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Problema 1: svluppo in serie dell'equazione di Keplero.

(» Equazione di Keplero: M = E - e sin(E)
e eccentricita’'
E anomalia eccentrica
M anomalia media =*)

? Series

Series[f, {x, xo, n}] generates a power series expansion for f about the point x = x, to order (x — xy)".
Series[f, {x, xo, n:}, {, yo, m,}, ...] successively finds series expansions with respect to x, then y, etc. >

s = Series[Sin[x], {x, 0, 3}]
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%3
X4
x? - —+0[x]°>
s = Series[Sin[x], {x, 0, 30}]

0]
n

Series[Sin[x], {x, 0., 30}]
s = Series[Sin[x], {x, 0.5, 10}]

0.479426 +0.877583 (x-0.5) -0.239713 (x-0.5)2-

0.146264 (x-0.5)3+0.0199761 (x-0.5)%+0.00731319 (x-0.5)° -
0.000665869 (x-0.5)°-0.000174124 (x-0.5)7+0.0000118905 (x-0.5)%+
2.41838x107° (x-0.5)°-1.32117x1077 (x-0.5)%+0[x-0.5]%

Normal[s]
Expand[Normal[s]]

-1.09619%x10 " +1.x-2.42073x10°%%-0.166667x>-5.84144x10%%x*+0.0083335x%" -
3.29916x 1077 x%-0.000197938x7 -4.7852x107 x%+3.07897x10°%%x°-1.32117x10"7 x*°

s = Series[Sin[x], {x, 1/2, 30}]
N[s]

(x+0.)-0.166667 (x+0.)>+0.00833333 (x+0.)>-0.000198413 (x+0.)" +
2.75573x107° (x+0.)°-2.50521%x10"°% (x+0.)1+1.6059%x107*% (x+0.)%3-
7.64716x107% (x+0.)1°+2.81146x107*° (x+0.)" -8.22064%x107*% (x+0.)+
1.95729%x10°2% (x+0.)%1-3.86817x10%% (x+0.)2>+6.44695%x1072% (x+0.)2?>-
9.18369x107%° (x+0.)27+1.131x1073 (x+0.)?° +0[x+0.]3*

N[Expand[Normal [Series[Sin[x], {x, 0., 30}]11]

0.+x-0.166667x>+0.00833333%x>-0.000198413 x" +
2.75573x107% %% -2.50521 x10 8 x +1.6059%x10 10 %13 -7.64716 x 10713 x5+
2.81146x 10715 x'7 - 8.22064 x107 8 x1? +1.95729 x 10720 %21 -
3.86817x10723%x%%+6.44695%x1072%x%°-9.18369x102°x%7 +1.131x103! x?°

?N

N[expr] gives the numerical value of expr.

N[expr, n] attempts to give a result with n-digit precision. >

Pi

Tt
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N[Pi, 1000]

3.1415926535897932384626433832795028841971693993751058209749445923078164062862089-.
98628034825342117067982148086513282306647093844609550582231725359408128481117450-
28410270193852110555964462294895493038196442881097566593344612847564823378678316-
52712019091456485669234603486104543266482133936072602491412737245870066063155881-~
74881520920962829254091715364367892590360011330530548820466521384146951941511609-
43305727036575959195309218611738193261179310511854807446237996274956735188575272-~
48912279381830119491298336733624406566430860213949463952247371907021798609437027-
70539217176293176752384674818467669405132000568127145263560827785771342757789609-
17363717872146844090122495343014654958537105079227968925892354201995611212902196-
08640344181598136297747713099605187072113499999983729780499510597317328160963185-
95024459455346908302642522308253344685035261931188171010003137838752886587533208-
38142061717766914730359825349042875546873115956286388235378759375195778185778053~
2171226806613001927876611195909216420199

