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ABSTRACT. We consider a simple class of fast-slow partially hyperbolic dy-
namical systems and show that the (properly rescaled) behaviour of the slow
variable is very close to a Friedlin—-Wentzell type random system for times that
are rather long, but much shorter than the metastability scale. Also, we show
the possibility of a “sink” with all the Lyapunov exponents positive, a phe-
nomenon that turns out to be related to the lack of absolutely continuity of
the central foliation.

1. INTRODUCTION

In [11, 12, 13] the first two authors studied the following class of partially hy-
perbolic systems of the fast-slow type on T?
(1.1) F.(z,0) = (f(z,0),0 + cw(x,0)) mod 1,

with & > 0, small, F. € C3(T?,T?), and inf, g 0. f(z,0) > X\ > 1, ||lw|jcs = 1.7 As
usual it is important to specify the type of initial conditions under which we like to
study the dynamical systems (T2, F..). It is well known that, in order to be able to
obtain meaningful results for long times, they must be random. More precisely, if
we define (2, 0,) = F*(x0,6p), then we would like to consider, at least, the initial
condition 6y € T! fixed, while £y € T' is distributed according to a probability
measure with smooth density w.r.t. Lebesgue. Then (z,,6,) can be viewed as a
(Markov) random process.

We refer to the introductions of the above mentioned papers for a lengthy dis-
cussion of the relevance of such systems, the connection with averaging, homogeni-
sation theory, metastability and statistical mechanics as well as for a discussion of
the related literature.

Even though (1.1) is arguably the simplest possible model problem for a fast—
slow partially hyperbolic system, its exact properties are not understood in full
generality. If we want to develop a general theory for fast-slow partially hyperbolic
systems, it is then important to see were do we stand and what are the open
problems for the above basic model.

Probably the most striking fact concerning the dynamical systems (T2, F.), and
more generally fast-slow systems, is that they have many different relevant time
scales. More precisely there exists some parameters ag, cg,c1 > O:

e Initial times: If n < c;loge™!, then the time is so short that the statistical
property plays no significant role and one can, in principle, compute the

2000 Mathematics Subject Classification. 37A25, 37C30, 37D30, 37A50, 60F17.

Key words and phrases. Averaging, metastability, partially hyperbolic, decay of correlations.

This work has been supported by the European Advanced Grant Macroscopic Laws and Dy-
namical Systems (MALADY) (ERC AdG 246953). D.V. has been partially funded by the Russian
Academic Excellence Project '5-100.

1 In fact in such papers it was assumed only Fr € C4(T2,T?), here we need a bit more regularity.
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trajectory numerically with arbitrary precision starting from a deterministic
initial condition.

e Short times: If c;loge™! < n < e~ 1120 then the z variable is, essentially,
distributed according to the invariant measure of f(-,6y) while |8,, — 0g| <
€%, Thus 0 appears to be almost a constant of motion.

e Long times: If e 172 < n < 7172 the evolution of the variable 6.1,
is close (in a precise technical sense) to a random process described by a
stochastic differential equation.

e Very long times: If e717% < n < 6005_17 the system may behave like if
several invariant SRB measures exist (metastable state).

e Arbitrarily long times: If n > e® 71, finally the system exhibits its true
statistical properties (SRB measures, decay of correlations, etc.).

The first regime poses interesting problems in the fields of numerical analysis,
but we will not discuss them here. The second regime can be studied by applying
standard results on the decay of correlations and we will not discuss it either, as
it can be seen as a special case of the third. The third regime is the one on which
most of this paper will focus. We will see that a precise understanding of this
regime gives relevant informations also for longer times. The only other discussions
involving the behaviour of the system for longer times will be our discussion of the
central foliation, that obviously contains informations on the infinite time dynamics,
although only of a very local nature. As for the last regime, we will only mention
briefly the standing open problems.

Let us discuss the last three regimes in a bit more detail.

1.1. Long Times.
In this regime it is useful to rescale time, so we define

(1.2) 0-(t) = 0c-1¢) + (571t - LEiltJ)(ets—ltJH — HLE—ltj).

Also it is convenient to see . as a random variable in CY(R4, T). In the paper [12]
it is shown that, in any interval [0, T, 6. converges weakly as e — 0 to the solution
of

(1.3) & -0 9(0) = 0y,

where @(0) = pg(w(-,0)), wg being the unique SRB measure of f(-,0), see [1]. For
future use, let us also define the function &(x,0) = w(z, ) —(0). Note that, by the
differentiability of uy with respect to 6 (see [35, Section 8]) we have that w € C37%,
for each o > 0. Thus (1.3) is a well defined differential equation. Also [11] contains
a results on the fluctuations: that is, if we define . (t) = e~1/2(.(t) — 6(t)), then,
in any time interval [0, 7], (. converges to ¢, defined by

d¢ = &' (A)¢dt + 6(0)dB
¢(0) =0,

where B is the standard 1-dimensional Brownian motion and the diffusion coefficient
6 is given by the Green-Kubo formula

(1.4)

(1.5) &(0)* =po (-, 0)@(-,0)) +2 Y po (W(f3"(-),0)@(-,0))
m=1

where we have used the notation fy(z) = f(x,8). In addition, 6(6) is differentiable
(see [35, Section 8] again) and it is strictly positive, unless &(0, -) is a coboundary
for fg, see [36]. Thus, from now on we will assume:
(A1) for each 6 € T, the function w(-,6) is not cohomologous to a constant
function with respect to fy.
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Moreover, in [12] is proven a much sharper result: a local limit theorem with
error, see Theorem 2.4 for details.

Here we go one step further and we prove that 6. is very close (in a technical
sense to be specified later) to the following Friedlin-Wentzell type process for times
of order e~¢, for some «a > 0,

dn(t) = @(n(t))dt + =& (n(t))dB
n(0) = bo.

The above equation has been extensively studied, starting with [19], and is know
to exhibit metastable states. Before considering longer times, it is convenient to
understand very precisely the behaviour of (1.6) in the present regime. To our
surprise, we were not able to locate the needed results in the literature, so we
provide them here. This will allow us to obtain a very precise description of our
system in this time scale.

Note that such a result can be used to considerably simplify various arguments
in [13].

(1.6)

1.2. Very Long Times.

Up to now the only condition on @ was that it is not a coboundary. It turns out that
precise results in the very long time scale are known only in certain cases, namely
when @ has zeroes. This is due to the fact that, in such a case, equation (1.3) has,
generically, attractive fixed points and then the dynamics tends to be localised. On
the contrary, if @ has no zeroes, then the average dynamics is, essentially, a rotation
and its statistical properties need a longer time scale to manifest (see Lemma 4.1).
Thus let us assume

(A2) @ has a non-empty discrete set of non-degenerate zeros.

Note that the above is a generic condition, once the zeroes do exist. The previous
mentioned results imply then that the dynamics spends most of the time in a /e
neighbourhood of the attractive fixed points of (1.3). Indeed, the large deviation
results of [12] imply that the probability of escaping one such sink, if possible at all,
is exponentially small in 1. This means that it will be necessary an exponentially
long time for the distributions of the # variable to change appreciably. That is, there
are quasi stationary states (metastability). The occurrence of metastable states for
pure deterministic systems was first found, in a different but similar context, by
Kifer [29], in which it is shown that the system visits the different metastable states
essentially following a Markov chain. However, the results there do not suffice to
investigate the true invariant measures of the system.

On the contrary, our estimates show that, if we consider any accumulation point
of % Zz;é F E’f*uo, where 1 is one of our initial probability distribution,? then such
points must be very close to a convex combinations of the metastable states. As all
the possible physical measures of the systems must belong to such accumulation set,?
see [13, Lemma 9.8]; this provides detailed informations on the possible structure of
the physical measures. In turn, this also allows to compute the Lyapunov exponents
of the system.

Of course, the variable x undergoes uniform expansion, hence one Lyapunov
exponent is trivially positive. The other is the Lyapunov exponent in the central
direction (the direction associated to the slow variable ). Indeed, in Section 7 we
will see that the maps F., and hence Fp, have an invariant center foliation. Let
(s«(x,0),1) be the vectors defining the center distribution of Fy. Such a distribution

2 F, stands for the pushforward, namely Fiu(p) = pu(p o F).
3 Recall that p is a physical measure if, for all continuous g, limy,—co % EZ;S goFF(z) = u(g)
for z belonging to a set of positive Lebesgue measure.
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is known to be close to the one of F.. Let us denote with %, the directional
derivative of w in the center direction, or, more precisely, with respect to the vector
(84(x,0),1), that is:

(1.7) Yu(x,0) = Ozw(x, 0)s.(x,0) + Opw(x, 0).

It is convenient to define also the average 1. () = g (1« (+,0)). Essentially, 1+ e,
is the one step-contraction (or expansion) in the center direction. Then, for each
invariant measure p, p(log (1 + 1)) is the central Lyapunov exponent associated
to such a measure.

