CHAPTER 7

Quantitative Statistical Properties,
a class of 1-d examples

Diven a Dynamical System it is in general very hard to study its
ergodlc properties, especially if the goal is to have a quantitative under-
standing. To make clear what is meant by a quantitative understanding
and which type of obstacles may prevent it, I devote this chapter to
the study of a simple, but highly non-trivial, class of examples: one
dimensional smooth expanding maps.

7.1 The problem

Recall from Examples 6.4.1 that a one dimensional smooth expanding
map is a map T € C2(T!, T') such that |[DT| > X > 1.

We know already that such maps have a unique absolutely contin-
uous invariant measure (see sections 6.4.1, 6.5.1 Expanding maps).

We would like first to understand other invariant measures in order
to have a clearer picture of which measurable Dynamical Systems can
be associated to the topological Dynamical System (T!,7). This is
still at the qualitative level. In addition, we would like to have tools to
actually compute such invariant measures with a given precision, and
this is a first quantitative issue.

Next, we would like to study statistical properties more in depth.
To this end we will restrict to the case (T, T, i), where p is the measure
absolutely continuous with respect to Lebesgue. The type of questions
we would like to address are
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If we make repeated finite time and precision measurements, what
do we observe?

Remember that a measurement is represented by the evaluation
of a function. The fact that the measurement has a finite precision
correspond to the fact that the function has some uniform regularity
(otherwise we could identify the point with an arbitrary precision).
The fact that the measure is made for finite time means that we are
able only to measure finite times averages. In other words we would
like to understand the behavior of

N-1
> for
k=0

for large, but finite, N.

7.2 Invariant measures

Let M be the set of probability (Borel) measures on T!. We can then
consider the new Dynamical System (M, T"), where T u(f) = poT for
all f € C°(T!,R). The invariant measures are the fixed points of T",
let us call them Fix(T"). If u € Fix(T") then for each h € L®(T!, u),
h >0, u(h) =1, we can consider the new probability measure defined
by pn(f) = p(hf), for all f € C°(TH, R). Note that

T 1 ()] = |p(hf o T) < |l e uyul| f1 o T) = [l geo uyn(l£])-

Hence T’y is absolutely continuous with respect to p and % €
L*>(u1). We can then define the operator £,, : L°(T1, u) — L>(T?, p)

by L,h = LEZ"L.

Let {I;} be a partition in interval of T! such that T'|;, is invertible,
T(I;) = T' and U;I; = T'. Call S; the inverse of the i-th branch of 7.
dT'ﬂnIi

dp

Then, setting p; :=

Tu(f) = Y plilsf o T) = 3" plLy(ho Sif) o T)

(i)
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Thus, setting p =), p; o T'1, we have

dr’

d:h =3 (ph) 0 S; =: Ly(h).

It follows that £,(1) = 1 and, for each h € L>®(pn), u(L,(h)) =
T (1) = p(h).

Problem 7.1 Compute p and L,, in the case in which p is the unique
mvariant measure absolutely continuous with respect to Lebesgue.

The relevant fact is that one has the following (partial) converse.

Lemma 7.2.1 For p € C°, p >0, let L,(h)(z) == > yer—1z PY)R(Y).
If there exists A € R, h € C, h > 0, such that L,h = Ah, then there
exists a measure i € M such that u(L,f) = Au(f) for all f € C° and
there exists an invariant measure absolutely continuous with respect to

I

ProOOF. By continuity there exists v > 0 such that h > v > 0.
Thus
L2 FI <A flooLih = A"y floo-

Hence, calling m the Lebesgue measure % ZZ;& )\_k(ﬁg)km is a weakly
compact sequence. Accordingly the same arguments used in Krylov-
Bogoliubov Theorem 6.4.2 imply that there exists a measure p such
that A1 L0 = p.

Next, define v(f) := wu(hf). Clearly v is a measure absolutely
continuous with respect to p, in addition

v(foT) = AN Lpu)(hf o T) = X u(fLph) = p(fh) = v(f).
O

7.3 Absolutely continuous invariant measure:
revisited

We have already seen that there exists a unique invariant measure with
respect to Lebesgue. Here we study this issue by a slightly different
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technique. Although the main idea is always to study the spectrum of
the transfer operator, it is interesting to see how this can be achieved
in many different ways, each way having its own advantages and dis-
advantages. Consider the transfer operator

Lh(z):= Y |D,T| 'h(y) (7.3.1)

yeT 1z

Problem 7.2 Show that if dyu = hdm, where m is the Lebesque mea-
sure, then p(foT)=m(fLh).

Problem 7.3 Show that, for each n € N,

Lrh(x) = Y [DyT"| 'h(y)

yeT—"x

Notice that, since DT cannot be zero, then its sign is constant. We
limit ourselves, for simplicity, to the case DT > A.

Problem 7.4 Show that

Lerha) = YD (D) N )~ DIT(D,T) Phiy)
yeT 1z
= L((DT)"'W) — L(D*T(DT)"?h)

7.3.1 A functional analytic setting

Let us consider first the Sobolev space Wh! and the space L'.! Then,
for each h € LY(T!, m),

/\Ch!dmg/ l-L]h\dm:/ 10T|h|dm:/ |h|dm  (7.3.2)
T T! T T!

that is £ is a bounded operator on L' and its norm is bounded by one.

'For an open set U C R, the spaces W??(U) are the completion of C*°(U,C)
q

with respect to the norms [|f\%q +f e+ + |f(p)|%q] .

all Banach spaces by construction but the W??2 are also Hilbert spaces (Exercise:
write the scalar product).

Note that they are
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In addition, remembering Exercise 7.2,
d
/ 1L Lhldm < AL |1 + DIhlp, (7.3.3)
T1 dx

where D := sup D?T(DT)~2.
Problem 7.5 Iterate the (7.3.2), (7.3.3) and prove, for alln € N,

[L™h|p < ||
|Enh’W1,1 < )\_n’h|W1,1 + B’h|L1

where B=1+ (1 - A"H7!D.