N[Expand[Normal [Series[Sin[x], {x, 0, 30}]]], 30]

x-0.166666666666666666666666666667 X° +
0.00833333333333333333333333333333x°-0.000198412698412698412698412698413 %’ +
.75573192239858906525573192240x107° x° - 2.50521083854417187750521083854 x 1078 x** +
.60590438368216145993923771702x 10710 %13 -

.64716373181981647590113198579 x 10713 x1°

.81145725434552076319894558301 x 107>
.22063524662432971695598123687 x 1018

X
X
Xl7 _
X
.95729410633912612308475743735x 10720 x?! -
X
X
X
X

19

.86817017063068403771691193152x 10723 x23
.44695028438447339619485321920x 1072°
.18368986379554614842571683647 x 1072°
.13099628864477169315587645769 x 10731

25 _

27

P W o0 W K 0o N 3 - N

29
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s = Series[Sin[x], {x, 1, 30}]

1 1 1
Sin[1] +Cos[1] (x-1) - —Sin[1] (x-1)?2- —Cos[1] (x-1)3+ —sSin[1] (x-1)*+
2 6 24
1 1 Cos[1] (x-1)7 Sin[1] (x-1)8
——Cos[1] (x-1)°- ——8in[1] (x-1)%- + +
120 720 5040 40320
Cos[1l] (x-1)° sin[1l] (x-1)'° cCos[1] (x-1)' 8in[1] (x-1)%
- - + +
362880 3628800 39916800 479001600
Cos[1l] (x-1)* sin[1] (x-1)** cCos[1l] (x-1)%° Ssin[1] (x-1)'°
- - + +
6227020800 87178291200 1307674368000 20922789888000
Cos[1] (x-1)%7 Sinf[1] (x-1)1'® Cos[1] (x-1)%°
- - +
355687428096 000 6402373705728000 121645100408832000
Sin[1] (x-1)2° Cos[1] (x-1)2! Sin[1] (x-1)22
+ _ _
2432902008176640000 51090942171709440000 1124000727777607680000
Cos[1] (x-1)23 Sin[1] (x-1)2¢
+ +
25852016738884976640000 620448401733239439360000
Cos[1] (x-1)%° Sinf1] (x-1)2¢

15511210043330985984000000 403291461126605635584000000

(cos[1] (x-1)27)/1o 888869450418352160768000000 +

(sin[1] (x-1)2%) /304888344611713860501504000000 +

(cOsm (x—l)zg)/8 841761993739701954543616 000000 -

(Sin[l] (x—1)3°)/265252859 812191 058636308480000000+0[x-1]3"
N[s]

0.841471+0.540302 (x-1.) -0.420735 (x-1.)2-0.0900504 (x-1.)3+
.0350613 (x-1.)*+0.00450252 (x-1.)>-0.00116871 (x-1.)°-
.000107203 (x-1.)7 +0.0000208698 (x-1.)%+1.48893x10°° (x-1.)°-
.31887x1077 (x-1.)%0-1.35357x107% (x-1.)11+1.75672x107° (x-1.)%?+
.67674x 1071 (x-1.)12-9.6523x1071? (x-1.)-4.13178x1071 (x-1.)?°+
.02179%x107 % (x-1.)%+1.51904%x107*° (x-1.)7 -1.31431x107*% (x-1.)
.44163x1071% (x-1.)1 +3.45871x107%° (x-1.)2°+1.05753x107%% (x-1.)3!-
.48639 %1022 (x-1.)22-2.08998x%x10723 (x-1.)23+1.35623x107%% (x-1.)
.4833x107%% (x-1.)2°-2.08651x107%7 ( Y26 -4.96197x107%° (x-1.)%" +
.75993x1073% (x-1.)2%+6.1108x10732 (

X

x-1.
x-1.

