3. Geometry of Fractals

3.1 Hausdorff Measures

Recall that an outer measure (or exterior measure) on a set X is a function p defined
on P(X) (the set of the subsets of X) with values in [0, 400], satisfying the following
properties:

i) p(@) = 0.

i) If A C B, then u(A) < u(B).

+o0o +o00o
iii) For every sequence A; of subsets of X, we have u( U Ai> < > u(A;).
i=1 i=1

There are two main differences between the notion of outer measure, and the notion of
measure. One is that an outer measure is a function defined on all P(X), while a measure
is defined on a o-algebra. The other difference is that an outer measure is o-subadditive
(property iii) ), but not necessarily additive. If p is an outer measure on a set X, then a
subset E of X is called mesasurable (with respect to p) if it satisfies

w(A) = ((ANE) + w(A\E) YACX. (3.1.1)

As well known from the general measure theory, the set M of the measurable sets is a
o-algebra, and the restriction of u to M is a measure.

We are now going to define the Hausdorff measure. For every subset A of a metric
space X and £ C P(X), for every a > 0, 6 > 0, we put

e (A) = inf {ha((S)I(S:) € Spae }

+o0 Too
Ssae = {(Si) .5, € €, Si 2 A, diam(s;) < 5}, ha((S) ==Y (diam(S))",

Le(A)= lim H, 5c(A

a,s( ) 5i>%1+ a,5,5( )
with the usual convention inf(@) = 400, where we intend in ((S;)) that i = 1,2,3,....
When & = P(X), we could omit £ and simply write H, ;(A), Hg,(A), S5.4. Note that
the limit in the definition of H/, ¢(A) does exist as we can easily verify that H, ;.. (A) is
decreasing with respect to §. The a dimensional (or simply «) Hausdorff measure H, is
given by

H, = K,H,

where K, is a suitable positive constant. Such a constant is chosen so that the n-
dimensional Hausdorff measure in R™ amounts to Lebesgue measure. Note that, at this
point, we cannot state that such a positive constant really exists, as we could also guess
that H, is identically 0 on R™. However, as we will see in Section 3.3, H,, is in fact a
positive multiple of Lebesgue measure so that such a constant K,, really exists. The value
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of the constant for positive, not integer «, is not important for our considerations. Note
that in the definition of H' we take the infimum with countable coverings of A. If we would
take the infimum with finite coverings, every unbounded set A would have measure +o0,
as it cannot be covered by finitely many sets of diameter not greater than §. Note however,
that the finite coverings are included in Ss 4 ¢ as it suffices to consider (S;) with S; = @
for i > n. It is a standard fact from general measure theory that in fact Hy, 5., thus H,,
and H,, are outer measures. In the following, we will often give results about H/,, the
corresponding ones for H, being immediate consequences. Note that H| is the measure
counting the points, where we intend that 0° = 1, with the exception that (diam(@))°? = 0.

Remark 3.1.1. If

£ CeE (3.1.2)
then trivially,
(/1,5;5("4) < H&,é;g’(A) = H(/x,E(A) < H(/x;E’(A) : (313)
If moreover,
VE €& IR €& : E' D E,diam(E’) = diam(F) (3.1.4)

then H|, 5.(A) = H|, 5.¢/(A), therefore H] o(A) = H ¢/ (A). In fact, put D(E) to be
the set £’ given by (3.1.4), then for every (S;) € Ss.ae, then (D(S;)) € Ss.a¢ and
ha(D(S;)) < ho((S;)). As an important particular case, defining F to be the set of the
closed sets in X and putting £ = P(X), &' = F, we have

as5(A) = Hy, 5.7(A) (3.1.5)

«

that is, in the definition of H :1 s we can assume that the sets are closed. It suffices in fact,
to put B/ = FE in (3.1.4). If (3.1.4) is replaced by the more general

Vnp>0VE €& IE €& : E' D E,diam(E’) < diam(F) + 7, (3.1.6)

then

&;S(A) = &;S’(A) : (317)

To see this, in view of (3.1.3) it suffices to prove that > holds in (3.1.7) and we can clearly
assume H|, .(A) < +oo. Let € > 0 and let 6 > 0 be such that if 0 < § < d, then

woe(A) < H).c(A)+e. (3.1.8)

