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ABSTRACT. In this paper we study the existence of solutions u € H*(RY) for
the problem —Au + a(z)u = |u|P~2u, where N > 2 and p is superlinear and
subcritical. The potential a(z) € L>(R”) is such that a(x) > ¢ > 0 but is not
assumed to have a limit at infinity. Considering different kinds of assumptions
on the geometry of a(z) we obtain two theorems stating the existence of positive
solutions. Furthermore, we prove that there are no nontrivial solutions, when
a direction exists along which the potential is increasing.

1. Introduction. In this paper we consider the problem

P) —Au+a(x)u = |[uP2u in RN,
u € HY(RY)
where N > 2, p > 2 and p < 2* := 13_1_\72 if N > 3. The potential a(x) is a function
such that
a € L®(RY), infa >0, (1)

but that is not required to have a limit at infinity.
Equations like (P), with

lim a(z) =ax >0, (2)

|z —+o0
have been extensively studied, see e.g. [1, 2, 3, 6, 7, 11, 13] and references therein.
The interest comes essentially from two reasons: the fact that such problems arise
naturally in various branches of Mathematical Physics and the lack of compactness,
challenging obstacle to the use of the variational methods in a standard way. Actu-
ally, (P) has a variational structure, its solutions correspond to the critical points
of the energy functional
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E(u) = /RN(|Vu|2 + a(z)u?)dx u € H'(RY)

constrained on the manifold

M_{ueﬂl(RN) : /RN|u|P_1},

but M is not weakly closed in the H*(RY) topology, so minimization and minimax
methods cannot be applied directly. It is well known that, when a(x) is spherically
symmetric (in particular when it is constant) the above difficulty can be overcome
thanks to the compactness of the embedding in L?(RY) of the subspace of H!(R")
consisting of radially symmetric functions. On the other hand, when a(z) does
not enjoy of symmetry and a., > 0 most of the proofs of the known existence
results rely on representation theorems for the Palais-Smale sequences of E on M,
see e.g. [6, 13]. Roughly speaking, those theorems show that the only obstacles
to the compactness are the solutions of the limit problem —Au + asu = |ulP~2u.
Furthermore, a uniqueness result for the positive solutions of the limit problem
allows to say that, in the positive cone, the levels in which the Palais-Smale condition
can fail are only a countable set.

When we drop (2), there is no more a limit problem and the compactness situa-
tion can be considerably different. For instance, if we suppose that, foralloc € SV—1,
lim, 1 a(po) exists and, setting a(o) := lim,—. 4 a(po), that a is a noncostant
continuous function, then it is not difficult to understand that, for any o, a non
compact (P-S) sequence for E|,, can be obtained by translating along a sequence of
points (Yn)n, |yn| — +0o0, the positive solution of —Au + a(o)u = |u|P~?u, normal-
ized in LP(R™). Hence it is clear that, in the positive cone too, the Palais-Smale
condition can fail in a continuous set. As far as we know, situations of the type
above described have not received much attention (we remark that a different prob-
lem where the Palais-Smale condition fails in a continuous set has been studied in
[10]). The results we present in this paper are contribution to the study of this
question.

The first theorem we state is a nonexistence result; we find, in fact, a large class
of functions a(z) for which (P) has no nontrivial solutions:

Theorem 1.1. Let a(x), satisfying (1), be such that % exists for some direction

o€ SN and % >0, % #0, g—g € L=¥(RY). Then, if u € HY(RY) solves (P),
u=0.

On the other hand, we have been able to describe two cases in which, under

suitable assumptions on a(x), the existence of positive solutions for (P) is ensured.
We consider first a simple situation in which (P) can be solved by minimization:

Theorem 1.2. Let a(x) satisfy (1). To any n € (0,liminf ;1 a(x)) there cor-
responds a (suitably large) radius p, > 0 such that if

sup a(z) < liminf a(z) —n for some x, € RY, (3)
B(2n,pn) |z[—+o0
then problem (P) has at least a positive solution.

The assumption of the above theorem can appear quite technical, but its mean-
ing can be easily expressed saying that what is enough to prove the existence of
a minimum of Ejy; is that the potential a(x) is smaller than its liminf at infinity
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in a suitably large ball. When this is true, indeed, testing the functional E with
the function w that realizes the value m := min { [px (|Vul> + lu?)dz : uwe M},
where [ := liminf ;. a(z), it is possible to show that the infimum of F),, is
smaller than m. Then a compactness argument in the spirit of the Concentration-
Compactness principle (but not straightly descending from it, because there is not
a limit problem at infinity) allows to conclude that the infimum is achieved. The
situation of the above theorem is similar, in some sense, to that considered in [11]
(see also [9] and references therein) for singularly perturbed Schrédinger equations
of the type —e?Au + a(x)u = f(u). Actually, it is not difficult to see, by a suitable
scaling, that the condition liminf |, o a(x) > inf|;cg~ a(z), there used to obtain
solutions for small €, imply, when f(u) = |u[P~2u, the fulfillment of the condition
we impose in Theorem 1.2 to solve (P). Moreover, with respect to these papers,
we stress the fact that, as mentioned before, our method to approach the prob-
lem is direct and needs neither any modification of the energy functional neither
approximation techniques.

