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Let I, € C*(T?,T?) be defined by
Fu(w,0) = (J(2,0),0 + cwo(x.0)).

This is a family of fast-slow systems (in discrete time, for
simplicity). The connection with Freidlin-Wentzell theory it

Is not immediately apparent but it will became clear as we
proceed.

Since we want the fast dynamics to be chaotic we assume

inf 0, f(x,0) = A > 1.



We are interested in the trajectories of such a dynamical
system: let (xz,,60,) = F(xo, 6).

As discussed before we will consider random initial
conditions defined by the measure g on T2 by

(20, 00) = [ ol 07)pla)do

for some probability distribution p € C*(T*,Rx) and
0 T



Define the polygonalization (since we interpolate between

close points the procedure is uniquely defined in T.)

@s(t) = HLs—ltJ -+ (t — 8L€_1tj)((9tg—1”+1 — HLE_ltJ)7
with ¢ € [0, T.

Note that ©. is a random variable on T? with values in
C°([0,T],T). Let P¢ be the law of ©, as a random variable
in ([0, 7], T).



Here is the first result we want to establish in our journey:

Theorem 1 (Anosov, Kifer). The measures {P°} have a

weak limit P. Moreover, P is supported on the trajectory
determained by the O.D.E.

0 = %(0)
0(0) = 6
where w(8) = [, w(x,8)py(z)dz.

(Actually, working more it is possible to prove almost sure

convergence, but we will not worry about this)



The next natural question concerns the speed of
convergence. For each t € [0,7], let

C(t) =e2 [O.(t) — O(1)] .

Note that (. is a random variable on T? with values in
C°([0,7T],R), R being the universal cover of T, which

describes the fluctuations around the average.

Let P¢ be the path measure describing (. when (xg, 6y) are

distributed according to the measure 1y. That is,

~

P = (¢c)«to.



Theorem 2 (Klfer Dolgopyat) The measures {P°} have

a weak limit P. Moreover, P is the zero average Gaussian
process defined by the SDE

d¢ = &' (©)(dt + 0(O)dB
¢(0) =0,

where B 1s the standard Brownian motion and the
diffusion coefficient o s given by

7 (0)? =my ( ) + 2 Z me ( 0)0(-,0)).

where w = w — w and we have used the notation
fo(x) = f(x,0) and 22 = py. In addition, o(0) is strictly
positive, unless w(6,-) is a coboundary for fs.
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We can now make the connection with Freidlin-Wentzell
theory: consider the SDE

dz = @(z)dt + \/eo(z)dB
2(0) = 0"

One can show that (Freidlin-Wentzell, more details later)

z2(t) = O(t) + ve((t) + Orz(e).

Our model is thus a natural candidate to develop a
Freidlin-Wentzell theory in a completely deterministic
setting.



We have thus the right setting to investigate the questions
posed at the beginning. In general the answers are not
known, yet for the simple situation we are considering some

preliminary result do exist.

Consider the (classical Freidlin-Wentzell) case in which @
has finitely many non degenerate zeroes. Let ny be the
number of zeroes and assume n; > 0. So the differential
equation for © is of a very simple form and has 2n point

masses as unique ergodic measures.



Also we assume

1) that the map is not too distant from a cocycle: for some
appropriate, fixed, 0o > 0 we have

2) for any 01,6, € T and any neighbourhoods U; of such
points the exists an admissible path connecting such two
neighbourhoods.
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An admissible path is defined as follows:

for each 6 € T define the convex set

Q) = {u(w(-,0))|p is a fy-invariant probability}. A path
h € CH[0,T],T!) is said to be admissible if it satisfies the
differential inclusion h'(s) € int Q(h(s)).
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Theorem 3 (De Simoi, L.). Given the previous
hypotheses, there exists g > 0 such that, for all

e € (0,e9), the system has a unique physical measure ..
Moreover, for each A, B € C!,

Leb(A - Bo F') — Leb(A)u:(B)| < Ci[|Allcr || B|er exp(—c.n),
where the rate of decay of correlations is given by:

(
Coe/loge™ ifny =1,

Ce = <
el .
Cye—C1e otherwise.

\
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In the case of a w with several zeroes, one has a
Freidlin—Wentzell theory like situation (but now for a
completely deterministic system), hence metastable states
and a much longer time (~ e~ “*) of convergence to the
unique equilibrium state. A hint of such a theory can be

found in Kifer's work, but only for exponentially long times.
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So far for general consideration and ideas: let us go into
some details.

et us start with Theorem 1.
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Let us start with a trivial exercise: let z. be the solution of
dz = w0(2)dz + v/eo(2)dB
2(0) = 6"
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t
< C’/ E ([2:(s) — O(s)]?) + Ce
0
Then, for each t < T', we have (by Gronwall inequality)

|2 — Ol = E(|2(t) — (1)) < CeTV/e.
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We have used
1. knowledge of the limit;
2. Ito’s formula (hence martingales and conditioning).

The first was trivial for us but in general may be difficult.
The second is not available nor seems to make any sense for
deterministic systems .... so?
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Let us try a different approach: First of all let P, be the
measure on C°([0, T],R) induced by the process z.. It is
easy to verify that the sequence of measures {P.} is tight
(an application of Ito's formula and Kolmogorov criteria),
thus it has accumulation points. |f we can show that the
accumulation points must satisfy some equation that has a
unique solution, than we have proven that the limit (in the

sense of weak convergence) exists.
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Next, notice that, for each A € C? and ¢ > 0

M., =A(=(t)) — f(6") - / B(2(3)) A (2(s))ds

E

—5/0 o(z(s))*A"(z(s))ds

Is a martingale under P, with respect to the filtration F;

generated by {z(s)}s<; (it follows from Ito's formula).
Moreover E.(M. o) = 0.

In fact, P, is uniquely determined by the above properties

(uniqueness of the Martingale problem)
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Let P., be a converging sequence, and let P be the limit.

Then, setting

Ny = A(z(t)) — A(07) — /O W(2(s))A'(2(s))ds

we have
lim E. (M., ;| Fs) = E(N; | F)
J—>00
lim E. (M. | Fs) = lim M. , = N,
J—00 J—r00

Thus N, is a martingale under P and E(A(z(t))) = A(6%).
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If we can prove that P is uniquely determined by the above
properties (which is actually true and not hard to prove),

then we are done.
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This time we have used
1. tightness of the sequence of probability measures

2. the fact that each limiting measure satisfies a

Martingale Problem that admits a unique solution

This seems much more flexible than before (in particular
there is no need to have Martiangales before the limit, only
after they play a fundamental role) although the result is
weaker. Our goal is to see how such a strategy can be

implemented in the case of deterministic systems.
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Conditioning and right class of measures

The basic tool that takes the pace of conditioning is

standard pair and, in its final version, is due to Dolgopyat.
A standard pair is a couple ¢ = (G, p). G € C"(|a,b],T),
b —al € [9,26], |G'| <ceand p e C([a,b],R>),

]% In p(z)| < c¢. To each standard pair is associated the
measure

1i(6) = / o(2)é(, G(x))da.

Also we require that py is a probability measure.
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The Key property of standard pairs is their invariance:

Given a standard pail ¢ consider the push forward (F.). .
Then there exists a finite collection of indices A, a
probability measure v on A and standard pairs {{,}aca
such that

(Fo)apre = Y v({a}) ..

acA

This allows to condition with respect to the past and hence
treat a deterministic Dynamical Systems in analogy to a
random Markov process.
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