EDGEWORTH EXPANSIONS FOR WEAKLY DEPENDENT
RANDOM VARIABLES
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ABSTRACT. We discuss sufficient conditions that guarantee the existence of asymptotic
expansions for the CLT for weakly dependent random variables including observations
arising from sufficiently chaotic dynamical systems like piece-wise expanding maps, and
strongly ergodic Markov chains. We primarily use spectral techniques to obtain the
results.

1. INTRODUCTION

Let Sy = 25:1 X, be a sum of weakly dependent random variables. We say that Sy
satisfies the Central Limit Theorem if there are real constants A and o > 0 such that

(1.1) Jlim P (% < z) = N(z)

where

N(z) = /Z n(y)dy and n(y) = \/%6_%22.

An important problem is to estimate the rate of convergence of (1.1).
To this end, an asymptotic expansion, now commonly referred to as the Edgeworth
expansion, was formally derived by Chebyshev in 1859.

Definition 1. Sy admits Edgeworth expansion of order r if there are polynomials
Pi(z2),...,P.(z) such that

Sy —NA ~ P,(z s
P<T§z> —‘ﬁ(z)zz Ni/z)n(z)%—o(]\f /2)

p=1

uniformly for z € R.

Remark 1.1. [t is an easy observation that order r Edgeworth expansion of Sy, if it ex-
ists, is unique. Suppose {P,(2)}, and {P,(2)},, 1 < p <1 are polynomials corresponding
to two Edgeworth expansions. Then,

"R  B) .
Z ]\]/fpﬂ n(z) = Z ]\]/fpﬂ n(z) +o(N/?).
p=1 p=1
Multiplying by /N taking the limit N — oo we have Pi(z) = Py(z). Therefore,

3 %Z)n(z) = %}Efgn@) +o (N7T12)
p=2 p=2 )
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Then, multiplying by N and taking N — oo, Py(z) = Py(z). Continuing this r times we
can conclude P,(z) = Py(z) for 1 <p <.

When X;’s are independent and identically distributed (i.i.d.), it is known that the
order 1 Edgeworth expansion exists if and only if the distribution of X is non-lattice (see
[7]). Therefore the following asymptotic expansion for the Local Central Limit Theorem
(LCLT) for lattice random variables is also useful.

Definition 2. Suppose that X,,’s are integer valued. We say that Sy admits a lattice
Edgeworth expansion of order r, if there are polynomials Py 4, ..., P.q and a number A
such that

VNP(Sy = k) =n (k \/%A> Z pal(k Ngf)/‘/_) o (N7

p=0
uniformly for k € Z.
Remark 1.2. Asin remark 1.1, we can prove the uniqueness of this expansion. Because

P, 4’s have finite degree, say at most q, choose N large enough so that Sy has more than
q values. Then the argument in remark 1.1 applies mutatis mutandis.

During the 20th century, the work of Lyapunov, Edgeworth, Cramér, Kolmogorov,
Esséen, Petrov, Bhattacharya and many others led to the development of the theory of

asymptotic expansions of these two forms. See [11, 141] and references therein, for more
details.
In [2], weak (or functional) forms of Edgeworth expansions are introduced. These

expansions yield the asymptotics of E(f(Sy)).
Let (F,| - ||) be a function space.

Definition 3. Sy admits weak global Edgeworth expansion of order r for f € F, if there
are polynomials Py 4(z), ...Prg(z) and A (which are independent of f) such that

E(f(Sy — NA)) Z / P Z\/_)dz+||f||0( RARSE

Definition 4. Sy admits weak local Edgeworth expansion of order r f € F, if there are
polynomials Py,(z), ... P.i(2) and A (which are independent of f) such that

VNE(f(Sy — NA)) 27rZNp/ 1 (2) F(2)dz + || f]] o (N2

We also introduce the following asymptotic expansion which yields an averaged form
of the error of approximation.

Definition 5. Sy admits averaged Edgeworth expansion of order r if there are polyno-
mials Py o(2), ... P.q(2) and numbers k,m such that for f € F we have

[ e 35) e ) o
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_ ZNL//P (o4 ) n (54 ) Py + 1o (52,

Remark 1.3. All of these weak forms of expansions are unique provided that F is dense
in C° with respect to || - ||oo. If there are two different weak global expansions with

polynomials {P, ,} and {P,,}, the argument in remark 1.1 yields,
/Pp,g(z)n(z)f(zx/ﬁ)dz = /Ppg(z)n(z)f(z\/ﬁ)dz

for all f € C® which gives us the equality, P, ,(z) = ppy(z). The same idea works for
the other two expansions.

We have seen that these asymptotic expansions are unique. They also form a hierar-
chy. Because the dependencies among the expansions are independent of the abstract
setting we introduce in section 2, we postpone the discussion about this hierarchy to Ap-
pendix A. Due to this hierarchy, in the absence of one, others can be useful in extracting
information about the rate of convergence in (1.1).

Previous results on existence of Edgeworth expansions (see [3]) assumes independence
of random variables X,,. For many applications the independence assumption of random
variables is too restrictive. Because of this reason there have been attempts to develop
a theory of Edgeworth expansions for weakly dependent random variables where weak
dependence often refers to asymptotic decorrelation. See [1, 9, 13, 17, 18] for such
examples. The primary focus of these is the classical Edgeworth expansions introduced
in Definition 1 and Definition 2.

Except in [1], the sequences of random variables considered are uniformly ergodic
Markov processes with strong recurrent properties or processes approximated by such
Markov processes. In [1], the authors consider aperiodic subshifts of finite type endowed
with a stationary equilibrium state and give explicit construction of the order 1 Edge-
worth expansion. They also prove the existence of higher order classical Edgeworth
expansions under a rapid decay assumption on the tail of the characteristic function.

The goal of our paper is to generalize these results and to provide suffcient conditions
that guarantee the existence of Edgeworth expansions for weakly dependent random
variables including observations arising from sufficiently chaotic dynamical systems, and
strongly ergodic Markov chains. In fact, we introduce a widely applicable theory for both
classical and weak forms of Edgeworth expansions and significantly improve pre-existing
results. In section 2, we discuss these in detail.

The paper is organized as follows. In section 2, we introduce the abstract setting we
work on and state the main results on existence of Edgeworth expansions. In section 3,
we prove these results by constructing the Edgeworth polynomials using the character-
istic function and concluding that they satisfy the specific asymptotics. In section 4, we
relate the coefficients of these polynomials to moments of Sy and provide an algorithm
to compute coefficients. A few applications of the Edgeworth expansions such as Local
Limit Theorems and Moderate Deviations, are discussed in section 5. In the last section,
we give examples of sequences of random variables for which our theory can be applied.
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These include observations arising from piecewise expanding maps of an interval, markov
chains with finitely many states and markov processes which are strongly ergodic.

2. MAIN RESULTS.

We assume that there is a Banach space B, a family of bounded linear operators
L; : B — B and vectors v € B, ¢ € B’ such that

(2.1)

E (e"°V) = ¢(L)v), t € R.

We will make the following assumptions on the family L;.

(A1) t — L; is continuous and there exists s € N and § > 0 such that ¢t — L; is s

times continuously differentiable for [t| < 4.

(A2) 1 is an isolated and simple eigenvalue of Ly, all other eigenvalues of £y have

absolute value less than 1 and its essential spectrum is contained strictly inside
the disk of radius 1 (spectral gap).

(A3) For all t # 0, sp(L) C {|z| < 1}.

(A4) There are positive real numbers K, ry, o and Ny such that HE,{V H < & forall t

N2
satisfying K < [t| < N™ and N > Nj.

Remark 2.1.

(2.2)

1. In practice we check (A3) by showing that when t # 0, the spectral radius of

L; 1s at most 1 and L; does not have an eigenvalue on the unit circle. Because
the spectrum of a linear operator is a closed set this would imply that sp(L;) is
contained in a closed disk strictly inside the unit disk.

. Suppose (A4) holds. Let Ny > Ny be such that N~ > Ny. Then, for all

N>N1,

N(r1—€)/m e/r1 N(1—€)/rm1 /Ty
1LN) < (L) DN < el DI
1
< for K <|t| < N ¢

— e/ry

I'N(rl—e)/rl'l ra N,
< 1
- NTQKNl

where Ky, = “T—IGNE/“. Therefore fixzing Ny large enough we can make ro Ky, as
large as we want. Hence, given (A4), by slightly decreasing r1, we may assume
ro is sufficiently large.

. Suppose (A1), (A2) and (A3) are satisfied with s > 3. Then, [10, Theorem 2.4]

implies that there exists A € R and 0% > 0 such that

Sy — VA \;NN A 4 w0, 0%).

Our interest is in Sy that satisfies the CLT i.e. the case 0® > 0. In applications
we specify conditions which guarantee this. Therefore, in the following theorems
we always assume that o > 0.
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Now we are in a position to state our first result on the existence of the classical
Edgeworth expansion for weakly dependent random variables.

Theorem 2.1. Let r € N with r > 2. Suppose (A1) through (A4) hold with s = r + 2
and ry > % Then Sy admits the Edgeworth expansion of order r.

Next, we examine the error of the order 1 Edgeworth expansion in more detail. We
first show that the order 1 expansion exists if (A1) through (A3) hold with s = 3. Next,
we show that the error of approximation can be improved if (A4) holds.

Theorem 2.2. Suppose (A1) through (A3) hold with s > 3. Then, the order 1 Edgeworth
eTpansion erists.

Theorem 2.3. Suppose (A1) through (A4) hold with s > 4. Then,
P (M < z) = N(2) + Pl(z)n(z) +0 <i>

VN N1/2 Ns

where s = min{l, % +7’1}.

As one would expect, Theorem 2.3 shows that more precise asymptotics than the usual
o(N _%) can be obtained when the characteristic function has better decay. Its proof
shows that the error depends mostly on the expansion of the characteristic function at
0. This is an indication that the error in Theorem 2.2 cannot be improved more than

by a factor of \/LN even when r; is large.

In [1], analogous results are obtained for subshifts of finite type in the stationary case
and an explicit description of the first order Edgeworth expansion is given. Here, we
consider a wider class of (not necessarily stationary) sequences and give explicit descrip-
tions of higher order Edgeworth polynomials by relating the coefficients to asymptotic
moments. Also, we improve the condition

. " -1
H,: |E(e"V)| < K(l— #) , % <1, |t| > K
found in [4] by replacing it with (A4). In addition, this allows us to obtain better
asymptotics for the first order expansion.

We also extend the results on the existence of weak Edgeworth expansions for i.i.d.
random variables found in [2]. In section 6.1, we compare our results with the earlier
ones.

Before we mention these results, we define the space F}" of functions. Put

C™(f) = max /9] and C(f) = ma o7 o

0<j<m
Define
G (f) = C™(f) + Cr(f)-
We say f € F{" if f is m times continuously differentiable and C}*(f) < oo.

Theorem 2.4. Suppose (A1) through (A4) hold with s = r+2. Choose q € N such that
q> % Then, for f € Ffjf, Sn admits the weak local Edgeworth expansion of order r.
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Theorem 2.5. Suppose (A1) through (A4) hold with s = r+2. Choose q € N such that
q > % Then, for f € Fg”, Sy admits the weak global Edgeworth expansion of order
r.

In Theorem 2.4 and Theorem 2.5, f is required to have at least three derivatives in

order to guarantee the integrability of Fourier transforms of f and its derivatives. In
addition to (A1) through (A4), if we have,

(A5) There exists & > 0 and Ny such that ||£|| < £ for [¢| > N™ for N > Nj.

then we can improve this assumption to f having only one continuous derivative.