The main part of the paper is devoted to consider a more complicated topological
case, in which (P) cannot be solved by minimization. The existence result we obtain
is contained in the following Theorem 1.3:

Theorem 1.3. Let a(z) satisfy (1) and the following assumptions
(Hy) limp 400 a(per) = lim, 4o a(—per1) := O, where e; = (1,0,...,0),
(Hz) limsup, ., a(po) —©, aso —e andas 0 — —er,
(H3) a(zy,...,2i...,2N5) = a(z1,...,—4...,2n) Vi € {2,...,N}, Vo € RV,
(Hy) i) a(z) >0O, i) |a—0|p=@y) < (21727 -1)0,

then problem (P) has at least a positive solution.

In addition, next Proposition 1 states explicitely the non existence, in the same
situation, of a minimum of F, either on M, either on its submanifold consisting of
the functions satisfying the symmetry condition (Hs):

Proposition 1. Let a(x) satisfy (1) and (Hy), (Hz2), (H4)(i) and a(x) # O. Set

Mi={uveM : uw(xy,...,zi,...,¢eN) = u(T1,...,— T4, ..., TN),
i=2,...,N, z e RV}, (4)
Then
inf F = inf E = min RN(|Vu|2+@u2)d:c:m, (5)

and the infima are not attained.

It is worth observing that, in spite of the symmetry assumption (Hs), the loss of
compactness in the situation considered in Theorem 1.3 is severe, as Proposition 1
shows. Thus, facing (P) by variational methods, a critical level has to be searched
above the infimum level of E'on M. As a consequence, the first basic step is a careful
analysis of the compactness in order to locate some energy interval in which the
Palais-Smale condition holds. Then, a not trivial application of a linking theorem,
involving also the use of a suitable barycenter map, allows to prove the existence of
a solution and an estimate of its energy permits to conclude that it is positive.

Moreover, some remark about the assumptions of the above Theorem 1.3 is in
order. First of all, we observe that, clearly, in (H;) the unitary vector e; can be
replaced by any other unitary vector, changing in accord to this (Hz) and (Hz3) too.
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But, mainly, we want point out that the assumption (Hy)ii) has been set because it
is easy to verify, but it imply a smallness condition on the range of a(x) that is not
necessary. Indeed, the oscillation of a(x) can be arbitrarily large in RY | because to
prove our result it is enough that a(z) is suitably flat in a suitable cylinder around
the zq-axis: (Hy)it) can be replaced by the weaker, but more technical, following

condition
2 (27*P—2""m,
a) |W|L2(1RN\CR) < [a=8 o @ny ’

b) la = B|p=(cp) < (2727 —271)0

(H))ii) 3R >0 st

where Cr = {(xl,xg, cooan) ERN le\iz 2?2 < R2} and w is the function real-
izing m.
In the proof of Theorem 1.3, in section 4, this fact will be clearly shown.

At last, completing the above results, we state a regularity result for the solutions
of (P). We do not know whether a more general regularity theorem, including our
cases, is available in the literature, but, since we have not been able to find a fitting
reference and an estimate of the asymptotic behavior of the solutions of (P) is
necessary to prove Theorem 1.1, we include a proof of it.

Theorem 1.4. Let a(x) satisfy (1) and let u be a solution of (P). Then ¢, € R,
c>0, 6 >0, exist so that

lu(z)| < ¢ el vz € RY, (6)
|Vu| € LYRY), Vg>1, and | |1im |Vu| = 0. (7)
x| ——+o0

The paper is organized as follows: in section 2, after introducing notations and
recalling some useful fact, the proof of the nonexistence Theorem 1.1 is given; section
3 contains the proof of Theorem 1.2, while Theorem 1.3 and Proposition 1 are proven
in section 4; section 5 is devoted to the study of the regularity of the solutions of

(P).

2. Useful facts and proof of the nonexistence result. In what follows we set

liminf a(x) =1 (8)

|| —+o0
and we use the following notations:
e H'(RY) denotes the closure of C5°(R") with respect to the norm

Jul = [ [ v+ nﬁ)dx} - (9)

Moreover, considering in C5°(RY) the norm

oo = [ [ 90 +ateptyas] (10

we observe that by (1) it is equivalent to (9). So, if we take the closure of
Cs°(RY) with respect to the norm ||ul|, instead of |lu|, we obtain the same
(topological) space H!(RY).

e LP(RN), 1 < p < 400, denotes the Lebesgue space; the norm in LP(RY) is
denoted by | - |,.

e B(z,7) denotes the open ball, of RY having radius r and centered at z.
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The following proposition is obtained collecting some well known results (see e.g.
[6])

Proposition 2. The infimum

m = inf{/RN(|Vu|2 +lu)dr : ue M} (11)

is attained by a positive function w that is unique, modulo translations, radially
symmetric and verifies

lim |[Diw(z)|lz] "> eV =d; >0, d; €R, j=0,1. (12)

|| =00

Moreover, for any other critical point v of ||-||? constrained on M the relation
lol > 21=%/Pm (13)

holds.

