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Hard sciences for machine learning

Geometric learning

Statistical learning

Optimisation theory

….
….

….

Mathematical control
- design optimal architecture a priori
- estimate hyperparameters
- check dataset size
- ….

 reduce AI carbon footprint! →

*transformer (213M parameters) 
w/ neural architecture search
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Statistical physics perspective

Geometric learning

Statistical learning

Optimisation theory
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Information-processing capability as 
emerging collective behavior

Hard sciences for machine learning
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The Hopfield model
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Mimics retrieval capabilities


Pattern recognition

Pattern reconstruction
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Content addressable memory

CAPTCHA
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The Hopfield model

Set of  binary neurons  with pair-wise interaction strengths N σ ∈ {−1, + 1}N J ∈ ℝN×N

, with ,  iid r.v.σ(n+1)
i = sign[∑

j

Jijσ(n)
j + Tζi] T ∈ ℝ+ ζiNeural dynamics

Task: reconstruct  binary vectors (patterns) of length   K N
ξ := {ξμ}μ=1,...,K ∈ {−1, + 1}N×K

  choose  s.t. each pattern is -stable for ⇒ J = J(ξ) (δ, ϵ) δ, ϵ > 0

σ1

σ2

σ3

σ5 σ4

[Hopfield - PNAS ’82; Pastur, Figotin - Theor. Math. Phys. ’78]
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The Hopfield model

Set of  binary neurons  with pair-wise interaction strengths N σ ∈ {−1, + 1}N J ∈ ℝN×N

Hebb’s rule  Jij(ξ) := (1 − δij)
N

∑
μ=1

ξμ
i ξμ

j

Gibbs measure is reversible w.r.t. neural dynamics

, with ,  iid r.v.σ(n+1)
i = sign[∑

j

Jijσ(n)
j + Tζi] T ∈ ℝ+ ζiNeural dynamics

Task: reconstruct  binary vectors (patterns) of length   K N
ξ := {ξμ}μ=1,...,K ∈ {−1, + 1}N×K

  choose  s.t. each pattern is -stable for ⇒ J = J(ξ) (δ, ϵ) δ, ϵ > 0

σ1

σ2

σ3

σ5 σ4

  choose  s.t.     for ⇒ J = J(ξ) ξμ = argmin
σ∈{−1,+1}N

ℋN,J(σ) μ = 1,...,K

, with ρN,J,β(σ) :=
e−βℋN,J(σ)

𝒵N,J,β
ℋN,J(σ) = −

N

∑
i, j=1

K

∑
μ=1

σi Jij σj

[Hopfield - PNAS ’82; Pastur, Figotin - Theor. Math. Phys. ’78]
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[Amit, Gutfreund, Sompolinsky - Phys. Rev. A ’87]

ℋN,K,ξ(σ) = −
1

2N

N

∑
i, j = 1

i ≠ j

K

∑
μ=1

σi ξμ
i ξμ

j σj

AGS solution

α := lim
N→∞

K
N

Load

Overlap qab :=
1
N

N

∑
i=1

σ(a)
i σ(b)

i

Magnetization mμ :=
1
N

N

∑
i=1

ξμ
i σi,

TNoise

ξμ
i ∼iid ℛ, ∀i, μPatterns
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Retrieval region gets wider

Spin-glass region collapses

Ergodic line changes concavity
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[Amit, Gutfreund, Sompolinsky - Phys. Rev. A ’87]
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Retrieval Glassy Ergodic
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All states melt
Random configuration

, ⟨m⟩ = 0 ⟨q⟩ = 0

Glassy state
Structured configuration

, ⟨m⟩ = 0 ⟨q⟩ ≠ 0

Retrieval
Spurious states

(⟨m⟩ ≠ 0)⟨q⟩ ≠ 0

T 
= 

1/
β

Phase Diagram

D.J. Amit, H. Gutfreund, H. Sompolinsky, 
Storing infinite numbers of patterns in a 

spin-glass model of neural networks, 
Phys. Rev. Lett. (1985)

α 

1st order

2nd order

Tg 

TM 

Tc 
Retrieval

, ⟨m⟩ ≠ 0 ⟨q⟩ ≠ 0

⟨m⟩ = ⟨q⟩ = 0

⟨m⟩ = 0

⟨q⟩ ≠ 0

⟨m⟩ ≠ 0

⟨q⟩ ≠ 0

ℋN,K,ξ(σ) = −
1

2N

N

∑
i, j = 1

i ≠ j

K

∑
μ=1

σi ξμ
i ξμ

j σj

AGS solution

Overlap qab :=
1
N

N

∑
i=1

σ(a)
i σ(b)

i

Magnetization mμ :=
1
N

N

∑
i=1

ξμ
i σi,

ξμ
i ∼iid ℛ, ∀i, μPatterns

αc ≈ 0.14 ≪ 1

Revise Hebb’s rule to enhance storing 

(e.g., Kohonen ’72, Personnaz ’85, Kanter&Sompolinsky ’86, Opper ’89, Dotsenko ’91, Plakhov ’94, Zamponi et 
al. ’22)

⟨q⟩ ≠ 0

possibly including iterative protocols 

(e.g., Hopfield ’83, Hopfield ’84, Parisi ’86, Sherrington ’95, van Hemmen ’97, Marinari ’18)

α := lim
N→∞

K
N

Load

TNoise
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Revise Hebb’s rule by iterative protocols 

Unlearning trials

Ac
ce

ss
ib

ili
ty

Spurious memories

Pure memories

J(μ)
ij ← J(μ−1)

ij +ξμ
i ξμ

j

J(n)
ij ← J(n−1)

ij −σ*i σ*j

Storing rule

Unstoring rule

[Hopfield et al. - Nature Lett. ’83] σ*

ξμ
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J(μ)
ij ← J(μ−1)

ij +ξμ
i ξμ

j

J(n)
ij ← J(n−1)

ij −σ*i σ*j

Storing rule

Unstoring rule

[Hopfield et al. - Nature Lett. ’83]

Revise Hebb’s rule by iterative protocols 

[Dotsenko et al. - J. Phys. A ’91, Plakhov - IEEE Patt. Recogn. ’94]

Analytical unlearning rule J(n)
ij ← J(n−1)

ij −φi(σ*)φj(σ*)

Jij(t) =
1
N ∑

μ,ν

ξμ
i (1 + tC)−1

μν
ξν

j

 
where   pattern correlation matrixCμν :=

1
N

N

∑
i=1

ξμ
i ξμ

j

σ*

ξμ

t = 0.1

t = 0.2
t = 0.5 t = 1.0

Unlearning trials

Ac
ce

ss
ib

ili
ty

Spurious memories

Pure memories
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Remotion&Reinforcement

Jij(t) =
1
N ∑

μ,ν

ξμ
i ( 1 + t

1 + tC )μν
ξν

j

 
where   pattern correlation matrixCμν :=

1
N

N

∑
i=1

ξμ
i ξμ

j

Revise Hebb’s rule by iterative protocols 

[Crick, Mitchinson - Nature ’83; Stickgold - Nature ’05; Diekelmann, Born - Nature Rev. Neurosc. ’10]

(1 + t)

reinforcement (SW)

⋅ (I + tC)−1

remotion (REM)

   “sleeping time”t

[Fachechi, Agliari, Barra - Neur. Net. ’19]

J(n)
ij ← J(n−1)

ij +
1

1 + n
[J(n−1) − (J(n−1))2]
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Remotion&Reinforcement J(n)
ij ← J(n−1)

ij +
1

1 + n
[J(n−1) − (J(n−1))2]

Jij(t) =
1
N ∑

μ,ν

ξμ
i ( 1 + t

1 + tC )μν
ξν

j

 
where   pattern correlation matrixCμν :=

1
N

N

∑
i=1

ξμ
i ξμ

j

Revise Hebb’s rule by iterative protocols 

Jij(t) =
1
N ∑

μ,ν

ξμ
i ( 1 + t

1 + tC )μν
ξν

j
: Hebb’s rule

: Kohonen rule ’72, Kanter-Sompolinsky ‘86 

t → 0

t → ∞

[Fachechi, Agliari, Barra - Neur. Net. ’19]
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Goal: explicit expression for quenched pressure

ℋ(DHN)
N,K,ξ,t(σ) = −

1
2N

N,N

∑
i, j=1

K,K

∑
μ,ν=1

σiξ
μ
i ( 1 + t

I + tC )
μ,ν

ξν
j σj

𝒜β,α,t := lim
N↑∞

1
N

𝔼 log 𝒵β,N,ξ,t

“Dreaming” Hopfield network

14
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Interpolating technique

ℋN(σ; J) → ℋ̃N(σ; J, J′￼) = s ℋN(σ; J) + (1 − s) ℋeasy
N (σ; J′￼), s ∈ [0,1]

  yields ,   ℋ̃N(σ; J, J′￼) 𝒵̃N,β(J, J′￼) ρ̃N,β(σ; J, J′￼)

