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Exercise 1 Let

! 2
X[ - / e_BS dBS .
0

Prove thatX is a square integrable martingale. Is it bounded 3r?
72y 1 -
(Recall that E[&“ ] = N for Z ~ N(0O, 1)).
Exercise2 Let B = (2, %, (%), (B;);, P) be a natural Brownian motion and F@; =% Vv
o(By).
a) Lets be fixed with O< s < ¢t < 1. Determine a square integrable functidrand a
numbera (both possibly depending on¢) such that the r.v.

)
B, —/ ®u)dB, —aB;
0

is orthogonal taB; and toB, for everyv < s. ~
b) Compute EB; |%;]. Is B a Brownian motion also with respect to the filtrati¢§ ), ?

Exercise 3 Let B be a Brownian motion. Compute the stochastic differentiat of= B2e?:.

Exercise 4 a) Let(B;); a Brownian motion. Determine which of the following processes is a
martingale

Y, = €/?cosB, .

Compute EX;) and KY;) forr = 1.
b) Prove thatX andY are Ito processes and compulé Y);.

Exercise5 Let B a Brownian motion.
a) Forn > 2 write the stochastic differential of; = B}'.
b) Prove that

t
E[B"] = %n(n —1) /O E[B" 2] ds .

c) Recalling that for av(0, 1)-distributed r.v. we have E[*] = 3, deduce the value of
E[Z6].



Solutions

Exercise 1. We must check that > e 5 is a process inf2. Actually, for everyr > 0,

t t t
1
E[/ e—ZBszds]:f E[e 2587 ds:f T s < 400
0 0 [ | 0 v1+4s

In order to investigate whetheéf is bounded in.?, we just remark that

t
1
E[Xz]_E[f ZBvds] f—ds — 400
0 0 vV1+4s 1= +00

sSo that the answer is no.

Exercise 2. a) Orthogonality with respect tB, for v < s imposes the condition

v

O=E|(B; — ®w)dB, —aB1)B,| =v — D (u)du —
[( /0 (u) o 1) ] v ./0 (u)du — av
i.e.
(1) v(l—a) = /v ®(u)du, foreveryv <s

0

and thereforeb = 1 — « on [0, s]. Orthogonality with respect t®; conversely requires

0= E[(B, _ /OS ®(u)dB, — aBl)Bl] - fos & () du — «

i.e., taking into account tha = 1 — «,

O=r—1—-a)ys—a=t—s—a(l—ys)

t—s cI)()_1—t
1—s’ YE1

o =

b) If X = 1 s B+ 1 = - B, in @) we have proved that the r.8, — X, which is centered,
is mdependentdﬁ AsX |s moreovefy,-measurable, we have
t—s 11—+

(2) E[B|%] =ElB —X)+X|%] =X +E[B ~X]=X=— Bi+ 7 B.

Remark that we have als6 = B, + =% (B1 — By).
B is adapted to the filtration, ), but is not a(%,),-martingale, therefore cannot be a
Brownian motion with respect to this filtration.



Exercise 3. First method. We have
dB? = 2B, dB; + dt
1
deP = eP aB, + > ebr dr
and by the formula for the product

dX; = € (2B, dB, + dt) + B?€P (B, + S dt) + 2B,e% dt =
= €% (2B, + B? dB, + €% (3 B? + 2B, + 1) dt

Second method. We just apply Ito’s formula to the Brownian motion and to the function
f(x) = x%e". We have

f/(x) = e"(2x +x?)
ffx) =€ @ +x2+2+2x) =€’ +4x +2).

Therefore
/ 1 1 B 2 B /1 p2
dX; = f'(B;)dB; + éf (B;)dt = e’ (2B; + Bt)dB, + e f(§ Bt + 2B, + 1) dt

In this case this second method appears to be simpler.

Exercise 4. a) The simplest way is an application of I1to’s formula. This can be done in many
possible ways. For instanceiifx, t) = €/2sinx, we have

ou ou 1 0%
dXt = dl/l(Bt, t) = E(t, Bt) dt + a(t, Bt) dBt + é @(f, Bt) dt
and as
du 1 du 9%u
- — T d/2qi b —_d/2 - — _ /2
5 (t,x) = 5 e/“sinx, P (t, x) = €/ cosx, 8x2(r,x) = —€é/“sinx
we find

1 ) 1 )
dX, = <§ e/2sinB, — > g/ smB,) dt +€/?cosB, dB, = €/?cosB, dB,

andtherefor is alocal martingale and even a martingale, being bounded on bounded intervals.
For Y the same computation with(x, 1) = €/2 cosx gives

dY[ - —et/ZSInB, dBt .



so alsoY is a martingale. As the expectation of a martingale is constant we h&ig E O,
E(Y;) = 1 for everyr > 0.
More quickly the imaginative reader might have observed that

. '
Y, +iX, =B t3

Which is known to be an exponential complex martingale, hence both its real and imaginary
parts are martingales.

b) The computation of the stochastic differentials of a) implies that KagimdY are Ito’s
processes. Itis immediate that

1
(X,Y), = —/ €’ cosB, sinB; ds .
0

Exercise 5. a)
1
dB" =nB" 1dB; + 5l — 1)B"2d1

b) Just take the expectation in the expression

t 1 t
B = n/ Bf_lst + > n(n — l)f B‘?—Z ds
0 0

and recognize that the stochastic integral is a martingale.
c) Choosing: = 6, we have

t t
E[B%] = 15 f E[B¥ds =15-3 / s2ds = 1563
0 0

as actuallyB* ~ s2B;. Takingr = 1 we find Efz] = 15.



