112/ SOLUTIONS

It therefore suffices to prove that |\ = g Because the M; are concyclic, we

deduce that AMsM M, and AMyM M; are inversely similar, as are AM; M M,
and AMsM Ms. Consequently,
MM, MM, MM, MMy MM, MM,

MsM, MM, MMs " MyMs MM,  MDMs

As a result we have

<MQM1 M1M4)2_MM1 MMs MM, MM, (MMl)z.

MM, MyMs) MM, MM; MM, MMs \MDMs;

2
that is, (g) = A2, and the desired equality |\| = g follows.
Also solved by OLIVER GEUPEL, Brihl, NRW, Germany.
3624. (2011 : 114, 116] Proposed by Ovidiu Furdui, Campia Turzii, Cluj,
Romania.

Calculate the sum
o0
-1 n—1 1 1 -1 n+1
y U (1_+_...+()>,
ot n 2 3 n

1. Solution based on the approach of AN-anduud Problem Solving Group,
Ulaanbaatar, Mongolia.

Let ag = 0, and, for n > 1, let

11 (=1)n-1
n=l—c 42
@ 2 + 3 + n
Sp = ( ]z ay = Z(ak — ap—1)ar,
k=1 k=1
and
T, = (D = Xn:( )
w = k-1 = ak — Qp—1)ak—1.
k=1 k=1
Then . .
Sn+Tn = (ax —ar—1)(ak +ax1) = > _(af —ai_,) = a3,
k=1 k=1
and i
“ (—1)kt 1
Sn—TnZ T(ak—ak,1): ﬁ
k=1 k=1

Therefore S,, = % [ai + 22:1 1%2] The desired sum is equal to

2
lim S, = % {(bg 2)2 + ”] .

n— 00 6
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1I. Solution following approach of Richard I. Hess, Rancho Palos Verdes, CA,
USA; Kee-Wai Lau, Hong Kong, China; the Missouri State University Problem
Solving Group, Springfield, MO; and the proposer.

For positive integer m, let

S
I
_
b
I
=
-
A
=
A
B
A
3

m (_1)]@71 m (_1 n—1 m ( 1)n—1 m (_1)k71
S = -
O N e
D IR D) Dl
n=1 n=1 k=n+1

n=1 n=1 k=1
The required sum is
2 2
) oo (log 2)
T I

III. Solution by Oliver Geupel, Brihl, NRW, Germany(abridged).

When a,, = Y, _ (-1 1/k, b, =3, _ k2 and ¢, = Y, (-1)*lay /k,
it can be proved by induction that

1
5(@% + bn).

Cn =
The required sum is equal to

1
lim ¢, = (log 2)2 + —n2.

n— o0 12

1V. Solution based on those of Anastasios Kotrononis, Athens, Greece; Paolo
Perfetti, Dipartimento di Matematica, Universita degli studi di Tor Vergata Roma,
Rome, Italy; and Albert Stadler, Herrliberg, Switzerland.

n 1 _ (_\N
Z / . / 1—(—x) dz,
0 1+$

k=1

Since
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the proposed sum is equal to

_1)11—1 11 e (_l)n—l 1 (—x)™
n A 1+ xdaj B ; n A 1+ du
= () )

1
1
= (log2)* —
(log2) AHJEZ n .

n=1

Ulog(1 — )
=(log2)? - [ —=—"4d
(og2? — [ 2= ts

2

log2)? 7?2 (log2)? =«
(log2) [ 2 12 2 12

T

No other solutions were received.
Perfetti provided a justification for the interchange of summation and integration in (IV)

while Kotronis gave this determination of the final integral

0 1
Y og(1 —
_f lee(=b) o dydt = ;dtdy
o 1+t (I4+t)(1+ yt)

// y—1>(1+t> (y—1><1+yt>} ddy
0

g2 log(l+y)  rlog(1+y) log(l+y)
/_l[yfl y(yfl)]dy_ (log 2)” +/_1[ v Toy—1 ]d

1 1
 (log2)? — log(1 — z) do + log(1 —z) de,
(log — —

0 T 0 14+

so that
! log(1 —t) g — (log 2)? n 1 ! log(1 — ) de — (log 2)2 1 ! i zn—1 d
0 14t 2 2 0 T 2 2 0 n
n=1
log2)® zn1 (log 2)? 1 — 1 _ (log2)? _7r2
i e M e e S e |
3625. [2011 : 114, 116] Proposed by Pham Van Thuan, Hanoi University of

Science, Hanoi, Vietnam.
Let a, b, and ¢ be positive real numbers. Prove that

\/T+/b+/c<21+ abc
a+b b+c ct+a ~ (a+b)(b+c)(cta)’

Sefket Arslanagi¢,

Solution by George Apostolopoulos, Messolonghi, Greece;
University of Sarajevo, Sarajevo, Bosnia and Herzegovina; Oliver Geupel, Brihl
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