Put D(n, E) to be the set E’ given by (3.1.6). For every A C X and (5;) € Ss5,4.¢, by the
continuity of the map ¢ — t*, we have (diam(S;) +n;)* < (diam(S;)) + 5 for sufficiently
small, positive 7;. Let Sj = D(n;, S;), so that (diam(S}))* < (diam(S;))* + 5. Therefore,
by the definition of A, we have



ha((S7)) < ha((S)) + Z 5 = ha((5i)) +¢ (3.1.9)

Now, for every 4 such that 0 < § < 4, if (S;) € S%’Ayg, and n; < %, then (S)) € Ss.a.¢,
thus, H{, 5.e/(A) < ha((S])) < ha((Si)) + €. As this holds for every (5;) € Ss aer in view
of (3.1.8), we have

a’%;g(A) +e< H('l;g(A) + 2¢.

Hence, H|, ¢/(A) < H],¢(A) + 2¢. By the arbitrarity of € > 0, > holds in (3.1.7). As an

important particular case, defining O to be the set of the open sets in X, and putting
E=P(X), E = 0O, we have

00(A) = Hg, 5.0(A) (3.1.10)
that is, in the definition of H C’X s we can assume that the sets are open. In fact, for every
subset E of X, the set Ex := {z € X : d(z, E) < 4} is open and contains E (cf. K1 in

Lemma 1.8.1), and moreover, diam(Eg) < diam(FE) + n, as, given two points z,z’ € Eg,
then there exist y,y’ € E such that d(z,y) < %, d(«',y') < 2, thus

d(z,2") < d(z,y) +d(y,y') +d(y',2") < g + diam(E) + g = diam(E) + 7.

Note that, if A is compact, by the very definition of compactness, we can consider in the
definition of H, o only finite open coverings. =

Remark 3.1.2. By the essentially same argument we see that in the definition of H &; =(A)
we can require that the sets S; are subsets of A. In fact, h((S; N A)) < ha((S;)). This
means that the definition of H/ (A) can be given considering A as a metric space, and not
as a metric subspace of X. As a consequence, the definition of H/ (A) does not depend on
the metric space X. =

We now want to prove that the Borel sets are measurable with respect to the outer measure
H!,. We define dist(A, B) := inf{d(z,y) : * € A,y € B}. This notion, clearly, is very
different from that of Haurdorff distance. In particular, dist(A, B) = 0if AN B # @. Note
also that if A and B are nonempty disjoint compact sets, then dist(A, B) > 0.

Lemma 3.1.3. If A and B are nonempty subsets of X, and dist(A, B) > 0, then

Ho(AUB) = Ho(A) + Ho(B).

Proof. We will prove the analogous result for H’

]o, w [. Then, if

which is clearly equivalent. Let § €



(UﬂA;é®7VﬂB7£@,diamU<6,diamV<6> S UNV =¢. (3.1.11)

In fact, in the opposite case, there would exist £ € U NV, thus for every z1,2o € UUV,
d(z1,22) < d(Z,z1) +d(Z,z2) < J+6. Hence, if 1 € UN A, x5 € VN B, then d(x1,x2) <
20 < dist(A, B), a contradiction. Let (S;) € Ss aup, let

J:={i=1,2,3,...: S;N (AU B) # ¢},

J={i=1,2,3,...: SSNA#0}, Jo:={i=1,2,3,...: S;N B # @}. Then, by (3.1.11), J
is the union of the disjoint sets J; and Js, thus

ha((S:) =) (diamS;)* = ) " (diamS;)* + Y (diamS;)* > H), 5(A) + H}, 5(B)
eJ 1€Jy 1€ Ja

thus, as (S;) is an arbitrary element of S5 aup, we have H/, s(AUB) > H_, ;(A)+ H,, 5(B)
and taking the limit, as § — 0T,

H{,(AU B) > H,(A) + H,(B)

and, as the opposite inequality is valid independently of A and B by the definition of outer
measure, we have proved the Lemma. =

Theorem 3.1.4. Every Borel set is measurable with respect to Hy,.