Since W1 1 controls the L™ norm,” then we have that there exists C' > 0
such that [£"1] < C for each n € N.

Using such a fact we can obtain similar inequalities in the Hilbert
spaces L? and W2, Indeed

2
et = [ nernyor < il | [ o] = s
T1 T!
%
[Lenpen]” < chintalehl
T1
Which implies |[£L"h]| 72 < C'%||h||L2 for each n € N. Hence,
d n —n L
1L Pz < AT"C||R || g2 + Dallh| 2.
Iterating as before we have, for all n € N,
L2 < Clh
£70z2 < Cll _
|L" Rl < AXNT"|hly2 + Blh|e,

for some appropriate constants A, B, C' depending only on the map 7.

To prove the existence of an invariant measure absolutely continu-
ous with respect to Lebesgue we can try to mimic the Krylov-Bogolubov
approach, but to do so we need a compactness result to substitute the
weak compactness of the unit ball of the dual of a Banach space. This
takes us in a very interesting detour in some fact of functional analysis.

’If f € C™, then the mean value theorem asserts [ h = h(€) for some £. Then
h(z) = h(&) +f: h'(2)dz. Thus |h|eo < |h|p1 + |A|11 = |h|w1.1. The result extends

then to all elements of W'! by a standard approximation argument.
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7.3.2 Deeper in Functional analysis

Since we are on a circle it is a good idea to use Fourier series. For each
function h € C*°(T, C) let hy be its Fourier coefficients and define

(Anh)(z) = Y hye?™h (7.3.5)
[k|<m

Clearly, for all m > 0,

= Amlte = Y (2= D Pk 2R <m0 (B
k|>m k| >m |k|>m
<m 7R [7s <m 7 hfj .
(7.3.6)

Using the above fact we can prove.
Lemma 7.3.1 The unit ball of W'? is (sequentially) compact in L?.

PrOOF. Consider a sequence {h,,} C W2, |hylp12 < 1. Since
A; are all finite rank operators, {A;h,,} for [ fixed are contained in
a bounded finite dimensional (hence compact) set, thus there exists a
converging subsequence for all [ while (7.3.6) shows that the sequences
for fixed m are all convergent. Using the usual diagonalization trick we
can then extract a converging subsequence. ([l

Consider now h,, = %Zz;é L£F1. By the above lemma {h,} is
relatively compact and thus we can extract a subsequence {h,,} con-
verging in L?. Let h, be the limit. Note that [h, =1 for all n € N,
thus h, # 0 and [ h, = 1.

Problem 7.6 Show that Lhy = hy, that is dy := hedm is an invariant
measure absolutely continuous with respect to Lebesque and with L?
density.

Of course, at this point it is natural to ask if y is the only measure
with such a property or there exist others. To answer such a question
we need some more facts.
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7.3.3 Even deeper in Functional analysis

Since we have to do it, let us do in the following general setting.
Consider two Banach space (B, || -||) and (B, |- |) such that B C By
and

i. |h| < ||h| for all h € B,
ii. if h € B and |h| =0, then h = 0.
ili.  There exists C > 0: for each € > 0 there exists a finite rank
operator A. € L(B,B) such that |A.|| < C and |h—A:h| < <A
for all h € B.?

In addition consider a bounded operator £ : By — By, constants
A,B,C € Ry, and A > 1, such that

a. |L" < CforallneN,
b. L(B)CB
c. ||IL"h|| < AXT"||h|| + BJh| for all h € B and n € N.

In particular £ can be seen as a bounded operator on B.

Theorem 7.3.2 The spectral radius of the operator L € L(B,B) is
bounded by 1 while the essential spectral radius is bounded by \~1.*

We can now prove our main result.

3In fact, this last property can be weakened to: The unit ball {h € B : ||A|| < 1}
is relatively compact in Bg. We use the present stronger condition since, on the one
hand, it is true in all the applications we will be interested in and, on the other
hand, drastically simplifies the argument. Note also that, if one uses the Fredholm
alternative for compact operators rather than finite rank ones (Theorem D.0.3),
then one can ask the A. to be compact instead than finite rank making easier their
construction in concrete cases.

4The definition of essential spectrum varies a bit from book to book. Here we
call essential spectrum the complement, in the spectrum, of the isolated eigenvalues
with associated finite dimensional eigenspaces (which is also called the Fredholm
spectrum).
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PrROOF OF THEOREM 7.3.2. The first assertion is a trivial conse-
quence of (c), (a) and (i).

The second part is much deeper. Let £,, . := L"A,, clearly such an
operator is finite rank, in addition

| £ h= Lo chl] < AN[[(L—A)h]|+ B (1—A2)h| < AQL+C)A"[h]l+Be]|h].
By choosing ¢ = A™" we have that there exists C'y > 0 such that
1£" = Loell < CA™
For each z € C we can now write
1-2L=(1—-2(L—Lpe)) —2Lpe.

Since

1
12(£ = Lol < |2C1AT" < 5,

provided that |z| < ﬁ/\”. Thus, given any z in the disk D,, := {|z| <
ﬁ)\”} the operator B(z) := 1 — z(L£ — L, ) is invertible.” Hence

1—2L=(1-2L,.B(2)7") B(z) = (1 — F(2))B(z).

By applying Fredholm analytic alternative (see Theorem D.0.3 for the
statement and proof in a special case sufficient for the present purposes)
to F'(z) we have that the operator is either never invertible or not
invertible only in finitely many points in the disk D,,. Since for |z| < 1
we have (1 — z£)™! = Y°°° 1 2"L"™, the first alternative cannot hold
hence the Theorem follows. O

7.3.4 The harvest

We are finally in the position to use all the above result to gain a
deep understanding of the properties of the Dynamical Systems under
consideration.