Proof of Theorem 1.1. Without any loss of generality, in what follows we can as-
sume o = ej.
Let u be a solution of (P): by Theorem 1.4 v is a smooth function exponentially
decaying at infinity, 66—;1 € LYRY), Vg > 1, and ;—I“l — 0, for |z| — +o0.
Considering (6) and (7), we get from (P)
da(x)
oxy

in weak sense, from which we deduce

/ VuVumld:c—l—/ Mzﬁdz—l—/ a(x)ugz, udr = (p—l)/ |u|P~ 20y, dz.
RN R RN RN

—Aug, + u+ a(x)ug, = (p— 1)|uP?u,,,

N (9.%‘1
(14)
On the other hand, multiplying (P) by u,, we have
/ VuVuy, dr +/ a(T)u g, = / |ulP % g, da
RN RN RN
that, inserted in (14) brings to
0 -2 Oul?
Muzdx =(p-— 2)/ |u|P~ 20 u,, do = p_/ ﬂdgc
gy Oz1 RN p ry 011
but, because of the exponential decay of u, [ a(ry;\lp dx = 0, so we obtain [,y agif)
u?dx = 0. Taking into account that, by the Hopf’s Lemma, if u # 0, the Lebesgue
measure |[{z € RY : w(z) =0} =0 and that 0 # ag—x) > 0, we infer u = 0. O

3. Proof of Theorem 1.2. In what follows we set

Mg :uléljf\;j E(u).

Proof of Theorem 1.2. Let us consider any n € (0,1). By (12), we can choose a
radius p,, > 0 so that

/ (|Vw|? + lw?)dz —|—/ (|Vw|? + |a]eow?)dz < m + 77/ w?dz.
B(0,py) RN\B(0,pn) B(0,pn)
(15)
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Then, since (3) holds true, we deduce

Blow—a) = [ (Volo =) +alo)wle - 2,))do

IN

[ Ve a1 el - o) ds
B(mTHT”I)

wa—x,,Q aloo(W(T — a2y 2dx
+/RN\B(W)<| (& — )| + [aloo (w0 — 2))?)

/ (|Vw|2+lw2)dx—n/ widx
B(0,ry) B(0,ry)

+/ (|Vw|? + |a|oow?)dz
RN\B(0,y)

< m. (16)

Hence
mg < m. (17)

To show that m, is attained, considering a minimizing sequence (u,,), in M, i.e.

a) u, € HY(RY), |uulp, =1 (18)
b) E(un) =mg+o(1),

we must show that u,, is relatively compact. By the Ekeland’s variational principle
we can assume VE|, (u,) = o(1), that is

/ ((Vun,Vw)—l—a(;E)unw)dac—un/ [t [P 2upw dz = o(1)|w|  Yw € H'(RY),
RN RN

(19)
for suitable u, € R.

Since infgn a > 0, E(uy) > k- ||usl/?, & > 0 constant, so (18)(b) implies that
(tn)n is bounded in HY(RY). As a consequence, ug € H'(RY) exists so that, up
to a subsequence,

a)  up — ug weakly in H'(RY) and in LP(RY), 2 <p < 2*
b) un(z) —uo(r) ae. in RY (20)
¢)  Up — U in LY (RY).

Moreover, setting w = u,, in (19) we get

me +o(1) = / (|Vun > + a(z)u?)de = ju,. (21)
RN
(19), (20), (21) imply, then, ug is a weak solution of

—Au+ a(z)u = mg|ulP"*u in RY,
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hence, if we show |ug|, = 1 we are done. We exclude, first, that up = 0. In this
case, in fact, denoting by a(x) := 0 A (a(z) — 1),

E(u,) = /}RN(|Vun|2 + a(x)ui)d:z:

/}RN(WuM2 +lui)d:c+/ (a(z) — Dulde

RN

> m—|—/ a(r)uide
RN

m—|—/ a(z)u? d +/ afx)u? de (22)
B(0,p) RN\B(0,p)

p > 0. So, using (20)(c), (2) and (17), we obtain
mq +0(1) = E(uy) > m+o(1) > mg + o(1)

that is impossible.

