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Abstract

We investigatetheserversallocationproblemin a network of worksta-
tions,afirst steptowardtheanalysisof morerealisticscenariosfor Scalable
andDistributedDataStructures.Unlike thepreviousframeworks,we con-
siderthecostof themessagesexchangedamongthesitesin termsof timeor
lengthof thepathstraversedin thenetwork. Theimmediateconsequenceis
thatthechoiceof thepositionin thenetwork of anew server aftera split of
anoverflowing oneis nota trivial problem.Weconcentrateonbothoff-line
andon-linesettings,andprovideoptimalandnearlyoptimalapproximation
algorithms.

1 Introduction

In thispaperweconsidertheproblemof allocatingserversin anetwork of work-
stations.Informally, given a setof alreadyallocatedserversS in a network G,
anoverloadedservers � S, in orderto balanceits load,mayaskfor thecreation
andplacementof a new server t in a nodeof G not alreadyoccupiedby another
server. A givenallocationof a setof serversS in G is evaluatedin termsof the
following two costmeasures:

1. Themaximumdistanced � s� t � in G betweenpairsof serverss, t suchthat
t is generatedby s.
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2. the diameterof S in G, that is the maximumdistancein G betweentwo
serversof S.

Theallocationproblemhasseveralapplications.A typicalexampleis theSDDS
context [1]. In sucha framework whenever a server s is in overflow, that is it
managesmoredatathanits capacity, asplit operationis performed:s instantiates
a new server t andmigratesto it approximatively half of its data.An algorithm
solvingtheallocationproblem(thatwecall allocationalgorithm)with theabove
mentionedrequirementsis a basiccomponentof the split operationprocedure.
Thefirst requirementis importantin orderto minimizethestartupcostof a new
server, aslarge amountof datamustbe migratedspendinga time proportional
to theserversdistance.Thesecondoneis importantbecausethediameterof the
graphis an upperboundon the costof queryandupdatemessagesin termsof
time or lengthof thepathstraversedin thenetwork.

In all thepreviousworksonSDDSthecomplexity measureof anoperationis
givenby thenumberof messagesexchangedbetweenclientsandservers.How-
ever, this hidesmany importantparametersof real world distributed systems,
suchas the sizeof a messageand the network topologywith specialconcern
to the time neededto deliver messagesto their destinations.In somesense,the
topologyof thenetwork hasbeenalwaysmodelledasa completegraphandthe
allocationalgorithminsidethesplit operationsimplyconsistsin determiningany
freenodein thenetwork.

However, if a morerealisticscenariois considered,the allocationproblem
cannotbetrivially solvedany longerandallocationalgorithmslike theonesde-
velopedin this paperbecomeof fundamentalimportancefor thedetermination
of efficientSDDSoperations.

Anotherapplicationof the allocationproblemis theserver mirroring in the
internet.Like for SDDS,anoverloadedservermaydecideto replicateitself to a
new mirror locatedin anotherfree node,performinga proceduresimilar to the
split operationof SDDS,althoughhereacompletecopy of thedatais carriedout
betweentwo servers.Again, the distancebetweena server and its new mirror
is responsibleof the startupcost,while the diameteris importantto boundthe
complexity of updateoperationsnecessaryto maintainconsistency betweenthe
differentcopiesof asameinitial server.

In thispaper, givenaboundonthediameterof theallocatedservers,wecon-
centrateon the determinationof solutionsthat minimize the maximaldistance
betweenpairsof serversinvolved in a split operation.In particular, we provide
optimalandnearlyoptimalapproximationalgorithms,bothin theoff-line setting
in which all the sequenceof splits is known in advanceandin the on-line one
in which at eachstepa new server mustbeallocatedwithout knowledgeof the
futuresplits.

The paperis organizedas follows. In Section2 we give an exampleof a
more realistic framework for the SDDS paradigm.In Section3 we introduce
theserversallocationproblemandtherelateddefinitions.In Section4 and5 we
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Figure 1: The client c performsa requestpertinentfor server sp with address
errorsatserverss1 ands2. After performingtherequest,serversp answersto the
client c.

provide theabovementionedapproximationalgorithmsrespectively for theoff-
line andon-linecases.In Section6 wegivesomeconclusiveremarksanddiscuss
someopenproblems.

2 SDDS in a network with a given topology

In all previousworks on SDDS,a standardassumptionis to measurethe com-
municationcomplexity of anoperationasthenumberof messagesexchangedby
clientsandservers.This couldnot beadequatefor a realworld network with a
giventopology, wherein generala site is not directly connectedto all theother
sites.

