STATISTICAL PROPERTIES OF MOSTLY CONTRACTING
FAST-SLOW PARTIALLY HYPERBOLIC SYSTEMS.
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ABSTRACT. We consider a class of C* partially hyperbolic systems on T2 de-
scribed by maps F:(z,0) = (f(z,0),0 + ew(x,0)) where f(-,0) are expanding
maps of the circle. For sufficiently small £ and w generic in an open set, we
precisely classify the SRB measures for F; and their statistical properties, in-
cluding exponential decay of correlation for Holder observables with explicit
and nearly optimal bounds on the decay rate.

1. INTRODUCTION

There has been a lot of attention lately to the properties of partially hyperbolic
systems and their perturbations. The main emphasis has been on geometric prop-
erties and on stable ergodicity. In the latter field many deep results have been
obtained starting with [24, 39]. Nevertheless, it is well known, at least since the
work of Krylov [31], that for many applications ergodicity is not sufficient and some
type of mixing (usually in the form of effective quantitative estimates) is of para-
mount importance. Unfortunately, very few results are known regarding stronger
statistical properties for partially hyperbolic systems. More precisely, we have some
results in the case of mostly expanding central direction [2], and mostly contracting
central direction [12, 7]. For central direction with zero Lyapunov exponents (or
close to zero) there exist quantitative results on exponential decay of correlations
only for group extensions of Anosov maps and Anosov flows [13, 5, 11, 32, 43], but
none of them apply to an open class (although some form of rapid mixing is known
to be typical for large classes of flows [20, 35]). It would then be of great interest
in the field of Dynamical Systems, but also, e.g., for non-equilibrium Statistical
Mechanics, to extend the class of systems for which statistical properties are well
understood. See [38, 33] for a discussion of some aspects of these issues and [10]
for an interesting application to non-equilibrium Statistical Mechanics.

Another argument of renewed interest is averaging theory, due to new pow-
erful results [16, 18] and, among others, new applications of clear relevance for
non-equilibrium Statistical Mechanics [19]. Yet, averaging theory only provides
information on a given time scale; a natural and very relevant question is what
happens at longer, possibly infinitely long, time scales. Such information would be
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encoded in the SRB measure and its statistical properties. Hence we have a natural
connection with the above mentioned open problem in partially hyperbolic systems
(as indeed the slow variables can often be considered as central directions).

The above program can be carried out for deterministic systems subject to small
random perturbations (e.g. stochastic differential equations with vanishing diffusion
coefficient), where the fast variable (modeled by Brownian Motion), is (in some
sense) infinitely fast [21]. In our setting, on the one hand the motion of the fast
variable is deterministic, although chaotic; on the other hand, the motion of the
slow variable is not hyperbolic (hence one cannot implement strategies based on
the strong chaoticity of the unperturbed motion and the essential irrelevance of the
perturbation, where many powerful technical tool are available, starting with [27]).
It is then not so surprising that a preliminary step needed to carry out the above
program is to establish, in a very precise technical sense, to which extent the motion
of the fast variable can be confused with the motion of a random variable. In
particular, this requires to go well beyond the known results on averaging and
deviations from the average that can be found in [28, 16]. One needs the analog
of a Local Central Limit Theorem for the process of the fluctuations around the
average. This is in itself a non trivial endeavor which has been first accomplished,
for a simple but relevant class of systems, in [9].

Finally, in analogy with the stochastic case, see [21], one can expect metastable
behavior.! Indeed, metastability is a phenomenon that has been widely investigated
in the stochastic setting, see [36] for a detailed account. Yet, to our knowledge,
no results whatsoever exist in the deterministic setting. The strongest results in
such a direction can be found in [30] where it is proven, for a fairly large class
of systems, that the transition between basins of attractions takes place only at
exponentially long time scales, thus one has a clear indication of the existence of,
at least, two time scales in such systems. Yet, the results in [30] are not sufficient
to investigate the longer times needed to establish a full metastability scenario
(in the sense of Footnote 1). It is then natural to ask if metastability results
hold in the present deterministic setting. Of course, to answer to such questions,
one needs to combine good Large Deviation Estimates® with a precise quantitative
understanding of the mixing properties of the local dynamics. This is the topic of
this paper and it clarifies the connection of metastability with the above mentioned
general problems. Accordingly, metastability (together with partial hyperbolicity,
non-equilibrium statistical mechanics and averaging) constitutes a fourth natural
and important line of research among the ones that motivate and converge in this
paper.

To carry out the above research program it turns out to be necessary a prelimi-
nary understanding of the long time properties of the averaged motion. In general,
this is an impossible task, since the averaged system can be essentially any ordinary
differential equation (ODE). To simplify matters, as a first step, we consider the
simplest possible averaged dynamics: a one dimensional ODE on the circle with
finitely many, non degenerate, equilibrium points.

1 By a metastable system here we mean a situation in which two time scales are present: one,
the short one, in which the system seems to have several invariant measures, and hence to lack
ergodicity, and a longer time scale in which it turns out that the system has indeed only one
relevant, mixing, invariant measure. This can be seen experimentally by the presence of two time
scales in the decay of correlations.

2 These were first derived in [30]. But a much more refined and quantitative version can be
found in [9].
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2. THE MODEL AND THE RESULTS

2.1. The model. Let us now introduce the class of systems we are going to inves-
tigate. For € > 0 we consider the family of maps F. € C*(T?,T?) defined by

(2.1) F.(z,0) = (f(x,0),0 + cw(xz,0) mod 1)

where f € C*(T?,T) and w € C4(T? R). We assume that f(-,0) = fo : T — T
is an orientation-preserving expanding map for each 6§ € T; moreover, by possibly
replacing F. by a suitable iterate, we will always assume that d,f > A > 2.

Remark 2.1. In the sequel, we will take € to be fixred and sufficiently small depend-
ing on f and w. We could indeed regard (2.1) as an arbitrary perturbation of the
map ﬁ(x,@) = (f(mﬁ),@) by e(g(x,0),w(x,0)); in fact, since a sufficiently small
perturbation of a family of expanding maps is still a family of expanding maps, one
could always set f = f+ €g. However, in order to treat this slightly more general
case, we would need to show that our conditions on the smallness of € depend on w
uniformly in a neighborhood of f We do not pursue this for sake of simplicity.

Since fy are expanding maps of the circle, there exists a unique family of ab-
solutely continuous (SRB) fp-invariant probability measures whose densities we
denote by pg. By our regularity assumptions on F. it follows (see e.g. [23, Sec-
tion 8]) that pg is a C3-smooth family of C3-densities. Let us now define w(f) =
Jpw(x,0)pg(x)dz. Observe that our earlier considerations concerning the smooth-
ness of the family pp imply that @ € C3(T).