Now, assume 0 < |ug|, < 1 and set v, = u,, — ug. Because of (20) we have that
(vn)n converges weakly to 0 in H*(RY), in LP(RY), 2 < p < 2%, converges a.e. to
0 in RY and converges to 0 in L (RY). Moreover, by the Brezis-Lieb lemma ([5])

loc

lnlp = lunlp — luolp +0(1) =1 = [uol} + o(1). (23)
Then, we deduce
E(un,) = FE(ug+wvy)
= E(uo)+ E(v,) +2 /RN [(Vuo - Vo) + a(z)ugvy,]dz

> ma|u0|127 + m|vn|127 +o(1)

= (m—ma)lvnly +ma(lvaly + uol3) + o(1)

> (= fuolf)” + (fuol)*] ma +o(1)

> mg +o(1).
Thus, again, we get a contradiction with HEIEOO E(uy) = mg and we can conclude
that ug is a minimizer for £ on M.

Let us see, at last, that a minimizing function v must have constant sign. Indeed,
if u changes sign, then

E(u) = E(u¥)+E(u™) = mo(lut )+ |u™[5) = ma[(ju [5)*/P+ (1= [u™ [1)*/7] > m,.
Hence a minimizer, by the strong maximum principle, provides a positive solution

of (P). O

4. Proof of Proposition 1 and Theorem 1.3. First of all let us remark that
the assumptions (H;) and (Hy)(¢) imply

l= ‘li‘m inf a(z) =© (24)
x| ——+o0
moreover, let us set
L = limsup a(x) (25)
|| =00

and
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N, = inf E(u).
e = inf (u)

We start with the

Proof of Proposition 1. The relation m, > m, > m follows straightly from the
definitions of mg, m, and (Hy)(i). In order to prove the reverse inequality, first we

observe that, by (Hs), a sequence (p,, ), exists so that p, € RT\ {0}, p, — +o0

and

1
sup Ja(z) — O] < o (26)

B(pnei,n)

Thus, setting u,(x) = w(z — pye1), clearly u, (z) € Ms, so it is enough to show that

hr—? E(uy) = hr—? E(w(x — ppe1)) =m. (27)
Indeed
E(u,) = / ([Vw(z — pn61)|2 + a(x)wQ(x — pne1))dx
B(pnei,n)

—|—/ ([Vw(x — pper)|? + a(z)w?(x — pper))d.
RN\B(pne1,n)
Now, using (1) and (12), we deduce
/ (|Vw(z — pner)|? + a(z)w?(z — prer))dz = o(1).
RN\B(Pnelx")
On the other hand, by (26)

2 2 _
/B (Valepue) P ale)e o puey i = /B (

pne1,n)

(|Vw(z)[>+6 w?(x))dz4o(1).
0,n)
Hence (27) follows and, in turn, m = mg = mg.

Finally, assume by contradiction that 4 € M exists so that E(@) = m. Then, in
view of Proposition 2, (H4)(7), (24) and a(z) # O, we would deduce

m < ||a||* < E(a) =m
a contradiction. O

To prove Theorem 1.3, in view of the symmetry assumption (Hs), we restrict our
attention to the submanifold My and we look for critical points of F constrained
on M. Then, the Palais principle of symmetric criticality guarantees that these
critical points are also critical points of E constrained on M and, hence, provide
solutions of (P).

The first step for proving Theorem 1.3 is, of course, a location of an energy
interval in which some compactness is preserved. To this end, we prove the following

Proposition 3. The functional E constrained on M, satisfies the Palais-Smale
condition in the interval (m,2'=2/Pm).
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Proof. Let (un)n be a sequence such that
a) Junlp =1, up(T1,.. oy ooy 2N) = Un(T1,. ooy =Ty ..y 2N) 1=2,..., N

b) liIJIrl E(uy) = c € (m,2'=%/Pm)

c) o)[w| =(VE,, (un),w))
= f]RN ((Vup, V) + a(z)uyw)de — py, fRN [t [P~ 2upw da
vw € HY(RY) and for suitable u, € R.
(28)

To prove the proposition we must show that (uy,), is relatively compact.
Firstly, let us observe that, since infgx a > 0, (28)(b) implies ||u,| bounded in
H'(RY). Hence, there exists ug € H*(R") such that, up to a subsequence,

a)  u, — ug in HY(RY) and LP(RY), 2 <p < 2*
b) un(r) —uo(z) ae. in RY (29)
€)  up—up in LI (RN).

Clearly, we are done if we show that u, — ug in H'(RY). We carry out the proof
of this fact in two steps: Step 1: if ug # 0 then wu,, — ug strongly in H'(RY).
Step 2: ug #Z 0.

