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Exercise 1 Let (B1(¢), B»2(t)) a two-dimensional Brownian motion and let

t 1 S 2
7, = dB e Biw” gp .
t /0 L dBi) /O o)

a) IsZ a martingale? Determine the procesges B1);); and({(Z, B2););.
b) Prove that the limiZy, = lim,_, ; Z; exists a.s and itL2 and compute Ef] and
Var(Zso).

Exercise 2 Let, fora > 0,

t
X, =va+1 / u*?dB, .
0

a) Compute Bsup_, X5 > 1).
b) Letr = inf{r > 0; X; > 1}. Compute the density of the r.v. For which values o#
doest have finite expectation?

Exercise 3 Let B = (B1, B2) a 2-dimensional Brownian motions.
a) Which one of the following is a Brownian motion?

t

t
W1(t) :/ SinBz(S)dB]_(S)—l-/ COSB2(s) dB1(s)
0 0
t t
Wa(t) =/ Sin B2(s) d B1(s) -I-/ COSB2(s) dB>(s)
0 0
t t
W3(t) =f COSB2(s) dB1(s) —/ SinB(s) dBo(s) .
0 0

b) Ist — W, := (Wa(t), W3(¢)) a 2- dimensional Brownian motion?

Exercised Let B = (2, %, (%;):, (By);, P) be a Brownian motior§ € R, T > 0.
a) Letr < T. Which is the value of E[é57 | %,]? And of E[siN6 Br) | %;]?
b) Determine a process € M4([0, T]) such that

T
sin(@BT)zf X, dBg
0



c) Compute

1 .
e 219 sinB, dB,

o\
[N [EN

1
/ e 2179 cosB, dB, .
0



Solutions

Exercise l. a) Let
N
X, = / e B10% 4By (s) .
0

We have, for every > 0,

t t 1 1
E[XIZ]IEI:'/ e_ZBSZdS]:/ stzé(\/1+4 —1)
0 0 \)

As we can write

@ Z—ft % Bys)
T 144 Y

and
E[ st ]_1\/1+4s—1
(L+45)21 2 (1+ 4s)2

the integrand — lfzs is in M? andZ is a martingale.

From the notation (1) we have easily

X
1+ 4s

t
(Z,Ba) =0, (Z,Bi) = fo ds .

b) Itis sufficient (and also necessary) to prove thatZ is bounded in.2. Now

E[ZZ]—/t ElX7] _}/’< 11 )d
A= a+42C T2 )y \ax a2 T 11402/

The left most integral being convergentras> +oo, the L2 norm of Z is bounded, so that
converges a.s. and 2. As L2 convergence implies the convergence of the expectations we
have immediately Ef.,] = 0. Also L? convergence implies the convergence of the second
order moment, so that

1

) . ) too 1
El72) = im €771 =, |

_ ds =

(1+4532  (1+452"
+

— A1+ 4s5)7t OOO —6.

2
J’_
— 21+ 45)—1/2‘00o

Exercise 2. a) We know already thaY is a time changed Brownian motion, more precisely

Xt - WAt



where )
A = (oc—i—l)/ u® du = 1%+t
0

Therefore

P(SUst > 1) = P<SUpWAS > 1) = P( sup W, > 1) =2P(Wa > 1) =
s<2 §<2 t<A(2)
— 2P(JA@Q@) Wy > 1) = 2P(Wy > 273 (@+D)y —

e 22 qr

2 (0]
- V27 fz—% (@+1)
b) The previous computation withinstead of 2 gives

P(t <1) P(su X, > 1) 2 [” %24
T = = s
= o0 =T o fden

and taking the derivative we find the densityrof

2 1 _1 1 _ a+1 (a + 1) —1/(2:et1
(t):——(oc—i—l)t 2(05+1) le 1/t ):—e /(2 )
ft 2T 2 ,/27-”0(—}—3

In order fort to have finite mathematical expectatiomn> 7f;(r) must be integrable. Now
at zero the integrand tends to O fast enough because of the exponential whereas at infinity

tf:(1) ~ 13@+3 |t is therefore necessary (and sufficient) that L@+3) <-1,ie.
o> 1.

Exercise 3. a) We have

t

t t
(W1), = / (COSBo(s)+Sin Ba(s))2 ds = / 1+SiN(2B2(s)) ds = t+ / SiN(2By(s)) ds # t
0 0 0

so thatWj is not a Brownian motion. Converselyf(s) = (sinBa(s), COSB2(s)) IS a 2-
dimensional process having modulus equal to 1 and we can write

t
Wz(l)=/ H (s) d By
0

so thatWs turns out to be a Brownian motion, thanks to Corollary 7.24 of class notes. The same
argument gives that alsd’; is a Brownian motion.
b) We can write

d Wa(t)\ _ ( sinBa(t) cOSBa(t) dB1(t)
Ws(t) ) \ cosBx(t) —sinBa(t) dBy(t) | -~

=A




As the matrixA above is orthogonalyy = (W1, W) is a Brownian motion thanks to Proposition
7.26 of class notes.

Exercise 4. a) Recalling that > €95:+39% is a martingale, we have
E[¢95 | F,] = E[eiGBT+%92T | gpl]e—%OzT — g0Bi+30%g—50°T _ 0B—356%(T—1)
We have
E[sin@Br) | %] = E[Im@E?57) | F,] = Im(&B—20°T—0) — e 20°TN gin@B,) .
b) Let us compute the stochastic differentialzyf= e~ “T~ sin(6 B,). We can write
Z, = f(B,, 1) with f(x, 1) = e 22T~ sin@x). We have
ad
—f(x t

1) = %926_%92@_0 cog0x)

9
8—f(x, 1) = e 29T coghix)
X

92 .
a—é(x, 1) = —62e~39°T=D singyx) |
X

and plugging these values into Ito’s formula we find
dz, = 0e 29T~ cog6 B,) d B,
and therefore

T
SiNOBr) = Zr — Zo = 9/ e 29°T=) coq0B,) d B,
0

ie. X, = e 29°T=) cogh B,).
c) Form the computation of b) we have, with the chdite- 1,6 =1,

1
1 .
f e 2179 cosB, dB,; = sinB; .
0

For the other integral we can repeat the argument above or apply I1to’s formula in the following,
equivalent, way, considering — 2 4~ cosB, as the product of > €2 A" and of

t — cosB;. We have then
—3 (1-1) —3(1-1) i 1 1 —ta-n
de 2 COSB;) = e 2 (— sinB;dB; — > COSB; dt) + > e 2 COSB; dt
i.e. . .
de 237D cosB,) = —e 2D sinB, dB,
which gives

NI

1 1
1 . 1
f e 21D sinB, dB;, = —e 21" cosB, =€ 7 —COSBy.
0