Proof. Since the set of the measurable sets is a g-algebra, by the definition of Borel sets
(the elements of the smallest o-algebra containing the open sets), it suffices to prove that,
for every nonempty open set E # X, then E is measurable, that is (3.1.1) holds. In (3.1.1),
we have only to prove >, < holding independently of A and E. Moreover, we can assume
H,(A) < +o0, the opposite case being trivial. Let

1 1
= : > = =< ; — >
A {xeA d(z, X \ E) > 1}, An {xeA ~ < d(z; X\ E) < h_l},h_z
It easily follows:
“+o0
ANE =] A (3.1.12)
=1
Ha< U AZ-> < Ho(A) VI C{1,2.3,..), (3.1.13)
eJ i€J
Ha(A) > Ha< U Ai) >N Ho(A) VI =JiorJ =, (3.1.14)
ieJ i€J

where J; ={1,3,5,7,...}, Jo = {2,4,6,8,...}. To prove (3.1.12), note that every z € ANE
has positive distance d from the closed set X \ F, thus either d > 1 or % <d< ﬁ for

4



some h > 2. Formula (3.1.13) is obvious as H, is an outer measure. The first inequality
in (3.1.14) immediately follows from (3.1.12). In order to prove the second inequality in
(3.1.14), observe that for j = 1,2,3,... we have

1
dist(Aivo, | | A;) > — 3.1.15
(+U BT (3.1.15)
Indeed, if x € |J A; and y € A, 9, then d(z, X \ E) > l. and d(y, X \ E) < J% As
1<
dlz, X \ E) < d(z,y) +d(y, X \ E), it follows d(x,y) > = — m = m and (3.1.15) is

proved. By (3.1.15) and Lemma 3.1.3, we have for every h > 2,

<A2h UAm): o(A2n) +H<UA21

i<h i<h

h
and, by induction, Ha< U Ai> > Ha< U A2i> = > H,(As;) and, taking the limit for

icJs i<h i=1
h — 400, we get (3.1.14) for J = J,, and the argument for J; is essentially the same,
so that (3.1.14) is proved. By (3.1.14), as we have assumed H,(A) < +oo, we have

> Ho(A) h—+> 0 for J = Jy, Jo. Therefore,
i€J,i>h =T

Ha< Do Ai) < io Ho(A)= > Huo(A)+ > Hu(4) —> 0. (3.1.16)

. . . . . - h—+o0
i=h+1 i=h+1 1€J1,i>h i€J2,i>h

Since dist(A \ E, U A;) > + by the definition of A;, by Lemma 3.1.3 we have

Z_

h h
Ho(A) > Ho((A\E)U (| Ai) > Ho(A\ E) + Ho (| 4) (3.1.17)
h +o0
and, as ANE = <’LL:J]. AZ-> U <z’:LhJ+1 Ai> by (3.1.12), then
h +oo
H,(ANFE)<H, A; )+ H, A;
(Ua)+n( U 4)
and, by (3.1.17) we have
Ho(A) > Hy(A\ E) + Hy(ANE) — ( U A)
i=h+1

so that, taking the limit for A — 400, by (3.1.16), the inequality > in (3.1.1) is proved.



3.2 Hausdorff Dimension.

In this Section, we will define the Hausdorff dimension of a set in a metric space. This will
turn out to be a nonnegative real number, not necessarily integer. We need a lemma.

Lemma 3.2.1 If A is a subset of a metric space and H,(A) < 400, then Hg(A) = 0 for
every 3 > a.

Proof. Let (S;) € S5.4. Then

+oo +oo
. B . ay . B—a
hg((S;)) = Z (diam(4;))” = Z (diam(A;))" (diam(4;))
i=1 i=1
+oo
<677 " (diam(A4;))" = 677 ha((S)))
i=1
therefore, Hj 5(A) < (55_°‘H;75(A). As B —a > 0, we have 6°~® — 0, thus the Lemma

d—0+
easily follows taking the limit for § — 0". =

We now put

Mr(A)={a>0:Hy(A) € I},IC[0,+00].

