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Abstract

We investigatethe senersallocationproblemin a network of worksta-
tions,afirst steptowardthe analysisof morerealisticscenariosor Scalable
andDistributed Data StructureslUnlike the previous framevorks, we con-
siderthecostof themessageaexchanged&mongthesitesin termsof time or
lengthof the pathstraversedn the network. Theimmediateconsequencis
thatthe choiceof the positionin the network of anew sener aftera split of
anoverflowing oneis notatrivial problem.We concentrat®n both off-line
andon-linesettingsandprovide optimalandnearlyoptimalapproximation
algorithms.

1 Introduction

In this papemwe consideithe problemof allocatingsenersin a network of work-
stations.Informally, given a setof alreadyallocatedsenersSin a network G,
anoverloadedseners € S, in orderto balanceits load, may askfor the creation
andplacementf anew senert in anodeof G notalreadyoccupiedoy another
sener. A givenallocationof a setof senersSin G is evaluatedin termsof the
following two costmeasures:

1. Themaximumdistanced(s,t) in G betweerpairsof senerss, t suchthat
t is generatedby s.

*Researclpartially supportedby the EuropearlJnion TMR project“Chorochronos” by the EU
RTN projectARACNE andby theltalian “ProgettoCofinanziatoAllocazionedi risorsein reti senza
filo".



2 Proceeding# Informatics

2. thediameterof Sin G, thatis the maximumdistancein G betweentwo
senersof S.

TheallocationproblemhasseveralapplicationsA typical exampleis the SDDS
contet [1]. In sucha framewvork wheneer a sener s is in overflow, thatis it
managesnoredatathanits capacityasplit operations performedsinstantiates
anew senert andmigratesto it approximatvely half of its data.An algorithm
solvingtheallocationproblem(thatwe call allocationalgorithm)with theabove
mentionedrequirementss a basiccomponenbf the split operationprocedure.
Thefirst requirements importantin orderto minimizethe startupcostof a new
sener, aslarge amountof datamustbe migratedspendinga time proportional
to thesenersdistanceThe secondneis importantbecausehe diameterof the
graphis an upperboundon the costof queryandupdatemessages termsof
time or lengthof the pathstraversedn the network.

In all thepreviousworkson SDDSthecompleity measuref anoperationis
givenby the numberof messageexchangedetweerclientsandseners.How-
ever, this hidesmary importantparameter®f real world distributed systems,
suchasthe size of a messageand the network topology with specialconcern
to thetime neededo deliver messageto their destinationsin somesensethe
topologyof the network hasbeenalwaysmodelledasa completegraphandthe
allocationalgorithminsidethesplit operatiorsimply consistsn determiningary
freenodein the network.

However, if a morerealisticscenarios consideredthe allocationproblem
cannotbetrivially solvedary longerandallocationalgorithmslik e the onesde-
velopedin this paperbecomeof fundamentalmportancefor the determination
of efficient SDDSoperations.

Anotherapplicationof the allocationproblemis the serner mirroring in the
internet.Like for SDDS,anoverloadedsener maydecideto replicateitself to a
new mirror locatedin anotherfree node,performinga proceduresimilar to the
split operationof SDDS,althoughherea completecopy of thedatais carriedout
betweentwo seners.Again, the distancebetweena sener andits new mirror
is responsibleof the startupcost, while the diameteris importantto boundthe
compleity of updateoperationsiecessaryo maintainconsisteng betweerthe
differentcopiesof a sameinitial sener.

In this papergivenaboundonthediameterof theallocatedseners,we con-
centrateon the determinationof solutionsthat minimize the maximaldistance
betweenpairsof senersinvolvedin a split operation.In particular we provide
optimalandnearlyoptimalapproximatioralgorithms bothin the off-line setting
in which all the sequencef splitsis known in advanceandin the on-line one
in which at eachstepa new sener mustbe allocatedwithout knowledgeof the
future splits.

The paperis organizedasfollows. In Section2 we give an exampleof a
more realistic framawork for the SDDS paradigm.In Section3 we introduce
thesenersallocationproblemandtherelateddefinitions.ln Section4 and5 we
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Figure 1: The client ¢ performsa requestpertinentfor sener s, with address
errorsatsenerss; andsp. After performingtherequestseners, answergo the
clientc.

provide the abore mentionedapproximatioralgorithmsrespectrely for the off-
line andon-linecasesln Section6 we give someconclusve remarksanddiscuss
someopenproblems.

2 SDDSin anetwork with a given topology

In all previousworks on SDDS, a standardassumptioris to measurghe com-
municationcomplexity of anoperatiorasthenumberof messageexchangedy
clientsandseners.This could not be adequatdor a realworld network with a
giventopology wherein generala site is not directly connectedo all the other
sites.

A morerealistic SDDS framework consistsin modellingthe network asa
weightedgraphG wherenodescorrespondo sites,arcsto communicationinks
and arc weightsto the length of the links or equivalently the time neededto
traversethem.

Eachmessagéasa costproportionatto its deliveringtime, plusa negligible
elaboratioroverheadf yieldedby the destinatiorto handlethe messageThere-
fore, assuminghatroutingis performedalongshortespaths,amessagen(u, v)
sentfrom a site u to a site v hasa costequalto the distancebetweenu andv in
G, or analogoushthe sumof theweightsof the arcstraversedby the message.

Figure 1 shavs an example of exchangeof messageamongsitesin this
context.
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During the split of a sener s, it is necessaryo choosethe positionin the
network of thenew createdseners;. Undertheaboveassumptionssuchachoice
influenceshoththe split costandthe costof the next requests.

Theallocationpolicy for theallocationof s; hasto minimize:

1. Thedistancefrom s, becausehis is proportionalto the costof migrating
keys duringthe split.

2. The diameteror maximumdistancebetweerthe locationsof the seners,
becausehis is anupperboundto the costof the exchangednessages.

Notice thatthe policy basedonly on the minimizationof the distancefrom
a splitting sener could leadto a high diameter Similarly, minimizing only the
diametercouldyield high distancedgrom the splitting seners.Therefore a nice
combinatoriabptimizationproblemarisesn which oneperformanceneasures
tradedfor the other

3 Theallocation problem

In this sectiorwe give aformal definitionof theallocationproblem.For the sale
of simplicity, in the following we will refer to the basicterminologyusedfor
SDDS, althoughall the shovn resultsdirectly apply alsoto othercontexts like
themirroring of senersin theinternet.

Every sequencef splitsgeneratinga setof senersS correspondn a natural
wayto arootedtreeT in whichtherootis givenby theinitial senerandasener
associatedo aninternalnodeof T is createddy a split of its father

TheMin ServerAllocationproblem(Min-SA) canthenbedefinedasfollows.

Instance: | A graphG = (V,E), asetS= {s,...,5—1} of h
seners,apositionof theinitial seners in G, the
treeT describingthe sequencef theh — 1 splits
generatingS startingfrom s anda positve num-

berr > 0.

Solution: | Embeddingof T in G suchthatdg (sp,s) <r,Vse
S

M easure: max_dg(s,Sj)
(s,5))€T

Above,“Solution” characterizethespaceof thefeasiblesolutionsand“Mea-
sure”givesthefunctionto be optimized(in this caseminimized)by thereturned
solution. Therefore the goal of the problemis that of determining,amongall
the possibleembeddingsn which the distanceof all the senersfrom the ini-
tial sener s is boundedby r, the onethat minimizesthe distancebetweerthe
senerss ands;j suchthats; is createdwith asplit of s.
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Noticethatby definitionary feasiblesolutionfor the problemhasalsodiam-
eterboundedby 2r. This propertyis important,becauseve candirectly apply
the previousresultson SDDSto obtainanestimationof the computationatom-
plexity of the operationsin fact, if we considerthe basicmodelin which the
costof an operationis just the numberof exchangednessageandC(n) is the
compleity costof agivenSDDSwith n seners,thenin thegeneraktasethecost
is boundedby 2r - C(n).

Beforeconcludingthesectionjet usobsenethatMin-SA canbeinvestigated
in two separatedealistic settings.The former is off-line and assumeshat the
sequencef all thesplitsis known in advance.The latteris on-line andconsists
in allocatingeachsenergeneratedby asplit withoutany knowledgeof thefuture
splits.Both casesareconsideredn the following two sections.

4 Theoff-line problem

Unfortunately Min-SA is anintractableproblem.

Theorem 1 Min-SAis NP-had.

Proof.

In orderto prove theclaimit is sufiicientto shav thatary polynomialtime
algorithmfor Min-SA couldbeexploitedfor decidingin polynomialtimeif there
is a Hamiltonianpathin a graphG startingat a given nodev, a problemwell
known to be NP-complete.

GivenagraphG of n nodesandthefirst initial nodev instanceof the above
decisionproblem,we constructthe following instanceof Min-SA. The network
coincideswith G,r =n—1,S={s,...,S-1}, thepositionof 5y is vandthetree
T of thesplitsis simply achainwith sy asthefirst endpointandanedgeconnect-
ing every pair of senerss, s+1 with i < n— 1. Then,thereexistsa Hamiltonian
pathin G startingat v if andonly if the chain T canbe embeddedn G with
maximumdistanceequalto one betweenevery pair of successie senersin T,
thatis if andonly if thereexistsa solutionof measureaqualto 1 for Min-SA. O

Notice that the abose negative resultholds evenif the tree of the splits T
is a chain. Sincethis casehaspracticalapplicationsand can be considerechs
a building block toward the solution of the generalproblem,in the following
we concentrat®ur attentionon efficient approximatioralgorithmsfor chainsof
splits.

Our algorithm Ao ¢ is basedon aninterestingresultconcerninghe embed-
ding of chainsin trees(see[2]). Namely a chainof h nodescanbe embedded
in ary treeof n > h nodesstartingat ary nodev and with maximumdilation
equalto 3, thatis in suchaway thatthedistancdn thetreebetweertwo adjacent
nodesin the chainis at most3. Suchan embeddinghasthe additionalproperty
that, while thefirst nodeof the chainis embeddedn v, if n = h thelastnodeis
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Figure2: Embeddingachainof senersin atreewith dilation at most3.

embeddedh aneighborof v in thetree.In thefollowing we provide a sketchof
sucha procedurgseeFigure?2).

Let G beary n-nodetreewith rootv andheighth, andlet u, uy, ..., uq bethe
childrenof v. If h= 1, wearedonesinceall thenodedn G areatdistanceatmost
equal2 the embeddings trivial. Otherwisewe proceednductively asfollows.
Placethefirst sener of the chainatv andthe secondsener atary child of uy (if
ary). This inducesan edgeof dilation 2. Next useinductionto placesenersin
eachnodeof the subtreeof G rootedat u;, makingsureto placethe lastnodeat
u; itself. By induction,theseedgescanhave dilation at most3.

Thenext seneris placedatary child of up (if any). Thisinducesanedgewith
dilation 3. Again we useinductionto placesenersin the subtreeof G rootedat
Uz, endingat up.

We continuein this fashionuntil only the subtreerootedat uq is left. We
first enterthis subtreeat child of uy (if any) andthenexit at uy, completingthe
embeddingf thechainof seners.

Sucha procedurecanbe performedn polynomialtime.

The algorithm Aq¢ ¢, given a weightedgraphG = (V,E) of n nodesy > 0,
asetS= {s,...,%-1} of h < n seners,the positionof 5 in G andatreeT
coincidingto thechainof thesenerssy, ..., 1, performsthe following steps.

1. Let V; CV bethe subsetof the verticesof G at distanceat mostr from
s andlet Gy betheweightedcompletegraphdefinedonV, in suchaway
thatfor every pair of nodesu,w € V; theedge{u,w} hasweightequalto
de(u,w).
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Figure 3: The stepsof Algorithm Aoff. A graphG andthe positionof s (left).
ThecompleteweightedgraphG; (center).TheminimumspanningreeT, (h) for
h = 5 andtheallocationof thesenerss;, ..., (right).

2. Usingthe Prim’s algorithm[3], determinethe minimum spanningreeT,
of Gy andlet T,(h) be the subtreeof T, inducedby the first h vertices
choserby thealgorithm(the positionof sy included).

3. Determinethe embeddingof thechainT in T, startingat the nodev con-
taining sy andignoringthe edgeweights,usingthe above mentionedem-
beddingprocedure.

4. Returnthedeterminecembeddingf T in G.

Lemmal Givenan instanceof Min-SA, let & be the maximumweight of an
edgein thetreeT; (h) determineddy Aot andlet m* bethevalueof an optimal
solutionfor theinstance Thend < m*.

Proof. Letusassumeby contradictionthatm®* < &. Thenby hypothesighere
existsasequencévy, ...,vh—1) of hdistinctnodesn G suchthatvy is thelocation
of sp andfor eachi, 0 <i < h— 1, thedistancebetween; andvi; in Gis strictly
lessthand.