𝒜N = 𝒜̃N(1) = 𝒜̃N(0) + ∫
1

0

d𝒜̃N(s)
ds

s=s′￼

ds′￼

= 𝒜trial
N + ∫

1

0
RN(s) ds

[Guerra - Fields Inst. Comm. ’01]

N → ∞
ansatz (e.g., k-RSB)

0 hint(σ) hext

= 𝒜̃N(0) + f [m̄, q̄, . . . ] + ∫
1

0
g[(m − m̄)2, (q − q̄)2, . . . , s′￼]

s=s′￼
ds′￼

σi
σi
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Goal: explicit expression for quenched pressure

ℋ(DHM)
N,K,ξ,t (σ) = −

1
2N

N,N

∑
i, j=1

K,K

∑
μ,ν=1

σiξ
μ
i ( 1 + t

I + tC )
μ,ν

ξν
j σj

𝒜β,α,t := lim
N↑∞

1
N

𝔼 log 𝒵β,N,ξ,t

Hopfield w/reinforcement&remotion

16
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Goal: explicit expression for quenched pressure

ℋ(DHM)
N,K,ξ,t (σ) = −

1
2N

N,N

∑
i, j=1

K,K

∑
μ,ν=1

σiξ
μ
i ( 1 + t

I + tC )
μ,ν

ξν
j σj

𝒜β,α,t := lim
N↑∞

1
N

𝔼 log 𝒵β,N,ξ,t

Hopfield w/reinforcement&remotion

17
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α

0

0.5
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2

T

t=0

0 0.2 0.4 0.6 0.8 1
α

0

0.5

1

1.5

2

T

t=1

0 0.2 0.4 0.6 0.8 1
α

0

0.5

1

1.5

2

T

t=0.1

0 0.2 0.4 0.6 0.8 1 1.2
α

0

0.5

1

1.5

2

T

t=1000

t = 0 t = 0.1 t = 1 t = 1000

Allocate more information with the same resources 
Retrieval region gets wider

Spin-glass collapses

Ergodic region gets wider



/35

a
a
a
a
a
a

a
a
a
a
a
a

18

 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

…

……

ξ1

…

η1,a

η1,b

η1,c

…
ξ2

η2,a

η2,b

η2,c

ημ,a
i = ξμ

i χμ,a
i with 𝒫(χμ,a

i = ± 1) =
1 ± r

2
, r ∈ [0,1]

…
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 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

…

……
ημ,a

i = ξμ
i χμ,a

i with 𝒫(χμ,a
i = ± 1) =

1 ± r
2

, r ∈ [0,1]

Jij(ξ) ∝
K

∑
μ=1

ξμ
i ξμ

i

J(sup)
ij ∝

K

∑
μ=1

(
M

∑
a=1

ημ,a
i )(

M

∑
b=1

ημ,b
i )

J(unsup)
ij ∝

K

∑
μ=1

M

∑
a=1

ημ,a
i ημ,a

j

[Agliari, Alemanno, Barra, De Marzo - Neur. Net. ’22]
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 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

……
ημ,a

i = ξμ
i χμ,a

i with 𝒫(χμ,a
i = ± 1) =

1 ± r
2

, r ∈ [0,1]

Jij(ξ) ∝
K

∑
μ,ν=1

ξμ
i ( 1 + t

I + tC(ξ) )μν
ξν

j

J(sup)
ij (η) ∝

K

∑
μ,ν=1

M

∑
a,b=1

ημ,a
i ( 1 + t

I + tC(η̄) )μν
ην,b

j =
1
N

K

∑
μ,ν=1

η̄μ
i ( 1 + t

I + tC(η̄) )μν
η̄ν

j

J(unsup)
ij (η) ∝

(K,M)

∑
(μ,a)=(1,1)

(K,M)

∑
(ν,b)=(1,1)

ημ,a
i ( 1 + t

I + tC(η) )(μ,a),(ν,b)
ην,b

j
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 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

……
ημ,a

i = ξμ
i χμ,a

i with 𝒫(χμ,a
i = ± 1) =

1 ± r
2

, r ∈ [0,1]

Jij(ξ) ∝
K

∑
μ,ν=1

ξμ
i ( 1 + t

I + tC(ξ) )μν
ξν

j

J(sup)
ij (η) ∝

K

∑
μ,ν=1

M

∑
a,b=1

ημ,a
i ( 1 + t

I + tC(η̄) )μν
ην,b

j =
1
N

K

∑
μ,ν=1

η̄μ
i ( 1 + t

I + tC(η̄) )μν
η̄ν

j

ℋ(DHN)
N,K,η,t(σ) = −

1
2NM2

N,N

∑
i, j=1

K,K

∑
μ,ν=1

M

∑
a,b=1

σiη
μ,a
i ( 1 + t

I + tC(η̄) )ην,b
j σj
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ρ(M, r) :=
1 − r2

Mr2
Dataset “entropy”

T, α, t
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ρ(M, r) :=
1 − r2

Mr2
Dataset “entropy”

T, α, t
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t = 1
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ρ(M, r) :=
1 − r2

Mr2
Dataset “entropy”

T, α, t
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T
=

Ø
°

1

Ω = 0.1

0.00 0.25 0.50 0.75 1.00
Æ

0.0

0.5

1.0

T
=

Ø
°

1

Ω = 0.15

t = 0

t = 1

t = 5

t = 1

T = 0, α = 0.25
t = 1 → t = 5
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-5 0 5
0
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0.8

1

-6 -4 -2 0 2 4 6 8
0
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0.8

1

-2 0 2 4 6 8
0

0.2

0.4

0.6

0.8

 lowest number of examples for success ( )Mc(m×, t) mμ > m×

S(m×, t) = 1 −
Mc

max
t∈ℝ+

Mc
data “saving”

[Aquaro, Alemanno, Kanter, Durante, Barra, Agliari, submitted]
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[Aquaro, Alemanno, Kanter, Durante, Barra, Agliari, submitted]



/1927

a)

b)
n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 196 n = 588 n = 2940 n = 10780
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ta = 1, Ma = 5000

tb = 200, Mb = 0.65Ma

ta = 0.25, Ma = 6000

tb = 10, Mb = 0.65Ma

ta = 0.25, Ma = 320

tb = 100, Mb = 0.65Ma

[Aquaro, Alemanno, Kanter, Durante, Barra, Agliari, submitted]
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[Benedetti, Ventura, Marinari, Ruocco, Zamponi - J. Chem. Phys. ’22]

[van Hemmen, Ioffe, Kühn, Vaas - Physica A ’90]

[Kleinfeld, Pendergraft - Biophys. J. ’87]

Why should we ever wake up?



r

c5
c10

Ground-feature
L = 10
L = 5
Training points

ξ̄μ
L = sgn

L

∑
ℓ=1

ξμ,aℓ

A qualitative picture

 “blurred” examples  generated from a set of  (unknown) archetypes K × M {ημ,a}a=1,...,M
μ=1,...,K K {ξμ}μ=1,...,K

r ≤
ξ̄μ

L ⋅ ξμ

N
→

L≫1
1

Inter-class  spurious attractors

DREAMING NNs WITH EXAMPLES
td ≪ td,opt

td ≫ td,opt
DREAMING NNs WITH EXAMPLESDREAMING NNs WITH EXAMPLES

td ≈ td,opt

Ground-features

Intra-class 
spurious 

states
Training 
points

(attractors)

Inter-class  spurious attractors

Primary attractors (examples)
Secondary attractors (spurious states)

Primary attractors (examples) Secondary attractors (spurious states)

d5
d10
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Look for a set of couplings  s.t. any pattern  is a fixed point, for  

   

with  and  are external fields.

{Jij}i,j=1,...,N ξμ μ = 1,...,K

ξμ
i = sign(∑

j

Jijξ
μ
j + hi)

T = 0 hi ∈ ℝ

Stronger condition to guarantee a finite basin of attraction 

,

with  finite constants.

