56Li3J+Xq9ezOAroEB2hE+SgS1RFt6iG6oiiJ/SC3tC79Wy9Wh/W57R1yZrNHKA/sEbf0o2fnA==</latexit>

1

N
h~x · ~xi is	correct	but	directions	of	fluctuations	are	not.

Third	regime:	
<latexit sha1_base64="Mx7pe2bf8T2jVCpw2x8EI8u/oCQ=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRF1GXRjSupYB/QxDKZ3qRDJ5MwMxFKKPgrblwo4tbvcOffOG2z0NYDFw7n3Dt37glSzpR2nG9raXlldW29tFHe3Nre2bX39lsqySSFJk14IjsBUcCZgKZmmkMnlUDigEM7GF5P/PYjSMUSca9HKfgxiQQLGSXaSD370Ju+kQc8gzFueFGEbx9qPbviVJ0p8CJxC1JBBRo9+8vrJzSLQWjKiVJd10m1nxOpGeUwLnuZgpTQIYmga6ggMSg/n64e4xOj9HGYSFNC46n6eyInsVKjODCdMdEDNe9NxP+8bqbDSz9nIs00CDpbFGYc6wRPssB9JoFqPjKEUMnMXzEdEEmoNomVTQju/MmLpFWruudV9+6sUr8q4iihI3SMTpGLLlAd3aAGaiKKcvSMXtGb9WS9WO/Wx6x1ySpmDtAfWJ8/jc2VNg==</latexit>

P � N2
<latexit sha1_base64="GIFEPRke0IpUoGF62KnAuMcdZXg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY/FevAiVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjOuZ336iSjMpHswkpn6Eh4KFjGBjpVa9n97cTfvlilt1Z0DLxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcAR1X46u3aKTqwyQKFUtoRBM/X3RIojrSdRYDsjbEZ60cvE/7xuYsIrP2UiTgwVZL4oTDgyEmWvowFTlBg+sQQTxeytiIywwsTYgEo2BG/x5WXSOqt6F1Xv/rxSu87jKMIRHMMpeHAJNbiFBjSBwCM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fOVKO5w==</latexit>

CDM	has	the	same	eigenvalues	and	eigenvectors	of									.
<latexit sha1_base64="bcS5dL9S0GtGgDqpF7ZTSPsEWgY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz24rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4JRbeq3nrg2IlYPOE64H9GBEqFgFK10X3t0e6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuseHcX5epNHkcBjuEEzsCDK6jCLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gC50o1v</latexit>

C0

First	regime:	
<latexit sha1_base64="mLcWWH3NWifJLRWb/6hFDDNahMA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUREXRbduJIK9gFNKJPpTTt0MgkzEyGE+ituXCji1g9x5984TbPQ1gMXDufcO3fuCRLOlHacb2tldW19Y7OyVd3e2d3btw8OOypOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeY3Mz87iNIxWLxoLME/IiMBAsZJdpIA7vmFW/kAU9hilse5/huYNedhlMALxO3JHVUojWwv7xhTNMIhKacKNV3nUT7OZGaUQ7TqpcqSAidkBH0DRUkAuXnxeIpPjHKEIexNCU0LtTfEzmJlMqiwHRGRI/VojcT//P6qQ6v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5Zgihkpm/YjomklBt8qqaENzFk5dJ56zhXjTc+/N687qMo4KO0DE6RS66RE10i1qojSjK0DN6RW/Wk/VivVsf89YVq5ypoT+wPn8AacuUnA==</latexit>

P ⌧ N
<latexit sha1_base64="GIFEPRke0IpUoGF62KnAuMcdZXg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY/FevAiVLAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjOuZ336iSjMpHswkpn6Eh4KFjGBjpVa9n97cTfvlilt1Z0DLxMtJBXI0+uWv3kCSJKLCEI617npubPwUK8MIp9NSL9E0xmSMh7RrqcAR1X46u3aKTqwyQKFUtoRBM/X3RIojrSdRYDsjbEZ60cvE/7xuYsIrP2UiTgwVZL4oTDgyEmWvowFTlBg+sQQTxeytiIywwsTYgEo2BG/x5WXSOqt6F1Xv/rxSu87jKMIRHMMpeHAJNbiFBjSBwCM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fOVKO5w==</latexit>

CDM	is	different	from								:	wrong	estimation	and	bad	generative	model.								
<latexit sha1_base64="bcS5dL9S0GtGgDqpF7ZTSPsEWgY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiz24rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4JRbeq3nrg2IlYPOE64H9GBEqFgFK10X3t0e6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xbuseHcX5epNHkcBjuEEzsCDK6jCLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gC50o1v</latexit>

C0

2-Wasserstein	distance	between	the	true	process	and	the	generated	one	vanishes.