Theorem 2.4*. Suppose (A1) through (A5) hold with s = r + 2 and o > = for

2rq

sufficiently large N. Then, for f € F!,,, Sy admits the weak local Edgeworth expansion
of order r.

Theorem 2.3*. Suppose (A1) through (A5) hold with s = r + 2 and o > =L for

2ry

sufficiently large N. Then, for f € Fy, Sy admits the weak global Edgeworth expansion
of order r.

The proofs of these theorems are minor modifications of the proofs of the previous
two theorems. This is described in remark 3.2.

The next theorem gives sufficient conditions for the existence of the averaged Edge-
worth expansion.

Theorem 2.6. Suppose (A1) through (A4) hold with s = r+2. Choose ¢ € N such that
q> g Then, Sn admits the averaged Edgeworth expansion of order r for f € Fy.

We note that for integer valued random variable assumptions (A3) and (A4) cannot
hold since the characteristic function of Sy is 2m-periodic. Therefore we replace (A3)
by,

—_~—

(A3) When t & 27Z, sp(L:) C {|z| < 1} and when t € 27Z, sp(L;) C {|z]| < 1} U {1}.

Also, because of periodicity of the characteristic function, an assumption similar to (A4)
is not required.

The following theorem provides conditions for the existence of asymptotic expansions
for the LCLT for weakly dependent integer valued random variables. A similar result
for X,,’s that are Z9-valued, is obtained in [19]. Compare with Proposition 4.2 and 4.4
therein.

—_—

Theorem 2.7. Suppose X,, are integer valued, (Al), (A2) and (A3) are satisfied with
s =1+ 2. Then Sy admits the order r lattice Edgeworth expansion.
3. PROOFS OF THE MAIN RESULTS

Here we prove the main results of the paper. From now on we work in the setting
described in section 2.
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Proof of Theorem 2.1. We seek polynomials P,(x) with real coefficients such that

(3.1) P (% < :z:) —N(z) = Z %n(gg) +o(n"?).

Once we have found suitable candidates for P,(z) we can apply the Berry-Esseen in-
equality,

32) Fula) - @)l < - [

T J-r

p=1

ﬁn(t) - é\r,n(t) dt + @

T

where

Sy, —nA "\ P,(v)
F,(z) =P (— < x)  Ernl(z) = N(2) + 2; (),
p:
and Cj is independent of T'. We refer the reader to [3, Chapter XVI.3] for a proof of
(3.2). What follows is a formal derivation of P,(x). Later, we will use (3.2) along with
other estimates to prove (3.1).

It follows from (A1), (A2) and classical perturbation theory (see [15, IV.3.6 and
VII.1.8]) that there exist § > 0 such that for || < §, £; has a top eigenvalue pu(t)
which is simple and the remainder of the spectrum is contained in a strictly smaller
disk. One can express L; as
where II; is the eigenprojection to the top eigenspace of £; and Ay = (I —1I;)L;. Because
AT, =TI A, = 0, iterating (3.3), we obtain

L3 = W (6T + A7
Using (A3) and compactness, there exist C' (which does not depend on n and t) and
0 < r < 1 such that [|A}|| < Cr™ for all [t| <. By (2.1),

7 n t " n
(3.4) E(e tS”/f) = M(W) E(Ht/\/gv) + K(At/\/ﬁv).
Now, we focus on the first term of (3.4). Put
(3.5) Z(t) = ((Iw).

Then, substituting ¢ = 0 in (3.4) yields 1 = Z(0) + ¢(Afjv). Also, we know that
lim, o0 ||AfJv]] = 0. This gives lim,, o £(Ajv) = 0. Therefore, Z(0) = 1 and Z(t) # 0
when [t| < 0. Also, this shows that ¢(Ajv) = 0 for all n. Next, note that ¢t — pu(t)
and t — II; are r + 2 times continuously differentiable on [t| < ¢ (see [15, IV.3.6 and
VII.1.8]). Therefore, Z(t) is r + 2 times continuously differentiable on |¢| < 0.

Now we are in a position to compute P,(z). To this end we make use of ideas in
[8, Chapter XVI] (where the Edgeworth expansions for i.i.d. random variables are con-
structed) and [10] (where the CLT is proved using Nagaev-Guivarc’h method).

Consider the function 1 such that,
t iAt o?t?

oun( ) = 7= g o m) = () =T e (el 7))
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where A = lim E(Sn—”) is the asymptotic mean and o2 = lim E( [S"\;E"A]z) is the asymp-
n—oo n—oo
totic variance. (For details see section 4.)
By (3.4) we have,
B0 B = o ()2 ) e ()
. n fr— 2 —_— n t
e e exp (n Tn Tn e Sv

Notice that ¢(0) = v'(0) = 0 and 9 (t) is 7+ 2 times continuously differentiable. Now,
denote by t%¢,.(t) the order (r + 2) Taylor approximation of ). Then, v, is the unique
polynomial such that ¥(t) = t%¢,.(t) + o(]t|"*?). Also, ¥,(0) = 0 and 1), is a polynomial
of degree r. In fact, we can write ¥(t) = t%¢,(t) + t"t2¢),(t) where 1), is continuous and

¥,(0) = 0. Thus,

t B 9 t I - t
em@%ﬁn—mﬁwbﬂﬂwtwbﬂ)
Denote by Z.(t) the order—r Taylor expansion of Z(t) — 1. Then, Z.(0) = 0 and

Z(t) = 14 Z,(t)+t" Z,(t) with twice continuously differentiable Z,(t) such that Z,.(0) = 0.
Then, to make the order n=7/2 terms explicit, we compute:

()4 ()
(L )explogZQ%)
Ur

() o5

o (#

ARt t . e
(3.7) ZZ#-}-W@(%)—I—TE—HO(H 3 )

where Ay = 1, ¢(t) = t2¢,(t) — Z,(t) is continuous and ¢(0) = 0. Here Z, is the
remainder of log Z(t) when approximated by powers of Z,. Next write,

(33) Qulty =30 0.

Notice that

(3.9) Ay and k have the same parity.
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This can be seen directly from the construction, because we collect terms with the same
power of n=Y2 4, and Z, are a polynomial in \/iﬁ with no constant term and we take

powers of t21,(t) and Z,(t), the resulting A, will contain terms of the form c t?**.

We claim that,

(3.10) /u »

()2 ()~ — @

/ 202
g e 2
lt|<év/m

=0 (n_r/Q) )

We note that from the choice of @,

dt

exp [mﬂ(\%) + log Z(%)} —1-Q.()
t

K

P [nw(%) +10th(%)] AC n}/Z (t“%o(%) +t”(9(n‘@1))

where p(t) = o(1) as t — 0. As a result, for all € > 0 the integrand of (3.10) can be

20_2
made smaller than —=; (t1 + tT)e_tT by choosing d small enough. This proves the
claim.

Even though the following derivation is only valid for [¢| < dy/n, once the polynomial
function @, (t) is obtained as above, we can consider it to be defined for all ¢ € R.

Suppose [t| < §. From classical perturbation theory (see [15, Chapter IV] and [I3,
Section 7]) we have

(3.11) A= [y

2mi Jr

where I' is the positively oriented circle centered at z = 0 with radius 3. Here ¢q is
uniform in ¢ and 0 < gy < 1. Now,

1
A? — Ag = % - Zn[(Z — Et)_l — (Z — £t)_1] dZ
1
= 2—7” - Zn[(Z — Eo)_l(ﬁt — Eo)(z — Et)_l] dz.

AP —AG O(gg). ¢ € B and ¢(Ajv) = 0 implies

Because £; — Ly = O(|t|) we have that T]T

that

'LnAtg(An ) ”LAtg(A’n An )

v
/ t/ v ’ gt — / N P

[tl<dv/m t [t]<bv/m t
A — AP
< 0/ S0 g = O(en).
It|<5 13
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This decays exponentially fast to 0 as n — oo. This allows us to control the second term
in the RHS of (3.4). Combining this with (3.10) we can conclude that,

E it Snznd _ 22 _t%o? "
n J— 2 — 2
(3.12) / (&7 )zem e MO gy i)
It <6/m t
Observe that,
o242 1 d 2 dF
e 2 = — ¢ 22 = —q(t
e Varorarr® = "

~

where f(z) = [e " f(t) dt is the Fourier transform of f. Therefore,

(3.13) Ri(O)n(t) = \/%Aj (—i%) 7).

Then, the required P,(z) for p > 1, can be found using the relation,
d
(3.14) n(a)By(z) = — [n(x)Pp(x)]

For more details, we refer the reader to [, Chapter XVI.3/4].

Given € > 0, choose B > €2 where (Y is as in (3.2). Let r € N. Then we choose
polynomials P,(z) as described above. Then, from (3.2) it follows that,

L BT - e F a4 Qut)| L C
e’V ) —e 3 n 0
F,(zx)—&., < - dt
€
Sh+h+Iz+—5
n
where
jtSn—nd _ 252
1 E(e”™ v )—e 2 (14 Qu(1))
[1 - — dt
T J|t|<sy/n t
1 E tSn /1
I, = _/ —(e ) dt
T Jo/n<|t|<Bnr/? l
]_ t202 ]_ n t
[3 — _/ e 2 i()’ dt.
T Jjt>6vm t

From (3.10) we have that I; is o(n~"/2). Because our choice of ¢ > 0 is arbitrary the
proof is complete, if I, and I3 are also o(n~"/2). These follow from (3.16), (3.17) and
(3.15) below.

It is easy to see that,

t202
(3.15) [ e
NG

for some ¢ > 0. Thus, we only need to control,

E wSn/\/n
. (c5+17)
d/n<|t|<Bnr/2

L+ Qn(t)
t

‘ dt = O(e~")

dt
t




E(eitsn/\/ﬁ) E(eitsn/\/ﬁ)

t
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/6\/ﬁ<|t|<6\/ﬁ

dt +/
Sy/n<|t|<Bn"/2
where 0 > max{6, K} with K as in (A4).

By (A3) the spectral radius of £; has modulus strictly less than 1. Because ¢ — L; is
continuous, for all p < ¢, there exists v < 1 and C' > 0, such that ||£}*|| < C~™ for all
p < [t| < ¢ for sufficiently large m. Then using (2.1) for sufficiently large n we have,

1 Cy
dt < —— L3 mlldt < —=

E Sn/\/n
(3.16) / B | g <
S n<t|<B/m oI S5 meit<sym v

t
This shows that the integral converges to 0 faster than any inverse power of y/n. Next
for sufficiently large n,

dt

n

E itSn/\/n 1
(3.17) / (e W< 1 e(Ly, o)l dt
8/n<|t|<Bn"/2 t 5\/_ 8y/n<|t|<Bn7/?
2Bn"/?

< WWHHUH
—Cn'7 2 = = o(n""?).

The second inequality is due to assumption (Ad) ie.[|L}, ~f| < where 7“2 > =

7”2
(we can assume ry > 51 for large n due to Remark 2.1) and K < § < \ﬂ < Bn'z < nr1
for n € N with n"~ *EB. O

The proof of Theorem 2.2 follows the same idea. We include its proof for completion.