Naively, one could think that such an exponent is always negative, as it is driven
by the contraction in the sinks in which the dynamics spends most of the time.
Surprisingly, this is not always the case. This was already conjectured in [13] and
is proven here. In addition, we show that the presence of a positive Lyapunov
exponent in the central foliation is associated to the foliation non being absolutely
continuous. Such a pathology of the central foliation was already discovered in
other examples, e.g. volume preserving partially hyperbolic maps [39, 37], but here
emerges in a totally natural and robust manner for systems whose invariant measure
is not previously known and it is not constant.

1.3. Arbitrarily Long Times. In this regime, the system exhibits its true statis-
tical properties, the first being the existence or not of physical measures. They are
proven to exist in the case of mostly expanding central direction [2], and mostly
contracting central direction [17, 10]. For central direction with zero Lyapunov
exponents (or close to zero) physical measures are known to exist generically [46].
In the case of mostly expanding and mostly contracting central foliations the above
papers contain also some information on uniqueness and mixing of the physical
measure, but not of a quantitive nature.

Precise quantitive results beyond what already discussed are known only when
the central Lyapunov exponent is negative. More precisely, calling {0, _}7_, the
zeroes of @ such that @' (0, _) < 0, the condition

(AQ) maxge{1, -z} 1/1*(9]@_’,) < 0.
implies that the center Lyapunov exponent is Lebesgue-a.s. negative (see [13] or
Section 6). Under such a condition in [13] is obtained a full classification of the
SRB measures and sharp estimates of the decay of correlations.

Numerical simulations and the results in [1, 2, 34, 46] suggest that similar type of
results should hold in much greater generality (in particular for positive Lyapunov
or zero exponents). Yet, to obtain similar results in the case of non negative Lya-
punov exponent, or for the case in which @ has no zeroes, stands as an important
open challenge.
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2. LIMIT THEOREMS: A RECAP

Standard pairs are a very convenient way to describe initial conditions which can
be realised by interacting with a system in the past. The reader can find a basic
introduction to standard pairs in [11] and a more precise description of the type of
standard pairs needed in the present context in [12, 13]. Here we content ourselves
with a super brief introduction, just to establish notations.

Let us fix a small § > 0, and Dy, D}, c¢; > 0 large enough. Let us define the set
of functions

Y., = {G € C*([a,b],T) :a,b € T,b—ac[§/2,7],
1G]l < ec1, |G| < eDyey, |G™|| < eDyer}

We associate to any G € X, the map G(x) = (x, G(z)); the graph of any such G
(i.e. the image of G) will be called a standard curve.
Next, fix Dg,co > 0 large enough. We define the set of co-standard probability
densities on the standard curve G as
S DQCQ} .

b
De,(G) = {P € C*([a,b],Ry) : / plr)dr =1,

A standard pair € is given by ¢ = (G, p), where G € ., and p € D, (G). To
any standard pair £ = (G, p) is uniquely associated a probability measure p, on T?
defined as follows: for any Borel-measurable function ¢ on T2 let

b
ie(g) == / 9(G(2))p(z)dz.

Let L., ., be the set of standard pairs. For each ¢ € L,, ., we will use ay, b;, G and
pe for the domain, graph and density associated to the standard pair. Moreover,
for future reference, given £ € L, .,, let us define
be
07 = | Ge(@)pe(x)dz = pe(0).

ap

/

4 o

< ¢,

A standard family can be conveniently regarded as a random standard pair.
More precisely: a standard family £ is given by the triplet (A, F,p) where A is a
countable set F is a map £: A — L, ., and p is a probability measure on A.

A (c1,cp)-standard family £ identifies a unique probability measure pg on T?:
for any Borel-measurable function g of TZ, let

pe(g) == /A He(a) (9)dp-

We will use L., ,) to designate the set of standard families and E(CI,CQ) to designate
the standard measures, that is, the weak closure of the measures associated to a
standard family.
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The basic properties of standard families rest in the following fact.

Proposition 2.1 ([13, Proposition 5.2]). There exist c1, ca such that, if € is suffi-
ciently small and ¢ is a standard pair, F..pg can be seen as the measure associated
to a standard family.

Accordingly, if our initial condition is expressed by a standard pair, then the
pushforward of the initial measure will always consists of a convex combination of
standard pairs. In particular all the physical measures will belong to E(Clm), [13,
Lemma 9.8].

For a given, but arbitrary, smooth function v, let us define the function (, as:

n—1
(2.1) (n=e) toFF
k=0

Next, let z, = (0,,¢,) and define the polygonal interpolation
Zs(t) = Z|te—1] + (ts_l - Lts_lj)(the—lj-l-l - Zl_ts—lj)'

For any ¢ > 0 and 6, € T!, we define the function z(¢,6.) to be the solution of the
ODE

(2.2) L2 = (@(0(6), 501))

where 1(0) = pg((-,0), @ = pg(w(-,0) and pg is the unique SRB measure of the
map fo(x) = f(x,0). We conveniently introduced functions 6., (. and 8,  so that
ze = (0¢,¢:) and z = (6,().

Then (see [12, Theorem 2.1]), as ¢ — 0, provided that the initial conditions
(x0,00) are distributed according to standard pairs such that §; = 6., the random
variable z.(t) converges in probability to Z(¢,6,). It is then natural to attempt
a description of the behavior of deviations from the averaged dynamics. For any
p = (x0,00), let Az(t,p) = (AO(t,p), AL(t,p)) := z:(t,p) — Z(t,00). In this respect,
if € is sufficiently small, we can obtain (see [12, Theorem 2.2, Corollaries 2.3-5]) the
following

Theorem 2.2 ([12, Proposition 2.3]). Fiz T > 0 and define, for Rg, R¢ > Cy+/e:

Q(Rg,R;) ={peT?: sup |AO(t,p)| > Ry or sup |A((t,p)| > R¢}
te[0,T] te[0,T]

Then, for any standard pair £, we have p(Q(Reg, R¢)) < exp(—cge™" min(Rj, R?)),
where cy is a constant which does not depend on £.

We say that a differentiable path h of length T is admissible if for any s € [0, T,
R (s) C int Q(h(s)), where for any 6 € T, we define the (non-empty, convex and
compact) set

(2.3) Q0) = {p(w(-,0)) | 1 is a fo-invariant probability}.

Theorem 2.3 ([13, Theorem 6.3]). Let h € C*([0,T],R) be an admissible path
joining 6y to 6y; then for any standard pair £ which intersects {60 = 6y} and €
small enough there ezists a set Qp C suppl so that pe(Qp) > exp(—cye™T) and

FITQ, c T x B0y, Cpe®/12).

In fact we can also obtain a Local Central Limit Theorem:
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Theorem 2.4 ([12, Theorem 2.7]). For any T > 0, there exists g > 0 so that
the following holds. For any B8 > 0, compact interval I C R, |I| < 1, real numbers
k>0,e€(0,6),t € [e/200 T, and standard pair { € L., ¢,, we have:

pe(A0(t, ) € el + re'/?) e—r?/207(67)

2.4 =Lebl | —————| + O("/*77).
>0 Ve l aovas | T
where the variance a(0) is given by

¢ ~ —
(2.5) 62(0) = / (211500 5255 p))ds.

0

and 6% : T — Ry is defined in (1.5).

Remark 2.5. Essentially, the above theorem states that the distribution of 0.(t)

looks like it has a reqular density up to scale £37B. To determine the properties of
the distribution below such a scale, it requires further investigation (possibly in the

spirit of [3]).

Observe that, & defined above is bounded away from 0 by assumption (Al),
hence we conclude that

(2.6) Oyt < 07 < Oy exp(cyt)t

The above results will be instrumental in the following section.

3. DETERMINISTIC VERSUS RANDOM

The goal of this section is to show that the results of the previous section can be
used to predict very precisely the behavior of the system in the long time regime.

Note that, for a fixed standard pair ¢, the distribution on the left hand side of
(2.4) is exactly the distribution, at time ¢, of the solution of the SDE

3.1) dA(t,0;) = &' (0(t,07)A(t)dt + &(0(t,0;)dB(t)
' A(0,67) =0,
where B(t) is a standard Brownian motion. Indeed the solution of (3.1) is given by

t = _
A(t,HZ) = / ef,; 411/(9(7',9@))(176(9(879;))d3(8)’
0

which is a zero mean Gaussian random variable with variance given by (2.5). We
can then define the following process: Fix T' € R, then for ¢ € [0, 7] define

For times ¢ € [kT, (k + 1)T] we define the process as a Markov process, that is
E(f(mo(s + kT,07))) = E(f(no(s, 2)) | no (KT’ 07) = 2).

In the following we will suppress the dependence on the initial point, if it does not
cause any confusion. From Theorem 2.4 it follows:

Lemma 3.1. For any 8 > 0, a € (0,8), € € (0,&9), standard pair £ and t €
[e1/2000 =] there exists a coupling P. between 0. (t), under yg, and no(t, 07):

(3'3) PC(‘ae(t) - 770(t79Z)| > 8) = 0(61/27[3).