Total	variation	distance	between	the	true	process	and	the	generated	one	vanishes.



The	data	comes	from	the	low	temperature	phase	of	a	statphys	model	

High-dimensional	Data	from	Statistical	Physics		

<latexit sha1_base64="nmeU8mzrm5p0Sj5YFSO9PTDihUM=">AAACDXicbVDLSgNBEJyNrxhfqx69DEYhHgy7Iuox6CXHCOYB2TXMTnqTIbMPZmYDYckPePFXvHhQxKt3b/6Nk2QRTSxoKKq66e7yYs6ksqwvI7e0vLK6ll8vbGxube+Yu3sNGSWCQp1GPBItj0jgLIS6YopDKxZAAo9D0xvcTPzmEIRkUXinRjG4AemFzGeUKC11zKNayRkCTcn4xJEswHCfnjoeKIKrP8a4YxatsjUFXiR2RoooQ61jfjrdiCYBhIpyImXbtmLlpkQoRjmMC04iISZ0QHrQ1jQkAUg3nX4zxsda6WI/ErpChafq74mUBFKOAk93BkT15bw3Ef/z2onyr9yUhXGiIKSzRX7CsYrwJBrcZQKo4iNNCBVM34ppnwhClQ6woEOw519eJI2zsn1Rtm/Pi5XrLI48OkCHqIRsdIkqqIpqqI4oekBP6AW9Go/Gs/FmvM9ac0Y2s4/+wPj4Bijpmv4=</latexit>

P (~a) ⇠ e��H(~a)

We	consider	low-temperature	cases	in	which	the	symmetry	is	broken	and	

there	are	multiple	pure	states


Different	phases	~	different	classes	


How	the	diffusion	model	breaks	the	symmetry	and	generate	typical	configurations	



An	exactly	solvable	model

Curie-Weiss	Model	of	ferromagnetism	


Ferromagnetic	phase	transition:	2	states	with	magnetisation


The	weights	of	the	two	states	are		

<latexit sha1_base64="8/UQfmjF07ZAY7arDhD00dta8R4="></latexit>

P (~a) =
1

Z
exp

0

@ �

2N

X

i 6=j

aiaj +
h

N

X

i

ai

1

A

<latexit sha1_base64="xPw9SDUMUjIA+v+zNLM22A8X5cs=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfVY9OKxgv2AbluyabYNTbJLMquUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMC2LBDbjut5NbWV1b38hvFra2d3b3ivsHDRMlmrI6jUSkWwExTHDF6sBBsFasGZGBYM1gdDv1m49MGx6pBxjHrCPJQPGQUwJW6vqxxLJ7VvYDBuS0Vyy5FXcGvEy8jJRQhlqv+OX3I5pIpoAKYkzbc2PopEQDp4JNCn5iWEzoiAxY21JFJDOddHb1BJ9YpY/DSNtSgGfq74mUSGPGMrCdksDQLHpT8T+vnUB43Um5ihNgis4XhYnAEOFpBLjPNaMgxpYQqrm9FdMh0YSCDapgQ/AWX14mjfOKd1nx7i9K1Zssjjw6QseojDx0haroDtVQHVGk0TN6RW/Ok/PivDsf89ack80coj9wPn8AJmaRow==</latexit>