Proof of Theorem 2.2. Because (A1) through (A3) hold with s > 3 we have (3.7) where
¢ is continuous, p(0) = 0 and r = 1. Given ¢ > 0, choose B > €. Then,

B+y/n 2
Fo(2) = Evn(a)] < = / (14 Qn<t))
T J)_pym

< ]1 + 12 + 13 + —

Sn nA

]E( v )—e_

Co
By/n

dt +

B\/_

Because, ¢(t) = o(1) as t — 0 and

(1
eXp [n¢(%)+10gz(\f)] —1-G(t) 1 <,0< t >+t(’)<l>

t S Vn

NG

n

it Sn=nA 1252 1252

we have that,
ND )—e_ 2 — e 2 Ql(t)

[1 - /
It <5/m t

Also, I3 = O(e~"). Finally, because of (A3) there is v < 1 such that,
E tSn /1 E(eitSn
Gy
o<|t|<B

E(e

dt = o(n1/?).

dt <C sup [IL7[| < Cy"
s<[t|<B

/6\/ﬁ<t|<B\/ﬁ
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Combining these estimates we have the result. 0

A slight modification of the previous proof gives us the proof of Theorem 2.3. Higher
regularity assumption gives us better asymptotics near 0 and the assumption on the
faster decay of the characteristic function gives us more control in the mid range.

Proof of Theorem 2.5. Because (A1) through (A4) hold with s > 4, we have (3.7) where
@ is C', p(0) = 0 and r = 1. Then,

1 n1/2+7‘1 E(eitisn\;ﬁnA) e t22<7 (1 + Q ( )) O
Fo(z) — < = =
Rle) @<z [ t A+
G,
Sht Lo+ I+ e

Because, gp(\/iﬁ) ~ \/iﬁ near 0 and

xp [m/’(\/%ﬁ) +10th(%)] —1-Gh(t) \/1%90< t > —|—t(’)<l)

we have that,

[1 - /
t|<év/n

Also, I3 = O( ). As before (3. 16) holds for § > max{d, K'}.

E@”ﬁﬁ—af“—ﬁ“@mwﬁ:ocy

L7 <
itSp/v/n itSy

/ IE;(e———ldt:/ B gt < cprirot

Sy/n<|t|<nl/2+m1 t S<|t|<n™
Because ry can be made arbitrarily large by choosing n large enough, [, = O(%)
Therefore,

1
[Fua) = E1a(2)| = O( =)

where s = min {1 + 7“1} and we have the required conclusion. O

Remark 3.1. In the proof above, I gives the contribution to the error from the expansion
of the characteristic function near 0. This dominates when ry > %

Weak forms of Edgeworth expansions are discussed in detail in [2]. We adapt the ideas
found in [2] to our proofs of Theorems 2.4 and 2.5. One key difference is the requirement
on f to have two more derivatives than required in [2|. This compensates for the lack of
control over the tail of the characteristic function of Sy. In fact, it is enough to assume
1 4+ a more derivatives. But to avoid technicalities we stick to the stronger regularity
assumption. In the i.i.d. case, as shown in [2], a Diophantine assumption takes care of
this. See section 6.1 for a detailed discussion of the i.i.d. case.
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Proof of Theorem 2.J. Recall that f = [e 7 f(x)dx and pick A as in (2.2). Then
by Plancherel theorem,

(3.18) E(f(S, — nA)) /f S )y gt

— VRE(f(S, ~nA) = o / f<%) (7 dt.

We first estimate RHS away from 0. Fix small § > 0. (A particular § is chosen later.)
Notice that for all 6 < |[t| < K (where K as in (A4)), there exists ¢y € (0,1) such that
I1L7]| < ¢f. Thus,

/ Tl E () dt’ < / Fwyuco)| de < ) flhe.
o<|t|l<K S<|t|<K

By Remark 2.1, for large n we can assume ro > 11 + (r + 1)/2. Therefore,

/ F(O)E(e A)dt‘ < [Iflh HlelvH/ Iy dt < — ==
K<t|<n™ K<|t|<n™ n
= | fllio(n~ D7),

Because [ € Ff:f, we have that tqf(t) = (—i)2f@(¢) and f@ is integrable. In fact,
]f( )] < 1+|t|)2 Note that we are using only the fact that f is ¢+ 2 times continuously
differentiable with integrable derivatives. Therefore, for this to be true, f € FSHQ is

sufficient. Integrability of f( along with ¢ > ”11 implies,
- Fa)(t
(3.19) ‘/ it ‘"A)dt‘ / |f(t)|dt§/ / ()‘dt
[t|>n"1 [t|>n"1 [t|>n"1 &

(9) —
< “f Hl _ ||f(Q)||1O(TL_(T+1)/2).
Therefore,

(3.20) F)E (M54 dt‘ = o(n~ /2,

‘ [t|>0

From (3.6), for |t| < d+/n, we have,

E(" V) = "2 00 (1 + 0(6)) + O(e}).
Thus, choosing small §, for large n when |t| < §/n there exist ¢, C' > 0 such that

it Sn nA

[E(e V) < G

Then,
C

< —cDlogn __
- Ce ncD

it Sn nA

VDlogn < |t| < dv/n = ‘E i)
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and

-~

. _ ~ t ZtS" nA dt
Fose s yarl = [ F(g5 ) B %
’ /\/leim<t|<6 VDlogn<|t|<év/n Vn Vn

C ~ 20C|| f
<5/ Fioyae = 2
)/ PRoen < n
Combining this with (3.20) and choosing D such that, ¢D > (r + 1)/2 we have that,
(3.21) '/ (eit(Snan))dt — O<nf(r+1)/2).
‘t|> Dlogn
Next, suppose [t| < %. Then,
NSO T s
t) = tI " (e(t
o o+ e T )

where 0 < |e(t)] < |t|. Note that,

|f\(r+1)(6(t))| _ /l’r+1€_ie(t)xf($) do| < /|Ir+lf(l‘)|dl' < Cr—l—l(f)'
Therefore,
~ t itM
fl—=E(e" v= )dt
Awm (\/ﬁ>
S L[ e a
= T Ji<yDiogn
1 1 1 Sn—nA t
B e ()
n(r+1)/2 (r+1)!/t|<¢m (e s ‘ Vn
where
. Sp—n t
/ B(e* ) flre (e(—))dt’ < Coalf) / e dt
t/<vDTogn v
for large n. Hence,
o [ e
. - = € "
[t|<v/Dlogn \/_
— f19(0)

HE(" ) dt + Cypt (F)O(n=+D/2),

=0 ]!nj/2 A<\/Dlogn
Because s = r + 2, from (3.7),

o242 7 Sp—nA t t _inAt o?
e B Vn ) =exp n@b(%))Z(—n)—i—e v T2 Z(At/\fv)
B r Ak(t) 4 " log (r+1) /2( )
(3.23) =3 () O (Femn )
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Substituting this in (3.22),

e G
— e n
|t|<\/Dlogn \/ﬁ

F@ - o22yr e Ax() log" /2 (n)
Z W/z the Z k2 dt+0( o 1)/2 )

[t|<v/Dlogn k=0

f(J)
o Z Z jin(k+3)/2

k=0 j— 0 \/t|<\/Dlogn

(3.24)

A (D)2 dt 4 o(n”7?).

Recall from (3.9) that A; and k have the same parity. Therefore, if k + j is odd then

/ AL (H)e "2 dt = 0.
tl<vDlogn

-1

So only the integral powers of n~" will remain in the expansion. Also, there is C' that

depends only on 7 such that,

. C C
A e P dt < ¢ / e 2 gt < = .
Aﬂzm t>V/DTogn e Dloa(m)/4— po*D/4

Choosing D such that 202D > (r +1)/2,

/ 7 AL(H)e T dt = / A e dt 4 o(n”T7?).
R t<vDlogn

Therefore, fixing D large, we can assume the integrals to be over the whole real line.
Now, define

apj = / AL (e 2 dt
R
and substitute
70 = [ ity ) a
R
n (3.24) to obtain,
(3.25)

[ TR 0= 35wty [ (i )+ ol

k=0 7=0
—Z / a’”( it) dt + o(n~""?)
np !
k+j 2p
LT/QJ
_an/f Py(t) dt + o(n™""?)
p=0

where

(3.26) Puty=Y ity
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The final simplification was done by absorbing the terms corresponding to higher powers
of n~! into the error term. Note that P,; is a polynomial of degree at most 2p and that
once we know Ay, ..., Ay, we can compute P, ;.

Finally combining (3.25) and (3.21) substituting in (3.18) we obtain the required result
as shown below.

1 Sn—nA

VRE( (S —nA) = o [ ()R a
v F(HE (S gy
+ e OB

LT/2J
— /f pl dt—l—O( T/Q)—I—\/EO( (r+1) /2)
p=
1 [r/2] 1 P
= ZO — Rf(t)Pp,l(t) dt +o(n~""?)
p=

O

The proof of Theorem 2.5 uses the relation (3.23) derived in the previous proof. But

we do not use the Taylor expansion of f so differentiability of f is not required. So the
assumption on the decay of f at infinity can be relaxed.

Proof of Theorem 2.5. Multiplying (3.23) by fand integrating we obtain,

/ P B ar
— e n
[t|<+v/Dlogn \/ﬁ

r

~

| / t
=y Fl—=)As(t)e
= 2 J<yDlogn <\/ﬁ> W

As in the proof of Theorem 2.4 the integrals above can be replaced by integrals over
R without altering the order of the error because

(n™72).

-~ t o242

F(-2) At e < 11 o)
/wm v
for D such that 262D > (r +1)/2. Therefore,

/Wf (e Z 7 (G “Edt+ | flho(n ).

We pick R, as in (3.13) and claim P, , = R,,.
Note that /nf(ty/n) «— f(t/\/n). So by the Plancherel theorem,

/ Vit (tv/m) Ry(t)n(t) dt = % A f(%)Ak@)e“f dt.
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Thus,

1 f(
2/ Jyt<yDlogn

(3.27) =3 [ IV B0 e+ 7ol ).
Note that (3.21) holds because f € F¢*>. Now, combining (3.27) with the estimate
(3.21) completes the proof. O

Remark 3.2. Proofs of both the Theorem 2./ and Theorem 2.3* are almost identical
except the estimate (3 19). In order to obtain the same asymptotics the assumption on

the integrability of f(q can be replaced by (A5) and the fact that |f( )| ~ % as t — +oo.

‘/ Git(Sn—nA) )dt‘ < O/ [F@OIILY] at
> [t|[>n"1
1

<Clflh [
lt|>nm b

Cll fll 1
S nrl(a—e) / tlte dt

choosing € small enough we can make the expression || f||1 o(n=T1/2)

Since, ria > TH

as required.

Proof of Theorem 2.6. Select A as in (2.2). Define P, by (3.13) and (3.14) and f,(z) =
f(—=+/nz). Then the change of variables —\/Lﬁ — y yields,

[ con L) oo 2) efo )]t
= VA, * ful).

where &.,(v) = >0, — 5 Py(x)n(x).

~

Ztn nA ™

Vi ) fn € L'. Therefore,

(Fur F (@) = 5 [ B0 dr

Notice that E(e

Also,

r

(D0 #an)} f () = — / e (14 Qu(t)) fu(t) dt

p=1
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where R,’s are polynomials given by (3.13) and @, () is given by (3.8). From these we
conclude that,

(3.28) (A, # ) () = — / e (E(e" ) — =% (14 Qu() Ful(t) dt.

2
We claim that,

L Sp—nA
Vn

1) Qe = g [ H T L

Indeed, if the right side of (3.29) converges absolutely, then Riemann-Lebesgue Lemma
gives us that it converges 0 as |z| — oo. Differentiating (3.29) we obtain (3.28). Thus
the two sides in (3.29) can differ only by a constant. Since both are 0 at +oo, this
constant is 0 and (3.29) holds.