As a consequence of Lemma 3.2.1, if & € Mjg 4 oo[(A) then every 5 > a lies in Mgy (A) and
every 8 < alies in M, oo} (A), so that Mjg 1 o[(A) is either empty or a singleton. Moreover,
Mioy(A) is an upper half-line, that is, if it contains «, then it contains every 8 > a,
therefore it has the form |&, +oo[ or [@, +oo| or is empty. Similarly, M1 (A) is a lower
half-line, that is, if it contains «, then it contains every 5 < «, therefore it has the form [0, &|
or [0, @] or is empty, and, by Lemma 3.2.1 again, every element of My (A) is greater than
every element of M, 1(A). It follows that inf Mygy(A4) = sup M1} (A) =: dimg(A),
and dimg(A) is called Hausdorff dimension of A. Here we use the standard convention
inf(@) = +oo and the less standard convention sup(@) = 0. Clearly, if 0 < H5(A) < 400,
then & is the unique element of M)y ,[(A) and amounts to dimg(A). Note that the
converse does not hold. In other words, if & = dimgy(A), we could have H5(A) = 0 or
Hgs(A) = +o0. To see this, as we know that the n-Husdorff measure amounts to Lebesgue
measure, then H, ([—k, k") = (2k)", then by Lemma 3.2.1 we have H, ([—k, k]") = 0, thus
H,(R™) = 0 for every a > n, H,([—k, k]") = +o0, thus H,(R"™) = 400 for every a < n,
where we use the well known fact that the countable union of sets of 0-measure is a set of
0-measure and the countable union of sets of co-measure is a set of co-measure. Therefore,
by definition n = dimg(R"™), but H, (R") = +o0.

We will now sketch the definition of topological dimension. The idea of the definition
of topological dimension consists of a notion of dimension of topological spaces (not neces-
sarily linear spaces), which is invariant under homeomorphisms, and amounts to the usual
notion of dimension in the standard cases such as, for example R™, or manifolds. Moreover,
the topological dimension is always an integer number, while the Hausdorff dimension is
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not necessarily integer, and is not necessarily (in fact is not) invariant under homeomor-
phisms. There are different ways to define the topological dimension, that are however
equivalent in the case of separable metric spaces (in particular of subsets of R™), not in the
case of arbitrary topological spaces. We will define when dim(X) < n, thus dim(X) =n
will be defined by the obvious equivalence

@mxyﬂz¢¢<&mu)gm&mujgn—g.

The first notion of dimension is due to Poincaré, and is the following

dim(@) = —1,

dim(X) < n if and only if for every z € X there exists a basis {U;} of neighbourhoods of
z such that dim(an) <n-—1.

The idea of this definition is that for example in R™ every point has a basis of neighbour-
hoods (the balls centered at ), whose boundaries have dimension n—1. The second notion
is due to Lebesgue. We only see the (simplified) version when the space is a compact metric
space (recall that the compact metric spaces are separable).

dim(X) < n if and only if for every € > 0 there exists an open covering of X having mesh
smaller than e such that the intersection of n 4 2 elements of it is empty.

This definition in inspired by the observation that we can cover a closed interval with
arbitrarily small intervals, such that any three of them have empty intersection, we can
cover a closed square with arbitrarily small open squares, such that any four of them have
empty intersection, and so on. Clearly, both the previous definitions are invariant under
homeomorphisms. Note that it is simple to prove that, with any of the previous definitions,
the dimension of any subset of R" is < n, but it is far from trivial that the dimension of
R"™ is precisely n.

The notions of Hausdorff and topological dimension are not unrelated. Namely, it is
possible to prove that

dim (X) > dim(X) (3.2.1)

for every separable metric space X. There is no standard definition of a fractal. However,
one of the proposed definition is that a fractal is a set X such that in (3.2.1) the strict
inequality holds.

3.3 Hausdorff Dimension of Fractals

In this Section we will evaluate the Hausdorff dimension of self-similar sets. Here, we will
mean that a self-similar set is the unique nonempty compact I' in R” such that

k
o) =T, O(A):=|Jwi(4) YACR", (3.3.1)

where ¢;, i = 1,...,k, k > 2, are contracting similarities in R”, that is, ¢; are maps from
R" into itself such that



9i(z) =iyl = oillz —yll Yo,y eRY, 0<0o; <1.