ξμ
i (∑

j

Jijξ
μ
j + hi) > κ → ∑

j

Jijξ
μ
j + hi = γξμ

i , γ ≥ κ

κ, γ

ℒξ(J, h) =
1

2N ∑
i,μ

∑
j

ξμ
j Jij + hi − γξμ

i

2

+
1

2N ∑
j,μ (∑

i

ξμ
i Jij + hj − γξμ

j )
2

symmetrize

+ ϵJ ∑
i, j

J2
ij

regularize

+ ϵh ∑
i

h2
i

regularize

An analytical formulation

[Gardner - J Phys A ’86; Gardner, Derrida J Phys A ’86]

[Personnaz, Guyon, Dreyfus - J Phys Lett ’85]

[Agliari, Alemanno, Aquaro, Fachechi, submitted]
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with              

JϵJ,ϵh
(τ → ∞) =

1
N

̂ξ( 1
C + ϵJI ) ̂ξT

hϵJ,ϵh
(τ → ∞) =

(I − J)ξ̄
1 + ϵh

ξ̄i :=
1
N ∑

μ

ξμ
i , ̂ξμ

i := ξμ
i − (1 −

ϵh

ϵh + 1 ) ξ̄i, C =
1
N

̂ξT ̂ξ

             

τ*(ϵJ) = argmin
τ

∥JϵJ=0,γ(τ) − JϵJ,γ(τ → ∞)∥F

dJ
dτ

= − ∇Jℒξ(J, h)

dh
dτ

= − ∇hℒξ(J, h)

JϵJ=t−1(τ → ∞) → J(DHN)
t

→ τ* = A log(1 + tB) + C
0.0 0.2 0.4 0.6 0.8 1.0
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t
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d(
ξ1 ,σ
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M
N
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F-
M

N
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T

[Girosi, Jones, Poggio - Neur. Com. ’95 ]
[Zhang, Yu - Ann. Stat. ’05 ]
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[Agliari, Barra, Galluzzi, Guerra, Moauro - Phys. Rev. Lett ’12]
[Barra, Bernacchia, Santucci, Contucci - Neur. Netw. ’12]
[Mézard - Phys. Rev. E ’17]
[Tubiana, Monasson - Rhys. Rev. Lett. ’17]  
[Barra, Genovese, Sollich, Tantari - Rhys. Rev. E ’18]
[Decelle, Fissore, Furtlehner - J. Stat. Phys. ‘18]
[Smart, Zilman - ICLR ’21]

𝒵(HN)
β,N,K(ξ) = ∑

σ

e
β

2N ∑i, j,μ ξμ
i ξμ

j σiσj = ∑
σ

∫ ∏
μ

dzμe−
βz2μ
2 e

β
N

∑i,μ σiξ
μ
i zμ = 𝒵(RBM)

β,N,K (ξ)

Gaussian 

integration

Hubbard-Stratonovich 

transformation

σ ∈ {−1, + 1}N

z ∼ 𝒩(0, Iβ−1)

W = ξ

σ ∈ {−1, + 1}N

ξ ∈ {−1, + 1}N×K

Hopfield network / Restricted Boltzmann machines equivalence
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learning with labels classification

q(σ, x) = ∑
μ,a

δημ,a,σδz(μ),z

𝒮 = {ημ,a}μ=1,...,K
a=1,...M , ημ,a → z(μ)

ν = δμ,ν

For structureless datasets: fixed point
For structured datasets: effective initialisations

ρ(σ, z; W ) ∝ exp[ −
βz2

μ

2
+

β

N ∑
i,μ

σiW
μ
i zμ]

ΔWμ
i ∝ (⟨σizμ⟩clamped − ⟨σizμ⟩free), ∀(i, μ) ∈ (N × K )

W = η̄
[Agliari, Leonelli, Marullo - Appl. Math. Comput. ’22]
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𝒵(HN)
β,N,K(η) = ∑

σ

e
β

2N ∑i, j,μ η̄μ
i η̄μ

j σiσj = ∑
σ

∫ ∏
μ

dzμe−
βz2μ
2 e

β
N

∑i,μ σiη̄
μ
i zμ = 𝒵(RBM)

β,N,K (η)

σ ∈ {−1, + 1}N

z ∼ 𝒩(0, Iβ−1)

W = ξ

σ ∈ {−1, + 1}N

ξ ∈ {−1, + 1}N×K

{ημ,a}μ=1,...,K
a=1,...,M ∈ {−1, + 1}N×K

η̄ =
1
M ∑

a

ηa
W = η̄

[Agliari, Alemanno, Aquaro, Barra, Kanter - Europhys. Lett. Perspective ’23]

Hopfield network / Restricted Boltzmann machines equivalence



ℋ(DBM)
N,K,W,t(σ, z) = −

1

N

N,K

∑
i,μ

Wiμσizμ +
t

1 + t

K,K

∑
μ<ν

Cμνzμzν,

BM with , σi ∈ {−1, + 1} zμ ∼ 𝒩[0,T(1 + t)]

RBM DBM

σ1

σ2

σ3

σ4

σ5

z1

z2

z3

W11

C13

[Agliari et al. Neur. Netw. ’21, IEEE Trans Neural Netw Learn Syst. ’22]

equivalent to “Dreaming” Hopfield network as   for any Wiμ = ξμ
i i, μ

Gradient descent over KL divergence

ΔWjρ = ϵβ[⟨σjzρ⟩+ − ⟨σjzρ⟩− −
N
2

t
1 + t ∑

μν

∂Cμν

∂Wjρ
(⟨zμzν⟩+ − ⟨zμzν⟩−)]

Δt = ϵβ
N

2(1 + t)2 ∑
μν

(1 − C)μν(⟨zμzν⟩+ − ⟨zμzν⟩−)

 clamped average
 free average

⟨ ⋅ ⟩+
⟨ ⋅ ⟩−

“Dreaming” Boltzmann machine
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𝒵(DBM)
β,N,K,ξ,t = ∑

σ
∫ ∏

μ

dzμe−
βz2μ

2(1 + t) e−βℋ(DBM)
N,K,ξ,t (σ,z) = ∑

σ

e−βℋ(DHN)
N,K,ξ,t(σ) = 𝒵(DHN)

β,N,K,ξ,t

RBM 
DBM
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Regularisation and Early-Stopping 

dJ
dτ

= − ∇Jℒξ(J, h)

dh
dτ

= − ∇hℒξ(J, h)

Finite stopping-time   
corresponding to 

τ*
λ*

0 50 100 150
0.000

0.005

0.010

0.015

0.020

λ

ν(
λ)

ϵJ → 0 (t → ∞) ϵJ → ∞ (t → 0)

J(KS) = ξTC−1ξ J(Hebb) = ξT ξ

λ1 ≤ λ2 . . . ≤ λN−ℓ+1 ≤ . . . ≤ λN

ℓ fastest

Natural basis: eigenvectors of Ĉ = ̂ξ ̂ξT ∈ ℝN×N

Jab(τ) ∼
τ≫1

0 if a ≠ b
λa(1 + ϵJ)

λa + ϵJ
if a = b

λN−K+1 =
MK
N

[r2(1 − α−1/2)2 + (1 − r2)]

with   determinable by ’s moments  K, M, r Ĉ

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 0

Jaa(τ) =
ϵJ=0

1 − (1 − λa)e−2τλa
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Numerical experiments
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Æ
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t OVERFIT

SUCCESS

UNDERFIT

M = 4, r = 0.8
N = 200, T = 0

Dataset 
 “blurred” examples K × M {ημ,a}a=1,...,M

μ=1,...,K

Success:  𝚒𝚏 mμ,a > r 𝚊𝚗𝚍 mμ > nμ,a

Overfit: 𝚎𝚕𝚜𝚎𝚒𝚏 nμ,a > r2 𝚊𝚗𝚍 nμ,a > mμ

Failure:  𝚎𝚕𝚜𝚎

FAILURE

[Agliari, Alemanno, Aquaro, Barra, Fachechi, in preparation]

Numerical experiments
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Learning Hebb’s rule



43

Hopfield network and blurred dataset

ημ,a
i = ξμ

i χμ,a
i

Hebb’s rule   Jij =
1
N

K

∑
μ=1

M

∑
a=1

ημ,a
i ημ,a

j

 "archetypes”  
 “blurred” examples 

K {ξμ}μ=1,...,K
K × M {ημ,a}a=1,...,M

μ=1,...,K

ℋN,K,M(σ; χ, ξ) = −
1

2N

M

∑
a=1

K

∑
μ=1

(
N

∑
i=1

ξμ
i χμ,a

i σi)2 .

Does Hebbian learning work also for imperfect (unlabelled) training data?

with 𝒫(χμ,a
i = + 1) = 1 − 𝒫(χμ,a

i = − 1) = p ∈ [1/2,1]

Additional parameters

r := ⟨χ⟩ = (2p − 1)

M sample size

sample quality



Def. Intensive quenched free-energy

where  and 

fN,K,M(β) := −
1

Nβ
𝔼 ln ZN,K,M(β; χ, ξ),

𝔼 := 𝔼χ𝔼ξ ZN,K,M(β; χ, ξ) =
2N

∑
σ

exp[ β
2N

M

∑
a=1

K

∑
μ=1

(
N

∑
i=1

ξμ
i χμ,a

i σi)2] .

ℋN,K,M(σ; χ, ξ) = −
1

2N

M

∑
a=1

K

∑
μ=1

(
N

∑
i=1

ξμ
i χμ,a

i σi)2 .

