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ABSTRACT. We prove exponential decay of correlations for the billiard flow associated
with a two-dimensional finite horizon Lorentz Gas (i.e., the Sinai billiard flow with finite
horizon). Along the way, we describe the spectrum of the generator of the corresponding
semi-group L; of transfer operators, i.e., the resonances of the Sinai billiard flow, on a
suitable Banach space of anisotropic distributions.
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1. INTRODUCTION AND STATEMENT OF RESULTS

This paper completes, on a conceptual level, the program of study of the statistical prop-
erties of billiard systems initiated by Sinai’s seminal papers [S1], [S2] in which he extended
the ideas of Hopf and Anosov to the case of piecewise smooth dynamical systems. Sinai’s
breakthrough prompted several works establishing ergodicity for more and more general
systems. Yet, the quantitative study of their mixing properties had to wait almost twenty
years until established sub-exponential decay of correlations (and the Central Limit
Theorem) for the collision map associated to certain dispersing billiard systems. The ques-
tion remained if the discontinuities prevented exponential decay of correlations or not. The
question was settled in where exponential decay of correlations was established
for a large class of discrete-time dynamical systems with discontinuities (including Poincaré
maps for the finite horizon Lorentz gas in [Y], and more general dispersing billiards in [CI]).

The last open conceptual problem was the rate of decay of correlations of the billiard
flow rather than the collision map. It is well known that this seemingly uneventful step is
highly non trivial: In the case of smooth systems it took 26 years to go from the proof of
exponential decay of correlations for Anosov maps [S3|, [R] to the first results, by Dolgopyat,
on exponential decay of correlations for Anosov flows [Do]. The first progress for dispersing
billiard flows was made by Melbourne [M| and Chernov [C2], who proved super-polynomial
and stretched-exponential decay, respectively. The methods of [Y, M, [C2] employ some
kind of countable Markov partitions, and such ancillary constructions make it difficult to
implement the Dolgopyat-type arguments which give exponential mixing. It is thus natural
to try a more direct line of attack, studying the transfer operators on suitable spaces El of
anisotropic distributions defined on the manifold, thus bypassing non-intrinsic constructions.

1 Unfortunately, the spaces introduced e.g. in for Anosov diffeomorphisms or flows do
not work well in the presence of discontinuities.
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The first exponential decay result for piecewise smooth hyperbolic flows was obtained
by |BL] who used such a direct functional approach: They were able to build on Liverani’s
version [L2| of the Dolgopyat argument for contact Anosov flows and an anisotropic space
construction from [BG| to prove exponential decay for a large class of piecewise smooth
contact hyperbolic flows. However, this class did not contain billiards, since the blowup
of derivatives at the boundary of the domain (corresponding to grazing orbits in billiards)
was not allowed. In parallel, [DZ1] succeeded in adapting the anisotropic space previously
introduced for piecewise hyperbolic discrete-time systems by [DL] to allow for the blowup of
derivatives at boundaries, giving a new functional proof of Young’s [Y] exponential mixing
for the billiard map. (This function space approach has recently been applied to a wide
variety of billiard maps and their perturbations [DZ2} [DZ3].)

In the present paper, we combine the methods of [BL] with the function spaces of [DZ]1]
to establish exponential decay of correlations (Theorem for the billiard flow associated
with a finite horizon Lorentz gas. As a byproduct of our proof, we obtain information on the
resonances of the billiard flow (Theorem [1.4). One key technical hurdle we had to overcome,
in order to carry out the Dolgopyat cancellation argument from [L2, BL] in the dispersive
billiard setting, is the construction in Section |§| of a suitable approzimate (fake) unstable
foliation for the billiard, see Theorem for a detailed description of its properties. This
(a posteriori very natural) delicate construction is one of the main novelties of the present
work (see also Remark below). Along the way we discovered that using in addition
the analogous fake stable foliation allows a much more systematic writing of the Dolgopyat
cancellation argument (Section . Note also that we replace the C'T estimates on the
holonomies used in [BL] by “four-point conditions” (see condition (vii) and Lemma [6.6|in
Section @ which allow one to control the C!*® norm of differences of holonomies ()

We emphasize that the only non-intrinsic choice in our definition of the Banach spaces
is the homogeneity layer decay rate y = 2 (Definition . Letting x > 1 tend to 1 could
slightly improve our estimates, as we explain in Remark [5.3]

Remark 1.1. The construction of Section [¢] and in particular properties (i)-(viii) there,
can be easily used to prove the following interesting property of the stable and unstable
foliations of the billiard flow (which are only measurable): For each p > 0, if all leaves of
the stable (or unstable) foliation with length shorter than p are erased, then the remaining
leaves foliate a closed set on which they are Whitney—Lipschitz, with Lipschitz constant not
larger than C’pfé (See Remark on a possible improvement of this exponent.) To our
knowledge, this fact was not previously known. We refer to [KS| for related information
about the dynamical foliations of billiards.

The present work finally settles the issue of whether billiard flows can have exponential
decay of correlations. In addition, we obtain new spectral information and we develop new
tools. Many problems remain open (more general dispersing billiards, higher dimensional
billiards, dynamical zeta functions — which would give another interpretation of the reso-
nances — other Gibbs states etc.) and we hope that some of the techniques in the present
paper may be useful towards their solution. Although some limit theorems on the billiard
flow can be obtained from information on the Poincaré map (see [MT] for the central limit
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theoremﬂ and almost sure invariance principle, see [MN] for large deviations, see [Pe| for
some Berry—Esseen bounds), we hope that the spectral gap for the billiard flow will lead
to e.g., a local limit theorem with error terms (in the spirit of the — stronger, and yet to
be obtained in our case — gap result [TS, Thm 1.1] combined with [I]), better Berry—Esseen
estimates, and rate functions for the large deviations.

The paper is as self-contained as possible, with precise references to the book by Chernov
and Markarian [CM] or to the previous works [BL] or [DZ1], whenever we use non trivial facts.
Regarding operator-theoretical or functional-analytic background, very little is expected
from the reader, and we again give precise references to Davies [Dal.

1.1. The main results (Theorems and Corollary ). We shall state our
results in the setting of the Sinai billiard flow. A more general axiomatic setting can
probably be considered in the spirit of [DZ3].

Let B;, i = 1,...d, denote open, convex sets in the two-torus T2. We assume that the
closures of the sets B; are pairwise disjoint and that their boundaries I'; are C? curves with
strictly positive curvature. In particular, letting K(r) denote the curvature at a point r
on the boundary of a scatterer, there exist constants 0 < Knin < Kmax < 00 such that
Kmin < K(r) < Kpax, for all r € T';.

We consider the motion of a point particle in the domain @ := T2\ (UL, B;) undergoing
elastic collisions at the boundaries and maintaining constant velocity between collisions.
At collisions, the velocity vector changes direction, but not magnitude. Thus we set the
magnitude of the velocity vector equal to one and view the phase space of the flow as
three-dimensional.

We adopt the coordinates Z = (z,y,w) for the flow, where (z,y) € @ is the particle’s
position on the table, and w € S* (we view S! as the quotient of [0, 27], identifying endpoints)
is the angle made by the velocity vector with the positive z-axis. The quotient

Q:={(z,y,0) | (z.9) €Q, weS}/ ~
is often used as the phase space for the billiard flow ®; : Q — Q, where ~ identifies
ingoing and outgoing velocity vectors at the collisions, via the reflection with respect to
the boundary of the scatterer at Z € 9Q). (It is then customary to work with the outgoing
— post-collisional — velocity vector at collisions.) The topological metric space 2 can be
endowed with Holder (but not differentiable) charts. It will be therefore more convenient
here E| to work with the C? manifold with boundary

Q= {(z,y,w) | (z,y) €Q, weS'}CT.

For nonzero t, we may consider the time-t billiard flow ®; on . The time-zero map P is
the identity in the interior of €y, and also at grazing collisions in 92y, where the incoming
and outgoing angles coincide. (Note that at (z,y) € 9Q there are exactly two grazing angles,
wgr(z,y) € [0,7) and wg,(x,y) + m. These two angles divide the circle in the two arcs of

2 Speed estimates can be found in [LP].

3 In view of defining C? stable curves which can touch the scatterers on their endpoints, C? test functions
(when considering C* functions on o, we mean differentiable in the sense of Whitney, viewing Qo as a
subset of the three-torus).
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ingoing, respectively outgoing, angles.). For (z,y) € 0Q and w™ a non-grazing incoming
angle, we have ®g(w) = w™ # w™ where wt is the (reflected) outgoing angle of w™. In
particular, ®;(z,y,w™) = ®(z,y,w™) for all t > 0, so that the time-t map is not injective.
Similar properties hold for w a non-grazing outgoing angle, reversing time. The nature of
the Banach space norms defined below will ensure that these apparent flaws in the flow do
not create problemsﬁ

The billiard flow is our primary object of study, but it will sometimes be convenient to
use the billiard map (also called collision map), i.e., the Poincaré map T : M — M of
the flow on the union of scatterers M = U_,T; x [-Z, Z]. Natural coordinates for the
collision map T are (7, ¢), where r represents the position on the boundary of the scatterer,
parametrized by arclength and oriented positively with respect to the domain @, and ¢ is
the angle made by the outgoing (post-collision) velocity vector with the outward pointing
normal to the boundary of the scatterer. Let 7(Z) denote the time when the particle at
Z € Q first collides with one of the scatterersﬂ We assume that the table has finite horizon,
i.e., there exists Tmax < 00 such that 7(Z) < Tpax for all Z € Q. Since we have assumed
the scatterers are a positive distance apart, there exists a constant 7, > 0 such that

7(r, @) > Tmin for all (r,¢) € M.

The billiard flow preserves the normalised Lebesgue measure (see e.g. [CM, Def. 2.23|)
(1.1) m = (27|Q|) " dadydw,

where |@| denotes the area of the billiard domain. Our first result gives a precise description
of the Sinai billiard flow decorrelations:

Theorem 1.2 (Fine correlation structure for the Sinai billiard flow). Let ®; : Qo — Qo be a
finite horizon (two-dimensional) billiard flow associated to finitely many scatterers B; with
C3 boundaries of positive curvature and so that the B; are pairwise disjoint. Then there
exist constants vp > 0 and Cp > 0, a finite dimensional vector space F C (C1(Q0))*, a
(nontrivial) bounded operator I1 : C2(Q0) N C(Q) — F and a matriz X € L(F,F) so that
for any ¢ € CY(Qo) and f € C*(Qp) NC°(Q) we have

’/W o ®y) fdm — /¢€Xtﬂf dm’ < Copllfllezo)1¥ller o) - €72 ¥t > 0.

In addition, the spectrum sp(X) C {z € C : —vp < R(2) < 0} U{0}, and zero is a simple
eigenvalue with contribution to II(f) given by [ fdm.

Given Theorem it is immediate, by a standard approximation argument, to obtain
our main result of exponential decay of correlations for the the Lebesgue invariant measure
of the billiard flow (|1.1)) and Hoélder test functions.

4 1n particular strong continuity holds for the transfer operator L: associated to ®_; for ¢ > 0, see
Lemma
5 It is known that 7 is a piecewise 1/2 Holder function, see the proof of Lemma
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Corollary 1.3 (Exponential mixing of the Sinai billiard flow). Under the hypotheses of
Theorem for any Kk > 0 there exists vp > Veorr (k) > 0 and Ceorr (k) > 0 so that for any
Y, f € C"(Q) we have

/W © (I)t) fdm - /wdm ' /fdm‘ < Cco’r'r’(ff)Hd/ch(QO)Hf”cn(go) '€_UCOTT(K)t ,Vt > 0.

Our proof uses ergodicity (but not mixing) of the Sinai billiard flow (at the end of the
proof of Corollary . Since mixing for L? observables follows from exponential mixing
for smooth observables, this gives an independent proof of mixing.

The proof of Theorem will be completed in Subsection It is based on a study of
the semi-group of transfer operators defined (initially e.g. on L*°(€y)) by

£tf:foq)—t7 t207
acting on a suitable Banach space B (see Definition [2.12]) of anisotropic distributions. Along
the way, we shall obtain information on the “resonances” of the flow, that is the spectrum

(on B) of the generator X of the semi-group, defined by X f = limy Et{ff , whenever the
limit exists (see Section . To state the corresponding result, set

(1'2) Ao = 1+ 2K ninTmin A= A(l)/Tmax )

then Ag and A are the hyperbolicity exponents (minimum expansion and maximum con-
traction) of the billiard map and flow, respectively (see [CM, eqs. (4.6), (4.17), (4.19)] for
Ag). (The value for vp given by our argument is rather small, see Lemma in particular
vp < %log A)

Theorem 1.4 (Resonances of the Sinai billiard flow). For any
Vess € (UD, % log A)

there exists a Banach space B of distributions on Qg (with C*(Qg) C B C (C1(Q0))*) so that
X is a closed operator on B with a dense domain, and the spectrum sp(X) on B satisfies
the following properties:

a) The set sp(X) is contained in the half-plane {z € C | R(z) < 0}, and sp(X) NiR =
{z0 = 0}, which is an eigenvalue of algebraic multiplicity equal to one. (“Mixing.”)

b) The intersection sp(X)N{R(z) > —vess} consists of (at most countably many) isolated
eigenvalues ¥ = {z;,j > 0} of finite multiplicities. (“Eigenvalues of the generator.”)

¢) There exists 0 < vg < VD < Vess = sp(X) N{R(z) > —vo} = {z0 = 0}. (“Spectral gap.”)

~

d) sp(X)N{ze€C : R(z) > —vp} = sp(X), with multiplicity. (“Resonances.”)
The above statement encapsulates Lemma Corollaries and with (9.1])-(9.2),

together with Remark (which shows that a slight modification of our construction could
allow vegs € (0, 1 logA)).

Remark 1.5 (On hyperbolicity, transversality, and complexity). Billiards are well known
to possess families of invariant stable and unstable cones, and this is of course crucial to
get exponential mizing. For abstract piecewise smooth and hyperbolic (or expanding) sys-
tems in dimension two or higher, it is also essential in order to get a spectral gap that
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“hyperbolicity dominates complexity,” and a corresponding complexity assumption is present
e.g. in [Y, BL|. This assumption is well known to hold for billiards and is encapsulated
(and precisely quantified) in the one-step expansion (see e.g. |[CM, Lemma 5.56|) used by
Demers—Zhang |DZ1] for the discrete time billiard, and that we use several times below (most
importantly in Lemma @) An additional essential ingredient in the piecewise hyperbolic
case is transversality between the stable (or unstable) cones and the hyperpl(mesﬁ of disconti-
nuities or singularities. In the context of Sinai billiard maps, uniform transversality between
the stable cones and the boundaries of all homogeneity layers (a sequence of hyperplanes
approaching the hyperplane of grazing singularities, see Deﬁmtion 1s again a well known
property. For the flow, the transversality is more delicate, and in fact we make use of a
weak transversality property throughout (as a single example, we mention Lemma , yet
it is neither easy mor necessary to isolate a specific statement or definition embodying the
notion of weak transversality.

The paper is organised as follows: Section [2| contains definitions of our norms (based
on a notion of admissible stable curves W € W?*, see Definition and Banach spaces B
and B, of distributions on €y (Definition . In Section |3, we prove on the one hand
some lemmas on growth and distortion under the action of the flow ®;, in particular giving
invariance of the class W?* of stable curves (modulo the necessary “cutting up” causing the
complexity evoked in Remark and which is controlled by Lemma , and on the other
hand the key compact embedding statement B C B, (Lemma. Just like in [L2] BL],
our spectral study of the generator X is based on an analysis of the resolvent

R(2) = (2Id — X) ™! z=a+ibeC.

In Section [5, we obtain Lasota—Yorke type estimates (Proposition and its consequences
Corollaries and on R(z) which give claims a) and b) of Theorem Since the
resolvent R(z) can be expressed as the Laplace transform of the transfer operator
L, these Lasota-Yorke estimates follow from estimates on the transfer operator proved in
Section [dl The approximate unstable foliation is constructed and studied in Section [6] and
Appendix [A] The delicate Dolgopyat-type cancellation Lemma [8.1] which bounds

[ wRGa ivy () dmy
w

is stated and proved in Section [§ and Appendix [B] Since the right-hand-side of this lemma
involves the supremum and Lipschitz norms of the argument f, we use mollification operators
M, likeﬂ in [BL] to replace the distribution f € B by the function M(f). The operators M,
are introduced and studied in Section [7] Finally, in Section [0} putting together Lemma [8.1
and Proposition we first prove the spectral gap (claim c¢) of Theorem [1.4]) of the
generator X and then, applying recent work of Butterley [Bul, we easily obtain Theorem
on exponential mixing.

6 In the language of [BL] the transversality condition is relative to the lateral sides of the flow boxes.
7 Note however that the Sobolev nature of the norms in [BL] made the corresponding estimates much
easier than in the present work.
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Notation. We will use the shorthand A = C*'B for A, B € R and C > 1 to mean
B
— < |A| < C|B]|.
=Rl

Let 0 < 8 < 1 be a real number and f be a real or complex-valued function on a metric
space (W, dy ), then CA(f) (or CV’BV( f) for emphasis) denotes the -Hélder constant of f.

2. DEFINITION OF THE NORMS

2.1. Stable and unstable cones for the flow. We recall the (well known) stable cones
for the map T" and use them to define stable cones for the flow ®;. We first need to introduce
standard notation. In the coordinates (z,y,w) and (r,¢) from Subsection the flow is
given between collisions by

D4 (z0, Yo, wo) = (¢, yt,wi) = (T + t coswy, Yo + £ sinwp, wp)

and at collisions by (z+,y",w™) = (x7,y~,w™ + 7 — 2¢p), where (r, ¢) is the collision point.
We will also work with the following coordinates in the tangent space. Setting & and ¢
to be unit vectors in the x and y directions, respectively, we define

(2.1) i = (cosw)i + (sinw)y, &= (—sinw)i + (cosw).

The corresponding coordinates (dn, d€, dw) in the tangent space are called the Jacobi coor-
dinates for the flow. In these coordinates, the linearized flow is given between collisions by
(see [CM] (3.26)])

Dz ®(dn,d¢, dw) = (dng, d&t, dwy) = (dn, d€ + tdw, dw)

and at collisions by (see [CM, (3.28)]) (dn™,d¢t, dwt) = (dnp~, —d&™, —dw™ — ifs(gdf*),
where the collision is at the point (7, ¢).

A crucial feature is that the dédw-plane perpendicular to the flow direction is preserved
under the flow. In addition, the flow preserves horizontal planes (w = const.) between
collisions. We will use these facts to introduce after Definition [2.7] the family W?* of stable
curves with which our Banach norms will be defined.

For Z € Q x S!, let P*(Z) denote the point in M = (U;T;) x S! that represents the first
collision of Z with the one of the scatterers under the flow. Similarly, denote by P~(Z) € M
the point of first collision of Z with one of the scatterers under the backwards flow. Since
Pt (Z) and P~(Z) lie in the phase space for the map T, we will sometimes refer to these
points in the map coordinates z = (r, ¢).

In these coordinates, we have the following standard choice of globally defined unstable
and stable cones for the map. (See e.g. [CM) (4.13)].)

d 1
Cg = {(dradQO) S R2 : ,Cmin < 7?,? < Kmax+}

d Tmin

d 1
Cj:{(dr,dga)ERQ:—/CminZC;pZ—]Cmax— : }
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We have (see [CM| Exercise 4.19]) for any z = (r,p) € M
(2.2) D.T(CY) C int Cf,y U{0}  D,T7Y(C3) C int Cfoy(,y U {0}

To translate these cones to the Jacobi coordinates for the flow, we use [CM, eq. (2.12)]
(note that 1 there denotes 1 = 7/2 — ¢, with dip = —dyp, see also [CM, eq. (3.19) and
p.51]), which yields,

(2.3) dw = —K(r)dr + dy d¢ = cosdr — 7(Z)dw .

for a tangent vector (0,d¢,dw), perpendicular to the flow at a point
collides with the boundary at the point (r, ¢) at time 7(Z), i.e., P*(Z)
of this vector in the dédw-plane is thus

dw 1

£~ = —1(0)

Z = (z,y,w) that
= (r, ). The slope

Thus flowing C% backward from the boundary yields the following family of stable cones for
the flow

(2.4)
1 dw 1
C*(2) = 4 (0.6, dw) - - s
1 95, cos p(P+(Z)) cos p(P*(Z))
Ka e tT(2) & R () R == + T 2)

Thus the stable cones flow backwards only until the first collision P~(Z) and then are reset.

Remark 2.1. Equivalently, in terms of 1/ (wave front curvature), the cone C*(Z) =

cos (P (Z)) dg cos (P (Z))
CPH2) + K+ = D2 00 2 TR 2) + Ko T<Z’} '

{(Qdf,dw) D —

Analogously, using [CM| eq. (2.11)] the unstable cones for the flow are defined by flowing
C¥ forwards,

1 dw 1
C*(Z) = { (0,d§, dw) : - <= = - )
cos p(P—(2)) _ cos (P~ (Z2)) _
IC(P_SO(Z))+ICm1n + T (Z) g IC(P_ (Z;+Kmax+_r 1‘ + T (Z)

where 77 (Z) denotes the time of first collision starting at Z under the backwards flow. Just
like 7, the function 7~ is 1/2 Hélder continuous.

Note that both families of cones are bounded away from the horizontal in the £w-plane due
to the finite horizon condition. Near tangential collisions, both families of cones approach
the vertical direction, but never at the same point: C*%(Z) is arbitrarily close to vertical
just after nearly tangential collisions, while C*(Z) is bounded away from the vertical at
these points due to the fact that 7, > 0. The roles of C*(Z) and C*(Z) are reversed just
before nearly tangential collisions. Thus C*(Z) and C*(Z) are uniformly transverse in the
phase space for the flow.



10 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

Contrary to the flow cones used in [BIJ], our cones have empty interior in R? (because
they squeeze to a line at a grazing collision 7 = cos ¢ = 0, but more importantly because
they are planar cones, see Remark .

Like in [BL] (see also [Bull), we get strict contraction only for large enough times:

Lemma 2.2. For any Z € g, and any t > 0, we have
Dz®(C*(2)) € CU(®i(2)), Dz®4(C%(2)) € C*(2-4(2)).

In addition, if t > Tmax then (slightly abusing notation, “int” refers to the interior of the
cone in the plane dn =0) for any Z € Qq

Dy®(C*(Z)) C {0} U intC™(®(2)), Dyz®_(C*(2)) C {0} U intC*(®_(2)).

Proof. First note that the planes ’TZLQO C Tz defined by dn = 0 are perpendicular to the
flow and preserved by the flow, see [CM| Cor. 3.12, (3.14)]. So we may restrict Dz®; to
these planes.

We consider the statements for unstable cones; the others are similar.

If 0 <t < 7(Z), then the claim immediately follows from the definition of the cones since

Dz®,(C*(Z)) = C*(®¢(Z)). This applies to any factor { (1) i ] between collisions in the
decomposition [CM, (3.29)] for Dz®; restricted to T; €.

For the action at a collision, using [CM, (3.29)| again, (2.2) and the definition of the
unstable cone give (with Z~ and Z* representing the moments just before and just after

collision, respectively)

1 0 W — . o
— [ 2K/ cosp 1 ] (C*(Z7)) c{o}uint (C*(Z™)).
where we view the cones (and take interior) as subsets of T;1€. There is at least one
collision factor in the decomposition if ¢t > Tax, ending the proof. O

2.2. Admissible stable and unstable curves for the flow. Following [DZI], a C* curve
V in M is called a stable curve for the map T if the tangent vector at each point z in V
lies in C¢. We call a C' curve |§| W C Qg a stable curve for the flow if at every point Z € W,
the tangent vector TzW to W lies in C*(Z). An essential property of stable curves W is

(2.5) #(W N oQy) <2

(where W denotes the closure of W) since either both the scatterer and the wavefront
corresponding to a stable curve are convex in opposition, or the curvature of a stable curve
is bounded awayﬂ from the curvature of the scatterer. Our definition also implies that a
stable curve W is perpendicular to the flow, which is essential in the following remark:

8 Our curves W are diffeomorphic to a bounded open interval, in particular relatively open at endpoints.
However, we require the C” (r = «, 3,1, 2) norms of functions supported on W to be bounded in the sense
of Whitney on the closed interval.

9 For this claim, see e.g., the paragraph containing .
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Remark 2.3 (Checking that stable curves lie in the kernel of the contact form). In the
Dolgopyat estimate we will use that stable curves W belong to the kernel of the invariant
contact form a.
[TH the present billiard case, @« = p dq (see e.g. [A1l App. 4]), and since the velocity

p=v = (v1,v2) = (cosw, sinw), we have

a=coswdzr+sinwdy,
so thatda = —sinwdw Adz +coswdw Ady and

aNda=dzAdwAdy.

In particular, a coincides with the Jacobi coordinate (0,0, dn) corresponding to the velocity
(i.e., flow) directioﬂ and the stable and unstable cones lie in the kernel of the contact
form a, as desired.

Note that by definition of contact, there is no surface tangent to the kernel of o on an
open set (in fact, the mazimal dimension of a manifold everywhere tangent to this kernel is
one).

Remark 2.4 (Putting the contact form in standard form). If we replace the coordinates
(z,y,w) € Q x St by (w,&,7) € St x Q where
(2.6) w=w, &=-—xsinw+ycosw, §=zcosw+ysinw,
(and where Q is defined by the above), then inverting gives

w=w, & :ﬁcosw—gsinw, y:ﬁsinw—i—fcosw,
so that

a=coswdzr+sinwdy
= coswlcoswd i — fsinwdw —sinwd & — € coswd w]
+ sinw[sinwdf + fcoswdw + Coswdé— ésinwdw]

=dij—€fdw.
Therefore, the contact form o takes the standard form co = dn — £dw in the coordinates
(w,&,7m). Note that the change of coordinates (2.6)) in the phase space of the flow is the same
as the one used to construct the Jacobi coordinates (dn,d€,dw), except that (2.1)) corre-
sponded to changing variables in the tangent space. So there is no contradiction between the
fact that o = d —& dw and the fact that o vanishes on those vectors so that dn = 0. (Indeed,
vectors which are perpendicular to (1,0,0) in (dn,d§, dw) coordinates are perpendicular to
(cosw, sinw, 0) in (dz,dy, dw) coordinates by definition of dn. Now given the definition of a,

we have (in (dz,dy, dw) coordinates), a(v) = coswd z(v)+sinwd y(v) = (cosw, sinw, 0)-v,
so that a(v) = 0 if and only if v is perpendicular to (dn,0,0).)

10 We use a bold upright symbol d to denote the exterior derivative. This should not be confused with
the d used for coordinates in a vector (dr,dy), (dn, d¢, dw), adopted from [CM].
11 We also refer — again — to [CM) Cor. 3.12, (3.14)].
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In Sections [0 and [§ (analogously to what was done in |BL]), we will need coordinates
(%, 2%, 2%) such that (1,0,0) lies in the unstable cone, (0,1,0) lies in the stable cone, and
(0,0,1) is the flow direction, while

a=dz’ —z*daz".
(We call such charts cone-compatible Darbouz charts.) The above does not seem to hold for

the coordinates (w,€,7) (recall the conditions on the slope dw/d¢ defining C* and C*), but
it can be achieved by applying a “symplectic” change of coordinates, as in |[BLL Lemma A 4],

w= Az® + Ba*, &= Cz®+ Dz",
AC BD
’F]:l‘o-f- 7($s)2+ADSCsl‘u+T(ﬂZd)2)
with AD — BC =1, for A, B,C, D real-valued functions. This is possible, since inverting
the above gives

2® = Dw— B, %= —Cuw+ AE,

20 = [izc(xsf + ADz5z" + ?(x“)z)] :

and we may find A >0, B>0,C <0, D >0, with AD — BC =1 so that (D,—B) lies
in the stable cone while (—C, A) lies in the unstable cone. In order to be able to choose the
functions A, B, C, and D (and thus the charts) in a C* way, we shall discard some small
neighborhoods where the cone directions do not behave in a nice way. This construction will

be performed in Remarks and[8.3

Definition 2.5 (Homogeneity strips). To control distortion, we define the usual homogeneity
strips for the map by

(2.7) Hy = {(r,o) e M :71/2 = 1/k* <o < m/2 —1/(k +1)%}
for k > ko, and similarly for H_j near ¢ = —m /2. We also put
Ho = {(r,p) € M: —m/2 + 1/k§ < p <m/2—1/k5}.
Finally, we set for |k| > ko
Sk={(r,¢) : lpl =m/2 = k7%},
and
S = U|k|2kOSk .
A subset Z of M s called homogeneous if there exists a finite ki > ko so that Z C Hy, .

Definition 2.6 (Singularity sets). We define So = OM = {|¢| = 7/2}, and, inductively,
for n > 1, the iterated singularity sets

Sn=8,-1N Tﬁl(Sn_1), S_p = S—(n—l) N T(S,(n,l)) .
The extended singularity sets are defined for n > 0 by
SE=8,uW_,T™s), S¥ =8 ,UUr_,ImS).
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Recall that S_,, \ Sy consists of finitely many smooth unstable curves while S,, \ Sy consists
of finitely many smooth stable curves, see [CM], (2.19), (2.27), Proposition 4.45, Exercise
4.46,(5.14), (5.15) §5.4].

Definition 2.7. An admissible stable curve for L > 0 and B > 0 is a subset W of g,
satisfying the following conditions:

(W1) W is a stable curve for the flow. (This implies that PT(W) is a stable curve for
the map, by definition of the stable cones. If P~ (W) intersects n > 1 scatterers, then
P~(W) is a union of n stable curves for the map, using P~ (W) =T~ (Pt (W)).)

(W2) W has length at most L and is C?, with curvature bounded by B > 0.

(W3) PT(W) is a homogeneous stable curvﬁ for the map T (in particular, cosp # 0
for any (r, ) € PT(W)).

We denote by W?* the set of all admissible stable curves for fixed L = Ly and B = By,
where L is chosen in Lemmabelow (determined in particular by the complexity condition
for the map, see also Definition and By is chosen after Lemma The set W? is not
empty: It suffices to notice that there exist stable curves W with P*(W) lying in a single
homogeneity strip. These can be constructed by simply flowing a stable curve for the map
backwards under the flow, so that condition (W3) is satisfied.

Unstable curves and admissible unstable curves are defined similarly.

Definition 2.8 (Distances dyys (W1, Wa) between stable curves). Let Wi, Wa € W? be
two stable curves. If there does not exist any unstable curve Wi'y (for the flow) so that
Wity NWi and Wiy N Wy are both nonempty, we set dyys (W1, Ws) = oco. If there exists such
a curve Wi'y EL noting that the projections Pt (W;) are homogeneous stable curves for the
map and writing them as graphs P(W;) = {(r,¢:i(r)) : v € I} over some interval I;, we
define dyys (W1, W) = oo if PT(W7) and P+ (W3) do not lie in the same homogeneity strip;
otherwise, dyys(Wi,Wa) = [I1 A I2| + |1 — p2lc1(1,n1,), where A denotes the symmetric
difference of two intervals.

Note that this distance stated in terms of the projected curves is precisely the distance
used in [DZ1] between homogeneous stable curves for the map. For future reference, we
denote this distance between projected curves by dyys(PT(W7), PT(W53)).

Remark 2.9. Note that our distance between Wy and Wo is based on PT(W7) and P+(Ws),
so if W1 and Wy are two halves of the same stable curve split at a single point making a
collision, then the distance between them is infinite in our norms since PT(W7) and P+ (W5)
lie on different scatterers (or possibly the opposite side of the same scatterer, but then the
distance is still of order one).

Definition 2.10 (Distance d(i1,2) between test functions). Let 11 and 12 be supported
on stable curves Wy and Wo, respectively. Since PT(W;) is represented by the graph of
@i over I, let Gw,(r) = (r,¢i(r)) denote this graph and Sy, (r) = ®_;y o Gw,(r) denote

12 This condition is also needed to compare expansion factors for the map and the flow.
13 This holds for example if W1 N W # . It does not hold if Wa = ®,(W)).
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the natural map from I; to W; defined by the flow. We use this map to define the distance
between test functions by d(1,2) = [1h1 0 Swy — V2 0 Swy|Lee (1,012

(The notation for Sy, and in particular the map ®_; used in the definition above
hides the change of coordinates from (r,¢) to (z,y,w). The corresponding Jacobian is a
product of the Jacobian of the flow between collisions and that of the change of variables.
See Sections [3| and [4])

2.3. The norms | - |y, || - |lss || - [lus || - [lo, and the spaces B and B,,. Given W € W*
and 0 < 8 < 1, we define the Hélder norm of a test function 1 by |¢[cs ) = [¥|c —|—C€V(1/)).
Letting C1(W) denote the set of continuously differentiable functions on W, we define the
spaces C?(W) to be the closure of C'(W) in the || - llesw) nornﬂ.

Nowﬁx 0<a<1/3. For f € C'(€p), define the weak norm of f by

|flw= sup  sup / o dmw
Wwews yeCc*(W) JW
[¥]caw)<1
where dmyy denotes arclength along W.
Now choose 1 < q¢ < oo and 0 < 8 < min{a,1/q}. For f € C'(£)), define the strong
stable norm of f by

Ifle= sup  sup (A;f¢dmwu

Wews peCh (W)
‘W‘l/q‘d"cﬁ(vv)gl

Choose 0 < v < min{1/q,« — 8} < 1/3. Define the unstable norm of f bylﬂ
fuvdmu, ~ [ foadm,
Wa

||f”u = sup sup sup e
e>0 Wi, WaeW®  o,eC™(W;)
dyys (W1,W2)<e [)i|ca (w,;) <1

d(¥1,92)=0
We define the neutral norm of f by

[ fllo=sup sup / Oy (f o @¢)|t=0 1 dmyy .
Wews peCcx(W) JW
[Ylcaw)<1

Finally, define the strong norm of f by
118 = 1I£1ls + cal Fllu + 1fllo

14 This space C? (W) coincides with the “little Holder space” noted b3, . in [RS, Prop. 2.1.2, Def. 2.1.3.1]
obtained by taking the closure of C* in the || - ||¢s (1) norm, it is strictly smaller than the set of all Holder
continuous functions with exponent 3, but contains all Hélder continuous functions with exponent 8’ > .

