PROBLEMS

11467. Proposed by Xiang Qian Chang, Massachusetts College of Pharmacy and
Health Sciences, Boston, MA. Find in closed form the determinant of the n x » matrix
with entries a; ; given by

Yiso(j = k) ifi < j;
a; ;= X o
: Vi ¥t i =% i1 .

11468. Proposed by Cosmin Pohoata, Tudor Vianu National College of Informatics,
Bucharest, Romania. Let A{A,A; be a triangle, let H be a dilation mapping of the
plane, and let R be a right angle rotation of the plane. Let P, P, and P; be the images
under H o R of A;, Ay, and Aj, respectively, and suppose that Py, Py, and P; lie inside
or on the boundary of A;A,A4;.

Let H; for i € (1,2,3} be the foot of the perpendicular from P; to the side of
A1 Ay A; opposite A;. Generalize the Erd6s—Mordell inequality: show that

PlA1 + PAs + PsAy = PLHy, + P Hs + PHs + PH, + PyH, + P Hy,

with equality if and only if A; A, A3 is equilateral and each P; is equal to the circum-
center of AjA;A3,

11469. Proposed by Slavko Simic, Mathematics Institute SANU, Belgrade, Serbia. Let
{x;) be a sequence of positive numbers, and let (p;) be a sequence of nonnegative
numbers summing to 1. Let

o0 o0 =1
A= Zpixe, H= (Z pi/xf) .
i=1 i=1

Show that if s and ¢ are nonnegative numbers such that s < JxX <s+tforalli > 1,
then H <A<+ H.

11470. Proposed by Marian Tetiva, National College “Gheorghe Rosca Codreanu,”
Birlad, Romania. Let ABCDEF be a hexagon inscribed in a circle. Let M, N, and P
be the midpoints of the line segments BC, DE, and FA, respectively, and similarly
let @, R, and S be the midpoints of AD, BE, and CF. Show that if both M N P and
QRS are equilateral, then the segments AB, CD, and EF have equal lengths.

11471. Proposed by Finbarr Holland, University College Cork, Cork, Ireland. Let A
be an r x r matrix with distinct eigenvalues Aj, ..., A,. For n = 0, let a(n) be the
trace of A". Let H(n) be the r x r Hankel matrix with (i, j) entry a(i + j +n — 2).
Show that

i =] ] el
Tim |det H)['" = [ ] [l

k=1

11472, Proposed by Mahdi Makhul, Shahrood University of Technology, Shahrood,
Iran. Let ¢ be a nonnegative integer, and let f be a 4t + 3 times continuously differen-
tiable function on R. Show that there is a number a such that at x = a,

41+3 d"f(x) N

dxk — 0

k=0



11473. Proposed by Paolo Peifetti, Mathematics Dept., University “Tor Vergata
Roma,” Rome, Iraly. Let o and § be real numbers such that —1 < ¢+ g < 1 and
such that, for all integers k > 2,

—(2K) log(2k) # o, 2k + 1) log2k + 1) #a,
4 k< Dlog@k+1) £ 6, ~1—@k+2)log2k+2) # B

Let

LA a + (=¥ - klog(k)
T = lim ;E B+ (=111 + (k + 1) log(k + )’

i 7 o + (—1* - klog(k)
=1 .
Ui il ;((” 1) logtw1)) Bz B+ (—DFH(1+ (k+ Dlog(k + 1))

(a) Show that the limits defining 7 and U exist.
(b) Show that if, moreover, jet| < 1/2and B = —a,then T = —2U.