Problem 7.7 Show that Theorem 7.5.2 implies that there exists o €
(0,1), {6x}5_, and L > 0 such that

p
L=) €%y +R
k=1

Clearly B(2)™' =32 [2(L — Ln,)]™.
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where Ilg, and R are operators on W12 such that I, Hp, = djx11p, and
RIly, =1y, R = 0. Moreover |R"| < Lo™.(Hint: Read section 6 of the
Third Chapter of | | and recall that the operator is power bounded
to exclude Jordan blocks.)

The above implies that

n—1 .
1 4 Iy, iff60=0;
IIp := lim — Ze*wkﬁk = 7 (7.3.7)
nooon - — 0 otherwise.

Problem 7.8 Using equations (7.3.4) show that, for each h € L?
[Mghllwr2 < C|[h] L2
(Hint: prove it first for h € W2 and then do a density argument).

Next, note that Exercise 7.6 implies that h, = IIg1 # 0, that is one
is in the spectrum on £, this means that the spectral radius of L is

one.
Accordingly, if IIyh = h we have h € W2 ¢ CY and®

n;—1
1 J
|h| = Mgh| < lim — Y~ LF|h| = TIg|h| < |Alschs.
J—0o0 Ny =0

This means that all the eigenvectors of the peripheral spectrum are of
the form h = gh, with g € C°. Thus, if h; is an W2 orthonormal a base
of the eigenspace associated to an eigenvalue @, then the eigenprojector

must have the form
th:Zhi/Zi-h,

with ¢; € L? and ffzhj = 5” Hence Iy L = 62'91-[9 implies

ethk/ﬁk-h:th/ék-Eh:th/EkoT-h.
k k k

SRemember that exercise 7.8 implies that the sequence in (7.3.7) converges in
L?, accordingly there exists a subsequence that converges almost everywhere with
respect to Lebesgue.
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That is €70, = ¢;, o T. But then if we set fj, := l1hy € L%, we have
Lfr = ewﬁ(fk oThy) = el Lhy, = ePlLh, = ewfk

By the above facts, this implies Iy f; = Ik € W2, that is £, € C°.
But then for each p € N we can set h), := Eih* obtaining

iph
Lh, = e’ h,,.

Since the the peripheral spectrum consists of finitely many eigenvalues
it follows that there must exist p € N such that pf = 6 mod 27, that
is the spectrum on the unit circle must be the union of finitely many
cyclic groups. In turn this implies that there exists p € N such that
pO =0 mod 2w, hence fp; = Zg o T. But this implies that if we define
the sets A, :={x €T : || < L}, L € R, they are all invariant. So
if xr is the characteristic function of the set Ap, then yr oT = xr
and L(xrhs) = xrh«. We can thus produce a lot of eigenvalues of
L, but we know that such eigenvalues form a finite dimensional space.
The only possibility is that only finitely many of the Ay are different.
This is like saying that £ takes only finitely many values. But Ei is a
continuous function, so it must be constant. Hence ¢} can assume only
p different values, thus, again by continuity, must be constant. Finally
this implies 8 = 0.

The conclusion is that one is the only eigenvalue on the unit circle
and that the associated eigenprojector has rank one. So one is a simple
eigenvalue and h, is the only invariant density for the map.

7.3.5 conclusions

If we have any probability measure v absolutely continuous with respect
to Lebesgue and with density A € W2, then setting du = h.dm, for
each ¢ € W2 we have

g o T — vlpo T = \ [ otrn=n)| < llelhaCo = nuli

where ¢ is the largest eigenvalue of modulus smaller than one (or A~*
is no such eigenvalue exist).
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Remark 7.3.3 The above means that the evolution of the present chaotic
system, if seen at the level of the absolutely continuous measures, be-
comes simply a dynamics with an uniformly attracting fixed point, the
simplest dynamics of all!

7.4 General transfer operators

In the previous sections we have been very successful in studying the
measure absolutely continuous with respect to Lebesgue. We have seen
in §7.2 (crf. Lemma 7.2.1) that to study other invariant measures one
has to analyze more general transfer operators. Here we will restrict
ourselves to studying

Lgh = L(e%h)

where £ is the usual transfer operator. This are called transfer op-
erators with weight and g is sometime called the potential. We will
consider first the case of g : T! — C and specialize to real potential
later on.

For convenience, and also for didactical purposes, we will use the
Banach spaces C! and C°. Hence, form now on, we will assume T €
C?(T, T!) and g € CY(T?, C).

The first step is to compute the powers of £, and study how they
behave with respect to derivation.

Problem 7.9 Show that, for each n € N, holds true
Lgh = L" [e"h],

where g, = Zz;é goTk.

Problem 7.10 Show that for each n € N and h € C' holds true

/ m\//
) D

h
dx9 +

(T7)y (TR (T
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Note that |£7h|e < |h|oo£” 1. In addition,”

’ (T)"(y) | _ | [ T'(T")
[(T™) (9))? [(T™) (w)]?
n—1
T” Tk // n+k+1 |T ‘OO
SZ(Tnk ‘ Z’T —1_/\1
k=0
Analogously,
(gn)' 19'loo
(Tr)y | — 1= A"
The above inequalities imply
d n —n rn !/ n
‘d:z['gh <A Em(g)|h | + BE;R(Q)W. (7.4.8)
Which, taking the sup over z, yields
‘Enh < AW | L3 1—|—B |h]oo L5 (91>

Note that the above inequality implies that the spectral radius is bounded
1

by p = lim, H/J%(g 1]] go while the essential spectral radius is bounded

by A1 p. The reader should notice that for positive potentials the above
bounds are essentially sharp while for non positive, or complex, poten-
tial typically there will be cancellations that induce a smaller spectral
radius. To control exactly such cancellations is, in general, a very hard
problem.

7.4.1 Real potential

In this section we will restrict to the case of g € C}(T!,R), i.e. real
potentials.