15 The value 1/3 is determined by the choice of homogeneity layers, see Lemma Replacing k>
by kX for x > 1 replaces the bound a < 1/3 by a < 1/(x + 1).

16 1 previous works, d(¢1,1%2) = 0 was replaced by dg(¢1,12) < € where § > 0 and the distance used
the C? instead of the C° norm. The two formulations are equivalent by the triangle inequality, using the
strong stable norm, and since d(¢1,¥2) = 0 implies dg(¢1,12) = 0.

Wy
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where ¢, > 0 is a constant to be chosen in Section 5]
We will prove in Lemma that there exists a constant C so that for any f € C*

1fll8 < Clifler -

In the other direction, we relate our norms to the dual of Hélder spaces. For 0 < r < 1 and
any f € L*>(Qp), set

(2.8) | fliery- = sup {/ﬂ/} dm ¢ € C"(Q0), |[¥lery) < 1} < oo.
where C"(€p) is the closure of C' for the C" norm (little Holder space). The following

estimate follows from the role of 0 < 8 < « in our definition (the proof is given in Section [7)

Lemma 2.11 (Relation with the dual of C"(€y)). There exists C > 1 so that
[flicoons < Clflw,  [fleroy < ClIflls  Vfec.

We introduce the subspace C%, of those continuous functions on €2y which can be viewed
as continuous functions on the quotient space Q2 = Qy/ ~:

(2.9) CL=CU) ={feC ()| f(2)=F)ifZ~Y}.

It is well known that ®, is continuous on the topological metric quotient E| space {2 see e.g.
[CM|, Exercise 2.27]. This implies that if f € C? then fo®_; € C° for all t € R. We can
now introduce our main Banach spaces:

Definition 2.12 (Banach spaces By, B). Let By, be the completion with respect to | - | of

{f €CL]|flw < oo}

Let B C By, be the completion for the norm || - || of
(2.10) {Lf|t=>0, fecinC?(Q)}.

The apparently contrived definition of B will ensure joint continuity of (¢, f) — L¢(f) in
Lemma adapting [BLL (3.9)—(3.12)].

Lemma implies that B C (C%(Q0))* and B, C (C*(Qp))* (defining (C")* to be the
closure of C* functions f for the (C")* norm), while Lemma implies that C1(Qg) C B.
Clearly, B C By, (we shall see in Lemma that the embedding is compact).

Note for further use that, by the group property of the flow, fo ®, 115 — fo Prys =
(fo®sys— fody)od, for any f € C%, so that, whenever both sides of the identity below
are well-defined, we have

(2.11) O (f 0 ®p)|t=r+s(Z) = (Orf © Pt)|t=s 0 2(Z).

17 The requirement || f|lo < oo essentially imposes that f is in some kind of Sobolev space with positive
exponent in the flow direction, and thus continuous almost everywhere on the quotient €2, but we shall
neither prove nor use this fact.
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3. PRELIMINARY LEMMAS

In this section, we establish some basic facts about expansion and control of complexity
and prove several key properties of our Banach spaces.

3.1. Growth and distortion. When we flow a stable curve W backwards under the flow,
®_,(W) may be cut by singularity curves or undergo large expansion at collisions. For
fixed t > 0 and Z, the t-trace of Z (on the collision space M, up to time t) is the set
{®s(Z) N M, s € (0,t]}. (Note that ®_,(IW) has a cusp at Z if the ¢t-trace of Z contains a
tangential collision.) Recall [CM], p.76] that the trace of E C € is simply P (E).

Definition 3.1 (The partition G,(W)). For t > 0 and W € W?, we partition ®_,(W)
as followsm First, we partition ®_(W) at any points whose t-trace intersects either the
boundary of one of the homogeneity strips Hy, or a tangential collision point {¢ = +m/2}.
Second, if any component defined thus far was subdivided at a previous time s, for 0 < s <t
due to growing to length greater than Lo, we continue to consider ®_4(W') to be subdivided
at the image of this point under ®s_¢. Finally, if a component reaches length = Lo, we
subdivide it into two curves of length Lg/2. The countable collection of components of
O_ (W) defined in this way is denoted by @(W) If one of the elements of @(W) is in the
midst of a collision at time t, i.e., if this component intersects the boundary of one of the
scatterers (such an intersection can contain at most two points, since both the scatterer and
the stable curve (a diverging wavefront under the backwards flow) are convex in opposition,
recall ), then, we split this component into two or three pieces temporarily: one or two
curve(s) consisting of points that have just completed a collision and one curve consisting
of points that are about to make a collision. This refined set of components is denoted by

Gi(W).

Note that for s > 0, if W; € QAt(W), then ®_4(W;) is a union of elements in §t+S(W).
However, if W; € G¢(W), then ®_,(WW;) may not be a union of elements of G,y (W) if W;
was part of an curve undergoing a collision at time ¢ which has since completed its collision
without crossing any boundaries of homogeneity strips. In this case, ®_4(W;) is contained
in an element of Gy s(W).

Lemma 3.2 (Invariance of stable curves). For W € W?® and t > 0, let G:(W) = {W, }..
Then W; € W? for each 1.

Proof. Due to the inductive definition of G;(W) and the invariance (Lemma of the
stable cones, each element W; satisfies conditions (W1) and (W3) required for W*. The
one point to prove is (W2): The curvature of such curves remains uniformly bounded for
all times.

At collisions,
dwt  dw N 2K(r)

dét dé—  cose ]

18 Whenever we partition a curve into finitely or countably many subcurves, we drop the (at most
countably many) division points.
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(cf. [CM, eq. (3.33)]), and this quantity represents the curvature of the wave front (a stable
curve W projected onto the zy-plane). Yet the expansion in the w direction is of the same
order, so as we will show below, the curvature of W in R? remains uniformly bounded, even
near tangential collisions. We will follow the approach of [CM| Sect. 4.6], which contains
many of the ideas we will need.

We begin by parametrizing a stable curve W approaching a collision (under the backwards
flow) by points Zs = (zs,ys,ws) and define Zy = ®_,(Z;). The points Zg fill a 2D surface
in ¢ and we choose the interval of ¢ to be large enough that we follow W through precisely
one collision. We assume that ®_;(TV) is still smooth after completing the collision.

We will denote derivatives with respect to ¢t by dots and those with respect to s by primes.
Define u = —2'sinw + ' cosw. Then since (2’,y’,w’) remains perpendicular to the velocity
vector, (cosw, sinw,0), we have

(3.1) uw? = (2')* + (y')? and v = —2"sinw +y" cosw.

We will need the following relations, which follow from [CM] eqgs. (4.25),(4,26)],
dB

(3.2) W' =uB and —uB+u2d—§

where B = dw/d€ represents the curvature of W projected onto the zy-plane.
We will denote the curvature of W in R? by . By definition,

9 ( /y// y/w//) + (w/‘/B” :I/Jw”) + (:L‘/y” y/ //)2
kS = .
()% + (¥)* + (@)?)°
Notice that the arclength factor satisfies (z')? 4 (/)% + (/)% = v?(1 + B?), by (3.1 and

(3.2). We consider each term in the numerator separately. For the first term, using (3.1))
and again (3.2)), we let B¢ denote dB/d¢ and write

U/

Y =y = B(—2'sinw + ¢ cosw)y” — v/ (u'B + u2BE)

= B(—2'y" sinw + 3y cosw) + (y'2" sinw — y'y" cosw)B —y u2B§
= Bsinw(y'z" — 2'y") — y'u*Be .
A similar calculation for the second term yields,

1w/ I/ 1w/ I/ /
w'z" —2'w” = Beosw(y'x —xy)—quBg.

Substituting these relations into the expression for x? and using again and that
2’ cosw + 1y sinw = 0, we obtain k2 =
BZ(Sln w(y/x// /y//) 4 (y )2 4B2+COS w<y/x// /y//) )+ (x’)2u4B§+ (:c’y”—y’x”)2
((ﬂf’)2 + ()2 + (W)?)?
(1—|—B2)( Ty — oy z")? +u6B§ B2 Bg
ub(1+ B2)3 Sa+B)e T arBR

where in the last equality, we have used the fact that the curvature of the planar wavefront

satisfies B2 = (2'y” — y/2")?/ub by definition. The first term in the expression for x? is

bounded by 1/4 for all B € R. The second term is bounded above by Bg /B and we use
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[CM, eqgs. (4.36), (4.38)] to conclude that Bg/B? remains uniformly bounded for all time,
even after undergoing collisions arbitrarily close to tangential. g

A corollary of the above proof (and in particular [CM| eq. (4.38)]) is that there exists a
constant By > 0 such that if W is a stable curve with curvature less than By, then every
smooth component of ®_;(W) has curvature less than By as well. We fix this choice of By
in the definition of W?*.

If W is a flow-stable curve, Z € W, and ¢t € R, we denote by Jy ®;(Z) the Jacobian of ®,
from W to ®,(W), at Z, with respect to the arclength measure on W. Similarly, if n is an
integer then JyyT"(z) denotes the Jacobian of 7™ from the map-stable curve U to T"(U),
at z € U, with respect to the arclength measure on U.

Lemma 3.3. There exists Cy > 0, such that for all W € W#, all t > 0, all W; € G,(W),
and all Z € W;; the Jacobian Jyw, ®(Z) = CgﬂJpﬂWi)T”(PjL(Z)), where n is the number
of collisions of P*(Z) before time t.

Proof. Set V; = ®;W;. Since Jy,®_(®:Z) = (Jw,®:(Z))7L, it is equivalent to estimate
Jy, Dy

First we show that for V' € W#, the expansion from P (V) to V given by the inverse
of the flow from Z € V to P*(V) is of order 1. (The proof of this is a refinement of [CM)|
Exercise 3.15|, taking advantage that we only consider stable curves.)

For Z € V, setting P (Z) = z = (1, ), we let Jp+(y)®_;(z) denote the Jacobian of the
map from P*(V) (in (r, ) coordinates) to V (in (z,y,w) coordinates) under the backwards
flow. Let dz = (dr,dy) denote the image of a vector dZ = (0,d¢, dw) € C*(Z). Recalling
[2.3), and since ||dZ||? = (d€)? + (dw)?, we obtain

2 2
33 udZH?:(dr)?[(cosso+r<2>/c<r>—¢<z>‘§j) + (k- %)

On the one hand, this relation implies that ||dZ|*> < C||dz||?> where C is a constant that
depends on Kyax, Tmax and 1/7min, since (dr,de) € C%. On the other hand, since i—f <0,
we have

dr
= K(r)?(dr)? + (dp)* > min{[C,;,, 1}||d=|?,

min»

ez = n? (i)~ %)= @t + (42

proving the claim.

Next, we fix Z € V; as above and decompose its past orbit as follows, let 29 = PT(Z) and
2 =T 12 ;41 fori =1,...n, where n is the number of collisions between Z and O (2).
Then, letting dZy denote a vector tangent to V at Z perpendicular to the flow and dZ_;
denote its image under D®_;, we have

_ NdZill _ [1dZ—i]| [|dz—nl| lldzo]|

(3.4) T ®_(Z) = - ,
[z~ lldz—ll Tdzoll lldZol
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where dz; represents the image of dZy at z;. The first and third factors above are of order
1 by the previous claim. The middle factor is precisely .J p+(vi)T_”(P+(Z )). Now since

T, @_t(®:Z) = (Jw,; ®(Z))~" and Jp+ )T (PH(2:2)) = (Jp+wyT"(PT(Z)))7", the
lemma is proved. ]

The following lemma will be the key to the bounded distortion Lemma (Note that
the exponent 1/2 is intrinsic to the billiard and cannot be improved.)

Lemma 3.4. For any W € W?, let Sw(r) = ®_y,y o Gw(r) denote the map from Iy to
W defined at the end of Subsection [2.2. There exists C > 0, depending only on the table
and choice of Ly and By, such that |In JSw|ci/2(p,) < C and |In JSI/_V1|(21/2(W) < C, where

JS;EV1 denotes the Jacobian of SI}E}.

Proof. As in the proof of Lemma for Z € W and z = P*(Z), let Jp+uw)®_r(2)(2)
denote the Jacobian of the map from P*(W) to W under the backwards flow. Then for
r € Iy with 2 = Gw(r), we have JSw (r) = Jp+ ) P_r(2)(2)JGw (r).

First note that (as in [DZ1, eq. (3.18)]),

_ dpw ? ._ —1\2
(3.5) [JGw| =11+ (dr) < Cy:= \/1+(/Cmax+7mm) :

Also JGw > 1 and since by and the estimates following, Jp+ 1) ®_7(z)(2) is uniformly
bounded above and below away from zero, the C° bound is proved. We proceed to estimate
the Holder constant. Since JGy is C! using and the fact that W has bounded
curvature, it remains to estimate C'/2(In Jp+ ) P-r).

Let Z1,Zy € W and set z; = (rj, ;) = PT(Z;), j = 1,2. Using again , we have

Ip+ ) (P_r(z)(21)) . |dzs|
Iptw)(P_r(2,)(22)) |dz1]

In

(3.6)

L (dry)? [(cosgpl Fr(Z0K () — (2 %) + (k) - C;%)Q]

(dry)? {(cos 02+ 7(Z9)K(r2) — 7-(22)%%22)2 + (IC(T’Q) _ Ccllfj)z] )

where dz; = (drj,dp;) denotes the tangent vector to Pt(W) at z;. Without loss of
generality, we may set dr; = dry = 1. For the first term on the right hand side, we have

|d22‘ o 1 <1 + (d(pz)z

ldz1| — 2 1+ (dep)?

where in the last step, we used that dy1, dps are uniformly bounded by definition of C as

well as the fact that ]Cfi% — Cé%\ < Cd(z, 22) since P+ (W) has uniformly bounded curvature.

Using again (3.3) and the fact that W has uniformly bounded curvature according to (W2),
we get Cdy (Z1, Z2) < d(z1, 22) < C~Ydw (21, Zs), for some C > 0.

1
In > < E(d(pg - dgol)(d(,OQ + dSﬁl) < Cd(zly 22) )
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Now we turn to the second term on the right hand side of . Since Jp+ P _r(z)(2)
is bounded away from 0 and all the functions appearing in the numerator and denominator
of the right-hand-side are uniformly bounded, it suffices to consider the differences in each
function of the right-hand-side separately.

It is easy to verify by direct inspection (using that our billiard has finite horizon, while
P (Zy) and Pt (Z2) lie in a connected component of the complement of the singularity set
for T'in M, and the curvatures of the scatterers are bounded above) that E|

(3.7) \7(Z1) — 7(Z2)| < Cdw (21, Z)V2.

Since K and cos¢ are smooth functions of r and ¢, the differences in K and cos ¢ are
Lipschitz in dy (Z1, Z2) as well. Putting these estimates together, we have that the Holder
constant C/2(In Jp+w)®—7) < C for some C' > 0, independent of W.

The estimate for the inverse follows similarly, using the fact that JS;;} = (JSw) Lo Sljvl
and exploiting d(z1, z2) < C~Ydw (21, Z2). O

In the following distortion bound, the exponent 1/3 is a consequence of our choice of
decay for the homogeneity layers.

Lemma 3.5 (Bounded distortion). There exists Cy > 0, such that for all W € W*, ¢t > 0,
and Z1,Z9 € W; € gt(W),

‘ Jw, ®+(Z1)
Jw, ®(Z3)

Proof. Fix t > 0 and let n denote the number of collisions from W; to ®,(W;). We will
use in order to leverage the bounded distortion enjoyed by the collision map T. We
begin with the first factor, which gives the Jacobian of the map from P*(W;) to W; and
is Jp+w,)®_r(2)(2) in the notation of the proof of Lemma . This is log-Holder with
exponent 1/2 by that lemma.

Similarly, comparable estimates hold for the last factor in , which represents the
Jacobian of the map from P*(®,(W;)) to ®(W;). Finally, since T-"(PT(®,(W;))) =
P+ (W;), the middle factor in enjoys bounded distortion along stable curves with the
Holder exponent of 1/3 [CM, Lemma 5.27]. Putting the estimates for these three factors
together completes the proof of the lemma. O

- 1‘ < Cadw,(Z1, Z2) /3.

Recall the hyperbolicity constant A for the flow from (1.2). The following elementary
lemma is one of the keys to exponential mixing:

Lemma 3.6 (Exponential decay of stable-Holder constant under backwards flow). For any
0 < Kk <1 there exists C1 > 0 so that for any W, for each 1p € C*(W), all t, and all
VI/’L' S gt(W);

Ciyr, (W 0 ®y) < CLA™"Clyy (1) .

19 The factor 1 /2 here is intrinsic and not related to the quadratic decay choice in (2.7).
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Proof. This will be a consequence of Lemma [3.3] since for Z1, Zy € W,

[0 ®4(Z1) —h o ®i(Zy)| _ [¥ 0 Pi(Z1) — ¥ 0 Du(Z2)| dw (Pi(Z1), Pi(22))"
dw,(Z1, Z2)" dw (®(Z1), Pi(Z2))" dw,(Z1, Z2)"

where n represents the number of collisions undergone by W; by time ¢ and we have used

that Ap is the minimum expansion factor for the map [CM, (4.19)|. The lemma follows
since{ﬁj—l<n<t -]+ 1. O

< Ciy (¥)CA™,

We next present a growth lemma[ﬂadapted from [DZ1l, §3.2] which is a direct consequence
of the one-step expansion [CM|, Lemma 5.56]. Recall Ly from the definition of W*.

Definition 3.7 (Z;(W)). For W € W?® and t > 0, let Z,(W') be those elements W; € G,(W)
such that ®4(W;) is contained in an element V° € Q\t_s(W) with |V°| < Lo/3 for all
0 <s <t. (The curves ®,(W;) corresponding to Iy(W') are repeatedly cut by the singularities
of ®_; without ever growing to size Lo/3 before time t.)

Lemma 3.8 (Modified growth lemma). For any \ € (A_I/Tmax 1), if Lo is small enough,
then there exists Co > 1 such that for all 1 < gy < oo, W € W?, and t > 0,

Wi/ H1-1/a)
(a) Z | Jw, @ ‘Co <Cg)\ do

1
wiezow) |V a0
|Wi| Y/
b) > \W\l/q | Jw; @tlcow,y < Coa.
W;eG (W

Proof. By Lemma there exists C3 > 1 such that |W;| = C5P+(W;)|. We next invoke
the one-step expansion for the map as formulated in [CM} Lemma 5.56]. Using [CM (3.31),
(5.39), (5.36)], (since By = 1/(mo + 1/B]), we have By Tyin < 1), we set Lo = C5 Lo and
for A1 € (Ag 1, 1), choose Lo < Tyin/4 sufficiently small that the one-step expansion for the
map satisfies

’T‘/l’* < )\1 )

(3.8) sup <
|Vil«

where V is a map stable curve, V; are the homogeneous components of TV, and |- |,
denotes length in the adapted metric defined in [CM| Section 5.10].

Fix n and consider curves W; € G;(W) undergoing n collisions between ®,(W;) and
W. Then P*(W;) is contained in an element of G, (PT(W)), where G, (P*(W)) are the
connected homogeneous components of T-" (P (W)), defined inductively as in [DZI], Sect
3.2]. If W; does not have an endpoint on a scatterer (i.e., is not in the midst of a collision),
then the correspondence is one to one. If W; is part of a longer element making a collision,
then there are at most two such W; for each element of G, (P (W)), due to the fact that
at most two points of a diverging wave front can be in contact with a scatterer at one time
(this divides the curve into at most three pieces, but note that in this case, two of the three

20 1p Step 1 of Section |§|, we shall apply a growth lemma [CM| Theorem 5.52] directly.
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will have made n collisions, while one of the three will have made n — 1 collisions, and so
will be grouped in the (n — 1)th generation, G,,_1(P*(W)).

Since the expansion rates for the flow are comparable to those for the map by Lemma [3.3]
and we have just seen there are at most two components of G,(W) for each component
of the corresponding partition G, (PT(W)) into homogeneous components of P+ (W) for
the map, we will use the analogous estimates for the map from [DZI] to prove the growth
lemma. The added complication here is that the components of G¢(W) may have undergone
different numbers of collisions and so they belong to an assortment of generations for the
discrete time map.

Fix W € W* and W; € Gy(W) for t > 0. Let V = P*(W) and V; = PT(W;). For (a),
by [DZ1, (3.2), (3.3), Lemma 3.1] (choosing §; = Ly/3 in the notation used there), there
exists C' > 0 such that for any n € N,

(3.9) > [T ooy < O,
Ve, (V)
where Jk( V) are the smooth components of T%(V) defined in the beginning of the proof

and Z,,(V) denotes the set of smooth components V; of T~ "(V)) such that T7(V;) never

belongs to a curve in G j(V) that has length greater than Lo/3 for 0 < j < n. Since
the number of collisions undergone by each W; before time ¢t may vary, we denote by
Zin (W) those components of Z;(W) which experience n collisions by time ¢. Note that

Ltj—1<n<L —]+1 ThusbyandLemma

Tmax
l7——]+1
Tmin

Z |JWi(I)t‘C0(Wi) = Z Z ’JWiq)t’CO(Wi)

Wi €Ly (W) :L t J 1W€Ztn(W)

I'Tman+1
<20y Y Oap< O™
n=|—t—]-1

Tmax

1/Tmax

proving the lemma for 1/gp = 0 with A = \; The lemma for 1/go > 0 follows by an
application of the Holder inequality, as in [DZl, Lemma 3.3].

To prove part (b), we shall adapt the argument of [DZ1, Lemma 3.2]. First, we subdivide
the time interval [0, ¢] into times tx, = t—kTmin, £ = 0, ..., [/Tmin|. Using these subintervals,
we group the components W; € G,(W) into “most recent long ancestors,” defining sets
Liy(W,t), k = 0,...,|t/Tmin]|, and grouping in A4(U) those W; € G(W) so that U €
Lg(W,t), as follows. For each W} € G;(W) and each k, we have @y, . (W}) C th’“ for
some W; b e gAtk (W). If th * is undergoing a collision, we can adjust ¢ (for that W; * only)
by adding a small time |3(k, W})| < Ly so that W;’“M € G, ,;(W) is an admissible stable

curve. Note that even with this small correction, the timed*'| ¢, are still a definite distance

21 We write ¢y, for tj + S(k, W), for simplicity.
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apart since Lg can be chosen as small as we like. We say that such a curve W;’“ is the most
recent long ancestor of W} if |P+(W;’“)] > Lo/3 and k > 0 is the least such k with this

1
property for W/. In this case, we put i € At(W;’“) and j € L(W,t). If no such k exists,
then by definition, W} € Z,(W) (that we denote by i €€ Z;(W) for simplicity). Using this
grouping, we estimate,

\_t/TminJ
> Mwtlown= 3, X X Wwlewnt X M@l
WEEG (W) k=0 jELk(Wt)ieAt(W;k) i€Zy(W)

The sum over Z;(W) is exponentially small in ¢ by (a), so we focus on the sum over k. For
th .

each W3*, we have [Jyyt ®¢coyr) < |JW}(I>/€Tmin|CO(W§)|JW;k(I>tk|CO(W;k)- Thus, using part

(a) of the lemma from time t; to time ¢,

> |JWZ.t‘I)t|c0(W;)S\JW;k‘I’tk\CO(W;k) > 1wt Phrnleogr

i€ A (W) €A (W)
kTmin
ing this esti lus the fact th o C 20 < opg, (W
Using this estimate, plus the fact that \JW;k tk|CO(W;k) < T < OLy @y, (W)
J
by bounded distortion (Lemma , we have
[t/ Temin ]
Yo T @leoqwny < >0 D CL @y, (W5 N 4 CA'
WEeG (W) k=0 jeLy(W;t)

For each k, the sum over j is at most |W| since U;®;, (W;’“) is a disjoint union, and the
sum over k is uniformly bounded in ¢, proving part (b) for 1/gyo = 0. Part (b) for 1/gp > 0
now follows from a Hoélder inequality as in part (a). O

3.2. Embeddings of smooth functions in 3. Compactness of B in B,,. Recalling C?,
from (2.9)), it is convenient to introduce two auxiliary Banach spaces:
The space B° is the completion with respect to || - |5 of

(3.10) {f €C(Q) | lI£lls < oo} -
The space BY is the completion with respect to || - ||z of
(3.11) {fecl|lfls <o}

These definitions ensure that B C B and €2 NC!' ¢ BY. Also, B2 NCY is dense in BY,
and similarly for B,,. This will allow us to define transfer operators £;f = fo®_; on B, by
density and the Lasota-Yorke estimate (Proposition , bypassing the use of analogues of
the spaces C(T~"W?) in [DZ1]. (In view of [DZ1, Lemma 3.7| for the discrete time billiard,
one can expect that B = B2, but this will not be needed.)

We establish relations between our spaces B and B, and smooth functions on €.
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Lemma 3.9 (Embeddings of smooth functions). We have the following continuous and
injective embeddings

Cl() = B, C°ncl(Q) =B =B, and C2NC*HQ) = CHQ) = B— By.
(The proof uses 1/¢ <1 and v <1/2.)
Proof. First we show that if f € C!(€Qq), then f € B° and in particular,

(3.12) 1f1l8 < C[fler )

for a uniform constant C. This immediately implies that if f € C'(Q9) NCY, then f € BY.
To estimate the neutral component || f||o, fix W € W?* and ¢ € C*(W) with |¢|ca < 1.
Then, recalling (2.5)) and the notation in (2.1]), we have

/ Ou(f 0 ®) oo dmyy = / Vi dmy < CIVF - o []sol W] < Lol fler -
w w

To estimate || fs, fix W € W* and ¢ € CA(W) with [W["/9|s)|cs gy < 1. Then (recall
that 1/q < 1),

/W Fo dmw < | flooltloo W] < [ FlaoLt 7.

Finally, we estimate || f|,. Fix € € (0,1) (if € > 1 we may bound the relevant quotient
by a constant multiple of the weak norm) and Wy, Wy € W? with dyys (W1, W) < e. For
1= 1,2, let % S Ca(Wl) with |¢I‘CO‘(W1) <1 and d(¢1,1[)2) =0.

By definition of dyys, the trace curves PT(W;) and P (W) are defined over a common
r-interval I, apart from at most two endpieces which have length no more than €. Let
Uy C Wy,Us C W denote the curves for which P*(Uy) and P (Us) are defined as graphs
over I. Denote by V1 and V5 the (at most two) pieces which are not defined over I. Without
loss of generality, we may assume V; C W7 and Vo C Wy, Now,

frdmy, — fio dmyy, =/ frdmyy, —/ fioadmyy,
Wo U1 Us

Wi

+ fwldmwl - fl/}deWQ .
i Va

We use the fact that |PT(V;)| < € to bound the estimate over the unmatched pieces,

< Villfloo < Celfloo

K3

where the constant C' depends only on the Jacobian of the map from P*(V;) to V;, which
is uniformly bounded by the proof of Lemma [3.4]
Next, we estimate the contribution from the matched curves U;,

Fordmy, — / Fooadimu, — / (Fib1 — (f - 1b2) 0 © - JO)dmyy,
Ul U2 Ul
< || 1 = (f - 2) 0 © - IO|cowy,) »
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where © is the map from U; to Us defined via the trace curves: © = Sy, o 5511, where
Sy, (1) = ®_y(,y oGy, (r) : I — Uj is defined as in Lemma Note that since d(i1,12) =0,
we have 1 0 @ = Y1 on U;. Thus to estimate the sup norm of the difference above, it
suffices to estimate |f — f 0 Olco(y,) and |1 — JO|cor,). Note also that JO is bounded by
Lemma [3:4] so this factor contributes only a bounded constant to our estimate.

Now since the distance between Pt (U;) and P*(Us) along vertical segments is at most
¢ and since the Jacobians of Sy, and 5521 are uniformly bounded by Lemma E we have
d(Z,0(2)) < Ce, for Z € Uy. Since f € C*(Qp), we have |f — f o O|coy,) < || fllcre.

It remains to estimate |1 — JO|co(y,). Using the notation of Lemma and denoting by
71 and 7o the first collision times starting on U; and Us, we have

JO = (JP+(U2)(I)—7'2) © (GUQ o SES) ’ (JGUz °© Sljll) ’ (JGZfll o (I)Tl) ) (JU1(I)T1)
(3.13) B (JP+(U2)(I>—72) oGy, o Sall . JGy, o S[}ll
(Jp+)P-r)) 0 Py JGy, o Sy

For Z € Uy, the points Gy, o SI}II(Z) and ®,,(Z) lie on the same vertical line in (r, )
coordinates; thus the contribution of K in the analogue of (3.6 vanishes. Hence, adapting
(3.6) and the following lines (using |71 (Z) — 72(Su, S{,ll(Z))\ < Cy/e), we have

Tp+ () ® - (Guy, © Sy )
Ipt+ () -7, (Pr))

for some uniform constant C' > 0. Also, by (3.5)) and using ¢1(r) and ¢2(r) to denote the
functions defining P*(U;) and PT(Us), we obtain the following bound on I:

sup |In < Cel/? ,

Uy

JGU (SU ) 1 dSOZ 2 dgpl 2
In 220200 2y (4 (922)7) (14 (22
‘HJGyl(Syl) 2 [ +(dr) " +<dr>
1 dpo\ 2 dp1\2 Kmax + 7 dpy  dpy
< = |(ZEE) (2R < min _
— 24 2K min <dr> (dr) — 14+ Kumin | dr dr < Ce,

by definition of dyys (W1, Wa). By (3.13), these two estimates imply [1 — JO|co,) < Cel/2,
Putting together the estimates for matched and unmatched pieces and dividing by &7
yields

e

fordmw — | fibs dmw‘ < Ce"|floo + CP 7 fler(y) -
W1 W2
(Recall that v < e <1/3.)

The above estimates show that || f||s < C[f|¢1(. for a uniform constant C', as claimed.
This implies the continuity of the embeddings C'(£) < B° and C% N C' () — BY.
Injectivity is obvious.

As for the embedding BY, < B,,, continuity follows from the fact that |- |, < || - ||s, while
injectivity follows from the definition of the spaces C*(W) and C?(W) as the closures of
C'(W) in the respective Holder norms. Similarly, the embedding B < B,, is continuous
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and injective by the same observations. The embedding C'() — B is the content of
Lemma [7.4] while injectivity is again obvious. O

We close this section with the following compactness result.
Lemma 3.10 (Compact embedding). The unit ball of B is compactly embedded in By, .
(Like in [DZI], the proof uses ¢, > 0.)

Proof. Recalling , it suffices to show that the unit ball of B? is compactly embedded
in By On a fixed W € W?, the norm |- [ca(y) is just the Holder norm, while Wl lesow)
is equivalent to | - [os. Since v > B, while || - || is the dual of | - [¢s ) and |- [, is the dual
of | - [ca(y) on each flow stable curve W, it follows that the unit ball of || - [|s is compactly
embedded in | - |, on W. So, just like in [DLL [DZ1], it remains to compare the weak norms
on different stable curves. (The difference with the previous situations is the presence of
the time direction, which will be controlled with || - [|o.)

We may assume without restricting generality that there exists ¢ so that PT(W) €
Iy x [-7/2,7/2], i.e, we argue one scatterer-component Q) := (PH)~1(I'y x [-7/2,7/2])
at a time. Let 0 < £ < 1 be fixed. Let k. € N be the smallest integer k so that k=2 < e.
We split Q@ into two parts, the good set

Alle) = (PO Y {—n/2+ k2 < p<m/2—-k72})nQ¥

and the bad set B(£,e) = Q® \ A(¢,¢) (that is, e-close to tangential collisions). The image
under P of stable curves are graphs of decreasing functions ¢y of absolute value of the
slope larger than K,,;,, > 0 and with uniformly bounded second derivatives. If W C B(¥,¢),
then since P* (W) lies in one homogeneity strip, it has length at most k-2 = O(3/2) = O(e).
Since the expansion from P (W) to W is of order 1 for a stable curve by Lemma there
exists C' = C(Q) so that any admissible curve W C B(/, ¢) has length at most Ce.

Let f € C° with || f||s < 1. First, we estimate the weak norm of f on curves W € B(¢,¢).
If PT(W) C Hy, for |k| > k. and [1)|ca(yy < 1, then, using the bound Ce on the length of
W7

(3.14) /W fib dmy < || Flls| WYl ury < C9M9) £l

In order to study curves W € A(¢, ), we need some preparations.

As noted in the proof of Lemma there exists 1(Lo) and Bi(Bp) (uniform in €) so
that for any map-stable homogeneous curve V€ W*(T') N Pt (A(¢,¢)) of length < §; and
curvature bounded by Bj, the surface

Vo= {@_i(r,pv(r) | r € Iy,0 <t <7_(r,pv(r))}

(where V is the graph of ¢y defined on Iy, and 7_(z), for z € M, is the smallest t > 0
so that ®_;(z) € M) is foliated by admissible flow-stable curves W so that P+ (W) C V.
Indeed, if Z € VO, then there is a unique curve W = W (Z,V) C V° containing Z and so
that W is everywhere perpendicular to the flow. We take W maximal with these properties,
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noting that the endpoints of W either (1) project to endpoints of V; (2) lie on a scatterer,
i.e., are of the form

(3.15) D (o) (rov(T))

or: (3) undergo a grazing collision under the flow in forward time. Such a curve W is C?
and flow-stable by construction, it satisfies the admissibility requirements for Ly and By, if
01 and Bj are small enough. (Note that for any flow stable curves Wi # Wy C VO we have
dyys (W1, Wa) = oo.) All such curves W are constant-time flow translates of one another,
except near collisions, where some shortening of the curve, due to the variable collision
times, may occur. Conversely, if W C A(4, ¢) is an admissible flow curve for Ly and B, then
W belongs to the surface (PT(W))?, which is foliated by flow-stable curves, admissible for
d2(Lo) and Ba(By), uniformly in e.

On a fixed r-interval I, the set of functions {py} for map-stable curves V€ W#(T),
defined on I, and lying in one homogeneity strip for the map, is compact in the C' norm.
Since PT(A(/, €)) contains only finitely many homogeneity strips, there exists a finite set of
admissible map-stable curves {V/ }fil C PT(A(4,¢)) so that for any flow-stable admissible
curve W C A(,€) there exists 7 with dyys(V/, PY(W)) < e. Therefore, since the stable and
unstable cones C*® and C" are uniformly transverse, and are both orthogonal to the flow
direction, we may choose a finite set of admissible map-stable curves {V;}=, ¢ PT(A(¢,¢))
so that for any flow-stable admissible curve W C A(¥,¢), there exist:

(i) an index iy so that dyys(PT(W), Vi, ) < €, and a flow-unstable curve W* with
WeNW #0 and W0 VY 0;
(i) a flow-stable curve W’ with W*N V2 e W' C V2 and dyys(W,W') < Cy/e, for
some uniform C' > 0.
Item (i) above is obvious, as is the existence of W' with W* N VZ(V)V eW'c V;?/v in item (ii).
To prove the bound on the distance between W and W' in (ii), first note that the tangent
vectors to PT (W) lie in the map-unstable cone by forward invariance of the unstable
cones, and that PT(W*™) intersects both V;,, and P™(W). By choice of the index iy, the
length of the segment in PT(W") connecting P+ (W) to V;, is at most Ce. Since W
intersects both W and W’ and the length of unstable curves is expanded going forward,
it follows that the length of the segment in W* connecting W and W’ is at most Ce as
well. Finally, the fact that Pt (W’) C V;,, and dyys(PT(W), Vi, ) < €, together with the
1/2-Hélder continuity of 7, implies that the distance dyys(PT (W), PT(W’)) (which is due
only to the endpoints-discrepancy) satisfies dyys (P (W), PT(W')) < C'/z (recalling (3.15))
as required.
We next decompose each V; corresponding to collision times to handle the shortening of
the curve due to the variable collision times mentioned above. We let M. = [¢71],

Timin = Min7_(r, oy (r)), Tim = Ti’min+mM€_1(maX (7, v (7)) —=Timin) , m=0,..., M,.

22 The bound < /€ can perhaps be improved to < Ce by making a special choice of W*.
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Note that 7; yin is the first collision time when flowing V; backwards. It is not enough to
flow V; back until this first collision: If W is a stable curve with P+ (W) e-close to V;, the
curve W may be in fact very far from any of the curves spanned by V; up to time —7; ynin
(for example, if a little piece of V; hits a nearby scatterer under the backwards flow, but
most of the rest of V; continues without collision for some time). Still, there is a subcurve
V! of V;, differing in 1ength|?| by no more than ¢ from V;, such that V; does not hit this
close scatterer, and the backward translates of V; contain a stable curve which is close to
W and connected with W by an unstable curve. By the triangle inequality, V; and P+ (W)
differ by no more than 2¢.)

Let us now formalise the above discussion: We construct nested curves by setting V; o =
Vi={Vin T__l[Tijo, o0)} and, for m =0,..., M,

‘/i,m = {‘/z N 7'__1[7'@'777“00)} C ‘/i,m—l .

(If any of the V; p, is disconnected, we subdivide it into its finitely many connected compo-
nents, without making this explicit in the notation for the sake of conciseness.) Finally, in
each V; ,, we choose a point v; ,, so that 7_ (v ) = Tim.

Then, there exists a nonnegative real number ©. = O(g), and a finite integer N. =
0(e71), such thaﬁ the set of flow-stable curves

{W(q),g(q)fT_ (vi,m)i (U’L‘7m))7 V;,m)a

Ne

i=1,....,I.,m=0,...,M;;,n=0,...,N. — 1,0 € [0,0.]}

forms an /e-covering of the admissible flow-stable curves Ws\( A(t,¢)) in the distance dyys,
which follows by applying items (i) and (ii) explained above.

By definition, the uniquely defined C' functions timm,e on Vi, so that
VVi,m,n,G = W((I)—G(I)—T, ('Ui,m)NLE(Uivm)’ V:L,m) is given by (1>*Ei,m,n,0(7") (Ta PVv; (T)) = gi,m,n,@(r)
satisfy

timm,0 — timmn,0 = 0.

Set timmn = 7Jzi,m,n,Oa so that Wi,m,n = W((I)—T,(Ui,m)ng(Ui,m)a ‘/z,m) is given by

(pfti,m,n(r) (r’ (p‘/z,m (T)) = Si7m7n (7") .

Let |T'¢| denote the arclength of I'y, and define S} to be the circle of length |T¢|. Since any
ball of finite radius in the C* norm is compactly embedded in C?, we may choose finitely
many functions t; € C® such that {1; }3]5:1 forms an e-covering in the Cﬁ(S%)—norm of the
ball of radius CCy in C¢ (S}), with Cpy the constant depending on KCpaz, Tmax, and 1/Tpmin
from Lemma [3.4]

This ends the announced preparations for the case W C A({, ¢).

From now on, fix W = Sy (Iw) € W*|a(), and ¢ € C*(W) with [¢[cayy < 1. We
view Iy as a subset of S%. Let ¢ = 9 o Sy be the push down of ¢ to Iyy. By definition

23 By construction of the family V;.
24 We do not claim that I., N., or ©;' are bounded uniformly in .
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Sw(r) = ®_4,(mGw(r) with Gy the graph of the function ¢y . By the proof of Lemma
the Jacobian of Sy is bounded by Cj, and we have
[ihlea(ry) < CCh.
Choose 9; € C%(S}) so that |¢) — @Z_Jj|C5(IW) <e.
Take i,m, n, and 0 so that dyys(W, Wi,m,n,g) < y/e. Define ¢ mn = 1Zj 0S8 to be

7,1m,n

the lift of 1/_1j to Wimm. Note that |1 mnlw; 00 < 2CCo, again by Lemma

Then, normalizing ¢ and ;; ;mn by 2CCy, and letting Jw,;mneo = Jw;,,,P—¢ be the
Jacobian of the map S’@m?n’g o S;nll o = P_g from W, to Wj p, pn 9, we decompose

(316) ‘/ flﬂdmw - / fwj,i,m,ndei,m,n
w Wi,m,n

< / fodmy — /~ f(z/;] © Sz’jnlm,nﬂ)dmwz’ m,n,0
1%74 Wi,m,n,@ Y
(3.17) + / [(f o ~z‘,m,n,@ © Sijrib,n)wjmm,nJW,i,m,nﬂ - f/(/}jaivmvn:l dei,m,n )
Wi,m,n

where [Jw,imno — esw,,, ) < C€, so that we can use the triangle inequality and | f|s
to get rid of Jw i m.ne in .

Therefore, using the triangle inequality and | f||s again to replace v; o S
function ¥ j m n.0 With d(¢,; jmn.e) =0, we find

-1
i,m,n,0

by a test

/wadmw‘/w Foiimmdmw, .| < @2 flla el £lls + <l fl0)2CCo

Recalling that 2+ < 1, we have proved that for each 0 < ¢ < 1, there exist finitely many
bounded linear functionals ¢; j ., With €; jmn(f) = va fjimmdmw, ., such that

1 2
| flw < iglg,mgMglj%JE,ngNeﬂEz‘,j,m,n(f) +2CCo((EV T+ )| s + %[ fllu + €ll £ll0)
< max i jmn(f) +Ce | s

Since ¢,, > 0, this implies the required compactness. O

4. LASOTA-YORKE-TYPE BOUNDS AND STRONG CONTINUITY FOR THE SEMIGROUP L;

The transfer operator for the flow is defined on E| CY (recall ) by Lif = fo®_; for
t > 0 (In particular, £g is the identity on C°.) Letting m denote Riemannian volume on €,
we also have £;f = fo®_, for any f € L'(Qo,m), since ®; preserves m. The Banach space
B is not contained in C?, or L'(m). However, we have that C° N BY, is dense in the auxiliary
space BY, by definition . In this section, we will prove the following proposition (recall

25 Defining the transfer operator on L™ leads to problems since an element of L is not in general
well-defined on a stable curve W.
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B° from (3.10]), and the constants A = A(l)/Tmax > 1 from 1) and \ € (Aal/Tmax, 1) from
the growth Lemma .

Proposition 4.1. Recall that B < 1/q and v < o« — 3. There exists C > 0 such that for all
fec'nBY andt >0,

(4.1) ILeflw < Clflw,
(42) I£e7lls < CA XD |l + OLg | 1l
(4.3) ILefllo < Cllfllo
(4.4) ILefllu < COAT fllu+ Cllfllo+ ClIF s -
Recall that || - ||, will appear with a (small) factor ¢, to be introduced later in the norm

| - ||5. Even with this weighting the above bounds (just as in [L2| BL]) are not honest
Lasota-Yorke bounds because of , which is neither a contracted term nor compact.
Integration with respect to time in the resolvent R(z) will yield the true Lasota-Yorke
bounds of Proposition [5.1}

It follows from the above proposition that for any f € C° N BY c C°N B° and any
t > 0, the image L;f, which is defined as an element of C°, still belongs to BY, and satisfies
IL:flls < Clflls. Since C N BY is dense in BY, the operator £; can be extended to a
continuous operator on B for any ¢ > 0, and indeed Proposition holds for all f € BY.
Since B C B, we get, noticing that the set in (2.10)) is L-invariant for all ¢:

Corollary 4.2 (Continuity and bounds on B). The operator Ly is continuous on B for any
t >0, and the bounds in Proposition[].1] hold for all f € B.

The family of bounded operators £; on B satisfy:

(i) Lo is the identity on B% and thus on B;
(ii) For any 0 <t,s < oo we have Ly 0 Ls = Lgy4.

In Lemma (stated and proved Subsection , we will show that for any f € B
li =
lim £,(f) = f

with convergence in B. This implies the third condition required for a one-parameter
semigroup of bounded operators (see [Dal, §6, p. 152|), that

(iii) the map (¢, f) — L(f) from [0,00) x B to B is jointly continuous.

Note also that £; is bounded on B, (same argument as above). In fact, Lemma in
Subsection will show that £; is Lipschitz when viewed as an operator from B to B,,.

In Subsections and [£.2] we prove Proposition Subsection is devoted to
Lemmas [4.6{ and We shall use several times without mention the key observation (recall
) that a stable curve W € W?, and more generally any W; € G,(W) for ¢t > 0, may

intersect 0€)g in at most two points.
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4.1. Weak stable, strong stable, and neutral norm estimates for £;. We start with
(@1). Let feC®nB, W € WS and ¢ € C*(W) such that [¢|cay < 1. For ¢t > 0, we
write,

(4.5)
/W Cof b dmyy = / [ I @ vobudmy < S0 |l Brlenwy [o®ilo

Wlegt(W) WiEQt(W)

where we have used the definition of the weak norm on each W;. Since o < 1/3, the
distortion bounds given by Lemma [3.5] imply that

By Lemma we have |1 o @t’Ca(Wi) S Cllw\ca(w). Usmg these estimates in equation
(4.5), we obtain

(4.7) [ casvdmy < Clfle S Iwdieu < Clfla,
W Wi€Gy (W)
where in the last inequality we have used Lemma[3.§(b) with 1/go = 0. Taking the supremum
over all W € W* and ¢ € C*(W) with [¢)|caqyy < 1 yields (&.1)).
We next prove . Let f €C'nNB% ¢t >0, W € W*, and let {W}} denote the elements
of G{(W). For ¢ € CP(W), with [W|Y9|p|ecs ) < 1, define ¢, = [WF[~! Sy ¥ 0 @y dmyy.

Using equation (4.5)), we write

(4.8) /W Lifpdmy = Z /Wt f Jwitq)t (w o®d; — @l) dmw + El /Wt f JWit O, dmyy .

To bound the first term of (4.8)), we first estimate [¢)o ®; —@Acg(w_t). Since 1; is constant
on W}, we have Cgvf (o ®y — 1) < ClA_ﬁtC'gV(dJ) by Lemma ﬁ To estimate the L™
norm, note that ¥, = 1 o ®;(Z;) for some Z; € W}. Thus for each Z € W},

[0 ®(Z) = Uil = |t 0 D1(Z) — ¢ 0 B4(Zi)| < Cpp (v 0 B)[W]|” < OCp (9)A.
These estimates together with the fact that ]W\l/q\w\cg(w) < 1, imply
(4.9) [ 0 &y — Pyleswry < CA™Pleaqury < CA™H W |~He.

We apply (4.9), the distortion estimate (4.6]) and the definition of the strong stable norm
to the first term on the right hand side of (4.
Wt|1

S IRETLACILE wl)dmw<02||flls T

< C’A L lls

where in the second line we have used Lemma [3.8(b) with ¢y = g. B
For the second term on the right hand side of (£.8)), we use the fact that [¢;] < [W|~1/4
since |[W|Y/ Ueples ey < 1. We group the curves W} € Gi(W) according to most recent long

)

|JWtq)t|L0<> Wt AT pt
(4.10)
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ancestors, as in the proof of Lemma As before, tp =t — kTin, K = 0,..., [t/Tmin|, and
each W/ belongs either to At(VV;’“) for some W;’“ € Gy, (W) or W} e Z,(W).
Using this grouping, we estimate the second term in (4.8) by

t/Tmin

| ]
Z\W|fl/q /WthWit(bt dmyy = Z Z Z ‘er/q /Wf fJWi@t dmyy

k=0 JELL(W1) jea, (W'F)

+ Y |Wyl/q/ [Tyt ®s dmyy .
€T (W) wi

We estimate the terms in the sum over k using the weak norm and the terms corresponding
to Z;(W) using the strong stable norm,

[t/ 7min] |J ) |
1 we el w)
zj: w| e /W;f [ Iw: @ dmy <C oY > \f|wW

1) S el e
Wz‘t 1/q
e ‘,W"l/q TR AP
1€Ty(W)

In the first sum above corresponding to £ > 0, we have as in the proof of Lemma [3.8
[Ty @il oo wrry < ’Jwgq’krmm\mo(w;)uw;k ‘I)tk’Loo(W;k)-

Thus using Lemma [3.8|a) for 1/gop = 0 from time ¢, to time ¢,

I_t/Tmin

]
Z Z Z |W|71/q‘JWit(I)t|L°°(WZ¢)

k=0 jGLk(W,t) iEAt(W;k)

[t/ Tmin
(4.12) < Z Z !JW;k‘I’tk\Lw(W;k)\W\_l/q Z | Tt P | Lo (w1
k=0 jeLy(Wit) i€ AL (W)
[t/ Tmin] ’thk ‘l/q

—1/(] KTmin
= C’LO Z Z W|JW;k¢tk|Lw(W;k))\ )
k=0 jeLp(W;)

since |W;’“] > Lo/3. Since each Li(W,t) C G, (W) by definition, the inner sum over j
is bounded independently of k and ¢ by Lemma (b) The sum over k is also bounded
independently of t.

Finally, for the sum corresponding to Z;(W) in , we use Lemma (a) with go = ¢

to estimate

W/ 3
> W\Jwﬂ)t!m(wﬂ < coNi=t/a)
1€ (W)
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Putting this estimate together with (4.12)) in (4.11)), we obtain

(4.13) > jwle
1
Finally, combining (4.10) and (4.13)) with (4.8]) yields

(1.14) [ atudm < 0 (4754 NOVD) | £+ LGl
w

< CLyY | fly + C| fll A2

/Wt f JWit (I)t de

Taking the supremum over W € W# and v € C#(W) with ]W]l/q]w\ca(w <1 proves
We prove Let f and ¢ > 0 be as before. Fix W € W? and ¢ € C*(W) Wlth
[Y|cawy < 1. Then for f € C1(Q),

/a (Lof) 0 Bs) oo & dmyy = / 3) oo 0 _0) ¥ dmyy |

where we used the group property (2.11] - Now,
/ (83 (f o (I)S) |s:0 e} (I)—t) 1/1 de
w

- Z / s) |s=0) Jw,; ®s (Y o Dy) dmyy

W;eGe(W
< Z ”fHO‘JWiq)t‘Ca(Wi)W o ®¢fcaqw,y < Cl fllo,

where we estimated the Holder norms of the functions as for (4.1) and used Lemma b)
to bound the sum. Taking the appropriate suprema over W and v proves (4.3)).

4.2. Unstable norm estimate for £;. Fix f, ¢, and W as in the previous subsection,
let ¢ < 1, and consider two curves W1, W2 € W* with dyys (W1, W?2) < e. For t > 0, we
will use the collision map to partition ®_;(W*) into “matched” pieces U f and “unmatched”
pieces Vf, f=1,2.

Define W! = PT(WY) for each W/ € G/(W') and W’ = P+ (W?'). Note that W/
Gvn(MN/E) (defined in the beginning of the proof of Lemma for some t/Tpax < n <
t/Tmin. We recall the matching of stable curves for the map used in [DZ1], §4.3]. Note that
&Ws(Wl, WZ) < € by definition of dyys.

Recall from Definition So = {(r,p) € M : ¢ = £r/2} and SY, = UL TSy U
Uk>koOHy) denotes the extended singularity set for 77", where we include the boundaries
of the homogeneity strips to ensure that all stable curves we work with are homogeneous.
Let w be a connected component of W'\ S¥ . To each point z = (r,¢) € T "w, we
associate a vertical line segment +, of length at most CAj"e such that its image T"., if
not cut by a singularity or the boundary of a homogeneity strip, will have length Ce. By
[CM, §4.4], all the tangent vectors to T%y, lie in the unstable cone C%(T"z) for each i > 1
so that they remain uniformly transverse to the stable cone and enjoy minimum expansion
given by the factor CA}.
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Doing this for each connected component of W'\ S | we subdivide W'\ S¥ into
a countable collection of subintervals of points for which 7", intersects W2 \ S®  and
subintervals for which this is not the case. This induces a matching partition on W2 \ SH .

We denote by TN/Z-E the pieces in T—"W* which are not matched up by this process and
note that the images T’ ”‘72»5 oceur cither at the endpoints of W' or because the vertical
segment 7, has been cut by a singularity. In both cases, the length of the curves T”‘Z-Z can
be at most Ce due to the uniform transversality of S¥, (see [CM, Prop. 4.41]) with the

stable cone and of C*(z) with C*(z).

In the remaining pieces the foliation {7"~,} 771 Provides a one to one correspondence

z€T—
between points in W1 and W2. We further subdivide these pieces in such a way that the
lengths of their images under T~" are less than Ly for each 0 < ¢ < n and the pieces
are pairwise matched by the foliation {v,}. We call these matched pieces Uf Possibly
changing the constant Lg/2 to Ly/C for some uniform constant C' > 1 (depending only on
the distortion constant and the angle between stable and unstable cones) in the definition
of Q}(Wf), we may arrange it so that ﬁf C /WJZ-E’" for some AWJZZ’H € G}(W‘) and ‘N/,f C /Wlé’n
for some /VI\;f’" € QNn(WZ) for all j,k > 1 and ¢ = 1,2. There is at most one ﬁf and two XN/].Z
per Wf’” € G,(Wh).

In this way, we write W’ = (Yy;T ”ﬁf) U (U TV, The images TV} of the unmatched
pieces must be short while the images of the matched pieces ﬁf may be long or short.

Returning to the components of ®_;(W?*) for the flow, G;(W?), note that if W/ is not
part of a curve in Gy(W*) undergoing a collision at time —¢, then PH(W/) is a union of
at most one matched and two unmatched curves U f and ‘715 as described above. We may
thus define U f as the subset of Wf such that PT(U f) =U f and V,f as a connected subset
of W such that P* (V) = 1715 . If W/ is part of a curve in G:(W*) undergoing a collision at
time —t, then P*(W/) may correspond to only part of a curve U f and at most two f/,f as
described above. However, we will still consider those pieces as matched or unmatched as
defined.

Notice that, with the above matching, dyys(U jl, U ]2) may be infinite since there may not

be an unstable curve connecting the two. However, there is an unstable curve V[N/J?‘ for the

map connecting U jl and (7; . Note that WJ“ is the trace of an unstable curve for the flow
W which has nonempty intersection with U jl. Although W;* may not intersect sz, the
weak unstable manifold containing W;* does intersect U ]2, since PT (W) N P*(U. j2) intersect.
Thus there is a time s; such that

(4.15) O, (UMW #£0D.
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For 1, on W* with Vel caqwey < 1 and d(y1,12) = 0, with the above construction we
must bound

[ ey = [ nvaama] <
wi w2

0k

/ Sy e ®iihg o @y dmw‘
Ve k
k

(4.16)
+ E / fIn @1 0 &y dmyy — / fI2®ipg 0 &y dmyy | .
5 |YUf ’ U? /

We do the estimate over the unmatched pieces V,f first using the strong stable norm. To
do this, we group the Vk according to when the associated vertical segments were most
recently cut as follows (notlce that we may just as well define the vertical segments -,

on T-"W? as on T~ ”Wl). For z € T™ ”WE let 'yz denote the component of 77+, still
connected to T9~"W*. Define

Al ={k: (U e U (SEN\SE) #£ 0 and i € [0,n — 1] is the

minimal index with this property }.

Let S be the singularity curve which intersects (U evmg =1 for some k € A*(i). Then TS

is an element of S™; and since the curves 77~ have length at most CAy ‘e, by the uniform

transversality of stable curves with curves in S™;, we have ]T"*i\zf\ < Cehg'.
L_|. For

Tmin

each k € A(i), there exists at least one j, such that ®; . /Q(V,f) is not undergoing a
collision (due to the choice Ly < Tyin /4 from Lemma, and P*((IJijm/Q(VIf)) = T”*’V,f.
It follows from Lemma [3.4| that |® Nmm/Q(V,fﬂ < Cehy'.

In addition, the ith colhsmn must occur at a time s € [|Tmin |, [#Tmax ] + 1] so that the

number of ¢; corresponding to a fixed 7 is bounded by a uniform constant times 7. Now for
ke ALi),

Next we subdivide the interval [0, ] into times ¢; =t — jTmin/2, j = 0,...,2|

/ I Ty ®itbg 0 By dmyy = / gkfmmﬂf Ja,

JkTmln

< C“‘CjkTmin/QfHs‘q)jkTmin/2<Vk:)|1/q’J<I>JkTmm/2(V[)¢tjk |cs
< O fllse" 18571 J,

% Tmin 1o (V) By, Ve 0 Py, dmw

(4.17)

]kTmm/Q(Ve)@tjk |Loo (ijTmin/Q(Vk[)) ’

where we have used (4.2) to bound [|£j, ., . /2 fl|s, Lemma 3.6 to estimate [thy o @y [ps <
C1lYelcaqwrey, and (4.6)).

In order to sum over the relevant ¢ and k, we fix 4, define J(i) to be the set of j possible
for the ith collision and K (j) to be the set of k£ for which j, = j. Thus using (4.17)), we
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estimate

>
0k

1 —i/q
(418) < CHstg /4 ZZ ;() ) ;( | AO |J¢j-rmm/2(vlf)q)tj |Loo(¢,j7_mm/2(vké))
st JeJ (i) keK(y

< Oflls>" ST AT < Ol fllseV Y ing Yt < oV f) s

Li jeJ(4) 0,0

/ fJ\/Z@td}f o (I)t de
e or

where for the sum over k, we have noted that ®;, /Q(V,f) C Py, (W), and we have applied
Lemma (b) with 1/gp = 0, since there are at most two such curves corresponding to each
element of Qt].(WZ); for the sum over j, we have used the fact that #J(i) < Ci for some
C > 0 depending on Timax/Tmin-

Next, we must estimate

2

Recall that ﬁf = P+(Uf) can be represented as the graph G;('r’) = (7, Pt (r)) of a function

/ fJUl‘I’t¢1Oq’tde—/ fI2®iihg 0o @y dmyy| .
UJ1 7 UJZ 7

over some r-interval I;. By the definition of matched pieces, (7]-1 and ﬁf are defined over
the same interval I;. Let S}(r) =®_yy0 vjl- (r) denote the (invertible) map from I; to Uj1
and SJZ =®_y0 vf(r) denote the map from I; to @, (U]»Q). For each j, define

&5 = [Jy1 @111 0 Dy 0 Sjo(SH~".
The function ¢; is well-defined on U ]2, and we can estimate,

(4.19)

/fJU1¢t¢1O‘Pt—/ [z @b 0 Py
v vz

<

/mecbtwlo@—/ 7 6 v
yr® o, (U?)

AN

_|_

/ v f o5 — J<I>Sj (Uf)‘pt—sj Yoo B;_y)

_l’_

AS(UQ) qu)sjUJZ@t—Sj ¢2 (¢} (I)t—sj - /[‘]2 fJUf(I)t 77/)2 [e) Q)t X
J J

J
We estimate the first term in equation (4.19) using the unstable norm. The distortion

bounds given by (4.6) and Lemma imply that

(4.20) [Ju1®e - 10 Pelii g0 < Ol Pl poourty -

Similarly, since |S]1 o (S?)_l\@ < C by Lemma we have

|bjlcawz) < [Jur®e -9 o ‘I’t|0c«(Uj1)|S} 0 (87) e < ClIn T [peo 1y -
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By the definition of ¢; and d(-, ),

ATy @ 0 @, 65) = |[ Ty by 0 @] 08} — gy 83| =0
To complete the estimate on the first term of (4.19)), we need the following lemma:
Lemma 4.3 (Lemma 4.2 of [DZ1]). There exists C > 0, independent of n, W', and W2,
such that for each j,

st(ﬁ}, (7]2) < CAy"ne =i 1.

Since P*(®,; (Uf)) = ﬁf, it follows from the definition of dyys that dyys (Ujl, Dy, (UJQ)) <e
as well.
In view of (4.20), we renormalize the test functions by R; = C|Jy1®¢|co(1y. Then we
J J

apply the definition of the unstable norm with ¢ in place of €. Thus,

S| frppnoti- [ foumonn,
1 J 2
j Uj 5. (U?)

AR
1 _
< Cet I fllu Y 1 @l ey < ClAETATET,
J

(4.21)

where we have used the fact that Lﬁj <n< Lﬁj + 1 and the sum is bounded by
Lemma (b) for 1/go = 0 since there is at most one matched piece U jl corresponding to
each curve W} € G/(W1).

Next we estimate the second term in using the strong stable norm.

(4.22) As.(m) 105 = Jo w2 Pis; Y2 0 D)
. J J

< Ul @, (U9 |65 = To, (1@, - 02 0 i,

Ch(®s, (U2))

Using the fact that ]S}]cd(sjz)*llcl < C and [y o @tlcg(U;) < ClYleswry < €, we split
the estimate on the norm of the test function,

(4.23)

¢~ Jo, 02)Pt-s; V20 Pr—s;

< 1 . 2‘
CB(<I>S].(U12)) <C ‘JUJ_l(I)t o S] ‘]@sj-(UjQ)q)t s; © S] Ch (1)

1 2
+C ’J@Sj (sz)q)t—sj 9 Wl 0o®r0S; —thgo P4, 05 }cﬂ(lj) ‘

2
CO (s, (U

We will use the following lemma (which is the analogue of [DZIl Lemmas 4.3 and 4.4])
to estimate the two differences above.

Lemma 4.4. There exists C > 0 such that for each j > 1,
a) ‘JU}(I)t © Sal‘ - Jésj(Uf)q)t—Sj © Sy2|cﬁ(1j) < C|JUJ2CI)75‘CO(U]?)51/3_6 ;
b) [¢r0®i0S) —tp0 i 07|, < Ce®F
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Proof. (a) Let Gy, denote the graph representing Wt = PH(W?*) and S* denote the map

from I, to Wt ¢=1,2. Then ®; 0 Sl St OG~1 o™ OGUI, so that

(4.24) J®i 08} = J(St oGl )o (T o Gﬁj) J5 T” ° G- JGp - (JS;)~!

and a similar expression holds for J%_(Uz)q)t_sj. All Jacobians except for J~1Tn are
J J
uniformly bounded by Lemma (note that S! o wall is the natural flow map from
PT(W?1) to W).
Fixing r € I;, by [DZ1], eq. (4.16)], we have
[JgnT" 0 G (r) = JgoT" 0 Gppa(r)] < Ol T"| ooy -
J J J J J J
Also, \JG@(T) - Jijjz (r)] < Ce using (3.5)) and the fact that dws([j'jl, [7]2) < e. Now,

1

(787 () = (ISH T 0] = Fgr 52591755 (1) = TSI,

and since by Lemma J Sf is bounded away from 0, we can focus on the difference.

Now in the notation of Lemma JSf(r) = J5e®_y(1)(Gge(1)) JGge(r), and as already
J J

noted, the difference of JG "’g is bounded by €. Thus we focus on the difference involving

JUJ‘?(I)—t(T)<GUf( r)). Letting Zg Gy (7‘) = (r¢,p¢) and (dry, dpy) denote the tangent vector

rrl
to U; at z;, we have by .

In M _ Ly (dry)*[(cos 1 + T(Z1)K(r1) = 7(Z1) 924)% + (K(r1) — 522)?]
Jﬁjz‘l),r(ZQ)(Zz) 27 (drg)2[(cos g + T(Z2)K(re) — T(Z2)%E2)2 + (K(rq) — %222

where zp = PT(Zy), Z, € Ul, Zy € ®,(Z2). Once again, we pair corresponding terms and

estimate the differences. We have d(zl, z9) < e and |“7/‘P1 — d902| < Ce since dWs(Ujl, (7]2) <e.
This leaves only |7(Z1) —7(Z2)| to estimate. Since by definition of dyys, there is an unstable
curve connecting Uj1 and <I>sj(Uj2), we have d(Z1, Z) < Ce and so |7(Z;) — 7(Z,)| < Ce/2.

Finally, note that J(S! o Glll) = Ji7:1P—7 and so satisfies the same estimate as above.

Since d(T" oGy (r), T" oG (7 )) < Ce by the uniform transversality of the foliation {77+, },
the triangle 1nequahty together with Lemma [3.4] yields that this difference is also bounded
by Cel/2.

These estimates together with Lemma yield by (4.24]),

Now since both Jacobians satisfy bounded distortion along stable curves with exponent 1/3
by Lemma we use the Holder interpolation from [DZ2, Lemma 4.3] to conclude the
proof of part (a) the lemma.
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(b) Fix r € I; and set z = vf(r), Zy = Sf(r), ¢ =1,2. Also, let Y1 = ®,(Z;) and
Y2 = ®;_5,(Z2) denote the images of Z; and Z3 in W1 and W?2, respectively. Now,

(10 @y 0 Sj(r) — a0 Bry, 0 SF(r)| = [ (Y1) — a(Y2)|.

Let 7’ denote the arclength coordinate of we = P*(Y3) and set w; = P*(Y;1). Note that
wy does not have the same arclength coordinate as wsy since the billiard map does not
preserve vertical lines. Using the same notation as in part (a), let wj = G (r') and
Y] = SY(r') denote the lifts of 7’ to PT(W1) and W', respectively. Since w} and wy lie
on the same vertical segment and dyys(Pt(W?'), PH(W?)) < e, we have |w} — ws| < e.
Also, since z1 and zo line on the same vertical line segment, the segment connecting wy and
wy lies in the map unstable cone and so is uniformly transverse to the stable cone. Thus
|wy — wa| < Ce and so by the triangle inequality, |w; — w}| < Ce. It then follows from
Lemma that d(Y1,Y]) < Ce. Putting these estimates together, and using the fact that
|1 0 ST —1p9 0 S2|= = 0, we estimate,

|1 0 @y 0 Sj(r) —ha 0 ®yy; 0 S5 (r)] < [1 (Y1) — Y1 (Y))| + |1 (Y]) — 2(Y2)]
< Cd(Y1,Y{)* < Ce”.

Finally, since 11 and 19 are Holder continuous with exponent «, we again use the Holder
inetrpolation from [DZ2, Lemma 4.3], to conclude part (b) of the lemma. O

With Lemma proved, (4.22), and (4.23)) complete the estimate on the second term in
(4.19). Indeed, we have

(4.25)

241 1/3—
Z [I) (Uz)f(¢j —Jo,, 02 Pt-s;) Y20 Prs;| < ZCHst|‘I’5j(Uj)| /q|JU].2(I)t|L°°(Uj2)E /3-8
J AN J

< Ol fllse*7,

where again the sum is bounded by Lemma (b) (and we used that [®, (U ]2)| is comparable
to ]Uj2|).

It remains to estimate the third term in , which we do using the neutral norm. For
this, we first state and prove a needed bound on the times s; from ,

Lemma 4.5. There exists C' > 0 such that s; < Ce'/? for each j.

Proof. We first show that the collision times of Uj1 and sz remain close throughout their
orbits until time ¢. Let n denote the number of collisions from time 0 to time t.

Let Z € ®(Uj), Y € ®4(U7) be two points such that P*(Z) and P*(Y) are connected
by one of the curves T"(~,) defined during the matching process at the beginning of this
section. Since dyys (W', W?2) < e, we have d(P*(Z), PT(Y)) < Ce and d(Z,Y) < Ce, for
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some uniform constant C' > 0. Now

[T (PT(Z) - |<Z\T T7'PH(Z)) = (T7'PH(Y))]

< Z CAyPd(PH(Z), P (Y))? < eV,
=0

due to the 1/2-Hélder continuity of 7~ (analogous to (3.7)) and the uniform expansion along
unstable curves. Since |7(Z) — 7(Y)| < Cd(Z,Y)'/? < Ce'/? and since t = 7(®_4(Z)) +
77"(P*(Z)) — 7(Z) with an analogous expression for ¢ in terms of Y, we conclude that
|7(®_4Z) — 7(®_4Y)| < Ce'/2. Thus it must be that d(®_;Z,®_,Y) < Cel/2,

Since @, (U 32) and U jl are connected by an unstable curve of length Ce, if we choose Y
in the above analysis to be the point in U ]2 whose translate by s; belongs to this unstable

curve, then the triangle inequality yields s; < Ce'/2, ending the proof of Lemma U

We may now estimate the second term in (4.19)):

/ Fla, w2 Pi—s; Y2 0 Pr—s, —/ I @t 1o 0 Oy
85 (U U2 J

J

5j
(426) _/ as/ fJ(I)S(UQ)@t_S on(bt—S ClS
0 ?,(U?) J
— [To. [ rovisptiiotids,
0 U? J

Thus, recalling (2.11)), (with s; < C'y/e by Lemma [4.5])

4 27)

/ Os(fod® )JUzq)tq/Joétdeds—/ / (Orf 0 ®@p)|p=s 0 P Ji72P (¢ 0 ) dmyy ds
Uz? J

< sjll fllo, |2y @ (4 0 cI)t)|CD‘((U]2)) < Csill fllol w2 ®tlpee 2y »

where once again, we have used Lemma 3.6{ and

We use Lemmam 4.5 together with (4.26)) and to estimate the third term in ,

>

J

<> CllflosilJu2 el oo 2)
j
<[ fllo,

/ qu> (U2) Pt—s; Y20 Prs, —/ 2@y ihg o By
<I>5j(U2) Uj2 J

where again we have used Lemma [3.§|(b).
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Now we use this bound, together with (4.18]), (4.21)) and (4.25) to estimate (4.16)

‘/ Lif de—/ th%dmw‘ < C|f|lse"?+ C|| flt AP
wi w2

+ClIf 15>~ + Cll flloe™?.

(4.28)

Since v < min{l/q,a— 8} < 1/3, we divide through by £7 and take the appropriate suprema
to complete the proof of (4.4)).

4.3. Strong continuity of £; on B. To complete this section, we state and prove the
announced lemma on the regularity of ¢t — L;. (See also the variant given in Lemma
below.)

Lemma 4.6 (Strong continuity). For each f € B we have limy o ||L¢f — f||s = 0.

Proof. First we prove the statement for f € C% NC?(£), then we extend it to general f € B.
We fix f € C% N C?(Qp) and consider each component of the norm separately.
To estimate the strong stable norm, fix W € W* and ¢ € C#(W) with \W|1/q|¢|cﬁ(w) <L

Thenm
t
[ = poamy= [ [ o.zops pamy.
w w Jo
As usual, by the group property (see ), we have
(4.29) Os(Lsf) = 0r(fo®r)|r=00 @5 = (Vf 7)o ®_s=Ls(Vf-7),

where 7 denotes the unit vector in the direction of the flow. Since Vf -7 € C'(Qq) C B°
(it is not an element of C2 or BY in general, but this is immaterial) we can apply (4.14)) to
estimate,

t
/ (Lof — ) dmy = / / Lo(Vf - A)bdmyds < CHIV S -lls + |V f - i) |
w 0 w

where (3.12)) gives [|[Vf - 7lls + [V f - flw < [[Vf - 7lco. Taking the supremum over W and
1) yields the estimate on the strong stable norm,

1£ef = flls < CEHIVE - llco -

To estimate the unstable norm, fix € > 0 and let Wy, Wy € W* satisfy dyys (W1, Ws) < e.
Take ¢; € C*(W;) with [¢i]cany < 1 and d(i1,12) = 0. Then using again (4.29) and

26 Note for any curve W and any x in W, the point ®,(x) only hits 9Qq at finitely many times s, recall
also that f € C2.



42 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

(4.28)), we have

/W (Cof — Pyondmy — [ (Lof — P dmuy

Wa
_ /w1 /0 (Lo f)ds iy — /w2 /0 (L. )ds i diy
= [ ([ 2w anam [ 295 pvadme )as
0 Wi Wa

<tC(IVf il + V- illus? + [|Vf -l P + |V F - illoe?) .

Dividing through by €7 (recall that v < 1/3), recalling (3.12)), and taking the appropriate
suprema yields the bound ||Lif — fllu < Ct|V S -1lcr-

Finally, to estimate the neutral norm, we fix 0 < |rg| < 1, W € W? and ¢ € C*(W) with
|¥|ca(wy < 1. Then using (4.29) and the neutral estimate (4.3), we have,

/ 0, ((Leh — ) 0 ®y) o drmuy
w

- /W o, ((/Ot L.(V] - i)ds) o<1>7~>

t

- / / O (Lo(Vf ) 0 By) o b dimy ds
0o JW

< CtIV S -iillo.

o P dmyy

Taken together, the estimates on the three components of the norm imply the bound
IL:f — flls < Ct|Vf - Aller, which proves the lemma for f € C%(Q9) NCY.

For more general f € B, we proceed by approximation, just like when proving [BL,
(3.12)]. Indeed, by the definition of B, in particular , we can approach any f in B by
a sequence, Ly, (hy,) with h, € C?(€) NC° and t, > 0. Then we write

Lo(f) = | = Lo(f = Liphn) + Lo (Le(hn) = ) + (Lt hon = f)-

By Proposition there exists C' so that we have ||£.f]|z < C||f|s for all f € B c B°.
The first and last term in the right-hand-side above tend to zero in B as n — oo, uniformly
in0<t<1. Then,

€6, (Le(hn) = Ba)ll < ClILe(n) = hulls,

so that it suffices to see that limyo [|L¢f — fllg = 0 for any C? function f € C%, which is

~)

precisely what we proved above. O

In order to apply the results of Butterley [Bul| to prove Theorem we will employ the
following lemma.

Lemma 4.7. There exists C > 0 such that |Lif — flw < Ct||fl|s for all t > 0 and all
feB.
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Proof. Let f € C*(Qo) and fix W € W* and ¢ € C*(W) with [¢)|ca(wy < 1. Then using the
group property as in ([2.11)) and changing variables,

/thf — f)bdmy = /W /0 C0u(F o B dimyy — /0 t /W 0, (f 0 B,)|r0 0 D_y ) dimypds

t
= / Z ar(foq)r)‘rz(]djoq)s JWZCI)S dedS
O wieg,w) Wi

<tlfllo D 1o Buleaqwylw; Psleaqwyy < Ctlfllo,
WiEQS(W)
where we have used Lemma and Lemma (b) in the last line to bound the sum
independently of s. Now taking the supremum over W and ¢ yields |L:f — flw < Ct||f]lo,
and taking the supremum over f with ||f||g < 1 proves the lemma. O

5. QUASI-COMPACTNESS OF THE RESOLVENT R(z), CONSEQUENCES FOR THE SPECTRUM
OF X

In this section we use the control over L£; established in the previous section to deduce
the quasi-compactness of the resolvent acting on B and obtain the first spectral properties
of the generator X. We begin by defining the generator X of the semi-group acting on
elements of B,

Xf=lim ™ =1
t}0 t
The domain of X is defined simply as the set of f € B for which the above limit converges
in the norm of B. By Lemma [£.6] the operator £; is strongly continuous on B which implies
[Dal, Lemmas 6.1.11, 6.1.14] that X is a closed operator, with domain dense in B.

This allows us to define the resolvent R(z) = (2Id — X)~!. For z = a + ib, a > 0, the

resolvent R(z) has the representation,

(5.1) R(z)f = /OO e FLf dt
0

and is a bounded operator on B.
Recall the hyperbolicity exponents A > 1 from ((1.2)) and A from the growth Lemma
In Subsection [5.1] we will prove the following proposition.

Proposition 5.1 (Lasota-Yorke inequalities for R(z)). Recall that v < min{a — 3,1/q}.
For any

1> A > max{A ™7 A7 NV}
there exists C > 1 such that for all z € C with Re(z) =a >0, all f € B and alln >0,

(5.2) R(2)"flw < Ca™™|flw
(5.3) IRG)"flls < Cla=WmA) " flls + Ca"|fluw

(5.4) IR()"fllu < Cla—A)"|[fllu + Ca ™| f]ls + Ca™"| fllo
(5.5) IR()"fllo < Ca* ™1+ a " [2])| flw-
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From this proposition, we deduce below a bound on the essential spectral radius of R(z):

Corollary 5.2 (Spectral and essential spectral radii of R(z)). Let A < 1 and C be as in
Proposition . If the constant ¢, defining the norm in B is small enough (depending only
on C' from Proposz'tz'on then, for any z = a +ib with a > 1, the essential spectral radius
of R(2) on B is bounded by (a —InX)~", while its spectral radius is bounded by a™".

Remark 5.3 (Optimal strip). Since our choice of homogeneity layers gives o < 1/3, it is
easy to see that the optimal choice for our parameters in view of Corollary[5.7 is

1 1 1 1 1
5 a_ga ﬂ_é') 7_67

q 2

giving a Banach space B for which we can take A> A arbitrarily close to A=Y/6. By
choosing homogeneity layers kX with x > 1 arbitrarily close to 1 (see footnote , we could
consider the space B associated to 1/q =1/2, B = 1/4, o < 1/2 arbitrarily close to 1/2, and
v < 1/4 arbitrarily close to 1/4, so that we could take A > A4 arbitrarily close to A=/4.
(This seems to be the optimam strip, since for a piecewise hyperbolic symplectic map or
hamiltonian flow we expect A=1/2 in view of IDLL Remark 5.9|, and the further square root
appears natural in view of the billiard singularity type, see Lemma . ) To get exponential
decay of correlations (Theorem , we shall need to consider in Section@ a Banach space

~1/6

BcB corresponding to > 0 very small, and 1/q < 1 very close to 1 (we can maintain the
values of a and vy). However, the non-essential spectra of R on the Banach spaces B and
B correspondmg to these different parameters coincide (see e.g. |[BT2, App. A], usmg that
the spaces B C B are continuously embedded in (CV4(Q0))*, while their intersection Bisa
Banach space dense in B, recallmg -) so the final spectral result also holds on the space
B for = 2, a= 3, 8= 6, v = =. Note finally that the choice of homogeneity layer decay
also aﬂects the constants in the appmmmate foliation constructed in Section[f and used to
prove Lemma and thus Theorem[1.2. The choice of homogeneity layers made there is
independent from the one used to get Corollary[5.3, and in any case taking 1 < x < 2 close
to 1 will in fact give a better exponent for the foliations in Section |6 and Remark|[1.]] .
Proof of C’orollary- Fixing z = a + ib with a > 0, we choose n > 1 minimal so that
2C/(1 —a tIn )" = v? < 1, where C' is from Proposition Since a > 1, we have
0<cy < (1—a~'InA)~", if ¢, > 0 satisfies ¢, < (1—a~'In )", where (1—a~ 1ln/\) >
(1—-In)\)~" > (4C)~L. Now,
a"[R(2)" flls = a"[|R(2)" flls + cua™ IR(2)" fllu + a™[IR(2)" 0

< C(1 = mA) s + Cflu +euC1 = ™ m3)
(5.6) +euClflls + cuCllf o + Ca* (1 + a™*|2])| flu

<2001~ ™ A (Ul + ullF -+ 17]0) + L+ [ela+ a2l

< vl flls +C(L+ |2la+a®)| flo-

27 In particular, taking other values than the “Hilbert-space” choice ¢ = 2 does not help here. However,
for the proof of Proposition it is crucial to let ¢ tend to 1.



EXPONENTIAL DECAY OF CORRELATIONS FOR SINAI BILLIARD FLOWS 45

This, together with the compactness of the unit ball of B in B,, (Le{nma 3.10)), implies that
the essential spectral radius of R(z) on B is bounded by (a — In \)~!, while its spectral
radius is bounded by a1 g

As a consequence of Corollary we get our first result on the spectrum of the generator
X (see Corollary (9.2 for the final result):

Corollary 5.4 (Spectrum of X). Under the assumptions of Corollary the following
holds: The spectrum of X on B is contained in the left half-plane Rz < 0, and its inter-
section with the half-plane {z € C | Rz > In 5\} consists of at most countably many isolated
etgenvalues of finite multiplicity. In addition, the spectrum on the imaginary axis consists
in a finite union of discrete additive subgroups of R, and if b € R then X = ibyp for ¢ € B
implies 1) € L™, while X1 = ibp for i € L' implies 1 € B. Finally, X has an eigenvalue
of algebraic multiplicity one at 0.

Proof. The arguments are standard, see e.g. [BL, Lemma 3.6, Cor. 3.7]. A nonzero p € C
lies in the spectrum of R(z) on B if and only if p = (2 — p)~!, where f lies in the spectrum
of X as a closed operator on B (see e.g. [Dal, Lemma 8.1.9]). For such a pair (p, p), is easy
to check that, for any k& > 1 and any 1 € B, we have (R(z) — p)*(¥)) = 0 if and only if
(X — p)F(1) = 0, so that p is an eigenvalue of R(z) of algebraic multiplicity 1 < mg < oo if
and only if p is an eigenvalue of X of algebraic multiplicity mg. The first two claims then
follow from Corollary

It remains to study the spectrum on the imaginary axis. First note that if X (¢)) = iby
for b # 0, then R(a + ib)(¢)) = a~'+). Another simple computation, using [Dal, Theorem
6.1.16] (noting that Uy = ety satisfies 3t¢t|t ¢ = X(ws) so that Et(wo) @t) gives

(5.7) Yo d; =e Py,

In the following, we will use two properties of B: First, there exists a set D C L (X))
dense in B (see and use that £; is a contraction in L*°). Second, if ¢ € B and
[epdr =0 for all ¢ € C?, then ¢ = 0 (due to the embedding properties in Lemma .

We next show that 1) € L® if ¢ o ®; = e~} for b € R. We already observed that this
implies R(a + ib)(v)) = a= 9. Next, let {¢;},, (1 = a™1, be the finitely many eigenvalues
of modulus a~! of R(z). By the spectral decomposition, [Kal, we can write

K
(5.8) R(z) =Y _[GILi(2) + Ni(2)] + Q(2), z=a+ib,
i=1
where the operators II;(z) and N;(z ) are finite rank, the II;(z), Nz(z) Q(z) commute,

with I1;(2)? = ILi(2), ILi(2)Q(2) = N;(2)ILi(2) = 0, for i # j, I;(2)N. (): Ni(z), and,
if N;(z) # 0, there exists d;(z) € N such that N;(2)%()*! = 0 while N;(2)%®) # 0. In
addition there exist C(z) > 0 and po(z) < a~! such that [|Q"(2)|| < C(2)po(2)".

(W
suppress the z dependence when no confusion can arise.) We next show that N;(z) =0 for
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alli e {1,..., K}. Assume otherwise, then, for any n > 1, we would have
K di(2) )
=2 < >C] "IL;(2)Ni(2) + O(po(2)") ,
=1 j=0

which, setting d = min; d;, would immediately imply that there is ¢ € B for Which

|R(2)™| > C’( Ja~"n¥?) contradicting (5.2). Accordingly, the decomposition (5.8) im-
plies lim,,_y00 + =Y o akR( )k =TI1(2). Let wo € D, then for k > 1, using that £; preserves
volume,

00 tkfl —at
(5:9) @R )| < a [ 0l de < ol
00 o (k—1)
Hence, for each 19 € D and ¢ € C,
(5.10) ‘ [ @) s < olo el

This implies that II;(D) C L. Since the range of II; is finite-dimensional, it follows that
I1;(2) is bounded from B to L*°, proving our claim that ¢ € L.

We next check that if ¢» € L'\ {0} and R(a + ib)(v)) = a~ ¢ for b € R, then ¢ € B.
Consider a sequence {t.} C C°° converging to 1 in L'. Then the limit

n—1

. 1 L k B .
JLH;OEZCL R(2)" (), z=a+1b.

k=0

always exists, and it is zero if a=! & sp (R(2)), while it equals IT; (2)(v.) if a=! € sp (R(2)),
where IT1(2) is the eigenprojector associated to a~!. In the first case, for each p € C?,

‘/de

We would then have i = 0, a contradiction. Hence a
computation as above

tkl

< lim lim — Z / at ‘ — Y| - [po ®(t)|Leo dt

e—~»>0n—ocon

S lim |T]Z)5 — ¢’L1 . |§0|Loo =0.
e—0
~1 is an eigenvalue, and by the same

(5.11) \ [ =@ e < v vl -l

Since Ty (2) is a projector, I1(z) = 3, ¥k (2)[€x(2)](-), where ¥y (2) € BN L™, the f4(z)
belong to the dual of B, and €;(1j) = dx;. Then (5.11) shows that ¢4 (1)) is bounded
uniformly in e. We can then extract a subsequence ¢; such that I1;(z)(t,) is convergent.

Thus, ¢ is a linear combination of the 1, concluding the proof that ¢ € B.
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We next use the facts about L' and L to show the discrete subgroup claim. If X (¢y) =
ibgr, with ¢y # 0 for k € {1,2}, we have 11,19 € L, and
(5.12) R(2)(Y1y2) = / e (1o ®_y) (20 Py)dt = ¢1¢2/ emHtFib1Hb)t gy
0 0

= (Z — ibl - ib2)_1¢1¢2 .

Clearly, ¢ = 9199 € L'\ {0} and R(a + by + ibs)(¢p) = a~ 14, so that ¢» € B. Then,
implies that either 1192 = 0 or iby + iby € sp (X). A similar argument applied to vy,
shows that —ibj, € sp (X). Thus |¢x|? belongs to the finite dimensional eigenspace of the
eigenvalue zero and {imby }mez C sp (X). This ends the proof of the subgroup claim.
Finally, if A is a positive measure invariant set, then Id4 € L*° (which belongs to B
by the argument above) is an eigenvector associated to zero, and if ¢ is an eigenvector
associated to zero (we can assume without loss of generality that 1 is real) then {¢) > A}
are invariant sets, that is, 1) must be piecewise constant (otherwise zero would have infinite
multiplicity). In other words the eigenspace of zero is spanned by the characteristic functions
of the ergodic decomposition of Lebesgue. By ergodicity of the billiard flow, zero is a simple
eigenvalue. ([l

5.1. Norm estimates for R(z). In this subsection, we prove Proposition . We will use
repeatedly the fact that for any z € C with Re(z) > 0,

I <7fn—_11>!6_2td’5‘ < (Re(2)) ™"

Fix 1> \ > max{A~? A=Y, A\0=1/9} Due to (5.1)), the iterates of R(z) satisfy by induc-

tion,

(5.13)

00 n—1
(5.14) R(z)”f:/o (nt_l)!eztﬁtfdt.

Now taking W € W?* and v € C*(W) with |[¢)|caw) < 1, we have by (4.7)) and (5.13),

n _ > tnil —zt —-n
/W R(2)"fdmwy = /0 /W ﬁtfwdeme dt < O|flwa™,

which proves (5.2)).
Similarly, taking ¢ € C*(W) with [W["/9|y)|cs gy < 1, we have by ([E14),

n—1

n > t —Z
/WR(Z) fl/)de:/O /Wﬁtfwdmw(n_l)!e Lt

< /OOO[C<A—W+At<1-1/q>>\|f||s+0|frw1

n—1

(n—1)!

e qt

< Cla—mA) [ flls + Ca™"|flw,
where we have again used (5.13)), proving (/5.3]).
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To prove , fixing ¢ > 0 and taking W1, Wa with dyys (W1, Wa) < e, and ¢; € C*(W;)
with [¢hi]ceqw, < 1 and d(¢1,12) = 0, we estimate

( [ Ry fondm — [ RE)Svn dmw>

Wa

[e%¢] n—1
= / tf,e—”s_7 < Lif 1 dmy — Lif o dmw> dt
o (n—1) Wi W

< [T aew c dt
< /0 Gy N+ €+ 171)

< Cla—1A) " fllu +Ca™ (I lls + 11/ ll0)

where we have used ([5.13) and (4.4)). Taking the appropriate suprema proves (|5.4)).
We prove the neutral norm estimate (5.5). Let W € W?* and ¢ € C*(W) with [¢)[ca) <
1. Using the definition of the neutral norm, we write for f € BN CL(y),

/ s((R(2)" ) © By)lso ¥ dimyy
w

> fzt

/W/O n — ]_ 85 ((Etf) 0 (I)S) ’8:0dt¢dmw
o0 n—1

/ /0 t e #0y(f 0 D_y)|s—y dt1h dmp

n—l

" 2 P 1 .
) G v

where in the last line we have integrated by parts and used the fact that L;f = f o ®_,.
Finally, taking the supremum over rg, recalling the weak norm estimate (4.7]) for the average
on W and integrating with respect to dt yields (5.5)). This ends the proof of Proposition

6. CONSTRUCTION OF APPROXIMATE UNSTABLE LIPSCHITZ FOLIATIONS
Fix a length scale 0 < p < Lg. For any (flow) stable curve W € WW? such that
(a) d(W,00) > 2Cyp and (b)) PH(W) C Hy,, ,
where Cy > 1 is defined by and ky satisﬁe kw < C’p_l/5, and for any s > 0 and

any ¥ such that ®;(W) remains at least Cyp away from a collision for all [t| < |20, we
shall construct in Theorem below a surface F,, ;0 containing ®,0(W) and transversal to
the flow, and a transverse foliation of a two-dimensional neighborhood of W' in F,, o by
(one-dimensional) curves « so that each v is a flow-unstable curve, and so that ®_;(v) is
an unstable curve for 0 < ¢ < 3 and “most” curves 7.

But first, we need to define good local coordinates (making precise Remark :

28 The exponent —1/5 comes from our choice of homogeneity layer (the length of the fiber, k%, p must be
less than the width of the strip k;v?’); this choice will impact the exponents throughout this section, without
further notice.
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Remark 6.1 (C? cone-compatible Darboux charts). Let W satisfy (a) and (b) above. For
any Z € W, by (b) we have cos o(P(Z)) > Cp*/® for some C > 0. Similarly, if Z' € Qq
satisfies d(Z, Z") < Cyp, we have T(Z') > Cap/2 and cos p(PH(Z')) > Cp*/> since P(Z')
lies either in My, or Hy,,+1. Thus it follows from that the width of the stable cones
at Z and Z' has angle at least of order p2/5, and the mazimum and minimum slopes in
C3(Z) and C*(Z") are uniformly bounded multiples of one another. Similar considerations
hold for the unstable cones. Thus, fizing Z € W, we may adopt local coordinates (z*, z*, x°)
in a c1p neighborhood of Z, as introduced in Remark[2.4), for which the contact form is in
standard form and Z is the origin. By the above discussion, the charts effecting this change
of coordinates are uniformly C>. The constant ¢y > 1 is chosen large enough that the box
{(z%, 2%, 2%) : 25 € W, |2¥| < 2p, |2°] < 2p} is well-defined in these new coordinates, and if
necessary, Cq s increased accordingly.

Adopting such local coordinates x%, z*, and 2° such that W = {(0,2%,0) : ° € [0,|W|]},
for each fixed 0 < @ < 1/20 and s > 0, and each z° so that d(®;(W), Q) > Cyp for all
[t| < |2°|, Theorem [6.2| will provide a surface

F = {F(z", 2%) = (2", G(z", %), H(z", 2°) + 2°) : 2* € [0, [W]], 2" € [-p, p]}

transversal to the flow @4 and so that the curves % — s (%) = (¥, G(z¥, z%), H (2", x®) +
20) are pairwise disjoint, satisfying additional requirements. (We write v € F and view F
as foliated by the curves v = 7,s; in particular, VZ = (0,2°,0) € W, the curve vz := 7, is
the unique v € F such that yN'W = {Z}.)

Theorem 6.2. Assuming conditions (a) and (b) above, for each fized 0 < w < 1/20 and
s >0, and each 2° so that d(®,(W),0Q0) > Cyp for all |t| < |20, it is possible to construct
F = F, 20 so that it satisfies the following conditions, for a constant C' depending on w,
but independent of p, », 2°, and W :

(i) O H = G, which implies a(0,uF) = 0, i.e., each v € F lies in the kernel of
the contact form a. In addition, each v € F is an unstable curve (in particular,
(1,0,0G, 0, H) € C* and |y| < Lo) with || > p.

(ii) For all z* € [0, |W|] we have G(0,z°) = z* and H(0,z*) = 0.

(iii) Let A, denote the set of Z € W such that the s-trace of ®_,.(vz) contains no
intersections with the boundaries of homogeneity strips or tangential collisions. Then
for any Z € A,,, we have ®_4(vz) € W for all 0 < s < .
(iv) mw (W \ A,) < Cp.
(v) C71 <|0,:G| < C, which implies ||0psOpu H| o < C by (i).
) 0pudysG € CO and ||0pudys G| e < Cp=4/5.
) The following four-point estimate holdsm

|02 G (2", %) — 0ps G (2", y®) — 0ps G(y", 2°) + 00 G(y", y°)]
< Cp—4/5—11w/15‘$u - yu‘1—7w‘xs . ys‘w )

(vi
(vii

29 In view of the fact that Dolgopyat [Do] only needs C' foliations, see also [BV], it is possible (but far
from obvious, given the different context) that this condition can be dropped.
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(viii) [|8zs Hlleo < Cp and ||Ops Hl|cw < Cpt/57116=/15,

The rest of the section is devoted to the proof of the above Theorem. We will first
(Subsections construct a foliation with the (analogue of the) above properties in a
neighborhood of P+ (W) in the phase space M of the billiard map and then (Subsection [6.5])
describe how to lift it to W to get a foliation for the billiard flow. Before this, we mention
a remark which will be useful below:

Remark 6.3 (Taking the exponential of a four-point estimate). We claim that if (ii), (v),
and (vi) hold, then to show (vii) it is enough to prove (vii) for the function log 0sG (up to
changing the constant factor). Indeed, first observe that (vii) for log 0;G at x* = 0 gives
|02 G(y", %) — 0w G(y*, y°)|
< O| log ast(yu’xS) —log asz(yu7ys)| < 02p—4/5—11w/15‘yu’1—7w|x5 - ys|w
< 202p1/5(17116w/3)|x3 _ y3|w < 202’xs _ ys’w'

(Recall that w < 1/20.) Then note that for any Co > 1, there is a constant C' depending
only on Cx so that, if a function g(z*,x®) satisfies |g|r~ < Cs, and

sup [g(z", %) — g(z",y%)| < Cslz® —y°|™, sup|g(z”,2%) — g(y", 2°)| < Culz" —y"|,
T xS
and
lg(a®, %) — g(x™,y°) — g(y*, 2°) + g(y*, y*)| < Cuslz® — y"|* 7 |2* — y*|7,
with C,Cs < CosoCls, then

|exp g(z", 2%) —exp g(z", y*) —exp g(y*, 2%) +exp g(y", y*)| < C'Clslz" —y"|* 7 |2 —y*|@ .

Indeed, first write exp g = Y peq 9% /(Kk!). Then note that an easy induction gives |g(z*, z°)*—

g(x",y°)F| < 221CK o — o7 and |g(a¥, 2%)F — g(y*, 2°)F| < 2571CKT I Cula — | for
all k > 1. Finally, the trivial formula

aa' —bb —cd +dd = c(d =V - +d)+(a—b—c+d)d + (a—c)(a' =)+ (a—b)(b —d'),
implies

lg(z", 2°)F — g(a®,y°)F — g(y", 2°)" + g(y*, y°)F| < 2" 1CE Cusla® — y* ' |a® — ¥,
for all k > 1. To conclude, use 3~ 2k=1Ck=1 k) = (204, ) ~1e2C=.

6.1. Constructing the regular part of the map-foliation, (iii-iv). We construct the
analogue A,, for PT(W) of the domain A, by putting a transverse foliation on curves
PH(W;) for W; € G,.(W) (recall Definition and pushing it forward to PT(W). Let
W; € G,.(W). This fixes n = n(W;) such that T"(P*(W;)) C P*(W).

Using (a), we choose a uniformly C? foliation of curves {¢} lying in the unstable cone for
the map and transverse to P (W;) of length |¢| = k&, p/|J¢T"(z¢)|, where zp = PT(W;) N,
J}T™ is the (unstable) Jacobian along ¢, and ky is the index of the homogeneity strip
containing P*(W). We call this foliation {£.}.c p+w,) a seeding foliation. Those curves £ on
which T™ is smooth (in particular, avoiding intersections with the boundaries of homogeneity
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strips) create a transverse foliation of map-unstable curves 5 = T"(¢) over the subset A, of
PT (W) such that T7(¢) is a homogeneous unstable curve for each j = 0,1,...,n. We now
estimate the size of A,, in P+ (W).

If 77(¢) is a single homogeneous curve, then it has length

(6.1) IT9(0)] = G Ry p/ T (o T (T (20))

where

Ca(j) = 14 Casupd(TV(z), T’ (y))'/3,
€,y

with Cy is the distortion constant from Lemma[3.5] Slightly abusing notation, we replace Cy
by max{Cy, max; C4(j)}, observing that sup,, , ; d(T7 (x), T (¥))'/3 is bounded uniformly
in p, W and s. Consequently, |3 = |T"(¢)| = CE'kZ,p.

We note that by property (b) above regarding the homogeneity strip into which W is
allowed to project, we have k%,vp < Cky2, so that there is no need to cut any curves T/ that
have not already been cut previously at time 1,...n — 1, since they will automatically lie in
a bounded number of homogeneity strips and so enjoy bounded distortion with a (properly
adjusted) distortion constant Cy. Since the expansion in one step at x is proportional to
the reciprocal of cos p(Tz), and this in turn is proportional to the square of the index of
the homogeneity strip containing 7'(x) (see [CM, eq. (4.20)]), it follows that the unstable
Jacobian at the last step is proportional to k%,[,, in other words

(6.2) Ky | T, T (T 20) < Cy.

The set of cuts appearing in forward iterates of £ is the extended singularities set S& from
Definition The growth lemma from [CM] we shall apply below estimates the measure of
the subset of W; for which the corresponding ¢ are cut by considering the iterate j at which
the cut is made, and estimating the length of T7(W;) that has had its 77(¢) cut. For this,
we claim that we need only look at the sets S1, S—_1, and the boundaries of the homogeneity
strips (and not any of their iterates): Notice that if a curve S is in &1 \ Sp, it has a negative
slope (is a stable curve). Its image under T, if it does not belong to Sy, belongs to S_1 \ Sy
and so has a positive slope (is an unstable curve). There are exactly two “images” of curves
in 81\ Sp, one coming from each “side” of the curve which goes to a different scatterer.

We make cuts at time j when either (1) 77(¢) crosses the boundary of a homogeneity
strip; or (2) T771(¢) crosses a curve in §; whose image belongs to S_1 \ Sp. (These are the
only two possible cases: If T771(¢) crosses a curve in §; whose image belongs to Sy, then
in fact T7(¢) will cross the boundary of a homogeneity strip; and this is case (1).)

For (1), the boundary of the homogeneity strip is horizontal (in the global (7, ¢) coordi-
nates), so the stable curve T7(W;) is uniformly transverse to it. Thus the length of 77 (W;)
that has its 77(¢) cut is at most a constant times the length of 77 (¢). Here it is important
that T7(W;) is transverse to the boundary of the homogeneity strips and not whether 77 (¢)
is, although in fact, they both are.

For (2), although S; is made of stable curves (with negative slope), we do not cut 77~1(¢)
when it lands across this curve (note that at time j — 1 the derivatives are still comparable
along T7=1(¢) — there is no problem with smoothness or distortion at this step). We cut
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at the next step, when T771(¢) maps to T7(¢), which now has two (or more) connected
components. The subset of T7(W;) which is missing part of its foliation {77(¢)} is the
subset of T7(W;) whose T7(f) intersects this singularity curve in S_; (the image of the
curve in §; at time j —1). Again, it is the uniform transversality of S_1 \ Sy with the stable
curve T7(W;) that guarantees that the length of T7(W;) that has had its 77 (¢) cut is at
most a constant times the length of T7(¥¢).

Thus, there exists a constant Cp, depending only on Cy; and the uniform transversality of
stable curves and extended singularities (as explained above), such that if the intersection of
Ti(¢) and TV (P*(W;)) lies at a distance at least Cop/Ju;, 7"/~ 1(T7 ) from the endpoints
of TI(P*(W;)), then T7({) is not cut at time j, j = 0,1,...n — 1. (Recall that we do not
cut at the last time step n when we arrive back at P (W) because P+ (W) is already a
homogeneous stable curve.)

Setting i = n — j and letting r_;(2) denote the distance from T7%(z) to the nearest
endpoint of the connected homogeneous components of T—*(W) belonging to G;(W), we
conclude that if T7"~*(¢) is cut at time i, then r_;(z) < CopA, "™, where z is the point of
intersection of 7"~¢(¢) and T~4(W), and Ag > 1 is defined above (1.2]). Thus

PTW)\ A, C O {zePt(W):r_i(z) < CopA~"} .
=0

Using the growth lemma [CM| Theorem 5.52 and Exercise 5.49], there exist constants
C >0, Ay < 1, such that for all € > 0,

mp+y(r—i(z) <e) < C()\(]Ao)imp+(w) (ro(z) < eAy") + Ce|PH(W)|
< 20N, + Ce|PT(W)).

Applying this bound with € = CopAj 1 and summing over ¢, we estimate,

n—1
mP+(W)(P+(W) \Z%) < ZC’pAaZJrl)\B + C/pAaz+1|P+(W)| <C"p.
=0

This implies the analogue for A, of item (iv) of the foliation since the expansion from
P*(W) to W is of order 1 by Lemma [3.4]

6.2. Smoothness of the regular part of the map-foliation, (v—vi—vii). We proceed
to check the regularity of the parts of the foliation {¢,} %, Which survive uncut until
time n.

Let W; C P*(W;) denote the maximal subcurve of P*(W;) such that {T"(.}, g7 =
{¥a2}pernyp, is not cut. Let k; denote the index of the homogeneity strip containing
T"=3(W;). Since the foliation is not cut at step j and has length given by , there
exists C' > 0 (depending only on distortion and uniform transversality of the unstable cone

zeT—
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with the boundaries of homogeneity strips) such that for any ¢ so that z, € W,

(6.3)

U i n—j 2/3
kiyp < Ok:3 CJpn— 7 (T ng)> :
Tn—i¢

! . k2 <
U T](T"_JZZ) - J = Rj= < kIQ/Vp

Now let Vo = T"(W;) C PT(W) and let V denote a map-stable curve such that the
surviving foliation {7} associated to W, via Vj, intersects every point of V. Let hy : Vj — V
denote the holonomy map defined by the foliation {7}.

Set V™ = T~V and note that since the surviving foliation intersects every point of V,
it follows that V™ lies in the same homogeneity strip as W; and the seeding foliation of
unstable curves {¢} intersects every point of V™. Let hy» denote the holonomy map from
Wi to V™.

The following lemma is a reﬁnementlﬂ of [CM| Theorem 5.42| for the Jacobian Jhy . (We
shall use it below to obtain claim (vi), after we relate the Jacobian with d,sG in appropriate
coordinates.)

Lemma 6.4 (Bounds on the Jacobian outside of the gaps). There exists C > 0, independent
of W, p, and », such that for any x € Vp,

. (JaoT-%c)

In Jh =

< O(d(z,2)p 2 Phy? + ¢y (2, 7)) .

Jhyn (T—”x)>

where & = hy (z) and ¢y (x,Z) is the angle between the tangent vector to Vi at x and the
tangent vector to 'V at x.

Proof. We begin by writing,

n—1
InJhy (z) = In Jhyn(z,) + > InJ5 5, T ) — InJ5;, T1(z,)
=0

where x; = T~ (z) and &; = T7(%), j = 0,1,...n.

Letting x; = (1}, ¢;), K;j = K(r;j), 7j = 7(z;), and similarly for ¢;, IC; and 7;, we have
the time reversal counterpart to [CM, eq. (5.24)],
(6.4)
In J%,jVOT_l(xj) = —Incos ¢;1+1n(cos v +7j41 (K;+ Vi) +5 ln(l—{—VJZ_H)—% ln(l—l—VJZ) ,
where V; < 0 represents the slope of the tangent vector to T77(Vp) at x;. Using the
analogous expression for InJ5_; . T~!(;) and letting ¢, denote the curve of the initial

30 The analogous time reversed counterpart from [CM] would be |In Jhy ()| < C(d(z, &)/ + ¢v (z, 7).
Here, we leverage the fact that we require the transverse foliation to survive for only n steps (not for all
time) in addition to the fact that the surviving curves must be long in the length scale p, to improve the
exponent of d(x,Z) to 1, at the cost of having the constant depend on p.
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seeding foliation containing x,, we first compare,
[pj+1 — P+l - 2
T < Cd(xjt1,%j+1) ki
<C d(z, ) (g1, T (1))
B J%n—j—lgnTjH(xjH) k%gpw?’
<o d(z, ) SC%,
Ky p2/3(J%nfj—1gnT]+1(xj+1))1/3 P2/3kWA0
where we have used (6.3)) in the second line, and Ay was defined above ([1.2]). (We refer to
the explanations above (6.2) regarding the factor kIQ/V) The other terms appearing in (6.4])

are bounded and differentiable functions of their arguments, except possibly 7;, but for this
we have

|Incos i1 —Incos@jpi| < C

ITj+1 = Tyl < Cd(xj, %) + d(wj1,T541)) < Cld(zj, 75)
(see [CM] eq. (5.28)]). This combined with the previous estimate yields,

I T35y, T ) = I J5 s TH@E)] < Cld(, 2) A7 (07 ky? +1) + 6 + ¢41),

where ¢; is the angle formed by the tangent vectors to TV, at xj and T IV at Z; (in
particular ¢g = ¢(x, ).
Now it follows from [CM] eq. (5.29)] that

¢; < Cld(z,&)jAy7 + doAy”),
and summing over j completes the required estimate on the difference of Jacobians.
Finally, we estimate In Jhyn(x,,). Since the holonomy hy«~ : W; — V" corresponding to

the seeding foliation is uniformly C2, its Jacobian is a C! function of the distance and angle
between the two curves. Thus using again [CM) eq. (5.29)],

[0 Thye (20)] < C(6(n, Fn) + d(n, ) < C(d(z, F)nAG™ + bz, F)AG™)
Combining this with our previous estimate completes the proof of Lemma O

We adopt smooth local coordinates (z*,z°) € M in which to write the foliation 5 =

(%, G(z*,z°)), where z* and Z° range over the relevant intervals. The curve V} corresponds
to {(0,z°) : z® € [0, |Vbl|]}, and (this is the first condition of (ii) for the map-foliation)
(6.5) G(0,7°) = z°.

This is the canonical straightening map of the foliation G, with respect to the point (0,0),
i.e., the map sending the horizontal lines of R? on the leaves of the foliation, preserving
vertical lines and equal to the identity on {0} x R. In other words,

F(z*,z%) = (z*, G(z", %))
where G(z%,z°) is the first component of the point on the vertical through z“ on the
leaf going through (0,z°), with G(0,z°) = z°. Geometrically, z° — G(z",z°) is the
holonomy hg .z« of the foliation between the vertical transversals at 0 and Z“, so that
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OzsG(z%, %) is the Jacobian of this holonomy between verticals.The image U under DF of
the horizontal vector field is tangent to the foliation, and has first component equal to one,
ie., U@, z%) = (1,u(z*,2°)), with u(F(z%,2°)) = 0z G(2%, 7°).

We next use Lemma to derive the smoothness properties (v)—(vi) of this foliation.
Write V' = {(v(z*),z*)} for some smooth function v. Taking V' = V, in Lemma [6.4] to be
the (purely vertical) curve defined by v(zZ*) = ¢ for some constant ¢ (which we can do since
the map-unstable cones are globally defined, i.e., they have a uniform width), we have by
the above discussion,

(6.6) Jhy, (0,7°) = 0z:G(c, %) .
Since # = hy () implies d(z, %) < Ck¥,p, we have
(6.7) d(x,2)p Bky? < Cp'/3.

Thus Lemma implies that dz:G is bounded independently of p (both above away from
infinity and below away from 0), proving the analogue of (v) for P*(W).
The next lemma establishes the analogue of (vi) for G.

Lemma 6.5. 0;.0z:G € CY and there exists C > 0 such that |0zu0zsG|oo < Cp*2/3k17v2.

Proof. Since we have chosen a smooth change of coordinates, angles in (r, ¢)-coordinates
are transformed smoothly to (z*, z%)-coordinates. Thus for the family of vertical stable
curves V., we have ¢y, (x,Z) varying as a smooth function of d(zx, Z).
We have
0zu0z:G(c, %) = 0.Jhy, (0, 2°) .

First we prove the bound on |9z«0zsG|s. As before, let V* = T~"V,, and let hy» denote
the holonomy along {%} from Vj* to V*. Note that
Jhyn

c+6
(6.8) The = v,

where th",VZ; 5 18 the holonomy map from V" to V5. For each z*,
Ji, T77(0,7°)
Ty T (b, (0.7)
Jo, T77(0,2°)
Jy, T~ (hy, (0, 29))
B Jo, T7(0,2°)
Jy, T~ (hy, (0, 29))
Sy, T7" (hy,(0,27))
T T (b, (0,7))
< CopPPhy?

[Thy, ,;(0,7) = Jhy,(0,7°)] = by, (T7(0,2°))

Jhyn (T"(O,xs))‘

Jhy (T~"(0,7°))

Jhypyn (T7"(hy,(0,2%))) — 1
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where in the last line, we have used the smooth dependence of ¢y, (z,z) on d(z,z) and
replaced the factor d(z, ) from Lemma [6.4] by ¢ since the estimates of that lemma hold for
the holonomy between any two stable curves connected by the foliation {%}. (To bound the
first factor via Lemma |6.4) we also used that |c| < kZ,p so that 1+ cp~2/3k;;? < C.) Thus
|Ozu 6@s@|oo < C’p*Q/ Sk;[, , proving the required bound.

To see that in fact 0z.0zsG is continuous, write

Jy, T7(0,2°)
Tl (0,7)

(6.9)  0zu0z:G(c, z°) = d:.Jhy,(0,2°) = 0, ( Jhyn (T_”(O,xs))> .
Since the seeding foliation is uniformly C?, the Jacobian Jhyn is a C' function of its
base point and the angle ¢(zy,ZS) between the stable curves V' and V* at the points
xp =T7(0,2°) and z§ = T~ "(hy,(0,z*)), respectively. Thus we need only consider the
dependence of ¢(x,,, Z%) on c.

Since we have adopted a smooth change of coordinates, the angle ¢(x,, Z¢%) is a smooth
function of the difference in slopes V(zy,) — V(25 of the stable curves V' and V" in (r, ¢)
coordinates, at the points x,, and Z¢, respectively. By the time reversal of [CM| eq. (3.39)]
we have V = B~ cos ¢ — K, where B~ is the curvature of the wavefront just after impact
(under the backwards flow). Thus,

(610)  De(V(wn) — V(E2)) = —BK(ES) + B cos p(F5)B~(i5) + cos (F5) 0B (75

Cc
n

2K (7€) B~ (z;,_4)
cosp(z8) 1 —7(28)B—(2¢_q)

n—1

Moreover, the curvature of the wave front B~(Z5) can be expressed recursively as

(6.11) B~ (%) = —

where % = T3 (hy,(0,2%)). Since our scatterers are C3, K is C! so every term appearing
above is a locally C! function of its argument composed with 77 for some j = 1,...,n,

except possibly B7(z¢_;). Note that this is also true of 7, even though the derivative of
7(z) has a term involving K(Tx)/ cos(Tx). To deal with B~(z¢_,), simply apply relation
recursively with the chain rule to deduce that B~ (z¢) is continuously differentiable
with respect to ¢ if B7(Z§) is. But this last statement obviously holds since the curves V,
are vertical segments in (z%, Z°) coordinates and the change of coordinates is smooth.
Differentiating with respect to ¢ in and using the chain rule together with the
above observations yields a continuous function (which we need not compute) times the

unstable Jacobians J%‘xOT_j (hy,(x0)), where 7, is the unstable curve of the surviving
foliation passing through zy. This last factor is also continuous in ¢ since T is locally C2.

Next we turn to the factor Ji, T7"(hy,(0,2°)) in (6.9). This is simply the product of
factors of the form,

cos 4,0(:%5) + T(:ﬁj)(lC(:i‘j) — V(;i‘g)) 1+ V(:%B?HP

cos p(75,4) 1+ V(35?7

Ty, T7HE) =

¢ j=0,1,...n—1,

using (6.4)). All functions appearing here are again (locally) smooth functions of their
arguments so that as above, differentiating with respect to ¢ and using (6.10) once more
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for 0.V(if), yields a sum of continuous functions times unstable Jacobians of the form
I3 T~ (hy,(z0)), which are again continuous. This completes the verification of the conti-

nuity of dzu0zsG(c, %) and thus the proof of Lemma O

Although the Jacobians of holonomy maps corresponding to billiards are not necessarily
Holder continuous (see |[CM, p. 124]), we shall next see that the holonomy we have con-
structed here does have Holder continuous Jacobian, leveraging the fact that the surviving
foliation must be long in the length scale p, as in the proof of Lemma [6.4

Lemma 6.6 (Holder continuity of the Jacobian of surviving foliation). Let {7} be the
surviving foliation transversal to Vy introduced just before Lemma . Fiz C'" > 0 and
consider the set of stable curves Vi, Vo € W? which are connected by the transverse foliation
{7} and such that the angles between Vi and Vo satisfy, ¢(x,hia(z)) < C'd(x, hia(x)) for
all x € Vi, where hio is the holonomy map from Vi to Vo. We require that Vy be in this
family. For any 0 < w < 1/15, there exists C' > 0 such that given two such Vi, Vo € W*,
we have

Jhlz(vl (i’s), {Z‘s)
Jhia(v1(9°), ¥°)
< Cd(z°,5°)7d(Vi, Va)' =% max{I{:V_I,Q(Q%w)/?’p*2(1+W)/37 k;VS2W/3p—38w/3} 7

In

where V1 is the graph of the function vy, and T°,y° are in the domain [0, |Vp|] of v1.

The proof of the above lemma is in Appendix [A}l In view of , , and Remark
Lemma [6.6| gives the analogue of the four-point condition (vii) for the billiard map.

6.3. Interpolating the map-foliation across the gaps, (vi). We will fill in the gaps
in the surviving foliation by interpolation, to obtain a full foliation in a k%,vp neighborhood
of PT(W). More precisely, we will first obtain bounds on the Lipschitz norm of the tangent
vector 0, F to the foliation across the gaps. Interpolating linearly between the Jacobians,
following [BL, App. D] (see (6.3))) these bounds will then give the analogue of (vi) for the
map, while the analogue of (vii) for the map will be discussed in Step 4.

First, if there are gaps at the endpoints of P+ (W), we may trivially extend the surviving
foliation smoothly across these gaps since no interpolation is necessary.

Gaps are created by the intersection of 7777 (¢) with a singularity curve OIE| with bound-
aries of homogeneity strips, since to not be cut under the original scheme means to lie in a
single homogeneity strip. Some gaps are created by an intersection with the boundary of a
single homogeneity strip. If we choose not to cut those curves 7"~/ (¢) which cross these two
homogeneity strips, we will just be considering unstable curves that lie in two adjacent strips.
The expansion and contraction factors along these curves still enjoy bounded distortion,
with a slightly larger distortion constant. Thus we fill these gaps by simply not cutting the
transverse foliation at time n — j.

31 We use implicitly here that T‘j (P (W)) crosses an extended singularity line only if there exists £ as
constructed in Step 1 so that T"77(¢) crosses a singularity line.
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The parts of the foliation that cross more than two strips will belong to the gap near Sy
for which all curves are cut. For that gap, we linearly interpolate between the surviving
curves at each end of the gap at time 0, and for this we shall estimate the Lipschitz constant
of the interpolation.

If T=7(P*(W)) lands in a neighborhood of Sy it may cross countably many homogeneity
strips. Since we enforce a definite length scale for the transverse foliation, this means
that the foliation is cut in all homogeneity strips above a certain index (depending on the
length of T"~7(¢)). So we can consider this a single gap in our construction (even though
T=3(P*(W)) is subdivided into countably many homogeneous curves).

With this construction, since s > 0 is fixed, there are finitely many gaps in the foliation
of PT(W), each gap containing one or more intersections of P (W) with a curve in S_,,
n< [+ 1

Now fix one gap and choose a segment Vy of PT (W) with surviving foliation on one side
of the gap. This fixes n = n(V}) as the number of iterates appearing in the definition of the
foliation on Vj. Let j be the least integer j > 1 such that an element of T9'(Sy) intersects
P (W) in the gap. (Note that j < n must exist otherwise there would be no gap.) Thus
Vp is contained in a longer curve V4 C P (W) such that T-"(V}) is a homogeneous stable
curve for m = 0,1,...,7 — 1 and which is cut for the first time at time —j. We prove (vi)
for the interpolated foliation by considering two cases.

Case 1. T fj (V1) NSy # (). This implies that 777 (V) crosses countably many homogeneity
strips (777(V1) is not assumed to be homogeneous). At this step, each 7 intersecting Vp is
such that 777(%) is a homogeneous unstable curve of length k%, p/ Jr-i T’ (z), for some

z € T77(%). This implies that the index k; of the homogeneity strip containing this curve
satisfies

(6.12) k5 = oK

' ’ Tt (2)
for some uniform constant C' and any z € T~7(5). (Compare with (6.3).) Thus the length
of the image of the gap in 7—7(V}) is of order k:;Q. Since this is the first time V; is being
cut, T*jfl(Vl) is still a homogeneous stable curve so, using the fact that the expansion
from T=971(V1) to T~7(V4) in the gap is of order k:?, we conclude that for any « € V; the
length of the gap in V; is

(6.13) [VEP| = CF k4 I, T ()

In order to estimate the Lipschitz constant of the foliation with which we want to fill
in the gap, we must calculate the largest possible angle between the edge of the surviving
foliation in V and the part of T7(Sy) crossing PT(W). Note that T7(Sp) is necessarily an
unstable curve, and indeed, the tangent vector to Sy, which is vertical, is mapped into the
unstable cone in one step.
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Using [CM, eq. (3.39)], we see that the image under DT of an unstable curve has slope
V1 given by
oS 1

COS ©0
o + Vo+Ko

where objects with subscript 0 correspond to a base point x and objects with subscript 1
correspond to T'(x).

Let # = So N T~7V;. Now since the slope Vy(x) = 0 and ¢o(x) = 7/2, the slope of the
image of this vector after one step is given by

V1 = + Ky,

Vi(z) = Ky + 2P

70

Let y denote the endpoint of T77(V;) adjacent to the gap and let 4 denote the unstable
curve in the constructed foliation containing 77 (y). Recall that 4 = T™(¢) for some curve
¢ of the unstable seeding foliation of a neighborhood of a curve W; € G,.(W); thus we do
not make any assumption on the slope of T—74 = T™7J({), other than that it lies in the
unstable cone at y.

Letting ¢7(T(x), T(y)) denote the angle between T'(Sg) and T+ (5) at T(x) and T'(y)
respectively, we estimate,

= COS X COS
ST, T) < DA - Vi) < Kale) = K )] + | 2N __conarls)
o )+ R
1
< [K(Tw) = K(Ty)l + —| cos p(Tz) — cos p(Ty)]
11 1 1
+eosp(Ty) | = — } + cos p(Ty) -
r@) 1) "W 1)+ oy

The first two differences above are bounded by a uniform constant times d(7'(x), T'(y)), which
is of order k:;4. As before, |7(z) — 7(y)| < C(d(z,y) + d(T(z),T(y))) < C'd(z,y) < C'k:;Z.
Finally, the last difference is of order cos p(y) = Ck:j_Q. Putting these estimates together,
we obtain

(6.14) ¢ (T(x),T(y)) < Ck;* + Ck; ? cos p(Ty) .

&7 (T (2),T7 (y))
d(T7 (), T3 (y))
our interpolated foliation in the gap. To do this, we note that [CM) eq. (5.27) and following

p. 122| imply

¢ (17 (), T (y)) = Q;j + cos p(T7 (1)) Qj—1

L oS e(TI(y) | ¢7 (91 () 191 (y)) |
cos (151 (y)) (1 (T7 1 (y)) BF (17 Ty)(L+7(T712) BT (17 1(@))) °

The quantity to be estimated is . This will yield the Lipschitz constant of

where BT denotes the post-collisional curvature of the unstable wavefront and the functions

Q). Q)1 satisfy |Q;] < Cd(TY(2), T (y)) and |Q;—1| < Cd(TV~(z), T (y)). Proceeding
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inductively and recalling the expressions for the stable and unstable Jacobians given by
(6.4) and (A.4) , we obtain the following expression for the difference in angles,

j—2 . . . . .
3 (T T < d(T7 =2, TI="™y)+cos o(T9~™y)d(T9~™ 1, T3 —m~1y)
¢ (T l’,T y) —= C Z ;m e Tm(ijmy)J‘s/OTfm(ij)
m=

(6.15)
+ (T, Ty) _
J;l_jﬁTJfl(Ty)J‘S/OT*JH(Tﬂy) '

For each m in the sum we have the following two bounds: For the first term in the
numerator, d(777"(z), 77" (y))/Jy, T~™(17y) < Cd(T’(x),T?(y)). For the second term
in the numerator, there is a gap in the expansion factors, so we need to add the stable

Jacobian, J7._.y, T_l(Tj_m(y)) as follows:

cos (17 y)d(T7 "L, TV 1y)
Jy, T=m(Ty)

< cos (T9™"y)d(TVx, TTy) J§ oy, T~ (T ™y) .

Now since 79-""1(y) € H,, ., we have J5._ -~
for using (6.12), we note that

J%,m,l,T/Tm'H(Tj_m_l(y)) — Jjuj_mfmi(Tj—my)J%7m71’7T(Tj—m—1(y))
< CIfpm T™(TT "y )k,

T-YTi—my) < Ckfnﬂ. Also, in preparation

Putting these facts together and using (6.12]), we estimate
cos (19" (y)d(TI~" " (@), TI~ "1 y)) _ cosp(T"y)d(T7e, T7y) Jqmy, T~ (1Y)

T T (y)) T3 T (T () ~ Ty T(TI =)
o BRI TRy k2T (@), T () s T T )
> J%m_j,—mi(Tj_my) m+1l = J;L‘m ]:mi(Tj m ) k%?)pz/g

< Cd(Tz, TIy) Ay ™ Pl =23

Collecting this bound together with (6.13)), (6.14)), and ([6.15)), we obtain (note that [V#*?| =
d(T7(z), Tj(y))),

& (T (z ) < Z 4/3 k:j_4 + cos cp(Ty)kj_2 ‘ J{}OT—J'H(ij)
d(T9 (), T — Am/3 s Jul_mijl(Ty)J;OT*JH(TJ'y) kit

C k3 cos p(T'y)
J’_qlﬁl—jfyTjil(Ty) J%l—jfyTjil(Ty) .

< Ck;v4/3p_2/3 +

Now using (6.12)), we bound the last term by

k]Q cos p(Ty) - cos p(Ty)(J- ix T(y))*/?
J%l,jiijl(Ty) - (leflij;{Tj—l(Ty))l/Bk%?)pQ/S .
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Finally using the fact that J%,j;/T(y)) < C/cosp(Ty), we conclude

@7 (T9x, TIy)

—4/3 _2/3
- - < .
A7z, Tiy) = C+Cky'"p

(6.16)

This ends the proof of (vi) for the interpolation in Case 1.

Case 2. T=3(V1) NSy = (. This implies that T-7F1(V7) lies on one side of a singularity
curve in S_1, and that one endpoint of 777(V}) lies on a singularity curve in Sy, but not
on Sp. If Vi is such a curve containing a gap, then the other side of the gap necessarily
contains a curve satisfying the condition of Case 1 above. Since the estimate of the angle
difference carried out there was a worst-case estimate (in fact, we started with an angle
outside the unstable cone, while in Case 2, the angle of the singularity curve in S_; will
necessarily be inside the unstable cone), the interpolated foliation across the entire gap can
only have a better Lipschitz constant since we are increasing the distance we have to carry
out the interpolation while not making the difference in angles any larger.

Other curves in S_, may also cross the same gap. But these additional cuts can only
make the gap longer, while again making the difference in angles no worse. Thus they do
not make the Lipschitz constant any larger than the bound derived in Case 1.

We next show that the Lipschitz control (6.16) that we obtained gives the L>° bound (vi)
on the foliation, essentially following the construction from Appendix D of [BL] (the main
difference is that we shall not use induction).

Let (0,z%), % € [d/, V'], denote the stable curve Pt (W) and the interval [a,b], ' < a <
b < b, denote the interval on which the foliation must be interpolated. The surviving
foliation on both sides of the gap is given by 7, (7%, 7°) = (2%, Go(z%, %)) and A,(Z%, 2°%) =
(%, Gy(x*, 7%). Next, fix p € C3([0,1],[0,1]) satisfying (0) = %' (0) = @'(1) = 0 and
?(1) = 1. Define ¥ = (1 — ¢1)@’, where ¢; will be chosen later small enough to ensure the
interpolated foliation comprises unstable curves. Then (0) = (1) = 0 and fol P=1-c¢.

Define (z°) = p(2=2) and ¢(z°) = P(5=2). It follows that ¢(a) = Ozp(a) =
Ozsp(b) = ¥(a) = (b)) =0, ¢(b) =1, f:@ZJ = (1 —c1)(b—a). Now define for all z° € [a, b]
and |5] < k3, p,

‘,i,S

O (2", 7°) = <855Gb(3?“, b) 3

—a

T OpCa(a", 0) x) (1 — ()

—a b—a
5 b
0(z", z%) = p(z",z°) — (1—12()(1))—(1)/ 0o (", 2) dz

(7", 7%) = Gp(T", b)p(Z°) + Go(z*,a) (1 — (Z°)) + /m o(z", 2) dz .

The foliation in the gap is then defined by (2%, 2°) = (2%, 0(2",2°)). With these definitions,
o(z% a) = Go(z% %) and o(z%,b) = G(7%,b). As shown in [BL, Appendix D], ¥ € C!*1iP,
and in particular, C~! < |0zs0| < C, proving the analogue of (v) for the interpolated
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foliation; moreover, choosing ¢; small enough guarantees that the curves of the interpolated
foliation are unstable curves.
To prove (vi), note that

(6.17) 0500300 (T4, 7°) = (050G (T, D) — O3uGa(T", a))¢ (3°) + Ogub(T%, 7°) .

Now, the second term on the right hand side is bounded by the supremum of the surviving
foliations Ozu0zsG, and Ozu0zsGy by a straightforward calculation of dz«#, and this, by
Lemma and following is bounded by Ck:;VQp_Q/ 3,

To bound the first term on the right hand side, we use our Lipschitz bound . Note
that G, (1, a) parametrizes the curve on one side of the gap, while Gy (n, b) parametrizes the
curve on the other. Equation says

(ﬁ(éa(ju? a)v éb(:ﬁu? b))
d(Gy(zv, a), Gy(z¥, b))
where ¢ represents the angle between the two unstable curves at the given points and the
distance between points is measured along a stable curve connecting the two points. Since
stable curves have uniformly bounded curvature, this distance is uniformly equivalent to

Euclidean diﬁtance on the scatterer.
Since OzuG represents the slope of an unstable curve, we have

d(Go(T",a), Gp(T",b)) = |tan™ (9zuGo(T*, a)) — tan™1(9,Gy(z", b))|

1

= W\&zu@a(@“,a) — 95 Gy (z",b)| >

< Chyp723,

m’&fuéa(i’u, G) — 8juéb(iz'u, b)’
for some z € R, and where K denotes the maximum slope in the unstable cone (recall that
we have global stable and unstable cones for the map). Using this estimate together with

(6:16) yields,
05 Gl 0) — D Cp(7, )] < ORI p23(Go(2, ), Go(7, 1)

Now using this together with the fact that |¢/| < C(d(Gq(ZY, a), Gy(Z, b)))_1 due to the

rescaling, we estimate the first term on the right hand side of by C’k:‘;l/ 3p_2/ 3. This
completes the estimate we need for the L® norm (vi) for the interpolated map-foliation.
Continuity of dz«0zso follows immediately from (6.17)) since all functions appearing on the
right hand side are continuous (using the continuity of z:0zsG in the surviving foliation
by Lemma . The continuity extends to the boundary of the gap since Ozu0zs0 (%, a) =
Ozu00(Z%, a) = Ozu0zsGo(T¥, a), and similarly for zuOzso(T%, b).

6.4. Checking (vii) for the map-foliation interpolated across the gaps. In this step,
we prove the analogue of Lemma across gaps and in the part of the foliation that has
been filled by interpolation, this will give the four-point estimate (vii) across the gaps. We
begin by proving a lemma which will allow us to control the Holder continuity of Ozso
defined by interpolation in each gap, specifically that the average slope of the interpolated
foliation across the gap and the derivatives dzsG on either side of the gap are close in the
length scale of the gap.
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Lemma 6.7. Let P+ (W) be a stable curve parametrized by z° € [a’, V] as in Subsection
and suppose the interval (a,b) C [a’,b] is a gap in the surviving foliation pushed forward n
steps. Then there exists C > 0 such that for any T% with |z*| < k%,[,p,

00t - D) Culs"

< Cp_31/105]a _ b|1/7 .

A similar bound holds for Oz Gy(Z%,b).

The above lemma is proved in Appendix [A]

Lemma[6.7] allows us to prove the four-point estimate on the interpolated foliation in the
gap. Let a < 2° < §° < b, and —k%,vp <zt <yt < k%vp be the coordinates of arbitrary
points in the gap. For our first estimate, the estimate on Ozu0zso from Subsection [6.3] allows
us to write,

|0zs0 (%, 2%) — Ozs0(Z", §°) — Ozs0 (", %) + Ozs0 (g, 7°)|
(6.18)

= v =u O i7%) — Osu O~ U —4/3 —2/3|~u _ ~u
Ozu0zs0(2,7°) — OguOzso(2,2") dz| < Cky,""p~ 7|z — 5"|.

We will use Lemma to produce a second estimate on the four-point difference above.
In the following calculation, for brevity, we set M, = Go(7%,a), My = Gy(z",b), M, =
OzsGo(T", a) and My = 0zsGy(Z",b). According to the definition of o, we have for z° € [a, ],

=S b
ajsa‘is()’(i‘u,js) = (Mb — Ma)(p//(iﬁ) + 8@560(57u, is) — (llzt}jl()m(b)a)/ (90(5?“, Z) dz .

In addition, using the definition of 6,

Opbo(",5°) = Mg (1 — (@) — (Mi5=2 + M5E ) o/(2")  and

b b b
[ totat 2z = [ aize e i ds - [ 0g - M0 d
b
= O+ )2 — [ Ofe 4 M=) de.

Now combining these expressions, and recalling that by construction ¢’ = (b — a)_lal and

S0// — @ll(b _ CL)_2 — Mw’ we have

OpsOze (8", 7°) = (My — Ma)" (%) + 222 (1 — (@) — (MyE=2 + M52 ) /(%)

b
- s [og e - [oniE s e @)

/

L)y [t MEML] MM (g y(z))

= I=c)(b—a)

_ b
Y (z° z—a b—z P(z Z5—a b—z°
+ b(fa) [/ (MI; b—a + Méﬁ) (1—61()(;7—0») dz — ( l; ba T MC/L b—a ):|
~® +®+0.
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To estimate @), we use Lemma to conclude that both M/ and Mj] are close to b iw’l,
so that

®] < %QCP—SI/IOB‘G |V < ¢ p 3105 p|=6/T
For ®), we again use that |M] — M| < 20p=31/105|q _ p|1/7 by Lemma <o that
®] < "o~ 1Pa— b7

Finally, to estimate ©), note that the first term inside the brackets is the average value of

M=% + M == 'D Z with respect to the smooth probability measure having density u—cfpm'
Thus there ex1sts y® € [a,b] such that this average value equals the function value at y°.
— b— _ b
|©| = c|1 Méyb aa M!;b a (Ml;l;) aa M(;b a)
_ ¥

= P 0 — My| < C'pm 10— b7,

where we have again used Lemma to bound the difference |M] — M/|. Collecting our
estimates for @), ® and ©), we have the following bound,

(6.19) ‘6jsafs0(fu,.fs)‘ < Cp_31/105|a _ b|—6/7 )

Now we return to the four-point estimate for dzso. Grouping the terms according to
their unstable coordinates and using (6.19)), we estimate,

’(9550’(373“,@3) _ 8xsd( 7 ) aisa(gu’a—;s) + 8f50(37u,§5)’ < Cp_31/105]375 . :ESHa N b’_6/7
< Cp_31/105’§8 _ j5‘1/7‘

Putting this estimate together with (6.18)), we see that the four-point difference is bounded
by the minimum of these two quantities. This is maximized when the two quantities are
equal, i.e., when

|gu - fu| _ Clk%3p39/105|g5 o .fs|1/7 )
Using this relation together with (6.18) again, we obtain,

|0zs0 (2", 2%) — Ozso (T, 4°) — Ozso (", Z%) + Ozs o (y*, ¥°)|

(6.20) < Ck‘;/4/3+28w/3p72/3+13w/3

‘gu ju‘lfﬁzws _ f3|w
which completes the required four-point estimate in the gap for the foliation on the scatterer.

Up to this point, we have proved the four-point estimate both in the gaps in the current
subsection and within each interval containing a surviving part of the foliation in Lemma
However, this is not sufficient to prove a uniform four-point estimate along the whole of
Pt (W) since, given two stable coordinates z*,y® with multiple gaps between them, we
would have to apply the triangle inequality once for each gap. Since the number of gaps
grows exponentially with n, the Holder control established by the four-point estimate would
not extend uniformly across Pt (W). To remedy this situation, our next lemma proves a
bound analogous to Lemma across gaps in the surviving foliation.

)
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Lemma 6.8 (Holder continuity across gaps). Let PT(W) be a stable curve parametrized
by z° € [/, V] as above and suppose the interval (a,b) C [a’,b] contains one or more gaps
in the surviving foliation pushed forward n steps. Fiz C' > 0 and consider the set of stable
curves Vi, Vo € W?* which are connected by the surviving foliation on either side of the gap
such that the angles between Vi and Vs satisfy ¢(z, hia(z)) < C'd(x, hia(x)) for all x € V7,
where hio denotes the holonomy from Vi to Va. We require that P*(W) be in this set. For
any 0 < w < 1/20, |?| there exists C > 0, independent of W and n, such that for any two

such curves Vi, Vo and two points, x, = (G(z%,a),a),zp, = (G(z*,b),b) € V1, we have

0 Jhlg (:Ua)
Jhlg (a:b)

Proof. Using similar notation to Subsection (and the proof of Lemma , let 7 +1
denote the least integer j/ > 1 such that an element of T7'(Sp) intersects Pt (W) in the
subcurve defined by (a,b). This implies in particular, that the surviving parts of the foliation
containing x, and xy lie in the same homogeneity strip for the first j interates of T~ Let
Vz-j =T79V;,i=1,2, and let h_; denote the holonomy map from V7’ to V3. Then,

Jhis(xg) I J‘s/lT*j(:ca) —n J‘S/IT*J'(%) b Jhij(T—jgja)
Jh12($b) J“S/QT_j(hm(.%a)) J%T—j(hlg(xb)) Jh_j(T_ij) '

1 < Ck;VQp_4/5_llw/15d(xa, h12($a))1_w‘a _ b‘w )

(621) In

Since T~%(x,) and T~%(x3) lie in the same homogeneity strip for i = 0, ... j, the difference
of the first two terms in (6.21)) can be estimated in precisely the same way as the difference
of Jacobians in (A.1]) in the proof of Lemma Thus fixing w < 1/15, there exists C' > 0
such that

(6.22)
T ) g T )
Iy, T (hia(wa)) 5, T (hia(a))
< Cla — b7 d(za, h12(%))1_w maX{k;v4/3_10w/3p_2(1+w)/3, k;V82w/3p—38w/3} )

Next we estimate InJh_;(T7z,) using (A11). Let z; = T (z,), zo = 2, and Zg =
hj2(74). Due to (6.22), we cannot use an estimate with a factor better than |a — b and
since w < 15, we do not convert the full power of Jp-isT? (x) in the denominator of the
bound in (A.11]) using Sublemma Rather, we convert J%‘j“’yTj (2;)35%/% after noting
that 35w/9 < 7/27 < 3/5. Thus,

(0, To)|a — b|” (o, To)|a — b7k, )
4/3+70w /9 700/9, 6/5—70w/9
p2/3+26w/9kmé +70w/ p2/5+26w/9kw / ]‘Cmé /

In

anh_j(xj) S C (

< Cd(l'o,.i‘o)l_w’a - b‘w(k;/3_52w/9p_2/3_17w/9 + k‘;/2/5+2wp_2/5_17w/9> :

32 Equation (6.23) below shows that we can get away with @ < 1/15, up to using a more complicated
expression for the upper bound.
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where in the second term on the first line we have converted the remaining power of
Jj jﬁTj (x;) to k%S_mw/ ? to cancel the power of kyy in the numerator of that fraction; and in
the second line we have used d(z¢, Zo) < k3, p. A similar estimate holds for In Jh_;(T~(z})).
This estimate together with (6.22)) in (6.21)) yields four factors involving ky and p. In
anticipation of Subsection |6.5| and to simplify these terms, we factor out kﬁf from each

term and convert the remaining powers of ky using the inequality, ky < p~/®. The factor

involving p in our bound for In ﬁ’fég:; is then,
(623) max{p_2/5_36w/5, p—4/5—11‘w/15’ p—18/25—103‘w/45}7

where we have dropped one of the terms, p_4/ 5 as being clearly less than the middle term
above. Unfortunately, the remaining three exponents intersect for o < 1/15, so there is no
clear maximum in this range; however, if we restrict to 0 < w < 1/20, the middle factor is
the largest so we may drop the other two, completing the proof of Lemma [6.8] ]

Finally, we use Lemma to extend the four-point estimate uniformly across gaps
along the whole of PT(W). If we are given two stable coordinates Z*, §* corresponding to
surviving parts of the foliation between which there may be multiple gaps and multiple
bits of surviving foliation, Lemma immediately implies the four-point estimate holds
between Z° and 3°. Now suppose Z° and ¢° belong to different gaps in which the foliation
has been interpolated. Then using we have a four-point estimate from z° to the
edge of its gap closest to y°, call that stable coordinate a; similarly, the four-point estimate
holds from g*® to the edge of its gap closest to z*, call this stable coordinate b. Now from a
to b there may be multiple gaps, but by Lemma [6.8] the four-point estimate holds from a
to b and so by the triangle inequality, it extends from z° to °. Notice that decomposing
the distance from z°® to y° in this way, we only have to add three terms, using the triangle
inequality twice, making the estimate uniform on all of P*(W). Similarly, we need only
use the triangle inequality once to obtain the four-point estimate given z° in a gap and ¥*
in a surviving piece of foliation or vice versa.

6.5. Lifting the map-foliation to a flow foliation, checking (i—viii). In this step, we
lift the map foliation {7} to W.

Given a curve 74 in our foliation, we want to define a “lift” of 4 to a curve v € W* which
intersects W in a point and such that P*(y) = 4. Adopting the coordinates (z*,z*,x°)
defined by Remark we want to find a parametrisation v(v) = (z%(v), 2%(v), 2°(v)), with
v € I, an interval, which has the desired properties. Note that the functions z%(v) and
x%(v) are uniquely determined by the projection P (W) (they do not depend on z°) so the
only degree of freedom is in 2°(v). However, since v must lie in the kernel of the contact
form, we must have dz® — x°d2* = 0, i.e., (2°) = (%)’ - 2°. This, together with the initial
condition that 2°(0) must be an endpoint of v uniquely determines +.

Now according to Lemma the map from PT(W) to W is C'*/2 with uniformly
bounded norm (not depending on ky). Thus the measure of A, in PT(W) is comparable
to the measure of A, in W, proving item (iv). Items (i)-(iii) follow directly from the
definition of {y} and the construction of {4}, recalling (6.5).
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In order to determine the smoothness of the lifted foliation, we must consider the action
of lifting 4 off the scatterer in the unstable direction as well. In the unstable direction, the
curves 7y undergo a contraction on the order of 1/.J% 15 T =~ ky; 2. Using the usual distortion

bounds together with the expression for the Jacoblan given by ., we see that

T*lr-yT(l')
71T (Y)

for any z,y € 4 and a similar estimate holds between different curves by estimates similar
to those used in the proof of Lemma [6.4 Thus the Lipschitz constants of the foliation
increase by a factor of ]‘712/1/ < C'p_2/5.
For 4 on the domain A,,, we have |0z.0z:G| < C’p‘z/gk‘ﬁf by Subsection so that
|00z G| < Cp~2/3. On the complement of the domain A, the Lipschitz constant of the
. .. . —4/3 —2/3 . .
projected foliation is bounded by C' + Cky,"“p by (6.16]) in Subsection 6.3, Thus the

Lipschitz constant of the lifted foliation is bounded by C’k%,v + C’k%?)p_w 3 < Cp=4/5, which
yields item (vi) of the foliation. We can then integrate 0zu0,s G to obtain the uniform bound
on 0,sG needed for item (v) of the foliation, recalling (ii).

Finally, using and Lemmas and and collecting the relevant terms, we see
that the constant in the right hand side of the four-point condition (vii) for the Jacobian is
at most

In < Cd(z,y)kd

max{p 2/5 36w/5 74/5+37w/15 p74/5 11w/15}

If we restrict to w < 1/20, the last term above is the largest, completing the proof of (vii).

Finally, we turn to condition (Viii) Note that since + lies in the kernel of the contact form,

we have H(z%, x° fo $)dz. In particular, O,s H (2%, 2%) = foxu 0psG(2,2%)dz, so
that since Bst unlformly bounded, we have |0z H|co < Cp.

Next, we note that due to the normalization W = (0,z*,0), we have 0,:G(0,z*)

u

for all 2* € [0, |W|]. Thus using the four-point estimate (vii) for G at the points (x ,xs)
(z*,y*), (0,2°) and (0,y®), we have

|asz(xu’xS) _ aISG(xu’ys” < Cp—4/5—11w/15|xs _ ys’w’a:uyl—’?w.

This implies immediately that |0ys H|c= < Cp0/5=116w/15 " which completes the proof of
(viii).

7. MOLLIFICATION OPERATORS AND EMBEDDINGS

In this section we prove some relations between our Banach spaces and standard spaces
of distributions, and establish several key inequalities which indicate that mollification
operators provide good approximations in the norms we have defined. We begin by proving
Lemma relating our norms to the dual spaces of continuous functions.

Proof of Lemma[2.11 We will prove that
(7.1) |fliceoys < Clflw  Vf €C%()
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for some C' > 0. The analogous inequality for the strong norm, |f|cs(q.) < Cllf|ls, is
proved similarly.

For f € C%(p) and ¢ € C%(p) with [¢)]ca(qy) < 1, we must estimate Jo, fdm. To
estimate this, we decompose Lebesgue measure over the Poincaré section M defined in
Section 21

Our first step is to decompose M into boxes foliated by a smooth family of map-stable
curves. On each connected component Hy; of Hy, k > Ky, we define a smooth foliation
{Vetee Ey,; of map-stable curves; indeed, we may choose a foliation of straight line segments
due to the global stable cones for the map. Using this foliation, we desintegrate the
probability measure m = édrdy into ¢ dmy,d§, where ' is a constant depending smoothly
on the angle between the foliation of stable curves and the boundary of Hy, and my is
arclength measure on the curve V. On the set Hy, := M \ Ug>k,Hi, we perform a similar
decomposition, after first subdividing the space into boxes B; which are foliated by parallel
stable line segments of length at most L.

Next, we lift this decomposition to y. For k > kg, define

H)Y ={Y € Qq: PY(Y) € H},

and H,g; = Qo \ Uk>k0H£7. Over each box B; define the flow region BZQ* ={Z € Q:
Pt(Z) € B;}.

In each B?_ or Hg_, we represent Lebesgue measure aﬁ ccos wdsdrdy, where r,
range over the box B; or strip Hi and s ranges from 0 to the maximum free flight time
under the backwards flow of any point in the box B;, which we denote by Tiax,i- FOT
each s in this range and each curve Vg, let W = ®_;(,)(Vg), where the function ¢(s, 2)
is defined for z € V¢ so that Wg lies in the kernel of the contact form. Note that for
s < Lo, it may be that some points in V; have not yet lifted off of M. For such small
times, W¢ denotes only those points which have lifted off of M and so may be the union
of at most ﬁ two flow-stable curves. Also, for s > Ty, it may be that part of ®_;,)(V¢)
has made a collision with a scatterer. In this case, again, Wg denotes only those points
which have not yet made a first collision. Thus, using the desintegration of m described
above, ¢ cos pdsdrdy = cos go(P+Z)p§(Z)de§s (Z)déds, where € € Ej,; and |pf|cl(W£s) <C,
uniformly in £ and s. Now,

Sy / / Fib pe cos @(PT) dimyys déds
0 B Jwe ¢

k>ko

Sy / | / [ Flulpelenwey] cos () o tlee déds.
0 Eri € §

k>ko i

[ dm‘
Qo
(7.2)

IN

33 The projection on the scatterers of Lebesgue measure is the T-invariant probability measure po =
ccos pdrdy, where c is a normalization constant.

34 Just like for (2.5)), see the paragraph containing .
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Now | cos ¢|co(m,) < Ck~2, while for y,z € Ve C Hy,
| cos p(y) — cos p(2)] < |y — 2|y — 2" < |y — 2|*Ck 31—,

Since a < 1/3, the Holder constant of cos ¢ is bounded by Ck~2 as well. Since PT is C!
along stable curves by Lemma , we have | cos <p(P+)|Ca(W§s) < Ck~2, independently of

& and s. Also, for each k > kg, the number of boxes B; in H, is finite, depending on Lyg.
Thus,

[ oan] < ¥ Ol < 1l
Qo k

completing the proof of the lemma. O

7.1. Mollification operators. Since the right-hand-side of the Dolgopyat Lemma [8.1] will
involve the Lipschitz and supremum norm of f, it will be convenient to use mollification
operators M.

We start by defining Ml: Fix € smallﬁ Let 7 : R3 — [0, 00) be a bounded and compactly
supported C* function, supported in |Y| < 1 and bounded away from zero on |Y| < 1/3,
with ['ndm =1, and set, for 0 < € < €,

ne(Y) = elgn <i> :

Let €4 be an ¢y neighborhood of €, assuming that ¢ is small enough so that € is still
in the torus.

Definition 7.1 (The mollifier operator M,). Fiz global periodic coordinates on T3, i.e., view
T3 as a subset of R3, extending functions periodically. For 0 < € < €g, set for f € L>(£)

(73) VAN = [ 12 = V)5 ) dm(Y) = .+ £1(2).

Since f is supported in g, we have that M(f) is supported in a small neighborhood of
Qo contained in Q. For f € C'(T?), not necessarily supported in Qg, we let

(7.4) £l 90) = IVl oo o) < N Fl1a 8y == IV ()|l oo r3) -
We have the following bounds for M.:

Lemma 7.2. There exists C' so that for all small enough ¢ > 0, all B and all q, every
admissible stable curve and every f € CO(T®), supported in o,

(7.5) IMe(f)l ooy < Ce P19 £,
and
(7.6) IMe(f)ll g1 0p) < Ce 7214 £,

The following lemma shows that M, is in some sense an approximation of the identity.

35 In Section [8] we shall take ¢y small enough as a function of n = [c¢In [b]].
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Lemma 7.3. There exists C > 0 so that for all small enough € > 0, all o, 5, 7, q, and all
f €CO(T?3), supported in Qq

(7.7) IMe(f) = flw < CE| flI5,

where § = min{vy,1/(2¢),1/q —2/5 — B}.

The last lemma of this section completes the proof of Lemma[3.9] showing that, although
we have taken B to be the closure of C?(£2y) N CY, in fact we have C*(Qg) C B as well.

Lemma 7.4. C1(Qg) C B.
7.2. Proofs of Lemmas [T.2] - [T.4l

Proof of Lemma[7.3. We first bound |M, f(Z)| for all Z € Q. Recalling the notation used
in the proof of Lemma [2.11] we decompose the e-neighborhood N(Z) of Z inside €, into
stable curves W¢ over each component of N, (Z)N Hz_ and N (Z )N B?_. We estimate the
relevant integral over one such component at a time, using ,

JY)n(Z =Y)dm(Y / X/ fn(Z )gCOS(P(P+)de5d§dS
By~ Eyi JW¢

< Cek™ 3HstS£uP’W§ Nsupp(ne(Z — )| Y1teles| cos o(PF) s we)lpeles ey,
,5

where the factor ek comes from the fact that the support of 7. is of order at most € in the
transverse integral ds and of order k=3 in the integral d¢. Next, | cos cp(P+)|C;3(W§) <Ck™2,

using the estimate following (7.2) and the fact that 8 < 1/3. Also, |1¢|cs < Ce 378, and
as before, [p¢le1 < C. Putting these estimates together yields,

F¥M(Z = Y)dm(Y)| < Ce > P75 1.

(7.8)
B~

It remains to sum over the relevant k and i. Since there are only a finite number of flow
boxes BZQ_, independent of €, this sum is uniformly bounded. Also, N.(Z) can cross only a
uniformly bounded number of the singularity surfaces S°~ = {Y € Qo : (P (Y)) = +5}
(in fact, no more than Tiyax/Tmin of them). Thus the only index which may be unbounded
or infinite is k. Suppose N¢(W) intersects a range of k, from ky to ko (note that ke = oo is
allowed). Since the width in the unstable direction of Hg_ is approximately Ck~—°, we must
have € of order ki 4 ky 4 which is precisely the bound we obtain summing over the above
estimate, yielding one more power of € and completing the proof of .

For the H., bound (7.6), we first differentiate once (which produces an extra factor e 1)
and then proceed in the same way as above. ([l

Proof of Lemma[7.3 Let W be a stable curve and 1 be a function on W with [¢|ca (W) < 1.
Let A be a constant to be determined below. We assume for the moment that P+ (W)
does not lie within a distance of Ae3/5 of the boundary of any homogeneity strip. We
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may also assume that |[W| < Ly/2, since otherwise, we may simply subdivide W into two
components and perform the estimate on each component separately.

In order to compare M(f) with f, we will adopt a new coordinate system in N.(W)
(from the proof of Lemma so that small translations of W are again stable curves. Let
W€ be a C? extension of W of length € at each end. Note that if P*(Z) and PT(Y) lie
in the same homogeneity strip Hy, then d(P*(Z), P*(Y)) < Ck?d(Z,Y), since distances
along stable curves are contracted by a factor of order 1 under P, while distances along
unstable curves are expanded by a factor proportional to k2. Since the maximum length of
map-stable and -unstable curves in Hj, is at most £~3, this implies that

(7.9) d(P*(2), PH(Y)) < B'd(Z,Y)*/?

for some B’ > 0 depending only on the maximum curvature and Tyax. Thus, Pt (N(W)))
lies in a B'e3/-neighborhood of P*(W). Since we have assumed the homogeneity strip
containing P (W) has width at least 24635, we choose A large enough compared to B’
that PT(N(W)) lies in the same homogeneity strip Hy as W; indeed, our assumptions
imply Ck=3 > 2A4€3/5, so that the width of the stable cone in this neighborhood of W is at
least cos p(P) > A'é?/5, for some constant A’, increasing with A.

Now using Remark and proceeding similarly to the decomposition in the proof of
Lemma we may define a smooth foliation of N.(W) by admissible stable curves with
the following properties: (i) W€ belongs to the foliation; (ii) the foliation is trivial in the
flow direction, i.e., W€ lies in a smooth surface formed by such stable curves, which is then
flown a distance proportional to +e to define the foliation of N.(W). It may be that this
flow surface reaches 0€2y. In this case, we simply stop the foliation at 92y so that it does
not contain any collision points.

Fixing a transverse curve =g in the surface containing W€, we define local coordinates
(s,u,t), associating W€ with the first coordinate, {(s,0,0) : s € [—e — |[W|/2,|W|/2 + €]},
parametrized by arclength, ~o with the second coordinate, and the flow direction with the
third. Due to the smoothness of the foliation, the Jacobian Jy of the change of variables
(z,y,w) — (s,u,t) is uniformly C'. Also, it may be that in this coordinate system near 9,
some coordinate choices lie inside one of the scatterers. This is immaterial to the integral
we must estimate since f is taken to be simply 0 inside such scatterers.

We are now ready to proceed with the required estimate. We have, by Fubini,

[ wnn-nodmy = [ [ 02 -¥)G) = 520 dm(¥)i2) dm(2)
w w JR3
(7.10) = [0 [ (#Z=¥) = 12D 62 (2 =) e (2) dn()

< |mellzr  sup
Y EN(0)

/W(f(Z LYY= J2)ND)I(Z — Y dmw(2)]

using that [|n¢]|;1 = 1. We next want to apply the definition of the unstable norm. For
Y € N.(0), let Wy denote the stable curve corresponding to W — Y in the adapted
coordinates (s,u,t) and lying in the interior of 5. Wy is necessarily an admissible stable
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curve by our choice of adapted coordinates. Let hy denote the translation map from Wy
to W. Then,

/ f(Z=Y)YW(2)Jo(Z =Y)dmw = fy ohyJydmyy,, .

w Wy

Note that Jhy = 1. In light of (7.10)), the following sublemma is the main estimate in the
proof of Lemma|[7.3]

Sublemma 7.5. There exists C > 0 such that for each Y € N (W),

fioydodm, — [ pudyon! dmw‘ < Ce|flls.
Wy w

where ro = min{~, 1/(2q)}.

Proof of Sublemma[7.5 Notice that not every Wy has dyys (Wy, W) < oo. To remedy this,
let 75(W) = minw {7(-),7_1(-)} and define the local surface W0 = {®,(W) : [t| < 7 (W)}
obtained by flowing W. By arguments similar to those used to ensure (ii) in the proof
of Lemma , for each Y we may choose a stable curve Vy = &, (W) C WY such that
dyys (Vy, Wy) < y/e. Indeed, there exists a constant C); > 0, depending on the maximum
curvature of stable and unstable curves, such that

(7.11) [ty| < Cre, forall Y € N (W).

It may be that ®;, (W) is in the midst of a collision. But in this case, we let Vy- denote
only that portion of ®;, (W) that has not undergone a collision during time ¢ € [0, ty]. The
mismatch between W and Vy is then of length at most C'v/e and can be estimated as in

(7.13) below.

Now we estimate,

Fibohy Jo dmiw, — / iy o byt dmyy
Wy w

(7.12) = | foobydydmy, — | F@Joohyt) o Dy, iy @y dimys,
Y Y

[ pwaentyody dy by dmy ~ [ fodoohy!dmy.
Y

We begin with the first difference above. Denote by Sy, the natural map from the
r-interval Iy, (on the scatterer) to Wy as defined at the end of Subsection and let Sy,
denote the analogous map for Vy. Set Iy to be the common r-interval on which P*(Wy)
and PT (V) are defined, and denote the corresponding matched subcurves by Wy, and V5,
as defined in Section The unmatched (at most) two ends may be estimated separately,
using the strong stable norm since these unmatched pieces have length at most /e:

(7 13) /W \W! fw © hYJO deY S ‘WY \ W}//‘l/q”f”s‘zjdcﬁ(wy)‘w @) hY‘Cﬁ(Wy)
. Y Y

< Cel/(2q)HfH5,
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where we have used the smoothness of both Jy and hy. A similar estimate holds for the
integral over Vy \ V5.

On Iy, define ¢ = (¢ohy-Jy)oSw, oS;Yl, so that d(¢ohy-Jy, ¢) = 0. Since the derivatives
of Sy, and S;Yl are uniformly bounded by Lemma we get [plcacvy) < ClYleaqwy) < C".
Now we estimate the first difference in the matched part of equation ,

fi o hy Jydmy — / f@WJoohyt)o® s, Jiy @y dimys,
vy

‘W{v

<

(7.14) /W‘//f"ibohyc]odmw—/v{/f¢dmw‘

_l’_

/ f¢de_/ f(wjooh)_/l)oq)—ty JVYCI)—tY diY
vy vy

< O fllu+ 1£llsl¢ = W Jo o hy') 0 @y Ty @ty leagy) -

where we used that dyys(P*(Wy), PT(V})) < € (recall we have removed the endpoint
discrepancy). We proceed to estimate the norm of the test function in the second term.
Since each term in the difference is bounded, we may estimate each difference separately.
For Z € Vy§,, we have

[0 hy o Sy 0 8y, (2) = ¥ 0 Bty (Z)] < [Yleawd(by © Swy 0 Sy (2), @1 (2))
Using again dyys (P (W5,), PT(V4,)) < €, we have, d(Sw, o S‘;Yl(Z),Z) < Ce. Moreover,
hy is simply translation by Y, and |Y| < Ce while |ty| < Cke by (7.11). Then using the
triangle inequality twice gives d(hy o Sy, o S‘;Yl(Z), ®_4,(Z)) < Ce. Thus,

‘¢Ohy o Swy OS‘Z}(Z) —¢O(I)_tY(Z)’ < Ce?,

for each Z € Vy.. For brevity, set ¢ = ¢ o hy o Sy, o S‘;; and 1y =1 o ®_;,. Now given
Z,Z' € V§., we estimate on the one hand using the above,

W1(Z) = 2(Z) —1(Z') +2(Z2))| d(2,2") P < 2Ce*d(Z,Z") 7,

while on the other, using the Holder continuity of ¢; and 2 separately (since hy, Sy, , S‘;Yl
and ®_;, are all smooth functions),

[V1(2) = 42(Z) = 1(Z") + ¢2(Z2) (2, 2') 7 < 20 leaqmyd(Z, 2')* 7.

The Holder constant is bounded by the minimum of the two estimates, which is maximized
when the two are equal, i.e., when d(Z, Z') = €. Thus,

(7.15) 91 — Plesy) < Ce* P
Next, we must estimate,

[Jo 0 Sy 0 Sy = Jo o by @y feaqry.



74 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

But note that setting 1/; = Jyo h;l, this difference has precisely the same form as the
difference just estimated concerning . Since Jy and h;l are both smooth functions, this
estimate has the same bound as .

Finally, we must estimate |1 — Jy;, ®_¢, |cs(yy). Using the linearity of the flow between
collisions and again (7.11]), we have |1 — Jy, @4, (Z)| < Ce for all Z € V§,. Then since
Jv, @4, is uniformly C Lon V4 due to the fact that V4 has uniformly bounded curvature, we
may use the same technique as that above to estimate |1 — Jy, @4, |Cg(V{,) < Cel A,

Using these estimates on the test functions in together with yields the
following estimate on the first difference in ([7.12)),

f ohyJydmy, — / fpJoohy)od_y, Jyy, &y dmyy,
Vy

< O fls + CE | fllu + Ce P f1ls-
We proceed to estimate the second difference in (7.12)). using (4.26)) and following,

/ f (¢ Jooh}_,l) o (I)—tY JVY(I)—ty dmvy — / fvdyo h;l dmw
‘bty (W) w

(7.16) Wy

ty
- / i /  (@Joobyt) o @y Jg, ) @t dma, (w) dt
0 @ (W)
ty
0 w
ty
:/ / d%(foq)r)\rzooq%.¢-Jooh;1dmwdt
0 w
ty
B / / d%(f 0 ®;)|r=0 (¢Jo 0 hﬁ_fl) ° by Jy, )Pt dma, () dt
0 @ (W)

ty
S/o £ llol(Jo © hy) 0 @y o, () P—tlea (@, (wy) dt -

On each stable curve ®,(W) the norm of the test function is bounded by a uniform constant
since the flow is linear in ¢ between collisions, and both h;l and Jy are C! functions. Using
these estimates plus the fact that |ty| < Cie, we obtain the following estimate for the

second difference in ([7.12)),

(7.17) < Ce|lfllo-

/ f(l[) JO o h;,l) o (I’,ty Jqu)fty diY — / f¢ J() o h}_/l de
q>ty (W) 1%.74

Putting this together with (7.16)) and (7.12)) completes the proof of Sublemma since
v < a — 8 by definition of the norms. O

The sublemma being proved, we may return to the proof of Lemma Sublemma,
and (7.10) provide the required estimate under the assumption that P* (W) does not lie
within a distance Ae®/® of the boundary of a homogeneity strip.
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Suppose that P (W) lies within a distance of Ae3/® of the boundary of a homogeneity
strip Hy,. Let W denote the one connected component of W which does not project to
within a distance of Ae3/5 of the boundary of Hy, (note that this may be empty, for example
in homogeneity strips of high index). We may perform the estimate on W precisely as in
Sublemma [7.5

By construction, W \ W consists of at most two components of length at most Ae
Call one of them Wj. Although now N.(W7) may cross countably many homogeneity
regions, we proceed using and the decomposition of Lebesgue measure from the proof
of Lemma[7.2] Now,

3/5

0(@dmy Y [ (2 = Y)dm(Y)| < 3D WalCe I g
Wi ki Bi ki

As in the proof of Lemma the sum over k yields a factor proportional to €. Finally,
W] < AP, completing the proof of the lemma. ]

Proof of Lemma[74 Let f € C'(Qp) and define MY f = M.(f - 1oy\a.0,), Where 9.
denotes the e-neighborhood of 0§y in Qy. Note that M2 f = 0 on 0, so that M" f €
C%(Q0)NCY. We will show that M f is a good approximation of f in B. Note that VM f =

M (V) so ]M:f|cl(90) < |f|cl(90). By the proof of Lemma IIM> fllg < C|f]c1(90) for
all € > 0.
Let W € W$, ¢ € CA(W) with [Vleswy < |W|~/4. Assume for the moment that

W N 0200 = (0. Then using and the fact that [ =1,
[ a-vzpypdm = [ 6@) [ 0z =v)5(2) = 55 3y (2)
<loaoWI [ [ 0z =¥)1Z =¥ ldm(y)amr(2) < el oo
where in the last estimate, we have used that ¢ > 1 and n.(Z —Y)=01if |[Z - Y| > e.
Next, if W N 02.Q¢ # 0, then we subdivide W into at most two components W' =

W N 32:Q0 and at most one component W\ W’. On W\ W', the above estimate holds. On
W', we use the fact that |[W’/| < Ce'/? (see, for example, Lemma to estimate,

1.1
/ (= M) dmyw < W2 fleoay) < O | fleogay).
Putting these two estimates together, we have

11
(7.18) 1f =M flls < Ce2 2| fler -

Next, we estimate the strong unstable norm. For ¢ > 0, let Wi, Ws € W9 with
dyys (Wl,WQ) <e. Let y; € Ca(Wi) with |¢1|CO‘(W,) <1 and d(?[)l,’gbg) =0.
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Let s > 0 be a small number to be chosen below. First assume that €2~ < 7. Then
using the estimates for the strong stable norm on each curve separately, we have,

e™? < CeTeY?| fleviay) < CEfler()-

/ (f — M f)y dimyy, — / (f — M b dimo,
Wi Wa

Notice that we do not have the exponent 1 — 1/q in this estimate since the test functions
used in the strong unstable norm are nicer than those used in the strong stable norm.

Now suppose €27 > 7. Recalling the notation of Definition we let
Wi = {Sw,(r) = ®_yy o Gw,(r) : 7 € I},

where Gy, (r) = (r, ¢;(r)) is the graph of P*(W;) over the r-interval I;. Denote by U; C W;
the maximal subcurve such that P*(U;) and P (Us) are defined as graphs over the interval
I = I, N I,. We have at most two pieces V; = W; \ U; and by definition of dyys(+,-) and
Lemma we have |V;| < C|P*(V;)| < Ce. Thus the estimate over the (at most two)
unmatched pieces V; is,

E_’y S 061_72|f|co(g) S CG(%_S)(%_D.

[ =1z v

3

It remains to estimate the norm of f — M’ f on matched pieces.

/U (f — M )by dmag, — /U (f — M dmy, = /U Fobr dim,
(7.19) : : 1

Y A - / M f s dimay, — / M f 46y diy,
Us Us Uiy

To estimate the difference of integrals in f, we write, using the fact that ¢, o Sy, = 120 Sw,
by assumption,

fTPldel—/ fio dmyy, = /(fOSW1JSW1 — foSw,JSw,) o Sw, dr
Uy Us I

< CHI|f o Swy I Swy — Sw,J Swaleo(ry
< CU(Ifler o) Swa = Swaleory + [ fleo@o) I Swa — JSwaleory) -
For the first term above, since expansion in the stable direction from P+ (W;) to W; is of

order 1 by Lemma [3.4] and since the unstable direction only contracts under this map, we
have

1Swy = Swaleory < ClGw, — Gwsleory < C,
by assumption on Wi and Wa. For the second term, [JSw, — JSw,lcoy < Ce, again

using Lemma and the fact that U; and U, are C'-close as graphs over I by definition of
dyys (W1, Ws). Thus,

e < C" fler(ay) < Ce(%—S)(%‘l)lﬂchO),

Fobr dimuy, — /U Fiba g,

Uy
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completing the estimate on the first term of ([7.19). The second term is estimated similarly,
using the fact that |ne|c1(q,) < C’e_llf\CO(QO),

e’ < Ce"ML fler(ay)

M f 41 dmy, —/ M f 4po dmwy,
Uz

U
< CG(%is)(%il)il‘ka(QO) .

Putting together these estimates on the terms in with the estimate on unmatched
pieces yields an exponent of € at worst (3 — 3)(% —1)—1. Since v < 1/3, we have % —-1>2
and so we may choose s > 0 sufficiently small that the above exponent is positive.

Finally, we estimate the neutral norm. Fix W € W* and ¢ € C*(W) with [¢[capr) < 1.

Recall that 7 denotes the unit vector in the flow direction. Then, %( fod®)|i=o=V/f -1
and also for Z € Qg \ 0200,

(M f) 0 ®)|emo(Z) = M (VS -7)(Z).

Now suppose W N 92y = 0. Then,

/;’t(f—M:f>o<1>t|t:o¢de:/ w<Z>/ 0(Z —Y)(Vf-2(Z) V- i(Y)).
w w R3

Now since V f is uniformly continuous on €, there exists a function p(e) with p(e) | 0 as
€} 0, such that [Vf(Z) — Vf(Y)| < p(€) whenever |Z — Y| < e. Since the flow direction 7
also changes smoothly on )y, we have

‘/Wft(f—M:f) Oq)t|t:0¢d7ﬂw‘ < Cpl(e).

If, on the other hand, W N d95.Qy # ), then using the same decomposition of W as in the
proof the strong stable norm estimate, we have

/W/ L(f =M f) o Byls—o v dmpw < 2]W'||V fleoay) < 051/2\f|cl(90) :

Since f can be approximated by functions in C2(Qg) N CY, it follows that f € B. d

8. THE DOLGOPYAT CANCELLATION ESTIMATE (LEMMA |8.1])

Recall the hyperbolicity exponent A = Aé/ Tmer > 1 from (T1.2)).
The purpose of this section is to prove the following lemma.

Lemma 8.1 (Dolgopyat bound). There exists Cy > 0, and, for any 0 < o < 1/3, there
exist Cp, > 0 and vo > 0 so that for any curve W € W# of length |W| = muy (W) <1 and



78 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

anﬁ f € CHT?)

-7\2m C — —m
sup / YR(a+ ib)*™(f) dmw < W(Hf“mo @) + L+ a " ImA) " flla @)
YecH(W)
[Ylcaw)<1

Vi<a<?2, Vb>1, Vm>Cp,lnb, VYfecHL(Q).

Since R(a + ib) = R(a — ib) the obvious counterpart of the above lemma holds for b < 0.

Note that we do not require the d-averaging operator used in [L2, BL|: Since the weak
norm in the right hand side of the Lasota—Yorke estimates already involves averaging over
stable curves, we can use the weak norm directly.

The rest of the section contains the proof of Lemma [8.1] and consists of a direct, but
lengthy and highly non trivial, computation. In the present section, Cx denotes a constant
depending only on the billiard dynamics and not on v, 1/¢, 3, or a.

First of all note that if [IW| < b7, then the statement of the lemma is trivially true. We
can thus assume that |W| > b7,

It is more convenient to work directly with the flow rather than with the Poincaré sections,
and we will look at the dynamics at time steps 7— << Tyin.

To compute the integral, it is helpful to localize it in space-time. To localize in time,
consider a smooth function p : R — R such that suppp C (—1,1), p(s) = p(—s), and
Sen Bt —€) =1forall t € R. For f € L=(Q, vol), we set p(s) = p(7_'s) and write

tm—l -
Z/ ET_ _1) Lof dt

LeET
S + ET—) —zlT_—2z
(8.1) —KEZN* /_T —1)!6 Lo Lof ds

Sm—l
2 s s ds .
—i—/o p(s)(m_l)! Lsfds
Next, setting for £ > 1,

(S + ET—)mil —z0T_—2zs Smil

(82) pm,é,z(s) = p(S)We , and pm,O,z(s) = p(S)(

i W0

we can write

83 [ o @ dnw =Y [ e [ 0 Lo ot dmivds.

{eN

36 We do not assume here that f is supported in o, recalling (7.4).
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Changing variables, we rewrite as

/w )) dimy = Z/ pmes(s) [ T o Lufds

eN 7[7’_
(8.4)
S INED DI (NS / Jb b0 Be - Lof dny, ds,
teN WaeG. (W)™
where Jj_ is the (stable) Jacobian of the change of variable and Gy, (W) := {Wa}ac A, s

the decomposition of ®_,, W specified in Definition [3.17] By Lemma @, for each A€ A,

there exists t4 € [0, Tmin| such that ®_,, W4 is a C curve with uniform C? norm and

Dy, 4, Testricted to @, Wy is a C? map.

. Dy W, , .
Lemma implies that C' #1% <J; < C#%, provided Cy is chosen large

enough. Note that > 4 fW J =Wl

Next, we shall localize in space as well, introducing in . below a sequence of smooth
partitions of unity parametrised by

6 € (0,1) and r € (0, L)

to be chosen later. First, we need some preparations: We shall exclude a neighborhood
of 90 sincelﬂ the angle of the stable and unstable cones can change quickly near this
boundary. We shall also exclude a neighborhood of the surfaces on which either the stable
or unstable cones we have defined are discontinuous. Define

(8.5) S ={Z€Qo:p(PT(2)) ==+n/2} and ST ={Z cQy: (P (Z)) = +71/2},
and their r-neighborhoods, S%* = {Z € Qq : d(Z, S°F) < r}. Note that S~ is the flow of
the singularity curve for the map Sy = {47/2} backwards until its first collision, while S+
is the flow of Sy forwards until its next collision. Stable cones are discontinuous across the
surface S°~ while unstable cones are discontinuous across S%*. Similarly, let 9,.(Qq) denote
the r-neighborhood of 02y within y. The following lemma shows that the curves in W?*
have small intersections with such set. We will then be able to discard such intersections
and this will allow us to introduce special charts as in Remarks see Remark below.
This lemma has no analogue in [BL], where the situation was much easier.

Lemma 8.2. There exists Cy > 0 such that for any r € [0, L] and W € W?,
W NS~ < Curd/®, (WS < Cyur, |WNJQ < Cyrt/?.
Similar bounds hold for unstable curves with the estimates on S°~ and S°T reversed.

Proof. Let V.= WNS%" and recall that P (W) is a homogeneous stable curve by definition
of W?. Due to the uniform transversality of the map-stable cones with horizontal lines,
P*(V) is uniformly transverse to Sy = {¢ = £7/2}. Suppose P*(V) lies in a homogeneity
strip of index k. The expansion in the stable cone from P (V) to V is of order 1, by
Lemmal3:4] On the other hand, vectors in the unstable cone undergo an expansion of order

37 In such a way in the following we will never need to consider a curve in the the midst of a collision.
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k2. Thus the angle between V and S°~ is no smaller than order k=2, which means that
|V| is bounded by a uniform constant times 7k?. But again using Lemma we have the
length of |V'| comparable to |P*(V)|, which is at most k=3. Since this holds for any V"’ in
the same homogeneity strip, in particular it is true of a curve V' of length k=3 (even if V
itself is shorter). Thus up to a uniform constant, we must have k=3 < rk? which implies
k> r~1/5 This means |P* (V)| and so |V| is at most a uniform constant times /5.

The analysis is similar for V =W N S%*. Note that S°* is a surface which may divide
V into several components. Let Vi denote a component of V on one side of S%*, so that
P~ (V) is contained in a single scatterer. Since P~ (V}) is a stable curve, even though it
may not be homogeneous, it is uniformly transverse to Sg. Since S is the surface defined
by flowing Sy forward in time, S%* will remain uniformly transverse to Vi. Thus |V;] < Cyur.
Since the number of such components of V' is uniformly bounded by L;‘Tﬁj + 1 [CM, Sect.
5.10], the bound on |V| follows.

Finally, let V. = W N 9,Q9. Recall our global coordinates (z,y,w) from Section
Although V' may not be uniformly transverse to 9 (consider when V is close to making a
normal collision with a scatterer), the estimate will follow from the fact that its curvature
is uniformly bounded away from the curvature of the scatterer.

Note that the (absolute value) of the curvature of a stable wavefront (the projection
of a stable curve in the (z,y)-plane) just after a collision is given by Bt = B~ + C(2)§<p7
where B~ is the curvature just before collision; between collisions, the curvature evolves

+
according to By = Bﬁoﬂ [CM] Sect. 3.8]. Putting these together and using the definition
0
of our stable cones for the flow, we see that the minimum curvature for any stable curve is
Bunin = g 20

Now if V' is a component of a stable curve about to make a nearly normal collision in
backward time, then the curvatures of V and the scatterer are convex in opposition, both
with minimum curvatures bounded away from 0 by our calculation above. Thus the length
of the projection of V in the (z,y)-plane is bounded by Cr1/2 and since the slope of |V| in
the (d¢, dw)-plane just before collision is bounded above by 2/Timin, We have |V| < Crl/? as
well. If, on the other hand, V has just made a nearly normal collision, then the curvature
of its projection for a short time afterward is at least

K

(86) B+ Z Bmin + )
CoS

while the curvature of the scatterer is . Thus the curvatures of the two projections are
bounded away from one another, and so |V| < Cr'/? as before.

The last case to consider is if V' is close to a tangential collision. In this case, the
projection of V' in the (z,y)-plane is uniformly transverse to the boundary of the scatterer;
however, by the proof of Lemma [3.2] the length of V' in the w-coordinate undergoes an
expansion of order 1/ cos ¢ near such tangential collisions, and so again, |V| < cri2. O

Let ¢ > 2 be a constant that will be chosen shortly and let N,o(Z) denote the neighbor-
hood of Z in Qq of size r? in the standard (z,%,w) coordinates. There exists C4 > 0 such
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that, for each r € (0, Ly), there exists a C* partition of unity

(8.7) {62

enjoying the following properties
(i) for each i € {1,...,¢(r)}, there exists z; € Qg such that ¢,;(z) = 0 for all z ¢
Nfre/c(xi);
(ii) for each 7,4 we have ||V, | pe < Cyr=?;
(iii) gq(r) < Cypr™;
(iv) for each r > 0 we have supp(¢r0) C 030620 U Sgc_rg U S’g;g, and, for every ¢ > 1,
supp(¢r.i) C Qo \ (Ogere €20 U 5’3;9 U Sot)).

2cr?

Remark 8.3 (C? cone-compatible Darboux charts). Following Remark we setup a
similar family of local charts as announced in Remark|2.4: For any Z € Qg \ (Dgepo€20 U
Sgc_rg U Sg;ﬁg), it follows from the proof of Lemma at cos p(PH(Z)) > 192 for ¢
sufficiently large. Similarly, if Z' € Qg satisfies d(Z,Z') < cr®, we have 7(Z") > cr? and
cos p(PH(Z")) > r?2. Thus it follows from that the width of the stable cones at Z and
Z' has angle at least of order r%/2, and the mazimum and minimum slopes in C*(Z) and
C*(Z") are uniformly bounded multiples of one another. Similar considerations hold for the
unstable cones. Indeed, given the relation k < =% and the fact that d(P*(Z), P+ (Z")) <
Cyr® by Lemma we conclude that P (Z) and P*(Z') must lie either in the same
homogeneity strip or in adjacent homogeneity strips for small v, specifically 20/ < C,
where C' depends only on ¢, the distortion of P given by Lemma and the spacing of the
homogeneity strips. Thus for each i, we may adopt local coordinates in a cr® neighborhood of
zi, (2% 2%, 2%) as introduced in Remark for which the contact form is in standard form
and x; is the origin, and where c is large enough so that Nye .(xi) C Be(w;), where Bo(x;)
denotes the ball of radius 10 centered at x;, in the sup norm of the (x%, 2%, 2°) coordinates.
By the above discussion, the charts effecting this change of coordinates are uniformly C?.

We will refer to the two sides of the box B,s(x;) comprising approximate weak stable
manifolds as “stable sides,” the two sides comprising approximate weak unstable manifolds
as “unstable sides” and the two remaining sides as “flow sides.”

Fix ¢ > 2 large enough and choose r small enough so that any manifold W, intersecting
B,o(z;) can intersect only (see [BLL Fig. 1]) the weak unstable sides of the boundary of
B,.6(x;). (This is possible since the W4 belong to the stable cone and the cones vary
continuously in Qg \ (95,020 U Sg;,e U Sg:;g).) Define for ¢ > 0,

Ao =Deo={A€Ar : Wan (D00 U Sy, USH,) # 0},

and for each z;, 7 > 1, let
Ag’z' = {A S Ag : WA N Bre(l‘i) 75 @},
Dgﬂ' = {A c Ag’i : 8(WA N Bcr9 (.732)) §Z chre (xz)}, Eg’i = Ag’i \ D&i .

The manifolds with index in A, are those which intersect the small box B,o(x;), while
E;; C Ay, consists of the indices of those manifolds which go completely across the big box
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B,.6(x;). The remaining manifolds of Ay;, with indexes in Dy ;, are called the discarded
manifolds. We set Wy ; = Wa N Bge(z;) for i > 1, Wy o = Wa N 05,000 U Sgc;g U Sg:;g,
and

(8.8) Zp A= / Ji 1>0.
Wai

It is now natural to chose

(8.9) T =c?.

We are going to worry about the small ¢ first. Let a = R(z). Remembering (8.2)), setting

m

(8.10) by =

aer_ "’
and using Stirling’s formula, we have

i e ?m
Z / pm,Z,Z(S)/ V- Lor_ysf dmyds < C#W/ e~ Ty
(8.11)  <bo” 77 w (m —1la™ Jg

< ¢ Hlecltcle2m)

mla™

< Ol flooltploca™e™™.

We impose that

[SI5S

(8.12) e ™ <r2.

Our next step is to estimate the contribution of the discarded manifolds corresponding
to indices in Dy; and ¢ > {y. For fixed ¢, we use the fact that the B,o(x;) have a bounded
number of overlaps as well as the fact that the number of components corresponding to a
D, ; for each curve Wy € Gy, (W) is uniformly bounded to estimate

SN Ziai<Cud DT IWaullJiy lrewa
i>0 A€Dy; i>0 A€Dy,;

< O#TQ/Q Z |Jl§,7'_ |L°°(WA) < C#Te/Q’
Wa€Ger (W)

(8.13)

where we have used Lemma[8.2] to bound the lengths of the discarded curves and Lemma 3.8
to bound the sum over the Jacobians.

Remark 8.4 (About Lemma 6.3 in [BL]). The statement of Lemma 6.3 in |BL] is in-
correct due to a missing sum over { there (the error occurs in |[BL, (E.6)| since Qg; is
two-dimensional while the neighborhood 0f5 is three-dimensional). However, the argument
of IBLL §6] can be fized either by using Lemma 6.8 of [BLl, or by providing a direct argument
in the spirit of the one above.
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Now using (8.13]) and remembering (8.2]), we have
Y Y / Prnte(s) [ 0@ i i Lof

(8.14) >0y i>0 A€Dy ; Wai
0 [e¢) tm—l ot 0 _m
SC#T2’f‘oo‘w‘oo 1 '6 dtSC#TQG ’f‘oo‘w‘oo
LoT— (m )

We are left with the elements of Ey; for £ > {y. To study them, it is convenient to set

(8.15) WS =Uelr - 1 ®Wa, VA€ A, W'=Upg, . 1 ®W.

To continue, for each x; we consider the line z; + (z*,0,0) for z* € [—r% r%], and we

partition it in intervals of length 7/3. To each such interval I; ; we associate a point
(816) T 5 € UAGE@y,‘Wx‘Ol N IZJ ’

if the intersection is not empty. For each such point z;;, we choose an index A so that
Tij € Wg, and we associate Reeb coordinates R, ; 10 5 as follows: We require that z; ; is
at the origin in the &, ; coordinates, that /g, ,(W3) C {(0,2%,2") | 2°,2" € R}, and that
the vector Dy, ;®_4;_(1,0,0) belongs to the unstable cone. Such changes of coordinates
exist and are uniformly C? by [BL, Lemma A 4].

Letting B, = {(z%,2%,2°) : |2% <, |2°| <79, [2°] < 7P}, we consider for each z; ; the
box (in the coordinates &y, ;)

(8.17) B.i; =&, (B,).

Ti,j
Up to taking larger ¢, we may ensure that the support of the element of the partition of

unity corresponding to x; does not intersect the flow and weak-unstable boundaries of B,; ;.
We next control regular pieces intersecting B,.:

Lemma 8.5 (Controlling regular pieces intersecting B,). For each i, j and any B € Ey;
so that Wp N By;; # 0, if r is sufficiently small so that crf/s < 1/2, where C is from
Section@ then the flowed leaf Wg N OBayr;,; does not intersect the stable side of Bay; ;.

Proof. By construction, for each B, ; ; there is a manifold Wg going through its center and
perpendlcular to (1,0, 0) (in the Ry, i O coordinates), for some A € Ey;. Let 74 € [—7_,7_]
be such that WA = &, , W4 satisfies WA NI ={(z%,0,0)} # (Z)

Next, consider B € Ey; with B # A so that Wg intersects B,; j, and let 2% be the
intersection point with I; ;. Again, let WB = &, Wp. By construction |z —2%| < r. Our
first goal is to estimate d(WA, WB). To this end we will use the stable version of the fake
foliations constructed in Section [6] Observe that each result concerning the unstable curves
can be transformed into a result for the stable curves by time reversal. More precisely, we

construct a foliation in the neighborhood of I; ; made of stable curves of length p = er?.

38 When no confusion arises, to ease notation, we will identify &g, (W3) and W3.
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To do this, consider PT(®;, (I; j)), which is a countable union of homogeneous unstable
curves, defined analogously to the set g}( ) for a map- stable curve V in the proof of
Lemma Note that by construction, both WA 4 and WB 4 can be iterated forward for a
time 47_, and @y, (Wa,; UWpg,) C WO, Thus both P+ (®p,_(Wa,)) and PH(Der_ (W)
are subcurves of PT (W), and they intersect P (P, (I; ;).

Now using the (time reversed) construction detailed in Section |§|, we choose a seed-
ing foliation, defined on homogeneous subcurves of PT(®,, (I;;)), that contains both
PH (@, (Way)) and P (@4, (W) as two of its curves. Notice that this choice still allows
the seeding foliation to be uniformly C2 since both Pt (@, (Wa,)) and P+ (®er_ (W)
are subcurves of PT (W) and by definition of W* and Lemma PT(W) is a single
homogeneous map-stable curve with uniformly bounded curvature.

By the definition of A,, in Section this means that both WAJ‘ and WB,Z- belong to
the fake stable foliation in a neighborhood of I; ;. Note in particular that WA,i and WBJ
do not belong to the gaps in the foliation since by construction, they are images of stable
curves on which ®_,, is smooth and A, B € Ey;. Also, they are guaranteed to have length
at least p = cr? because, having their indices in Ej;, they completely cross B,.s(;).

In the coordinates used in Section |§| (with the stable and unstable interchanged), let
(G(2",2%), 2%, H(2Y,2%)) and (G(z%,2%), 2%, H(z%,x°)) be the curves WAJ,/W/B,Z-, respec-
tively. By properties (ii) and (vi) of the fake foliation, it follows that

v
/ 02 G (u, x%)du
/ [1 -l—/ Ons Ogu G (u, s)ds] du
Ty

g/ ’ [1—&—07’9/5} du < r(1+Crf®) < (3/2)r < 2r,

A

G2, 2°) — G(o, 2%)| =

(8.18) _

where we have chosen r sufficiently small that Cr?/% < 1 /2. Analogously, by properties (ii)
and (v) of the foliation,

(8.19) |H (x5, 2%) — H(zy,2°)| = < Cyr'™

? / Oys Opu H (u, 8)dsdu
Y 0

Hence Wg cannot intersect the stable boundary of B, ; ;, again assuming C#re <3/2. O

Remark 8.6. The above estimates on the distances of nearby manifolds can be applied to
the “central” manifolds of the boxes as well. This readily implies that the covering {B,; ;}
has a uniformly bounded number of overlaps.
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After this preparation, we can summarise where we stand: From (8.4)), (8.11]), (8.14]) and
assumption (8.12) we have

/1/1 dmy =S > / Pm,t,z(8 / Jesr,'%boq)h,'cbr,i-ﬁsf

£,ieN AEA[

(8.20) ZZZ Z /pmzz / JgT Yo P - Pri- Lsf

>0y =1 3 AGE[ZJ
+O(r5a™™| floo|tloo) -

Wherﬁ Egﬂ"j C {A € By + Wa;N Br,i,j #* @}, Eg’l'J N Egik # () implies j = k, and
U;jEp;; = Eg;. To continue, we need some notation that, for each £,1, j, is better stated in
the above mentioned Reeb charts &y, ;. In fact, from now on, we identify the coordinate
charts and the manifold notation. For each A € Ey; ;, we now view Wg’i N B, (directly)
as the graph of W9 (2%, 2%) := W (2°) + (0,0, 2°) where

(8.21) Wa(z®) = (Ma(z®),2°, Na(z®)), |z°] < er?,

and M, and N4 are uniformly C? functions. By the same exact arguments used in the

proof of Lemma E we hav@
(8.22) MYy < Cur' ™5 .

Since both a and d & are invariant under the flow, and the manifolds are the images of
manifolds with tangent space in the kernel of both forms, we have that

Nj(a®) = 2" My ().
With the above notation, the integrals in equation can be rewritten as
(8:23) /T Pmt,2(8) VYo@yr -Jir fri-Lsf ds = / pAYa-Tdpr -Gra-fada®da®,
— Wa,i Q.0
where Q5 = {(2%,2°) : |2%] < 4, |2°) < 4} and
Pa(a*,2%) = pmga(~2%), Gral@®a®) = ¢ 0 W (2,20 - [[W'y(*)]]
a(@®,a) = o Bpr 0 Wa(a®); Ji g (2%2°) = Jfy_ 0 Wa(a®)
Fa(a®,2°) = o WY (s°, 20).
Our strategy will be based on the fact that an oscillatory integral of a Lipschitz function is
small. Unfortunately, the integrands above are not Lipschitz. To deal with this, let

(8.24) Eea,ig = ¥a(0,0) - Zgasi,

39 Some manifolds can be attributed either to a box or to an adjacent box and a choice can be made to
resolve the ambiguity.

40 The manifold W in the proof of Lemma corresponds here to the central manifold of the box,
which in the current coordinates reads {(0,2°,0)}, while M4 (z°) corresponds to G(z%,x°).
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recalling Z; 4 ; defined by (8.8). Note that, by Lemma and the fact that [¢]camyy < 1,

we have

(8.25) ‘¢A T — EZ,A,i7j|WA,i|_1‘ < Cyro? 2
o0
Therefore, using (8.25)) in (8.23]) and substituting it in (8.20), yields

B A,
/W YR(2)™(f) dmw = ZZ Z |WAZT pA'd)r,A'fA

>0y i, A€Ey;

(8.26)
+ O(!f\oo\wloorae ’m),

since @ < 1/3. Recalling p(s) = p(—s), we introduce (to ease notation we suppress some
indices):

—z0r_4axV

) s l,O _ (ET— )m 16
(8.27) Gemial@’,) = pla )IWAZI( 1)

cpi(Ma(2®), 2%, Na(2®) — 2°) - ©4(z®),

where © gds A dx® is the volume form on Wg in the coordinates W%. Note that
o (br)m !

(m—1)!
(fr_)m-1
(m—1)!
Indeed, by construction |Wy ;| > r?, and aside from /, the only large contribution to the
Lipschitz norm comes from ¢, 4 (which only differs from ¢,; by the uniformly smooth

change of coordinates W%), and p and is of order 9.
With the above notation we can write,

@bR() (f) dmw = O(| floc|$locr®®a™™)

+ Z Z Z *—'E Ajg /Q eibxoGZ,m,i,A($s7 xo)f(WA(:ES) + (07 07 xO)) .

>0y i, A€EE, Jivd crf

—alT_

’Gé,m,i,A|oo < C#T
(8.28)

—alT—

lLip < Cpr™?

1Gem.i,a

(8.29)

At this point, we would like to compare different manifolds in the same box by sliding them
along an approximate unstable direction. For this we fix £,%¢,7 and use the approximate
unstable fibres 7% . constructed in Section@ (the parameter s represents the maximum time
in F, ;, there). In short, for each coordinate Ra,; ;, we can construct a Lipschitz foliation in
B in a

p=r
neighborhood of W, = {(0,2°,2°) |2°| < ¢r?,|2°| < ¢r?}. In order to have the foliation
defined in all B, we need ¢ < 1, while for the foliation to have large part where it can be
smoothly iterated backward as needed it is necessary that ¢ > 6. We thus impose

(8.30) f<¢<l1.
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The foliation constructed in Section [f] can be described by the coordinate change
Fij(x* 2%, 20) = (2%, Gy jo (2, 2®), Hyj (2%, 2%) + 2Y) .

Also, in equation it will be essential that s be large enough. It turns out that

(8.31) % =10ma™!

suffices. The leaf v (2, 2Y) is thus the graph of F; j ,.(-, 2°, 2°). Note that, by construction,

we require that the vector (1,0,0) is tangent to the curve in the foliation passing through
(0,0,0). Thus[T]

Gijx(0,0) = H; ;,(0,0) = 023G} 5,5(0,0) = 0w H; j ,.(0,0) =0
B G 0 O, |Hule,0) < O
For A € Ey; j, we consider the holonomy

hjas:WanB, — W,

defined by {2} =~7; . (h;ja..({z})) N Wa. Recalling (8-21)), we shall use the notation
(8.33) hyja. 0 Wa(a®) = (0,h3(2%), b3 (2%)),
where, by construction and provided ¢ has been chosen large enough, for all |z%| < 79,
(8.34) [h3(0)] < Cr2, [h((0) = Na(0)| < Cr?, |hy ()] < er?, [h)y(a®)] < er”.
In other words, F; ; ..(Ma(z®),h% (2%),h% (2°)) = Wa (%), that is
Gijoe(Ma(2”), b (2°)) = 2
Hijoe(Ma(2®), by (2%)) + bl (2°) = Na(a®) .

We shall need the following bounds on the regularity of h%. The proof of Lemma [8.7] is
provided in Appendix [B]

(8.35)

Lemma 8.7. There exists Cy > 0 such that for each i, j, £, and every A € Ey; ;, the
following holds

(%) — @]+ (03) (@) — 07| £ Cprt TR [1 - ()| < O

Next, remember that the fibers 777 in the domain A,, can be iterated backward a time
2 and still remain in the unstable cone. In the following we will use the notation

(8.36) Dwif = sup  ess-sup [(OpulF; i, (x", 2%, 20), (Vf) o Fyj(x¥, 2%, 2%))] .
(z8,20)€AN,, |z*|<r

41 We cannot require that the leaf (2,0, 0) belongs to the foliation, but the proof of [BL, Lemma A.4]
ensures that we can obtain the desired tangency.
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With the above construction and notations, using (8.28), (8.34)), (8.35)) and Lemma we
can continue our estimate left at (8.29)) (recalling (8.33]))

/ dx? dz® €ibx0Gg7m7Z’7A(st, 2%) f(Wa(2*) + (0,0, 2°))
Q

crf

= / de dx® eibeGf,m,i,A(xS7 .’L‘O)f(o, hSA<mS)7 h(,]A(xs) + mo)

Q.0
+ O 0, f + 18| fllpee) - %6—0,47
, o Gro o (2%20
(8.37) = chzo du® @ —wa(@®)) \(hij/ - &ﬁ;_f(gjs)‘ £(0, 2%, 29)
+ O 0, f + 15| fllLe) - % —abr_
= /Q ijo do® M- wa@NG] L (2®,29) £(0, 2%, 2°)
O, f + (15 + 50 o) - % —atr_

where in the first equality, we have expanded f at the reference manifold W, using 9,.;f on
A,, and property (iv) of the foliation on W, \ A,,; in the second equality, we have changed
variables, 20 — 20 — h% (2°) and then z* — (h%)~!(2°); and in the third equality we have
used Lemma setting w(z*) = hY o (h%)~1(2%), and

(8.38) G mia(@®,2%) = Gomia((h3) 7' (2%),2° — wa(a?®)).

Note that Lemma and (8.28)) imply that there exists Cy > 0 such that, for all A,

« o)™t
|Gl mialoo < Cyr me “r
—20 (ET*)mil e—aZT,

(m—1)!
At last, we can substitute (8.37)) into (8.29): We note that (8.8]), (8.24]) imply

Z Z Era,i < Cyu,

i,J A€Eq A,;

(8.39)

1GE miallLip < Cyr

and use the Schwarz inequality (first with respect to the integrals and then with respect to
the sum on i, j) together with the trivial identity | Y , z4|> = (32 4 24)(>_ 5 ZB) on sums of
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complex numbers, to obtaiﬂ
(8.40)

‘ [ erm) dmw‘ <c, [W P05 S fl 4 rsup am-f] a
w 7

N|=

0 - = iblw 4 — o
+0% > D Ml S D Eraiieniy / eltlwawsl [sz,z‘,A ' sz,z’,B]
6

>0 iy A,BEE,, .,

< Cy [(rae ol mAe/5 rg_e)lf\oo -+ rsup 8%,2-]”} a ™
i

+C#Z|f\oo7“% Z > ZiaiZisi

>4y 9,7 ABGEZZJ

piblwa—w * ~
/ wawnl [Gy s 4G
0

cr

In view of the cancellation argument needed to conclude the present proof of Lemma
we need a fundamental, but technical, result whose proof can be found in Appendix [B}

Lemma 8.8 (Oscillatory integral). We have

(8.41) i;lsf |Ops [wa —wp] (%) > Cpd(Wa, Wg).
In addition, provided that

(8.42) 0<w< g and 4¢/5 + w(7+ 11¢/15) < 1
we have

(8.43) lwa —wgllerr=(g_,) < Cyr,

which tmplies

‘<C'f‘6 o0

’ / it Pea)wnEN Gy G
(8.44) 7

(U= )?m=2 i g T 1
< C arlT_—
SYmoDES " AW W) e | d(Wa, Wa)b

Note that the proof of the C'*% estimates on the holonomy in [BIJ, Lemma 6.6] used a
Holder bound on 0,u0,sG (called (6) in [BL, App. DJ) that is not available in the present
context. Yet, it turns out that the four-point estimate (vii) from Section |§| suffices to prove

the bound (8.43)) on wy — wp.

42 Remember that i runs from 1 to C’#rfg’e, while j from 1 to C#refl, so, all in all, the sum over 4, j
consists of Cygr'72% terms.
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We have now all the ingredients to conclude the proof of Lemma [8:I] It is convenient to
introduce a parameter ¥ > 1 and to define

E§'% = {(A,B) € Ey;j x Eg;j + d(Wa, Wg) < r’}

EfY ;= {(A,B) € Eyij x Eyij + d(Wa, Wg) >1r"}.

In order to estimate the sum on E$% we will need the following lemma (whose proof is

lyij
provided in Appendix .
Lemma 8.9. For each £ > {y, i € N and A € Ey;, the following estimate holds,

> Zupi < Cy [r'Vp, + N7
{(Bi) : i€N,BEEy ;,d(Wp i, WY ) <p:}

where X < 1 is from Lemma[3.8

Thus, by the above Lemma with p, = 7V, we have

Z 2y AiZo B = Z Zp A Z 21 B.i

(8.45) (A,B)EEfe%s A€Ey,;,; (A,B)eEgose
< C# Z 2o A [T0+19/2 + )\ET_/Z:| .
AGE@}iJ‘

Next, we assume (possibly strengthening assumption (8.12)),

mma—?!

(8.46) AOT=/2 = (e aam < p0F0/2
Hence, using estimate (8.45)), for £ > ¢y,
847 S Ziaituse < CUWRE.

bJ (A,B)€Eglos

To conclude, we want to use estimate (8.40)), applied to R(z)™f rather than to f. The
reason for this is to obtain an estimate in terms of the H. norm, but with a very small
factor in front. Indeed, remembering (5.13)), (8.31) and (8.36),

m—1 o] Smfl

ORI < [T e 0 (o) + Sl [ e

o gn! 210m)" |l [~
< Cylfln, [ et s [ e
TS o (m = 1) 5

eSmam(m — 1)1 Jsn,

. 10m mefll)m
< Cylat )l + C

< Cyla+WmA) ™| s, + Cpe™ ||l .

(8.48)

Similarly, |[R(2)™f| = | [5* (fnm 11), e fo®_gds| <a ™| f|so-
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Thus, by using (8.39) and (8.47) to estimate the sum over Ezlfie and Lemma to

estimate the sum over Ega,f ;in (18.40), we obtain

\ | urems) dmw‘

e—abr— (ET_)m_l 7,—79(1+w)+1 p—0-9

9
<C R(2)™ ()| e + +r2+9}

(8.49)

_ (14w)9+26
2

_ 143049
r 2 9—20-2

e [W S SO R ()™ () oo+ rsup a%,im(z)m(f))} a
+ +r +7’1_4§/5+7‘<_9+r0‘9> | £l e

= ( bz b3

+Cpa™"r(1+a” I A) 7| flla,

where we have used the fact that

m—1 —-m
Z e—aZT, (67_—) o < Ca < C/a—mr—ﬁ_
= (m—1)! T_

Note that if we choose w = 4—10, then condition (8.42)) is satisfied for each % <0 <g¢<1
Thus all the conditions imposed along the computation are

0<fO<c<l; 9>2+420; \No7=/2 < 049/2

_(l+w)19+2(1+0¢)9
If we choose ¥ = 2+460,b=1r w ,0 = ﬁg: 11120;,andm20alnb, for some

appropriate fixed constant C, then we satisfy all the conditions, and Lemma 8.1 follows with
Yo = m since the largest term appearing in (8.49) is of order r®¥ = b_%ﬁ O

9. COMPLETING THE PROOFS (EXPONENTIAL MIXING OF ®; AND RESONANCES OF X)

9.1. Proofs of Theorem and The key step in proving exponential mixing consists
in showing the following consequence of the Lasota—Yorke estimates and the Dolgopyat
bound on R(z):

Proposition 9.1. For any 0 < v < o < 1/3, if B > 0 and 1/q < 1 are such that
max{5,1—1/q} is small enough, then there exist 1 < ag < a; < by, 0 < ¢ < ¢, and v > 0,

so that
1 n
.
IRa+ il < ()

for all |b| > bo, a € [ap, a1], and n € [c11n|b], c2 Inb]].

43 Note that with the above choices if o = %, then we have the rather small value vy = ﬁ Working

more it is certainly possible to obtain a better estimate but it remains unclear what the optimal value is.



92 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

Proposition [0.1] will be shown in the next subsection. Together with Corollary [5.4]
and Remark it gives the following corollary which, together with (9.1)-(9.2), implies
Theorem [[.4t

Corollary 9.2 (Spectral gap for the generator X). Under the assumptions of Corollary
and Proposition [9-1), there exists vg > 0 so that the spectrum of X on B in the half-plane

{ze C|R(z) > —vo}
consists only of the eigenvalue z = 0, which has algebraic multiplicity equal to one.

Proof. By Proposition and Corollary [5.4] the sets {z € C : R(z) > —v, [S(2)| > by}
and {z € C : R(z) > 0} are included in the resolvent set of X, in fact, z — R(z) is
holomorphic, as a bounded operator on B, on the union of these two sets. (Just like for
[BL, Cor. 3.10] or |L2 Cor. 2.13], we apply R(z +n~!) = R(2)(1 +n~'R(2))~L. See [Bu,
Lemma 4.2] for details.)

On the other hand, Corollary[5.4]implies that in the set {z € C : R(z) > —v, |S(z)| < bo}
there can be only finitely many eigenvalues, while the intersection of the spectrum with the
imaginary axis consists in a simple eigenvalue at z = 0. Corollary is proved. U

The results of Butterley |[Bul| allow us to obtain exponential decay of correlations for
Holder observables (bypassing the final argument in [BLL Proof of Theorem 1.1]).

Proof of Theorem[I.2 Proposition is [Bul Assumption 3A| (we have ca < (In(1 +
a~1v))~1 up to taking smaller v), Lemma is [Bul, Assumption 1], and Corollary is
[Bul, Assumption 2|. In addition, Lemma gives strong continuity on B (in particular the
domain Dom (X) of X is dense). Thus, [Bu, Theorem 1] provides a finite setlﬂ

{zi}jLo C{z €C:—v < R(2) <0,/S(2)| < bo},
a (nontrivial) finite rank projector II : B — B, and an operator-valued function t — P,

where P; is bounded on B, IIP; = P:II = 0, and a matrix X e L(F,F), F =1I(B), which
has exactly {z;} as eigenvalues and

(9.1) Lo=P,+ X1 forallt >0,
and for each vy < v there exists C,, > 0 such that, for all f in Dom X C B,
(9.2) |Piflw < Coe” | X fllg for all t > 0.

By Corollary , we know that the only z; on the imaginary axis is z9 = 0, corresponding
to the constant fixed point of £; and to the invariant volume Iy f = fQO fdm. Theorem
thus follows from applying and to f € C%(Q0) NCY(Q) and ¥ € CH(Qp), since
Lemma gives

| / WPt dm| < [ Puf ey 6 ler < [Peflulller

441y fact, the statement of [Bu, Theorem 1] is stronger due to an oversight in the computation of a
residue in the formula just before [Bul, equation (4.2)]. Performing the, obvious, correct computation yields
immediately the result we are stating.
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while the proof of Lemma gives C%(Q0) NC°(Q) € Dom (X) and [| X f||5 < C| fllc2(a0)-
g

9.2. Proof of Proposition It only remains to deduce Proposition[9.1]from Lemma [81]

Proof of Proposition[9.1. We shall use several times the trivial observation that if 0 < 7 <7
are small enough then for any D > 1 we have

. n 1 1
9.3 < = = < _ VYm > 1.
(©:3) TSDT Urpm = @rpom " E

We introduce an auxiliary norm in order to handle thd*| |z| factor in ([5.5]) which is much
larger than the b= decay from the Dolgopyat Lemma For fixed |b| > 1 and f € C*(Q),

set
Cy 1

(9-4) £l = 1171 + ) 11l + 0] 1£llo-

We shall prove Proposition for the norm || - ||«. We first check that this is sufficient:
For M > L > 1, if a € [ag,a1] and |b| > by > 1, where ag, a1, by, 0 < ¢1 < ¢, and v are as
in Proposition (9.1 for || - ||«, we have for ¢ € [¢1, 2] and m = [¢In ],

(9.5) IRF™ M7 (0 +ib) fl|5 < [Bl[|[R*™ ™ (a 4 ib) £«
< Ca F™ | RM™ (g + ib) f|«
< CafmeMm(l + aflv)meHfHB7

where we used in the first inequality the fact that || ||z < |b||| - ||+), in the second inequality
Proposition [9.1| with the bound |b|(1 + a~'v)™™ < 1 for L large enough, and in the last
inequality Proposition [9.1| with || - ||« < || - ||5. Taking large enough M /L and small enough
0 < 0 < v (recalling ), we have proved

IR"(a+ib)||s < (a+0)™"

for some © > 0 and ¢ < ég, all |b] > by, a € [ag,a1], any ¢; < ¢ < é2, and n = [¢1nd].

Let f € BNC?(£). We shall assume that 1 < ag < a; < bp, to be determined later, and
take b > by (the case b < —by is similar) and a € [ag, a1]. In particular
la + ib| <
alp|  —
We shall consider n = 2m, the case n = 2m + 1 is similar. Our starting point is the
Lasota-Yorke estimate (5.6)) in the proof of Corollary which holds also when replacing
5.1}

|| -8 by || - ||«: Let 0 < A <1 be as in Proposition then there exist mo > 1 so that
forall @ > 1, all b > 0, and all m > mg, we have

(9.6) IR(a +ib)*™ flls < a™ " | R(a+ i)™ fll« + Ca* ™ |R(a +ib)" flu,

2.

45 In [GLP] another approach was used to address this issue, involving an auxiliary norm || - ||* based on
exact stable leaves (bypassing the neutral norm, using the resolvent) which may be problematic here since
the stable foliation is only measurable. See [GLP, Lemma 7.4, Lemma 7.8, just after (7.4)].

46 We use here that the constant C' in is uniform in a and b, also for || - ||..
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where v < C(1 —a ' In\)~™ < 1.
Recalling (9.3)), take v > 0 so that

0<v<—In)/2.
Since (5.6)) for || - ||« also implies

1
a "V |R™ Flle < Cua 2™ flle < Cpa™2™ -
IR < Cpa Sl S Cpa
and since we assume a > ag > 1, b > by, and m > (c11nb)/2, the first term in the
right-hand-side of is bounded by
L/ —
6(1+ a—tv))2m " 6(a + v)2m
taking D = 2 in (9.3)), if bg is large enough and if ¢; > 0.
We may thus focus on the second term in the right-hand-side of , that is, the weak
norm contribution. For ¢ > 1 to be determined later, we fix
e=b"7.
Then, using (5.2)), which gives |R(2)" |, < Cxa™™, we find (recalling that 1 < a < ay)
97 Cpa® ™R(2)"™(f)lw < Cla™™R(2)™ (Me(f))|w + Cpa™ ™| f — Me(f)w)] -

If ¢ > 1is close enough to 1 and B > 0 is small enough, then min{~y, (2¢)~%,1/¢—2/5—3} = v,
since v < 1/3. By Lemma the second termlﬂ in the right hand side of (9.7) is thus
bounded by

[Rale
m

[1£1l

(9.8) CeL/%a 2| fllg < Ca™ 20" £
Next, if
(9.9) oy >1,
we get
1

C —2mb1—0'y <
#d ~ 6(a+v)*m

if b > by is large enough and if

om < (0v—1)Inb —In(6Cx)
In(1+ a=1tv)

The numerator in the right-hand-side above is > (0y — 1) Inb/2 for large enough by, since
a < ap. This gives a constraint satisfied if

ap(oy — 1)
9.10 < —72
(9.10) cg < 10

47 Note that the analogue of [BLl Corollary 4.2] is not needed here.
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The first term in (9.7 will be more tricky to handle. Recalling a < a1, we must estimate:

(9.11) Cya™™  sup / R(z (f))dmw
PpeCr(W
\Wllca<w><1

on some adnnsmble stable curve W. Recall A = Al/ Tmar from . By the Dolgopyat
bound (Lemma , there exist Cp, > 0 and o (mdependent of 1 / g and f3), so that, if ﬁ

(9.12) m > Cp,In |b] ie., ¢ >Cp,
then (9.11]) is bounded by
IMe ()1 7 (20)
9.13 Cya™ ™m0 (|| M, o 000
(0.13 s (I i + e
Now, Lemma [7.2] and Lemma give
(9.14) IMe ()| o0 020) < Cpe P79 fls < Cype™ P14 £
and
(9.15) IMe() 112, (000) < Cpe "2 flls < Cype P24 £
On the one hand, if
(9.16) o(B+1-1/q) <0,
the estimate ((9.14)) gives the following bound for the first term of (9.13))
—2my— o — 1
Cya 2mp—0+o(B+1 1/q)||f||* < W”ﬂ‘*’

if by is large enough, and

(o —o(B+1—-1/¢))In|b| —InCy
In(1+a~tv) ’

2m <

which holds if by is large enough and
Jo—alB+1-1/g)
2v

On the other hand, recalling 1 < ap < a < ay, (9.15) gives that the second term of ((9.13)
is bounded by || f|« multiplied by (note that (9.9) implies o(8 + 2 — 1/q) > v~ 1, while
71 >3 > )
a—2mp—r0+o(B-1/q+2) c a—2mp—0+o(B—1/q+2) 1

< <

(1+allnA)ym/2 — # (1+a1InA)™/4(1 +atinA)™/4 = 6(1 +a lv)?m’
if by is large enough and m is large enough, more precisely
o(B+2-1/q) —

In(14+atnA) ~’

(9.17) c2<a

Cy

(9.18) o >4

48 The proof gives a constant C'p, much larger than 79, and we may safely assume that vo < 1.
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P s . In A
and if, in addition, recalling (9 , we assume v < “g-

Along the way, we have collected the lower bounds on ¢; given by (9.18]) and (§ - the
upper bounds on ¢y listed in ((9.10]) and (9.17)), as well as the conditions (9.9)) (lower bound

on o) and (upper bound on o). Fixing o = 1/3, Lemma [8.1] provides a value for ~o.
If bg > 1 is large enough and v > 0 is small enough, then all conditions can be satisfied
simultaneously if 1/¢ < 1 is close enough to 1 and § > 0 is small enough. In particular,
recalling v < a—f @ we require

(9.19) B+1-1/g <v(a—p).
This completes the proof of Proposition 0.1} O

APPENDIX A. PROOFS OF LEMMAS AND (APPROXIMATE FOLIATION HOLONOMY)

This section contains the proofs of Lemmas and (Subsections and on the
Holder bounds of the Jacobians of the holonomy of the fake (approximate) foliation. These
bounds are instrumental to get the four-point estimate (vii) for the fake unstable foliation.
Proof of Lemma[6.G. Letting hy» v denote the holonomy map from Vi* = T-"V} to V3" =
T~ ™V,, we begin by noting that
(A1)

(@), 8) T 0@)e) T 0, 5)
Jhia(v1(7%), 7°) J3, T~ (hig(v1(29), 25, ) Jy, T~ (hia(v1(7%), 5°))

_ZmJ; iy TN wg) = I Ty, T NE) — In T, T (y;) + In sy, T ()

thln?VQn (ﬂ’}n)
Jh\/l”,VQ" (yn) ’

where as in the proof of Lemma z; =TI (v1(2*),2%), &; = T (hi2(v1(Z*), %)), and
similarly for y; and y;.

We begin by estimating the difference of stable Jacobians in . The factors in each
term involving the stable Jacobian are given by , and we can bound the differences by
grouping together either the terms on the same stable curve (standard distortion bounds),
or the terms on the same unstable curve (using Lemma . Assuming without loss of

generality that d(zo,Zo) > d(yo, Jo), this yields the following bound on the sum,
(A.2)

n—1

+1n

C Z min{d(z;11,yj11)k7 1, d(@je1, Fj)k o + d(w, 35) + (s, %) + d(wj41, j41)}
=0

49 We may take v = o — 8, which is smaller than (and close to) 1/3 < 1/q, given our other choices, so
that o is larger than (and close to) 3.
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where we have used the uniform bound on Jhis given by Lemma and to eliminate
terms involving d(Z;,§;) and d(y;, y;). We estimate each term using one of two cases.

Case 1. d(xj41,Yj+1) < d(xjq1,Tj41). We write,
(A3) d(zj1, Y1) = d(@jpn, y) “d(@j41,y501) 7
< C(J T (w0)) T d(wo, yo) T d(wjy1, Fj1)' ~7
On the one hand, we have
(i1, Ej41) < Cd(wo, Z0)(Jn—3 T+ (25)) 7",

where £ is the curve so that z € T”(E) =: 4. On the other hand, by the uniform transver-
sality of the curves T-7=1(V1) and T-771(¥), we have

T3y TN @) JLT I (wg) = CFLIT ™7 () = ! S=eliol,

cos (T j41)
— T T (wo) = CF Pk g T TV (1)

(A.4)

where JT~7~! is the full Jacobian of the map 7~7~!. This estimate together with (6.3
implies

(A5) Ty T (0) < Chig 023 (T, T (700))5.

Now using this estimate together with (A.3) and again (6.3) yields,
A6
(A.6) o (4410w) /3

1
d(xit1,yie1)k2, < Cd(zo, yo)Td(zg, To)' 7 X : ,
( 7+1 y]+1) 7+1 = ( 0 3/0) ( 0 0) p2(1+w)/3 (J,}l’-,_j_lfyT]—"_l(xj+1))(1_8w)/3

and this will be summable over j as long as w < 1/8.

Case 2. d(xj41,%j41) < d(xj41,Yj+1). In order to control the terms involving ¢(x;, Z;), we
use the expressions for the Jacobians given by (6.4]) and (A.4]) together with [CM, eq. (5.27)

and following| to write,

(A7)
J ~ -
~ d(l"_m,l"_m) ¢($0,$0)
o(xj,25) <C S e J - — +C - .
(25, 3) mzl Jpm—i-ay, T N @ omp1) Sy T ag) Ty T (o) ST (x5)
J —m~+1 —Jj ~
3 A Ay’ d(x0, %)
< Cd(x(), .%'0) ” — 0 ” — +C ?L - ,
mzl JTmfjﬁT] m(xj—m)JTfj’—mi 1(513]‘) JT*jﬁT] ({L'])

where in the second line we have used the assumption that ¢(xg,Zo) is proportional to
d(zo,Zo) and that d(zj—m,Tj—m) < C’d(xg,:EO)/J%m_j;YTj_m(xj_m). Note that for terms
with m > 2, there is a gap between the expansion factors of the unstable Jacobians in the
denominator of the sum: The Jacobian J;m,j,wT(xj_mH) is missing. We use the fact



98 VIVIANE BALADI, MARK F. DEMERS, AND CARLANGELO LIVERANI

. . . 2 .
that this is proportional to kj_m to estimate,

' d(zo, T0)?® < | Cd(xj, 7;)°7 k%%,
S i T (@jom) Sy TN @5) ™ (S T7 7 (@) Ty T () 9%

Cd(l‘j, jj)kaa/pr—Gw

< :
O e C R ) R O/ R AL C7)) L

< Cd(zy, jj)9wka/12wp76wAa(jfl)(1715w) 7

where we have used (6.3) in the second line. Notice that this estimate holds for m =1 as
well. Putting this estimate together with (A.7)) yields,

(A.8) d(aj, ;) < Cd(xo, E0)' 0% d(x;, i5) ki 2= p 0= AU DO—15%)

A similar estimate holds for ¢(z;41,Zj41) with d(xj41,Z;41) in place of d(z;,Z;).
Now since d(z;,Z;) = Cild(.%]q_l,.i'j+1)J%,j,1,7T(.%'j+1), we have
d(z;, %) < Cd(zj41, Y541k

by the assumption of this case as well. Since d(xj+1,Zj4+1) < Cd(x;,Z;), combining similar
terms in ([A.2)), it remains to estimate the following expression in this case,

- . -9 - 91 —1205 —6 A —(i—1)(1—15w
d(xji1, &j11)k2 g + (g, 35) + d(xo, F0) 0P d(), 75) T k27 p~ 6= A U :

(A.9) 0 18

_ B d(wo, T0)' T d(xj11, Tj11)
< d(xj1, Tk + d(@n, T4k + 25 60 A U-D(1-15=)
k™ pb@ Ag

For the first term, we use the assumption of this case to write,

d(wj41,%541) = d(@j41, Tj1)Td(@j40, Tj1) "
< C(J5 T (0))®d (20, yo)Td(2j11, Tj41)' ™%,

which is precisely the same expression as in (A.3)). Thus the first term in (A.9)) is bounded

by (A.6).
For the second term in (A.9)), we use (6.3) to bound k:j2 and again (|A.5)) to estimate,

d(zo, o) % (T35 T (@3))*?
O S CIREY) R '~ APk
o~ (4+10) /3

1
w ~ \1-w "W

d(@j41, 3501k < C(J5 T (@0))Zd(wo, y0)™

where in the second line we have used the fact that J;i,mTj (x5) < CJ;,j,lﬁTjJ“l(xjH) as
well as (A.4) to obtain a bound equivalent to (|A.6]).
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Finally, we estimate the third term in (A.9) following a similar strategy, using again

A5),

(w11, j41) 7k}
~ U j 6w
L d($0 :Eo)gw (JTfj*Tj(xj))
SCJSle.TO wdl’o,yow ’ J
( \%1 ( )) ( ) ( %,j,L?T]Jrl(l'j—i-l))&ﬂ kll/[%'wpfjw
k—46w/3 1

< Cd(wo, yo) T d(xo, To)*™ % ‘ '
p20w/3 (J%ijilﬁTJ-‘rl(wj_’_l))w/S

Putting these three estimates together in (A.9)) implies that the minimum factor from (A.2))
in this case is bounded by

Cd(xg, yo)“d(zo, jo)l—wAO*(jfl)(l*MW/?’) max{kl}ww/?’p—%w/?,, k‘;/4/3710w/3p_2(1+w)/3} ’
which will be summable over j as long as w < 1/15.

Finally, using Case 1 or Case 2 as appropriate for each term appearing in (A.2) and
summing over j completes the required estimate on the difference of stable Jacobians

appearing in ((A.1)).

It remains to estimate the term involving Jhyp v, which is the holonomy of the seeding
foliation {/,}, 7y, Since {£,} is uniformly C?, we have on the one hand,

Jhyr v ()
JhV1”,V2" (yn)

while on the other hand, using the fact that the curvatures of V{* and V5" are uniformly
bounded,

ln S C<d(xn7 i'n) + (Zs(x’fh «%n) + d(y’rh gn) + ¢(yn7 gn)) ?

N Jhyp v (25)
Jhyn v (yn)

is bounded by the minimum of these two estimates, which we recognize

| < C(d(l'na yn) + d(i'na gn)) .

JhV",V” (;tn)
Now In 12—
Jhyn vn(yn)

as a simplified version of the expression (A.2)) with j = n. Thus this quantity satisfies the
same bounds as in Cases 1 and 2 above, completing the proof of Lemma [6.6] ]

Proof of Lemma[6.7 Let Vi be the subcurve of P* (W) corresponding to the gap; in the
coordinates (z%,z%), Vj is the vertical line segment identified by the interval [a,b]. The
boundary curves of the gap from the surviving foliation on either side as described by
{(G(z",a),a) : |7"| < ki p} and {(G(z*,b),b) : |7*| < k¥, }. Let x, = (0,a) and y, = (0,b).
Fix % with |2%| < k¥,p and define 7, = (2%, G(z%,a)) and g, = (z*,G(z*,b)). Let V}
denote the stable curve (vertical in the (z*%, z®) coordinates) connecting &, and gp.

Using similar notation to Subsection let j+1 denote the least integer j° > 1 such that
7' (Sp) intersects V. This implies in particular, that the surviving parts of the foliation
immediately on either side of the gap lie in the same homogeneity strip for the first j
interates of T~!. Define x; = T % (z4), vi = T *(ys), Ti = T (%,) and §; = T~ (3, for
1=0,1,...7.
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The following expressions for the quantities appearing in the slope will be useful,
G(z",b) — G(z",a) = / Ty T dmw, b—a= /  Tp iy, T dmy
T-iV; TV
And similarly,
Ty T ()

Ojs@ IZ‘u, a -
( ) J;“ Ve ($])

Jh_j(z;),

where h_; is the holonomy map from T—7Vy to T~7V; along the surviving foliation on the
sides of the gap. Using these expressions, we estimate,

a ral 1
=T Jr—iv, Je T de
(A.10) (b )8 G( ) Jr-iv, (yj)
Jp- iV T (x;) | T=9Vj|
+ In 4 n — .
|T JVO‘ fT Vo JT AT T] de |T ‘/1’
Since J7._ ;- T4 is continuous on TV}, the average value of the function is equal to the

function evaluated at some point on T7V;. Thus by standard distortion bounds along
stable curves, the first term on the right hand side of is bounded by Cyla — b|'/3. A
similar bound holds for the third term above.

In order to estimate Jh_;(x;), we note that this is part of the surviving foliation that
originated at time —n. Applying Lemma [6.4] from time —j to time —n, there exists C' > 0
such that

InJh_;(z;) < C(d(xj, 7))p k" + d(2;, ) ,

where ¢(x;,Z;) represents the angle formed by the tangent vectors to T—7Vy and TV, at
x; and T, respectively.

For the first term above, d(x;, 7;) < Cd(xo, o)/ J7} Tj (x), where 4 denotes the element
of the surviving foliation containing x,. For the second term, we use - ) to write,

7 —m-+1 —Jj 7
i i A Ay d(zo, Zo)
qb(ﬂf,:ﬂ) < Cd(I‘o,ﬂ?o) u i—m : U m— +C u ’
Y n; Sfm—iz 17 (@j—m)Jp- it Hag) - J’T](:Ej)

where we have used the fact that ¢(xg,Zg) < Cd(xo,Zo) since both Vj and V; are vertical
segments and the unstable curves in the surviving foliation have uniformly bounded curva-
ture. As in the proof of Lemma [6.6] there is a gap in the product of unstable Jacobians;
the factor J;m,mT(a:j_mH) is missing. This is proportional to k?-_m, but due to (6.3)), we
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do not ask for a full power of this factor; rather, we estimate,

1
T T () T T ()
cr’
< : 2
Tz T ™M@ ) T T (@ jmmg1) 3P T T (5)
4 _
kmég)p 2/5
B J%*j:/Tj (xj)3/5
This, together with the above estimates implies,
d(zo, To d(wo, #0) Ky,
(A.11) InJh_j(z;) < C 2/3 4/:5 u )j 2/5 Ju_ Tj(I;V.)S/5
Pk Jr-is T (zj) P15 J

Sublemma A.1 (Relating the gap size and the unstable Jacobian). Let a,b define the gap
in PT(W) as in the statement of the lemma and let j,z; be as defined above. There exists
C > 0, depending only on T, and not on n, j or W, such that

' < Ck—zp—26/35|a _ b|9/35.

lei—j R/T] (1']) W
Proof. We consider the size of the gap created in a neighborhood of T=771(x,), depending
on whether this gap is created by an intersection with homogeneity strips of high index or

not.

Case 1. The connected component of T-7~1(V7) containing T—7~!(z,) intersects Sg. Then

using (6.12) and (6.13]), we have,
+1;.—4 +1..8/3
- b > =t Chy o
T ()P T (20)

- >
ST (xe) Y
where we used (6.3]) in the second inequality. Now J '?Tj+1(xj+1) = C’ilk‘]zJ“ T (z5).

T-i-1
T—i-1 T-i5
Using this together with (A.4]) to convert between stable and unstable Jacobians yields,

Ci1k%3p4/3 ot! k$/9p26/9

T (a2~ T T 00

la—b] >

JY_
T

where in the second inequality we have used ([6.3)). This proves the sublemma in this case.

Case 2. The component of T=9=1(V}) containing 7-7=!(z,) does not intersect Sp. In this
case, by the uniform transversality of S; with unstable curves, the gap is bounded below by

o=l ek CCeRy
N J;LFWT]—H(xj-i-l)J\S/lT_J_l(xa) B (J;LjflﬁT]+l($j+1))2kj2‘+1
L ce
= (g, Ti(ay)?
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where in the last step, we have used the fact that in Case 2, kj;1 is of order 1. This is
clearly a greater lower bound on |a — b| than in Case 1, proving the sublemma. O

With the sublemma proved, we return to our estimate (A.11J),

- - \.4/5
InJh_;(z;) < C 2/%4%?; $fj) = pz/gﬁ?;?ﬁﬁ)w
w Jr-izt I\ g
< Cll(wo, o) (Iyg!*/*p 45/ a = bf*/5 4k /0= 917 — pf27/179)
<C ( —4/3 _43/105\a ’9/35 + k%5p27/175‘a . b|27/175>
< C( 43/105|a b\9/35 i p—29/175|a - b|27/175> < Cp—31/105|a _ b\1/7,

where in the third line we have used the fact that d(zg, o) < Cpk#, and in the last line that
kyw < Cp~1/5. We have also opted to take simpler (slightly less than optimal) exponents,
taking the power 1/7 rather than 27/175 in the second term of the last line and converting
la — b|*/3% < Cp*/3> in the first term. Note that |a — b| < C)p follows from Subsection

Finally, for the fourth term on the right hand side of , we note that the boundary
curves for the gap containing 77V, and T~7V; both lie in the unstable cone. Since 77V}
and TV, have bounded curvature, we have

_J ~
Tl < (e 77) < 0

In - .
e Ji, T9(a;)

Using Sublemma this quantity is bounded by
Cd(wo, Fo)ki2o 2B — b/% < Cp”/P|a — />,

where again we have used the fact that d(z, o) < ki,p. Using the estimates for these four
terms in (A.10) ends the proof of Lemma since both the average slope and 03sG are
uniformly bounded away from 0 and infinity. U

APPENDIX B. ESTIMATES FOR THE DOLGOPYAT BOUND (LEMMAS [8.7] [8.8] AND

This appendix contains several crucial, but technical, estimates used in the Dolgopyat
type cancellation argument developed in Section
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Proof of Lemma[8.7. Recalling condition (ii) on the foliation from Section |§|, the first
identity in (8.35)) together with (8.34)) gives
hs, (z°)
x® =G j(Ma(x*),0) +/ ds 035G j . (Ma(2%), s)
0
Ma(z®) h, (z*)

Ma(x®)
(B.1) :/ du 050G j o (u,0) + / ds |1+ / du Opu 0y Gl j (U, S)
0 0 0

Ma(z®) h% (z°) pMa(x®)
=h’ (z%) —i—/o du OpuGl j s (u,0) —1—/0 ds/o du Opu0ysGij (U, s),
where we have used the fact that 0,+G; ; ..(0, s) = 1 for each s by property (ii) of the foliation.
Thus, combining the bound (vi) from Section @ that is |0pu0ys G j | < Cp~/5 = Cr=4/5,
the bound | M| < C’#'r’l*%g from (which implies | M4 (z*)| < Cgr), and the condition
|h (2%)| < Cyr? from , we get b3 (2%) = 2°(1 + O(r'=4/%)) + O(r).

Next, differentiating the first identity in , we find

o 1— 8x“Gi,j,%(MA(‘TS)7 hZ(xS))MA(xS)

B.2 h3) (%) =
&2 ) = G (Va7), 1y (27)
We have
My (z®)
025G je(Ma(2®), W (2°)) = 03+ G j (0, hY (2°)) +/ O 05 G o (u, Dy (2°) ) du
0

=1+0(r' /5,
while |0pu G jx|oo < Cg, hence we have the second inequality of Lemma
(B.3) 1= (h)'] < Cpr' 5%,

while the bound on |(h%)(z*) — 2*| follows by integration. Finally, h¥% is invertible and the
claimed bound on |(h%)~!(z*) — 2°| holds using ((h%)~!(z*) — z%) = W —1 and
integrating as before. 0

Proof of Lemma[8.8 To start with, note that formula [BL, (E.1)| is obtained by a purely
geometric argument and uses only that the strong manifolds are in the kernel of the contact

form and the weak manifolds in kernel of its differential. Since the exact same situation
holds here, we have, for all relevant manifolds W4, the formula

z® Ma((h$)~"(s))
(B.4) wa(z®) = / ds/ du 025Gl jio(u, s) .
0 0
Note that this implies

(B.5) |wallze < Cypr't?.
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To obtain the formula we are interested in for each pair A, B, it suffices to differentiate.
Remembering properties (i) and (vi) of the foliation constructed in Section [6] we have

Mp((hy) ™ (=%))
Opswp(x®) — Opsw g (2®) = / du 035Gl j s (u, )
Ma((h3)~" (z*))

B. Mp((hg)~" (z%)) u
( 6) = / 7 du |:1 +/ du1 8zu8$sGZ-,j,%(u1,x5)
Ma((h3) = (2*)) 0

= [Mp((h}) ™ (2*)) = Ma((h%) " (2*)] (1 + O(r1759)).

Next, note that the distance between W4 N {z* = 0} and W5 N {z* = 0} is given by
|Ma(0) — Mp(0)] =: d(Wa,Wg). Then, by the same argument developed in (8.18) in the
proof of Lemma [8.5 we have

(B.7) [1Ma(0) = Mp(0)| — [Ma(z®) = Mp(a®)|| < Cyd(Wa, Wp)r®/.

On the other hand, by (B.1)) and property (vi) of the foliation, we have

s\=1/,.8\ _ hs —1/..s\| MBO(hSB)?l(:z;) 0. s
|(hi) ™' (%) — (h3y) " (2%)| = u Oy Gije(u, 0)

MAO(hS )*1(@”5)

MBO(h
/ / ds 0yu0ps Gy j o (u, 5)
l(ws

M go(h?)

+

SC’#(1+T9_3 ) |Mp o (h) (%) — My o (h%) " (2%)] .

To conclude recall that we are working in coordinates in which |My] < C#rlfge, cf. the
proof of Lemma [8.5 hence

|Mp o (hg)™" — Mao (h%)™!|
> |Mp o ()" — Mao ()™ — Cur'=3%| () ™! — (b))~
> |[Mpo(hy)™' — Mao (hy) "}
— Cy(r' 3% 4+ 71 75559) [ Mp o (hy) ™! — Mo (b)Y

which, together with and (B.7)), proves (8.41)).
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To prove the second statement, let us introduce the shorthand notation wa p(z®) =
wa(z®) —wp(z®) and ny = (h%) !, np = (hy)~L. By we have

Mp(ng(z®)) Mp(ng(¥®))
/ du 0ys G j o (u, %) — / du 0ps G j s (u, y°)
Ma(na(z*)) Ma(n4(y®))

|0pswa,B(2°) — Opswa ()| =

Mp(np(z*))
< / du Ops Gy j e (u, 2°) — Ops Gy j e (u, y*)

Ma(na(z®))

Mp(ng(z®))
/ du axSGi,j,%(uays)
Mp(ng(y*®))

Ma(np(y®)) )
/MA(nms)) o Oue Gty )‘ '
Notice that (ii) of the foliation implies

OusGijse(U, %) — Ops Gy jse(U, Y®) =0ps G jse(U, %) — Ops G j se(u, Y®) — Ons G j (0, 2%)

+ 025G j(0,9°%) .
Thus, the four-point property (vii) (applied to the points (u,z*) and (0,y*)) implies
(B.9) [0 g, ) — Bus G (1, y%)| < Cypr™ G
On the other hand, equation and Lemma imply
[Mp(np(a%) = Mp(np(y)| < Cyr' =5l =y,

and the same for A. Remembering that |z°|, |y®| < er?, property (v) of the foliation, and
our conditions on w, 6, from (8.42)), the above facts yield

_|_

_|_

UZ o417 |xs B

S|w

Y

_4
|0nswa,5(2°) = Opswap(y®)] < Cyrla® — y*|7 + 750" —y°| < Oprla® —y°|®

which, together with (B.5|), proves the second statement of Lemma
To continue, let

s .0 [(m - 1)!]2 —2alT_ % s .0 * s .0
Lap(z®,2”) = ICaE=N Gimia(e®,27)Gy,, ; p(a®,a0).
Next we introduce a sequence {wj}j]\/io C R such that wy = —cr? and Opswa p(w;)(wjp1 —

w;) = 27b~1 and let M € N be such that wy; < cr? and W41 > cre.lﬂ Also, we set
0; = wjy1 —wj. By Lemma it follows that, for each z° € [w;, wjt1],

lwa p(x®) —wap(wj) — Opswa p(w;)(z® —wj)| < C#T(SJHW.
In addition, the bounds in (8.39) imply

|Lap(a®,a%) = Lap(w),a°)] < Cydr™.

50 Note that M exists and is finite by the first part of the lemma, (8.41)).
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Then, using the first part of the Lemma,

w.
I —ibw 4 B(IS)L s .0 s
e ; aB(x®,2”)dx

wj

Wit . -
[ ettt OO (. 00) + O 8, o

wj

< Cy (bOJF=r 250 4 55 )

7,,—29+1 7“_36
<C + d;.
= # <d(WA,WB)1+wbw d(WA,WB)b> J
We may be left with the integral over the interval [wyy, cr?] which is trivially bounded by
Cyur=28); < Cy[r®bd(Wa,Wg)]~. The statement follows since the manifolds we are

considering have length at most ¢r?, hence Z;j\i 61 0; < erf. ([l

Proof of Lemma[8.9. We start by introducing a function R : W — N such that R(¢) is
the first ¢ € N at which ®_;._£ belongs to a component of ®_;, W of size larger than x, Ly,
ks« < 1/3, and distant more than Ly from 0.

Remark B.1. We choose ks such that, if ®_1. W is a regqular piece of size larger than
Lo/3 but in an Lo neighborhood of 0, then either ®_ (4 py, W or ®__py, W will satisfy
our requirement for some Cy > k17— > L.

We define then R(£) = min{R(£),¢}. Let P = {J;} be the coarser partition of W in
intervals on which R is constant. Note that, for each Wg;, ®¢. (Wp;) C J; for some
Jj eP.

Let Yy ; = {(B,Z) 1 €N, B e Ey,, d(WBJ‘,Wgﬂ-) < pxy ®or Wp,; C Jj}. Then, by
Lemma [3.5] for each (B,i) € Xy
J; s J;

(B.10)  Zypi= / Jir <Oy
Wh,i
where R; = R(J;) and W; = ®_g,. J;. Note that, by construction, either [W;| >
ksLg or R; = £ and Wj = Wp,. Next, consider the local weak stable surfaces Wg’i =
70 —_
Ute[fcre,cre]q)tWB,i and Wj = Ute[fcrg,cre]q)twj'
5

Let us analyze first the case in which R; < ¢. Let p < CxL§. Then, by assumption,
W is a manifold with satisfies condition (a) at the beginning of Section @ Indeed W; is
too long to belong to Hy, with k > Cpfé, so that W satisfies condition (b) of that section
as well. We can then use the construction in Section [6] to define an approximate unstable
foliation in a p neighborhood of the surface W?. Let I'p; be the set of leaves that intersect
Ap—p; N P_R;)r_ ngi. By the construction of the covering B,e(z;), the I'p; can have at
most Cy overlaps and since Wp completely crosses B,.o(x;), there can be no gaps between
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the curves in I'g ;. Now using the uniform transversality between the stable, unstable and
flow directions,

S omTe)=Cy D> Qg Walpr’.

(Bvi)ezl,j (Bﬂ;)ezl,j
Accordingly, for each j such that R; < ¢, remembering (B.10]),
(B.11) > Zipi <CylJilo T D m(P_ gy TBa),
(B)€Xy,; (Bi)€Sy,;

where we have used the invariance of the volume. Remembering that the ®_(,_g,). I'p;
have a fixed maximal number of overlaps and since they must be all contained in a box
containing O of length C’#r9 in the flow direction, of length C'#re in the stable direction
and of length Cy(p. + A~ Ry)T- p) in the unstable direction, we have

Y Zpi< Y C#|Jj|[P71T9(P*+A7§T’p)}

J (By)ESy; {j: Rj<5}

+ Z Z ZB -

{j: Rj>§} (B)€Zy,;

(B.12)

To estimate the sum on R; > g we use the growth Lemma [3.8{(a), with 1/gy = 0, which,
remembering Remark implies

Z Z Zp; < Z Z C#/ Jo,. 1 sWpi Per_/2

. . [0} ;
{j: R;>L} (Bi)€Dy,; {j: R;>L} (Bi)€Sy; er_/2WB,i

< Z C# / ']WB q)f‘r_ /2
WEE€Lyr_ j2(W) Ws

< Y CyLolTwsPer_paleo < CyAT 2
WBELy_ j2(W)

Since A > A~!, the lemma follows by choosing p = pi/2. 0
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