Step 1. Let us suppose ug # 0. Setting w = u,, in (28)(c) and considering (28)(b),
we obtain

cto(t) = [ (VunP + a(eyi)de =pn [ P + (1) fun
RN RN

from which, in view of (28)(a),

lim p, =c (30)

n—-+4oo

follows and then that wug is a weak nontrivial solution of
— Aug + a(z)ug = cluoPug in RY. (31)
Using the above relation together with (24) and (11) we deduce

mluoly < [luoll* < cluol}

SO )
m\ p—2

|uolp > (;) : (32)

Let us, now, argue by contradiction and let us assume that u,, —ug strongly

in HY(RY). We remark that, by the equivalence of || - || and || - ||, not only

||wn|l —# lluol|, but also ||unlla —~ ||uolla- Setting v, = w, — ug, obviously |v,]
—# 0, so there exists k1 > 0 such that, up to a subsequence, ||v,|| > k1 > 0Vn € N.
Moreover, a direct computation shows

[vall® = llunl® = [luoll* + o(1) (33)
and the Brezis-Lieb lemma [5] yields
[onlp = lunly = luolp + o(1). (34)
On the other hand (28)(c) combined with (30), and (31) give, respectively,
lunlls = clunl +o(1),

luollZ = cluol?,
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hence, using (34), we deduce
1
[onlf = < (lunlle = lluolls) +o(1) = k2 >0 ks € R. (35)

Since (35) holds, setting

§ = lim sup sup/ |V, [P
n—+oo yeR .J B(y,1)

we can apply Lemma 1.21 of [13] and conclude § > 0. Thus, we may assume the

existence of y, € RV, n € N, such that

1)
- < / |vp (2)|Pda = / |vn (2 4 yn)|Pdax. (36)
2 JB@a.n) B(0,1)

P (RN). Defining 0,(z) :=
vn (T + yn), and considering that @, is bounded in H'(RY), the existence follows
of vo € H'(RY) such that v, — vy in H*(RY). Furthermore vy # 0 because (36),
together with the Rellich theorem, implies | B(0,1) |vg|? > 6/2. We claim now that

n — oo n — oo .
Moreover, |y,| "— +oo, because v, — 0 in L?

m

ol > ()7 37)

c

Indeed, once proven (37), it is easy to get a contradiction, because, using (32) and
(37), we obtain

E(un) > lunll® = [uoll® + [lvall? + o(1)
> luol® + flvoll* + o(1)
> m(luol} + [vol2) + o(1)
_2
> 2m (2)77 +o(1)
C

and, letting n — 400, we have
2

c= lim E(u,)>2m (@)ﬁ

n—-+o0o C
that is ¢ > 2'=2/Pm, contradicting (28)(b).
To prove (37), let us first show that A € [©, L] exists, so that
lim a(x + Yn ) Un (T + yn)vo(x)dx = /\/ v3 (x)dz. (38)

n—-4o0o RN RN

To this end, taking into account u, (2 +yn) = 9 (2) +uo(x+y,) and |y, | "— +oo,
we observe that

lim (Vun(x + yn), Voo(z))dx

n—-+4oo RN

/ |Vg|?d, (39)
RN

/ |vo|Pdax. (40)
RN

lim [t (2 4 1) [P~ 2 (2 + )00 () d2z
RN

n—-+4oo

Then, from (28)(c) we infer

/ (Vuy(z + yn), Voo(z))dz + / a(x + yp)un(x + ypn)vo(x)dz
RN RN

= un/ [tn (2 + yn) [P~ (2 + yn)vo(z)dz + o(1) [[vo. (41)
RN
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Thus, considering (30), (39) and (40), we deduce from (41) that the limit on the
left hand side of (38) exists and then (38) comes as a consequence of

© va(x)dx + o(1) < / a(x + Yn)tn (2 + yn)vo(x)de < L/ v (z)dx + o(1).
RN RN RN
Lastly, passing to the limit in (41) and using (38), (39), (40) and (30), we get

l|vol? < / ([Vvol? + \d)dx = c/ |vg|Pdx
RN RN
that, together with [vgl|* > m|vo|2, gives (37) and ends the proof of step 1.

Step 2. We argue by contradiction, so we assume ug = 0. Obviously ||u,| —~0
and |uy|p, —~ 0, hence we can repeat the argument developed in the previous step
for the sequence (vy,), to conclude that a sequence (2, )y, T, € RY, |z,| "—5° 400,
and a function v; € HY(RY), vy # 0 exist so that

a) up(z+x,) —wvi(z) in HY(RY) and in LP(RY), 2<p<2*
b) un(z+x,) —vi(z) ae in RY (42)
¢) up(z+x,) —vi(z) in LY (RV).

