Dear readers,

The Mathematical Reflections Editorial Board would like to thank all of you who
propose problems, send solutions, or regularly visit our website. In order to keep
the high quality of the journal, we need to make a few changes. They are aimed at
making Mathematical Reflections even better, allowing for faster solution process-
ing, and enabling us to publish more articles. Without further ado, here are the
main changes:

1. All solutions and articles must be written in LaTeX.

2. Every solution submitted must be in a separate file. The name of the file should
be the number of that problem. For example, if you submit the solution to
problem 90 from the Junior section, the name of the file should be J90.tex.

3. If you would like to include a picture in the solution submitted, please attach the
image to the email you send us. The name of the image file should match the name
of the solution file. Using the same example, the name of the image file should be
J90.jpeg.pdf. If there are multiple pictures use underscore to differentiate them.

4. Please include a separate file that includes your Name, Address, and Affiliation,
or any other information that you would like us to use in acknowledging the
problems, solutions, or articles you submit.

5. Please refrain from using self-defined LaTeX commands or exotic packages as to
not interfere with the ones we are already using.

6. Please submit problems, solutions, and articles in English only.

If you are not familiar with LaTeX, you may visit http://www.latex-project.org/.
For a full downloadable version of LaTeX, please use http://www.latex-project.org/ftp.
We understand that these changes are major and it will take time to learn this new
piece of software, if you don’t know it already. This is why we will still accept
solutions written in Word or any other format, but not for long. We hope that you
will accept these changes and continue to help us make this journal better, more
popular, and of higher quality.

Dr. Titu Andreescu,
Editor, Mathematical Reflections
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Junior problems
J97. Let a,b, c,d be integers such that a 4+ b+ c+d = 0. Prove that a® +b° 4+ ¢® + d°
is divisible by 30.
Proposed by Johan Gunardi, Jakarta, Indonesia

J98. Find all primes p and ¢ such that 24 does not divide ¢ + 1 and p?q + 1 is a
perfect square.

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
J99. In a triangle ABC, let ¢q, ¢y, ¢ be the angles between medians and altitudes
emerging from the same vertex. Prove that one the numbers tan ¢, tan ¢p, tan ¢,
is the sum of the other two.
Proposed by Oleh Faynshteyn, Leipzig, Germany
J100. Consider the set of points from the plane such that the distance between any
two points is a real number from the interval [a,b]. Prove that the number of
these points is finite.
Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
J101. Consider triangle ABC with circumcenter O and orthocenter H. Let A; be the
projection of A onto BC' and let D be the intersection of AO with BC. Denote
by As the midpoint of AD. Similarly, we define By, By and C1, C5. Prove that
A1As, B1By, C1Cy are concurrent.
Proposed by Andrea Munaro, Italy and Ivan Borsenco, MIT, USA
J102. Evaluate
2008 2008 2008 2008 2008 2008
-2 3 —4 -+ —2004 2005 .
(5 =20 o (757) o057 =200 ) 200 )

Proposed by Zuming Feng, Phillips FEzeter Academy, USA
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S98.
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5100.
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S102.

Senior problems

Let x1,x9,..., 2, be positive real numbers. Prove that
n 2 2 2
x l’ o oe e x _ x x .. x
<1+ 24t n> z(nxmm%)nl\/ﬁ 3+ +ad
n n

Proposed by Arkady Alt, San Jose, California, USA

7(n)

Let n be a positve integer. Prove that [, @ > (@)T . where 7(n) is

the number of divisors of n and ¢(n) is Euler’s totient function.
Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
Let ABC be an acute triangle. Prove that
1—cosA 1—cosB 1—cosC 1 1 1
+ + <|1- 1— 1-— .
14cosA 1+cosB 14cosC cos A cos B cos C'

Proposed by Daniel Campos Salas, Costa Rica

Let ABC be an acute triangle with altitudes BE and CF. Points @ and R

lie on segments C'E and BF', respectively, such that % = %. Determine the

locus of the circumcenter of triangle AQR when @) and R vary.
Proposed by Alex Anderson, Washington University in St. Louis, USA

Let a, b, ¢ be distinct real numbers. Prove that

a 2 b 2 c 2
+1 +(—+1 + +1 > 5.
<a—b > (b—c > (c—a >

Proposed by Roberto Bosch Cabrera, University of Havana, Cuba

Consider triangle ABC' with circumcenter O and incenter I. Let E and F' be
the points of tangency of the incircle with AC' and AB, respectively. Prove that
EF, BC, OI are concurrent if and only if 72 = ryr., where r,, 7, 7 are the radii
of the excircles.