Proof. For brevity we call a coupling between two random variables X, Y such that
P(|X —Y|>¢) < ¢ an (e, d)-coupling.
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The proof is by induction, let us prove it first for ¢ € [¢1/2909 T]. We partition
R in bins [I,, of size 1 centered around b, = n. By Theorem 2.4 we have for any
¢>0,

_ o= /(20%) s
10(0-(t, ) € B(t,07) + <T,) :/ dy + O(e1=¢/2)

el, Ut\/ﬁ
=P(no(t) € 0(t,0;) +cl,) + O(e'=/?).

We can thus construct a coupling of the part of measure that belongs to the same
bins, and if we do it for all n < e~/27¢/2 then we have a mass of order O(¢'/2~¢)
that cannot be coupled. On the other hand by Theorem 2.2 the total mass for
both process that can belong to intervals with n > ¢~1/2¢/2 is also smaller than
£1/2=C (in fact much smaller). We have constructed an (g, Ce'/2~¢)-coupling for
some C' > 0, and the Lemma is thus proven for ¢ € [¢1/2000 7.

Next, let us assume that each ¢ < kT we can construct an (g,2kCe'/2=¢)-
coupling. In particular, the bound holds for ¢t < T}, = kT — /2900 Let {I,}
be a partition of T in intervals of size €. We know that the standard pair ¢ will give
rise, at time T}, to a standard family £, = (A, Fk, px) such that

pe(0=(t,) € In) = Y Pasie, (0t = Ti, ") € I).
aEAg
Then
pe@(t) €)= > pape,(0:(t = Ti, ") € L)

J {a:6,€l;}

By the inductive hypothesis we can make an (e, 2kCe'/?~¢)-coupling with 1o (T}).
On the other hand it is easy to check that, for each I C R and 6 € T,

e—C#VE < Plno(t,0) € 1) _ cC#VE.
~ P(no(t,0+e)el) —
Thus, for each 0, € I; we can (g, Ce'/2~¢)-couple 0.(t), under u,, with no(t, 0, ).
This clearly, produces an (e, C(2k+1)e'/2=¢)-coupling up to time (k+1)T —g/2000,
Another step as before will allow to construct an (g, 2C(k + 1)e'/2=¢)-coupling up
to time (k + 1)7T.
We can iterate this procedure up to k < ¢ for @ < f — (, and get an
(¢,0("/?7P))-coupling. The Lemma is thus proven, taking ¢ small enough.
O

In fact, it is possible to couple our process to the following, more interesting,
Freidlin—-Wentzell type equation (1.6)

dn(t) = w(n(t))dt + V6(n(t))dB
n(0) = 6;
and B is the standard Brownian motion.

Since F; € C°, we can apply [35, Theorem 8.1] with the Banach spaces {C?}{_,,,
s = 4, and obtain that @, & € C*~¢, for all @ > 0. Thus [19, Theorem 2.2] implies

that 1(t) = no(t) + ena(t) + £2 0, (t) where

dnat) = & (B(0)mat)dt + 56" (BH)A()dt + & (6(1) A(H)dB(1)

2
7]2(0) =0,

and

Hence, for each > 0,
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Let us denote by dpy the total variation distance.
Lemma 3.2. For any 8 >0, a € (0,5) and t € [0, “] we have
drv (n(t), mo(t)) = O("/?77).

Proof. Again we start by considering the time interval [0,7] first. It should be
possible to prove the Lemma by using the above estimates for 12, n,-, yet, we find
faster to use the following result from [27]:* for each t € [0, T, let p§ (6}, 0(t,0;) +v)
be the distribution of the random variable n(t) determined by (1.6), then

(3.4) P05, 0(t,0;) +y) — (2me) "2 VEN/ 22K (1, y)| < CuezeVBv)/2%

where, setting Dy ; = {p € Cl: p(0) = 07, 0(t) = é(t,ez) +y},

toarey 2
(3.5) V(t,y) = inf (cp(sz w(<p2(s)) ds
¢€Dye Jo  O(p(s))
and Ky € C'. To compute V note that the minimum is attained on the solution ¢
of the Euler-Lagrange equations.

To the Lagrangian is associated the Hamiltonian H(p,p) = G(g’) T2 2 + pa(p)
where p = 26(¢) (¢ — @(¢)). The Hamiltonian equation of motlons read
PR
. o -
¢ =0pH = (;p) p+a(p)
(3.6)

-~ ~/
Note that (¢(s),p(s)) = (0(s,0;),0) is a solution of (3.6) with initial condition 6}
and final condition 6(¢, 6}), which corresponds to y = 0.

We can linearise the equation of motion around the solution (#
(¢(t,p0), p(t,po)) be the solution of (3.6) with initial conditions (
(&@),n(t) = Opy (@(tvpo)ap(tvp()”po:o' Then

(s,65),0). Let
Gg,po) and set

. O 2 —
=200, oo
= —&"0)n

£0)=0, n(0)=1,
It readily follows

n(s) = e~ Jo &/ @(s1).07)ds1

£(s) = eJ & 0007 / =2 S & (0(s2), endszwdsl
0
o, (29 7)? o S5 & (0(s1).6)ds,

If we want the solution belonging to D, then we have to solve the equation

F(po,y) = ¢(t,po) — 0(t,0;) —y = 0. Since 0, F = £(t) # 0, we can apply
the implicit function theorem in a neighborhood of (0,0) and conclude that the
minimum in (3.5) is obtained for the solution of (3.6) with initial conditions

©(0)=06; ;5 poly) =) 'y + O?).

Moreover, since we have

t 2 A 2
S o S
Vit y) = p(5: Po())* 625, 20W)))” 4 o
2
0
4 Related results are present in [31], where they are investigated from the point of view of

viscosity solutions.
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this allows to compute

V(t,0)=0; 8,V(t,0)=0
a3V (t,0) :/0 1(s)2E(t)"26(0(s,67))* = 204(67) 2,

which yields
2

Y
(3.7) V(t,y) = = +O0(y).
o}
This, together with the large deviation results in [19], shows in particular that

/ P (0700, 07) + y) < 0.
ly|e1/2=¢

It suffices thus to consider |y| < e'/27¢, for which we have

y2
2

_ _ v _
(88)  |pi(67.8(4,67) +y) — (2me0?)He T | < Cpet/2 e A,

This proves the statement for ¢ < T. To prove the result for longer times, we
proceed by recurrence, relying on Markov Property: after each time interval of
length 7' there is an additional amount of mass of order O(¢!/273¢) that cannot be
coupled, which means that dry (n(t),no(t)) = O(ke'/?73¢) for t € [kT, (k + 1)T).
We deduce the result, taking o < f — 3¢ and ¢ small.

O

By Lemmata 3.1 and 3.2 immediately follow

Corollary 3.3. For any 8 > 0, a € (0,8), € € (0,e0), standard pair £ and t €
[e1/2000 c=a] there exists a coupling P, between 0.(t), under ug, and n(t), such
that:

P(6: —n(t)] = €) = O("/>77).

4. LONG TIMES

We have thus seen that our deterministic process remains very close, in a precise
technical sense, to the Freidlin-Wentzell process (1.6) for a polynomially long time.
To take advantage of this it is necessary to have a good understanding of the
statistical properties of (1.6). To this issue is devoted the present section.

First of all, note that the generator associated to the process can be written as

_ €. € 4
LEQOZWQO,+70'2SOH: (UQPgQD/_ZEUEQO)/,

2 2pe

2
1+U5/ ee_lﬂ(S)dS] ,
0

0 _

Q(0) = 72/ f;(s) ds for all 6 € R,
o 6%(s)

where v, € R is determined by the relation p.(0) = limg_1 p-(#), which insures

that p. is a smooth periodic function and hence the measure factors properly on T,

while the normalisation constant Z is determined by [} p. = 1. Accordingly,

(4.1) pe(0) = 266_72675_152(6)

66_19(1) -1

4.2 Ve = ———,
42 T e 90)ds
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which shows that v, = 0 if and only if [, £ = 0. Also, note that,

& =
Jy 90 ds 4 [0 1] [ e 0 as
) e ds
f99+1 ef1s) g

C [les90)ds
and thus p. can also be written as

f99+1 6—_2(9)6_671(9(9)_9(3»d8

T T 2 (g)e—e Q0 -0 ds df

B 0+1 .
=Z. / 672(0)e—s (RO g,
6

4
1—|—115/ e A gg =
0

pa(‘g)

(4.3)

One can easily check that LLp. = 0. That is, p. is the density of the invariant
measure v, of (1.6). In addition, if v. = 0, then the process is reversible.

Let us first consider the case when @ has no zero. We suppose @ > 0 (the
negative case is obtained by symmetry). Then for a constant ¢ big enough, since
Q) — Q(s) > cu(s—0) for s > 0,

0+1 . O+ce|loge| .
/ &72(0)e= (OG5 = / &(0) e O ds 1 O(e?)
0 0

ce|log | i,

a(e)—Q/ 'Y Os 4 4 02| log )
0

—6(0) () (0) 7" + O(e?| loge[?)

gw(a)*l + 02| logel?).

We deduce, after normalization, that p.(6) = Zw(0)~! + O(e|loge|?), for some
7 € Ry. We have the following result of convergence toward v..