Now, we are left with the task of showing that the right side of (3.29) converges

absolutely. From the definition of f, it follows that, f,(t) = \/Lﬁf( — \/Lﬁ) Combining
this with (3.12), we have that,

_ith(eit%) - (1 + Qn(t )) ’
‘/|t|<5\/56 — Jult)d
E(eitsw’?A) — e (1+Qu(®) 2 ‘
. fult)] dt
/MW . (t)
il [ EEEE e L2
\/_ [t <6y t
= || flao(n= V7).
Note that,
’ / e*itx]E(eitsnﬁA) — e (1 +@n(0)) ]? () dt‘
lt]>6v/m —u :
E(eit%) _ et (1+@Qn(t) » g
——\)\|d
= Afba t f< \/ﬁ> t
emiH(Sn—nd)y _ o= wiolt? (1+ Qn(—y/nt)) =
L /t|>(S t (t)' dt
*lt n nA)) -~ —cn
< 7/|>a f(t)‘dtJrO(e )
Put,

S

1 E(e—it(Sn—nA)) R J
= — ——2f(t)| dt
\/_ [t]|>d t ( )‘

We claim J,, = o(n~*+1/2) This proves that (3.29) converges absolutely as required.
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To conclude the asymptotics of .J,,, choose § > max{d, K} where K as in (A4). From
(A3) there exists 7 < 1 such that ||£}]] < ~™ for all 6 < [¢t| < § for sufficiently large n.
Then, using (2.1) for sufficiently large n we have,

1 E —it(Sn—nA)\ C
L ) i) < UL

NZD 5<|t|<3 t oy/n s<|t|<é
Next, for K <6 < [t| <n™, ||L}]] < n12

1L dt = O(").

—it(Sp—nA
v N e Ol Y B T
Al o
Since ¢ > 5—, we have that,
L MA@)‘ di < ||f(q)||1/ L < SOl P
Vi S t Vi Jigsan [H9F nari+1/2

Combining the above estimates, J, = C9(f)o(n=("+1/2).
This completes the proof that (A, * f,)(z) = o(n~+1/2). Hence,

[ <o+ ) - (e )|t

_ / Exn(z+ %)f(y) dy +/n, + fo()

= [ B a0y + ot

as required. O

In the lattice case, periodicity allows us to simplify the proof significantly although
the idea behind the proof is similar to previous proofs.

Proof of Theorem 2.7. Under assumptions (A1) and (A2) we have the CLT for S,. Put
A as in (2.2). We observe that,

21P(S, = k) = / e RRE (5 dt = / e RO(LI) dt.

—Tr —Tr

After changing variables and using (3.4), (3.5) we have,

(3.30) 2m/nP (S, = k) /Wﬁ () 7 (L dt + ~ fE(A ) dt.
. mnlP (S, =k) = e ",u<—> (—) / e v

—m\/n \/ﬁ \/ﬁ —my/n Hm
By (/A\S/) there exists C' > 0 and r € (0,1) (both independent of ¢) such that |¢ (Afv) | <
Cr™ for all t € [—m, 7]. Therefore the second term of (3.30) decays exponentially fast to
0 asn — oo.
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Now, we focus on the first term. Using the same strategy as in the proof of Theorem
2.1 we have,

(3.31) u(%)d%) = T (14 Qult) + o(n )]

where @, (t) is as in (3.8). Define R; as in (3.13).

2mﬁm6¢:m—aw{£gewﬁf(1+§jﬂ%%zﬁfﬂ¢m>}

j=1
[ () ()
VYNV
- /OO oA g2 gy /00 ef%e’if@n(t) dt + o(n=""?),
—00 —0o0
We estimate the RHS by estimating the three integrals given below,

; /5\/5 itk t nZ t L it(k—nA) 2,2 [1 0 ( )] J
= e ﬁu(—) <—> —e Vnoe 2 |140Q,()|d
Ay vn vn

_ itk t \"™ t
]2:/ e ﬁu(—) Z(—) dt
Syv/n<|t|<m\/n \/ﬁ \/ﬁ

_it(k—nA) 5242
I3 = e Vnoe
[t|>6v/n

2 [14 Qn(t)] dt.
Clearly, |I3] decays to 0 exponentially fast as n — oo. Also, |u(27)| = 1 and |u(t)| €
(0,1) for 0 < [¢t| < 27. Therefore, there exists € > 0 such that |u(t)] < eon d < |t| <.
Put M = maxs<jy<~ | Z(t)|. Then,

L] < Myn ()" dt < 2M (x - §)v/ne".

e<|t|<m

Hence, |I5| decays to 0 exponentially fast as n — oco. From (3.31), we have that

e Vi [u<%>n2<%> - e”\l/%te’#[l + Qn(t)]] = 6702;2 o(n~"/?).

This implies | ;| = o(n~"/2). Combining these estimates we have the required result. (]

4. COMPUTING COEFFICIENTS

Since f| H>6 E(e9) dt decays sufficiently fast, the Edgeworth expansion, and hence its
coefficients, depend only on the Taylor expansion of E(e#“") about 0. Here we relate the
coefficients of Edgeworth polynomials to the asymptotics of moments of S,, by relating
them to derivatives of u(t) and Z(t) at 0.

Suppose (A1) through (A4) are satisfied with s = r 4 2. Recall (3.4):
(4.1) E(e"™") = ()" € (L) + £ (A}v).



EDGEWORTH EXPANSIONS 21

Put Z(t) = ¢ (Il;v) as before. Also write U,(t) = ¢(A}v). We already know that
w(t), Z(t) and U(t) are r + 2 times continuously differentiable. Using (3.11) one can
show further that the derivatives of U, (t) satisfy:

sup [|[U"]| < Cej
|t|<é
foralln and for all 1 <k <r+2.
Taking the first derivative of (4.1) at t = 0 we have:
Sn
TE(S,) = np(0) + Z'(0) + UL(0) = lim @'E(W> = 1(0).

In fact, using the Taylor expansion of log (t) and above limit one can conclude that the
number A we used in the statement of the CLT in (2.2), is given by

A= lim E<&>
n—o0o n
Therefore one can rewrite (3.4) as
(4.2) E(e"5 ) = e Oy (1) Z(t) + Un(t)

where U, (t) = e ™ (O, (). Also note that its derivatives satisfy HUff)Hoo = O(gp) for
all 1 <k <r+42.

From (4.2), it follows that moments of S,, — nA can be expanded in powers of n with
coefficients depending on derivatives of p and Z at 0. However, only powers of n upto
order k/2 will appear. We prove this fact below.

Lemma 4.1. Let 1 < k <r + 2. Then for large n,
k2l
(4.3) E([S) —nAl") = Y arn’ + O(e)).
=0
Proof. We first note that taking the kth derivative of (4.2) at ¢t = 0,
dk
T dtt
dk

dtk

*FE([S, —nAl")

[e—nw’w) O Z(t)} +T%™(0)

t=0

O (1) Z(1)] + O(e).

t=0

Observe that all the derivatives of e~ (0)y, ()" Z(t) will only have positive integral pow-
ers of n (possibly) up to order k. Therefore, %‘tzo [e Oy ()" Z(t)] = Z?:o an’.
We claim that for j > k/2, aj; = 0. This claim proves the result.

We notice that the first derivative of ey (t) at ¢t = 0 is 0. Thus we prove the
more general claim that if g(0) = 1 and ¢’(0) = 0 then C‘Zt—i‘tzo[g(t)”Z(t)] has no terms
with powers of n greater than k/2. From the Leibniz rule,

sorze] =3 (}) 20 5

=0 1=0

dk

i lg(t)"].

t=0
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dl
dtt

To this end we use the order [ Taylor expansion of g(¢) about ¢t = 0. Since ¢’'(0) =0
and g is r + 2 times continuously differentiable for I < r + 2 there exists ¢(t) continuous
such that,

Therefore it is enough to prove that 4| 1—olg()"] has no powers of n greater than [/2.

g(t) =1+ agt> + -+ ait’ + " o(t)

n!
= g(t)" = Z W(a2t2)k2 DR gy
k0+k2+”'+kl+1:n 0-K2!...Kj4+1:
B Z Mt%Z""”"‘(Hl)kHl ¢<t>1€z+1.
kO!kg! . kl—}—l!

ko+ko+-+kip1=n

After combining and rearranging terms according to powers of ¢, we can obtain the
order [ Taylor expansion of g(¢)". Notice that if ;.1 > 1 then 2ko+- - -+ (I1+1)kj 1 > I+1.
Terms with k;yq > 1 are part of the error term of the order [ Taylor expansion of g(t)".
Since our focus is on the derivative at ¢ = 0, the only terms that matter are terms with
kiy1 = 0 and 2ky + - - - + lk; = [. This implies that ko + - + Kk < % Because k;’s are
non-negative integers, this means ks + -+ + k < | £|. Hence, ko >n — |L].

This analysis shows that the largest contribution to j—; | 1—olg(t)"] comes from the term,

C(n—L%J),l,...,l,O,...,O n!

(n—13))!

tl

whose kth derivative at 0 is,

C(n_\-éj)’lw.71’07._.70 l' 'n,'

(n—L3))!

= C(n—LéJ)J,---,LO,---,O In... (n — LéJ + 1) = O(nLEJ).

Therefore,
dl

G _ol9(t)] = O,

It is immediate from the proof that the coefficients a; ; are determined by the deriva-
tives of u(t) and Z(t) near 0. For example, the constant term ay,o = (—i)*Z®*)(0). This
follows from the following three facts. The expansion (4.3) is the kth derivative of the
product of the three functions e~ () 1 ()" and Z(t) at t = 0. All derivatives of y (¢)"
and e " (0) at ¢t = 0 contain powers of n and thus, ago corresponds to the term Z(t)
being differentiated & times in the Leibneiz rule. Both e ™) and y (t)" are 1 at ¢ = 0.
We will see later that the other coefficients ay, ; are combinations of y/(0) = iA, higher
order derivatives of u at 0 upto order k and derivatives of Z at 0 upto order k£ — 1.

As a corollary to Lemma 4.1, we conclude that asymptotic moments of orders upto
r + 2 exist. These provide us an alternative way to describe ay ;.

Corollary 4.2. Forall1<m <r+2and0<j <%,
o E([S,—nA]") —ni M lag 0 — o — nL%Jamyth
U, j = lim _ 2

n—o0o nJ
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Proof. When m = 1, E([S, — n4]) = a19 + O(¢}) and it is immediate that a1 =
lim,, 0 E([S,, — nA]). For arbitrary k we have,

E( [Sn — nA]k) = &kik/anLk/QJ + ak’tk/gJ_lnLk/QJil + -+ ago + 0(68)

and dividing by n we obtain,

E([S, —nAl*) 1
aT T Gklk/) T O(ﬁ)‘
Now, it is immediate that,
_ E([S, —nA")
e lk/2) = i —— T

Having computed ay, j, for r < j < ng, we can write,

E([S, — nA]k) — ap ey =~ = a4 A ag + O()).
Dividing by n"~!, we obtain,
E([S, —nA") —n"ap, — - —nl¥q 1
(5o = nAl) - e S, o(d)
n n
Now, we can compute ay,41,—1,
E([S, —nA") —nrap, — - —nl¥/2q
ag,r—1 = lim ( ") i - hik/2)
n—00 nr—
This proves the Corollary for arbitrary k € {1,...,r 4+ 2}. O

Because the coefficients of polynomials A,(t) (see (3.8)) are combinations of derivatives
of u(t) and Z(t) at t = 0, we can write them explicitly in terms of aj ;, and hence, by
applying Corollary 4.2, the coefficients of Edgeworth polynomials can be expressed in
terms of moments of 5,. Next, we will introduce a recursive algorithm to do this and
illustrate the process by computing the first and second Edgeworth polynomials.

