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Let £, € C*(T?, T?) be defined by
F.(x,0) = (f(x,0),0 + cw(x,0)).

This is a family of fast-slow systems (in discrete time, for

simplicity). We assume

inf , f(,0) = A > 1.



A standard pair is a couple ¢ = (G, p). G € C"(|a,b],T),
|b—al| € [9,260], |G'| <ceand p e C([a,b],R>),

]% Inp(z)| <c f:p = 1. To each standard pair is
associated the probability measure

ui(6) = / o()(x, Gl(x))da.

We assume that the initial condition is distributed according

to a convex combination of standard pairs.



Define the polygonalization (since we interpolate between

close points the procedure is uniquely defined in T.)
@g(t) — HLs_ltJ —+ (t — 8L5_1H)(‘9L5_1tﬁ—1 — 9L5_1H)7

with ¢ € [0, 7.

Note that ©. is a random variable on T? with values in
C°([0,T],T). Let PS be the law of ©, (with initial
distribution 11,) as a random variable in C°([0,T],T).



Here is the first result we want to establish in our journey:

Theorem 1 (Anosov, Kifer, Dolgopyat). For each
standard pair ¢, the measures {P3} have a weak limit P.

Moreover, P is supported on the trajectory determined by
the O.D.FE.

0 = o(0)

where w(8) = [, w(x,8)py(z)dz.



The Key property of standard pairs is their invariance:

Given a standard pail £ consider the push forward (F.).pi.
Then there exists a finite collection of indices A, a
probability measure v on A and standard pairs {/, }aca
such that

(Foape = ) v({a})..

Hence the weak closure of the coves combination of
standard pairs is a compact convex set invariant under the
pushforward. Thus it must contain at least an invariant

measure of the system.



Now that we have identifies the class of measure we want to
work with, it is natural to consider the situation in which
our process starts with a measure p, associated to a
standard pair ¢ (hence we may have an £ uncertainty also in
the slow variable). Again let P} be the associated measure

in path space. Since

[(t+h)e~1]+1

O:(t+h)—O0.(0) < Y elw(i,6;)] < Ch.

i=lte=1]—1



It follows that Pj is supported on the Lipschitz paths with
Lipschitz constant less than C. Since such a set is compact
in the uniform topology, it follows that {P7} is a tight
family (i.e. is relatively compact in the weak topology).

Thus the first step in our strategy is totally trivial.



Next, a little computations with standard pairs.
Let A € C°(R™,R) and {t;}, C [0,T], and ¢ be a
standard pair

E;(A(O(t1), ... O(tm))) = e(A(O:(t1), . .., Oc(lim)))
= (F2). W(A(@ (1 =€), Ot —€)))

= ZVQ/M (t1 _5) >@€(tm _5)))

acA
= > Ui, (A(0:(0), ..., Oc(t — 1))
= > B (A(B(0),. .., O(t, — 11)))

where £, is the family of standard pairs generated by ¢ at
time 5_1t1.



Suppose

lim sup |[E;(A(O(0),...0(t,, —t1)))| = 0,

e—0 /

Then, for each set of functions B; € C' and times s; < t;

i (H Bj(6(5;) A1) .. @(tm»)

— Z Z HVeiBi(QZ)

el y lr41€8L5,, Li=1 _

X Umt1E;  (A(©(0),...0(t, —t1))) + O(e)

€m+1

where 07 = ().
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Thus, if P is an accumulation point of P7, it follows

E (H B,(O(s,) AO(11), . @(tm») ~ 0

and, by the arbitrariness of the {B;}, we have, for each
s < ty,

E(AO(t),...0(t) |F.) = 0.

In the limit we have recovered the possibility to condition
with respect to the past.
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To continue we need a computation: for each n < e72

/ p(x)A(607) d:c+52/ x) A (0))w(xy, 0))dx + O(e)

where 0 = 1,(0y). Since |0, — 6y| < Cne.
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e (A(6,) = / p(@) A(Gi(2))dz + O()

+ e - / p(2)(VAG), w(fF oY, (x),0;))dx

A(6y) —H-:Z/ WV A0, w(fE(z),0;))dx + O(e)

where f.(z) = f(x,6;) and f(Y,.(z)) = x,. One can

compute applying the implicit function theorem to show
fE(Ya(x)) — x| < Cek Wk <n.

while j, (2) = [w} oY (z).

n
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Note that |, p, = 1 but, unfortunately, ||p||c: may be
enormous; yet, |Y! — 1| < Cuen?. Moreover,

p = (Xausp) oY ! has uniformly bounded variation. By the
decay of correlations and the C' dependence of the invariant

measure on 6
[ @) (TAG), (1), 07)da

_ / Dal@) (VA w(f4 (@), 67)dz + Ofen?)
— (7o () mg: (VA(B), (-, 02))) + O(en? + =)
— 1 ((VA(8),5(60))) + Oen? + ).
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Collecting all the above we have
1e (A(0,)) = pe(A(0o) +en(NV A(0y),0(00))) +O(n’e? +¢).

Finally, we choose n = [¢73] and set h = en. We define
inductively standard families such that £,, = {¢} and for
each standard pair {;; € £, the family £/, , is a standard
decomposition of the measure (F*)*f1,,,. Thus, setting
m = [te 3] — 1,
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k—1

-
=0 162@0 by _ 1€£gk 2] 1

S S T e G AG), (600)) + O)

@(kh))>h> + O(e5t)



We have just proven

lim sup E2 (A(@(t)) — A(6(0)) — /0 <VA(@(S)),w(@(S))>dS> — 0.

e—0 /

Which, setting
My = A(O(¢)) — AB(0)) — /O (VA(O(T)), w(O(1)))dT

implies, for any accumulation point P, and s <'¢,

E(Mt’fs):Ms

17



It remains to prove the uniqueness of the martingale
problem. This can now be done similarly to our first proof of
the convergence of Friedlin-Wentzell to the deterministic

part using the martingale property instead of lto’'s formula.
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