Our first standing assumption reads

(Al) @ has a non-empty discrete set of non-degenerate zeros.

In particular, we assume the set of zeros to be given by {Hii}ieZ/nzZ with nz € N,
@'(0;,4+) > 0 and @’(0; —) < 0; we assume, having fixed an orientation of T, that the
indexing is so that for any k, 0 1 < 0k, < 6r41,4, where all indices k are taken
mod nz.

In Section 4 we will see that the map Fy has an invariant center distribution
generated by vectors (s.(z,0),1). Let us now denote with 1, the directional de-
rivative of w in the center direction, or, more precisely, with respect to the vector
(s(z,0),1), that is:

(2.2) Vi, 0) = Opw(x, 0)s.(x,0) + Opw(x, 9).

Let us also define its average 1, (0) = [; . (z,0)pg(x)dz. As it will be made clear
by (4.7) and subsequent discussion, 1 4 e, is the one step-contraction (or expan-
sion) in the center direction. Remark that the system is non-uniformly hyperbolic
and it is far from obvious how to compute the central Lyapunov exponent for
Lebesgue-a.e. point. Our second assumption will, eventually, allow us to prove that
the center Lyapunov exponent is Lebesgue-a.s. negative:

(A2) MaXge {1, - ng} Z/;*(Qk,_) = —1.

Remark 2.2. Observe that if maxye(i,... ny} Vu(0r.—) < 0, it is always possible to
rescale® w and € so that (A2) holds. In other words, the —1 on the right hand side
is just a normalization which can be achieved without loss of generality.

Remark 2.3. Observe moreover that one can explicitly compute an arbitrarily
precise approzimation of . (see (4.10) and Remark 4.1). Thus, in view of the
above remark, Assumption (A2) is in principle explicitly checkable for a given map.

3 That is, for o, # 0, we let w — grw and € — gr_ls so that the product ew is left unchanged,
together with all other dynamically defined quantities. Observe that under this rescaling, (2.2)
gives Yy — 0rthx.
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The above condition is not optimal, it implies that the center direction is mostly
contracting on average (see Lemma 7.2) in a neighborhood of every sink. Of course,
a negative Lyapunov exponent in the center direction could also emerge from the
interaction between different sinks but this would be much harder to investigate.

Remark 2.4. It is quite possible that (A2) is not necessary and our Main Theo-
rem holds also in the case of zero or positive central Lyapunov exponent. Yet, its
proof clearly would require a different approach and it remains the subject of further
studies, see also Section 11 on this issue.

Remark 2.5. Observe that in case Oy f is identically 0, then (A2) follows by (A1)
since s, = 0, Jgpg = 0 and hence @'(0) = .(0). Thus, in such a case, the
center Lyapunov exponent turns out to be determined by the averaged system and
it is always negative. This is not true in general if Opf # 0 and motivates our
need for Assumption (A2). In particular, in Section 3.} we provide an explicit
example of a system for which (A2) does not hold and @' (0 —) < 0 < . (0k,—),
i.e., despite the fact that the 0y _ is a sink for the averaged dynamics, center vectors
close to {0 = 0y, _} are, on average, expanded by the dynamics. This phenomenon is
related to the potential lack of absolute continuity of the central foliation of partially
hyperbolic systems (see e.g. [11]).

In order to state our Main Theorem, it is necessary to introduce a few more
definitions, which force us to take a (very minor) detour through non-smooth anal-
ysis (see e.g. [6]). A Lipschitz function h € C¥P([0, 7], T) is said to be a (6°,0')-
path if it satisfies the boundary conditions h(0) = 6°, h(T) = 01; T will be referred
to as the length of h. Recall that Rademacher’s Theorem implies that a Lipschitz
function A is differentiable everywhere except on a set of zero Lebesgue measure
which we denote with Fj. For each s € [0,T] let us define the Clarke generalized
derivative of h as the set-valued function:

On(s) = hull{kli_{r;o h'(sk) : sp — s and {sx} C [0,T]\ Ep}.

The set @h(s) is compact and non-empty for any s € [0,7] (see e.g. [0, Proposi-
tion 2.1.5]) and so is its graph, i.e. the set {J,c(o 77{s} x Oh(s) C [0, T] xR (this fol-
lows from the definition and from a standard Cantor diagonal argument). Moreover
if s € Ey, then h/(s) € 8h(s) and if A’ is continuous at s we have Oh(s) = {h'(s)}
(see [6, Proposition 2.3.1]).

We say that a path h of length T is admissible if for any s € [0,T], 8h(s) C
int Q(h(s)), where for any 6 € T, we define the (non-empty, convex and compact)
set
(2.3) Q(0) = {p(w(-,0)) | u is a fo-invariant probability}.

Observe that the set of admissible paths might be empty if int () = @ for some
#; this potential degeneracy is excluded by our next assumption. Recall that a
function ¢ € C°(T) is said to be a (continuous) coboundary (with respect to a map
f: T — T) if there exists 8 € C°(T) so that

¢p=B—-polf.
Two functions ¢, ¢ € CO(T) are said to be cohomologous (with respect to f) if

their difference ¢o — ¢1 is a coboundary (with respect to f). Our standing non-
degeneracy” assumption is:

(A3) for each 6 € T, the function w(-,#) is not cohomologous to a constant
function with respect to fo.

4 In [9] it is shown that assumption (A3) is in fact generic in C2. Observe moreover that the
condition can be easily checked on periodic orbits.
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We finally state two more conditions:

(A4) there existsi € {1,--- ,nz} so that for any 6 € T, there exists an admissible
(0,0, —)-path. We can always assume, without loss of generality, that ¢ = 1.

Observe that, under conditions (A1) and (A3), condition (A4) is trivially satisfied
if nz =1 (see Section 6.4). In cases where (A4) does not hold, we can still obtain
interesting results under the following additional condition:

(A5) the set of zeros {6; 4+ }i=1,... ny of @ cuts T in 2ny open intervals: any such
interval J satisfies one of the following two properties
i. for any 6 € J, 0 € int Q(6)
ii. there exists 6 € J so that 0 ¢ Q(0).

The above condition is simply a non-degeneracy condition; more precisely (A5) is
an open and dense property among the maps enjoying (Al), (A2) and (A3) (see
Lemma 6.12). Section 2.3 contains further comments on this last assumption.

2.2. The result. We are now finally ready to state our main result.

Main Theorem. Under assumptions (A1), (A2), (A3) and (A5), if € > 0 is
sufficiently small, then F. admits at most ny SRB measures.