Lemma 4.1. Suppose that & has no zeros. There exists cx and Cyu such that for
all €T,

dry (pf (60, ), ve(1)) < Cye™o#<".

Proof. By standard coupling arguments, it is sufficient to prove that two solutions of
(1.6) with respect to two independent Brownian motions and starting from x and z’
meet before a time of order e ! with a probability bounded from zero independently
from ¢ and uniformly in z and 2. We follow here arguments developed in [20] in
a more general context. We denote by h the isochron map associated to the the
periodic solution (t,6y) for a 6 € T!, that is, denote T its period, the mapping
from T! to R/TZ satisfying h(fy) = 0 and h/(§) = w~1(#). We have in particular
h(0(t,0y)) = tmod T.

We study then the process (Uy);>0 defined as the lift of h(7;) (i.e. the unique
R-valued trajectory satisfying Uy € [0,7T") and h(n;) = ¥, mod T for all ¢t > 0). T,
satisfies

o' 62
(44) d\I/t =dt—«¢ 202
where, for u € R, h=!(u) is to be understood as h~!(u mod T). Now if T' denotes
the period of the deterministic dynamics @ defined by (1.3), we have with probability
converging to 1 when € goes to 0 that for ¢ > 0 small,

o h™H(W;)dt + \@% o h™H(¥;)dB,

max sup ¥y — (Upr +t —nT)| <er e,
n<e ! te[nT,(n+1)T]
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Indeed from the Burkholder-Davis-Gundy inequality we get for m > 1

1
P sup > ¢
te[nT,(n+1)T) 2

(n+1)T &
< gmem / 2 o h=1(w,)dB,
nT w

~

t
/ 9 o h Y(W,)dB,
nT W

m

sup < Cpe™,

te[nT,(n+1)T)

and we can simply choose m({ > 1. So with probability converging to one at each
step of size T the third term in (4.4) gives a contribution of order %8%_4, and the
second term gives an even smaller contribution (of order €).

Remark that the functions u +— glgj oh™1(u) and u — % oh~Y(u) are T periodic.
We denote v = OT g,wiz o h~Y(u)du and Kk = fOT (o h_l)2 (u)du. From the above

estimates, we deduce that

nT nT
(4.5) U —nT — Uy = env + £2Gpr + 5/ by dt + ﬁ/ ~vidBy,
0 0

where G,,7 is a random variable of normal distribution, centered and with variance
nk, and for kT <t < (k+ 1)T with k > n — 1,

w'6? o'6? 1
i: 2(;}2 Oh, l(l’t)—ﬁoh 1(\IjkT+t):O(E2 4)’
¥ = g o hH(W,) — g o h Y Wpr +1t) = Oe2C).

Using similar estimates as above, we can prove that the two last terms of (4.5) are
of order O(E%*C) with probability converging to 1, and thus ¥ .17 — e T —Wq
converges in distribution to a Gaussian with mean v and variance k. This implies
indeed that two independent solutions of (1.6) meet before ¢ ~!7T with a positive
probability independent from .

O

The above result shows that the convergence to equilibrium takes place on a
rather long time scale. As we will see in Section 5.1, with the available technology,
this allows only a partial understanding of the properties of the physical measures.

Next we consider the case when @ admits 2z non-degenerates zeroes, z > 0. In
such a case the true convergence to equilibrium takes place to an even longer time
scale, yet the convergence to a metastable situation takes place much faster.

Let us denote 6, _ the stable zeroes, for i =1,..., z, and 6, ; the unstable ones.
We aim at proving the following Proposition.

Proposition 4.2. Suppose that the dynamics defined by (1.3) admits 2z non-
degenerate fized points. Then there exists a constant cy such that for all x and
all o > 0 there exists non-negative real numbers c1(x),. .., c(x) satisfying c1(x) +
...+ cx(x) =1 such that

(4.6) sup drv (P?(xa ) ZQ(@Qf()) =0 (€| logg\%) ,

t€lcy|logel,e™«] i—1

where G is a gaussian distribution with mean 6; _ and variance %

We will not investigate the optimal constant cy given in this Proposition, as we
are interested in longer times. For results in this direction and related to the cut-off
phenomena, see [5].

For a > 0 denote I = [¢; — —a,0; _ +a]. Since @ is smooth, there exists a a > 0
such that, on each interval I;, @ is uniformly convex, with @”(6) > cyx for 0 € I.
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We denote I* = U, I?, and first give the following Lemma, which is a particular
case of the more general result given in [28]. For the reader convenience we provide
a short proof of this Lemma for our situation.

Lemma 4.3. For all B > 0, there exist constants cx and Cu such that

(4.7 sup P (n(t) ¢ I7) < CypeP.

t€[cy|logel,e—«]
Proof. We divide our analysis in three cases, depending on the position of the
starting point 7(0).

Let us denote, for any ¢ > 0 and i € {1,...,n}, JF = {z € T, |z — 0, +| < ¢},
J¢=Uj=1,. nJ{ and J¢ the complementary of J¢. From large deviations estimates
(see [19]), we know that for any b > 0, with probability O(efc#e_l), the process
(n(t))s>0 starting from any x € J® reaches I3 before a time 7}, independent from
¢, and then does not leave I* before t = e~2.

Suppose now that (n(t))i>o starts from a point = € Jo N JE77 for some
¢ > 0. Then for any § > 0, the solution (-,z) of (1.3) reaches J° before T =

m| loge| if b is taken small enough. Now we have

n(t) — 0(t, ) =/0 (@(n(s)) —0(9(8,x)))ds+\@/0 6(n(s))dBs,

and from Doob inequality and Burholder-Davis-Gundy inequality, denoting Z; =
[5 6(n(s))dBs, we get for any m > 1:

sup |ZTb|m < Oye™|loge|.

P| sup |Zf]|>e ¢ | <e™E
te[0,T9]

te[0,T?]

Denote ¢, = inf{t € [0,T?], [n(t)—0(t, )| > b/2}. On the event A° = {sup,c(o 7s) | 25| <
£7¢} and if b is small enough we obtain

In(t) — 8(t,2)] < (@ (0 1) + 6 / in(s) — (s, )|ds + 3%,

and thus by Gronwall inequality as long as t < t, we have the following upper
bound:
_ 1 B0 )48 1
n(t) — 0(t.2)] < e* ¢ T 0,

If we choose € and § sufficiently small with respect to ¢, this right hand side term
goes to 0 when e tends to 0, which means that on the event A° (which satisfies

—P(A%) = O(P) for any 8 > 0), if ¢ is small enough, . = T2 and thus (7(t)):>0
reaches J/2 before t = T?9.

We suppose now that (1(t));>o starts from a point z € Jfl

process (y(t))¢>o starting from x and satisfying

dy(t) = &' (0;,+) (y(t) — 03+ )dt + /€6(6; 1. )AB;.

y(t) — 6, + has in fact a Gaussian distribution (projected on the torus) of mean

o' (6., . ~ 26(0; 1)t _ . . .
e (Oit)t(x — 0, ) and variance £62(6; 1) (CQTW) So considering a time

Y778 = 0(e7¢). On the

/2—¢ .
, and consider the

te = mﬂogd for a v > 0, we have P(y(t.) € J?
other hand, comparing the two processes, we obtain

d(n(t) —y(t)) = &' (0:,+) (n(t) — y(t))dt + ha(n(t) — 0;1)dt + ha(n(t) — 0;1)dBy,
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where hq(u) = O(u?) and ha(u) = O(u). So if we denote 7° the exit time from
J="?™° for the process (n(t))e>0, then

P| sup
te[0,te]

which implies that for ¢ € [0, ¢.]

[ me) -0, 0am,

Z 51/22C> S C#qu 10g€|, )

IMEATT) —y(EAT)| < C#al_%_“’.

This proves, for ¢ and -y small enough, that (n(t)),>o reaches J='*7¢ before t. with
a probability 1 — O(7~¢).

We have thus proved, considering these different cases, that after a time of order
c|loge| the process (n(t))i>0 is trapped in I until ¢ = ¢~ with a probability of
order 1 — O(g*) for some ¢ > 0. Proceeding by recurrence, considering the trajec-
tories that are not trapped yet, we prove that the process is in I* with probability
1 — O(eP) for any B > 0, taking the constant c large enough.

O

Lemma 4.3 shows that after a time of order |loge| (that allows the process to
escape from the neighbourhoods of the unstable fixed points), the process stays
with high probability in one of the intervals I;. We can thus, when (1(¢)):>0 is
trapped in I;, couple (1 — 0; _);>0 with the process (z(t)):>0 defined on the real
line by the equation

(48) da(t) = —f(e(0)dt + Vagi(a(t))dB,,

with f; being smooth, satisfying f;(0) =0, cx < f/’ < Cyx and such that —f/(z) =
@(0;— + x) for |z| < a, and g; being smooth, cx < g; < Cx and such that
gi(z) = 6(0; - + ) for |z| < a.