Taking the first derivative of (4.2) at t =0,
E([S, — nA]) = Z'(0) + U, (0).
Then,
a1 = lim E([S, — nd]) = —iZ'(0).
n—oo

Next, taking the second derivative of (4.2) at ¢ = 0 we have,

PE([S, — nA?) = n[u"(0) = 1/ (0)°] + 2"(0) + T,,(0).
Therefore, dividing by n and taking the limit we have,

. S, —nA 2
g1 = 0° = nh_{gloE <{T} ) =/ (0)* — 1" (0).

Once we have found as; we can find

asp = nh_)ngo (E([Sn — nA]*) — no®) = —Z"(0).
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We can repeat this procedure iteratively. For example, after we compute the 3rd deriv-
ative of (4.2) at t = 0:

Z3E([Sn — nA]3) _ Z(3)(0) + TL,UI(O)[Q,M,(O)Z - 3/~L”(O)] + n,u(3)(0)
+3nZ/(0)[1 (0) = 1(0)] + U, (0)
we get that,

1
az1 = lim —E ([S, — nA]*) = —A(30% + A%) + i (0) — 3ic>Z'(0)

n—oo M

= —A(30% + A%) + i (0) + 30%a0.
This gives us u®(0) and Z®(0) in terms of asymptotics of moments of S,,:
i (0) = agy + A(30° + A?) — 30%a1

7G3)(0) = 1 —nAP®) —
iZ'(0) nh_g)lo (E([S, — nA]?) — nas,).
Given that we have all the coefficients ay, ;, 1 < k < m computed and p*(0), Z*)(0)
for 1 < k < m expressed in terms of the former, we can compute a,,1; and express
p™D(0), Zm+D(0) in terms of ay;, 1 <k <m+ 1.

To see this note that u™+1)(0) appears only as a result of y"(¢) being differentiated
m + 1 times. So, u(m“)(O) only appears in derivatives of order m 4+ 1 and higher. It
is also easy to see that it appears in the form nu™*(0) in the (m + 1)th derivative
of (4.2). Thus, it is a part of a,,4+11 and all the other terms in a,,41; are products of
p®)(0), Z®)(0) for 1 < k < m whose orders add upto m + 1 and hence they are products
of ag;, 1 <k <m.

Also, Z™*1(0) appears only in a,10. This is because Z™1(0) appears only as a
result of Z(t) being differentiated m + 1 times. Thus, it appears only in derivatives of
(4.2) of order m+1 or higher. In the (m+ 1)th derivative of (4.2), there is only one term
containing Z™*+V(¢) and it is e Oy (£)* Z™H(t). So ami10 = (=)™ Z™H(0).

Using Corollary 4.2, we have,

E (]S, — nA]™™!
U gyt = lim d A

el sy

Having computed a1 ;, for r < j < LmT“J, we compute ay,i1,-1:

m—+1 m+1
mt1r—1 = lim

n—o0o nr—l

This gives us Z™+D(0) = ™ a,,. 10 and p™*(0) in terms of @,y and ag;, 1 <
k < m i.e. explicitly in terms of moments of .S,,. Proceeding inductively we can compute
all the derivatives upto order r of u(t) and Z(t) at t = 0 in this manner by taking
derivatives up to order r of (4.2) at ¢ = 0. This is possible because our assumptions
guarantee the existence of the first r + 2 derivatives of (4.2) near ¢t = 0.
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Remark 4.1. This representation of 1®(0) and Z®(0) in terms of ay; is not unique.
However, it is convenient to choose the ay;’s with the lowest possible indices. The
inductive procedure explained above yields exactly this representation.

We will illustrate how the first and the second order Edgeworth expansion can be
computed explicitly once we have p(0), 13 (0), Z”(0) and Z’(0) in terms of asymptotic
moments of S,,. Because Ay(t) = 1 we have Ry(t) = 1. From the derivation of (3.7) we
have,

t3 t3
Ai(t) = (log 1) (0) 5 = Z'(0)t = (1*(0) = 3" (0)p'(0) + 2/ (0)) &= — Z'(0)t
t?)

= (uP(0) + iA(30% + A?)) ;

Z'(0)¢

it)3 ,
= (CL371 — 302a170)T — al,o(zt).

After taking the inverse Fourier transform as shown in (3.13) we have,

(a371 — 30'20,1,0)

R =
Using (3.14) we obtain the first Edgeworth polynomial,

r(30% — 2%) + —2-.

a3l — 30’2611’0)

— ( 2 2 aio
Pi(x) = o (0 —2%) = —=.
Similar calculations give us,
it)®
Ag(t) = ((1371 + 302a170)2(7—2) + |:A2<60'2 -+ A4) + 4&371<A — 2a1,0)
(it)*
24

(it
2

— 30’2(2CL270 — 4ACL170 + 0'2) + &471] —+ (2&%,0 — Cl270)

From (3.13) and (3.14) we have,
o 2% — 150%2* + 450*2? — 1500
72012
+ [A2(602 + A4) + 4(13,1 (A - 2&170) - 302(2a2,0 - 4Aa170 + 0'2) + 78]

Rg(t) :((I371 + 30’26L170)

(z* — 60222 + 30?) (22 — o?)
gy T (e T
, (1502 — 10022% + 2°)

Pg(t) :(a371 + 30’2(1170) 79510

-+ A2(60'2 + A4) + 4&371(14 - 2@170) - 30'2(26@’0 - 4ACL170 + 0'2) -+ aq1

z(30?% — %) N T

TO—G —+ (2&1’0 — (1270)@.
Remark 4.2. Once we have R, for p € Ny and P, for p € N, the polynomials P, 4, P, q
and P, , are given by P,, = P,q = R, and P,, = P,. These relations were obtained in

the proofs in section 3.
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Also, one can compute P,; using (3.26):

Pulz)= 3 (ziz) / 1A (e~ dt.

7!

For example,

22 |21
Pojl(.x) = /Ao(t)GQ dt = ;

2t2 02t2 2 o'2t2
Py () :/Ag(t>€_02 dt — ix/tAl(t)e_2 dt — % /tQAO(t)e_2 dt

P (z) 5
2407

:(ajg,l + 30'20/170)2

Qq

1
+ |:A2(60'2 + A4) + 4@371(14 — 2(11,0) — 302(2a270 — 4Aa1’0 =+ 0'2) -+ G471:| @

1 1 2a x z?
— (2@%’0 - a270)— — ((0371 - 302a170)£ + O';’O)

206 2 203

Higher order Edgeworth polynomials can be computed similarly.

We can compare our results with the centered i.i.d. case. Then, we have that A = 0,
a0 = 0 because the sequence is stationary. Also, as; = lim, . %E([Sn — nAP) =
E((X; — A)?), agp = 0 and ay; = E(X}). So, the above polynomials reduce to,

A = 25, mua) = B a0 00, Py = 5D 0 02)
Ax(t) = B 4 () - 30

Po(x) 1 Py (x) B E(X})?* 5 E(X}) 3\1 E(X})=x 1 22
ey e at o o)

These agree with the polynomials found in [8, Chapter XVI] (to see this one has to
replace © by x/0 to make up for not normalizing by ¢ here) and [2]. The polynomials
Q. found in the latter are related to Py, by Qx(z) = %Pk,l(x).

It is also easy to see that these agree with previous work on non-i.i.d. examples.
In both [1, 13] only the first order Edgeworth polynomial is given explicitly. In [1],
because the sequence is stationary and centered, we can take A = 0 and a1 = 0.
Also, the pressure P(t) given there, corresponds to log u(t) in our paper. So we recover

ob o

Ai(t) = P’”(O)% in [1, Theorem 3]. In [13], sequence is centered but not assumed to
be stationary. So A =0 and a; ¢ # 0 and the asymptotic bias appears in the expansion

and A;(t) = iu®(0) (i?g —ay o(it) which agrees with [13, Theorem 8.1]. This dependence

on initial distribution corresponds to presence of ¢ in (2.1).
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5. APPLICATIONS

5.1. Local Limit Theorem. Existence of the Edgeworth expansion allows us to derive
Local Limit Theorems (LLTs). For example see [0, Theorem 4]. Also, as direct conse-
quences of weak global Edgeworth expansions, an LCLT comparable to the one given in
[12, Chapter I1], holds. In fact, a stronger version of LCLT holds true in special cases.

To make the notation simpler, we assume that the asymptotic mean of Sy is 0. That
is A = limy_o E(35) = 0.

Proposition 5.1. Suppose that Sy satisfies the weak global Edgeworth expansion of
order 0 for an integrable function f € (F,| - ||) where || - || is translation invariant.
Further, assume that |xf(x)| is integrable. Then,

(5.1) VNE(f(Sx —u)) = V%e—zﬁiz /f(x) do + o(1)

uniformly for u € R.

Proof. After the change of variables /N — z in the RHS of the weak global Edgeworth
expansion,

VNE(f(Sy — u))
_ / n(%) f(z = u)dz + || fllo(1)

-/ [n(%ﬁ) . u)n’(%)] F(z — w)dz + [[flo()
:n<\/%> /f(z—u) dz +%/(2—u)n(\;“ﬁ)f(z—u)dz + I llo(1)

Here z, is between u and z and depends continuously on w.
Notice that,

’/(2—u)n<\j"ﬁ>f(z—u)dz‘ < /\<z—u)f(z—u)\dz < llzflh

Therefore, after a change of variables z — u — z in the RHS,

VB (S =) = n(Z) [ etz + max{le . 11} o)

as required. O

In particular, the result holds for F = Fl. If the order 0 weak global Edgeworth
expansion holds for all f € F|}, then we have the following corollary. We note that
this is indeed the case for faster decaying |[E(e“¥)| as in Markov chains and piecewise
expanding maps described in sections 6.3.1, 6.3.2 and 6.4.

Corollary 5.2. Suppose that Sy admits the weak global Edgeworth expansion of order
0 for all f € Fy. Then, for all a <,

VN
(b—a)

2

e a? + o(1)

1
P<SNE(u+a,u+b)) Vo=
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uniformly in u € R.

Proof. Fix a < b. It is elementary to see that there exists a sequence f, € F with
compact support such that fi — 1(4qu+s) point-wise and fi.’s are uniformly bounded
in F'. This bound can be chosen uniformly in u, call it C.

Therefore, from the proof of Proposition 5.1, we have,

VB =) = n() [ )+ CliA o)

Because 0 < C}(fx) < C, taking the limit as k — oo we conclude,

\/NIP’<SN € (u—l—a,u+b)> = n(\/%) /u+b1dz+00(1)

and the result follows. O

In fact, u in the previous theorem need not be fixed. For example, for a sequence uy
with :}—% — u, we have the following:

Corollary 5.3. Suppose that Sy admits the weak global Edgeworth expansion of order
0 for all f € Fy. Let uy be a sequence such that limy_,. 3—% =wu. Then, for all a < b,

w2

e 207,

VN
]\}lir(l)o m]?(SN € (’LLN + a,un + b)) =

1
V2mo?
Now, we state the stronger version of LCLT in which we allow intervals to shrink.

Definition 6. Given a sequence ex in Rt with ex — 0 as N — oo, we say that Sy
admits an LCLT for ey if we have,
A /N 2

1 u
—IF’(S € (u—en,u—+ ) = “ane? + o1
2€N N (U EN,U EN) 5 26 2N O( )

uniformly in u € R.