Under assumptions (A1), (A2), (A3) and (A4), if € > 0 is sufficiently small,
then F. admits a unique SRB measure pu.. This measure enjoys exponential decay of
correlations for Holder observables. More precisely: there exist Cy,Cs,C5,Cy > 0
(independent of €) such that, for any o € (0,3] and 8 € (0,1], any two functions
A € C¥(T?) and B € CP(T?):

|Leb(A - B o F[") — Leb(A)u(B)| < C1 Sup JA(-, 0)lce sup || B(z, -)[|cs e > ",
where

(2.4) . {Cgs/ loge~! ifng =1,

Csexp(—Cye™t)  otherwise.

The proof of our Main Theorem will be given in Section 9.4. In fact, in Section 9.4
we prove a slightly stronger version (detailing the exact number and properties of
the SRB measures in the case (A4) does not hold, but (A5) does) which, to be
properly stated, needs the introduction of several extra notations (see Theorem 9.9
and Corollary 9.10 for more details). Next, we provide a number of remarks to
clarify and put into context the above result.

Remark 2.6. There is a long lasting controversy regarding the definition of SRB
measures (see e.g. [17]). Since endomorphisms do not have an unstable foliation,
we will follow common practice (see e.g. [14, Corollary 2]) and say that pe is an
SRB measure if it is Fe-invariant and its ergodic basin

n—1
1
2 .
B(ue) = {p e T : o ;05@@) — pe weakly as n — oo}

has positive Lebesgue measure. These measures are also called physical measures.

Remark 2.7. As a particular (and non generic) case of (A5) (i.e. every interval
J satisfies property i) let us introduce the following condition®

(A4*) for any 6 € T, 0 € int Q(6);

5 In [30], w is said to be complete at 0 if this condition holds at 6.
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Condition (AJ*) immediately implies (A4) (it is strictly stronger and assuming it in
our Main Theorem would imply the existence of a unique SRB measure with e-dense
support). Most importantly, it can in principle be checked in concrete examples as
it suffices® to find, for every 0 € T, two periodic orbits of fy so that the average of
w(+,0) is positive on one of them and negative on the other one. Moreover, it is
obvious to observe that, for any given Fy, the set {w : (A4*) holds} contains an
open set in the C*-topology. Finally, it is immediate to check that Condition (A}*)
also implies Condition (A3).

Remark 2.8. A natural question is whether the values of c. in (2.4) are optimal
or not. The answer is “essentially yes”. To clarify this, in Section 3 we give some
explicit examples to which our Theorem applies and we provide a lower bound for
the decay of correlations in such examples. Also we take the opportunity to compare
our situation with the case of small stochastic perturbations discussed by Wentzell-
Freidlin [21] uncovering both strong similarities and fundamental differences. We
summarize our findings in Remarks 3.2, 3.3, 3.4 and 3.5.

Remark 2.9. For simplicity our Main Theorem is stated for the Lebesgue measure.
In fact it holds for a much wider class of measures, i.e. measures that can be obtained
as weak limit of standard families (see Section 5 for details). Such measures include,
in particular, SRB measures as a special example. Also, note that for the SRB
measure it is certainly possible for the decay of correlations to be much faster also
in the case nz > 1 since, the mass being already distributed in equilibrium, one may
not have metastable states.

Remark 2.10. Several related results are available in the literature: first of all
Tsugii in [12] proves that a generic’ family of type (2.1) has a finite number of SRB
measures absolutely continuous with respect to Lebesque. We believe that such a
result applies to the present context, as Tsujii’s genericity condition should reduce
to our hypotheses (A3) and (A5), but this is not obvious to check. Next, exponential
decay of correlations has been proven in the case of mostly expanding and mostly
contracting center foliations. The mostly contracting case is studied in [3, 7, 8, 12],
but see [34] for a recent overview on the subject; the mostly expanding case in [1,
, 22]. Unfortunately, to apply such results it is necessary to either show that the
central Lyapunov exponent is negative or to estimate the Lebesque measure of the
points that have not expanded up to time n. On the one hand this is rather tricky
to do,® on the other hand the estimates on the rate of correlation decay provided
by these papers are not quantitative. In particular, such results do not provide any
information on how the rate of decay depends on €, hence they completely miss the
issue of metastability. On the contrary, Kifer’s papers [29, 30] address very clearly
the metastability issue, but, as already remarked, the results there do not allow to
investigate the longer time scales, that is the SRB measures and their statistical
properties.
Finally let us remark that, contrary to most of the current literature (which
discusses “generic” systems), our conditions are explicit and, often, checkable by
just studying few periodic orbits of the system.

2.3. Overview and structure of the paper. Let us now sketch the strategy of
our proof and outline the structure of this paper. In Section 3 we present some
explicit class of examples to which our Main Theorem applies and an interesting

6 The equivalence holds since the measures supported on periodic orbits are weakly dense in
the set of the invariant measures [37].

7 The exact meaning of generic is a bit technical and we refer to [12] for the details.

8 We essentially prove that the Lyapunov exponents are negative, but this takes a good part
of this paper.
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case to which it does not. For some simple situations we compute how the SRB
measure looks like, we investigate metastability and compare it with the Wentzell-
Freidlin case.

Our system is an example of fast-slow system (see Section 4): averaging theory
(see Section 6) implies that the slow variable § undergoes a diffusion around the
dynamics of the averaged system, which is described by the ODE 6 = w(0). As-
sumption (A3) implies, by the results of [9], that the diffusion is non-degenerate
and indeed satisfies precise Large Deviation Estimates and a Local Central Limit
Theorem. In turn, Assumption (A1) implies that the averaged system has ny pairs
of sinks and sources: the set {6y 4} partitions (mod 0) the torus T in nz intervals
Iy = [0k +,0k+1,+], whose interiors are the basins of attraction of 0 _, i.e. the
averaged dynamics pushes every point in int I, _ to 8 _ exponentially fast.

In particular, if nyz = 1, then the averaged dynamics pushes almost every initial
condition to the unique sink §_. Introducing a suitable notion of standard pairs (see
Section 5), we can prove that the true dynamics closely follows the averaged one
with high probability (Section 7). Thanks to this fact we can establish a coupling
argument (see Section 8 for the basic facts on coupling, Section 9 for the setup of
the argument and Section 10 for proofs and the details) among sufficiently close
standard pairs: this implies exponential decay of correlations with a rate that is
essentially given by the time-scale of the averaged motion.

On the other hand, if ny > 1, then the averaged dynamics will push initial
conditions belonging to different basins to the corresponding sink; we thus need
to rely on large deviations to prove that standard pairs (i.e. mass) are allowed to
move from one basin to another, although with very small probability. Such events
are called adiabatic transitions and their typical time-scale is exponentially small
in e~1. If the diffusion were purely stochastic and unbounded (i.e., in a Wentzell-
Freidlin system [21]), then all transitions between different basins would be allowed.
On the contrary, in our deterministic realization, some of the transitions might not
be actually possible since the “noise” is bounded (see Section 3.2 for an explicit
example of this phenomenon and Section 6.4 for an accurate description). Hence
some sinks could act as traps for the real dynamics: this constitutes an obstruction
to ergodicity. We need assumption (A4) to guarantee that no such obstructions
occur. In case (A4) does not hold, we need (A5) to exclude borderline situations
in which the number of different SRB measures could change in an arbitrarily
small neighborhood of Fy. Finally, in Section 11 we discuss the strengths and
shortcomings of our approach and we illustrate several open problems that must
be addressed to push forward the research program started by this paper.

