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W1. Let ABC be a scalene triangle with semi-perimeter s and area S.
Prove that it holds

a+s b+s c+s 3v3
aa—b(a—0 bb-a) -0 de—a)c—b) - 85"

José Luis Diaz-Barrero

W2. Let F, be the n'* Fibonacci number defined by Fy = 0, F; =1 and
F,=F, 1+ F, o for all n > 2. Prove that

Fop1 + FpFpp +1

Foo+ >, FFj
1<i<j<n

is an integer number and determine its value.
José Luis Diaz-Barrero

W3. If f: [a,b] — R three time differentiable, [ > 0,
t1 € (a,(L =N a+ Ab), ta € ((1 =N a+ Ab,b), A € (0,1) then show:

fO)=f(a)=(b—a)f (M +(1-N)t)

Seyran Ibrahimov

'Received: 15.03.2021
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W4. The Lucas numbers L,, satisfy Lyio = Lpy1 + Ly, Lo =2, L1 = 1.
Also, a = %, 8= 1;2‘/5, and L, = o™ + B". For positive integers m, n,
evaluate in closed form:

n

Z ( 2n ) Lin—4j + Lynnyaj
—\n - Lo, '

Angel Plaza

W5.  Let (By),>0 and (Cy),,> denote the balancing and Lucas-balancing
numbers, respectively, i.e. By,y1 = 6B, — B,_1 and C),+1 = 6C),, — C),_1 for
allm>1and By =0, By =1, Cy =1, C; = 3. Show that

=~ d —— = 1In6.
7 an g =10

n=1

i& In(3 + v/8) = C,
n6"

n=1

Angel Plaza

W6. Evaluate

o0

2(5n+2)
Zo(n—i-l)(2n+1)(4n+1)

Angel Plaza

W7. Find the differential equation of the fourth order with constant
coefficients, having particular solutions e~*, e double €2* and its
non-homogeneous term being 2z2. Solve after its Cauchy problem

y(0)=3, 4/ (0)=¢"(0) =2, " (0) =1
Laurentiu Modan
WS8. i). For the natural numbers n, &k , n > k prove the inequality:

k k—1 k—1 k
C'n—‘,-l < Cn + Cn—l + An—l

ii). Let the sequence:
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ap=C2 —CF1_ckl Ak | n>k>1

n—1

Prove:

n—1
Z ap < on—1
k=0

iii). Study the convergence of the series:

D

k>1

Ck:

n—1

ay

Laurentiu Modan

W9. In a village which is in a pandemic deseases, the number of the sick
inhabitants is double at every four days. The maximal sick inhabitants
appears after 32 days being a third from all the village inhabitants.

Let A, be the set of the young parents in this village, who represent a half of
all the inhabitants.

Let B, be the set of the children and the adolescents in this village, they
representing the sixt" part of all the inhabitants.

Let now consider the function f: B — A.

Find the probability to get down in a random way, an injection between the
elements of the set

{f/f:B— A}

Laurentiu Modan

W10 . In the [ABCD] tetrahedron is denoted by hg, 75, Sy the length of
the height corresponding to the vertex X, the radius of the exinscribed
sphere opposite the vertex X, and respectively the area of the face opposite
to the vertex X, (V) X € {A, B,C,D}. If S is the total area of the [ABC D]
tetrahedron, to show that inequality is taking place:

() -GG ()= 6)

Marius Olteanu
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W11. In the regular triangual pyramid [ABCD] it is denoted by mx, hx
the lengths of the median and the height corresponding to the vertex

X € {A,B,C,D} . If s, R is the radius of the inscribed respectivelly
circumscribed sphere of the [ABC D] tetrahedron, show that

R m
> Mx

3= Ty (V)X € {A,B,C,D}

Marius Olteanu

W12. Prove that:

Sefket Arslanagi¢

W13. Let ry,mp and 7. be the length of the radii of excircles of a triangle
AABC with circumradius R and inradius r. Let a,b and ¢ be the length of
the sides of AABC'. Prove that:

a? b2 2

TpTe Tcla TaTb

Sefket Arslanagi¢

W14. Prove that:

\/1+€’/&+€/ﬁ+\/\3/ﬁ+\‘*/ﬁ—€/ﬂ—{‘/iezv

where

Tonel Tudor

W15.  Let the sequences (an),>1(bn),>1

bn+1

n
1
ap = ; arctan m and lim =b S Rj_

n—00 MOy

Compute:



Jézsef Wildt International Mathematical Competition )
T
lim (— - an) /by,
n—oo \ 2

D.M. Batinetu-Giurgiu and Neculai Stanciu

n
Wi16. Ifvy,=—-lnn+ > % with lim ~, = v = Euler-Mascheroni
k=1 n—oo

constant, then compute the limits

lim (v, —7)n

n—o0

lim (7n7n+1 - 72) n

n—00
: 3
nh—>H<}o (’7n'7n+1'7n+2 -7 ) n

lim ('Yn'Yn+1'Yn+2-~-’Yn+m—1'Yn+m - ’Ym—H) n
n—oo

D.M. Batinetu-Giurgiu and Neculai Stanciu

W17. If z,y,z > 0 and A1B1C1, A3 B2C5 are two triangles with the
circumradius Ry, respectively Ro then holds the following inequality:

T4y Y+ =z z4+x S 2v/3
zy/araz  x/biby  yy/cic2 T VRiRy

D.M. Batinetu-Giurgiu and Neculai Stanciu

W18. Calculate in terms of known constants
1 23 cos (mx)
li —d —d
a0+ /62” T / 2sin (7z) v

Paolo Perfetti
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W19. Evaluate:

4

/{*/x(l—x)(x—Q)(:U—él)dac—l—/{‘/a:(l—x)(x—Q)(x—él)da:—i—
0

2

2
+\/§/w(x—1)(a:—2)(x—4)dx

1

Results: = ﬁﬂ%
Paolo Perfetti

W20. Let p,q be integers, |a| < 1, |b] < 1, b? # a?, p = ma, ¢ = na, n and
m coprime. Evaluate in terms of a, b, m,n the sum

p—1
1 1-b?
- imk2q —q —imwk2q +

Piso(L+b2) —bare » —bare » )

q—1
1—a?

imk2p —p —imk2p

1
a D
qk:o((1+a2)—abqe e —abae ¢ )

Answer:
Paolo Perfetti

W21. Calculate

> h 1
/ (ctos 21: — 2) (lnx)3dx
0 sinh“x =«
Answer:

671 In2 —In®*2+3yIn*2 —3In7In?2+ 6yln7rn2 —3In’7In2 — 37%In2

m
~ is the Euler constant, v; = limy, 00 ( % — 1“;’”)
k=1

Paolo Perfetti

W22. In triangle ABC we have AL = 90°, AB = AC. The inscribed circle
in triangle ABC have tangent ponts D, E with sides AB and AC'. Let be
K € (AB), L € (AC) such that AD = BK and AE = C'L and let be

{P} =KEnNDL.
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Prove that the incircle of triangles DK P and ELP are congruent with
incircle of triangle ABC.

Ton Patrascu

W23, If E(z,y) = Vay+ (1 — ) (1 —y), z,y € (0,1), show that

Vabe + /(1 —a) (1 —b) (1 —¢) < min{E (a,b),E (b,c), E (c,a)}

for any a,b,c € (0,1)
Ovidiu Pop

W24, Letne€ N,n>2i,5€{1,2,...,n}, i # j and the transposition (ij).
To determine all permutations o € S, such that

o (ij) = (ij) o
Ovidiu Pop

W25. Forn € N* with notation,

Tn =AM (n—l)-\/(n—2)-...- 3-42-V1,

prove that:

n 1_%
a). < (U2 H) T b) e (0,1]

Dorin Marghidanu
W26. If a,b,c are strictly positive real numbers, then:
1 1 1
(aa . bb . Cc) a+b+c + (ab e Ca) at+btc + (ac b Cb) aFbtec <
<a+b+c

Dorin Marghidanu
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W27. Let u,v, w complex numbers such that:

u+v+w=1, u2+v2+w2:3, wow =1

Prove that:

a). u,v,w are distinct numbers two by two;

b). if S*) .= uF + w*, then S*) is an odd natural number;
c). the expression

u?n-‘rl _ U2n+1 ,U2n+1 _ w2n+1 w2n+1 _ u2n-i-1

- -
u—v v —w w—u

is an integer number.
Dorin Marghidanu
W28. For any fixed natural n let

D, = {(z,y) |z,y € Z and F, ;1o — F,y = 1}, where F}, is n'"* Fibonacci
number. Find:

a). min |z+y|;b). min (|z|+ :c). min (2% 4 y?
)(m’y)eDn! yl )(x’y)eDn(H lyl) )(Ly)eDn( y°)

Arkady Alt
W29. Let a,b,c be side lengths of a triangle ABC and x,y, z be
non-negative real numbers such that z 4+ y + z = 1 and let R be circumradius
of this triangle. Prove that

a’yz 4+ b2z + oy < R

Arkady Alt
W30. Let Py, (z):= > (_l)kimm_k, m € N. For any m € N calculate:
k=0

1\n
iy )

n—o00 erfl(n)

m

Arkady Alt
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W31. Find inf (¢—1)(y—1) where
(z,y)eD

D = {(‘/'U’y) |x;y G R+,£L' # y and l-y — yflf}
Arkady Alt

W32. Calculate
0o 2
1 1 2¢(2)
2
> H, [c (2) - <1+22+---+n2) n] ,
n=1
where H, =1+ % + -4 % denotes the n* harmonic number.

Ovidiu Furdui and Alina Sintamarian

W33. Let k > 1 be an integer, f : [0,1] — R be a Riemann integrable
function and ¢ : [0,1] — R be a continuous function.

Calculate .

lim f({nz:k})g(a:”)dm,

n—00 0

where {x} denotes the fractional part of the real number x.

Ovidiu Furdui and Alina Sintamarian

W34. Let be m,n € Ry =[0,00);m +n >0 and

12 4
fRE xR = RY =(0,00), f(z,y) = % If ABC is a triangle
12 —z6y2 4yt
with the area F', then:

flaz) | fbw) . fley) 16

- F
(mx +ny)h, (my+nz)hy  (mz+nx)he — m+n

D.M. Batinetu-Giurgiu and Daniel Sitaru
W35. Prove without any software:
(In(e—1)+In(e+ 1)) In7m <In(m — 1) + In(m + 1)

Daniel Sitaru
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W36. Let be f(z) = ax® +bax? +cx +d;a,b,c,d € R; a#0;a+c#0. If f
has three real roots which all lies in (—1,1) then:

b+d
<
a-+c

Daniel Sitaru

W37. If f:]0,1] — [0,1], f continuous, 0 < a,b < 1 then:

3(b — a)? /abf(x)d:c - </ab f(:c)d;z>3 <2(b—a)?
Daniel Sitaru

W38. In AABC;a,b,c € (0,1). Prove that:

(s—2)2+7r2+4rR—1 - 3
(s —1)2+r2+4R(r—s) — YA —a)1-0b)(1-c)

Daniel Sitaru
W39. Let a,b,c € R. Solve the equations:

23 — 3ax? + 3(a® — b*)z — a3 + 3ab® — 203 = 0 (1)

23 — 3ax? + (3a® — b? — & — be)x — a® + ab® + ac® — b*c — be® +abc =0 (2)
Daniel Sitaru

‘W40. In a tetrahedron ABCD let be r the radius of inscribed sphere and
r4,7B;TC,Tp radii of exinscribed spheres. Prove that:
2ra—r 2rg—r  2rc—7r 2rp—r _ 12

> 2
2ra+r 2rp+r 2rc+r 2rp+r 5

D.M. Batinetu-Giurgiu and Daniel Sitaru
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W41l. Let (xn)n>1, (Yn)n>1 be two sequences of real numbers such that

2
lim £ =0, lim £ =g eR, lim z, =0,
n—roo

n—oo " n—+00
n
li — = R.
T (zxk y> we

k=1
Then

i (0 (14 2) (2) (1) 1) ) = 55

Marius Dragan

W42. Let a,b,c>0and a+ b+ c=1.Then

(a + 2ab + 2ac + be)* (b + 2bc + 2ba + ca)’(c + 2ca + 2cb +ab) < 1. (1)
Marius Dragan

W43. Prove that:
i). [331 <\/(t+k)3+\/(t+k:+1)3+\/(t+k+2)3—\/(k+§)3_

_WH;)?’M(M;)‘”’) o
vt € (3.5]
ii). [33_2 (\/(t+k)3+\/(t+k+1)3+\/(t+k+2)3\/(k+§)3

o767 -

Mihaly Bencze and Marius Dragan

vte (5.5
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W44. Compute

(D) (o) (st e

Mihaly Bencze and Marius Dragan

W45. Let 21, 29, 23, 24, 25, 26 the affixes of vertices Ay, Ao, A3, Ay, A5, Ag of
an regular hexagon. Then

<23—21>n+1<Z4—22>n+1+1<2’5—23>n+2+
Z6 — <1 \/5 Z1 — %9 3 Z9 — 23
1 26_21)714-3 1 <Z1—Z5>n+4 A"
+— + = = (\/§z)
3v/3 (Z3—24 9 \2— 2

Mihaly Bencze and Marius Dragan

W46. Let n be a natural nonzero number. Study the convexity of the
function g : [0, +o0) — R

g(z) = y/an+ Clan=t + ...+ Ckan—k
Marius Dragan and Sorin Radulescu

Wa47. In every triangle ABC is true the inequality:

1) 4275922%}92% — 3;At932ét93§ <1
ii). 2> tg°5 +9> tg°5tg°5 <1

Marius Dragan

‘W48. Let p and g be complex numbers, for which we define the sequence
(wn)n>0 by the recurrence relation

Wnt2 = PWnpit1 + qQWn, wo = 1,w; = \f2, n=20,1,....
1). Find the general formula for wy,, for n =1,2,....

2). Find p and ¢ such that (wy)n>0 is periodic of period 2021.
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3). How many sequences (wy,)n>0 of period 2021 do exist, if p? + 4q # 0?

Ovidiu Bagdasar

W49. The sequence (zy,)n>0 is defined by 2o = 1 and

\/gxn—l

x =—F,n=0,1,....
i Ty + V3
Find 2021 -
Ovidiu Bagdasar
W50. If z > 0, then prove:
77 72 3
2arctgx - arctgr — < ——3V2
2arctgx - arctgx 4

Rovsen Pirguliyev
W51, In all triangle ABC holds:
3 3 1252(2R—r)?
1). Z(%JF%)@E%
3 3
2). 3 (2—2 + —g) a2 > 12 (2R — )2
Mihaly Bencze

W52, Ifay € (0,1] (k=1,2,..,n) then

1 n—1 .
< Sn+16) a;

1<i<j<n

If ap > % (k=1,2,...,n) then holds the reverse inequality.

Mihaly Bencze
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W53. Ifa,b,c >0 then

n(n+1)

a?* + 2% 4 2 <ﬁ+w%+&> 2

PTG A a+b+c
Mihaly Bencze

W54, Let (fy),>o be the Fibonacci sequence and let the matrix

fn fn+1 fn+2 fn+3
A= fn+1 *fn fn+3 *fn+2
fn+2 _fn+3 _fn fn+1

frts fnso —fnt1 —fn
Show that det A < 0 and max {k € N|det A =0 (mod 3%)} = 2.

Nicugor Minculete, Diana Savin and Andreea Dobre

W55, If f:]0,1] = [0,00), f(0) =0, it is convex and continuous function,
show that the inequality

1 1 t
(t+2) / Fa)d > 2 / (@)
0 0

for all t > 1.
Stanescu Florin

W56. If nis a nonzero natural number, show that:

(2n—1)7w
cot (&) | cot(l) et (PT)
sin (1) + sin (3—”) Tt . (@n-Dm\ 0
2n 2n Sin o

Stanescu Florin

W57. Let f:[a,b] — [0,00) two continuous functions, such that f it is
convex, and g concave and increasing. If

b

f(a) /b (@) = g(a) [ fla)da

a
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show inequality:
b b b
1
[ t@g@h@ds = ;1 [ nwds [ f@g()ds
a a

a

where h : [a,b] — R is an increasing function.

Stanescu Florin