Remark that the process (z(t));>0 admits the invariant measure 75 with density

he(x) = Z2g; 2(x)e= Wil where Wi(z) = 2 Iy fzis)ds and Z{ is a normalization

constant. Then, for any 3, we get for ¢ large enough,

c|loge|2
/R (Z5)" s () dr = / (Z5)" b (@) + O(P)

1
—c|loge|2

c|loge|2 .
:/ g72(0)e W OF (14 0(e? | logel?)) + O(?),

1
—c|loge|2

1
so ZF = (WQT(EO)> ’ +0(e|loge|?), and a similar calculation shows that dpy (7%, GF) =
O(ellogel?).

To conclude the proof of Proposition 4.2, it suffices now to prove that x; converges
in distribution to 7§ fast enough, as stated in the following Lemma. We denote by

P} the transition probabilities associated to the process (z(t)):>o.

Lemma 4.4. There exist positive constants cy and Cy such that for allx € [—a, a],
% C# 7c t
(19) dry (Pi(, ), 75 () < “Eees
To prove this Lemma, we rely on the Harris recurrence type result of M. Hairer

and J. Mattingly [21], that we recall in the following Theorem.

Theorem 4.5 (Hairer, Mattingly). Consider a Markov kernel P satisfying PV (x) <
YV (z) + K where V is a Lyapunov function, and K < 0, v € (0,1) are constants
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such that infyee P(x,-) > Cv(-) for a constant ¢ € (0,1), a probability measure v,
and the set C = {V(z) < R} with R > % Then we have

(4.10) p(Ppa, Puz) < Cpplpa, pa),

where pg 1s the weighted variational distance

(4.11) ps(h1,piz) = /X (14 BV (@))ljus — ol (d)

and one can choose for any (o € (0,¢) and vo € (v + %, ),

_ %
and
(4.13 ¢ = -(c-qyv it

Proof of Lemma 4.4. Denoting L, the diffusion operator associated to (4.8), we get

2
(4.14) Lifi = =(f])* + %ﬂ,.

Since f/ > cg, then (f/)? > 2cy f, which leads to, recalling that both f/ and g;
are bounded,

(415) szl < —C#fi + C#€.
We deduce the following inequality for the kernel:
(4.16) Pif; <e “#'fi 4+ COye.

We can then consider the dynamics at integer times and we denote P = P{. It
follows

(4.17) Pfi<~fi+ Ke,

where 0 < v < 1, and v and K do not depend on €. Moreover, using the estimate
given in [27] as in (3.4), this time for the process (zt):>0, and (3.8), we can find for
any b > 0 a constant ¢ > 0 that does not depend on € and a probability measure
pe such that

4.18 inf P(z,-) > Cpc.

( ) lz|<by/e (@)

Since the set C = {z : —f/(z) < R}, where R satisfies R > ?Ifi, is included in
{z : |z] < by/e} when b is large enough, our system satisfies the conditions to

apply Theorem 4.5: we can find constants ¢ and S that do not depend on & such
that

(4'19) pﬁ/a(PriL(mv')vﬂ-ie(')) < Enp5/8(5z7771§)7

which implies (remark that [ f;dnf < Cx+/e) that for z € [—a,al,

%

(4.20) dry (P, ), w5 () < £,

The result for non-integers times follows directly, since dpy (P} s(z,-),7(:))

<
dry (P(x,-),n5(+)) for § > 0. O
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5. ON THE STRUCTURE OF THE SRB MEASURES

First of all let us recall that the work of Tsujii [10] implies that for partially
hyperbolic endomorphisms, generically, the physical measures are finitely many
and absolutely continuous with respect to Lebesgue, this applies to maps of the
form (1.1). Unfortunately, on the one hand it is not clear how to check if such a
property holds for a specific system, on the other hand such result provides little
information of how the physical measure looks like. On the contrary, quite a bit of
informations can be obtained by the results established in the previous sections.

Note that, for each standard family £, the set of averages of the pushforward
% Zz;é (Fo)spe is weakly compact, hence it has accumulation points. Clearly such
accumulation points are invariant measures. Let My, (F.) be the closure of the set
of such accumulation points, thus Mg,(F) is a subset of the invariant measures
of the system. Such a class of measure is often called U-Gibbs. See [1(] for a
presentation of their properties that far exceeds our present needs.

Recall that any physical measure p must belong to Mgy (F;) (see [13, Lemma
9.8]). It is then natural to study the set M, (F:). This is a set well behaved with
respect to the ergodic properties as the next Lemma shows.

Lemma 5.1. If p € Mg, (F:), then its ergodic decomposition consists of measures
that also belong to M, (Fy).

Proof. Note that, by definition, Mg, (F%) is a convex compact set. Hence, by Krein-
Milman theorem, each measure in M, (F.) can be seen as the convex combination
of its extremal points. On the other hand, if y € My, (F:) and fi is invariant and
absolutely continuous with respect to u, then i € Mg, (F;). Indeed, let h be the
Radon-Nikodym derivative of fi with respect to u, then, for each ¢ € C° and n € N,

p) = (o F') = u(h-po F).

By standard approximation arguments, for each § > 0 there exists hs € C* such
that ||h — hsl|z1(u) < d, hence

fi(p) = p(hs - p o F') + O(6]lpl|co)-
In addition, by definition, for each € > 0 there exists a standard family such that

(5.1) wP) = Patie, (¢) + O(ellp]co)-
acA
Accordingly,
n—1
N 1
fle) = Y pa— D e, (hs -0 FE) + O((6 + €|[hslco)[#]lco)-
acA k=0

In general the measures pes(¢) = pe(hsp) are not standard pairs because the
derivative of the density might be too big, however their push-foward for large
enough times will eventually be described by standard families [13, Proposition
5.2]. Thus, taking first the limit for n — oo, then € — 0 and, finally, 6 — 0, we see
that i € Mg, (F:), as claimed.

The above imply that if 44 is an extremal point of Mg, (F;), then it must be
ergodic. If not, then there exists an invariant set A C T?, u(A) ¢ {0,1}. We
can then define the probability measures (@) = pu(A) " tu(Lap) and pa(p) =
1 — u(A)] " (L acp). By the previous arguments p; € Mg, (F:), but this is im-
possible since u, being a convex combination of the u;, would not be an extremal
point, contrary to the hypothesis. We have thus seen that the extremal points are
ergodic, hence they provide the ergodic decomposition of the measures in Mg, (F:),
as claimed. O
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Let u € Mg, (Fe), then, for each € > 0, (5.1) and [12, Proposition 9.7, Lemma
11.3] imply that, denoting h(-,0) the density of ug,

i) = o F) =Y pa / Wz, 6)p(x, 6)

acA
+ O(le +en][llollco + [0pllco] + e #"[|@ller)-

Next, for all I,, = [me, (m + 1)e), define Z,,, = {a € A : pe (Gy,) € I} and
consider a measure v on T! such that v(I,,) = lime o ZaGIm Po. We can then
write

(5.2) u(p) = /Tz ¢(z,0)h(z,0)dz v(df) + O(eloge™ [[pller),
where we have chosen n = Cgloge™" and taken the limit € — 0. This reduces the
problem of understanding the structure of the measure p to the one of determining
the measure v.

To gain some control on v we can repeat the same argument, but for the longer
time n = ny + ny = ny + Cxloge™!, with ny; = [te=177], for some v > 0 and fixed
t. We use again (5.1) and call £, the standard pair that describes the push-forward
at time nq of the standard pair ¢,

(@) = pleo F2) =3 pa Y pepe(p o FI?) + O(ellleo).-
acA leL,

By Corollary 3.3 it follows that for a € Z,,, the standard family £, is made of
standard pairs distributed as the process n(n). More precisely, let p(,t,m(0)) the
probability distribution of such a n(n), and note that [Jgp| + |On0)p| < Cyue~2p,
then [12, Lemma 11.3] and Corollary 3.3 imply, for each 8 > 0,

() =/ p(0,te7,0")p(x, 0)h(, 0)dx v(d6")db+O("/>77 ||| co+eloge ™ | pller )
TS
This, together with (5.2), yields, for all ¢ € C*,
/ 2(0)1/(d6) — / (6, 17, 6")5(0)1(d0')d8
T

T2
+OE2777P|glleo + eloge™ | Bller)-

(5.3)

To use effectively the above equation it is convenient to consider separately the two
main cases.

5.1. Rotations. We consider first the case in which @ has no zeroes. In such a

case the averaged equation has also the unique invariant measure w(#)~'df. So, if
we let T be the period, we can use (5.3), with ¢t <T and v =0, as

i 17 N (Ol dd’
/Tgo(e)u(dﬂ) _T/o /T2 p(0,t,0")@(0)v(d8")dodt

+ 0288l co + eloge™ || @ler)-

(5.4)

By Lemma 3.2 we have

e—(0(t,6)-0)?/(207¢) .
p(O)v(df')df + O(e2 7| p]lco)

/T 0,10 p(0)v (086 = / e

- / B0t 0)(d0') + OEFP @] er).
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Substituting the above in (5.4) ylelds

/ v(do) / 0(t,0"))dtv(d0') + O(=2 ||| c1)

0 o
= [ 250+ 0 1glen).