±m⇤(�)
<latexit sha1_base64="rRSN/DwRUa75ZLEDyBHZKtIFi+c=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoXZSkiLoRim5cVrAPaNIymU6aoTNJmJkIJeQb3Pgrblwo4taVO//GaZuFth4YOPece7lzjxczKpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEZi0cMQi0fWQJIyGpKWoYqQbC4K4x0jHG99M/c4DEZJG4b2axMTlaBRSn2KktDQwq52BE/MrxxcIp6Sf6gIGkPdPsyytOziSQQUGuqxmA7Ns1awZ4DKxc1IGOZoD88sZRjjhJFSYISl7thUrN0VCUcxIVnISSWKEx2hEepqGiBPpprOTMniilSH0I6FfqOBM/T2RIi7lhHu6kyMVyEVvKv7n9RLlX7opDeNEkRDPF/kJgyqC03zgkAqCFZtogrCg+q8QB0ino3SKJR2CvXjyMmnXa/Z5zb47Kzeu8ziK4AgcgwqwwQVogFvQBC2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD+iNnPk=</latexit>

W± =
e±hm⇤

2 cosh(hm⇤)

How	the	diffusion	model	generates	the	symmetry	breaking	?	


How	the	weights	of	the	states	are	reconstructed	?	




An	exactly	solvable	model

Exact	computation	of	the	score	and	analysis	of	the	stochastic	process


Beginning	of	the	backward	process	

<latexit sha1_base64="L8NCQDB45LyIRqMI2VNzOYdNrWo=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0FMmrgrojZC0MZKI5gHZEOYnUySITO768xdMSz5BBt/xcZCEVtLO//GyaPQxAMXDufcy733+JHgGhzn20rNzS8sLqWXMyura+sb9uZWRYexoqxMQxGqmk80EzxgZeAgWC1SjEhfsKrfuxj61XumNA+DW+hHrCFJJ+BtTgkYqWnvezLOQf4s5x54+k5BcjXIezqWTY4fTHmaS3ydc/NNO+sUnBHwLHEnJIsmKDXtL68V0liyAKggWtddJ4JGQhRwKtgg48WaRYT2SIfVDQ2IZLqRjB4a4D2jtHA7VKYCwCP190RCpNZ96ZtOSaCrp72h+J9Xj6F92kh4EMXAAjpe1I4FhhAP08EtrhgF0TeEUMXNrZh2iSIUTIYZE4I7/fIsqRwW3OOCe3OULZ5P4kijHbSLcshFJ6iILlEJlRFFj+gZvaI368l6sd6tj3FryprMbKM/sD5/AL/TmyM=</latexit>

µ(t) = (1/
p
N)

X

i

xi ⇠ O(1)

<latexit sha1_base64="UKrnN0w8EEp9jzcAhdH+B2sPOZY="></latexit>

V (µ) = �1

2

"
µ�m⇤ tanh(hm⇤)

p
Ne�t

T

#2

<latexit sha1_base64="2fMtkByV6V9oPo9KwBt6z1Iezls=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpKIqMuiG1dSwT6giWUynaRDJw9nboQS4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe4yWCK7Csb6O0tLyyulZer2xsbm3vmLt7bRWnkrIWjUUsux5RTPCItYCDYN1EMhJ6gnW80dXE7zwyqXgc3cE4YW5Igoj7nBLQUt+sOupBQnaTs/vsGHInCLDdN2tW3ZoCLxK7IDVUoNk3v5xBTNOQRUAFUapnWwm4GZHAqWB5xUkVSwgdkYD1NI1IyJSbTY/P8aFWBtiPpa4I8FT9PZGRUKlx6OnOkMBQzXsT8T+vl4J/4WY8SlJgEZ0t8lOBIcaTJPCAS0ZBjDUhVHJ9K6ZDIgkFnVdFh2DPv7xI2id1+6xu357WGpdFHGW0jw7QEbLROWqga9RELUTRGD2jV/RmPBkvxrvxMWstGcVMFf2B8fkDjKCUsg==</latexit>p
Ne�t � 1

<latexit sha1_base64="Jd0fPVzauIzOy8ZbHzYXaYndcAw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpKIqMuiG1dSwT6giWUynbRDJw9nboQQ4q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe48WCK7Csb6O0tLyyulZer2xsbm3vmLt7bRUlkrIWjUQkux5RTPCQtYCDYN1YMhJ4gnW88dXE7zwyqXgU3kEaMzcgw5D7nBLQUt+sOupBQnaTs/vsGHJHCGz3zZpVt6bAi8QuSA0VaPbNL2cQ0SRgIVBBlOrZVgxuRiRwKlhecRLFYkLHZMh6moYkYMrNpsfn+FArA+xHUlcIeKr+nshIoFQaeLozIDBS895E/M/rJeBfuBkP4wRYSGeL/ERgiPAkCTzgklEQqSaESq5vxXREJKGg86roEOz5lxdJ+6Run9Xt29Na47KIo4z20QE6QjY6Rw10jZqohShK0TN6RW/Gk/FivBsfs9aSUcxU0R8Ynz+b4ZS8</latexit>p
Ne�t ⌧ 1