Notational remark 2.11. We will henceforth fix f and w to satisfy all properties
enumerated before; all values that we declare to be constant below will depend on
this choice. We will often use Cy,cy to designate some constants (again possibly
depending on f and w), whose actual value is irrelevant and can thus change form
one instance to the next.

3. EXAMPLES

To provide a better understanding of the results obtained in the present paper we
first (Sections 3.1, 3.2 and 3.3) discuss in some detail a few examples to which our
theory applies. Then (in Section 3.4) we briefly mention an example that does not
satisfy our conditions since the central direction seems to be, unexpectedly, mostly
expanding. Along the way, we take the occasion to carry out a precise comparison
with the case of small random perturbations of a dynamical system (the so-called
Wentzell-Freidlin systems). The conclusions of such a comparison are summarized
in Remarks 3.2, 3.3, 3.4 and 3.5.



8 JACOPO DE SIMOI AND CARLANGELO LIVERANI

Carrying out explicit computations in a specified example can be rather labo-
rious. We thus prefer to give examples belonging to a particularly simple class
of systems in which such explicit computations can be done fairly easily: skew-
products’ over the doubling map:

(3.1) F.(z,0) = (22,0 + ew(0) + ew(x)) mod 1,

where, consistently with our notation, [,@(z)dz = 0. Also, to further simplify
matters, we will always assume that [.@(#)df = 0, so that the associated Wentzell-
Freidlin system is reversible.

Note that in this case the fast dynamics does not depend on 6, hence making
the example very simple, although still far from trivial. Thus the SRB measure
for the fast dynamics is the Lebesgue measure m for every 6 € T. Recall that the
limit theorems proved in [9] describe statistical properties of the process 6, where
(Zn, 0r) = F*(x0,0p) and the initial conditions (xg, 8p) are distributed according to
an (invariant) class of measures called standard pairs. Such measures will only be
properly defined in Section 5: for the time being, the reader can pretend such initial
conditions to be given by 6y = constant and x( distributed with a smooth density.
As already remarked, averaging theory implies that the process 6. (t) = 0.-1; is close
to the solution of the ODE 6 = @(#). If we consider small random perturbations of
such an ODE we obtain the corresponding Wentzell-Freidlin scenario, which should
describe more accurately our rescaled process 0. (t),"”

(3.2) dw = &(w)dt + /6 (w)dB

where B is the standard Brownian motion. Note that, due to the fact that we
have a skew product and the simple form of w, in this particular case 6(0) = & is
independent of 6.

3.1. Skew-products over the doubling map—one sink. To further simplify
matters, we assume that &(0) = 3 and ||@||cc < 1. Since the Dirac measure Jp is an
invariant measure for the doubling map, we have that @ cannot be a coboundary,
hence (A3) is satisfied. We assume (A1l). Since 9y f = 0, we have (see Remark 2.5)
Yu(2,0) = @' (0) = 1.(0) and we can then assume, without loss of generality,
that (A2) is satisfied.

Let us start with the case in which @ has only one sink _, hence &' (_) = —1
by (A2). Observe moreover that assumption (A4) is automatically verified since
we have only one sink. First of all let us understand the SRB measure pu.. Let
H be a suitable neighborhood of 6_ (see Section 6.3 for more details) and let
1—p = p(H); setting B, = [0_ —Cy/Eloge™1,0_+Cyy/Eloge™"], ¢ = p(H\B.).
Then Lemma 7.5 implies that p < . Lemma 7.4 implies that at least 2 of the
mass of a standard pair in H moves to B, is a time of order e oge™1. While [9,
Theorem 2.8] implies that at time Te~! the mass on any standard pair £ in B, will
be distributed according to a Gaussian centered in 6_ + e~ 27 (6, — 6_) and with
variance #662 apart from a mass €27, eventually making 3 smaller. Iterating
this loge™! times we have that the mass is distributed according to a Gaussian
centered in #_ and with variance €62 apart from a mass €°. This implies that,

2
L=p—a> 30— (1—p—q)(1 ) = Cpe’

9 The reader can easily work along the lines we suggest and construct more elaborate examples
which are not skew-products, and yet feature all properties described in our examples.

10 1% is possible to make this correspondence quantitatively precise for times of order e~ for
some a > 0. We refrain from doing it to keep the length of the paper under control and we
postpone it to further work.
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hence g < CyeP. Tt follows that u. consists of a Gaussian of variance e62 centered
at f_, a part from a mass of order ¢”.!!

Now that we have a good understanding of the SRB measure p., we can address
the issue of the decay of correlations, in particular it is natural to wonder if the
results of our Main Theorem is optimal or not. Let us choose A supported on a o
neighborhood of {6} x T, where @(64) = 0 and @’'(6+) > 0, and B supported in
a ¢ neighborhood of {#_} x T, then we ask what is the maximal ¢. such that

[Leb(A - B o F') = Leb(A)ue(B)| < Crsup A, 0)le2 sup || B(z, )|z exp(—een)
< Cg exp(—cen).

If we choose  small enough, there will be a distance bigger than %|9_ —0,| between
the support of A and B. Moreover, Leb(A) = §, while p.(B) > 1 — Cge’. In
addition, since # can move only of steps of order ¢, we will have that A- BoF* =0
for all n < Cue™!. Hence, % < Cyexp(—cee™1) which implies that it must be
ce < Cye.

We have thus seen that in the present case our Main Theorem is, at least, close
to optimal. Whether or not the loge™! is really there, or it is an artifact of our
method of proof, it remains to be seen.

To gain some more insight, let us compare the above situation with the Wentzell—
Freidlin system (3.2). First of all, note that, taking advantage of the fact that we

are in dimension one, we can write the generator associated to the process as'?

& g
L — 0! *6‘2 //:76_2 N/
cp=wp' + 567 2p€( pe¢’),

p(0) = 252> I 3 /Ps =1.
T

One can then easily check that L. is reversible with respect to the probability
measure dv. = p.dx. Thus v, is the invariant probability measure of (3.2) and it
is a direct computation to see that its Wasserstein distance from p. is less that
C#sﬂ. Next, we need an estimate of the spectral gap of L. in L*(T,v.). As we
were unable to locate it in the literature, we provide it here (and since we are at it,
we do it for the general case in which & is not constant, but still strictly positive).