Thus all the elements of Mg, (F;), and hence also the eventual physical measures,

are very close to the invariant measure of the averaged system. More precisely, we
have proven:

Proposition 5.2. For each 8 > 0, if z = 0, then for each u € My, (F.) and
¢ € CH(T?,R),

we) = [ ole. )" ddo + 070 g,
T2 w(0)

The above result is good enough to compute the leading contribution to the
Lyapunov exponent by arguing similarly to what we do in section 6 for the case
in which there are sinks. However it does not suffices to investigate the mixing
properties of the physical measure. In fact, Lemma 4.1 tells us that in the time
€77, v < 1/2, the process 7 is still far from equilibrium.

We conjecture that in this case there exists a unique physical measure which
mixes with speed £2; but to prove such a result following the present strategy it
would be necessary to improve the error in [12, Theorem 2.8]. More precisely we
would need the to compute explicitly the first term in the Edgeworth expansion.

5.2. Sinks. Suppose that @ has 2z non degenerate zeroes. In such a case, Propo-
sition 4.2 and equation (5.3), choosing 7 € (0,1/4), imply that there exists positive
constants {c¢;}?_; such that

[Letomian =3 e [ 61015100+ 02 lgln + g e

To compute the constant ¢; one must look at times longer than the metastability
time scale. Indeed, by the large deviations results in [12] one can compute the
probability to go from one sink to another. This analysis will show that, generically,
there is a ¢; that is exponentially larger than the other, hence the invariant measure
will look like a gaussian centred on the winning sink. We will not pursue this issue
further as it is not needed for our present discussions. For future reference, let us
collect the result so far obtained.

Proposition 5.3. If 1 € Mg, (F:), and z > 0, then there exists ¢ = {ci}l 4,
cx >0, Y, ck =1, such that, for each ¢ € C*(T* R),

= ch/ p(a,0)h(z,0)gi(0)dz db + 0>~ ||p]|co + eloge ™ [[p]ler),
— T2

where g;. is a Gaussian distribution with mean 0y _ and variance 23'((%

Remark that the above proposition essentially provides an effective formula for
computing the Lyapunov exponent for measures in My, (F;), as we will see in the
next section.

In [13] it is proven that if the measures in Mg, (F;) have negative Lyapunov ex-
ponents, then there exists finitely many physical measures, and a checkable criteria
for uniqueness is provided. A similar result for non negative Lyapunov exponents
is missing, although, as already mentioned, in [40] it is proven that the physical
measures exist generically.
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6. LYAPUNOV EXPONENTS

In the previous section we have see that all the invariant measures obtained by
the pushforward of a standard pair, must be £’ close to each other in the (C')
topology. Hence they may differ substantially only at a scale smaller than e. It
remains open the question if the SRB measure always exists and if it is unique or
not. To discuss such issues it seems to be necessary to have some information on
the Lyapunov exponent of the central foliation. Recall from [13, Section 3] that the
n-step central direction is defined by

from which it follows

= (s _ L+ e0pwp)]sn—1(Fe(p)) — 99 f(p)
6 sn(p) = Ep(sn—1(F:(p))) 0a f(p) — £05w(p)Sn_1(F=(p))

pn(p) = [T [1+ (@aw(pr) sn—k(pr) + Bow(pr)))],

k=0

where pr, = F¥(p). Note that, for ¢ small enough, there exists K > 0 and o € (0, 1),
such that, for each p € T?, E,([-K, K]) C [~ K, K] and sup,c[_ g |Z,(s)] < 0.
From this it follows that there exists §(p) such that

15(p) = sn(p)| < 0.

The 1-dimensional line field (1,35(p)) is called the central distribution which we
denote E°(p). It is known to be F.-invariant and continuous in p.
Then, setting

fin(p) = TT [0+ £(@a(pr)3(pr) + Dow(pr))]
k=0

we have

(6.2) i (p) — fn(p)| < Cyefin(p).

We thus have that the central Lyapunov exponent is given by the ergodic average

1 1
Xe(p) = lim —logu, = lim —log fi,.
n—,oo n

n—oo N

Next, by Lemma 5.1, we can restrict ourselves to considering only p € Mg, (F:)
ergodic. Then, the Birkhoff ergodic theorem imply that p almost surely

(6.3) Xe(p) = p(log [1 +&(0aw - 5 4 Ow)]) -
Taking the limit n — oo in (6.1) we have
sy — N~ of(FE(p)) Oe) — 5 O(s
(p) gﬂﬁzoaxf(Fg(p)) +0(e) = s0(p) + O(e).

Next, we obtain an even more explicit expression. Indeed, by [12, Lemma 4.1], for
each k < n < Cyu+/e, we can write, for p = (2, 6),

pr = (5 (Ya(20)), 8) + O (k)
|1 Y2 < Cyen®.

We can then choose n = Cloge ™!, for C large enough, hence

ORET 9y F(fE (Ya(0)), bo)
ol®) == ,;0 (f5 ) (Yu(0))

+ O(e(loge™1)?)
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Then, by Proposition 5.3 and (6.3), we have
e xe(p) = 1 (Opw - 80 + Opw) + O(¢)
= cito,— (0zw(05-) - s0(-,0;,-) + Opw(-,0;,2)) + O(VE),
J

for some ¢; > 0, > ¢; = 1, to be determined. Note that pg, — is absolutely
continuous with respect to Lebesgue and its density h; is in C 1. Thus we can write

e, _ axw( 0]—) 50( ]—)+89w( ))
/h oY, LW (Y, (), 05-) - SO(Y_l(x)a9j,—)+30W(Yn_1($)79j,—)]
+ O(e(loge™ 1)2)

- /hj(x) [0sw(2,0;,-) - s0(Y,, H(z),05,—) + pw(z,0;, )] + O(e(loge™")?)

B oo, U ©0,0)
‘Z/ l )T )

+ O(e(loge™1)3).

We arrive then to the rather explicit formula

e'Xe(p) =D ¢jta,  (Bow(-,0;-))

J

+ g, _ (Opw(-,05-))

(6.4) 0f (fE(),6,-)

—ZcJZuej, 0o, 05, ) =~ | + O(Ve).
j (75 )

For a measure p € Mg, (F;) let R, (F) be the set of points in the support of p for
which the Lyapunov exponent exists. Then our argument shows that (6.4) holds
for each p € Upen,, Ru(FL) = R(FL).

6.1. Skew product case. In the special case when the map F' is a skew product

F(xaa) = (f($)79+5w(w79))7

all the terms Oy f in (64) are zero and thus the formula (6.4) reduces to

= Lcit, (Bt 0,-) + OV3)

In addition, we have ¢; > 0 and 89w(:c, 6, _) < 0for all j and any =. Thus x.(p) <0
for € small enough.

6.2. A counterintuitive example. We discuss in detail an example introduced,
but not conclusively studied, in [12]. Let £ € N, £> 1, a € R, 8 > 0 and consider
the family

(6.5) Fe(z,0) = (x+sin(2n0) [asin(2mz) + Bsin(2lnx)],0+e cos(2mz)) mod 1.

In the above examples w(x, §) = cos(27x) does not depend on . In [12] is computed

Z / (o 150 208D (o)

Observe that if §# = 0 or § = 1/2 (so that sin(270) = 0), then fy(z) = £, thus
wy = Leb, () = 0 and

—(27) Zék 1/sm (20Frx)[asin(27z) + Bsin(20mz)] = —2726.
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Then # = 0 is a sink for the averaged dynamics and it turns out to be the only
one.” Accordingly, (6.4) yields, for all p € R(F.),
asin(2nlFr) + Bsin(2nF 1)

elxe(p) = 4n2 Y /T sin(27z) 2. +OE)
k=0

=21%a + O(Ve).

As suggested in [12], we thus see that, for o > 0, the central Lyapunov exponent
is positive, although the average dynamics tends to concentrate the motion in a
very small neighbourhood of zero. This seems to be counterintuitive and has an
interesting implication that we are going to discuss in the next section.

In addition, x. > 0 also holds for small perturbations of (6.5). Indeed, the
locus where the most of mass of the physical measure sits is a y/e-band around a
zero of @(6). This locus depends on F. continuously. The derivative DF|gc in the
central direction depends on F. continuously, too. Thus:

Proposition 6.1. For anyl € N, [ > 1, and «, 3 > 0 there exists € > 0 and a
Cl-open set U., that contains the maps F. defined in (6.5) with the given I, c, 8
for all 0 < &’ < e, such that for any F € U, and p € R(F) we have x.(p) > 0.

In particular, if F' € U, has a physical measure, then it must have positive
Lyapunov exponents.

7. THE CENTRAL FOLIATION

In Section 6 we have seen that, contrary to naive intuition, it is possible that the
central Lyapunov exponent Y. is positive, despite having a statistical sink. To make
things worse, we prove below that F. has an invariant foliation made of smooth
compact leaves tangent to the central distribution. If x. > 0, these leaves have to
expand in average but at the same time their length is uniformly bounded.