We remark also that, by (28)(c), Vw € H'(RY)

/ (Vup(z + ), Vw(x))dz +/ a(x + p)un(x + xzp)w(x)de
RN RN

= o | Jial+ 2 Funl + a)ula)de + o) ] (43)
RN

with lim,, . 40 ttn, = ¢, holds.
Setting

In Pp—
EIR
we can suppose that, up to a subsequence,
Yn = ye RY lyl = 1.
We distinguish the cases ¥ = +e; from the cases § # +e;.
Let § be equal to either e; or —e;. Then, by (Hs)

lim a(x + xp)up(z + zp)w(z)de = @/ vi(x)w(x) de

n—-4o0o RN RN

Vw € HY(RY), so from (43) we deduce that v; is a weak nontrivial solution of

— Av; + 0Ovy = cvi|P % (44)
and
mlvify < [lvi]l* = clot [} (45)
Then we claim
Un (T + ) —vi(x)  strongly in H'(RY). (46)

Otherwise, in fact, we would have also u,(z + x,) — v1(x) strongly in LP(RY),
and, then, |v1|, = 1. So, from (44), we would infer ||v1]|> = ¢ and that v; is a
critical point of ||u||? constrained on M, hence, by Proposition 2, either ||v1]|> = m
or |[v1]|? > 2'72/Pm, a contradiction.

Set now wy, () = un (v + x,) — v1(x), by (46) w, — 0 strongly in H'(RY), so
a constant ks > 0 exists so that, up to a subsequence, |Jw,| > k3 > 0, Vn € N. By
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a direct computation and by an application of the Brezis-Lieb lemma, we obtain,
respectively,

[wnl® = l[uall® = l[or]* + o(1), (47)
[walp = lunly = [o1]} 4 o(1). (48)
Thus, using (28)(c)
1
lunlh = — (|Vun|? 4+ a(x)u?)dz + o(1)
Hn JRN

1
> —|lun]® +o(1)
fin

1 2
= Zunl?+o0(1
from which, in view of (48), (45) and (46), we have

1
(Junll® = lv1)?) +o(1) > ks >0 k4 €R.

|wn|£ > P

Again we can repeat the argument applied to (vy,), in step 1 and get a sequence
of points (t,)n, t, € RV, and a nonzero function wy € H'(R"Y) such that |t, —
x| " 400 and

wn (x4 t,) "= wo(z)  weakly in H'(RY) and in LP(RY) 2 < p< 2~

Furthermore, the same argument used to prove (37) applies in this case, allowing
to obtain

1
my s
> |— .
lwolp = ( - ) (49)
Lastly (47), (11), (45) and (49) give
B(up) > lunl?® = [Jwnl® + 1] + o(1)
> m(jwn 2+ [v1]2) + o(1)
> m(jwoly + [v1[3) + o(1)
2
A=
> =
> 2m ()7 +o(1)

and, letting n — +o0, ¢ > 2! 72/Pm, contradicting (28)(b).
Finally, consider § # =+e;. Since u, € Mg, VYn € N, and, then, satisfies the
symmetry property in (28)(a), clearly w,, besides (42), satisfies
a) up(z+&,) —wvi(z) in HY(RY) and in LP(RY), 2<p<2*
b) un(z+3,) —vi(z) ae in RY
¢) up(x+2,) —vi(x) in L (RY),
with &, = (Tn,1, —Tn2, ..., —Tn,N)-
As a consequence, u, (z+z,) —/ vi(z) strongly in H'(RY) and, setting 2, () :=
un(x + x,) — v1(x) and considering z, (z + &, — =), again we have
a) zn(r+ &p —xn) —~vi(z)  in HY(RY) and in LP(RY), 2<p<2*
b) zp(r+ &, —3,) — v1(x)  ae in RV
¢) zp(r+ &, —x,) —vr(x)  in LY (RY).

loc
Arguing as for proving (37) it is also easy to verify that

m\ p—2
oily > (=)
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and, then, we deduce again

Eup) 2 lunl® = 2al? + [loa]* + o(1)
> m(uil; + i) +o(1)
_2
> 2m (ﬂ) " 4o(1)
C

that, letting n — 400, brings to the relation ¢ > 2'=2/Pm, that contradicts

(28)(b). O
Let us, now, recall the following definition of a barycenter type map
B: My — RN
given in [8]. For all u € M; set
1
ia) = = [ Jul)ldy Vo eRY,

|B(2,1)| /51
|B(z,1)| denoting the Lebesgue measure of B(x,1), consider
(@) = o) - Smea()] ve R
w(z) = |a(z) — = max u(z x
2 RN

and define )

Blu) = A—p/ x(u(x))Pd.
alp Jrw
We denote by 31 the projection of 3 on the direction e, that is
Pr(u) = (B(u),e1)

and we remark that, by (4), 81(u) is the only nonzero component of 3. Moreover
it is not difficult to verify that 81 : My — R is well defined and continuous.
Let us set
B=inf{E(u) : ue M,, £1(u)=0}.

In the following three lemmas we assume a(x) £ ©.