(3.3)

Lemma 3.1. If @, 6 € C?(T,R), & has only two non degenerate zeroes 0_,0, and
inf & > 0, then there exists cg > 0 such that, for each € small enough, L. has a
spectral gap larger than cg.

Proof. We follow the logic used in [14, Theorem 1.2, Appendix A.19]. Setting

V.(0) = -2 foe 25 + 2log 6 — log Z, we have p. = e~ "=. Next, let
We = 62(V)?/2 - (6*V]),
then for each ¢ € C? we have (see [10, Proof of Theorem 6.2.21])"*

(3.4) /W6902p5 < 2/ &%(¢)? pe-
T T

1 of course, we mean this in the sense of [9, Theorem 2.8], on a scale smaller than £ the SRB
could have some complicated fine structure. This issue is here left open.
-1 01
12 Note that, by hypotheses, pe (1) = 7672 Jo 3T — z6-2 = pe(0), hence pe is a smooth
function on T.
13 For the reader convenience, here is how to argue: compute using

kK 1
0< / |:6‘ (efv/2<p> } and / G2V eV = 7/ [(8V")? - (82V")] e V.
T T 2 )t



10 JACOPO DE SIMOI AND CARLANGELO LIVERANI

Note that the right hand side of (3.4) is nothing else than the Dirichlet form asso-
ciated to L.. In addition, W, = —55w? — 4‘:;‘;’}, + 2@ 4 2(6")% — 2(6'6)’ is always

positive apart from a neighborhood of #_. Indeed, let A, = [#_ — a+/c,0_ — a+/¢],
then, if a is chosen large enough, inf 4c W > e~1. Moreover, if 0,0" € A., then

(35) p€<9) < 60#671|9—9'\2 < eC#az.
pe(0")
Let K to be chosen later (large enough) and choose a so that fAC p < K~'. Note

that there exist a constant C, > 0 such that C;le=2 < p.(f) < Che~2, for all
0 e A..

The last needed ingredient is the standard Poincaré inequality in A.: there exists
b > 0 such that, for all £ small enough,**

2
/ ¢°p. < be/(w')2p5+2 (/ %) :
A T A

Thus, for each ¢ € C2, we have, for K large enough,

., K
/sDst < O#S/Wsso2€ Ve +Z/ ¢’ pe
T T A

K 2
< 0#6/ 6% (¢")?p- + (/ wps) :
T 2 \Ja.

To conclude, assume that [ pp. =0, hence [, ¢p. = — [,. ppe. Thus

2
</ @pa> SVE(AE)/ ©*pe SK’l/ssze-
Ac Ag T

We are thus ready to compute the spectral gap: let ¢ € C? such that v.(p) = 0,
then

9 N
/Tw(—Leso)pa = §/T02(so’)pe > C#/Tsogps. 0

The above Lemma implies that,
Ve (A@w(0))B(w(t)) — v (A)e(B)| < Cyl|Allz o | Bll 2o e~ 0"

If the Wentzell-Freidlin process (3.2) is a good predictor of what happens for the
process 6,1, (as we, in this case, conjecture), then the factor loge !, in our estimate
for the rate decay of correlations (2.4), should be absent if one starts from the SRB
measure rather then the Lebesgue measure. Note however that if we start from
a measure non absolutely continuous with respect to v. (e.g. a d at some 6y) or
with an exponentially large Radon-Nikodyn derivative (e.g. Lebesgue), then it will
take a time at least Cyloge™! before the measure becomes uniformly absolutely
continuous with respect to v.. Hence, the question if such a factor is present or not
when starting from a more general measure remains unclear, see also Remark 2.9.

Remark 3.2. We have thus seen that, in this simple case, our deterministic process
and the Wentzell-Freidlin process are remarkably similar. In fact, we conjecture
that they have the same exact statistical properties.

14 Again, for the reader convenience, here is how to argue: first of all note that (3.5) implies

that, on A. the ratio between the sup and inf to ps is bounded by eC#GZ, and remember that
ve(Ae) > 1/2. Then

1 1 2
/AE ¢%pe = 3 (A /Az [p(2) — @) pe () pe (y)dady + V(A0 (/A wpa> .
While [p(z) — o(y)]? < (f4_ 19'1)? < [Ae| [4_(¢)? < Cpee [1(¢')?pe.
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3.2. Skew-products over the doubling map—two sinks (non ergodic case).
Next, let us consider the case in which nz = 2. To start with, we assume that |@|
reaches the value one in each of the intervals (81 —,01.1), (01.4+,62,._), (62,—,62 ),
(02,4,61,—). Also we assume that [©] < . Note that now assumption (A4) is
not satisfied while it is satisfied hypotheses (A5) where alternative ii holds for any
interval J. In the language of Subsection 6.4 this implies that there are two trapping
sets (02,01 1) D Te1 261 and (014,02 4) D Tea D 02 _.'° Hence, the dynamics
has two attractors with basins that contain the respective trapping sets and there
are two SRB measures p; . supported in {7¢;}, respectively. In fact, the SRB
measure p; . charges any e-ball in a fixed (i.e. independent of ) neighborhood'® of
01._. Yet, by arguments similar to the ones used above, such measures are £°-close
to two Gaussians, with variance of order € and centered at {61 _, 602 _}, respectively.
That is, the system looks superficially like it has two attractors contained in a /e
neighborhood of {6; _,02 _}.

Remark 3.3. Note that in this case we have a drastic difference with the Wentzell-
Freidlin process which, on the contrary, is ergodic. For the Wentzell-Freidlin pro-
cess the measures ;. are essentially the metastable states. On the contrary, in
the deterministic case they are stable (i.e. invariant). As already remarked, this
is due to the substantial difference in the large deviations rate function of the two
processes.

3.3. Skew-products over the doubling map—two sinks (ergodic case). In
this case we choose @ as in our previous example , but with —% < @ < 3 with
w(0) = 3. Next, remember that the set of invariant probability measures is a
closed convex set and so Q(0) = {u(w(-,0)) | p invariant for 2z mod 1} is a closed
interval for each 6§ € T. Thus (6) D [@(0),@(0) + 3] D [1,2]. Accordingly, the
path h(t) = 3t is admissible and visits all the circle, hence also assumption (A4) is
satisfied. We are thus again in a setting to which our results apply, hence the map
has a unique SRB measure that can be represented as a standard family.

As in the previous case the invariant measure will essentially consist of two
Gaussians of variance of order ¢ centered at {61,—, 62, }, respectively. Yet, to really
understand how the SRB looks like we must know the mass of the two Gaussians,
let us call them {p;}, respectively. Of course, 1 — p; — pa < Cye”.

In general, to figure out the latter we can use [9, Theorem 2.4] to compute the
probability for a trajectory to go from a neighborhood of 6; _ to a neighborhood
of 0 _ and viceversa. Since the ratio of p; and p, depends on the probability of
going from one sink to the other. This entails some work and more information on
w.

