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W1. Find without any software:

Q:/Z( cosz 41— z? de

1+ zsinz)v1 — x?

W2. If z,y,2z > 0 then:

271+ 29 | [T+ [27] | [2°] + [27]
27 +2v]  [2v4+27]  [22427]

[*] - great integer function.

(w(A), w(B), u(C) are the measures of A, B, C in radians)
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Contest

W4. Calculate the integral
gt 1
[t (-
o Lz T 1+

W5. Assuming z,y,z > 0, zF + y* + 2F =1, and satisfying A\ + p > k, we

Li Yin

have N
$)\ + y)\ + Z)\ 31+%—§
L—yr  1—207 35 _-1’

1— ¢
if and only if the equal sign of x = y = 2z holds.
Li Yin
W6. For any a,b,c, k,l,m € RT , we have
ka l me
arctan + arctan -+ arctan
b+c c a+b
S . 1/1 n 1 n 1 n 9 1
arctan ( = [ — + — + — _ — — ]
- 2 \Im mk kKl 2 k212m2 2
Li Yin
WT7. Evaluate the series
® (2k+2)7 :
Z(2k + 1)/ Sl;(pmgdx, a#0, |p| <1
=0 ok T4+ a
Paolo Perfetti
WS8. Evaluate the series
inl—l—l—l—l%——lg
— n n+l n+2 n+3 2
Paolo Perfetti

W9. Evaluate

22 —1)%(z —2)

o0 312
PV/( Vel dr
0

where “PV” means “ Cauchy Principal Value”
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Paolo Perfetti

W10. Solve in R the equation

2
x4 2z
21I1(1 + l‘) - m = \/ECLT‘Ctg\/E
Pirkuliyev Rovsen

W11. Compute

lim e~ ’(/\/3!! VB LY (2n — 1)

n—o0

where (2k — 1)1 =1-3-...- (2k—1),Vk € N* and H, = )
k=1

=

D.M. Batinetu-Giurgiu and Neculai Stanciu

W12. If (ay),~; is a positive real sequence such that lim (an+1 —ayn) = a,
- n—oo

a > 0, then compute

lim \/ﬁ(m_ an)

n—oo
D.M. Batinetu-Giurgiu and Neculai Stanciu

‘W13. Solve the equation
2 6 24z 243
z+2 2246x+12 a4+ 2423 + 19222 + 576z + 576 1694
Béla Kovacs

W14. Solve the equation

24— 723 4+ 502 — 50 = i2(72% — 392 4 50)
Béla Kovacs

W15. In any AABC the following relationship holds:

sin? % sin? g sin? g 1 /4R r
. O A + . B S sl—+5— 4
sin 5 sin 5 sin 5 3\ r R
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Marian Ursarescu and Floricd Anastase

W16. Let be 21, 22, 23 € C* different in pairs such that |z1| = |22| = |z3| = 1.
If

Y V@n -2 z) 2% 2 —a) =9

cyc

then 21, 29, 23 are the affixes of an equilateral triangle.
Marian Ursarescu and Floricd Anastase

W17. Let F : (0,+00) — R be a primitive of the functions f : (0,00) — R,

1) = (g Finds

1
T

. T sint

x+1

Marian Ursarescu and Florica Anastase

W18. Let be triangle ABC, AA;, BB, C(C} internal bisectors and
Ay, By, Cy contact points to the bisectors with the circumcircle of the
triangle. Prove that:

A1Ay - BoCo + B1Bg - A3Cy + C1Cy - A3 By > Rs
where p represent the semiperimeter and R the circumradii of triangle ABC.
Marian Ursarescu and Florica Anastase

W19. Let be the function f : [0,1] — R integrable such that f(1) =1 and
y
[ F@®)dt = 3(yf(y) — xf(x)),Va,y € [0,1]. Find:

I= [ f(z) tg*zdx
/

Marian Ursarescu and Florica Anastase

‘W20. Calculate
n—1 (_1 k—1
li 1" S
o 02
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Ovidiu Furdui and Alina Sintamarian

W21. Let a € R. Find all continuous functions f : R — R such that

z t
flx)=a —/ cos <2> f(x—t)dt, VaeR.
0
Ovidiu Furdui and Alina Sintamarian

W22. Consider a system of two particles of masses m; and ms, whose
Lagrangian is given by
15 1 9 ..
L= §m1X1 + §m2X1 + m1X1Xo — M1gT1 + Magro

Let the total mass and reduced mass be M and p then show that
uxs + [M — plzy is constant of motion.