Stat-mech solution

Def. Mattis magnetizations

                                         

Def. Two-replica overlap 

                   

nμ,a :=
1
N

N

∑
i=1

ξμ
i χμ,a

i σi, μ = 1,...,K, a = 1,...,M; mμ :=
1
N

N

∑
i=1

ξμ
i σi, μ = 1,...,K .

q12 :=
1
N

N

∑
i=1

σ(1)
i σ(2)

i p12 :=
1
K

K

∑
μ=1

z(1)
μ z(2)

μ



As , recalling 

Being , under noise rescaling ,

M ≫ 1 r = (2p − 1)

n̄ =
m̄r

1 − β(1 − q̄)(1 − r2)

Z ∼ 𝒩(0,1) β →
β

r2 + β(1 − q̄)(1 − r2)

m̄ = 𝔼Z tanh βm̄M + Zβ M
1 − r2

r2
m̄2 +

αp̄
r4β

M

q̄ = 𝔼Z tanh2 βm̄M + Zβ M
1 − r2

r2
m̄2 +

αp̄
r4β

M

Hp. Replica symmetry & Thermodynamic limit

RS  self-average at , respectively 

 fixed, finite;  s.t.  finite

n1,a, q12, p12 n̄, q̄, p̄

M K, N → ∞ α := lim
N→∞

K /N

p̄ =
βq̄

[1 − β(1 − q̄)]2

45
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n̄ =
m̄r

1 − β(1 − q̄)(1 − r2)

m̄ = 𝔼Z tanh βm̄M + Zβ M
1 − r2

r2
m̄2 +

αp̄
r4β

M

signal carried by  and two sources of (slow) noise m̄
i. pattern interference

ii. example interference

•  Archetype stability

→ M > Mc ∼ r−4

•  Archetype vs Example retrieval


m̄ > n̄ → M > M× ∼
1 + r

r
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 critical transitionρc = 2/π

 tuneable parameter 
(ruling the overall slow noise) able to 
trigger a phase transition

ρ := α/(Mr4)

47
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𝒮 = {ημ,a}a=1,...,M
μ=1,...,K Training set

ℋN,K(σ, z; w) = −
1

N

K

∑
μ=1

N

∑
i=1

σiw
μ
i zμ

𝒫N,K(σ, z; w) =
1

ZN,K(w)
e−βℋN,K(σ,z;w)

Δwμ
i ∝ (⟨σizμ⟩clamped − ⟨σizμ⟩free), ∀(i, μ) ∈ (N × K ) Supervised learning rule

``free'' average is sampled via a single step of Gibbs dynamics: 
select , then using the Gibbs-chain   obtain the state  (σE, zE) ∈ 𝒮 × 𝒵 zE → σfree → zfree (σfree, zfree)

``clamped'' average is evaluated over the pairs , e.g. (σE, zE) ∈ 𝒮 × 𝒵 σE = ην,1, zE = zν

   Set of one-hot vectors of length K (  )𝒵 = {zν}μ=1,...,K zν
μ = δμ,ν
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Classifier  

Performance measure: 

Generative model  

Performance measure: 

σ = ξν, ην,a ↦ zν

log [ 𝒫(zE |σ = ξE)
𝒫(zE |σ = ηE) ]

zν ↦ σ = ξν, ην,a

log
⟨mν⟩zν

⟨nν⟩zν

As training is running, as long as 
, the saturation values 

for  and  are 
larger than those obtained for 

 and ; the 
opposite holds when 

M < M×
𝒫(zE |σ = ηE) ⟨n⟩

𝒫(zE |σ = ξE) ⟨m⟩
M > M×

100 102 104
0

0.5

1

100 102 104
0

0.5

1

a) b)

d)

c)
− − − M×

EA, F. Alemanno, A. Barra, G. Di Marzo,  The emergence of a concept in shallow neural networks (2021)



Restricted Boltzmann machines

Two layers composed of  binary neuronsN = Nv + Nh

 with  interaction matrix (symmetric, zero eye){Jij}, i, j ∈ {1,...,N}

s = (v, h) ∈ {−1, + 1}Nv+Nh

v ∈ {−1, + 1}Nv h ∈ {−1, + 1}Nh

visible layer hidden layer

 with  bias vector{ϑi}, i ∈ {1,...,N}
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Theor. The partition function of the RR algorithm, given by

where

can be represented in Gaussian integral form as

that is equivalent to the partition function of a tripartite spin-glass with 
intermediate layer made of a set of real neurons {zμ}μ=1,...,P with zμ ~ N[0,1] 
external layers made, respectively, of a set of Boolean neurons {σi}i=1,...,N and of a set of imaginary 
neurons with magnitude {φi}i=1,...,N, being φi ~ N[0,1].

Z�,N,P,t(⇠) =
X

{�}

Z ⇣ PY

µ=1

dµ(zµ)
⌘⇣ NY

i=1

dµ(�i)
⌘
exp

0

@
r

�

N
(t+ 1)

P,NX

µ,i

zµ⇠
µ
i �i + i

r
t

N

P,NX

µ,i

zµ⇠
µ
i �i

1

A

Z�,N,P,t(⇠) =
X

{�}

e��H
(RR)
N,P,t(�|⇠) =

X

{�}

exp

2

4 �

2N

N,NX

i,j=1

P,PX

µ,⌫=1

⇠µ
i
⇠⌫
j

✓
1 + t

I+ tC

◆

µ,⌫

�i�j

3

5

Cµ,⌫ :=
1

N

NX

i=1

⇠µi ⇠
⌫
i
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Dreaming Hopfield network

52
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Retrieval region gets wider

Spin-glass region collapses

Ergodic line changes concavity
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α

0

0.5

1

1.5

2

T

t=0

0 0.2 0.4 0.6 0.8 1
α

0

0.5

1

1.5

2

T

t=1

t = 0 t = 0.1 t = 1 t = 1000
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0
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t=0.1

0 0.2 0.4 0.6 0.8 1 1.2
α

0
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2

T

t=1000

E. Gardner - J. Phys. A (1988)
For symmetric neural networks capacity upper bounded by αG =1 

αc ≈ 0.14 ≪ αG = 1

Maximise the retrieval region to enhance storing

Hopfield network with “wide” retrieval region

α = lim
N→∞

K
N
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E. Gardner - J. Phys. A (1988)
For symmetric neural networks capacity upper bounded by αG =1 

Projection rule (decorrelation prescription)
Kohonen - IEEE Trans. Comp. ’72
Personnaz - J. Phys. Lett. ’85
Kanter&Sompolinsky - Phys. Rev. A ‘86

Interpreted as an iterative rule accounting for learning (patterns) and unlearning (spurious states)
Hopfield et al. - Nature Lett. ’83
Opper - Europhys. Lett. ’89
Plakhov - IAPR ’94

Jij =
1
N

K

∑
μ=1

ξμ
i ξμ

j → [Jij − ϵ⟨hihj⟩t′￼]
t

t′￼=0
→ Jij(t) =

K

∑
μ,ν=1

ξμ
i (IK + tC)−1

μ,ν ξν
j

Jij =
1
N

K

∑
μ=1

ξμ
i ξμ

j →
K

∑
μ,ν=1

ξμ
i C−1

μν ξν
j
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Retrieval region gets wider

Spin-glass region collapses

Ergodic line changes concavity
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αc ≈ 0.14 ≪ αG = 1

Maximise the retrieval region to enhance storing

Hopfield network with “wide” retrieval region

Cμν := N−1
N

∑
i=1

ξμ
i ξν

i
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 with   the pattern correlation matrixCμν =
1
N

N

∑
i=1

ξμ
i ξν

j

Goal: thermodynamic limit of the quenched-averaged intensive pressure

ℋ(RR)
N,K (σ; ξ, t) = −

1
2N

N,N

∑
i, j=1

K,K

∑
μ,ν=1

ξμ
i ξν

j ( 1 + t
IK + tC )

μ,ν
σiσj

f(β, α, t) := − lim
N↑∞

1
Nβ

𝔼 ln ZN,K(β, ξ, t)

dJ
dt

=
1

1 + t
(J − J2)

Jij(t) =
1
N

K,K

∑
μ,ν=1

ξμ
i ξν

j ( 1 + t
IK + tC )

μν

Reinforcement&Removal (RR) algorithm

being ZN,K(ξ, t) = ∑
σ

e−βℋ(RR)
N,K (σ;ξ,t)

A. Fachechi, EA, A. Barra, Dreaming neural networks: forgetting 
spurious memories and reinforcing pure ones, Neur. Netw. (2019)
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Theorem 2 The ergodic region of the model defined by the cost function (??) is delimited by the following critical

surface in the (↵,�, t) space of the tunable parameters

�c =
1

1 + t

h �2

1 +
p
↵
+ t�

i
,

� = 1 +
p
↵(1 +

p
↵)t.