In order to keep things as simple as possible we choose @(f) = sin(47f). Note
that if we set R(z,0) = (2,6 + 3+ mod 1), then F. o R = Ro F.. But such a
symmetry implies that, for each continuous function ¢,

Ropic(9) = pe(po Ro F.) = p(po F o R) = Rupe(po FL).

Thus R.pu. is invariant and, as u., can be written in terms of a standard family.
Since such a measure is unique, it must be g = R, that is p1 = py = %Jr O(eP).

Now that we have identified the SRB measure, we can discuss the issue of the
decay of correlations. We choose A to be supported in a d neighborhood of 8, _, for
d small enough, such that Leb(A) =1 and B to be supported on a ¢ neighborhood

15 The choice of € is rather arbitrary, it suffices that it is small enough so that 7¢ ; # 0. In the
present case € = 1/4 will do.
16 Again, in the language of Section 6.4, one can take the neighborhood to be (1 - Ajel 3
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of 02 _ such that p.(B) = 1. We then ask what is the maximal c. such that
[Leb(A - B o F*) — Leb(A)u:(B)| < C1 sup IA(,0)llc2 sup || B(x, )| c2 exp(—cen)

< Cy exp(—cen).

We know that Leb(A)u.(B) = 1. It remains to compute Leb(A - B o F'). Note
that at 1/8 and 7/8 we have @ = 1, on the other hand, by hypotheses & > —1/2,
thus w +w > % That is, around 1/8 and 7/8 the motion can take place only from
left to right.

Let I, - ={0 €T : |§—6;_| <} Consider a process starting from a
standard pair ¢ with 6, € I; _. Our aim is to compute the probability of the
event Qr = {0.(T) € I, _}. Note that, by choosing Ty large enough, we have
0(To) — 61,—| < 6. Thus if v(Tp) & I, then Supyeo, 1) 17(t) — 0(t)| > 6/2. Then,
using Theorem 6.1, we have

Po((Tv) € o, ) < P({3(To) & I, }) < e(Q(6/2,1)) < ™o+ .

Since the distribution at time 7Tj is still made of standard pairs we can apply the
same argument and obtain that

P.({y(Ton) & I, }) < ne~c#<"

It follows that, for each n < e“#¢ " we have
Leb(A - Bo F') < [[Allol| BllocP({y(en) ¢ I, }) < e™#< .
It follows that
ce < e—c#e
Thus the estimate in our Main Theorem has the right dependence on €, even though,
of course, the value of the constants are very hard to determine.

This means that, if we start with an initial distribution with mass, say, 1/4 in a
neighborhood of #; _ and 3/4 in a neighborhood of 2 _, then for an exponentially
long time we will see a situation very similar to what we have seen in Section 3.2:
it looks like the system is distributed according to an invariant measure. Yet,
if we look at a longer exponential time, we will see the ratio of the masses of
the two Gaussian change till it reaches the values approximately 1/2,1/2 which
characterize the true invariant measure. Hence the metastability phenomena we
have announced.

Remark 3.4. We have seen that, in this case, we have metastable states as in
the Wentzell-Freidlin case. Only, the attentive reader has certainly noticed that, in
absence of a symmetry, there is no reason for the masses in the two sinks to be the
same. Also we have seen by our large deviation computations that the probabilities
to transit from one sink to the other are always exponentially small in e~'. It is
thus to be expected that in a non symmetric (generic) case one of the two masses
will be exponentially smaller than the other. Thus the SRB measure will look very
much like a single Gaussian centered at the “winning” sink. Of course, the same
occurs for Wentzell-Freidlin, yet who is the winning sink is decided by the large
deviation functionals which are very different. So, again, we should expect cases in
which the invariant measures of the two processes looks completely different, being
centered at different sinks a part for an exponentially small mass.

3.4. An interesting non-example. Let £ € N, £ > 1, and consider the family
F.(z,0) = (fx + sin(270) [asin(27x) + Bsin(2¢nz)], 0 + € cos(2rx)) mod Z2.

In the above example, assuming ¢ — 27(a + £5) > 2, Assumptions (A1) and (A3)
are satisfied; moreover if £ is odd, we have that z = 0 and « = 1/2 are fixed points
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of fy for any 6 € T; since w(0) = 1 and w(1/2) = —1, we have Q(0) D [—1, 1] for any
0 € T, hence Assumption (A4*) is satisfied (see Remark 2.7) and in particular (A4)
holds. However, Assumption (A2) is not obvious to verify. This whole subsection
is devoted to the discussion of this issue. In doing so we will uncover the possibility
of a most surprising feature: an “attractor” with all Lyapunov exponents almost
surely positive (with respect to the SRB measure).'” To actually prove this would
take some non trivial work; here we content ourselves by showing that for a;, 3 > 0
the average dynamics has a sink and yet the true dynamics near such a sink has
center vectors that are mostly expanding.

Observe that if § = 0 or § = 1/2 (so that sin(270) = 0), then fy(z) = £z, thus
po =1, and @(f) = 0. Let us now compute &' () at 6 = 0:

&)= 35 [w@mi dx—Z/wofe Jf(( - pa(a)ia

—(2m)? Z A / sin(20%7x)[asin(2rz) + B sin(20rz))]

k=1 T
= —2728,

where we have used the perturbative results detailed in [9, Appendix A.3]. Thus if
B >0, then 6§ = 0 is a sink.
On the other hand, as will be shown in (4.7), the expansion of center vectors at
time n is
n—1
(3.6) 10g in(p) = € Y _ [0pw(pr) + 0wt (pr)sn—r(pr)] + O(e7n),
k=0

where s,, is defined in (4.6); we thus have the formula:
& S (n,6r)

sn(Po) = sn(@o,b0) = — kZ:O 1} 0:f(x;.0))
29 f(ff (o), 60) -1

_ IO T L O(elog e
AT T R

where we have used [9, Lemma 4.2]. Substituting this is (3.6) yields

+0(e)

I
-

n

log pin (p) = [Opw(pr) + 0w (pr) s« (pr)] + O(ne?loge™ + ¢)

ST’
|
= O

=e Y (pr) +O(nelloge™ +¢).
k

Il
=}

The above formula illustrates the announced relation between the function . and
the central Lyapunov exponent. Also we have seen that

Ys(po) = — i w + O(eloge™).
= (fo, )(xo)

17 of course, technically speaking, there is no attractor as condition (A4*) guarantees that the

dynamics will visit an e-dense set in configuration space. Yet, for small ¢ and each 8 € (0,1/2)

a portion 1 — e=e# " of the mass is concentrated in a O(eP)-neighborhood of § = 0. So the

situation differs indeed very little from an attractor. In passing, this example shows that a purely
topological description of the dynamics can fail miserably in capturing the relevant properties of
the motion.
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The average of the logarithm of the expansion of center vectors, at 8y = 0, is

- R o f (f4, () 60) X ope—1) =
000 == 3 [ Dl t0) = T+ Ofeoge™) =

> in(20k in(20k+1
=27 Z /T sin(27z) o sin(2¢7rz) ;flsln( mz) dx+ O(cloge™!) =
k=0

= 2#2% + O(eloge™).