Lemma 4.1. Let the assumptions of Theorem 1.3 be satisfied, then
B > m. (50)

Proof. By (5), B > m. To prove (50) we argue by contradiction and we assume
that a sequence (u,), exists so that

Uy, € Ms, ﬁl(un) =0
and
m= lim F(u,) = lim ([Vun|* + a(z)u?)dz. (51)

n—-+o0o n—-+o0o RN n
Since a(z) > O,
m < a2 < E(un) = m + o(1)
then, by the uniqueness of the family of the functions realizing (11),
un () = w(x — x,) + dn(x)
where 2, € RN, ¢, € HYRY), lim,,— 00 ¢n(z) = 0 in HY(RY) and (), is
unbounded, because, by Proposition 1, m is not achieved. We can also assume
2, = Tne1, where 7, € R and 7, "—° +00. By making a translation, we can then

write
Un (2 + Ther) = w(x) + dn(x + Ther).
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Now, let us compute (31 of both the terms: we have
B1(un(z + 1her)) = —7n
and, by the continuity of the barycenter,
Pr(w(x) + ¢n(z + Tme1)) = Br(w(x)) +o(1) = o(1).
Since T, — +00, we get a contradiction and (50) follows. O
Let us define the operator ® : R — M, by
Q1] = w(- — Teq).

Clearly @ is continuous and

Bro@[r] =T (52)

Lemma 4.2. Let the assumptions of Theorem 1.3 be satisfied, then o > 0, a € R
exists so that

max{FE(®[a]), E(®[—a])} < B (53)
and
max{E(®[7]) : 7€ [~a,a]} <27Pm, (54)
Proof. Arguing as for proving (27) it is not difficult to verify that
lim E(®[r]) = m.

T—+00

So, in view of (50), (53) follows.
On the other hand

E(®[7]) <m+|a— ®|Oo/ wdz,
RN

hence, the assumption (Hy)(it) yields
mﬂng([@[T]) < 2i72/rpy (55)
and, then, (54). O

Lemma 4.3. Let the assumptions of Theorem 1.3 be satisfied, with (H})ii) instead
of (Ha4)ii). Then the same claim of Lemma 4.2 follows.

Proof. Clearly, the proof of the relation (53) does not depend on the assumption
(Hy)it), so we must only show that (54) is still true. Indeed, we have for all R

E@[r]) = m+ / (a(z) — ©)w?(x — Teq)dx + / (a(z) — O)w?(x — Tey)dx
RN\Cr Cr
< m+la—O[pemn\cp) |w|%2(RN\CR) +la = Olp=(cp) |w|i2(cR);
hence, the assumption (H})(i7) yields (55) and, then (54). O

In what follows we set, Vc € R,

E°={ue My : E(u) <c}.
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Proof of Theorem 1.3. First of all, we observe that the case a(z) = © is treated in
Proposition 2. So we assume a(z) Z ©. In order to prove the claim we want apply
the Linking Theorem (see e.g. Theorem 8.22 in [1]). We consider

Y=90(-a,a]) and A={ue M, : Bi(u) =0}.
Clearly, by (52), 0¥ NA = (. Thus, to prove that 93 and A link, we must show
that
h(E)NA#D VheH (56)
where
H={heC(x,M,) : h,, =Id}.
Given such a map h, we define

Th:[—a,a] =R, Tp(1)=pP1rohod(r).

75, is a continuous map and, since (o) € 9%, Tj(a) = @, Tp(—a) = —a. As a
consequence, there exists 7 € [—a, a] such that 75 (7) = 0 and this means h(®(7)) €
A, that is h(X) N A # 0. Note, also, that (53) reads as maxgy £ < infy E. Let us
define
c¢:= inf max FE(ho®[r]).
heH T€[—a,a]

Taking h = Id and using (54) we obtain ¢ < 2'72/Pm and, on the other hand,
(56) yields ¢ > B > m. Since the Palais-Smale condition holds in (m,2'~2/Pm) we
conclude that ¢ is a critical value of ®.

To complete the proof, we show that if w is a critical point of E at the level ¢, u
has constant sign, and then by the maximum principle v > 0.

Arguing by contradiction, let v = ut —u~, with u™ # 0 and v~ # 0. Since u
solves

—Au + a(z)u = clulPu
we have E(u*) = c[u®[. On the other hand E(u®) > [[u®[|* > m|u®[2. Thus
o (2
rZ\ 7 ,
from which we deduce

¢=E(u) = B(uw*) + E@) = [t + P = m(u* 2+ fu=[2) = 2m (=)

that implies ¢ > 21_2/pm, a contradiction. O
Remark 1. The above proof makes clear that the assumption (Hy)ii) can be

replaced by (H})ii), and that, moreover, also (Hz) can be replaced by the slightly
weaker condition

Ve,r >0 T >0, <0 such that
|a(9c) — @lLoo(B(t%»elyrr)) <€ and |a(:v) — @lLoo(B(tfelyr)) < €.
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5. Proof of Theorem 1.4. The proof is carried out in two steps: first, we show
that

u(z) — 0, as |z| — 4oo, (57)
then, we prove the exponential decay and the sommability of the derivatives.