We also assume that the fixed points P; of v; are all different, that is P;, # P;, if ¢; # 0.
Note that in many cases we have o; = ¢ for every i, that is the contraction factors are all
equal. Put in the sequel 0,4, = max{o;,i = 1,....,k}, omin = min{o;,i = 1,....,k}. We
have required k£ > 2, the case k = 1 being trivial: in fact, if kK = 1 I' is the fixed point
of the unique contracting similarity. We will use in the sequel the following trivial fact :
diam(e;(A)) = o;diam(A). In the sequel of this section we will denote by @& the unique
positive real number satisfying

k
d o =1. (3.3.2)
i=1
k
As the map t — > of is continuous, strictly decreasing as o; < 1, and tends to 0 at +oo,

i=1
and to +o0o at 0, then such an & exists and is unique. Note that, if o; = o for all 7, then
(3.3.2) amounts to ko® = 1, that in turns amounts to

a = log, (

In2,

for example, in the case of the Cantor set, @ = 73; in the case of the Sierpinski Gasket,
In3.

a = 5; in the case of the Sierpinski Carpet, a = lng We will prove that & defined by
(3.3.2) is the Hausdorff dimension of I" under a Sultable condition (open set condition),
which we will now introduce.

Open Set Condition (shortly O.S. C) there exists a nonempty bounded subset A of RY
such that the sets 1;(A), i = 1, ...,k are mutually disjoint and contained in A.

In order to prove the result on the Hausdorff dimension of I', we need some lemmas.
Lemma 3.3.1. If T : R¥ — R” satisfies

T0)=0, [|IT(z)=TwIl=llz-yll, (3.3.3)

then T is linear, thus is a linear isomorphism and a homeomorphism.

Proof. Putting y = 0 in the second equality in (3.3.3), and using the first, we get ||T'(z)|| =
||z||. In other words, T preserves the distance (and the norm). Hence, using the known
formula u-v = % (|Ju]|* +|[v||* — ||[u—v||*), we see that T also preserves the scalar product,
namely

T(x) T(y) = 5 (IT@F+ T = 1T () =TWI) = 5 (12l +yl* =l —yl*) =2y

l\')l»—l
N | =



so that, if e;, ¢ = 1, ..., v denotes the canonical basis, we have e; - e; = §; j, hence T'(e;) -
T(e;) = 6;, that is T'(e;) form an orthonormal basis. We will now prove that, for any
a; € R, we have

> b;T(e;) for some b;, namely b; = T( > aiei)~

i=1 =1

so that T is linear. We have T( > aiei)
i=1

T(e;), so that b; = (Y ase;) - e; = a; and (3.3.4) is proved, and T is linear. By (3.3.3),
i=1

T is one-to-one, thus a linear isomorphism. As any linear map between finite-dimensional
linear spaces is continuous, both 7' and T~! are continuous, thus 7" is a homeomorphism.

Corollary 3.3.2. Every v; is a homeomorphism from R” onto R”, hence ¢Z(A) is open.

Proof. Put T'(z) := M

satisfies the hypothesis of Lemma 3.3.1, thus is a homeomorphism. As v; = § o T, where
B(y) = oy + 1¥;(0), thus clearly g is a homeomorphism, then 1); is a homeomorphism as
well. |

. Since 1; is a contraction of factor o;, we see that T

Recall that we put E;, ;. =i, i, (E) =1, o--- 01 (E) for every subset E of R”.
The definition of & in (3.3.1) is motivated by the following lemma

Lemma 3.3.3. For every bounded set E we have hs((Ei, ..i,) t i1,y in = 1,...,k) =
(diam(E))%.
Proof. We have

VS
Q
ogle]
q
$Q
N—
o
®
=
5

QI
Il
=
2
=
5
QI
—
Q
gl
SN—"
—~
9
Nale]
N—
Il
=
2
=
5
Qi

21,0 =1 11=1 =1

where in the last equality we have used (3.3.2). =

Note that, in view of (3.3.1), we have

o"(T) =T, (3.3.5)
and, on the other hand,
k
o"(A)= |J Ai..., VACR". (3.3.6)



Moreover, ®(A) C A, by the definition of A, so that also @(Z) C A. Tt follows (see [P])

~ ~

+oo
that ®"(A) is a decreasing sequence of sets, and [| ®"(A) =T, thus

n=0

~

1N

rcaA. (3.3.7)
Lemma 3.3.4. If the following hold

1) de; >0 | Vo>0 H(UZ) € 85’11 ’ ha((UZ)) <cj.
ii) There exists co > 0 so that for every finite open covering (U;) of T" we have hg((U;)) > ca,

then 0 < Hz(I') < +o00, thus @ = dimg (T).