Considerthefirst stepj of the Prim’s algorithmin which anarc of weightd
is chosenandlet v; bethefirst nodeof the sequencey,...,vy_1 not belonging
to T;(j — 1), thatis the subtreeinducedby the first j — 1 chosennodes.Then,
sincevi_1, Vi doesnotbelongto T, (j — 1), atstepj anedgeof weightd is chosen
insteadof one of weightstrictly lessthand: this clearly contradictsthe greedy
choiceof the Prim’s algorithm. O

As adirectconsequencehefollowing theoremholds.

Theorem 2 Aot¢ is a 3-approximationalgorithmfor Min-SA.
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Proof.

By thedefinitionof Ast¢, T is embeddedh T, with dilation 3, thatis in such
away thatfor every pair of adjacensenerss,s.+1in T,0<i < n—1,thereisa
pathof atmost3 edgesn T, betweerthepositionsof 5 ands..1. By theprevious
lemmaiit resultsdg(s,S+1) < 3-0 < 3-m*, hencethetheorem. O

For what concerndower boundson the achiezableapproximatiorratio, we
obsenethat,usingthe sameargumentf Theoreml, it is possibleto shav that
if P # NP nopolynomialtime a-approximatioralgorithmfor Min-SA existsfor
a < 2, asit would decidethe HamiltonianPath problemwith fixedinitial node.

5 Theon-lineproblem

In this sectionwe focuson on-linealgorithmsfor Min-SA. Namely ateachsplit
the allocationof the createdsener must be performedwithout knowledge of
thefuture splits. Again, we comparehevalueof the returnedsolutionswith the
minimumachiezableone,evenusingoff-line algorithms.

Sincethenumberof splitsis notknownin advancejt makessenseo consider
amoregeneralproblemin whichr is notfixed,but depend®n the bestpossible
allocationateachstep.Namely givenanew relaxationparameteb > 1 replacing
r in theinputinstanceof the problem,denotedasr; theminimumradiusfrom s
of anallocationof i seners(sy notincluded),a givensolutionis feasibleat the
i-th stepor splitif all theallocatedsenersareatdistanceat mostb-r; from sp.

Our algorithmAgp, is very simple,and consistsegardlesof b in placingat
eachstepthe new createdsener in the free nodeclosesto . Therefore every
seneratstepi is atdistanceat mostr; from s, andthusthe solutionreturnedoy
Aon is alwaysfeasible.

Thefollowing theoremis a directconsequencef thefactthatall theseners
allocatedby Ay, areat distanceat most2r; from sy atevery stepi.

Theorem 3 Ao is a 2rp-approximationalgorithmfor Min-SA.

Noticethat Ao, canbe simply generalizedo the casein which the topology
generatedyy the splits is a tree and not only a chain, without increasingthe
approximatiorratio.

Accordingto thefollowing theorem Agn is optimal.

Theorem 4 Min-SAdoesnotadmitany a-approximationonlinealgorithmwith
a < 2ry.

Proof. Forthesale of brevity we provetheclaimonly for b= 1.

Consideran unweightedchainwith anodd numberof nodesandthe sener
S initially locatedat nodein the middle of the chain.Any on-linealgorithmhas
to places; ands; in thetwo nodesadjacento s, s, andsz in thetwo nodesat
distance2 from sy, andsoforth. Theresultingembeddindhasdilation 2r,.
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Theabovetheoremholdsevenif we considerapproximatioralgorithmshav-
ing an exponentialrunning time. In somesense2r, canbe seenasthe error
factorthatmustbe paidfor our missingknowledgeof the future.

6 Conclusions

We studiedthe senersallocationproblemin a network of workstationsThis is
hasa direct applicationin the SDDS paradigmif we considerthe costof the
messageexchangedetweerthesitesin termsof time or lengthof the pathstra-
versedn thenetwork. All the previousSDDSproposaldave alwaysconsidered
simplified communicatiorcompleity assumptionsTherefore our work canbe
consideredhsafirst steptowardsthe analysisof morerealisticscenariosandthe
determinatiorof moreeffective solutions.

Two mainquestionsareleft open.Firstof all, we have thefilling of the2+3
gap betweenthe lower and the upperbound on the achiesable approximation
ratio in the offline case.The proof of theonlinea > 2rj, lower boundfor b > 1
requiresedgeweights.Thus,for suchvaluesof b a secondopenquestioncon-
cernsthe determinatiorof suitablelower boundson unweightedgraphs.
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