Toyesh Prakash Sharma and Etisha Sharma

W23. If n belongs to the set of odd numbers then show that:

2 (logp,, Fi"LE)? + (logg, FirLi")? 2
3" 6 <Fn

Toyesh Prakash Sharma and Etisha Sharma

W24. Solve in Ms (R) the equation sin A = (t é)

Ovidiu Furdui and Alina Sintamarian

W25. Ifap, >0, k=1,2,...,n are arbitrary real numbers, prove that

n n
2 2 2
Z \/(ai — QkQg+1 + ai+1)(ak+1 — 10842 + Gpyp) = Z Ak
k=1 k=1

where a, 11 = a1, ap42 = as
Dorin Marghidanu

W26. If a, b, c are real numbers for which ab + bc + ca = 1, prove that

202 + 3b% + 4¢? > 2v/2
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Dorin Marghidanu

W27. For a,b > 0, let

B 2a +3b 2b+ 3a
" 4da+5b  4b+5a

E(a,b)

Prove that E(a,b) € (Q %] and that % and % are the best constants with

10°
this property (i.e. the interval (%, %] is the largest possible)

Dorin Marghidanu

W28. If a,b,c > 0 and abc > 8 then prove that

b bc ca
2a? + 1+ & ¢ >
(a”+ +c)—i_s<a2—ab—i-b2—i_bz—bc#—cQ4_02—ca+a2 =33

Dorin Marghidanu

‘W29. For given positive real a,b, ¢ find maximal value of constant ¢ such
that inequality

az® + by? + c2? > 2t (zy + yz + 22)
holds for any real z,y, z > 0 such that zy + yz + zx # 0.

Arkady Alt

W30. Let a; is number of rings on the rod at the vertices i =1,2,...,6 of a
regular hexagon. Find the greatest value of 3—rings chains constructed from
rings that taken by one from any 3 neighboring rods.

Arkady Alt

W31. Find maximal value of remainder from division n by k, where
n € N\ {1} and k € {1,2,...,n}.

Arkady Alt

W32. Let ABC be an acute triangle with circumradius R.Prove that :

1 1
Yot (st L) <
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Arkady Alt

W33. Let D = {(z1,x2,....,2pn) | zi € Nyi =1,2,....,m,
21 <o < ..<xpand x1+x2+ ...+ x, =a}and let 1 <k <n/2.

a). Find

min (x, + Tp—1 + oo + Tp—gt1)
zeD

(or max (x1 +x2 + ... + T) );
zeD

b). For which &, a and n holds inequality
Tn+ Tp—1+ o +Tp—k+1 2 Tn—k T Tp—f—1+ ... + 1
< Tp+Tp-1+...+Tpgt+1 > a/2

Arkady Alt

W34. If f:[0,1] — R it is differentiable and concave function, with
f(0) = —f(1), prove that:

1 1
f(x)dx 4
[ <o [ e

Stanescu Florin

W35. Let I C R an interval and f : I — R one function differentiable on I,
which has the following property: for any a,b € I, a < b and for all = € (a,b),
exist h > 0, which depends on x, such that:

h+z € (a,b) and

Show that f’ is an increasing function on I
Stanescu Florin

W36. We consider A, B € M, (R), n > 2, with AB=BA and

Wj = COos % + ¢sin Z’ﬂ, k = 0,n such that:

a).
det(A+wp,B) =0
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Im [Z w2p+1 sin <—|7-r1> ~det(A+wiB)| <0