Proof. By i) we have Hs s5(I') < ¢; for every §, hence Hs(I') < ¢;. By ii), in view of
(3.1.10), we have H5(I') > ¢c3. =

Lemma 3.3.5. For every self-similar set I, i) of Lemma 3.3.4 holds.
Proof. By (3.3.5) and (3.3.6), S := (I';,,...4,) : @1,...,4n = 1,..., k, is a covering of I, and

by Lemma 3.3.3, hs(S) = (diam(F))a := ¢1. On the other hand,

diam(T';,,. 4,) = 04, - - 04, dilam(I") < o) . diam(I") <4,

thus S € Ssr, for sufficiently large n. =

While i) of Lemma 3.3.4 is always valid, the validity of ii) essentially depends on O.S.C.
We need some further notation. We put

+oo
Dy ={(d1,.rdn) :dy,.dy = 1,...k}, Dog=0, D=|]JDy.
n=0
If d = (dy,....,dp), then, for ever A CR” we put Aq = Aq,, . a,, Ag = A, 04 =04, -+ i,
We also put n = [(d) (the length of d), d(,) = (di, ..., d,) when m < n.

Lemma 3.3.6. If O.S.C. holds, and (i1, ...,in), (i1, ..., 4;,) € D and there exists j <
min{n, m} such that i; # i}, then A;, i, N Ay

Proof. We can and do assume ij, = i) for every h < j, so that

yeeey seeslon

A i =iy i (%’; (¢i§+1 ..... %(A))> .

On the other hand, by O.S.C., v, (%le,in (/1)) C Aij, wi; (%;HVU’% (/1)) C /17;;, and
as the sets flij and fli; are disjoint by O.5.C. again, the sets 1;; (I/JZ]_HZH(A)) and
b (Y
Aii ,,,,, i are disjoint. =

n

,,,,, Z’W(A)) are disjoint too. As the map v, .. ;,_, is one-to-one, flhl and
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Remark 3.3.7. if O.S.C. holds, we have fld(m) D Ay for every m < n :=I(d). Indeed,

A

Ay = Vi 0+ 004, (A) 2, 0+ 0 Yt (Vs 0+ 0 Y, (A)) = Ag

Theorem 3.3.8. If O.S.C. holds, then ii) of Lemma 3.3.4 holds, and, consequently,
0 < Hs(I') < 400, thus & = dimg(T').

Proof. Let (U;),i =1, ..., s, be an open covering of I, where we mean that U; are open in
R”. We prove that this covering satisfies ii) of Lemma 3.3.4 for some ¢y > 0 independent
of the covering. Let

A

R := diam(A) > 0
let By(Z) C A. Such a ball exists as A is a nonempty open set. It follows

Bro, ($a()) € Ay (3.3.8)
In fact, if y € Bry, (14(Z)), as, by Corollary 3.3.2, the map 14, a composition of maps of
R” onto R”, is onto R”, there exists ' € R” such that 14(z’') = y. We have

roq > ||a(Z) = a(2')]| = oal|Z — 2|
hence, 2’ € B;(Z), hence y € ¢q(Br(Z)) C Ya(A) = Ag, and (3.3.8) is proved. We can
assume
diam(U;) <R Vi=1,...,s, (3.3.9)

as, in the opposite case, h((U;)) > 7. Put

W, = {deD: Ed NU; # 0, diam(Ay) < diam(U;) },

Wi ={deW;:dy ¢ W, Yn<I(d)}.

For every d € W; we have I[(d) = n > 0, as, in the opposite case, d = @, Ay = fl,
diam(A4) < diam(U;) by the definition of W;, but this contradicts (3.3.9). We have
din—1y ¢ Wi, hence, as, by Remark 3.3.7 Ad(n,l) NnU; # @, diam(fld(nil)) > diam(U;). As
diam(fld) = o4R, diam(Ad(n_l)) = ad(n_l)R, we have diam(fld) = adndiam(fld(n_l)). As
a consequence,

Omindiam(U;) < diam(Ag) = Rog < diam(U;) Vd e W;. (3.3.10)