If we define the cone C, := {h € C' : h > 0 |W/(z)| < ah(z)},
then equation (7.4.8), for h > 0, implies that, for each o € (0,\71),
L,Cq C Cy, provided a > B(o—A"1)71.8 We can then apply the theory
of Appendix A to conclude the following.

"The quantity estimated here is usually called distortion. In fact, it measure how
much the maps distorts intervals.

8Note that this cone is almost the same than the one in Example 6.5.1, more
precisely is its infinitesimal version.
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Lemma 7.4.1 For each real potential g € C'(T',R), the transfer oper-
ator Ly has the Perron-Frobenius property, i.e. it has a simple strictly
positive mazimal eigenvalue and all the other eigenvalues are strictly
smaller in modulus. In particular, the mazimal eigenvalue of L.,
T € R, is analytic in 7.

7.4.2 Variational principle

7.5 Limit Theorems

Given f € C', n € Nand a € R, let

Aun(f) == {x eT! :

n—1
LN FoTHw) — u()
k=0

> a} . (7.5.9)

By the ergodic theorem limy, oo pt(Aa,n(f)) = 0. A natural question is:

Question 3 How large is m(Aqn)?

Note that we can write %Zz;é foTk(x) —pu(f) = L3025 foTH(x)

T n
where f := f — u(f). So we can reduce the question to the study of
zero average function. A more refined question could be.

Question 4 Does it exists a sequence {c,} such that
1 n—1
— D foT (@)
" k=0

converges in some sense to a non zero finite object?

9This follows from the fact that the maximal eigenvalue must always be simple
and the results in Appendix C.4.
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7.5.1 Large deviations. Upper bound

Note that it suffices to study the set
1 n—1
At = T! . = TF(z) — > .
an(f) {x €T : — kz_ofo (z) = p(f +a) 20

since Aqn(f) = Af,(f) N Af,(=f). On the other hand, setting fi=
f—u(f), for each A > 0 we have

m(AL,(f) = m({z : ATERETH@=0) > 1)) < gmmhap (ATET oty

_ e—nAam(eA Zz;é foT* )

Accordingly,
m(AL,(f) < e ™ m(L31) (7.5.10)

where we have defined the operator £yg := L(eM g), £ being the Trans-
fer operator of the map T'.

By Lemma 7.4.1 £y has a maximal eigenvalue a depending ana-
lytically on A\. Hence by the same argument used in Lemma 7.2.1 there
exists ¢ € R such that

m(A;n(f)) < efn()\aflnoo\)Jrc'
Since A has been chosen arbitrarily we have obtained
m(AL,(f) < e rl@e (7.5.11)

where I(a) := supycp+{Aa — Inay}. The problem is then reduced
to studying the function /(a) which is commonly called rate function.
Note that I is not necessarily finite. Indeed if a > || f|o0, then clearly
m(AL,(f)) =0,

To better understand the rate function it is helpful to make a little
digression into convex analysis.

Recall that a function f : R¢ — R? is convex if for each z,y € R?
and t € [0,1] we have f(ty + (1 —t)z) < tf(y) + (1 —t)f(z) (if the
inequality is everywhere strict, then the function is stricly convex.
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Problem 7.11 Show that if f € C*(R%,R), then f is convex iff % is
a positive matriz.'? Give a condition for strict convexity.

Problem 7.12 If a function f : D ¢ R = R, D convex,'" is convex
and bounded, then it is continuous.

Given a function f : R? — R let us define its Legendre transform as

fH(x) = sup {(z,y) — f(y)} (7.5.12)

y€R4
Remark that f* can take the value +oo.
Problem 7.13 Prove that f* is convex.

Problem 7.14 Prove that f** < f.

Problem 7.15 Prove that is f € C2(R?, R) is strictly conver, then the
function h(y) := g—g(y) is invertible and f* is strictly convex. Moreover,
calling g the inverse function of h, we have

(@) = (z,9(x)) — foglx).
Problem 7.16 Show that if f € C? is strictly convex, then f** = f.

Problem 7.17 Show that, for each x,y € R, (x,y) < f*(x) + f(y),
(Young inequality).

From the above discussion it follows that the rate function is defined
very similarly to the Legendre transform of the logarithm of the maxi-
mal eigenvalue, which is commonly called pressure of f . In fact, setting
I(a) = maxycr(Aa — Inay) we will se that, for a > 0, I(a) = I(a). Un-
fortunately, to see that the rate function is exactly a Legendre trans-
form takes some work. Let us start by studying the function .

Lemma 7.5.1 There exists continuous functions Cy > 0 and py €
(0,1) such that, for A < 0, Ly = a1l + Qx, I QN = Q\II\ = 0,
1Q%lcr < Caplak. Also x(g) = hala(g), Ia(ha) = 1, £r(R)) =
0. In addition, px(-) := €x(hy -) is an invariant probability measure.
Moreover everything is analytic in .

A matrix A € GL(R,d) is called positive if AT = A and (v, Av) > 0 for each
v € R%.
1A set D is convex if, for all 2,4 € D and t € [0,1], olds true ty + (1 — t)x € D.
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PROOF. As we have seen, there exists hy € C! and a measure /£y,
both analytic in A, such that the projection on the maximal eigenvalue
of Ly reads IT\(h) = hyx(h). Obviously

[,)\h)\ = Oé)\h)\, (7513)

and ag = 1, hg = h and £y = m. Notice that h) and £, are not uniquely
defined: by TI2 = IIy follows £)(hy) = 1 but one normalization can be
chosen freely.

Problem 7.18 Show that the normalization of £x, hy can be chosen so
that €x(R)) = 0.