The next proposition gives a existence of weak global Edgeworth expansions as a
sufficient condition for Sy to admit a LCLT for a sequence ey. Notice that existence of
higher order expansions allow €y to decay faster. In case expansions of all orders exist,
ey can decay at any subexponential rate.

Proposition 5.4. Suppose that Sy satisfies the weak global Edgeworth expansion of
order v (> 1) for all f € F}. Let ex be a sequence of positive real numbers such that
ex — 0 and eyN™/? = 00 as N — oo. Then, Sy admits an LCLT for ey.

Proof. WLOG assume ey < 1 for all N. Asin the previous proof, there exists a sequence
fe € Fj with compact support such that fi — l_cyutey) point-wise and f’s are
uniformly bounded in F}. This bound can be chosen uniformly in N and u, call it C'.

Let N € N. Note that for all £,

BUS) =3 g [ Pl eV + G ) o (N72).
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By taking the limit as k — oo and using the fact 0 < C(fx) < C, we conclude,

u+e

IP’(SNE(U—EN,u+eN ZN /r n(z)dz+Co(N 7“+1)/2)

After a change of variables z — f in the p = 0 term and divide the whole equation by
2en to get,

ﬂP(SN € (u—ey,u+ eN)> :% / Ly (z — u)ﬂ(\/—zﬁ) dz

26]\[
L YN A 1
+ Z ZGNNg /ueN Pp7g(2’)l’1(2) dz + Co (W)
p=1 VN

where Jy = (—en, en).
Note that for p > 1, there exists C, such that | P, ,(2)n(z)| < C,. Therefore,

u+te N ten
VN C,vVN [~ C
_ P,g(2)n(z)dz| < —£—; B " 1dz < 1;2 =o(1)
QENNz u=eny 2enN5 Ju-en NP
vN N

Also, as in the proof of Proposition 5.1,
1 z 1 u uten
— |1 z—un—dz-—n(—)/ 1dz
2€N JN( ) (\/N) 26N \/N U—€N
C /“J“N 2y
+ Z—u n( ) dz
2enN u—€en ( ) \/N

Note that,

C e % C e Cen

Therefore,
1 z

u
— [ 1z —un(—= dzztl(—)—i—o 1).
%€ JN( ) (\/N) \/N ( )
Combining these estimates with ey N'/2 — oo we have that,

@P<SN € (u— €N>U+€N)> = “(%) +o(1)

26]\[

and it is straightforward from the proof that this is uniform. 0

Remark 5.1. We note that this result implies [0, Theorem 4] because existence of clas-
sical Edgeworth expansions imply the existence of the weak global Edgeworth expansion
and this result is uniform in u.
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5.2. Moderate Deviations. While the CLT describes the typical behaviour or ordi-
nary deviations from the mean provided by the law of large numbers, it is not sufficient to
understand properties of distribution of X,, completely. Therefore, the study of excessive
deviations is important.

For example, deviations of order n are called large deviations. An exponential moment
condition is required for a large deviation principle to hold, even for the i.i.d. case.
However, when deviations are of order y/nlogn (moderate deviations) this is not the
case. We show here that a moderate deviation principle holds for Sy under a weaker
assumption than the exponential moment assumption.

It is also worth noting that moderate deviations have numerous applications in areas
like statistical physics and risk analysis. For example, moderate deviations are greatly
involved in the computation of Bayes risk efficiency. See [21] for details.

Proposition 5.5. Suppose Sy admits the order r Edgeworth expansion. Then for all

ce (0,r), when 1 <z <+Vco?In N,

1 P(% < x)
(5.2) lim —1
N-so00 1 —MN(x)

Proof. Note that,

SN — AN SN — AN

ENC ) =
Vot It G

= %ifz)n(x) +o (N2

uniformly in z. So it is enough to show that for 1 < z < V/co?In N,

, Byamn(z) N7
A N —my) A Ty ~ oW

1—‘)?(&:)—[1—1@( g:c)—‘ﬁ(:c)

Note that for z > 1,

|y = TN 0(@>

T 3
Thus,
N—’r/? N—r/2 N—r/2
< =0(vVInN———
1-=N(x) =~ 1 -N(Veo?In N) ( 6_51nN)
In N
= 0(50-0r)

Say P,(z) is of degree ¢. Then for some C' and K,
q q
Pan(@) | 4 @+ Kn(z) (4 K)g;(1 N (9(%))

Ne2(1—N(z))| = NeR1-N(x))  NvP2
(In NV)7+H!
<C Np/2
This completes the proof of (5.2). O

—0as N — oo.
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Proposition 5.5 is a generalization of the results on moderate deviations found in [20]
to the non-i.i.d. case along with improvements on the moment condition. It should be
noted that [2] contains an improvement of the moment condition for the i.i.d. case. But
the proof we present here is different from the proof presented in [2].

As an immediate corollary to the above theorem, we can state the following first order
asymptotic for probability of moderate deviations.

Corollary 5.6. Assume Sy admits the order r FEdgeworth expansion. Then for all
ce(0,r),
1 1

V2re/Neln N

P(Sy > AN +Vco?NInN)

6. EXAMPLES

Here we give several examples of systems satisfying assumptions (A1)—(A4).

6.1. Independent variables. Let X, be i.i.d. with 42 moments. In this case we can
take B = R, and define Lyv = E(e"*1v) = ¢(t)v where ¢ is the characteristic function
of X;. Here we have taken ¢ = 1. Put v = 1. Then, the independence of the random
variables gives us, £I'l = E(e'®") = ¢(¢)". Also, the moment condition implies ¢ — ¢(t)
is C™2. This means (A1) is satisfied. (A2) is clear.

Suppose X; is [—Diophantine. That is there exists C' > 0 and xq > 0 such that for

all |z| > @, |6(t)] < 1 — 5. Then |p(t)] < ¢TI So |o(t)| < 1 for all £ # 0. So we

W.
have (A3). Also, this implies that X is non-lattice. An easy computation shows that
when r; < 7, there exists ry such that ¢ty < [t| < n™ = |¢(t)|* < n™". In fact,
|o(t)[" < e~ where a = 1 — 1l > 0. So, (A4) is satisfied with r < ;.

When [ = 0 we see that (A4) is satisfied with r; > % and hence by Theorem 2.1
order r Edgeworth expansion for S, exists. This is exactly the classical result due to
Cramér because Cramér’s continuity condition: limsupy,_,. [¢(t)| < 1 corresponds to
[=0.

Choose ¢q > % > (rzl)l. Then, by Theorem 2.4 and Theorem 2.5 we have that S,

admits weak global expansion for f € Fg” and weak local expansion for f &€ Ffj:f )
These are similar to the results appearing in [2] but slightly weaker because we require

one more derivative: ¢+2 > 2+ LGRS opposed to 1+ _(TJ;UZ

5 . This is because we do not
use the optimal conditions for the integrability of the Fourier transform. If we required
f € Fr' and £ to be a—Holder for small «, then the proof would still hold true

and we could recover the results in [2].

6.2. Finite state Markov chains. Here we present a non-trivial example for which
the weak Edgeworth expansions exist but the strong expansion does not exist.

Consider the Markov chain z,, with states S = {1,...,d} whose transition probability
matrix P = (pjk)dxa is positive. Then, by the Perron-Forbenius theorem, 1 is a simple
eigenvalue of P and all other eigenvalues are strictly contained inside the unit disk.
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Suppose h = (hj;)axa € M(d,R) and its entries cannot be written as
rhjy, =c+ H(k) — H(j) mod 2w

for some d—vector H and r € R. Put X,, = h
For the family of operators £; : C* — C¢,

ITnTnt1-

d
(6.1) (Lof); = €™ pifr, j=1,....d
k=1

v =1 and ¢ = py, the initial measure, we have (2.1).

Define b, ;5 = hyj + hj, for all j,r = 1,...,d and k = 2,...,d. Put d(s) =
max {(b,;x — br1x)s} where { . } denotes the fractional part. We further assume that
h is f—Diophantine, that is, there exists K € R such that for all |s| > 1,

K
6.2 d(s) > —.
(62 ©)=
If g > dQ(T then almost all h are B Diophantine.
Because S, can take at most O(n® 1) distinct values, S, has a maximal jump of

order at least n~ (@1, Therefore, the process X® = h does not admit the order

2(d* — 1) Edgeworth expansion.

TnTn—1

The Perron-Forbenius theorem implies that the operator L, satisfies (A2). Because
(6.1) is a finite sum, it is clear that ¢ — L, is analytic on R. So we also have (A1). Also
the spectral radius of £; is at most 1. Assume £; has an eigenvalue on the unit circle,
say e, then,

d
ey = (Luf); = e pifi
k=1
Assuming max; | f;| = | fr],
|frl = e fe] = Mk i fi| < Z]%k'fk’ = ijk | fil = 1 fe]) >

Because |fi| — | f-| <0 for all k and p;;, > 0 for all j and k we have |fi| = | f,| for all k.
Write fr = Re'® for all k. Then,

d
oA ReiH) — Zeith]kp ReiH ()
k=1

d
0= Zpjk<ei(thjk+H(k)—H(j)—)\) - 1)

= thy, =X+ H(j) — H(k) mod 27
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But this is a contradiction. Therefore, (A3) holds. Next we notice that,

d d d
Z Z oitlhrj+hir pmpgkfk Z (Z m+hgk)prjpjk> Jr

j=1 k=1 k=1 N j=1
d
63) <I1( X Z )
k=11 j=
Now we estimate |b, x(t)| where
d d
br,k(t> _ Z eltbr,j,kprjpjk _ eztbr,l,k Z elt(br,j,k_br,l,k)prjpjk
j=1 j=1
Then we have,
d d
bk ()7 = Zpijpjzk +2 Zprjpjkprlplk cos((brjr — brik)t)
j=1 >
d 2 d
= <Zprjpjk) —2 Zprjpjkprlplk[l — 08((brjk — brig)t)]
7=1 j>l

- <Zprjpjk)2 —20d(t)* + O(d(t)*), C >0

d
bk =) prjpir — Cd(t)* + O(d(t)*), C >0
j=1
Therefore,
d

ith,
E eI DDk

j=1

= Xd: (Zi;pmpgk) Cd(t)* + O(d(t)®)

k=1 =1

=1-Cdt)*+0@d(t)*), C>0

From the Diophantine condition (6.2), we can conclude that there exists # > 0 such that
for all |t| > 1,

1£20 < 1= 0d(2)* = £V < (1= 6d(r)?) 7 < MO < N,

When 1 < || < N2, we have, ||[£V]| < e~®¥*/2 which gives us (A4) with r, = o
where € > 0 can be made as small as required. Because for small ¢, (22? 16)1 =[],

choosing ¢ > "1, we conclude that for f € FI*? weak global and for f € F%} weak
local Edgeworth expansions of order r for the process X! exist.

Also, Sy admits averaged Edgeworth expansions of order r for f € FZ. In the special
case of B > m, these hold for a full measure set of h even though the order r
strong expansion does not exist for r +1 > d2.
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6.3. More general Markov chains.

6.3.1. Chains with smooth transition density. First we consider the case where x,, is a
time homogeneous Markov process on a compact connected manifold M with smooth
transition density p(z,y) which is bounded away from 0, and X,, = h(z,_1,x,) for a
piece-wise smooth function h : M x M — R. We also assume that,

(6.4) 3H € L®(M) s.t. h(z,y) + H(y) — H(x) is piecewise constant.