N W 3 > I 00O N O O

Y29 -23.17234%x107 (x-1.)3+0[x-1.]3"



N[s, 20]
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0.84147098480789650665+0.54030230586813971740 (x-1.0000000000000000000) -
.42073549240394825333 (x-1.0000000000000000000)2 -
.090050384311356619567 (x-1.0000000000000000000)?
.035061291033662354444 (x-1.0000000000000000000)*
.0045025192155678309783 (x-1.0000000000000000000)°
.0011687097011220784815 (x-1.0000000000000000000)° -
.00010720283846590073758 (x-1.0000000000000000000)7
.000020869816091465687169 (x-1.0000000000000000000)8

.4889283120263991330x107°°

0
0

0

0

0

0

0

1

2
1.3535711927512719391x 1078
1.7567185262176504351x 1077
8.6767384150722560201 x 107 (x -
9.6522995946024749181 x 10712
4.1317801976534552477 x 10713
4.0217914977510312159 x 10~
1.5190368373725938411x107%°
1.3143109469774611817x 10716

4
3
1
7
2
1
3
2
4
2
6
3
o)

.4416281794520287750 x 10718

x

.4587130183617399517x 107*°

x

(
(%
(%
(%
(%
(x
(
(
.0575305189171497083 x 1072° (
.4863918146358007613 x 10722 ¢
(

(

(

(%

(%

(x

(%

(%

1

x

x

.0899812626821140481 x 10723
.3562304012021378191x 10724
.4833021044701900802 x 1072°
.0865083095417504909 x 10727
.9619688097865955558 x 1072°
.7599316263779768398 x 10730
.1107990268307827042 x 10732
.1723352027333067124 x 10733
[x-1.0000000000000000000]3

x

x

x

s = Series[Sin[x], {x, 0, 3}]

X
x- —+0[x]*
6
FullForm|[s]

SeriesData[x, 0, List[1l, 0, Rational[-

? SeriesData

SeriesDatalx, xo, {ao, a1, ..

)

(x-1.0000000000000000000)
.3188684546072985743x 1077 (x-1.0000000000000000000)° -
(x-1.0000000000000000000)
(x-1.0000000000000000000)*?

i i e e el e el e el e e e e o

9_
1,

.0000000000000000000) *3

.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000

)
)14
)
)
)
)
)
)
)
.0000000000000000000) 22 -
)
)
)
)
)
)
)
)

15
16
17
18
19
20

21

.0000000000000000000) 23
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000
.0000000000000000000

24
25
26
27
28
29

30

1,6]1],1,4, 1]

Y Pnins Nmax, den] represents a power

series in the variable x about the point x,. The g; are the coefficients in the power

series. The powers of (x — xo) that appear are n,,;,/den, (n, + 1)/den, ...

» Minax [ den.

>

| 5
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TreeForm[s]

SeriesData

F BED @

O|Rational

? SeriesData

SeriesDatalx, xo, {ao, ai, ...}, Mmins Nmax, den] represents a power
series in the variable x about the point x,. The 4; are the coefficients in the power

series. The powers of (x — xo) that appear are n,,;,/den, (ny, + 1)/den, ..., nye/den. >

Series[Exp[x], {x, 0, 5}]

x? x> x*
l+x+—+ —+ —+
2 6 24 120

x5

+0[x]°®

FullForm[Series[Exp[x], {x, 0, 5}]1]

SeriesData[x, 0, List[1, 1, Rational[l, 27,
Rational[l, 6], Rational[l, 24], Rational[l, 120]], 0, 6, 1]

g[x_] :=xA2

g[2]

4

h[x_, y_] := Sin[x*y] + COS[XA2 + yA2]
h[0, 0]

1

h[1.3, 2.7]
-1.26284
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N[h[1.3, 2.7], 20]
~1.26284

N[h[13 /10, 27 /10], 20]
~1.2628363211538779645
-1.2628363211538779645215064633370270823442915351346025039416°20.