O
Lemma 7.5.2 The functions ay and In ay are convex. Moreover,
’ Inay| <| \oo.
Proor. Note that
d? ajay — (a))?
W In Q) ag\ , (7514)
thus the convexity of In cy implies the convexity of a.
In view of the above fact we can differentiate (7.5.13) obtaining
ﬁ&h)\ + ﬁ)\h/)\ = O/)\h)\ + a)\h/)\. (7.5.15)
Applying £ yields
day A
o= = anla(fha)) = cnpa(f). (7.5.16)
Thus af, = 0. Note that, as claimed,
x| < bl < 17l
Differentiating again yields
d20‘>\ £\2 ' (f N
—5 = am(f)” + axli(fghy) + arta(fh)). (7.5.17)

dX
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On the other hand, from (7.5.15) we have
(Lax = L)) = La(frha),

where fy = f — m\(f). Since, by construction, ITyA) = I \(frhy) = 0,
the above equation can be studied in the space Vy = (1 — II,)C! in
which 1ay — L) is 1nvert1ble

Setting £>\ =, 12, we have

= (1= Lx)""La(Srihn). (7.5.18)

Doing similar considerations on the equation £)(Ly) = axlx(g), we
obtain

o = axua(f)? + axa(Fr(1 = L3) 7L+ L£2)(frha))

= anpia()? + ax D (ALY + £3) (k)

el (7.5.19)
GV N W SNV AN
= s HXCT — IAVATSNVARUIN «

Finally, notice that
ALY (fah)) = (LY fr o T fahy)) = pa(fro T™ f)

and

k
Ji ([Zf”T

n—oo N
k,g=0

) = lim ~ Z pA(fro T fr o TV)

n—1

— (D) + Tim 23 (n— K)a(fr 0 T* )

n—oo N
k=1

AR 2D pa(froTFfy).

k=1
(7.5.20)
The above two facts and equations (7.5.14), (7.5.19) yield
d? ’
oz nay = lim m ([ZonTk ) > 0. (7.5.21)
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Note that equation (7.5.16) implies af, = 0, hence oy > 0 for A > 0.
Since the maximum of A\a — In«), is taken either at aya = O/A or at
. . . o .
infinity (if a > supy.o 32), it follows that
I(a) =sup(Aa — Inay) = sup(Aa — Inay) = I(a)
A>0 A
as announced. In fact, more can be said.

Lemma 7.5.3 FEither the rate function I is strictly convex, or there
exists B € R, ¢ € CY such that f —B=¢ —¢poT.

PROOF. By Problem 7.15 it suffices to prove that In «), is strictly
convex. On the other hand equations (7.5.14) and (7.5.21) imply that
if the second derivative of In )y is zero for some A, then

n—1 2
[Zf,\oTk —n[,uAfQ —i-QZ M)\f/\OT )
k=0
n—1
- —znZ@ PLE(Fh)) = 2D KO(ALE (fa ) — anpa(f)?
k=n k=1
< C(A) [npy + Z kp’j]
k=0

Accordingly, the sequence Zz;é froT* is bounded in L?(T', izy) and

hence Weakly compact. Let ZZ]: 61 fr o T* a weakly convergent sub-
sequence,'? that is there exists ¢y € L? such that for each ¢ € L?
holds

n;—1

hm wx(p Z FroTh) = pa(pgr).

It follows that, for each ¢ € Cl,
nj—1

Il = on+ droT)) = ma(eh) + lim 3 m(efro T = pfroTh)
k=0
= lim ja(pfro T™) = lim L(HLY (9ha)

= px()ua(fr) = 0.

2Such a subsequence always exists | ].
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thus, since C! is dense in L2, it follows

a=ox—droT,  py—as. (7.5.22)

A function with the above property is called a coboundary, in this case
an L? coboundary since we know only that ¢y € L?(T,uy). In fact,
this it is not not enough to conclude the Lemma: we need to show, at
least, that ¢, € CO.

First of all notice that, since for each 8 € R we have f) = ¢+ 5 —
(¢x+ ) oT, we can assume without loss of generality py(¢y) = 0. But
then ) ) R

LA(fabr) = Lx(Paha) — oaha = —(1 — L) ¢ ha.
Hence
dx=h 'L — L) La(frhy) €CL
O

Remark 7.5.4 The above result is quite sharp. Indeed, it shows that
if I is not strictly convex, then for each invariant measure v holds
v(f) = B = u(f). So it suffices to find two invariant measures for
which the average of f differs (for example the average on two periodic
orbits) to infer that I is strictly convex.

2

Problem 7.19 Set o := o”(0). Show that, for a small, I(a) = & +
O(a®). Show that if a > |f|o, then I(a) = +oc.

The above discussion allows to conclude
a2
m(AL,(f) < m(L3_h) < Ce om0,

Since similar arguments hold for the set A (—f), it follows that we
have an exponentially small probability to observe a deviation fron} the
average. Moreover, the expected size of a deviation is of order n™ 2, to
see if this is really the case we a lower bound.

7.5.2 Large deviations. Lower bound

Let I = (o, ), fix ¢ € (0, B_TO‘) and let us consider a A € R such that
un(f) € (a4 ¢,8—¢) = L. Let S, = Y770 foTF, then uy(Sn) =
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nux(f) and, by (7.5.20)

n—1 2

[Zfo T* — nm(f)] < Cxn,

k=0

where C depends continuously by A. Thus, setting A, ;1 = {z € T!

%Sn(a:) el},
o)

n—1
pA(AL 1) < <{

Zf,\OTk
k=0

<c¢ 2n” u)\ < Che2n~ 1.