(Mp e {0,1,....,n—1}
c).

det(a + w,B) =0

Show that:

a). An—H + (_B)n-l-l — On

b). det(A+b) =(n+1)det B

c). Tr [B-(A+ B)™'| = %; Tr = trace of matrix A

d). Tr [B* - (A+ B)~?] = -1

Note. We write the complex number z = Rez + Imz - ¢
Remark. If I,,, then: We consider A € M(R), n > 2 and
wj, = COS %ﬂ + 7sin %, k=0,n, such that:

a). det(A+wyl,) =0

b).

Im [Z w2p+1 sin <l:7_r1> ~det(A+wiB)| <0

Mp e {0,1,....,n—1}
Show that:

a). AvH 4 (—1,)"" =0,
b). det(A+1I,) =n+1

c). Tr(A+1,) t=12

2
d).Tr(A+1,)"2 = "

—4)

Stanescu Florin

W37. Let f:]0,1] — R be continuous, with fol z(z —1)2f(z)dx = 0. Let us

consider the set
2
R=R\ |=,1].
\[3)

(a). For w € R, show that there exists a real number ¢ € (0,1) such that

1 c ) . c
C/O 2f(t)dt = /Otf(t)dt. (1)
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(b). If w ¢ R, show that (1) has no solution in ¢ for some function f := f,
satisfying the hypothesis of the problem and find such a function.

Remarks: The problem in TCMJ was proposed by Maubinool Omarjie and
the one in the Monthly was proposed by Florin Stanescu about a year
earlier. Problem 1283 is substantially easier. Our generalization is perhaps
quite difficult.

Eugen J. Ionascu

W38. Let wi(01,7r1) and wa(O2,1r2) two circles with radii 1 < r9 which
intersect in two distinct points P and @, let A(# P; Q) a fix point on wy.
Contruct with ruler and compass the cords PB and PD in circle wy such
that P, A, B are cellinear and AB = CD when {C'} =w; N PD.

Ion Patragcu and Alin Cretu

W39. For p > 1, % +Ll=t1andr>1.1f 200, Y00, @00, boo > 0 and reals
Tijy Yij, @ij, bij, 1 = 1,2,...,n,5 = 1,2,...,m, then

_Q

(Z;'nzl Yo (@ij + vig)" + (aij + bl-j)’“])p
[(00 + 00)" + (aoo + boo) ]/

) ( (S o) (S ) )

p/q p/q
Loo Yoo

. ( (Crisie)”  (Sro)” )

(1.1)
7 "
with equality if and only if either z;; = y;; = 0 and a;; = b;; = 0 for
t=1,...,nand j=1,...,m or x;; = ay;; and a;; = Bb;; for i =0,1,...,n
and 7 =0,1,...,m and some «, 3 > 0, and
m no o \P/T m no 2 \PIT
( (Zj:l >ic1 xij) N (Zj:l >ic1 yij) > ‘
e i

| ( (S sme)” (S S sz)p/’”)

p/q p/q
Qoo boo

= (200 + yoo) : (aoo + boo)-
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Chang-Jian Zhao and Mihaly Bencze

W40. For p > 1, % —f—é =1landr > 1. if u(z,y),v(z,y),d (x,y), v (z,y) >0,

and f(z,9),9(z,y), f(x,y), ¢ (z,y) are continuous functions on [a,b] X [, d],
then

(f S @y) + gley)” + (F(@,y) + g/ (@) ]dwdy)p
[(u(z,y) + vz, ) + (W (z,y) + ' (z, ) ]/

<<f ) R AT Td"’”d‘”)pﬁ)ﬂ

nes )p/q v(x,y)p/q

u/(x7y)p/q 1)/( )p/’l (12)