The reason why this is not contradictory is that the center foliation fails to
be absolutely continuous. This means that, despite each leaf being individually
smooth, the foliation as a whole is very wild. This situation is strange but known to
happen, see the papers of Ruelle, Shub and Wilkinson [39, 37] where they presented
an open set of volume preserving partially hyperbolic systems with non absolutely
continuous central foliation for a perturbation of the product of an Anosov map by
an identity map on the circle. This behaviour was later observed in many other
partially hyperbolic systems, see [42, 23, 43, 44 45 47].

In our class of dynamical systems, we find a similar phenomenon. Namely, let U
be given by Proposition 6.1. Then for every F' € U, we have y. > 0.

Theorem 7.1. For every map F from U,

(a) the central distribution E° is uniquely integrable to a C* foliation W '¢;

(b) if, in addition, F has j-pinching, j > 1, see Subsection 7.1, then W< is C;
(c) every leaf W € #¢ is a diffeomorphic circle of uniformly bounded length;
(d) if F has a physical measure, then #'¢ is not absolutely continuous.

Remark 7.2. As already explained, according to Tsujii [40], the existence of the
physical measure is generic and hence it holds generically for F € U.. Accordingly,
the above Theorem implies that generically # ¢ is not absolutely continuous..

For possible future use we will prove many of the above results in much larger
generality than stated in Theorem 7.1. Let us start by describing such a more
general setting.

5 We refrain from proving it but it is not very hard to check it numerically.
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By a k-dimensional C” foliation # of M, r > 1, we mean a partition of M
into k-dimensional, complete, connected C! submanifolds W (z) > z, called leaves,
which depend continuously on z. Let D™ denote the open unit ball in R™. For
each point z € M there is a coordinate chart (or foliation box) (U,¢) at z: a
neighborhood U > z and a homeomorphism ¢: D* x D™ % — U such that for
each p € D™ % the set Wy (¢(0,p)) = {é(2,p)}.cnk, called the local leaf, is con-
tained in W (¢(0,p)) and ¢(-,p): D¥ — W (4(0,p)) is a C" diffeomorphism which
depends continuously on p € D™~ in C' topology.

Given a foliation 7, denote by dy the distance along the leaf W € #', by W (z)
the leaf passing through z € M, and by W;(z) the ball of radius 6 in W (z) centered
in z. A foliation of a simply connected Riemannian manifold M is called quasi-
isometric [30] if there are a,b > 0 such that for any z1,z9 € W(z1), holds

dw (z1,22) < a-d(z1,22) +b.

A foliation W (z) is tangent to a distribution E(z) if for every z € M we have
T.W(z) = E(z). A distribution E is called integrable if there exists a foliation
tangent to E, and uniquely integrable if such foliation is unique. The existence
theorem for solutions of ODEs implies that for every continuous distribution E,
dim E = 1, and for every z € M there exists a local curve v 5 z tangent to F.
However, this v may not be unique and thus there may be no way to construct
a global foliation of these curves, see for instance [33]. To assert v is unique the
distribution must have greater regularity, such a Lipshitz. For dim E > 2 the classic
Frobenius Theorem indicates that even infinitely smooth distributions may fail to
be integrable, let alone uniquely integrable. Thus the question of integrability
of the central distribution is very important in the theory of partially hyperbolic
dynamical systems.

The analogue of uniqueness of solutions of ODEs in the world of distribu-
tions is the following property. A continuous k-dimensional distribution % is
called locally uniquely integrable if for each z € M there are k-dimensional C'-
submanifold Wj,.(2) and «(z) > 0 such that every piecewise C* curve o: [0,1] — M
satisfying (i) o(0) = z, (ii) &(t) € E(o(t)) for ¢t € [0,1], and (iii) length(c) < a(z),
is contained in Wi,.(2). Obviously, if # is locally uniquely integrable, then it is
integrable and the integral foliation is unique. In addition, we say a distribution is
C" locally uniquely integrable if every Wi,.(2) is a C" submanifold, r > 1.

Now let F: M — M be a C" local diffeomorphism, not necessary 1-1 globally.
We say that a foliation # is invariant under F if for every sufficiently small local
leaf W of # its image F (W) is also a local leaf of #. Obviously, if # is invariant
under F, then its tangent distribution 7% is invariant under DF'. The converse is
also true if T is uniquely integrable.

For every F-invariant measure p and every F-invariant foliation # the leafwise
volume Lyapunov exponent X is well-defined for p-a.e. z € M:

1
Xw (z) = lim —log|det DF" |1, (2)].
n—oo N

If F' is a partially hyperbolic endomorphism, see Subsection 7.1, and its central
distribution E° is uniquely integrable to #¢, then x» = x., where Y. is the
central Lyapunov exponent in case dim £ = 1 and the sum of the central Lyapunov
exponents in case dim EF°¢ > 2.

In the following subsections we prove some results which are not only sufficient
to prove claims (a)—(d) but go well beyond.

7.1. Claim (a)-(b): the central foliation exists and is unique. Let F': M —
M be a C! local diffeomorphism, perhaps non-invertible globally. Let F': M — M
be a lift of F' to the universal cover M. The map F is a 1-1 local diffeomorphism
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and thus a global diffeomorphism. In this paper, we say F is a partially hyper-
bolic endomorphism if F has a uniform dominated splitting with a strong unstable
bundle: there are constants 0 < Ay < Ao < py < po, g1 > 1, and C' > 1 and
distributions E°(%), E%(%), called center and unstable, respectively, such that for
every z € M

o T:M = E°(2) @ E*(2);

e the distributions E¢, E* are invariant under DF;

o CTIN[ve|| < |[DF™(2)v¢|| < CAZ|[v¢|| for each v¢ € E(Z) and n > 0;

o C vt < |DF™(2)v*|| < Cug|lv*|| for each v* € E*(%) and n > 0;

Denote 7 = max{j € {1,..,I1}| X, < w1}, the latter inequality sometimes being
called the j-pinching condition.

In [13, Section 3] is proved the existence of unstable and center invariant cone
fields for F. for every ¢ < ¢p. This implies that the maps in U. are partially
hyperbolic endomorphisms.

As opposed to the central distribution E°, the unstable distribution E* of a C
diffeomorphism is known to be C' uniquely integrable.

The following theorem, a version of Brin’s [0, Theorem 1] for endomorphisms,
establishes a connection between the geometry of the unstable foliation and the
integrability of the central distribution.

Theorem 7.3. Let F' be a partially hyperbolic endomorphism of a compact man-
ifold M. Suppose the unstable foliation of the lift F is quasi-isometric in the uni-
versal cover M. Then the distribution E° is C” locally uniquely integrable; in
particular, F' has a unique central foliation and it is C".

We do not provide the proof explicitly as the proof of C'* local unique integrability
is literally identical to the proof of the unique integrability of E° there. The
additional C" regularity of the leaves follows from [22, Chapter 1, Theorem 4.10],
applied to the inverse limit system for F. This proves claim (b).

The following lemma, a version of [9, Proposition 4] gives an elegant sufficient
condition for a foliation to be quasi-isometric. Again, the proof follows Brin’s word
for word.

Lemma 7.4. Let W be a k-dimensional foliation of the m-dimensional space R™.
Suppose there is an (m — k)-dimensional plane A such that T:-W(2) N A = 0 for
each Z € R™. Then W is quasi-isometric.

To prove claim (a) of Theorem 7.1 it is now sufficient to show

Proposition 7.5. For any map F € U the unstable foliation W™ of the lift F to
the universal cover M = R? satisfies the assumption of Lemma 7./ with k = 1,
m = 2.

Proof. The metrics on T? and R? are flat and the connections are trivial. Thus we
can trivially identify all the tangent spaces T,T?, z € T?, and T:R?, 2 € R%2. The
union of all possible E*(2), Z € R?, is a subset of the unstable cone for F' and thus
avoids the central cone for F'. Thus any direction within the central cone, including
the vertical direction, works as A. O

Remark 7.6. This straightforwardly generalizes to the maps of form (1.1) in any
dimension. Thus all such maps have locally uniquely integrable central distributions.

7.2. Claim (c): central leaves are compact and have uniformly bounded
volume. To prove claim (c), we need more assumptions on M and F. Let C\, > 0
some arbitrary, but fixed, constant and M7, M5 be compact Riemannian manifolds.
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Given M = My x Ma, let F.(My, Ms), e < &g , be the set of a partially hyperbolic
endomorphisms F': M — M, ||F||c2 < C, of the form

(7.1)  F:(z,0)— (f(x,0),2x,0)), xe&M,0c My, dist(Qz,0),1d)<e,

and assume f(-, ) is strictly expanding in z for every 6 € M,. Note that we have
U. C F (T, TY).

Clearly, there is g9 > 0 such that for every e < ¢ the set F.(M;, M>) is made
of partially hyperbolic endomorphism in the sense of Subsection 7.1. Then by
Theorem 7.3, every F € F.(M;, M>) has a unique smooth central foliation W¢(z).