<latexit sha1_base64="WPj/cmgsxMfCyV5n65piJRcxtmg="></latexit>

V (µ) = �1

2
µ2 + 2m⇤pNe�t|µ|
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Symmetry	breaking	of	the	backward	process	at	

<latexit sha1_base64="7sOPv+EnGk6OevvaNrbSmqvkUHg=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWRERdFt240gr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o3TNgutHrhwOOde7r3HiwVXYFlfRmFufmFxqbhcWlldW98wN7eaKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDi7HfemBS8Si8hVHM3ID0Q+5zSkBLXXPHUfcS0quM3aWHkDmKB/i6Yh90zbJVtSbAf4mdkzLKUe+an04voknAQqCCKNWxrRjclEjgVLCs5CSKxYQOSZ91NA1JwJSbTh7I8L5WetiPpK4Q8ET9OZGSQKlR4OnOgMBAzXpj8T+vk4B/5qY8jBNgIZ0u8hOBIcLjNHCPS0ZBjDQhVHJ9K6YDIgkFnVlJh2DPvvyXNI+q9knVvjku187zOIpoF+2hCrLRKaqhS1RHDURRhp7QC3o1Ho1n4814n7YWjHxmG/2C8fEN7mmV9Q==</latexit>p
Ne

�t ⇠ O(1)

Weights	of	the	two	states	reconstructed	in	the	first	time	regime	


<latexit sha1_base64="nASf0WY4iVw8XPxW1+p3VXiF8D4=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAILWKZEVE3QtGNywr2Ap2hZDKZNjRzITkjlGGewY2v4saFIm5dufNtTNtZaOsPgT/fOYfk/G4suALT/DYKS8srq2vF9dLG5tb2Tnl3r62iRFLWopGIZNcligkeshZwEKwbS0YCV7COO7qZ1DsPTCoehfcwjpkTkEHIfU4JaNQv12xfEpp62A6SLPUguzrJSVtfJ/DYZkCqUOuXK2bdnAovGis3FZSr2S9/2V5Ek4CFQAVRqmeZMTgpkcCpYFnJThSLCR2RAetpG5KAKSedrpThI0087EdSnxDwlP6eSEmg1DhwdWdAYKjmaxP4X62XgH/ppDyME2AhnT3kJwJDhCf5YI9LRkGMtSFUcv1XTIdEJwI6xZIOwZpfedG0T+vWed26O6s0rvM4iugAHaIqstAFaqBb1EQtRNEjekav6M14Ml6Md+Nj1low8pl99EfG5w+JsJ4B</latexit>

dµ

dt
= �dV

dµ
+ ⌘(t)



General	argument	

The	score	can	be	related	to	the	free-energy

in	an	external	field	z	
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Backward	process	


In	presence	of	multiple	pure	states	with	different	weights	at	the	beginning	of	the	B.P.
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Symmetry	breaking	of	the	backward	process	at	
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Image	generation	

• Numerical	evidence	of	two	time	regimes	and	“symmetry	breaking”
Raya,	Ambrogioni	2023

• Numerical	evidence	that	the	weights	of	the	classes	are	generated	at	the	beginning		

De	Bortoli	(2022)	



Conclusion:	a	first	study	of	high-dimensional	DM	

• Two	different	time-regimes	and	symmetry	breaking	during	the	generation	process


• Competition	between	number	of	data	and	dimension	of	data	to	get	an	

efficient	diffusion	model	


• Different	regimes	in	number	of	data	vs	number	of	dimension	&	accuracy	in	high-D


Perspectives	
• Study	the	role	of	the	approximation	class,	e.g.	a	MLP	for	the	score	


• Study	the	competition	between	the	number	of	data	and	dimension	of	data	in	
more	complex	cases	(CW,	mixture	of	Gaussians,..)


• Study	realistic	applications	and	problems	(inpainting,	“copyright	problem”,…	)