+(:(f;’i/;?f’u,y)?"d:cdy)p/ (I S/ o, yratnay)”” )

with equality if and only if either f(z,y) = g(z,y) = 0 and
f(zy) =9g'(z,y) =0 or (f(z,9),9(z,y)) = e(u(z,y),v(z,y)) and
(f'(z,y),d'(2,y)) = B (z,y),v'(z,y)) and some a, # > 0, and

Cfff yydray)”" Oy wmww>_

ule, )P/ o(w, gl

. ((ff fcd f/(x,y)rd:cdy)p/T (f; fcd g,(x’y)r)p/r>

u/(x, )Pl T ey
= (u(z,y) +v(z,y)) : (v'(2,9) +'(z,y)).
Chang-Jian Zhao and Mihaly Bencze

WA41. Let f: [a,b] = R be a Rolle function on [a, b] with the property that
/" is continuous on (a,b). Show that (a,)n>0 is a sequence such that

an € [a,b], ap # apy1 for any n > 0, there exists lim a, and
n—0o0

lim a, =1 € (a,b), then lim Hantr=f(an)) = f'(e).
n— 00 n—00

An+4+1—0an

Application: lim n%(e,11 — e,), where e, = (1 + H) ,neN*
n—0o0

Ovidiu Pop
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W42. Show that the equation £ = i] + {—;} has no solutions in the set R,

z [z
where [z], {x} are the integer part and respectively the fractional part of x.

Ovidiu Pop

‘W43. The number of 1’s in the binary expansion of the positive integer n is
customarily denoted by s2(n) and sometimes called the Hamming weight of
n. For every natural number n, we let

M(n) = I]glg?{SQ(kn)}

Find M (2025 + k), for all k € {0,1,2,---,10}, with proof (avoid huge
computations).

Eugen J. Ionascu
W44. If a,b,c> 0, and
2(a+b+c)=ab+bc+ca

and A > 0, then

Z a at+b+c
alb+c)+ A~ abc+ A
Marin Chirciu and Daniel Vacaru

W45, If n € N, a; > 0 for any k € {1,2,3,...,n} prove that

201 +n n 2a0 +n n
2 /as +3¥az + ... +na, 2/a3+3Yas+ ... +na;
2a, +n 2n

+ >
2\/a1+ 3as + ... + n¥a,—1 n—1

Nicolae Papacu

W46. Let p € N, p > 2 be and sequence (zp)n>1,

rw=2 é(kp—(k—l)f’) (T)p

for any n € N*

a). Prove that z,, € [0,1] and x,, < x4 for any n € N*

b). Prove that lim z, =1 and calculate lim (na}, — (n—1)z!_,)
n—00 n—o0
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Nicolae Papacu
W47. Let z > 0. Evaluate

L@ 2 3G, ene)-GD
x z+1 x+2 T+ 2n

Paolo Perfetti
‘W48. Let us define the sequence
ng=mny =ng =1, 41 =n, +ny_2, (r > 3).

The first few terms are {n,>0} ={1,1,1,2,3,4,6,9,13,...}.
Prove the following identity: For r > 6, n, = n,_o + 2n,_4 + n,_g.

Angel Plaza

az Bx

W49. Let a = (1++/5)/2, B=(1—+5)/2, f(z) = %, and let
T(f)n(x) be the n-th Taylor polynomial of f(x) at x =0, for n € N. Prove

n

St () T = 7,

k=0

where F,, denotes the n-th Fibonacci number.
Angel Plaza

W50. Let V is the volume of a sphere of radius R, centred at the origin.
Then evaluate the volume integral

T 2 A
[ ]+ ()
1+ (r/R)? 4r2
Ankush Kumar Parcha

W51. Let n > 1 and P,(x) denotes Legendre’s polynomial then show that

o 1
Z/m —1( dm/ "L P, () dx < 2
1

n=1 ]
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Etisha Sharma and Toyesh Prakash Sharma
W52. Let us define the sequence
ng =ny =nz =1, np41 =ny + 02, (T > 3)