Remark 3 At t = 0, where the model reduces to Hopfield’s scenario, the critical surface correctly collapses over

the Amit-Gutfreund-Sompolinsky critical line �c = (1 +
p
↵)�1

, but in the large t limit the ergodic region collapses

to the axis T = 0: we speculate that this may have a profound implications, namely that the ergodic region -during

the sleep state- invades the spin-glass region, the latter being de facto suppressed.

Critical surface delimiting the ergodic region

m =
1 + t

�+ t
E⌘ tanh

h �
�
(m+

p
↵p̄⌘)

i
,

p̄ =
q̄0(1 + t)2

[1� �(1 + t)(q̄ � q̄0)]2
,

� = 1 +
↵t

1� �(1 + t)(q̄ � q̄0)
,

q̄0 = q̄ +
t

�(1 + t)�
� 1

�2
E⌘ cosh

�2
h �
�
(m+

p
↵p̄⌘)

i
,

q̄�2 = 1� t�

�(1 + t)
+

↵p̄t2 �m2t(t+ 2�)

(1 + t)2
� 2↵�p̄t

(1 + t)�
E⌘ cosh

�2
h �
�
(m+

p
↵p̄⌘)

i
.

−βfRS(β, α, t) = log 2 −
βm2

2(1 + t) (1 +
t
Δ ) −

(1 + t)(Δ − 1)
2t

βq̄ + 𝔼η log cosh[ β
Δ

(m + αp̄η)] −
log Δ

2
−

αβp̄t
2(1 + t)Δ

−
α
2 (log[1 − β(1 + t)(q̄ − q̄′￼)] +

q̄′￼β2(1 + t)
1 − β(1 + t)(q̄ − q̄′￼) ) −

(1 + t)(1 − Δ)β
2tΔ

−
αβ2

2
p̄(q̄ − q̄′￼) .
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«We propose that the function of dream sleep (more properly rapid-eye movement or REM sleep) is to remove 
certain undesirable modes of interaction in networks of cells in the cerebral cortex. We postulate that this is done 
in REM sleep by  a reverse learning mechanism, so that the trace in the brain of the unconscious dream is 
weakened, rather than strengthened, by the dream.»

REM sleeping is associated to the removal of unwanted attractors (unlearning)

F. Crick, G. Mitchinson, The function of dream sleep, Nature (1983).

Unlearning rule aiming to increase the energy of non pure attractors (they get less stable)

J.J. Hopfield, D.I. Feinstein, R.G. Palmer, Unlearning has a stabilizing effect in collective memories, Nature (1983).

Start with random initial conditions 
and perform several Glauber evolutions

Make a sample of final states and 
compute the correlation functions

Update the coupling matrix with 
“inverse Hebb” rule

Jij � Jij � �

N
��i�j�sample

� � 1

Let the network… dream!
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Hopfield’s unlearning succeeds in reducing the 
accessibility of spurious memories, yet…

 

- Too much unlearning can also destroy pure memories

- No analytical treatment

Unlearning trials

A
cc

es
si

bi
lit

y
Spurious memories

Pure memories

A. Y. Plakhov, S.A. Semenov, The modified unlearning procedure for enhancing storage capacity in Hopfield 
network, IEEE Trans. (1992).

Choose random configurations and 
compute the internal fields

Make a sample and update the 
coupling matrix with

In the limit of large t, the coupling matrix converges to 
the projector matrix P → Analytically treatable 

(but no longer local)

Jij ! Jij �
✏

N
hhihjisample

Pij =
1

N

P,P�

µ,�=1

�µ
i (C�1)µ��µ

j ,

where Cµ� =
1

N

N�

i=1

�µ
i ��

i

J.L. Van Hemmen, L.B. Ioffe, R. Kühn, M. Vaas, Increasing the efficiency of a neural network through unlearning, 
Phys. A (1990).
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Analytical solution of the model in the replica-symmetric regime by means of replica trick 
technique.

V. Dotsenko, N.D. Yarunin, E.A. Dorotheyev, Statistical mechanics of Hopfield-like neural networks with 
modified interactions, J. Phys. A (1991).

The critical capacity at zero temperature grows with t, but 
the area retrieval region vanishes in the large unlearning 
time limit

Critical load (t = ∞) ≈ 1.07

The unlearning strength ϵ identifies a temporal scale
Taking the continuous time limit  (dt ~ ε), the unlearning procedure is described by a the 
differential equation

 with solution

 where  is the pattern correlation matrix

dJ

dt
= �J2 Jij(t) =

1

N

P,P�

µ,�=1

�µ
i ��

j (1 + tC)�1
µ�

Cµ� =
1

N

N�

i=1

�µ
i ��

j

t=0.1

t=0.2
t=0.5 t=1
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Too much unlearning destroys pure memories 
With this unlearning rule all couplings tend to zero 
in the large unlearning-time limit

The area of the retrieval region vanishes in the large 
unlearning-time limit

Intuitively…
The unlearning algorithm does not distinguish between pure and spurious memories 
→ Too much unlearning destroys also the former.

Mathematically…
The generalized kernel in the coupling matrix equals the zero matrix in the large unlearning 
time limit → All synaptic strengths vanish.

Biologically…
The function of sleeping (REM sleep + Slow Wave Sleep) is to weaken fictitious synaptic 
strengths and consolidate relevant ones (Walker 2009, Born 2010…).

t=0.2

t=0.1

t=0.5 t=1

V. Dotsenko, N.D. Yarunin, E.A. Dorotheyev, Statistical mechanics of Hopfield-like neural networks with 
modified interactions, J. Phys. A (1991).
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 Introduce a regularizator

𝐽(𝑘 + 1) = 𝐽(𝑘) +
𝜖

1 + 𝜖𝑘 [𝐽(𝑘) − 𝐽(𝑘)2]

Or, in discrete sleeping time…

A. Fachechi, E. Agliari, A. Barra, Dreaming neural networks: forgetting spurious memories and reinforcing pure 
ones, Neur. Net. (2019).

The resulting model accounts for both removal and consolidation!

(1 + tC)�1
µ� �

�
1 + t

1 + tC

�

µ�

Jij(t) =
1

N

P,P�

µ,�=1

�µ
i ��

j

�
1 + t

1 + tC

�

µ�

Argument 1: Look at the evolution process leading to J(t)

dJ

dt
=

1

1 + t
(J � J2)

effective sleep strength depends 
on the sleep session k
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𝐽(𝑘 + 1) = 𝐽(𝑘) +
𝜖

1 + 𝜖𝑘 [𝐽(𝑘) − 𝐽(𝑘)2]
with this prescription

Sketch of the proof

Introduce a matrix G such that

, with initial condition

• ||C|| ≥ 1
• G(k) commutes with C ∀k
• G(k) are invertible for k≥0 and ε>εc 
• There exists finite, real ck ≥ ||C G(k)||. The sequence is therefore upper bounded by  c=̅maxk ck

• The unlearning algorithm converges to the stationary solution G(∞) = C-1 in the sense defined by the 
operator norm

• Critical value for ε to ensure convergence εc = (||C||-1)-1

εc higher than Plakhov et al.’s 
and decreases slower with N

Jij(k) =
1

N

P�

µ,�=1

�µ
i ��

j Gµ�(k)

then, prescription recast as G(0) = I

||J(k) � P|| k������� 0 under operator norm

Projector (or pseudo-inverse)

Pij =
1

N

P,P�

µ,�=1

�µ
i (C�1)µ��µ

j ,

where Cµ� =
1

N

N�

i=1

�µ
i ��

i

Operator norm

||A|| =
�

max{a|a � �(AT A)}

G(k + 1) =

�
1 +

�

1 + �k

�
G(k) � �

1 + �k
G(k)CG(k)
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 Introduce a regularizator

𝐽(𝑘 + 1) = 𝐽(𝑘) +
𝜖

1 + 𝜖𝑘 [𝐽(𝑘) − 𝐽(𝑘)2]

Or, in discrete sleeping time…

A. Fachechi, E. Agliari, A. Barra, Dreaming neural networks: forgetting spurious memories and reinforcing pure 
ones, Neur. Net. (2019).

The resulting model accounts for both removal and consolidation!

(1 + tC)�1
µ� �

�
1 + t

1 + tC

�

µ�

Jij(t) =
1

N

P,P�

µ,�=1

�µ
i ��

j

�
1 + t

1 + tC

�

µ�

Argument 1: Look at the evolution process leading to J(t)

dJ

dt
=

1

1 + t
(J � J2)

effective sleep strength depends 
on the sleep session k
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Argument 2: consider the statistical mechanics of two separated models

Retrieval region 

stretched by 1+t, 

max storage 

preserved

Retrieval 

region gets 

wider in α, 


 narrower in T

H(1)
N,P = �1

2

P�

µ=1

N,N�

i,j=1

�µ
i ��

j (1 + t)�i�j H(2)
N,P = �1

2

P,P�

µ,�=1

N,N�

i,j=1

�µ
i ��

j (I + tC)�1
µ� �i�j

 Introduce a regularizator

The resulting model is accounts for both removal and consolidation!