It is well known that when there does not exist H such that h(x,y) + H(y) — H(x) is
constant and the transition probability has a non-degenrate absolute continuous com-
ponent then the CLT holds with 0% > 0.

To check the assumption 6.4 we need the following:

Lemma 6.1. (6.4) does not hold iff there exists o € M such that the function x —
h(o,z) + h(z,y) is piece-wise constant.

Proof. 1t (6.4) does not hold then for each 0 € M
h(o,x) + h(z,y) = c1(o,x) + ca(z, y) + H(y) — H(o)
where ¢;, © = 1,2 are piece-wise constant in .

Conversely, if for some 0 € M, x +— h(o,x) + h(z,y) is piece-wise constant. Let
¢ = h(o,0) and H(x) = h(o,0) — h(o,z). Then, h(o,0) + h(o,y) and h(o,z) + h(x,y)
differ by a piece-wise constant function. Then (6.4) does not hold because h(o,x) +
h(z,y) — (h(o,0) + h(o,y)) = h(z,y) + H(y) — H(x) — ¢ is piecewise constant. O

Let B = L*(M) and consider the family of integral operators,

(Liu)(z) = / p(x, y)e™ ™ Pu(y) dy.

Let u be the initial distribution of the Markov chain and {F,,} be the filtration adapted
to the processes. Then, using the Markov property,
E,.[e""] = E,[e""1 £,1].

By induction we can conclude

(e = [ 1Ly
Because h is bounded, expanding e**#¥) as a power series in ¢, we see that t — L, is
analytic for all £. This shows that (A1) is statisfied.

One can uniformly approximate p(z,y) by functions of the form >}, gi(z)r%(y).
Therefore, L£; is a uniform limit of finite rank operators and is compact. Compact
operators have a point spectrum hence the essential spectral radius of £; vanishes. It is
also immediate that ||£;|| < 1 for all ¢. Hence the spectrum is contained in the closed
unit disk.

In addition, Ly : L>(M) — L>(M) given by
(o) = [ playuty) dy
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is a positive operator. Note that (Lol)(xz) = 1 for all . Thus, 1 is an eigenvalue of Ly
with eigenfunction 1. Also, eigenvalue 1 is simple and all other eigenvalues [ are such
that || < 1. This follows from a direct application of Birkhoff Theory (see [1]). Thus,
we have (A2).

Next we show that if 5 € sp(L;), t # 0 then || < 1. If not, then there exists A and
u € L>(M) such that

[ Pl ety dy = Puta)

Suppose sup, |u(x)| = R then for each € > 0 there exists x. such that

R—e< |u(z.)| = |ePu(z)| = '/p(%y)eith(m’y)uw) dy‘ < /p(l’,’yﬂu(yﬂ dy
Therefore,
[ pellutw)] - Ridy =

But |u(y)| — R < 0. Hence, |u(y)| = R a.e. Therefore, u(y) = Re®® a.e. for some
function § and we may assume 6 € [0, 27).

/p(l‘, y)eith(m,y)ReiO(y) dy _ Reikeie(x)

. / P, y) [ EHED =X +06)=06) _ 1] gy —
(6.5) = th(z,y) —A+0(y) —0(x) =0 mod 27

Thus,  — h(y, x)+h(z, z) does not depend on x modulo 27 i.e. it is piece-wise constant.
By Lemma 6.1, h(z,y) does not satisfy (6.4). This contradiction proves (A3).

Recall that if KC is integral operator

(Ku)(x) = / k(e y)u(y)dy
then
il = sup [ Ib(z. pldy

In our case £ has the kernel,

e y) = / @D (0 (e y)de.

By Lemma 6.1 for each x and y the function z — (h(x,z2) + h(z,y)) is not piecewise
constant. So its derivative (whenever it exists) is not identically 0. Thus there is an
open set V., and a vector field e such that 0.[h(z, z) + h(z,y)] # 0 on V,,. Integrating
by parts in the direction of e we conclude that

it[h(z,z)+h(z,y)]

lim e
t—o00 szy

p(z, 2)p(z,y)dz = 0.
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By compactness there are constants g, eo such that for [t| > r¢ and all  and y in M,
[:(z,y)| < lo(z,y) — &o. It follows that

12 = sup / (e, )ldy < / lo(z, y)dy — <o
M M

x7y

The first term here equals

//.MXM plz, 2)p(z, y)dzdy = 1.

Hence for |t| > o, ||£2]| <1 —¢gp and so ||[LN]| < (1 — go)//?]. This proves (A4) with
no restriction on r;. Therefore, Sy admits Edgeworth expansions of all orders.

Next we look at the case when (6.4) fails but the constants are not lattice valued.
Then, arguments for (A1), (A2) and (A3) hold. In particular, (6.5) cannot hold since it

implies that
0y 0(x A 27
(h(m,y)+¥ —¥) S ?‘FTZ

However, we have to impose a Diophantine condition on the values that h(z,y) can take
in order to obtain a sufficient control over ||[£Y|| and obtain (A4).

For fixed z,y let the range of z — h(z,2) + h(z,y) be S = {c1,...,cq}. Note that
these ¢;’s may depend on x and y. However, there can be at most finitely many values
that h(x,z) + h(z,y) can take as x and y vary on M because h is piece-wise smooth.
So we might as well assume that S is this complete set of values. Also, take U, to be
the open set on which z — h(z, z) + h(z,y) takes value ¢;. Take by, = ¢, — ¢; and define
d(s) = max {bgs}. Assume further that there exists K > 0 such that for all |s| > 1,

K
d(s) > —
)2 1

If 3> (d—1)"" for almost all d—tuples ¢ = (cy,...,cq), the above holds.
Note that,

|Ciu(z)| = / ' / @2ty (3 2)p(2, y) dz| [u(y)| dy

d d
< Jlul / 3 it / P, 2)p(zy) dz| dy = |lu] / S preit
k=1 k k=1

where and py, = ka p(z, 2)p(z,y) dz. Therefore, p; + - -+ + pg = p(z,y).

dy

Now the situation is similar to that of (6.3) and a similar calculation yields,

d
E D eitbk
k=1

= p(z,y) — Cd(t)* + Od(t)*), C >0

Therefore,

1221 < [ [ple.) - Cate + O dy =1 - Ca(s)
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From this we can repeat the analysis done in the finite state Markov chains example
l—e
following (6.3). In particular, when 1 < |t| < N2 | there exists § > 0 such that

1L < e

which gives us (A4).
Finally, when (6.4) fails and h takes integer values with span 1, X, is a lattice random
variable and we can discuss the existence of the lattice Edgeworth expansion. In this

—_~—

case Sy admits the lattice expansion of all orders. To this end, only the condition (A3)
needs to be checked. First note that Lo = Loy for all k € Z. Also, assuming £; has an
eigenvalue on the unit circle, we conclude (6.5),

th(z,y) — A+ 6(y) —0(x) =0 mod 27

This implies t(h(x,y) + h(y, z)) € 27Z + 2). Note that LHS belongs a lattice with span
t and RHS is a lattice with span 27. Because ¢ is not a multiple of 27 this equality
cannot happen. Therefore, when ¢ ¢ 27Z, sp(L;) C {|z| < 1} and we have the claim.

6.3.2. Chains without densities. We consider a more general case where transition prob-
abilities may not have a density. We claim we can recover (A1)—(A4) if the transition
operator takes the form

Eo = ajo + (1 - a)lCo
where a € (0,1) and Jy and Ky are Markov operators on L>*(M) (i.e. Jof > 0if f >0
and Jp1 = 1 and similarly for &),

ﬂJ@%z/p@wﬁ@ﬁM@)

and
dewa/ﬂm@@dw

where p is a smooth transition density and () is a transition probability measure. Let
h(x,y) be piece-wise smooth and put,

Ti(f) = Jo(e"™f) and Ki(f) = Ko(e™ f).
Defining £; = aJ; + (1 — a)K; we can conclude ¢ — L; is analytic and that

E,(e"") = / L' dp.

Now we show that conditions (A2), (A3) and (A4) are satisfied. Because || J;|| < 1
and ||[K:|| <1 we have ||£;|| < 1. Thus the spectral radius of £; is < 1. Because aJ; is
compact, £; and (1 —a)KC; have the same essential spectrum. See [15, Theorem IV.5.35].
However the spectral radius of the latter is at most (1 —a). Hence, the essential spectral
radius of £; is at most (1 — a).

Because both 7, and ICy are Markov operators we can conclude that 1 is an eigenvalue
of Ly with constant function 1 as the corresponding eigenfunction. From the previous
paragraph the essential spectral radius of £y is at most (1 — a). Because L£" is norm
bounded it cannot have Jordan blocks. So 1 is semisimple.
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Suppose, L;u = ¢?u. Without loss of generality we may assume ||ul|, = 1. Assuming
there exists a positive measure set © with |u(x)| < 1 — 0 we can conclude that, for all x,

u(x)] = [Lyu(z)| = laFwu(z) + (1 — a)Kyu(z)|

<o [ e n)dut) +a [ Juw)lp(eduts) + (1 =)
<1 —adu(9).

This is a contradiction. Therefore, |u(x)| = 1. Put u(z) = €@, Then,
1—g / (D)@ 0 N () + (1 — a)e @Ky

Hence, [ eth@n)+1W)=1@=0p(z y)du(y) =1 = Ju = e’u. From section 6.3.1, this
can only be true when ¢ = 0 and in this case # = 0 and v = 1. This concludes that L;,
t # 0 has no eigenvalues on the unit disk and the only eigenvalue of £y on the unit disk

is 1 and its geometric multiplicity is 1. As 1 is semisimple, it is simple as required. This
concludes proof of (A2) and (A3).

From the previous case, there exists r > 0 and € € (0,1) such that such that for all
lt| > r we have | J?|| < 1 —e. From this we have, [|£?| = [|a®*T? + a(l — a)T:K; +
(1 — a)akyJ; + (1 — a)?K?|] < 1 — a%e. Hence, for all [t| > r, for all N, ||L)] <
(1 — a%¢)lN/2] which gives us (A4) with no restrictions on r;. Therefore, Sy admits
Edgeworth expansions of all orders as before.

As in the previous section, an analysis can be carried out when (6.4) fails. The
conclusions are exactly the same.

6.4. One dimensional piecewise expanding maps. Here we check assumptions
(2.1), (A1)—(A4) for piecewise expanding maps of the interval using the results of [3, 16].

Let f:[0,1] — [0, 1] be such that there is a finite partition Ay of [0, 1] (except possibly
a measure 0 set) into open intervals such that for all I € Ay, f|; extends to a C* map
on an interval containing I. In other words f is a piece-wise C? map. Further, assume
that f/ > X > 1 i.e. f is uniformly expanding. Next, let A, = \/}_,T7 Ay and suppose
for each n there is N,, such that for all I € A,, f¥I = [0,1]. Such maps are called
COVETING.

Statistical properties of piece-wise C? covering expanding maps of an interval, are
well-understood. For example, see [16]. In particular, such a function f has a unique
absolutely continuous invariant measure with a strictly positive density A € BV]0, 1] and
the associated transfer operator

o(y)
f'(y)

Lop(x) = Z

yef~1(z)
has a spectral gap.