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
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U97.
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Undergraduate problems

Prove that
1, >0
f(z) = 1
(=) arccot—, x < 0,
x
does not have antiderivatives.
Proposed by Dinu Ovidiu Gabriel, Valcea, Romania
Let f : [0,1] — R be a differentiable function with continuous derivative such
that
1 1
/ f(z)dz = / xf(z)dz.
0 0
Prove that there exists & € (0,1) such that f(&) = f/(€) fogf(:n)dx.
Proposed by Cezar Lupu, Univeristy of Bucharest, Romania
Let @ and b be positive real numbers such that a + b = a* + b*. Prove that

a®’ <1< @b’
Proposed by Vasile Cartoaje, University of Ploiesti, Romania

Let f: [0,1] — R be an integrable function such that
o |f(z)] <1and fol zf(x)dx =0,
o Fla) = [ f(y)dy > 0.

1 1 1
Prove that / A (z)dx + 5/ F%(z)dz > 6/ f(z)F(z)dz.
0 0 0

Proposed by Paolo Perfetti, Universita degli studi di Tor Vergata, Italy

Consider a sequence of positive real numbers a1, as, ... such that for each term
in the sequence we have Aa* < a,.1 < Ba¥, where A, B,k € R*. Prove that
for all terms e®t7*" < g, < ST7%" for some a, 3,7 € R,

Proposed by Zoran Sunic, Texas A& M University, USA

Points on the real axis are colored red and blue. We know there exists a function
f: R — RT such that if z,y have distinct color then min{f(z), f(y)} < |z —y|.
Prove that every open interval contains a monochromatic open interval.

Proposed by Iurie Boreico, Harvard University, USA
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098.

099.

0100.

0101.

0102.

Olympiad problems

Find all odd primes p such that both of the numbers
Lbp+p* 4+ pP 24P and 1—p+p’+- = pP 2 4 pP!
are primes.

Proposed by Xiaoshen Mou, Shanghai, China

Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

Va+ Vo+ Ye< /3B +a+b+c+ab+be+ca).

Proposed by Cezar Lupu, University of Bucharest, Romania

Let AB be a chord that is not a diameter of circle w. Let T be a mobile point
on AB. Construct circles wy and ws that are externally tangent to each other
at T and internally tangent to w at 71 and 15, respectively. Let X1 € AT1NTTs
and Xo € ATo NTTy. Prove that X7 X, passes through a fixed point.

Proposed by Alex Anderson, Washington University in St. Louis, USA
Let p be a prime. Prove that p(x) = 2P + (p — 1)! is irreducible in Z[X].
Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Let ag,a1,...,ag be real numbers greater than —1. Prove that
at +1 a3 +1 a +1

+ot =29
Vai+at+1  Jad+ai+1 Vvag +ag+1

whenever
341 341 341

ap + ay + +...+L§9‘

Vai+at+1  Jai+ai+1 Vvag +ag+1

Proposed by Titu Andreescu, University of Texas at Dallas, USA

A hive is placed in the Cartesian plane and its cells are regular hexagons with
two unit sides parallel to y axis. A bee lives in a cell centered at the ori-
gin. It wants to visit another bee whose cell contains the point of coordinates
(2008,2008). The bee can move from a cell to any of the six neighboring cells
in one second. What is the minimum number of seconds needed for the bee to
reach the other bee? Find how many different routes of optimal time exist.

Proposed by Iurie Boreico, Harvard University and Ivan Borsenco, MIT, USA
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