1.234°20
1.2340000000000000000

N[E]

2.71828
funz[x ] :=xA2
funz[4]

16

funz[0.5]
0.25

Map[ﬂ’\z &, {11 2, 3}]
{1, 4, 9}

(* Equazione di Keplero: M = E - e sin(E)
e eccentricita’'
E anomalia eccentrica
M anomalia media

E=M+ e sin(E) =M + e sin(M + e sin(E))
*)
(*# sviluppo della soluzione intorno ad e=0 %)
f[0] =m;
f[n ] :=f[n] =m+e*Sin[f[n-1]]
£[1]

m+e Sin[m]

? f
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Global £

£[1]

m+e Sin[m]

£[5]

m+eSinm+e Sin(m+e Sin[m+e Sin[m+e Sin[m]]]]]

sl = Series[f[1], {e, 0, 2}]

m+Sin[m] e+0[e]?

Series[f[5], {e, 0, 5}]

m+Sin[m] e + Cos[m] Sin[m] e? +

Sin[m]? 5
cos[m]?sin[m] - ——— | e®+ |Cos[m]® Sin[m] - —Cos[m] Sin[m]3| e+
2
11 13 Sin[m]®
Cos[m]?sin[m] - — Cos[m]2 Sin[m]®+ ———— | &’ +0[e]®
3 24

s10 = Series[£[10], {e, 0, 5}]
m+Sin[m] e+ Cos[m] Sin[m] %+
Sin[mf’) s

i~

5
e+ (Cos[m}3 Sin[m] - —Cos[m] Sin[m]3 | e+
2

(COS [m]? Sin[m] -
3

11 13 s >
(Cos [m]* 8in[m] - — Cos[m]2 Sin[m]> + ﬂ) e’>+0[e]®
3 24

nsl0 = Normal[s10]

m+e Sin[m] +e? Cos[m] Sin[m] +

. 3 5
e’ [Cos [m]? Sin[m] - m) +et (Cos [m]3 sin[m] - —Cos[m] Sin[m]3 | +
2 3
11 13 Sin[m]®
e® |cos[m]*sin[m] - — Cos[m]? Sin[m]3 + ———
3 24

snsl0 = Expand[TrigReduce[ns10]]

1
m+eSin[m] - —e® Sin[m] + e’ gin[m] + —e? Sin[2m] -
8 192 2
27 1 125
—e*sin[2m] + —e®sin[3m] - —e°Sin[3m] + —e? Sin[4m] + e®sin[5m]

6 8 128 3 384
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Expand[TrigReduce[ns10]] /. m->n-Pi /2

Tt 1 1 1 Tt 1 T
n- —-ecCos[n] + —e?cCos[n] - e’ Cos[n] + — e? Sin[2 (n——)] - —et Sin{z (n——H +

2 8 192 2 2 6 2
3 Tt 27 T 1 T 125 T
— &3 Sin{3 (n— —H - —0e° Sin[3 (n— —)] +—et Sin{él (n— —H + e® Sin[S (n— —H
8 2 128 2 3 2 384 2
Simplify[%]

1
—— (384n-19271-2e (192-24e”+e*) Cos[n] -9 €’ (-16+9¢e’) Cos[3n] -
384

125e® Cos[5n] -192e”Sin[2n] + 64 e’ Sin[2n] + 128 e* Sin[4 n])

Simplify[ns10]
) 1
m+e Sin[m] +e? Cos[m] Sin[m] - —e® (Sin[m] -3 Sin[3m]) -
1
—e? (sin[2m] -2 98in[4m]) + e® (28in[m] - 81 8in[3m] + 125 Sin[5m])
6 384

snsl0

1
e®gin[m] + —e?8in[2m] -

1
m+eSin[m] - —e®Sin[m] +
8 192

. 27 1 125
—e?sin[2m] + —e®Sin[3m] - —e°Sin[3m] + —e* Sin[4m] +
6 8 128 3 384

e® 8in[5m]