The first few terms are {n,},>0 ={1,1,1,2,3,4,6,9,13,...}.
Prove the following identity: For m,p > 2,

Nm4p = NMmMNp + Nm—1Mp—2 + Nyp—2Mp—1.
Angel Plaza

W53. Let n be a positive integer, r is the number of distinct prime factors
of n, n > 2. If ¢ is the Euler’s totient function, then

n
P2 .
pr,?[l (W77 = e ()
pprime

Nicugor Minculete

W54. In any triangle ABC

Zcos?’ésingsing<f l—i
2 2 2 —8\r 2R/’

Marin Chirciu and Daniel Vacaru

W55. Let f,g,h: [a,b] — R integrable function such that

/bf(x)g(w)dx = /bg(a:)h(z)da; = /bh(x)f(g;)dx -

Prove that:
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Marius Dragan

W56. Find the best constant k such that the inequality

s+a < 135R + 30kr
b+c ~ 30R+ (8k + 12)r

in true in every ABC triangle.

Marius Dragan

W57. If x,y,2z > 0 and n > 2 then

" y" Z" (x+y)" (y+2)" (z 4+ )"
>
Tt TR Gy T e g

Y1 + on—1 ' gn—1
Marius Dragan and Mihély Bencze
W58. In all triangle ABC holds:
tg% - 1 <4R + r) 3
Vigd +agg  VAFLA s

Mihaly Bencze and Marius Dragan

(4284925 +23+222—6)dx
W59. ComPUte f 2104228+ 327 +925+2x3+3x2+2

Mihaly Bencze and Ovidiu Bagdasar
A(14+x2)42(sin 24cos x) (14-22)+cos x—sin z)d:p

W60. Compute I = [ (1+(z
A€E R

2)((arctgz)?+A(sin z+cos z)arctgr+A? sin x cos ) when

Mihaly Bencze

W61. In all triangle ABC holds:

ab? 2s rar AR+r
1) Z a?+ab+3b2 < 5 2) z 7‘5-&-7",17"1,4-37'2 < 5

Mihaly Bencze and Ovidiu Bagdasar

1
d 11,9
W62. Prove that bf (m2+x+3§(§2+3x+5) <5lnz



W63.

Wé4.

W65.

W66.

We67.

W6S.
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Mihaly Bencze and Chang-Jian Zhao

If a,b,c >0 and a+ b+ c= A then

3\ <Z a <g
3% a?+> ab — Aa +be ~ 4\

Mihaly Bencze and Chang-Jian Zhao

In all triangle ABC holds:
§2

Ty
>
Z r3(r2 +rery) — 3ri(s2+ (4R +1)r)

Mihaly Bencze and Rovsen Pirguliyev

e
. zlnzdr e24+7
Prove that: 1 o <%

Mihaly Bencze and Gabriel Prajitura

In all triangle ABC holds:

a 4v/2 R2 2 2 2
127‘§Z Mma \/R——|—7“(5R + 3Rr 4+ r°)

cos2 &4 T s2

Mihaly Bencze
Calculate the following sum

i(—l)” 1 L, 1
n 2n—1 2n 2n+1 7

n=1

Paolo Perfetti

Evaluate
x° — cotx
/ e_xz(Qid:r
rsecx
—00

Etisha Sharma
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W69. If ap >0 (k=1,2,...,n) then

-2
- n—1 a 1 ay
k=1 < Z “1 + = Z 2
n n I a9 n I azaq...Qn
n cyclic cyclic
I1 ax
Mihéaly Bencze and Florentin Smarandache

W70. Minimize the function

F (z1,29,...,2y) =

_ al a2 a m az a3 aij\m a al An — m
= (logp z{'z5?...xp" )" + (logp x7225? ...apt)" + ... (logp x{" 25" ...x5" 1)

n
when xp,ar > 0(k=1,2,...,n), P= ][] zxy and m € N
k=1

Mihaly Bencze, Toyesh Prakash Sharma and Etisha Sharma