Step 1. Writing the equation in (P) as
—Au+u = |ulP2u+ (1 —a(z))u
we see that
U = U1 + us

where u; and us weakly solve, respectively

—Aup+up = (1—a(x)u (58)
—Aug +uy = |ulP?u. (59)
Let us consider, first, the case N > 3. Being 2 < p < 2%, we set p = 2]]\?_72", with

o € (0,4). Moreover, we use the notation pg := 2*. Since u € L2(RY) N Lro(RY),
by a classical regularity result (see e.g. Proposition 4.3 [12]), we have

up € W2HRYN)n WP (RY) (60)

uy € W2a(RY) Q= YTJ1<P0- (61)

If 2pg > 2¢q; > N, then the Sobolev embedding theorem gives uy, us € L>(RY) and

(Uil oo @By < CllUillypzn @Bomy), (=12, >0, (62)
where ¢ is a constant independent of the domain. Letting r — +oo in (62), we
deduce lim;|— 4o u;i(z) = 0 and then (57).

Assume, now, 2¢q; < N. We use a bootstrapping procedure to gain in smoothness.
By the Sobolev embedding theorem, from (61) and (60) we obtain, respectively,

2N .
p1 (N _ | 25 po) if 2¢1 < N
up € L7 (RT)  where pl_{p1>po so that 2%>N if 21 = N
Npo if 2py < N
L2 ]RN N L5 RN h _ N—2p (> pl) 1L 2po
w € LIRY) (RT) where s1=q 727 if 2pg > N.
Hence, by interpolation,
u € L*(RN) n L (RY). (63)
Now, using (63), we get from the regularity theory applied to (58) and (59),
up € W2ERN) nW2P (RY) (64)
uy € W22 (RY)  where ¢y = I% > q1. (65)

Clearly p; > g2 so, if 2¢2 > N, we are done, because we can get (62), and then
(57), using the Sobolev embedding theorem. If 2go < N, arguing as in the previous
step, and setting p = p — 1, we have

2N ,
P2(RN _ ] meame ) if 2go < N
us € L”*(R™) where p; { p2 >p1 sothat 22 >N if 2¢3 =N
M (>p2) i 2p <N
€ L*(RY)n L**(RY h - N—_2p; \~ P2 1
U ( ) ( ) where Sz So > P2 if 2po > N.

So u € L*(RN) N Lr2(RN).
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Iterating the procedure, we find numbers ¢ and py such that gr > gx—1, px >
Pk-1, Qk41 = 5 (hence py > gx11) and
u € L*RY)nLP+(RY)
up € W22RYN)nwee(RY)
uy € W2aH(RY),

Ngw 2N
N-2¢g (N-2)—(1+4p+...+9" Yo
2N N -2
(N-2)—(1+p+...47" Yo N+2-0’
In particular (66) implies
sign(N — 2qx) = sign[(N —2) = (1 +5+... +7" o]
from which, considering 7 > 1, we deduce that for some k, N — 2q;; < 0. This allows
us to conclude that (62), and then (57), holds. The case N = 2 can be treated in a
similar way, by using the embedding W12(RY) — LI(RY), for all ¢ > 2.
Step 2. We argue on the positive part, u™, of u. The argument for u~ is analo-

gous.
The function u™* solves

—Au+ fu=uwr~t - (a(x) - %)u in QF
u € HHOT)

where QF = {z € RY : u(z) > 0}. If QT is bounded the claim is trivial. So we

P = (66)

qk+1

(67)

suppose Q7 unbounded. By step 1, u™ 0, hence a number 7 > 0 exists

so that
l
(a(x) - §)u+ — @Mt >0 VeeQtn{zeRY :|z| >7}.

Let us denote by v(x) the fundamental, radial solution of

—Av+Lv=0 in{zeRN:|z|>T}, (68)
0(T) = max|,—u’.
It is well known (see e.g. [4]) that
~y(r)|r] Nt Vg Irizdee cg > 0. (69)

(67) and (68) imply that w(x) := v(z) — uT(x) solves
+

~dwt fw = (ale) ~ D)t - @ty 0t e RY ol > 7).

2
Then, by the weak maximum principle,
inf w > inf w >0
QtN{zeRN:|z|>T} QT N{zeRN:|z|>T})
that is

0<u'(z) <~(x) when |z|>r,
that together with (69) gives (6).
Finally, let us observe that u solves weakly

—Av+Lv=Ff
v e HY(RY)
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where f(x) = [u[P72u+ (L —a(z))u and that f € LY(RY), for all ¢ € [1,+0c), hence
by classical regularity results u € W24(RY) for all q € [1, +00), giving (7). O
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