Let g be C? except possibly at finite number of points and admitting a C? extension
on each interval of smoothness. Define X,, = go f™ and consider it as a random variable
with x distributed according to some measure p(x)dz, p € BV|[0, 1].
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Define a family of operators £; : BV[0,1] — BV[O 1] by

ztg
Lip(r) = > © e soy
yef~1(z)

where t = 0 corresponds to the transfer operator. Because ¢ is bounded, writing e?9®)
as a power series we can conclude ¢t — £, is analytic for all . This gives (Al).
(A2) follows from the fact that £y has a spectral gap. We further assume that

(6.6) g is not cohomologous to a piece-wise constant function.

In particular, g is not a BV coboundary.

The assumption (6.6) is reasonable. Indeed, suppose that g is piece-wise constant
taking values ¢, ¢s . ..c;. Then S, takes less than n*~! distinct values so the maximal
jump is of order at least n=*=Y so S, can not admit Edgeworth expansion of order
(2k — 2) in contrast to the case where (6.6) holds as we shall see below.

A direct computation gives,

1
E(e5n/vVm) :/ Ly mp(x)dz.
0

Therefore, there exists A such that,

(6.7) lim E(e" 28 nA) — ¢ 172

n—o0

where o2 > 0. It is well know that 0 > 0 <= ¢ is a BV coboundary (see [10]). From
(6.7) it is clear that S, satisfies the CLT.

To show (A3) holds, we first normalize the family of operators,

Etv Z f, h O ) (y)

Then, L, = H 'oL,0H where H is multiplication by the function h. Therefore, £, and
L; have the same spectrum. However, the eigenfunction corresponding to the eigenvalue
1 of Ly changes to the constant function 1.

Assume e is an eigenvalue of £;. Then, there exists u € BVI[0,1] with Lu(z) =
e®u(x). Observe that,

Cl) = 3 e \Z MO i) = e uto)] = futo)

Also note that, Ly is a positive operator. Hence, L |u|(z) > |u(z)| for all n. However,

hrn (Lo lu|)(z /|u -1dy

because 1 is the eigenfunction corresponding to the top eigenvalue. So for all x,

/ ()] dy > Ju(z)
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This implies that |u(z)| is constant. WLOG |u(z)| = 1. So we can write u(z) = ¢/,
Then,

i(tg(y)+v(v) — ,i(0+v(2))
Lou(x f; e ho )6 e

h(y) i(t - _
_— I Liltg) () (Fw)-0) — q
Z f/ h o f( )e

for all x. Since,
- h(y)
Lol = — =
" f%x f'(y)ho f(y)

and e 9W+1W)=7(*)=0) gre unit vectors, it follows that

(6.8) tg(y) +v(y) —(f(y)) =€ =0 mod 27

for all y. Because g is not cohomologous to a piecewise constant function we have a
contradiction. Therefore, £; and hence £; does not have an eigenvalue on the unit circle
when t # 0.

To complete the proof of (A3) one has to show that the spectral radius of £; is at
most 1 and that the essential spectral radius of L£; is strictly less than 1. This is clear
from Lasota-Yorke type inequality in [3, Lemma 1]. In fact, there is a uniform x € (0, 1)
such that re.(L;) < k for all ¢.

Next, we describe in detail how the estimate in [3, Proposition 1] gives us (A4). To
make the notation easier we assume ¢ > 0 and we replace |t| by ¢. [3, Proposition 1]
implies that there exist ¢ and C' such that if K large enough (we fix one such K7) then
for all t > K,

(6.9) e Yulle < e ]
where ||h]|; = (1 +¢)7||h]lsv + [|A||1. Therefore,
Hﬁicfclnﬂunt < e—C[clnt]||£(k—1)]'clnﬂu||t <. . < —CkJ clnt'|||uH

e
Also, ||L¢||s < 1. So, if n = k[cInt] +r where 0 < r < [cInt]| then
<e

[clnt]
L2l < e"CHEmA | Loy, < e OnFlemite ||, < e~ CmiT

4
However,
L+ sy < [1Alle < 1+ @+ )7 k)b

Therefore,

(L+ D)7 Lrullsy < [1+ (1 +6) e 5 fluflpy
which gives us

1£3 By < (¢ +2)e e

and here k = k(n,t) = | Cﬁlﬂj When K < [t| < 0™, kpin =

> k > kmm
as n — oo. Also, 1 yn e and,

L[clnnm ] and Fnin ;=1

1L By < (¢ + 2)eOMRniiT < 2nme” O
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Choosing ng such that for all n > ny, kL‘”’H > % (so this choice of ng works for all t) we
can conclude that,
1L} By < 2n7te” "2

This proves (A4) for all choices of r;. In particular given r, we can choose 1 > ’";21 in
the above proof. This implies that Edgeworth expansions of all orders exist.

6.5. Multidimensional expanding maps. Let M be a compact Riemannian mani-
fold and f : M — M be a C? expanding map. Let g : M — R be a C? function which is
non homologous to constant. The proof of Lemma 3.13 in [5] shows that this condition
is equivalent to g not being infinitesimally integrable in the following sense. The natural
extension of f acts on the space of pairs ({yy fnen, ) where f(y,11) =y, for n > 0 and
fy1 = z. Given such pair let

0 | =0
r ng, L) = 1 . =1l A = = .
({yn},2) = lim [Zg ] Jim —- ng(yk)] [; axg(yk)]
g is called infinitesimally integrable if I'({y, }, ) actually depends only on x but not on
Let X, = go f™. We want to verify (Al)-(A4) when z is distributed according to a
smooth density p. Note that assumption (2.1) holds with v = p, ¢ being the Lebesgue
measure and

e

(Lio)(z) = Z mﬁb@)-
yef1(z) Oz

We will check (A1)-(A4) for £; acting on C*(M). The proof of (A1)-(A3) is the same

as in section 6.4. In particular, for (A3) we need Lasota—Yorke inequality (see (6.12)
below) which is proven in [5, equation (19)].

The proof of (A4) is also similar to section 6.4, so we just explain the differences. As
before we assume that ¢ > 0. Given a small constant & let

D
ol = mas feleo, “L224 )
Then by [5, Proposition 3.16]
(6.10) 1226l < ol

provided that n > CInt.

By [0, Lemma 3.18] if ¢ is not infinitesimally integrable then there exists a constant
1 < 1 such that

(6.11) ILE Al < 0" (l9]le.

The Lasota—Yorke inequality says that there is a constant 6 < 1, such that
(6.12) 1D (Li)llco < Cs (¢l|@llco + 6" Dl o)

Also,

(6.13) 1€ 0l co < NIL5(18DNco < Ca(ll 1¢] | + 6" |¢] [|Lip)
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where the last step relies on £y having a spectral gap on the space of Lipshitz functions.
Combing (6.10) through (6.13), we conclude that L; satisfies (6.9). The rest of the
argument is the same as in section 6.4.

APPENDIX A.

In the discussion below, we do not assume the abstract setting introduced in section 2.
Therefore the hierarchy of asymptotic expansions provided here holds true in general.
We observe that the classical Edgeworth expansion is the strongest form of asymp-

totic expansion among the expansions for non-lattice random variables. The following
proposition and remark A.l establish this fact.

Proposition A.1. Suppose Sy admits order r Edgeworth expansions, then it also admits
order r weak global expansion for f € F) and order r averaged expansions for f € L .
Further, if the polynomials P, in the Edgeworth expansion has opposite parity as p then
Sx admits order r — 1 weak local expansion for f € F!.

Remark A.1. Section 6.2 contains examples for which the weak and averaged forms
of expansions exist but the strong expansion does not. Therefore none of the above
implications are reversible.

Proof of Proposition A.1. Suppose f € Fj. Let F,, = P(% < x) and put

Ernl) = N) + #Pp(x)n(x).

Observe that F),(z) — &,(z) = o(n~"/?) uniformly in 2 and,

T T

d&,n(7) =n(z) dz + Z # [P, (z)n(z) + Py(x)n (z)] do = Z #Rp(x)n(:v) dx

p=0

where R, are polynomials given by R, = P, + P,Q and @ is such that n’(z) = Q(x)n(z).
Next, we observe that,

E(f(5, —n) =E(f(2 24

Vi) - [ favmydr,a)
- / Flav/n) d&,,(z) + / flav/n) d(Fy = &) (2).

Now we integrate by parts and use &, ,,(c0) = Fj,(00) = 1 and &, ,(—00) = F,,(—00) =
0 to obtain,

BU (S = 1) = [ F@vi) dEpn(o) + (F — )@ oy
- [(B = & @)Var @yi) da
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- [ lanto e 0 () [ Vi o

—an/z/ Flavm)dz + o (n~""?)

This is the order r weak global Edgeworth expansion. The existence of the order r —1
weak local expansion follows from this. This is our next theorem. So we postpone its
proof.

For f € L! substituting = by z + \/iﬁ in the Edgeworth expansion for S,, we have
S, —nA Y Y
Pl —— < —_— ] -N ——
(At =rr ) -+ )
—~ 1 y y -
= —PF —— —— r/2)
pzlnp/2 p($+\/ﬁ)n<x+\/ﬁ>+o(n )

For fixed z, the error is uniform in y. Therefore, multiplying the equation by f(y) and
then integrating we can conclude that the order r averaged expansion exists. O

Remark A.2. We have seen from the derivation of the Edgeworth expansion in section 3
that P,(z) and p have opposite parity in the weakly dependent case. This implies that
P,, has the same parity as p. This is true in the i.i.d. case as well. FEven though
this assumption may look artificial in the general case, it is reasonable. When using
characteristic functions to derive the expansions, one is likely to end up with Hermite
polynomials which is the reason behind the parity relation.

Next, we compare the the relationships among the weak and averaged forms of Edge-
worth expansions.

Proposition A.2. Suppose Sy admits order r weak global Edgeworth expansion for
f € FT for some q > 0. If the polynomials P, , in the global Edgeworth expansion has
the same parity as p then Sy admits order r — 1 weak local expansion for f.

Proof. Assume, f € F!'. Then, from the Plancherel formula,

/R\/ﬁf () B (wn(a) do = % Rf(%)z‘lp(t)e‘ S

where A,(t) are polynomials constructed using the following relation,

2 1 d _ 2
Png(t)e 202 = \/ﬁAP <_ZE) |:€ 202:| .
By construction P, , and A, has the same parity. This means A, has the same parity as
.
First replace

/ Poy(@)n(a) f(ay/m)da
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by

fl—)A,(t)e 2 dt

1
2m\/n

in the weak global expansion to obtain,

VNE(f(S, —nA)) =5 Z np/Q/ p(t)e” (n—(r—l)/2>'

Then substituting for f with its order r — 1 Taylor expansion,

1 r r—1 }\'(J) 0 o2 o
VRE(f(S, — nd)) = %ZZ]+!n(j£p))/2 /Rtye t/QAp(t) dt + o(n ( 1)/2)‘
p=0 j=0

Put
oy = [ e A @ =0 and 700) = [ ity at
to get,

VIE(f(S, — nA)) ZZ m‘ﬁpw / (—it) f(£) dt + o (n~0=D/2)

Since p and A, are of the same parlty, when j + p is odd. a,; = 0. So we collect terms
such that p + 7 = 2k where kK =0,...,r — 1 and write,

Ay i N
Pk,w: Z %(_Zt)]

p+ji=2k
Then, rearranging, simplifying and absorbing higher order terms to the error, we obtain,
L(r=1)/2]

VIE(f(S, —nA)) Z /Pkw t)dt + o (n7H/2)

which is the order » — 1 weak local Edgeworth expansion. O
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