Moreover,
<d,d’ e Wi,d;«éd’> — AgnAy =0, (3.3.11)
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In fact, if (3.3.11) does not hold, then, by Lemma 3.3.6, we have d; = d} for every
J < min{l(d),l(d")}, and, if, for example I(d') < [(d), we then have d' = d( ), and
this contradicts the definition of W;. We now prove that there exists L independent of
1 =1,...,s and of the covering such that

#W; <L Vi=1,..,s. (3.3.12)
Pick a point £ € U;. Then we have

U BfUd(qv/}d(j)) - U Ad - B2diam(Ui)(§:) (3313)
deW; dew;

In fact, if z; € AgNU;, y € Aq. Then ||Z—y|| < ||Z—a4||+]||zi—y|| < diam(U;)+diam(Ay) <
2diam(U;) where we have used (3.3.10) in the last inequality. Moreover, by (3.3.8) and
(3.3.11), the sets Bjy,(14(Z)) are mutually disjoint. Hence, putting 3 := %Jmm, we have
pdiam(U;) < Foq by (3.3.10), thus, by (3.3.13) we have

#Wico,, 8 (diam(U;))” = M( U Bﬁdiam(Ui)(wd(f)D

dew;

< 1 Badiam(u () = 0.2 (diam(U7))"

v

2
where ¢p , is defined in Lemma 1.1.1, thus #W; < 7 and (3.3.12) is proved. Let

Vi={A4:deW;},

(Vi)a = {Aq: 7 =1Ud),In <, diny € Wi} = {Adiyuyssrin - d € Wi}

where 7 satisfies

n>(d) vde| W, (3.3.14)
=1
Ro? .. < _min diam(U;) . (3.3.15)

Putting ADﬁ = {fl“zn P01y et = 1, ., k:}, we have
Ap, = Vi) . (3.3.16)

In fact, let Ay € Ap_, let & € I'y, thus z E_Ed by (3.3.7). As (U;) is a covering of T, there
exists ¢ = 1, ..., s such that z € U;. Then, AgNU; # @, thus, by Remark 3.3.7,

Ag)yNU; £ 9. (3.3.17)

A

Moreover, diam(A,) < diam(U;), as
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diam(A4) = oqdiam(A) = Roy < Ro™,, < diam(U;)
by (3.3.15). As dy) = @ and fl¢ — A, in view of (3.3.9), then there exists n < 7 such
that diam(Ad(n>) < diam(U;), but diam(Ad(%D) > diam(U;). Hence, in view of (3.3.17),

d(n)y € Wi, thus Ag € (V;)a, and (3.3.16) holds. We now have

ha(V;) < #W;(diamU;)? (3.3.18)

k —
ha(Vi)a = Z Z (diam(Ad%H’m’iﬁ))a =

dew; in+17'--7iﬁ:1
> ha((Adiyirrin) ingtsoin = 1,0k) = > (diam(Ag))* = ha(V;)
dEWi dEWi
where we have used Lemma 3.3.3 in the third equality. Hence, in view of (3.3.18) and

(3.3.12) we have ha((U;)) > 1 i ha(V;), hence
ha((U) 2 7 3" hal(Vin) = Tha(dp,) = 7 (diamd)®

where we have used (3.3.16) in the second inequality and Lemma 3.3.3 again in the equality,
and the Theorem is proved. =

Remark 3.3.8. By the definition of Hj, It is easy to verify that Hs(A;) = (6%)Hs(A)
for every ¢ = 1, ...,k and for every subset A of R”. Hence,

k k _ k
> Ha(t) = (o) Halt) = Ha(UT2)
i=1 i=1 i=1
where we have used (3.3.1), thus, we deduce that H5(I'; NT';) =0 for every i,j =1, ..., k,
i£j. =
Remark 3.3.9. For every set of (a; € {0,1}) : i = 1,...,v, we define the contracting

similarity of factor %, T %ac + > %e;. The self-similar set corresponding to this set of

=1
similarities is [0, 1]”. We have 2" similarities and o; = 3, so that dimy (T') = & = % = .

Moreover 0 < HL (') < 4+00. Since, as easily verified, H,, is invariant under translations, it
is a multiple of Lebesgue measure, by a well known result, and this multiple is positive and
finite. This is a result announced in Section 3.3.1, which allows us to define H, = K, H/,
where the constant K, can be chosen so that H, amounts to Lebesgue measure. =
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