It follows that there exists ny € N such that, for all n > ny, px(Ap,1) >
%. We can then write

1 _

5 < O(Anrhy) < Cye (ntm)maxpy (L3 (L4, ). (7.5.23)

To conclude we must analyze a bit the characteristic function of A, ;.
First of all, notice that if [T"2 — T"y| < ¢ then for each z € [z, y]

|Dan _ DZTn| < |Dan| . (622;3 [InDpg T—In Dy T| 1)
< DT (% Zico X — 1) < Cy DT,
By a similar estimate follows |D,T" — D,T"| > Cx|D,T"| as well.
Moreover,

n—1

|Sn(x) = Su(W)] < Y |flerCprFe < Cye.
k=0

We can then write A, ;1 D UjJ; D A, 1. where J; are disjoint intervals

such that |T"J;] < e. Choosing e small enough it follow that the
oscillation of S,, on each J; is smaller than c. Moreover

d
e llsy = s [ Gor< s [ LIDTY oo T+ B
Ploo> 1 Y 1

< 2 sup |Dﬂan|71 + B|Jj| < C#|Jl|.
zeJ;
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We can then continue our estimate started in (7.5.23),
1

—(n+m) In ay+nAg+mC Z Lt
2<Ce(nm)noz>\n m#lf/\(nm(]lJl))

_ C#e—(n+m) In ay+nAB+mCy Ze)\ (m(Jl)(l + O(pm)))>
l
< C«#e—n(lna)\—)\ﬂ)m(AnJ)’

where we have chosen m large but fixed. The above computations
imply that, for each L > 0,

m(An,[) > CLB_JL(I)n

where Jp(I) = maxgy<r, . 4, (f)er.} A — Inay. Note that, if f is not a
coboundary and hence In «y is strictly convex, the maximum of \a —
In «v), is attained at some finite value, hence, for L large enough, J7,(I) =
SUP{AR : puy (f)el.} A — Inay. This implies that

m(Ajn) > C’#e*‘](“)”

where J(a) = supy ., (f)>a} A@ — In .
The surprising fact is that the upper and lower bound are essentially
the same. To see this a little argument is needed.

7.5.3 Large deviations. Conclusions

In fact, it is possible to give a variational characterization of the rate
function in the spirit of general Large deviation theory [ , ,

].
Lemma 7.5.5 Let Mt be the set of invariant probability measures
nwvariant with respect to T'. Then
I(a) = — sup h(T) = J(a).
{veMr :v(f)>a}

PROOF. By section 7.4.2 we have that, for each v € My, Ina) =
sup,e v U (T) + A (f)} = by, (T) + Aua(f). Thus for each v € Mp
such that v(f) > a, we can write

(@) < max{Ma — v(f) = 1 (T)} = ~h(T).
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On the other and

I(a) = S;;Ig{/\(a = ia(f)) =y (T)}-

If a > suppux(f), then I(a) = 400, otherwise let A\, be such that
pix, (f) = a,"” then

I(a) > —hy, (T) > — sup hy(T).
{veMzg :v(f)za}

Finally, since p) and h,, depend smoothly from A,

J(a) = sup  Aa — A\ (f) — hy, (T) = I(a).
A pa(f)>a}

7.5.4 The Central Limit Theorem

We can now address the second question we have posed. From the
above discussion is clear that we must chose ¢, = y/n.
Let f € BV and set f := f — u(f), then

. 1n71A .
nl;rgonl;)foT () =0 m—a.e.

Let us set ¥, := ﬁzz;é foTk. We can consider ¥, a random
variable with distribution F,(t) := p({z : WY,(x) < t}). It is well
known that, for each continuous function ¢ holds™

H(g(W,)) = /R o(t)dF(t)

13 Actually one must show that the sup is a max.
11f g € C§, then

/Rng = —/RFn(t)g'(t)dt: _/Rdt/'ﬂ‘l drX (s w, ()<t (2)g (¢).

Applying Fubini yields

/ng :_/ dm/dtx{z:q,n(z)gt}(x)g'(t) :—/ dm/ g'(t)dt:/ dzg(Vn(x)).
R T1 R T1 Vo (x) T1
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where the integral is a Riemann-Stieltjes integral. It is thus clear that if
we can control the distribution F},, we have a very sharp understanding
of the probability to have small deviations (of order \/n) from the limit.
From the work in the previous section it follows that there exists § > 0
such that, for each || < §/n,

22
M) = (L3 o) = (1= T2 O ) )

Pn(A) = p(e -

222

— e T2 (1+ 002 +np")||fllBv)-

(7.5.24)

The above quantity is called characteristic function of the random vari-
able and determines the distribution (at continuity points) via the for-
mula

1 A e—ia)\ . e—ib)\
Fa) = Fufw) = Jim 5 [ S (an

as can be seen in any basic book of probability theory.'®
Formula (7.5.24) means in particular that

. AUy . — —_.
nhﬁnolom(e )=e 2 =:p(A).

What can we infer from the above facts? First of all a simple compu-
tation shows that

o(t) = -

T o

/ e M o(\)dA = e 207
R

a random variable with such a density is called a Gaussian random vari-
able with zero average and variance o. Accordingly, formula (7.5.24)
can be interpreted by saying that there exists a Gaussian random vari-
able G such that

! nifoTk ~ e+ om )

"i=o v

15In the case when there exists a density, that is an L! function f, such that
F,(b) — Fy(a) = fab fn(t)dt, then the formula above becomes simply

110 = 5= [ e

and follows trivially by the inversion of the Fourier transform.
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in distribution. But what does this means concretely. Actual estimates
are made difficult by the fact that the distribution under study not
necessarily have a density, thus we are Fourier transforming function
that behave quite badly at infinity. To overcome such a problem we
can smoothen the quantities involved.