Consequently, if @ < 0, then assumption (A2) is satisfied and our Main Theo-
rem applies. On the contrary, if « > 0, then assumption (A2) is violated and,
as announced, we have a map that we expect to have positive central Lyapunov
exponent.

Remark 3.5. We have just seen another drastic difference between the Wentzell-
Freidlin process and the deterministic process: in the Wentzell-Freidlin process the
Lyapunov exponent associated to the slow wariable is always negative'® while we
have seen that for the deterministic process it can be positive. This depends on the
fact that the stochastic process does not reflect completely the interplay between the
slow and the fast variable which can be much more subtle in the deterministic case.

4. GEOMETRY

Throughout this article, 7 : T? — T denotes the projection on the z-coordinate.
We denote a point in T? by p = (x,0); we use the notation p,, = (z,,0,) = F"p.
Our first task is to find invariant cones for the dynamics: for v",7° > 0 to be
specified later, let us define the unstable cone and the center cone as, respectively:

(41) ¢ ={EmeR? : n <erté]} € ={(&n) eR? : €] <A}
We claim that there exist v%,~v¢ such that, if ¢ is small enough, dF.€" C €" and
dF-1¢c C ¢°. In fact, let us compute the differential of F:

_ a:cf 3af .
(4.2) dFe = <€8xw 1+ 5&%}) '

consequently, if we consider the vector (1,eu)

dpFe(1,eu) = (0o f(p) + eudo f (p), €0:w(p) + cu + e*udgw(p))

9 f(p) ) -

4.3 =0, 1+4¢ u ) - (1,eE,(u
(4.3 1) (14 D) - (15, ()
where

— Ozw(p) + (1 + €0pw(p))u
44 Ep(u) =
(44 ) = 1) + 2o
from which we obtain our claim, choosing for instance
(4.5) 7" = 2)|0w]loo and 7¢ = 2[00 floo-

From the above computations it is easy to see that F. is a partially hyperbolic map
with expanding direction in €" and central direction in €°.

It follows that, for any p € T? and n € N, we can define the real quantities fi,,,
Vp, U, and s, as follows:

(4.6) dpF(1,0) = v, (1, euy) dpF (Sp,1) = pn(0,1)
with |u,| < 4" and |s,| < ~¢. For each n the slope field s, is smooth, therefore
integrable; given any (small) h > 0 and p. = (z4,0.) € T?, define WS (p., h) the

18 This follows from a direct computation.
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local n-step center manifold of size h as the connected component containing p, of
the intersection with the strip {§ € B(0., h)} of the integral curve of (s, 1) passing
through p.. Observe that, by definition, any vector tangent to a local n-step center
manifold belongs to the center cone.

Moreover, notice that, by definition,

dst(sn(p)a 1) = ,un(p)/:un—l(Fep)(sn—l(Fsp)7 1);
a direct application of (4.2) yields

fin (p)
4.7 ————— =14 ¢[0gw(p) + Ozw(p)sn(p
(47) T [00(p) + 000 (p)50 ()]
Observe that the above expression implies
(4.8) 10g firm (p) — 10g fim—n (F7'p) < Wne, where ¥ = ||9gw]| + ~°[|0zw]-
Moreover,

(1 + 9w (p))sn—1(Fe(p)) — 9o f(p)

(4.9) sn(p) = 0T () — O D)smr (Fep)) =y (5n-1(Fe(p))-
Note that

dos) = (1 + 9w (p))u f(p) — 02w (p) Do f ()

ds ¥ (02 f (p) — 0w (p)s]”

Accordingly, for each |s] < v¢ and e small enough, we have that there exists o, €
(0,1) such that

d__
%‘:‘p (S)

< oe.

This implies that s, is a converging sequence: let s, be its limit. Then, for all
p € T2, [sn(p) — Soo(p)| < Cxo™; we have thus a formula for the center slope of F..
For any p = (z,6) € T? let us now define

" Do f(fE(2))
Sen(p) = — ) ——t5—~
g kzzo( ) (7)

It is clear from (4.9) and from the above comments that s, = lim,_ o S, is the
center slope of F. Moreover it is not difficult to observe that ||s. , — | < Cyuen,
which then (using the fact that both s, ,, and s,, converge exponentially fast) implies
that ||s. — Seo|| < Cyeloge™. Yet, it is well known that, in general, s, is not
a very regular function of the point. This could create trouble while using our
assumption (A2) since typically we would need to use s, in formulae that require
some regularity. To overcome this problem we define a regularized function ¢ that
approximates 1, (see (2.2)). First, let 1o = Ggw(p) + 0zw(p)Seo(p) and define

(410)  $(p) = Fplp) + Duw(p)sa(p) /¢x9m

where 7 is so that for any p € T?

[¥(p) = Yoo (p)I| < 0 <1/16

for some p small to be specified in due course.

Remark 4.1. Due to the uniformity in p of all estimates involved, we have uniform
bounds on the norms of ¥, i.e.: ||t)]lco < U and ||¢||cr < exp(Cxn). Moreover, we
can always assume € to be so small that |1, — oo < Cueloge™ < 1/16, so that,
under assumption (A2),

ke{Ilr,l%},(nz},(/J(ek’_) € [-9/8,-7/8].
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Define the function (, as:
n—1
(4.11) n=e» oFF
k=0

Lemma 4.2 (Distortion). For any T > 0 there exists Cr so that, for any p € T?
and h > 0 sufficiently small, let N = |Te™!]

sup  pun(q) < exp(Cn(p) + Crh + 2T 0 + 2nPe).
aEWS, (p,h)

Proof. Let us introduce the convenient function ¢, (p) = dpw(p) + Ozw(p)s,(p) (and
likewise let Yoo (p) = Jpw(p) + 02w (P)seo()); then by (4.7) we can write puy(p) <
exp (5 Zg;ol wn) ). On the other hand, by construction and the triangle inequality

we have ||¢) — i, || < 20 if n > 7 (otherwise the trivial bound |[¢) — 4y, || < 2¥ holds);
we conclude that pn(p) < exp(Cn(p) + 2T 0+ 2n¥e); next, we need to compute the
derivative of (i along the N-step central direction. By (4.11) it follows

N-1
din(sn,1) =Y (Vo FF dFF(sy,1));
k=0

hence, (4.6) and (4.8) imply that dF*(sy, 1) = e®*¥€) (sx_4,1). Thus there exists
by ~ exp(cxT) > 0 such that

N-1
|dCn (sn,1)] < bre Y eV < Cyubp¥t
k=0
Accordingly,
sup  pun(q) < exp(Cn(p) + Cubr V™ h + 2T + 2nVe). O
qEWS, (p,h)

5. STANDARD PAIRS, FAMILIES AND COUPLINGS

5.1. Definitions and basic facts. In this section we recap the standard families
formalism, first introduced by Dolgopyat (see e.g. [14, 15, 16]) to study statistical
properties of partially hyperbolic dynamical systems.'?