(1 + tC)�1
µ� �

�
1 + t

1 + tC

�

µ�

Jij(t) =
1

N

P,P�

µ,�=1

�µ
i ��

j

�
1 + t

1 + tC

�

µ�

A. Fachechi, E. Agliari, A. Barra, Dreaming neural networks: forgetting spurious memories and reinforcing pure 
ones, Neur. Net. (2019).
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The model is analytically treatable, even in the high-load regime!

Self-consistent equations for the order parameters obtained (rigorously) under replica-
symmetry hypothesis.

Order parameters

m → assess retrieval of pattern ξ1 (measure overlap between neural configuration and pattern)

q, p → assess glassiness in the system (measure overlap between neural configurations of two replicas)

Replica symmetry ansatz
m↵

1 = m 8↵,
q↵� = Q�↵� + q(1� �↵�),

p↵� = P �↵� + p(1� �↵�),

� := 1 + ↵�t(1 + t)�1(P � p)

Useful quantity
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The model is analytically treatable, even in the high-load regime!

Self-consistent equations for the order parameters obtained (rigorously) under replica-
symmetry hypothesis.

By evaluating these observables as functions of the parameters (T, α) we build the phase 
diagram, focusing on the retrieval region

Mattis magnetization for t = 1000 as a function of temperature, 
for various storage capacity values (α=0, 0.05, 0.2 and 0.5)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

T

m

E. Agliari, F. Alemanno, A. Barra, A. Fachechi, Dreaming 
neural networks: rigorous results, J. Stat. Phys. (2019)
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Retrieval region gets wider


Spin-glass (where slow noise, i.e., spurious states, prevail) region collapses


Ergodic (where fast noise, i.e., purely random states, prevail) region gets wider


Ergodic line changes concavity

0 0.2 0.4 0.6 0.8 1
α

0

0.5

1
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0 0.2 0.4 0.6 0.8 1
α
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t=1

t = 0 t = 0.1 t = 1 t = 1000

0 0.2 0.4 0.6 0.8 1
α
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0.5
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1.5

2

T

t=0.1

0 0.2 0.4 0.6 0.8 1 1.2
α

0

0.5

1

1.5

2

T

t=1000

Perfect retrieval is accomplished!

Critical load (t = ∞) ≈ 1.07

A technical note: the underlying mathematics is 
rigorous (at replica-symmetry resolution)
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Comparison with numerics
Check hp underlying analytics (thermodynamic limit, replica symmetry)

Check robustness of attraction basins
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Average values for the Mattis magnetization m1 corresponding to the retrieved pattern ξ1 obtained from numerical simulations for fixed α=0.08 and M=10

→ Sleep as a regularizer in the internal 
field distributions

hi =
1

N

NX

j=1

X

µ⌫

⇠µi ⇠
⌫
j (1 + t)(1 + tC)�1

µ⌫ �j

�P (h) ⇠ t�1

p = misalignment 
probability of the 

initial state
200 different 

stochastic 
evolutions for each 
of the 200 pattern 

realizations

t=0, 0.1, 1, 1000
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More techanical details

Definition 1 The Hamiltonian of the reinforcement&removal algorithm reads as:

H(RR)
N,P

(�|⇠, t) = � 1

2N

NX

i=1

NX

j=1

PX

µ=1

PX

⌫=1

⇠µ
i
⇠⌫
j

✓
1 + t

I+ tC

◆

µ,⌫

�i�j , (1)

where ⇠1, the pattern candidate to be retrieved, has binary entries ⇠1
i
2 {�1,+1} drawn from P (⇠µ

i
= +1) = P (⇠µ

i
=

�1) = 1
2 , while the remaining P � 1 patterns {⇠µ}µ=2,...,P , have i.i.d. standard Gaussian entries ⇠µ

i
⇠ N [0, 1], and

the correlation matrix C is defined as

Cµ,⌫ :=
1

N

NX

i=1

⇠µ
i
⇠⌫
i
.

Definition 2 Being � 2 R+
a parameter tuning the level of fast noise in the network (with the physical meaning

of inverse temperature), the partition function of the model (1) is introduced as

ZN,P (�|⇠, t) =
X

{�}

e��H
(RR)
N,P (�|⇠,t) =

X

{�}

exp

2

4 �

2N

N,NX

i,j=1

P,PX

µ,⌫=1

⇠µ
i
⇠⌫
j

✓
1 + t

I+ tC

◆

µ,⌫

�i�j

3

5 .

Definition 3 Denoting with E⇠ the average over the quenched patterns, for a generic function O(�, ⇠) of the

neurons and the couplings, we can define the Boltzmann !(O(�, ⇠)) and the quenched hO(�, ⇠)i averages as

! (O(�, ⇠)) =

P
{�} O(�, ⇠)e��H

(RR)
N,P (�|⇠,t)

ZN,P (�|⇠, t)
,

hO(�, ⇠)i = E⇠! (O(�, ⇠)) .

(2)
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Definition 4 Once introduced the partition function ZN,P (�|⇠, t), we can define the infinite volume limit of the

intensive quenched free-energy FN (↵,�, t) and of the intensive quenched pressure A(↵,�, t) associated to the model

(1) as

��F (↵,�, t) = A(↵,�, t) = lim
N!1

1

N
E lnZN,P (�|⇠, t).

Remark 1 For the sake of mathematical convenience, we take solely the pattern candidate for retrieval (i.e. the

signal) to be Boolean, while all the remaining ones (acting as slow noise on the retrieval) are chosen as Gaussian.

“Universality” as long as the distribution function of the quenched patterns generating the slow noise satisfies

9L > 0 | p > 2 =) |E⇠⇠
p| < L,E⇠⇠ = 0,E⇠⇠

2 = 1.

Lemma 1 The partition function (2) can be represented in Gaussian integral form as

ZN,P (�|⇠, t) =
X

{�}

Z ⇣ PY

µ=1

dµ(zµ)
⌘⇣ NY

i=1

dµ(�i)
⌘
exp

0

@
r

�

N
(t+ 1)

P,NX

µ,i

zµ⇠
µ
i �i + i

r
t

N

P,NX

µ,i

zµ⇠
µ
i �i

1

A , (3)

that is equivalent to the partition function of a tripartite spin-glass where the intermediate layer is made of a set of

real neurons {zµ}µ=1,...,P with zµ ⇠ N [0, 1], 8µ, while the external layers are made, respectively, of a set of Boolean

neurons {�i}i=1,...,N and of a set of imaginary neurons with magnitude {�}i=1,...,N , being �i ⇠ N [0, 1], 8i.
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Definition 5 Once expressed the partition function (2) in its integral representation (3), we can introduce the
related tripartite spin-glass Hamiltonian as

HN,P =
ap
N

NX

i=1

PX

µ=1

zµ⇠
µ
i ki, (4)

where we introduced the “multi-spin” ki = �i + b�i and where

a =
p

�(t+ 1), b = i

s
t

�(t+ 1)
. (5)

The cost function (4) and the one associated to the original model (1) share the same partition function and
therefore exhibit the same thermodynamic.

Definition 6 The natural order parameters for the neural network model (1) are the overlaps qab and pab between
the k’s and the z’s variables, respectively, as functions of two replicas (a,b) of the system, and the generalized
Mattis overlap m1, namely

qab := 1
N

PN
i=1 k

(a)
i k

(b)
i ,

pab := 1
P

P
µ�2 z

(a)
µ z

(b)
µ ,

m1 := 1
N

PN
i=1 ⇠

1
i ki.

Remark 2 RS approximation ! order-parameters do not fluctuate in the thermodynamic limit,

qab
RS! W �ab + q(1� �ab),

pab
RS! X�ab + p(1� �ab),

m1
RS! m.
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Theorem 1 In the infinite volume limit, the replica symmetric free energy related to the neural network (1) can
be expressed in terms of the natural order parameters of the theory as

ARS(↵,�, t) = log 2� �m2

2(1 + t)

⇣
1 +

t

�

⌘
� (1 + t)(�� 1)

2t
�W + E⌘ log cosh

h �
�
(m+

p
↵p⌘)

i
� log�

2
� ↵�pt

2(1 + t)�

� ↵

2

⇣
log[1� �(1 + t)(W � q)] +

q�2(1 + t)

1� �(1 + t)(W � q)

⌘
� (1 + t)(1��)�

2t�
� ↵�2

2
p(W � q). (6)

Proposition 1 Using the standard variational principle ~rARS = 0 on the free energy (6), namely by extremizing
the latter over the order parameters, we obtain the following set of self-consistent equations

m =
1 + t

�+ t
E⌘ tanh

h �
�
(m+

p
↵p⌘)

i
,

p =
q(1 + t)2

[1� �(1 + t)(W � q)]2
,

� = 1 +
↵t

1� �(1 + t)(W � q)
,

q = W +
t

�(1 + t)�
� 1

�2
E⌘ cosh

�2
h �
�
(m+

p
↵p⌘)

i
,

W�2 = 1� t�

�(1 + t)
+

↵pt2 �m2t(t+ 2�)

(1 + t)2
� 2↵�pt

(1 + t)�
E⌘ cosh

�2
h �
�
(m+

p
↵p⌘)

i
.

The proof is based on Guerra’s interpolating techniques…
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Definition 6 Being s 2 [0, 1] an interpolating parameter, {⌘i}i2(1,...,N) a set of N i.i.d. Gaussian variables,
{�µ}µ2(2,...,P ) a set of P � 1 i.i.d. Gaussian variables, and the scalars C1, C2, C3, C4, C5 to be set a posteriori, we
use as interpolating pressure the following quantity

A(s) =
1

N
E⇠,⌘,� ln

X

�

Z
dµ(z,�) exp

hp
s

ap
N

X

i,µ�2

zµ⇠
µ
i ki +

p
s

ap
N

X

i

z1⇠
1
i ki (7)

+
p
1� s

⇣
C1

NX

i

⌘iki + C2

X

µ�2

�µzµ
⌘
+

1� s

2

⇣
C3

X

µ�2

z2µ + C4

X

i

k2i + C5a
X

i

⇠1i ki
⌘i

.

When s = 1 we recover the original model, namely A(↵,�, t) = limN!1 A(s = 1), while for s ! 0 we are left with
a one-body problem, and, consequently, the probabilistic structure of A(s = 0) is more tractable.

Proposition 2 The infinite volume limit of the quenched free energy related to the model (1) can be obtained by
using the Fundamental Theorem of Calculus as

A(↵,�, t) = lim
N!1

A(s = 1) = lim
N!1

✓
A(s = 0) +

Z 1

0

dA(s)

ds
ds

◆
.

Performing calculations and setting the free scalars C1,..,5 as

C2
1 = a2↵p, C2

2 = a2q, C3 = a2(W � q), C4 = a2↵(X � p), C5 = 2ma, (8)

one gets that under RS dsA(s) is independent of s and calculations straightforwardly yields to we finally get (6).
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Theorem 2 The ergodic region of the model defined by the cost function (??) is delimited by the following critical

surface in the (↵,�, t) space of the tunable parameters

�c =
1

1 + t

h �2

1 +
p
↵
+ t�

i
,

� = 1 +
p
↵(1 +

p
↵)t.

Remark 3 At t = 0, where the model reduces to Hopfield’s scenario, the critical surface correctly collapses over

the Amit-Gutfreund-Sompolinsky critical line �c = (1 +
p
↵)�1

, but in the large t limit the ergodic region collapses

to the axis T = 0: we speculate that this may have a profound implications, namely that the ergodic region -during

the sleep state- invades the spin-glass region, the latter being de facto suppressed.

The proof is again based on Guerra’s interpolating techniques…

Definition 7 The centered and rescaled overlap fluctuations ✓lm and ⇢lm are introduced as

✓lm =
p
N
⇥
qlm � �lmW � (1� �lm)q

⇤

⇢lm =
p
P
⇥
plm � �lmX � (1� �lm)p

⇤
.

Remark 4 As we will address the problem of the overlap fluctuations in the ergodic region, the signal is absent,
thus there is no need to introduce a rescaled Mattis order parameter.
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Proposition 2 We introduce the r�replicated interpolating free energy Ar
J(s), where we further added a source

field J , coupled to an observable O (that is a smooth function of the neurons of the r-replicas) as

Ar
J(s) = E⇠,⌘,� ln

X

�R

Z
dµ(zR,�R) exp

hp
s

ap
N

rX

l=1

X

i,µ

z
(l)
µ ⇠

µ
i k

(l)
i + JÔ (9)

+
p
1� s

⇣
C1

rX

l=1

X

i

⌘ik
(l)
i + C2

rX

l=1

X

µ

�µz
(l)
µ

⌘
+

1� s

2

⇣
C3

rX

l=1

X

µ

(z
(l)
µ )

2
+ C4

rX

l=1

X

i

(k
(l)
i )

2
⌘i

. (10)

where ki and the interpolation constants C1,2,3,4 are the same given before.

One can verify that

hO(s)i = @Ar
J(s)

@J

����
J=0

, @shO(s)i = @(@sAr
J)

@J

����
J=0

. (11)

Therefore, in order to evaluate the fluctuations of O we need to evaluate first @sAr
J and, by a routine calculation,

we get

@sAr
J =

1

2

p
↵�(1 + t)

rX

l,m=1

h
hgl,mi � hgl,m+ri

i
, gl,m = ✓lm⇢lm. (12)

Proposition 3 Given O as a smooth function of r replica overlaps (q1, . . . , qr) and (p1, . . . , pr) , the following
streaming equation holds:

d⌧ hOi = 1

2

rX

a,b

hO · ga,bi � r

rX

a=1

hO · ga,r+1i+
r(r + 1)

2
hO · gr+1,r+2i �

r

2
hO · gr+1,r+1i, (13)

where we used the operator d⌧ defined as

d⌧ =
1

�(1 + t)
p
↵

d

ds
, (14)

in order to simplify calculations and presentation.
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Definition 8 The centered and rescaled overlap fluctuations ⇠l,m and ⇢l,m are introduced as

⇠l,m =
p
N [ql,m � �l,mW � (1� �l,m)q]

⇢l,m =
p
P
⇥
pl,m � �l,mX � (1� �l,m)p

⇤
.

Posing Y (s) = h⇠12⇢12is + h⇠212i0
h⇢2

12i0
h⇢12is we get d⌧Y = Y 2, whose solution evaluated at ⌧ = �(1 + t)

p
↵s, s = 1

is given by

Y (s = 1) = W
1��(1+t)W (1+

p
↵)
, (15)

W�2 = 1� t�
�(1+t) ,

� = 1 + ↵t
1��(1+t)W .

Since we are interested in obtaining the critical temperature for ergodicity breaking, where fluctuations (in this
case Y ) grow arbitrarily large we check where the denominator at the r.h.s. of eq. (15) vanishes.

Theorem 2 The ergodic region of the model defined by the cost function (1) is delimited by the following critical

surface in the (↵,�, t) space of the tunable parameters

�c =
1

1 + t

h �2

1 +
p
↵
+ t�

i
,

� = 1 +
p
↵(1 +

p
↵)t.

Remark 4 At t = 0, where the model reduces to Hopfield’s scenario, the critical surface correctly collapses over the

Amit-Gutfreund-Sompolinsky critical line �c = (1 +
p
↵)�1

, but -in the deep sleep phase (i.e. in the large t limit)-

the ergodic region collapses to the axis T = 0: the ergodic region -during the sleep state- invades the spin-glass

region, the latter being de facto suppressed.
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Sub-critical regime ( )N = 100, K = 5, T = 0.2
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Super-critical regime ( )N = 100, K = 20, T = 0.2
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other side, when the number of features is high, the dreaming
mechanism is crucial for the whole machinery to keep working
with high information content.

We also perform the usual CD-10 algorithm in a purely
unsupervised setting, and we found that the DBM performs
as good as its RBM counterpart on the random dataset
(see Appendix E for further details).

B. MNIST Dataset

We now focus on testing the learning performances of
the DBM model for the MNIST dataset. This is composed
by 60 000 (training) plus 10 000 (validation) examples of
28 × 28 images of handwritten digits from 0 to 9. This forces
the size of the visible layer to N = 784. In order to avoid infor-
mation losses, the dataset is binarized with a local adaptive
binarization with a moving window of 11×11 pixels. In order
to appreciate the role of interaction among hidden units,
we first perform an experiment consisting of a supervised
training of both models, in which now the hidden units are
fixed to a proper representation of the Mattis magnetizations.
More precisely, given an instance v̄α of the dataset, v = v̄α,
while h = W T v̄α/N for the RBM and h = P−1W T v̄α/N for
the DBM (see Appendix C in the Supplementary Material).
The final accuracy is always evaluated taking the maximum
argument of the hidden layer activity after 100 updates of the
whole network. The results are reported in Fig. 5, and we see
a substantial difference between the two models.