Collect[snsl0, Sin[m]]

e? e’ 1 1
m+ |[e- —+ Sin[m] + —e?8in[2m] - —e* Sin[2m] +
8 192 2 6
3 27 1 125
—e®g8in[3m] - —e®8in[3m] + —e*Sin[4m] +
8 128 3 384

e®sin[5m]

Collect[snsl0, Sin[c_m]]

1 1 e? et
m+eSin[m] - —e®Sin[m] + e’>sin[m] + |—- —|Sin[2m] +
8 192 2 6
3ed 276€° 1 125
- Sin[3m] + —e* Sin[4m] + e®sin[5m]
8 128 3 384

Collect[snsl1l0, Sin[c . m]]

e? e’ e? et
m+ [e- —+ Sin[m] + [— - —[Sin[2m] +
8 192 2 6
3e3 27e° 1 125
Sin[3m] + —e?Sin[4m] +
8 128 3 384

e’ sin[5m]

| 9
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Expand[TrigReduce[Normal [Series[£[10], {e, 0, 5}11]1]

1 1
m+eSin[m] - —e® Sin[m] + e’ gin[m] + —e?Sin[2m] -
8 192 2
125

e® sin[5m]

3 1
—e*gin[2m] + —e®sin[3m] - e’ 8in[3m] + —e* Sin[4m] +
6 8 128 3 384

£f[0] =m;
f[n ] :=f[n] =m+e*Sin[f[n-1]]

kepecc[n_] := Collect[Expand[TrigReduce[Normal [Series[£[10], {e, 0, n}]]11]., e]

kepecc[5]
1 Sin[m] 3
m+eSin[m] + —e?8in[2m] +e’ |-————+ —Sin[3m] | +
2 8 8
1 1 Sin[m] 27 125
e* |-—9in[2m] + —Sin[4m] |+e® | ———- ——sin[3m] + Sin[5m]
6 3 192 128 384

kep[n_] := Collect[Expand[TrigReduce[Normal[Series[£[10], {e, 0, n}]]]1], Sin[c_. * m]]

kep[5]
e’ e® e? et
m+ [e- —+ Sin[m] + |[—-—|Sin[2m] +
8 192 2 6
3e3 27¢€° 1, 125
- Sin[3m] + —et*sin[4m] + e®sin[5m]
8 128 3 384
kep[10]
e’ e’ e’ e?
m+ |e- —+ - + Sin[m] +
8 192 9216 737280
e? et e eb ell 3e3 27e® 243e&7  243¢°
_— — f — +——— | Sin[2m] + - + - Sin[3m] +
2 6 48 720 17280 8 128 5120 40960
et 4e® 468 16el0 125 e®> 3125e’7 78125¢&°
—_—- + - Sin[4m] + - + Sin[5m] +
3 15 45 945 384 9216 516 096
27e® 243e% 2187el° 16807 e” 823543¢°
- + Sin[6m] + - Sin[7m] +
80 560 8960 46 080 1474560

128 e® 2048 e?0 531441 e’ Sin[9m] 78125e!®8in[10m]
- Sin[8m] + +
315 2835 1146880 145152




Timing[kep[10]]
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el e’® e’ e’
{14.0015,m+ e-—+ - . Sin[m] +
8 192 9216 737280
e? et ef et ell 3e3 27e> 243e”7 243¢€°
—_— - — - + — | Sin[2m] + - + - Sin[3 m] +
2 6 48 720 17280 8 128 5120 40960
et 4e® 4ef 1610 125e> 3125e7 78125¢€°
—_—- + - Sin[4m] + - + Sin[5m] +
3 15 45 945 384 9216 516096
27 eb 243 8 2187 10 16807 e 823543 ¢e?
- + Sin[6m] + - Sin[7m] +
80 560 8960 46 080 1474560
128 e® 2048 0 531441 €°Sin[9m] 78125e® Sin[10m]
- Sin[8m] + + }
315 2835 1146880 145152
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