Let j € C®°(R,Ry) such that [ j(t)dt = 1, j(t) = j(—t), and
j(t) = 0 for all |¢t| > 1, for each € > 0 defined then j.(t) := e 1j(e71¢)
and

Foo(t) = / Jo(t — 5)F(s)ds. (7.5.25)
R
A simple computation shows that, for each a,b € R, holds
Folb+e)—Fyla—¢)> Fue(b) — Fpc(a) > Fp(b—¢) — Fu(a+e¢)

that is: if the measurements have a precision worst than 2e, then F, .
is as good as F;, to describe the resulting statistics. On the other
hand calling ¢, . the characteristic function associated to F;, ., holds
One(N) = ©n(N)7(eN), where j is the Fourier transform of j. Since now
F}, ¢ is the law of a smooth random variable it has a density f, . and

1
o

Fucl®) = 5 [ €M MieNdN

R
since j is smooth it follows that there exists C' > 0 such that |j(\)| <
C(1+)2%)~2. We can finally use formula (7.5.24) to obtain a quantita-
tive estimate

1 eV it - 5, —3
Jne(t) = 5 e "on(AN)j(EA)dA + O(e ™ n"2)
2 ) _om
1V .
- e M p(N)j(N)dA + O 02 + 1 2)
27 —ev/n

= g(t) + O+ 7072 +173) = g(t) + O(n"2)

1
provided we choose n~2 > & > n~°. Which, as announced, means that,
if the precision of the instrument is compatible with the statistics, the

typical fluctuations in measurements are of order ﬁ and Gaussian.

This is well known by sperimentalists who routinely assume that the
result of a measurement is distributed according to a Gaussian.'¢

16Note however that our proof holds in a very special case that has little to do
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7.6 Perturbation theory

To answer the questions posed at the beginning we need some per-
turbation theorems. Few such results are available (e.g., see | ],
[ | or | | for a review), here we will follow mainly the theory
developed in | , ] adapted to the special cases at hand.

For simplicity let us work directly with the densities and in the
case d = 1. Then L is the transfer operator for the densities. We will
start by considering an abstract family of operators L. satisfying the
following properties.

Condition 1 Consider a family of operators L. with the following
properties

1. A uniform Lasota-Yorke inequality:

L2y < AXNT"|[hllpv + Blhlpr,  [£2h|pn < Clhlp;

2. [ Lh(x)dx = [ h(z)dz ;
3. For L : BV — BV define the norm

LI = sup [Lfl,
Inlzv <1

that is the norm of L as an operator from BV — L'. Then we
require that there exists D > 0 such that

£ — L] < De.

Condition 1-(3) specifies in which sense the family £, can be con-
sidered an approximation of the unperturbed operator £. Notice that
the condition is rather weak, in particular the distance between £, and
L as operators on BV can be always larger than 1. Such a notion of
closeness is completely inadequate to apply standard perturbation the-
ory, to get some perturbations results it is then necessary to drastically

with a real experimental setting. To prove the analogous statement for a realistic
experiment is a completely different ball game.
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restrict the type of perturbations allowed, this is done by Conditions 1-
(1,2) which state that all the approximating operators enjoys properties
very similar to the limiting one.'”

To state a precise result consider, for each operator L, the set
Vsr(L) :={2€C||z| <rordist(z,0(L)) < d}.

Since the complement of V; (L) belongs to the resolvent of L it follows
that

Hs,(L) := sup {||(z — L)71||BV | z € C\V&,«(L)} < 00.

By R(z) and R.(z) we will mean respectively (z —£)~! and (z—L£.)7!.

Theorem 7.6.1 ([ 1) Consider a family of operators L. : BV —
BV satisfying Conditions 1. Let Hs, = Hs,(L); Vs, = V5, (L),
r> A"t 6 >0, then, if e <e1(L,1,6), o(L:) C Vsr(L). In addition,
if e < eo(L,r,9), there exists a > 0 such that, for each z & Vs, holds
true

I[R(2) — Re(2)]]] < Ce™.

PROOF.'® To start with we collect some trivial, but very useful
algebraic identities.

7 Actually only Condition 1-(1) is needed in the following. Condition 1-(2) simply
implies that the eigenvalue one is common to all the operators. If 1-(2) is not
assumed, then the operator L. will always have one eigenvalue close to one, but the
spectral radius could vary slightly, see [ ] for such a situation.

8This proof is simpler than the one in [ ], yet it gives worst bounds, although
sufficient for the present purposes.



194 CHAPTER 7. QUANTITATIVE STATISTICAL PROPERTIES

For each operator L : BV — BV and n € Z holds

n—1
% Y (z'L)i(z-L)+ ('L =1 (7.6.26)
=0
n—1
R(2)(z— L.) + % Z:(z_lﬁ)i(ﬁE — L)+ RR) (L)L - L) =1
= (7.6.27)
(2= Le) [Gne + (z7'L)"R(2)] =1 — (271 Lo)"(Le — L)R(2)
(7.6.28)
[Gn,s + (z_lﬁg)"R(z)] (z—L)=1- (Z_IEE)"R(Z)(LE - L),
(7.6.29)

where we have set G, o := 1 Z?:_Ol(z_lﬁg)i.
Let us start applying the above formulae. For each h € BV and
z & V,.s holds

B
1z £0)" (e = L)R()Ally < (rA) T AlN(Le = L)R(2)R] sy + Z[(Le = L)R(2)A 1
< [(rA\)""A2C1 + Br "De]H, s||h| v < ||h|BV
Thus [[(z71£.)"(L: — L)R(2)||py < 1 and the operator on the right

hand side of (7.6.28) can be inverted by the usual Neumann series.
Accordingly, (z — L¢) has a well defined right inverse. Analogously,

1(z7 Le)"R(2)(Le—L)B| By < (rA) " A|R(2)(Le—L)h| py+Br~"|R(2)(L—L)h| 1.
This time to continue we need some informations on the L! norm of

the resolvent. Let g € BV, then equation (7.6.26) yields

n—1

1 - % - n
[R(2)gler < =) 171 L) glur + [ R(2)(27' L) gl sv
=0

< mmm + Hsr A(rA\) "9l Bv + Hsr Br—"|g|

<r ™(Hs, B+ (1—7)"Y|glpr + Hsr A(rA) " llgll By
Substituting, we have
[(z7 L) R(2)(Le — L)h||py < {(r\) ™AH;,2C1[1 + Br"]
+ Br~?"[Hs, B + (1 — )" YDe}||h|pv < 1,
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again, provided ¢ is small enough and choosing n appropriately. Hence
the operator on the right hand side of (7.6.29) can be inverted, thereby
providing a left inverse for (z—£.). This implies that z does not belong
to the spectrum of L..
To investigate the second statement note that (7.6.27) implies
1 n—1 A
R(z)—R.(z) = - Z(Z_IE)Z(LE—E)RE(Z)—R(z)(z_lﬁ)"(ﬁs—E)Rs(z).