As for the weight distribution [see Fig. 5(a)], in the DBM,
it displays a single peak centered around zero, while, in the
RBM, there are a large fraction of weights with a negative
value (∼−2). This is also confirmed by looking at the matrix
plots [see Fig. 5(e) and (f)]. The graphical representation of
the RBM weights is surrounded by a dark halo, whose origin
lies in the fact that none of the examples exhibits activated
pixels in that area. This means that these sites would contribute
positively to the Mattis magnetizations, thus increasing the
signal for all the hidden units. This does not happen for
the DBM where entries corresponding to the external part
of patterns are randomly oriented; hence, their contribution
to the signal is lower w.r.t. the RBM case. Qualitative dif-
ferences between the two models also emerge when looking
at the evolution of the pseudo-(log)likelihood [see Fig. 5(b)]:
for the DBM, it goes rapidly close to zero, while, for the
RBM, it settles on a stable value of the order of the unity.

Fig. 5. Results for the MNIST dataset with supervised training and random
initialization of the weights. In this figure, we reported the final empirical
distributions of the weights: (a) the pseudo-(log)likelihood, averaged over five
different realizations of (b) training procedure, (c) dreaming time f (t) as a
function of the learning time τ , and (d) the final accuracy as a function
of the temperature, computed after 100 updates of the whole network.
(e) and (f) First four digits, respectively, for the RBM and the DBM. The
learning parameters are ε = 0.005 T , the size of the minibatch is fixed to
200 examples for epoch, and the number of the epochs is 500.

This translates into a higher accuracy for the DBM [see
Fig. 5(d)], as confirmed by the left plot in the second row of the
same figure: interactions between hidden neurons drastically
increase the learning/retrieving performances in this scenario
[see Fig. 5(c)].

Let us now focus on the unsupervised case. Like in the
random case, we evaluate the best-performing temperature at
T = 1 (see Appendix E in the Supplementary Material).
The results of the learning procedures are summarized in
Fig. 6. By inspecting the figure, we see that, for P = 10,
there are no remarkable differences between the two models,
as the pseudo-(log)likelihood behaves in the same way [see
Fig. 6(a)]. This suggests that, for P = 10 and with random
initialization of the weights, the DBM is trapped in a local
minimum closer to the RBM one. This is indeed confirmed by
looking at the dependence of the dreaming time on the learning
session length [see Fig. 6(c)]: among five different realizations,
in only a single run, the DBM has a consistent dreaming
time (i.e., f (t) $ 1). On the other hand, by increasing the
number of features to be extracted, the dreaming mechanism is
indeed successful: the DBM works better on a wide temporal
window (from 10 up to 103 epochs), and the phenomenon
is always present: the higher the information content and
the longer the dreaming time needed. The dependence of
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Fig. 4. Dreaming time versus learning time. The plots show the behavior 
of the dreaming time f (t) as a function of the learning time ⇤ (computed as 
the number of epochs times �⇤ = ⇥T ) for P = 10 (a) and P = 50 (b).

Results for the MNIST dataset with supervised training and random initialization of the 
weights. (a) the pseudo-(log)likelihood, averaged over five different realizations of (b) 
training procedure, (c) dreaming time  as a function of the learning time , and (d) 
the final accuracy as a function of the temperature, computed after 100 updates of the 
whole network. (e) and (f) First four digits, respectively, for the RBM and the DBM. The 
learning parameters are , the size of the minibatch is fixed to 200 examples 
for epoch.

f (t) τ

ϵ = 0.005T

The graphical representation of the RBM weights 
is surrounded by a dark halo, whose origin lies in 
the fact that none of the examples exhibits 
activated pixels in that area. This means that 
these sites would contribute positively to the 
Mattis magnetizations, thus increasing the signal 
for all the hidden units. This does not happen for 
the DBM where entries corresponding to the 
external part of patterns are randomly oriented; 
hence, their contribution to the signal is lower 
w.r.t. the RBM case. 
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Learning results for the MNIST dataset with unsupervised training and random initialization of 
the weights. The plots show the results for the pseudo-(log)likelihood (a) and (b) averaged over 
five different realizations of the training procedure, and the dreaming time as a function of the 
learning time (c) and (d) for each of the five different learning sessions. The initial condition is 

. The learning strength is , the temperature is , the size of 
the minibatch is fixed to 200 examples, and the number of epochs is 2000.
Wiμ ∼ 𝒩(0,0.1) ϵ = 0.005T T = 1
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Fig. 6. Learning results for the MNIST dataset with unsupervised training
and random initialization of the weights. The plots show the results for the
pseudo-(log)likelihood (a) and (b) averaged over five different realizations of
the training procedure, and the dreaming time as a function of the learning
time (c) and (d) for each of the five different learning sessions. The initial
condition is Wiµ ∼ N (0, 0.1). The learning strength is ε = 0.005 T , the
temperature is T = 1, the size of the minibatch is fixed to 200 examples, and
the number of epochs is 2000.

Fig. 7. Learning results for the MNIST dataset with unsupervised training
and initialization (9) of the weights. The plots show the pseudo-(log)likelihood
(a) averaged over five different realizations of the learning procedure and the
dreaming time (b) for each of the five repetitions. The initial condition is
the initialization W (0)

µ of the weights given by (9). The learning strength is
ε = 0.005 T , the temperature is T = 1, the size of the minibatch is fixed to
200 examples, and the number of epochs is 500.

the dreaming mechanism activity on the number of extracted
features suggests that both the size of the hidden layer and the
initialization of the weights are relevant for the DBM to work
properly (and better w.r.t. the RBM model). For example, let us
focus on the P = 10 case, i.e., the number of features equals
the class cardinality. In this scenario, a very natural network
initialization consists of fixing the weights to the empirical
mean of a given class, i.e.,

W (0)
µ = 1

Mµ

∑

v̄α∈Sµ

v̄α, µ = 1, . . . , 10 (9)

where Sµ is the µth class with Mµ samples. Thus, we repeat
the training experiments for both models and compare
again the results (see Fig. 7): the DBM here works better
(with respect to the random initialization), and its pseudo-
(log)likelihood is always greater than the RBM case [see
Fig. 7(a)]. In particular, the mean initialization of the weights

results in a big jump in the pseudo-(log)likelihood for the
DBM model at a very low learning time. More importantly,
the mean initialization of the weights forces the dreaming time
to increase as the training procedure goes on [see Fig. 7(b)].
This indeed confirms that a good initial condition is crucial
for the dreaming mechanism to be active.

In realistic situations, the number of features to be extracted
does not match the classes cardinality (indeed, generally, the
number of features is much higher than the number of classes
in order to achieve better learning performances, or the number
of classes is unknown). In this case, we cannot prepare the
network weights on the dataset empirical mean, so alternative
routes for realizing good starting conditions have to be found
(see [20]). In agreement with our previous reasoning, we fol-
low another line. Both the models are initialized to a random
starting condition Wiµ ∼ N (0, 0.1). This configuration is near
to a nonoptimal local minimum for the KL divergence. In order
to escape from this well, we pretrain both models with the
usual CD algorithm (4) (this corresponds to set f (t) = 0 for
the DBM during pretraining with the main advantage of a
lower number of operations needed to prepare the model)
at high temperature (for example, T = 10). In this way,
we expect that the system explores a wider configuration
space, thus getting far from the nonoptimal local minimum,
and also realizing a (rough but) structured initial condition.
We stress that this scenario also motivates the choice of t as
a free parameter (rather than to work directly at t → ∞):
indeed, its role is to smoothly interpolate between the RBM
and the DBM models; thus, the minima landscape of the
objective function will be modified in a continuous way.
After the pretraining is over, we remove the constraint on the
dreaming time, and let both models learn according to their
characteristics update rules at T = 1 (this cooling schedule can
be thought of as an extreme version of the simulated annealing
procedure [21] ending at usual learning temperature). In Fig. 8,
we reported the results of this procedure (see Figs. 9 and 10
for further details).

As is clear from the plots in Fig. 8, with this procedure,
the DBM training is very fast and always performs better
than the RBM counterpart. We also checked that, in this
scenario, the pseudo-(log)likelihood, in the temporal window
considered, is always greater than the random initialization
case [see Fig. 8(a) and (b)]. As a further remark, we see that
the dreaming time [see Fig. 8(c) and (d)] tends to reach large
values also for relatively low P , with a big jump in the early
stages of training: the system, thus, escapes a nonoptimal local
minimum, and the dreaming mechanism is active.

V. UNSUPERVISED TRAINING FOR CLASSIFICATION TASKS

We now move to the comparison of RBM and DBM models
in the context of simple classification tasks. Indeed, besides
the usage of both models as feature extractors, it is possible
to train the Boltzmann machines as dimensional reduction
models such that a possible input v̄α in the dataset is repre-
sented by a vector h̄α ∈ RP corresponding to the hidden layer
activity once the visible one is clamped to that example v̄α.
In order to measure the goodness of the dimensional reduction,
we perform a k-nearest neighbors (kNN) classification. In our
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