A more realisticSDDSframework consistsin modelling the network asa
weightedgraphG wherenodescorrespondto sites,arcsto communicationlinks
and arc weights to the length of the links or equivalently the time neededto
traversethem.

Eachmessagehasacostproportionalto its deliveringtime,plusanegligible
elaborationoverheadof yieldedby thedestinationto handlethemessage.There-
fore,assumingthatroutingis performedalongshortestpaths,amessagem� u � v�
sentfrom a siteu to a sitev hasa costequalto thedistancebetweenu andv in
G, or analogouslythesumof theweightsof thearcstraversedby themessage.

Figure 1 shows an exampleof exchangeof messagesamongsites in this
context.
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During the split of a server si , it is necessaryto choosethe position in the
network of thenew createdserversj . Undertheaboveassumptions,suchachoice
influencesboththesplit costandthecostof thenext requests.

Theallocationpolicy for theallocationof sj hasto minimize:

1. Thedistancefrom si , becausethis is proportionalto thecostof migrating
keysduringthesplit.

2. Thediameteror maximumdistancebetweenthe locationsof theservers,
becausethis is anupperboundto thecostof theexchangedmessages.

Notice that the policy basedonly on the minimizationof the distancefrom
a splitting server could leadto a high diameter. Similarly, minimizing only the
diametercouldyield high distancesfrom thesplitting servers.Therefore,a nice
combinatorialoptimizationproblemarisesin whichoneperformancemeasureis
tradedfor theother.

3 The allocation problem

In thissectionwegiveaformaldefinitionof theallocationproblem.For thesake
of simplicity, in the following we will refer to the basicterminologyusedfor
SDDS,althoughall the shown resultsdirectly applyalsoto othercontexts like
themirroringof serversin theinternet.

Everysequenceof splitsgeneratingasetof serversScorrespondin anatural
way to arootedtreeT in which theroot is givenby theinitial serverandaserver
associatedto aninternalnodeof T is createdby a split of its father.

TheMin ServerAllocationproblem(Min-SA) canthenbedefinedasfollows.

Instance: A graphG ��� V � E � , a setS �	� s0 ��
�


�� sh � 1 � of h
servers,a positionof theinitial servers0 in G, the
treeT describingthe sequenceof the h � 1 splits
generatingSstartingfrom s0 anda positive num-
berr � 0.

Solution: Embeddingof T in G suchthatdG � s0 � s��� r, � s �
S.

Measure: max�
si � sj ��� T

dG � si � sj �

Above,“Solution” characterizesthespaceof thefeasiblesolutionsand“Mea-
sure”givesthefunctionto beoptimized(in thiscaseminimized)by thereturned
solution.Therefore,the goal of the problemis that of determining,amongall
the possibleembeddingsin which the distanceof all the servers from the ini-
tial server s0 is boundedby r, the onethatminimizesthe distancebetweenthe
serverssi andsj suchthatsj is createdwith a split of si .
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Noticethatby definitionany feasiblesolutionfor theproblemhasalsodiam-
eterboundedby 2r. This propertyis important,becausewe candirectly apply
thepreviousresultsonSDDSto obtainanestimationof thecomputationalcom-
plexity of the operations.In fact, if we considerthe basicmodel in which the
costof an operationis just the numberof exchangedmessagesandC � n� is the
complexity costof agivenSDDSwith n servers,thenin thegeneralcasethecost
is boundedby 2r � C � n� .

Beforeconcludingthesection,letusobservethatMin-SA canbeinvestigated
in two separatedrealisticsettings.The former is off-line andassumesthat the
sequenceof all thesplits is known in advance.Thelatter is on-lineandconsists
in allocatingeachservergeneratedby asplit withoutany knowledgeof thefuture
splits.Both casesareconsideredin thefollowing two sections.

4 The off-line problem

Unfortunately, Min-SA is anintractableproblem.

Theorem 1 Min-SAis NP-hard.

Proof.
In orderto prove theclaim it is sufficient to show thatany polynomialtime

algorithmfor Min-SA couldbeexploitedfor decidingin polynomialtimeif there
is a Hamiltonianpath in a graphG startingat a given nodev, a problemwell
known to beNP-complete.

Givena graphG of n nodesandthefirst initial nodev instanceof theabove
decisionproblem,we constructthefollowing instanceof Min-SA. Thenetwork
coincideswith G, r � n � 1,S ��� s0 ��
�
�
�� sn � 1 � , thepositionof s0 is v andthetree
T of thesplitsis simplyachainwith s0 asthefirst endpointandanedgeconnect-
ing everypair of serverssi � si � 1 with i � n � 1. Then,thereexistsa Hamiltonian
path in G startingat v if andonly if the chainT canbe embeddedin G with
maximumdistanceequalto onebetweenevery pair of successive serversin T,
thatis if andonly if thereexistsa solutionof measureequalto 1 for Min-SA. �

Notice that the above negative result holdseven if the treeof the splits T
is a chain.Sincethis casehaspracticalapplicationsandcanbe consideredas
a building block toward the solution of the generalproblem,in the following
we concentrateourattentiononefficientapproximationalgorithmsfor chainsof
splits.

Our algorithmAof f is basedon aninterestingresultconcerningtheembed-
ding of chainsin trees(see[2]). Namely, a chainof h nodescanbe embedded
in any treeof n � h nodesstartingat any nodev andwith maximumdilation
equalto 3, thatis in suchawaythatthedistancein thetreebetweentwo adjacent
nodesin thechainis at most3. Suchanembeddinghastheadditionalproperty
that,while thefirst nodeof thechainis embeddedin v, if n � h thelastnodeis
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Figure2: Embeddingachainof serversin a treewith dilationat most3.

embeddedin a neighborof v in thetree.In thefollowing we providea sketchof
sucha procedure(seeFigure2).

Let G beany n-nodetreewith rootv andheighth, andlet u1 � u2 ��


�

� ud bethe
childrenof v. If h � 1,wearedonesinceall thenodesin G areatdistanceatmost
equal2 theembeddingis trivial. Otherwise,we proceedinductively asfollows.
Placethefirst serverof thechainat v andthesecondserverat any child of u1 (if
any). This inducesanedgeof dilation 2. Next useinductionto placeserversin
eachnodeof thesubtreeof G rootedat u1, makingsureto placethelastnodeat
u1 itself. By induction,theseedgescanhavedilationat most3.

Thenext serveris placedatany childof u2 (if any). Thisinducesanedgewith
dilation 3. Again we useinductionto placeserversin thesubtreeof G rootedat
u2, endingat u2.

We continuein this fashionuntil only the subtreerootedat ud is left. We
first enterthis subtreeat child of ud (if any) andthenexit at ud, completingthe
embeddingof thechainof servers.

Suchaprocedurecanbeperformedin polynomialtime.
The algorithmAof f , given a weightedgraphG �	� V � E � of n nodes,r  0,

a setS �	� s0 ��
�
�
!� sh � 1 � of h � n servers,the positionof s0 in G anda treeT
coincidingto thechainof theserverss0 ��
�
�
!� sh � 1, performsthefollowing steps.

1. Let Vr " V be the subsetof the verticesof G at distanceat most r from
s0 andlet Gr betheweightedcompletegraphdefinedonVr in sucha way
that for every pair of nodesu � w � Vr theedge � u � w � hasweightequalto
dG � u � w� .
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Figure3: Thestepsof Algorithm Aoff. A graphG andthepositionof s0 (left).
ThecompleteweightedgraphGr (center).TheminimumspanningtreeTr � h� for
h � 5 andtheallocationof theserverss1 ��


�

� s4 (right).

2. UsingthePrim’s algorithm[3], determinetheminimumspanningtreeTr

of Gr and let Tr � h� be the subtreeof Tr inducedby the first h vertices
chosenby thealgorithm(thepositionof s0 included).

3. Determinetheembeddingof thechainT in Tr startingat thenodev con-
tainings0 andignoringtheedgeweights,usingtheabove mentionedem-
beddingprocedure.

4. Returnthedeterminedembeddingof T in G.

Lemma 1 Given an instanceof Min-SA, let δ be the maximumweight of an
edge in thetreeTr � h� determinedby Aof f andlet m# bethevalueof an optimal
solutionfor theinstance. Thenδ � m# .

Proof. Let usassumeby contradictionthatm# � δ. Thenby hypothesisthere
existsasequence$ v0 ��


�

� vh � 1 % of h distinctnodesin G suchthatv0 is thelocation
of s0 andfor eachi, 0 � i � h � 1, thedistancebetweenvi andvi � 1 in G is strictly
lessthanδ.

Considerthefirst step j of thePrim’s algorithmin which anarcof weightδ
is chosen,andlet vi be thefirst nodeof thesequencev0 ��
�



� vh � 1 not belonging
to Tr � j � 1� , that is the subtreeinducedby the first j � 1 chosennodes.Then,
sincevi � 1 � vi doesnotbelongto Tr � j � 1� , atstep j anedgeof weightδ is chosen
insteadof oneof weight strictly lessthanδ: this clearlycontradictsthe greedy
choiceof thePrim’salgorithm. �

As a directconsequence,thefollowing theoremholds.

Theorem 2 Aof f is a 3-approximationalgorithmfor Min-SA.
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Proof.
By thedefinitionof Aof f , T is embeddedin Tr with dilation3, thatis in such

away thatfor everypairof adjacentserverssi � si � 1 in T, 0 � i � n � 1, thereis a
pathof atmost3 edgesin Tr betweenthepositionsof si andsi � 1. By theprevious
lemma,it resultsdG � si � si � 1 �&� 3 � δ � 3 � m# , hencethetheorem. �

For whatconcernslower boundson theachievableapproximationratio, we
observethat,usingthesameargumentsof Theorem1, it is possibleto show that
if P '� NP nopolynomialtimeα-approximationalgorithmfor Min-SA existsfor
α � 2, asit would decidetheHamiltonianPathproblemwith fixedinitial node.

5 The on-line problem

In thissectionwe focusonon-linealgorithmsfor Min-SA. Namely, ateachsplit
the allocationof the createdserver must be performedwithout knowledgeof
thefuturesplits.Again,we comparethevalueof thereturnedsolutionswith the
minimumachievableone,evenusingoff-line algorithms.

Sincethenumberof splitsisnotknownin advance,it makessensetoconsider
a moregeneralproblemin which r is not fixed,but dependson thebestpossible
allocationateachstep.Namely, givenanew relaxationparameterb � 1 replacing
r in theinput instanceof theproblem,denotedasr i theminimumradiusfrom s0

of anallocationof i servers(s0 not included),a givensolutionis feasibleat the
i-th stepor split if all theallocatedserversareat distanceat mostb � r i from s0.

Our algorithmAon is very simple,andconsistsregardlessof b in placingat
eachstepthenew createdserver in thefreenodeclosestto s0. Therefore,every
serveratstepi is atdistanceatmostr i from s0, andthusthesolutionreturnedby
Aon is alwaysfeasible.

Thefollowing theoremis adirectconsequenceof thefactthatall theservers
allocatedby Aon areat distanceat most2r i from s0 at everystepi.

Theorem 3 Aon is a 2rn-approximationalgorithmfor Min-SA.

NoticethatAon canbesimply generalizedto thecasein which thetopology
generatedby the splits is a tree and not only a chain,without increasingthe
approximationratio.

Accordingto thefollowing theorem,Aon is optimal.

Theorem 4 Min-SAdoesnot admitanyα-approximationonlinealgorithmwith
α � 2rn.

Proof. For thesakeof brevity we provetheclaim only for b � 1.
Consideranunweightedchainwith anoddnumberof nodesandtheserver

s0 initially locatedat nodein themiddleof thechain.Any on-linealgorithmhas
to places1 ands1 in the two nodesadjacentto s0, s2 ands3 in thetwo nodesat
distance2 from s0, andsoforth. Theresultingembeddinghasdilation2rn.
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�
Theabovetheoremholdsevenif weconsiderapproximationalgorithmshav-

ing an exponentialrunning time. In somesense,2rn can be seenas the error
factorthatmustbepaidfor ourmissingknowledgeof thefuture.

6 Conclusions

We studiedtheserversallocationproblemin a network of workstations.This is
hasa direct applicationin the SDDS paradigmif we considerthe cost of the
messagesexchangedbetweenthesitesin termsof timeor lengthof thepathstra-
versedin thenetwork. All thepreviousSDDSproposalshavealwaysconsidered
simplifiedcommunicationcomplexity assumptions.Therefore,our work canbe
consideredasafirst steptowardstheanalysisof morerealisticscenariosandthe
determinationof moreeffectivesolutions.

Two mainquestionsareleft open.Firstof all, wehavethefilling of the2 ( 3
gapbetweenthe lower and the upperboundon the achievableapproximation
ratio in theoffline case.Theproof of theonlineα � 2rn lower boundfor b  1
requiresedgeweights.Thus,for suchvaluesof b a secondopenquestioncon-
cernsthedeterminationof suitablelowerboundson unweightedgraphs.
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