z
=0

Accordingly, for each ¢ € BV holds
|R(2)p—Re(2)p| 1 < {r™"(1—r)te+Hs,.(\r) " "2AC 1+ Hs, Be} | Re(2) 0| BV -

0

7.6.1 Deterministic stability

The L. are Perron-Frobenius (Transfer) operators of maps 7, which are
Cl-close to T, that is de1 (T:, T) = ¢ and such that de2(T:, T) < M, for
some fixed M > 0. In this case the uniform Lasota-Yorke inequality is
trivial. On the other hand, for all ¢ € C' holds

/(Esf—ﬁf)soz/f(sooTe—sooT)-

Tex

Now let (I)(ZE) = (DxT)_l Tx

©(z)dz, since
' (x) = —(D,T) ' D*T®(z) + D, To(D,T)  p(Toz) — o(Tx)

follows
/ (Lef—Lf)p = / fo'+ / F(@)[(DeT) ' DIT®(2) + (1= Do Te(DoT) ™o (Tew)).

Given that |®|oc < A 7le|p|eo and |1 — D, Te(D,T) oo < A le, we
have

/(ﬁsf—ﬁf)w < 1By AT elooeH fl AT (B+1)elplo < DI fllpvelplo-
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By Lebesgue dominate convergence theorem we obtain the above in-
equality for each ¢ € L%, and taking the sup on such ¢ yields the
wanted inequality.

|Lof — Lf|r < D||flBve.

We have thus seen that all the requirements in Condition 1 are satisfied.
See [ ] for a more general setting including piecewise smooth maps.

7.6.2 Stochastic stability

Next consider a set of maps {71;,} depending on a parameter w € Q. In
addition assume that € is a probability space and consider a measure
P on . Consider the process z, = 1, o--- o1, x¢9 where the w
are i.i.d. random variables distributed accordingly to P and let E, be
the expectation of such process when zg is distributed according to pu.
Then, calling £, the transfer operator associated to T;,, we have

E(f(@ns1) | 20) = Lpf () = /Q Lo f (n) P(dw).

Then if
|Lohlpy < AS hIBY + Bulh|L
integrating yields
[Lrhlpy < EQGY| Ry + E(By)|h| L

And the operator Lp satisfy a Lasota-Yorke inequality provided that
E(\™1) <1 and E(B) < .
In addition, if for some map 71" and associated transfer operator L,

E(|L,h — Lh]) < €|h|py

then we can apply perturbation theory and obtain stochastic stability.

7.6.3 Computability

If we want to compute the invariant measure and the rate of decay of
correlations, we can use the operator P; defined in (7.3.6) and define
Lim = P.L™. By the estimates in Lemma ?7 it follows

|Le.mhlpv < 4% |h| gy + Blh|L1-
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We can then chose the smallest m so that 4%™ = o1 < 1. Moreover,
we also saw that
|Lemh — Lh| < t7Hh|py.

So we are again in the realm of our perturbation theory and we have
that the finite dimensional operator Ly ,,, has spectrum close to the one
of the transfer operator. We can then obtain all the info we want by
diagonalizing a matrix.

7.6.4 Linear response

Linear response is a theory widely used by physicists. In essence it
says the follow: consider a one parameter family of systems T and the
associated (e.g.) invariant measures pg, then, for a given observable f
one want to study the response of the system to a small change in s,
and, not surprisingly, one expects ps(f) = puo(f)+sv(f)+o(s). That is
one expects differentiability in s. Yet differentiability is is not ensured
by Theorem 7.6.1. Is it possible to ensure conditions under which linear
response holds? The answer is yes (for example if holds if the maps
are sufficiently smooth and the dependence on the parameter is also
smooth in an appropriate sense). To prove it one need a sophistication
of Theorem 7.6.1 that can be found in | ]

7.6.5 The hyperbolic case

One can wonder is the previous approach can be applied to uniformly
hyperbolic systems and partially hyperbolic system. The answer is yes
although the work in this direction is still in progress and the price to
pay is the need to consider rather unusual functional spaces (space of
anysotropic distributions). Just to give a vague idea let us look at a
totally trivial example: toral automorphisms.

Then one can consider the norms:

- [E?
Hanq T Z ’fk|1+’<vsjk>‘p+q+’f0"

kez2d\ {0}

where fj, are the Fourier coefficients of f and v® is the unit vector in
the stable direction. Then

£ llp.g < Cill Fllpa

n n (7.6.30)
H[ﬁ f”p,q < Csu Hf”p,q + B||f||p—1,q+1-
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we have thus the Lasota-Yorke inequality. Moreover on can easily check
the relative compactness of {||f||,q < 1} with respect to the topology
induced by the norm || - ||,—1,4+1, hence our previous theory applies
almost verbatim.

To have a more precise idea of what can be done, see | , .

Hints to solving the Problems

7.18 Let £y, h) be analytlc Let us define z), = ¢ — I te(h) d€ define
h>\ = z)h) and / A= 2y ¢, and check that they are normahzed as
required.

Notes

Large deviations are taken from Lai-Sang article and Keller book.

The stochastic stability is reasonably well understood (Cowienson)
but what about the smooth dependence from a parameter (linear re-
sponse)? Counterexamples in d = 1 but unknown in higher dimensions.
The uniformly hyperbolic case is well understood but not much is know
on how to apply the present ideas to the partially hyperbolic case and
to the case of systems with discontinuities, although a concentrated
effort is taking place to extend the theory in such directions.