Theorem 7.7. For every € < gqg there is V > 0 such that for any z € M

o W¢(z) is homeomorphic to Ms;
o vol (We(2)) < V.

Proof. We prove it first for the special case ¢ = 0 where we have an explicit
description of the central foliation of each Fy € Fo(Mi, M3). Recall that every
smooth expanding map is structurally stable. Thus all the maps f(-,6) are con-
jugated. Let h(-,0) be the map that conjugates f(-,0) with f(-,60). By definition,
h(z,0) = h(z,1) = . The graph of h(z,-) is a compact submanifold of M homeo-
morphic to Ms. Thus we have a continuous foliation of M by the graphs of h(z, ).
This foliation is invariant under Fy and must coincide with the central foliation # ¢
for Fy. In particular, the leaves of # ¢ are compact smooth submanifolds of M
homeomorphic to Ms.

To prove Theorem 7.7 for € > 0, we will use the structural stability of the
foliations. Following [7], we say the central foliation #% of the map F is structurally
stable if, given any nearby C! map G,

(a) the central distribution of G uniquely integrates to the central foliation #5;

(b) there exists a globally defined homeomorphism hg sending leaves of # to
leaves of #/;

(c) hgo Fohg' is isotopic to G along the leaves.

Proposition 7.8. For any ¢ < g9 and F € F(My, M) the foliation (F, #§) is
structurally stable.

Proof. We lift F' and #)% to the universal cover of M and use Theorem (7.1)
from [24]. O

Since F(M;, M), the C! closure of F(Mjy, M,), is compact in the C! topology, we
can use Proposition 7.8 to cover it with finitely many balls of structural stability.
We conclude that there exists a globally defined homeomorphism & sending leaves of
W, to leaves of #4: and ho Fy oh~! is isotopic to F along the leaves. In particular,
the leaves of # are compact smooth submanifolds of M homeomorphic to M.

Moreover, because at every point z € M the central space E¢(z) C T, M belongs
to the same cone K¢ = {(¢,n) € T,M; & T, M ||£| < ~°|n|}, this can be proven as
in [13, Section 3], by Pythagoras Theorem for every z € M we have

vol (W (z)) < /14 ~2-vol (My).
U

The above proof yields an interesting by-product consequence for families of
expanding maps which, although folklore, we couldn’t find stated explicitly in the
literature.

Remark 7.9. Let fo: M — M, 6 € (—00,6y), be a smooth family of expanding
maps, C" jointly in x and 0. Let h(x,0) be the conjugacy map as above. Then
h(z,0) is C™ smooth in 6.
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Proof. Apply the above argument to the endomorphism F(z,0) = (fs(z),6)). Note
that F' has r-pinching because Ay = 1. This implies that the graphs of h(x,-)
are C"-smooth, see [24]. O

Of course, as we will see in the Subsections 7.3 and 7.4, one cannot expect h(zx, 6)
to be smooth in x, or even absolutely continuous.

7.3. Claim (d): the central foliation is not absolutely continuous. Let M
be a Riemannian manifold equipped with a continuous foliation #". Denote by Leb
the Lebesgue measure on M coming from the Riemannian volume. It follows from
the classic works of Rokhlin that for any foliation box® B there exists a disintegration
of Leb|g into the transversal measure jig and leafwise conditional measures vy
defined for ji-almost every leaf disk Wy within the box. The measures coming from
different boxes are equivalent on their common domain so we drop the index B for
brevity.

Since every leaf W € # is a smooth submanifold of M, it has the induced Rie-
mannian volume and the Lebesgue measure Leby, coming from it. Regularity of vy
with respect to Lebyy is a good indicator of how nicely the foliation box around the
leaf W is immersed in M. We say a foliation is absolutely continuous if for Lebesgue
almost every z € M the conditional measure vy (,) is absolutely continuous with
respect to Lebyy (). There are other definitions of absolute continuous foliations,
see for instance [23], but they are beyond the scope of this paper.

Theorem 7.10. Let F be a C? partially hyperbolic endomorphism of a compact
smooth Riemannian manifold M. Assume that

(a) F has a physical measure p;
(b) F has a C* invariant foliation # with leaves of uniformly bounded volume;
(c) for each leaf W € W the restriction Fyy: W — F(W) is a 1-1 map;
(d) the leafwise volume Lyapunov exponent xw w.r.t. u is strictly positive;

Then the foliation W is not absolutely continuous.

Proof. Assume that the foliation # is absolutely continuous. Let A be the set of
Lyapunov regular points for u. Because p is physical, we have Leb(A) > 0. Thus
there exists a set A, Leb(A) > 0, such that for every z € A we have Leb, (W (z) N
A) > 0.

Fix any z € A and denote by Jacy F™ the determinant of the restriction of
DF™ to E°. Then for any n > 0 for the volume of the leaf W (F™(z)), remembering
assumption (c), we can write

Vol W (F™(2)) = / ditign(z) = / Jac y F"| dm. > / Jac y F"| dm.
W (Fn(2)) W(z) W()NA

L1 n
_ e log |Jac w F |dmz

W(z)NA
Then, by Jensen’s inequality for e*,

n. [ Llog|lacy F"|dm,

W (z)NA

volW(F™(z)) > e
Note that for every z’ € W(z) N A we have *log|Jacy F"(z')] = x». Thus by
Fatou’s lemma

1
lim / —log |[Jac» F"|dm, > / Xy dm.
n

n— oo
W(z)nA W (2)NA

6As defined after Theorem 7.1
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By assumption (b), the volume of the leaves is uniformly bounded, i.e, there ex-
ists C' € R such that for any z € M we have C > vol W(z). Thus we can write

no [ xwdm.
C > lim volW(F"(z)) > lim e W®nA > lim e ma(WENA = 4o

n— oo n—00 n—00
because x» > 0 by assumption (d) of the theorem. This contradiction proves the
theorem. 0

Proof of Theorem 7.1. The idea is to apply Theorem 7.10, with #" = #/5, to the
maps F' € U.. We have thus to check the hypotheses of Theorem 7.10. The existence
of a central foliation satisfying (b) is established in Subsection 7.2. We obviously
have (c) for Fy because of the special structure of %/ , recall Subsection 7.2. Then
that for any F' € Ue, € < g9, and W € #§ we know that Fly: W — F(W) is
a local diffeomorphism (thus, a covering) and, by Proposition 7.8, is isotopic to a
map, topologically conjugated to some Fy|w which is 1-1, where W' € %5 . Thus
F|w is itself 1-1. Finally, (d) follows from Proposition 6.1. O

Let us conclude the paper stating few interesting related facts.

Corollary 7.11. Suppose a C? partially hyperbolic endomorphism F: My x My —
My x My is a skew product

F(x,0) = (f(2),0 + ew(x, 0))

and has an absolutely continuous ergodic invariant measure . Then its central
Lyapunov exponent with respect to p is non-positive.

Proof. Assumptions (a)—(c) follow from the skew product structure. The central
foliation in this case is the collection of all {z} x My, € M;, which is obviously
absolutely continuous. But if we assume y. > 0 this would imply that central
foliation is not absolutely continuous. Thus . < 0. O

This fits well within general knowledge in the area. In different settings, it
known [25] that a generic partially hyperbolic skew product with a non-invertible
base dynamics has negative central volume Lyapunov exponent, which can only
become zero in some degenerate cases but never above zero. Kleptsyn, Nalskii [26]
used a similar approach to prove that a generic random dynamical systems on
the circle contracts the orbits. Both results are based on the fundamental Baxen-
dale’s [6] theorem for stochastic flows.

Remark 7.12. Note that the situation is different for diffeomorphisms, see [23].
In that setting it is sufficient to ask x. # 0 instead of x. > 0 to prove that the
central foliation is mot absolutely continuous.

A final comment on the case x. = 0. Consider on the one hand a rigid rotation
skew product

Fe(x,0) = (f(2),0 + ew(x))

which has the vertical circles as the absolutely continuous central foliation. On the
other hand a system of the form

F(l‘,@) = (f(x,@),@)

with a generic f(z,0), 9, f > A > 1, which has a non-absolutely continuous central
foliation (we prove it shortly in Subsection 7.4). Thus, both possibilities can hap-
pen. Clearly, there is the need for further investigation if we want to understand
the absolutely continuity of the foliation in this case.
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7.4. Non-absolute continuity for ¢ = 0. For the special case € = 0 the central
Lyapunov exponent x. = 0 and thus the Theorems 7.1 and 7.10 do not apply.
However, recall the classic result by Shub, Sullivan [38]:

Theorem 7.13. Let 2 < r < w. If two orientation preserving expanding CT
endomorphisms f and g of T' are absolutely continuously conjugate, then they are
conjugate by a C” diffeomorphism.

In particular, the multipliers of all the according periodic points of f and g
must be the same. This is a degeneracy of codimension infinity. In the concrete
family (6.5) the multiplier of the fixed point (0,6) non-trivially changes with 6.
Thus, for a generic Fy the conjugacy h(z,6) is not absolutely continuous in . This
implies that

Proposition 7.14. The map Fy generically has a non absolutely continuous central
foliation #(.
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