Remark 5.1. The educated reader will certainly notice that our regularity assump-
tions are stronger than the ones which are usually required to apply the coupling
argument (see e.g. [4]). The stronger regularity conditions are in fact needed in
order to obtain the refined statistical properties (i.e., the Local Central Limit The-
orem) that we use to set up the coupling argument in an efficient manner. Conse-
quently, they are crucial to obtain the near-optimal bounds on the rate of decay of
correlations that we seek.

5.1.1. Standard pairs. Let us fix a small § > 0, and Dy, D] > 0 large to be specified
later; for any ¢; > 0 let us define the set of functions

Y., = {G € C*([a,b],T) :a,b € T,b—a € [§/2,6],
|G| < ecy, |G"|| < eDiey, |G| < eDjer}

Let us associate to any G € X, the map G(z) = (x, G(z)); the graph of any such G
(i.e. the image of G) will be called a proper ¢;-standard curve. With a little abuse
of terminology, we refer to the quantity b — a as the length of the curve. If we do
not require the lower bound for the length of the curve, we obtain the definition
of a short ci-standard curve; for ease of exposition we adopt the convention that

19 See also [9, Section 3.2] for a similar, but more general, account of the framework in this
context.
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all standard curves are assumed to be proper unless otherwise specified. Also, with
another convenient abuse of terminology, we use the term c;-standard curve to
indicate also the function G or the map G. Two c;-standard curves G° and G! are
said to be stacked if their projection on the z axis coincide; we say that G° and G*
are A-stacked if they are stacked and ||G® — G!||c1 < A.

Let us fix Dy > 0 once again to be specified in due course. For any co > 0 define
the set of ca-standard probability densities on the standard curve G as

S DQCQ} .

A (c1, c2)-standard pair £ is given by £ = (G, p), where G € ¥., and p € D, (G).
We similarly define short (ci,co)-standard pairs, by allowing G to be a short ¢;-
standard curve. We define |¢| = b—a to be the length of £. A (c1, c2)-standard pair
¢ = (G, p) uniquely identifies a probability measure u, on T? defined as follows: for
any Borel-measurable function g on T? let

b
nelg) = / 9(G(2))plx)de

Let L, ., denote the set of all (¢1, co)-standard pairs.

/ /!

P

S C2,

b
D.,(G) = {pe C%([a, b, R+) : / pla)de = 1,

5.1.2. Standard families. A standard family can be conveniently regarded as a ran-
dom standard pair. More precisely: a (c1,co)-standard family £ is given by a
Lebesgue probability space’’ o/ = (A, F,v) and a F-measurable’’ map ¢ : A —
Leyc,-

For simplicity’s sake, in this paper we will mostly restrict to standard families
such that &7 = (A, F, V) is a discrete probability space (i.e., A is at most countable
and F is the power set of A). We will thus imply that A is at most countable, and
simply write & = (A4, V), otherwise explicitly stated. We will denote the set of all
(€1, co)-standard families by L., c,)-

A (c1,co)-standard family £ identifies a unique probability measure fig on the
product space A x T? (with the product o-algebra): for any measurable function g
on A x T? let

fe(g) = /A e (9, ).

Define the support of £ as supp £ = supp jie C A x T2. The natural projection 7 :
A x T? — T? induces a probability measure on T? which we denote by pe = . jig;
in other words, for any Borel-measurable function ¢ of T2, let

pelo) = [ i ).

Clearly, we have supp g = mwsupp £.22 We therefore obtain a correspondence
between (cy,cz)-standard families and probabilities on T?; we denote by ~ the
equivalence relation induced by the above correspondence i.e. we let £ ~ £ if

20 Recall that a probability space is a Lebesgue space if it is isomorphic to the disjoint union
of an interval [0, a] with Lebesgue measure and (at most) countably many atoms.

21 The set Le, ey of (c1,c2)-standard pairs is in fact a space of smooth functions; it is thus a
measurable space with the Borel o-algebra. More in detail, if G : [a,b] — T2 and p : [a,b] — Rt
are defined as above, let G and p be defined by precomposing G and p respectively with the affine
orientation-preserving map [0, 1] — [a,b]. A standard pair-valued function is thus F-measurable
if both maps (a,s) — Ga(s) and (o, s) — pa(s) are jointly measurable. In particular, for any
Borel set E C T?, the function a Be(a) (E) is F-measurable.

22 This concept can be obviously applied to a single standard pair, considering it a family with
just one element. In such case, the support of the standard pair and the support of the associated
measure can be trivially identified.
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and only if pe = pe. We denote with [£] the corresponding equivalence class,
which therefore uniquely identifies a probability measure. We say that a probability
measure u admits a (c1, c2)-standard disintegration if there exists a (c1, ¢3)-standard
family £ so that pe = p; we write £ € L, ¢, (1).

5.1.3. Conditioning. Let £ = ((A,Vv),£) € L, c,); a family £ = ((A,V), ) is
said to be a subfamily of £ (denoted with £ C &) if
e supp £ C supp &, that is: A" C A and Vo € A’ we have supp ¢/ («) C
supp £(av);
e for any measurable set E C AxT?, fig/(E) = fig(E Nsupp £')/fige(supp £').
Given A’ C A, we define the subfamily conditioned on A’ to be &| A" = ((A',V), (| A")
where V/(E) = v(E|A’) and ¢| A’ is the restriction of £ on A'.

5.1.4. Convex combinations of pairs and families. We call a real number x a weight
if kK € [0,1]. Given a (at most countable) collection of (¢1,cz)-standard families
{£; = (), {;)} together with a collection of weights {r;} such that } . r; = 1,
we can define the conver combination Zj k;£L; as the (c1,c2)-standard family £ =
(o, ) obtained by “choosing a standard family £; at random with probability
k;”. More precisely, let o/ = (A,v) be the discrete probability space given by
A ={(j,a) : a € A;} and measure v = >, r; - tjV;, where ¢; is the natural
injection ¢; : A; — A. Last, let us define the random element ¢ as ¢(j,a) =
Cj(a); clearly pe = >, kjpue;. With this in mind, observe that we can recover the
components of a convex combination by conditioning with respect to the events
Ay = {(j,e) : j = k,a € Ai}. