4. Analysis on Fractals

4.1 Renormalization Operator.

In this chapter we will investigate analysis on fractals. A large part of it is given in [P],
thus here we will only discuss the parts not discussed there. We will often refer to [P] for
the notation and result. However, we will recall some basic notation. We recall that we are
given a self-similar set I generated by finitely many contracting similarities v;, 1 = 1, ..., k,
as stated in Section 3.3. We also assume O.S.C. holds. Let P; be the fixed point of ;.
We call V(©) a subset of the set of the fixed points {Py, ..., Py}. By possibly changing the
indices we can assume V = V(0 := {P;, ..., Py}, and we suppose 2 < N < k. Usually, the
set V(O is not arbitrary, but it is defined in an exact way. We can define it as the set of
essential fixed points, where a fixed point P; is essential if there exists j’ # j, 4,9 = 1,...,k
such that 1;(P;) = vi(Pj). Another way is to define V(*) geometrically as the extrema

of A, where A is the open set given by O.S.C., that is I' = co(V(O)). This is essentially the
definition given in [P]. Since in the most of cases, such definitions are equivalent, we will
not investigate further this point. We will define n-cell a set of the form V;, ; , and put

k
V) = U Vi, .., Note that V(= VQ)) is the unique 0-cell. Recall that V(") is an

i1,eesin=1

increasing sequence of sets and I' = +U V(") In the fractals we will consider, we require
the following properties: "

a) Pj ¢ V; when i # j

b) V(1) is connected in the sense that any two points in V(1) can be connected by a path
whose any edge belongs to a 1-cell, which, of course depends on the edge.

¢) If i1, ooyin, i1, iy, = 1,k and (i1, .y dn) # (i1, . 4y,), then Vi ;0 # Vi o) and
Vidyoorsin OVir in =Liy iy, ﬂ i ir -
Property c) is called nesting axiom or finite ramification. See [P] for more details. A
nested fractal is a self-similar set with the above property which, furthermore, satisfies the
following symmetry property.

d) The contraction factors o; are all equal. Moreover, if P,Q € V, P # @, then the
symmetry Sp g with respect to H(P,Q) = {z : ||z — P|| = ||z — Q||}, maps n-cells to
n-cells for n > 0, and any n-cell containing elements on both sides of H (P, () is mapped
to itself.

Examples of nested fractals are the Sierpinski Gasket, the Vicsek set, and the Lindstrgm
Snowflake. As stated above, we will always require properties a), b), c), not necessarily d).
We now recall the definition of the renormalization operator A,.. For the definition of D
and D see [P]. For every u € RV for every E € D and for every r : {1,...,k} —=]0, +00],
let

Z]_,...,

k
A (F)(u) = inf { ZT’@'E(U o) v E £(u)}, L(u)={ve RV(D,U = u on V(O)}.



It is well known that the infimum is attained at a unique function. In the following, we will
put A := Ay, where 1 denotes r such that r; = 1 for all 7, and we will usually only consider
this case. Note that in [P], a different notation (M) is used to denote the renormalization

operator. Recall that £ € D is said to be an eigenform if there exists p > 0 such that
A(E) = pE, in other words an eigenform is an eigenvector of the (nonlinear) operator A.

4.2 Nested Fractals

From now on, we will assume that the fractal considered is a nested fractal. Although it
is possibly not strictly necessary we will assume further

e) #(Vi, NVi,) <1 for everyiy,ia = 1,...,k with i; # is.
Note that e) is satisfied by all nested fractals mentioned here, and, to my knowledge, there
are no known examples of nested fractals not satisfying e).

Remark 4.2.1. We note that the symmetry property of nested fractals (d) in previous
section) implies for example that, fixing a positive number d, every vertex P; has the same
number of vertices having distance d from it. In fact, given P;, P € V() the symmetry
Sp;, p,, maps V() into itself by d), as it contains the points P; and Pj: on different sides
of H(P;, Pj:), so that, with every vertex P}, such that d(P;, P,) = d there exists a vertex
SPj,Pj, (Ph) and

d(Pj'7 SPj,Pj/ (Ph)) - d(SPj,Pj/ (Pj)a SPj,Pj/ (Ph)) == d(P]7 Ph) - CZ L]

Let d; < dy < -+ < d,, be the distance between different elements of V(© and m; =
#{P € VO . d(P,P;) = d;}. In such a definition P; is any element of V(?) and the
definition makes sense as by Remark 4.2.1, such a number m; is independent of j. We
define G, to be the graph on V() whose edges are {P;,, P;,} such that d(P;,, P;,) = di,
in other words the different points of minimum distance. For notions about graphs see [P].

Lemma 4.2.2. The graph G,,;, is connected.
Proof. Note that by the definition of the symmetry Sp g, we have

d(Q1,Q2) 2 d(Q1, H(P,Q)) + d(Q2, H(P,Q)) (4.2.1)
if Q1 and Q2 lie in opposite sides of H(P,Q), and

d(Q1,Q2) = |d(Q1, H(P,Q)) — d(Q2, H(P,Q))|

if )1 and @5 lie in the same side of H(P, Q). Moreover, if ;1 and ()2 lie in opposite
sides of H(P,Q) and d(Q1,H(P,Q)) = d(Q2, H(P,Q)), then the equality d(Q1,Q2) =
2d(Q1, H(P,Q)) holds if and only if Q2 = Sp,o(Q1).

Suppose now the Lemma is false. Let

A= {P c VO . Pis connected to P1} ,

2



B = {P c V() . P is not connected to P1} ,

where by connected we mean connected in G,,;,,. The set A is nonempty, as it contains Py,
and the set B is nonempty as, if all elements of G,,;, would be connected to Pj, then the
graph G,,;» would be connected, contrary to our assumption. Of course, any two elements
of A are connected in G,,;,, any two elements of B are connected in G,,;,, and an element
of A is not connected in G,i, to an element of B. There exist P;, € A and P;, € B
of minimum distance, and, clearly d(P;,, P;,) > di, as if d(P},, P;,) = di, then P; is
connected to Pj,. Let P € V() be such that d(P, Pj,) = dy. Then, P is connected to P},
thus is in A, and d(P, P;,) > d(P;},, Pj,) by the definition of P}, P;,. Note that P;, and P
lie in the same side of H, as, otherwise, d(P;,, P;,) < d(Pj,, P) = di, a contradiction. Let
S = SP,sz, H = Hp,p]é. We have

2d(Pj,, H) = d(P, Pj,) = d(P;,, Pj,) = d(Pj,, H) + d(P;,, H) (4.2.2)

hence d(P;,,H) < d(Pj,,H), and in fact the strict inequality holds, as, if d(P;,,H) =
d(Pj,, H), then the inequalities in (4.2.2) are in fact equalities, in particular, d(P},, P;,) =
d(Pj,,H) + d(Pj,, H), which implies P;, = S(P},), but by definition of S, S(P;,) = P, a
contradiction. Let now P := S(P},). As d(P,P;,) = d(S(P;,),S(P)) = d(P;,, P) = dy,
then P is connected in G, tO P;,, thus P € B. Moreover,

d(Pj,,P) =2d(P;,,H) < d(P;,,H) + d(Pj,, H) < d(P},, P},)

and as Pj, € A and P € B, this contradicts the definition of P; ,P;,. =

As every form E € D is uniquely determined by its coefficients, we can in some sense
identify E with the set of its coefficients The coefficients are objects of the form ¢;, ;, with
(j1,42) € {1,...., N} x {1,..., N}, j1 # jo. We thus have N2 — N = N(N — 1) coefficients,
and the set of the coefficients, being a set of N(N — 1) real numbers, can be identified with
an element of RN =1 Tn the following we will denote by # the set of ¢ € RN(N=1 guch
that
i) Cjr,j2 = Cjz,hn >0,
i) > ¢j,=1forall j=1,..,N,

J2#]
i) ¢jygo < Cjaga When [Py, — Pyl = [Py — Pyl
Property ii) is in some sense a normalization property. Property iii) states that the coef-
ficients are decreasing with respect to the distance, in particular they only depend on the
distance (that is, if ||Pj, — P, || = ||Pj; — Pj,l|, then ¢j, j, = ¢j,.5,). Then, using Remark
4.2.1, by iii), in order that ii) holds it suffices it holds for one j =1, ..., N.

Lemma 4.2.3 Every E whose set of coefficients lies in H, is in D.

Proof. By iii) the biggest coefficient ¢;, ;, is when ||P;, — P},|| = di and by ii) such
a coefficient is strictly positive. By Lemma 4.2.2, the graph on V(g) whose edges are
{Pj,, Pj,} such that ¢, j, > 0 is connected, and this means that £ € D (see [P]). =
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Remark 4.2.4. Note that the coefficients c;, j, (A(E)) of A(E) continuously depend on
those of E. Recall (see [P]) that

Cjr.ga (A(E)) = i(/\(E)(XPj1 —xp;,) — ME)(xp, + XPj2)> : (4.2.3)
Moreover, note that A(E)(u) = S1(Hy,g(u)), and Hy,g(u) is the solution of a linear system
in # (V™M) unknown variables of the kind Az = b where the entries a; ; of the matrix A
and the components b; of b are linear combinations of ¢;, ;, (F) and u(F;) (see [P] again).
The solution to such a system is the quotient of two determinants which are polynomial,
thus continuous functions of a; ; and b;, therefore continuous functions of ¢;, j,(E), then
Hi.p(u) continuously depend on ¢;, j,(F). Using u = xp; + Xxp,,, in view of (4.2.3), we
thus get that the coefficients of A(E) continuously depend on ¢;, j,(F), as claimed. =

It is easy to see that H is nonempty, compact and convex, so that we will get the existence
of an eigenform by proving that the continuous map E +— A(FE), normalized, dividing it
by a suitable quantity depending on F, takes values into H, therefore it does have a fixed
point.

Remark 4.2.5. If the set of coefficients of E € D lies in H, then the coefficients
Cjy.j»(A(E)) only depend on the distance ||Pj, — Pj,||. We will hint the proof of this
fact, which is a symmetry argument. Suppose first ||P;, — P}, || = ||Pj, — P}, ||, and prove
that ¢;, j, (AME)) = ¢j,j5 (A(E)). The symmetry Sp;,.p;, leaves Pj, fixed, exchanges P,
and Pj;, maps 1-cells into 1-cells. Therefore, Sp,, p;, sends Hi.g(u) into Hl;E(uOSij,ij ).
As the coefficients of E only depend on the distance by the hypothesis iii), we have

A(E)(w) = $1(B) (Hyp(w)) = $1(B) (Hyp(uwo Sp,, p,) ) = ME)(uo Sp,, p,,)

As xp;, ©Sp;,.p,, = Xp;,, and xp,, © Sp,, P, = XP;,, DY (4.2.3) we have ¢j, j, (A(E)) =
Cjr s (A(E)), as claimed. Suppose now,
Hpjl_PJéH:HPﬂ_Pj H (4'2-4)

with j4 # j1, and prove ¢, j, (A(E)) = ¢j,;; (A(E)) By what we have just proved, for
given j1, j2,j4 it suffices to prove it for a specific j3 satisfying (4.2.4), as we have proved
that the coefficient ¢;, j, (A(E)) is independent of such j3. We can consider the symmetry
Sp;, ,p;, and put P;; = Sp, p;. (Pj,), and repeat the same symmetry argument as before,
so that in feat ¢;, j, (A(E)) = ¢j, j, (A(E)). =

Remark 4.2.6. It follows from Remark 4.2.5 and Remark 4.2.1 that the quantity
J#i

is independent of j;. =



4.3 Probabilistic Interpretation of A.

Given E € D, we put c(@Q,Q) =0,

C(Q Q ): Cj17j2 ilei:l?"7k7j17j2:17">N7j1 #32Q1:¢2(P31)>Q2:¢Z(P32)
bz 0 otherwise

for every Q1,Q2 € V(Y| where, of course, cj,.jo are the coefficients of E. Note that, in
view of e), there exists at most one i satisfying the previous requirements, thus such a
definition is correct. The number ¢(Q1,Q2) can be interpreted as the conductivity from
Q1 to Q2.
From now on we will assume that the coefficients of E are in H,

in particular, ii) in the definition of A holds. The coefficient ¢;, ;, can be interpreted
as the probability that an object staying at PP;, and moving through V(O moves to P;, at
the successive step. In fact, the sum of the probabilities of moving from P;, to the different
points of V() is 1 by ii). We could guess that by this point of view, c(Q1, Q2) represents
the probability of moving in V) from Q; to Q». However, this is not precise, as simple

examples show that, for Q; € V), the sum Y.  ¢(Q1,Q2) is not necessarily 1. The
Q26V M)
reason is that ()1 could belong to different 1-cells, thus the sum is 1 over every of the cells

it belongs to. Thus, we need a modification of the previous notion, namely we put

5 - c(Q1,Q2) .
(Q1,Q2) S (0L, 0)
Qev®
We clearly have
Y 5(Q1,Q2) =1 (4.3.1)
Q2eV()

so that we can interpret 6(Qq,Q2) as the probability that a point staying at @; and
moving through V), moves to Qy. We put Q4 EQQ if ¢(Q1,Q2) = 0, that amounts to

5(Q1,Q2) = 0, and in such a case we will say that @1 is E-close to Q2. Note that if @
and )2 do not lie in a common 1-cell, then they are not E-close. However, when )1 and
()2 lie in a common cell, they are not necessarily E-close, as the coefficient relating them
could be 0. If there exists ¢ = 1,..., k such that Q1,Q2 € V;, we say that (); and (), are
close and write Q1 ~ Q2. A trivial but important consequence of the previous discussion,
which directly follows from (4.3.1) is that

vQ e V) 3Q" e vV 1 6(Q,Q") > 0. (4.3.2)

We will now define the probability that a point staying at () reaches a point P;, of V) not
necessarily at the successive step, but following an arbitrary path. The function U we will
now introduce is related to the notion of Markov chain. Given a path X = (Xo, X1, ..., X,)
we put



n

UX) = []6(Xi-1,X)

=1

where by a path we mean a finite sequence (X;,i = 0,...,n) of elements X; of V) such
that X;_ 1 ~ X; for every ¢« = 1,...,n. The last condition is not strictly necessary, but
it is useful, and does not affect the definitions and results in the sequel as, if it does not
hold then U(X) = 0. If n = 0, we put U(X) = 1. In this situation, we say that n is the
length of X and put n = |X|. We define &, to be the set of the paths of length n and

+oo
= |J AX,. Moreover when Q,Q' € VIV, A C VU we put

n=1

Xn(Q) = {X eX,: Xg= Q}v X(Q) = U Xn(Q)
X,(Q,Q)={X €X,: X0 =0Q,X, =Q'}, X(Q,Q" Ux (@Q.Q),

X (@A) ={XeX,:Xo=Q,X; ¢ A Vi<n}, X(Q;A) = Ux (Q.Q),
X (Q,Q5A)={XeX, : Xo=Q, X, =Q',X; ¢ A Vi<n},

+oo
X(Q,Q54) = x(Q.Q: 4).

n=1

Moreover, for every path X we define X,,) := (Xo, X1,..., X;n,) if m < [ X].

Lemma 4.3.1. We have Z U(X) =1 for every positive integer n and for every
Xexn(Q)

QevW,

Proof. We proceed by induction on n. If n = 1, every X € &,(Q) has the form X = (Q, Q")

with @’ € V1), thus we have

Yo ux)= Y 6Q.Q) =
XeXL(Q) Qevm

by (4.3.1). We now prove that, if the Lemma holds for n, it holds for n + 1 as well. If
X € X+1(Q), then X = (X0, X1, ..., Xpnt1), where Xo = @, X; is an arbitrary element
of VIV and Y := (X1, ..., X,,11) is an arbitrary element of X,,(X1).With this notation we
have U(X) = 5(Q,X1)5(X1,X2) ce 5(Xn, Xn+1) = 5(Q,X1)U(Y), thus

S o= Y Y sexuw= Y sex)( Y um)

XeXn+1(Q) X,eV) YeX,(X1) X,ev@®) Yex,(X1)



= Z 5(Q, X1) by the inductive hypothesis
X1€V(1)

=1 by (4.3.1). Thus, the inductive step is proved, and the proof is complete. =

Lemma 4.3.2. Given Q,Q’ € VD, there exists X € X(Q,Q’) such that U(X) > 0.

Proof. Tt suffices to prove that there exists a path X € X(Q,Q’) such that X; ; and
X; are E-close for every i = 1,...,|X]|, in other words that any two points of V) are
E-connected, using notation of [P]. To see this, it suffices to use the proof of Lemma 3.8
in [P]. There, it is proved that @ and Q' are E-connected and the hypothesis Q' € V(©),
which was mentioned there, is in fact never used in the proof. =

Lemma 4.3.3. There exists a positive integer M such that, for every Q,Q' € VY, we
have > UX) < 1.
XeXu(Q:{Q'})

Proof. For every Q, Q" € V(1) there exists Y € X(Q, Q') such that U(Y) > 0, by Lemma
4.3.2, and of course for every M > |X| there exists X € X/ (Q) such that X,, = @', and
U(X) > 0, where n = | X]|, as it suffices to take X such that X; = Y; for i < n, and for
i > n we choose, using (4.3.2), X; € V(Y inductively in such a way that 6(X;_;, X;) > 0.
The path X and its length |X| =: n(Q,Q’), a priori, depend on @,Q’. We take M >
max{n(Q,Q") : Q,Q" € VIV, Then for every Q,Q’ € V(1| there exists X € Xy (Q) such
that X,, = Q' for some n < M, and U(X) > 0. Thus, X € Xy (Q)\ X (Q;{Q’}), and, in
view of Lemma 4.3.1,

3 U(X)g( 3 U(X))—U(X):1—U(X)<1. .

Xexm(Q:{Q'}) Xexn(Q)
Let oy, = max > U(X). By Lemma 4.3.1 we have a,, <1 for all
QuQ:eVI.Q1#Q2  XeX,(Q1:{Q2})
n. We have
Lemma 4.3.4.

i) The sequence «, is decreasing.
i) Qpim < apou, for every natural numbers n, m.

Proof. We prove ii). Let n,m > 0 and let X € X,,1,,,(Q1;{Q2}), Y(X) = (Xo, X1, ..., X0),
Z(X) = (Xn, Xnt1, 0, Xntm)- Then, U(X) =U(Y (X)) U(Z(X)),and Y(X) € X,(Q1;{Q2}),
Z(X) € Xpn(Q(X); {Q2}). Hence

> UX)= Y  UYX)U(Z(X)) <

XEXn+m(Q1;:{Q2}) XeXn(Q1;{Q2})

> UY)\U(Z) =

YeX,(Q1:{Q2}),Z2€X (Yn;{Q2})

> (v Y ue)c<

YGXn(Ql?{QQ}) ZeXm(Yn§{Q2})
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3 (U(Y) max 3 U(Z))

Y X (Qri{Q2}) QEVINQ2} /ey (Gai{@ah)

< D anUY) < anom,
YeX,(Q1;{Q2})

and ii) is proved. As a; < 1, we have ap,11 < apa; < ap and i) is proved. =

Fix now P;,, Pj, € V(©) with j; # jo and define W(= W;, ;,) : VWWR by

—+ o0
W(Q) =) Wa(Q) (4.3.3)
n=0
Wn(Q) = > UX) vQeWVW\VO)yu{p,}, (4.3.4)
XeXn(Q,Pjy;VIIN{P;, })
1 ifn=0 . L.
WP ={ om0 s WalB) =0 Vi £ v (43.5)

The meaning of such a function W is that W represents the probability for a point staying
at @ and moving through V(1) that the first element of V(9 \ P;, it meets is P;,. By this
point of view, formulas in (4.3.5) are natural. We have to check that the series in (4.3.3)
is convergent. In fact, the sum in (4.3.3) is not bigger than

+oo
> oy (4.3.6)
n=0

On the other hand, by Lemma 4.3.3 we have o := [ < 1, and by Lemma 4.3.4 ii), we have
apn < [". Thus, by Lemma 4.3.4 i), we have o, < 1ifn < M, o, <1if M <n < 2M,
ay <12 if 2M < n < 3M and so on, therefore the sum in (4.3.6) is

oo+t oap—1 T opy ey —1 o T a3 -1

<M+ MI+MP+MP + ... < +o0,

as we have a geometric series of ratio I < 1. Now note that, when n = 0 we have no
summand in (4.3.4), as X = (Xo), but Xo = Q and Xg = X,, = Pj, # Q, as P}, € V()
and Pj, # P;,, thus Pj, ¢ (VD \ V@)U {P; }. Therefore, Wy(Q) = 0, and in the sum in
(4.3.3) we can consider n > 1.

Lemma 4.3.5. We have

W) = > dQYW(Q) VQe(VIN\VO)u{p,}.

Qlev(l)

Proof. Let Q € (VD \ V) U {P;}. Every summand in (4.3.4) with n > 0, is U(X)
where X = (Q, X1, ..., X,,) and



U(X) :6(Q,X1)U(X1,...,Xn), Xn :PjQ. (437)
It follows
Wa(@) = > §Q,Q)Wn1(Q) (4.3.8)
Qev®

for every n > 0. In order to prove (4.3.8), we split the sum in (4.3.4) into three sums,
Y1 + 32 + X3, where ¥; is the sums of those summands in (4.3.4) with X such that
X; € VOA\VO)U{P; ), ¥y is the sums of those summands in (4.3.4) with X such that
Xy = Pj, and X3 is the sums of those summands in (4.3.4) with X such that X; = P;
Jj # j1,J2- By (4.3.7) and the definition of W,,_1, we have

¥ = > 5(Q, Q") W,_1(Q"). (4.3.9)
Q'E(VIN\V©)U{P,, }

In the summands in 5, we have n = 1, as by definition of

Xn(@a P.]Q’ V(l) \ {le}) )
we have X; ¢ V) \ {P; }, thus, in particular, X; # P;, for all i < n, and on the other
hand, X; = P;,. Therefore,
Yo =06(Q,Pj,) =0(Q, Pj,)Wn_1(P},). (4.3.10)

There are no summands in X3, as, on one hand, we have n = 1 for the same reason as
before, so that X; = X,, = P;,, and on the other, X; # P;, by the definition of ¥3.
Therefore

Y3 =0= > 5(Q,Q") Wr_1(Q"). (4.3.11)

Q' eVON{P;, ,Pj,}

By summing up (4.3.9), (4.3.10) and (4.3.11), we get (4.3.8), thus the Lemma. =

We note that

k k 9
S1(E)(v) = ZE(U o) = Z Z Cj1,j2 <U(1/Jz’(Pj1)) - U("ébz'(Pjg))) =
S SiB)v) = Y e(Q1,Q2)(v(Q1) —v(Q2)” (4.3.12)

Q1,Q26VD

by the definition of ¢(Q1,Q2). We have

Theorem 4.3.6. The function Wj, j, is the unique function that minimizes S, (E) on the
set



/ L V(l)
L 5, = {vekR

to(Py,) =1L, 0(P) =0 Vj# 1,5}

Proof. (Hint) In the same way as in the proof that Hy,g(u) is the function in £(u) satisfying
formula (3.5) in Lemma 3.9 of [P], in view of (4.3.12), we can prove that the unique function

that minimizes S1(F) in £}, is the function v satisfying

> dQ,Q)(v(@Q) —v(Q) =0 VQe (VIN\VO)yU{P,}.

Qev®)

But, for every Q € (VU \ V(@)U {P;,}, the previous formula amounts to

o C(Q7 Q) o
v(Q) = ~——(Q) = I(Q, Q)v(Q) . (4.3.13)
Q§1) Q/g\;/(l) Q@) Qezv:m

Now, by Lemma 4.3.5, W, j, satisfies (4.3.13), and by its definition W, j, € L, hence

J1,J2°
v = Wj u

1,J2°
Corollary 4.3.7. The restriction W of W, i, to VO minimizes A(E) on the set

(0) . . .
o= {ueRY u(Py,) =Lu(P) =0 Vj+#ji,ja}.

Proof. Let v € L(W). Then, as v = W = W, ;, on V(O and W;, ;, € L% ., by the
definition of £ . , wehavev € L} . . Thus, by Theorem 4.3.6, S1(E)(v) > S1(E)(Wj, j,)-

1,J2° J1,J2

Then, by definition of A, we have

SUE) W, j,) = AME)W). (4.3.14)

Given u € L ., we have Hy.p(u) € L}, ,,, hence
A(E)(u) = S1(E)(Hi,p(u)) > S1(E)(Wj, j») by Theorem 4.3.6
=AE)(W) = by (4.3.14)

We put £/ = A(E), and we want to evaluate W at all points of V(9. As the values of
W (P;) = Wj, j,(P;), by the definition of W}, ;, are prescribed for all j # j;, we have only
to evaluate Wj, j,(Pj,). By proceeding as in Theorem 4.3.6, we have that W satisfies

N e (BN (W(P,) - W(P) =0
J#i1

that amounts to
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Wi o (Pr) =W (P;,) = > chlc’j(f/()E,)W(Pj) =

J#J ' Z1

iy (E') Cjy,j2 (E')
W'17'2 P;) =
2 5oy V(P =

I70 iz i i

recalling that Wy, ;,(P;,) =1 and W}, ;,(P;) =0 if j # j1, jo. Now, suppose

Wi g2 (Pjy) = Cirgs Vi1, 2 (4.3.15)
Then we have cj, j,(A(E)) = pcj, j,(E), where p = > ¢;, (E'), which, by Remark
J'#5

4.2.6, is independent of j, hence E is an eigenform. Thus, the problem of the existence of
an eigenform is reduced to the problem of the existence of a fixed point of the map

(Cj17j2) = (ledé (Pj )) (4316) .

The nontrivial point consists in proving that such a map in fact sends H into itself, and
this will be the aim of next section. We are now giving a probabilistic interpretation of the
fixed points of the map in (4.3.16). Recalling the meaning of W;, ;,(Q), (¢j, j,) is a fixed
point of the map in (4.3.16) if the probability for a point staying at P;, that the first point
of V(©) it reaches is P;, is the same if the point moves through V() and if the points moves
through V() and it is not difficult to prove that this implies that the probability is the
same if the point moves through V™, for every natural n, in other words the probability
of a point staying at P;, that the first point of V() it reaches is P;j, is independent of the
scale. Those considerations have suggested the notion of Brownian motion on the fractal.
However, we will not insist on this point.

4.4 Lindstrgm Theorem.

In this Section, we will prove the Lindstrom Theorem, that is that, on any nested fractal
there exists an eigenform. By the previous considerations, it suffices to prove that given
(¢jr.jo) € M, then (Wj, ;,(Pj,)) € H. The only nontrivial point is iii) of the definition
of H, i) being a consequence of iii), and ii) being a consequence of the previously proved
formula

Cjrin (B
Wiy o (Pjy) = ZJ gj (j’()Ell), E':=A\E), (4.4.1)

3'#5

Theorem 4.4.1. If (¢;, j,) € H, then (W}, ;,(P;,)) € H.

Proof. As noted above, it suffices to prove that (W}, j,(Pj,)) satisfies iii) in the definition
of #. By (4.4.1), Remarks 4.2.5 and 4.2.6, W, j, only depends on ||P;, — P}, ||, hence it
suffices to prove that if

11



1P5, = Pl > [ B, — Pl > 0 (4.4.2)

then
Wi o (P ) 2 Wiy g2 (Py,) - (4.4.3)
Let H=H Py, Pj, S = Sp, P, 5 let A be the closed half-space bounded by H containing

Jj2»

P;, and B be the closed the half—space bounded by H containing Pj,. By (4.4.2), P;, € A.
Note that
Q1 ~ Q2 = 5(Q1) ~ 5(Q2)

as, if Q1 ~ Q2 then Q1,Q2 € V; for some i = 1,....k, and S(Q1),S(Q2) € S(V;), but d)
of the definition of nested fractal implies that S(V;) is a 1-cell, so that S(Q1) ~ S(Q2), as
claimed. Let T be defined by

T(x):{x itre A

S(x) ifxeB
and let Yo = X(P},, P;,; VO {P;, 1), V3 = X(Pj,, Pj,; VO \ {P;,}). By the definition of
W, j», then (4.4.3) amounts to
Y UX)= ) UX) (4.4.4)
XeYs Xeys
Now,
Q1~ Q2= T(Q1) ~T(Q2) (4.4.5)

In fact, if Q1,Q2 € A, then (4.4.4) is trivial. If Q1,Q2 € B then T(Q1) = S(Q1) ~

S(Q2) =T(Q2). If Q1 ¢ B, Q2 ¢ A, then T(Q1) = Q1, T(Q2) = S(Q2), and the 1-cell V;
containing (); and ()2, contains then points on both sides on H, thus by the hypothesis,

S maps V; into itself, hence T(Q2) = S(Q2) € Vi, and T(Q1) = Q1 € V; by hypothesis, so
that T(Q1) ~ T(Q2), and (4.4.5) is proved. Moreover,

Q1 ~ Q2= 0(T(Q1), T(Qz2)) > (Q1,Q2) (4.4.6)

In fact, (4.4.6) is trivial if Q1, Q2 € A, but it is also clear if Q1, Q2 € B. In fact, ¢(Q1,Q) =
c(S(Ql), S(Q)) for every Q ~ @1, as S preserves the distance and the coefficients c; ;: only
depend on the distance. If finally, Q1 ¢ B, Q2 ¢ A, then, Q1,Q2,5(Q2), as previously
seen, lie in a common 1-cell, and by the definition of S, ||S(Q2) — Q1] < ||Q2—Q1]], so that
C(T(Ql),T(Qg)) = C(Ql,S(Qz)) > ¢(Q1,Q2), and (4.4.6) is proved. Given X € )y U Vs,
X = (Xo, X1, 0y Xn), we put T(X) = (T(Xo), T(X1), ..., T(X,)). Note that T(X) € Vs
for every X € Jo U )Y3. Now, for any Y € s such that Y; € A for each i, let n = |Y|, and
put

WY)={Xecl:T(X)=Y}, WY)={Xec);:T(X)=Y}.
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Note that the hypothesis on Y implies T'(Y;) = Y; for each i. Clearly, in order to prove
(4.4.4), hence the Theorem, it suffices to prove

Y UX)= D UX) (4.4.7)
Xey(Y) Xeys(Y)
Note that every X € J5(Y) U Y3(Y) has the form X; = S%x(Y;), where o; x = 0, 1.
We use the convention that, if X; € AN B, so that S(X) = X, and «; x thus can be
arbitrary, then o; x = a;—1,x. Note that, if X € )o(Y)U V3(Y), then Xy = P;, = Y,
thus ap,x = 0. On the other hand, If X € )»(Y), then, X,, = P;, =Y, thus a,, x =0,
while if X € V3(Y'), then, X,, = P;, = S(Y,,), thus a,, x = 1. Thus, putting

Ix ={i:oi(X) # aia(X)},
then #(Jx) is even if X € J5(Y), and odd if X € Y3(Y). However Jx is not an arbitrary
subset of {1,...,n}, Namely it is a subset of

Ji={i=1,..,n:Y;, ¢ ANB,S(Y;) ~Y;_1}

and, conversely, it is easy to see that, for every subset of J of J, there exists exactly
one X € Vo(Y) U Y3(Y) such that Jx = J, and moreover X € Yo(Y) if J is even, and

X € Y3(Y) if J is odd. Moreover, if X € Y»(Y) U Y3(Y), we have

5(Yio1, S(Y:)
Sy <!

vx)=u®) [ m m=
ieJ(X)

We have 7 < 1 as T(S(Y)) = Vi, thus by (44.6), 6(¥i1,Y:) = 8(T(Yi_1), T(S(Y:))) =
6(Y;—1,5(Y;)) by (4.4.6). Thus,

- Y v =vw)( Y [In- > IIw)

XeY, Xeys JCJ, #(J)even ieJ JCJ, #(J)odd ieJ
— U(Y)(l =D i D Ml = Y MMl )
1€J i1,i2E€J 11,12,13E€ J
=U) [T (1 —m) =0
ieJ

where in the sums we mean that i1, is, i3 are mutually different, and (4.4.7) holds, thus the
Theorem is proved. To be precise, the previous argument does not hold when U(Y) = 0,
as n; could contain a O-denominator, but in such a case, the same argument shows that
every U(X) is 0, so (4.4.7) holds in this case too. =

Corollary 4.4.2. There exists an eigenform on every nested fractal.

Proof. By Theorem 4.4.1, the map (cj, j,) = (W}, . (P},)) maps H into itself. Such a map
is continuous, by Remark 4.2.4 and (4.4.1). As previously observed, the set H is compact,
convex and nonempty, therefore it has a fixed point. By the considerations in the end of
Section 4.3, A has an eigenform. =
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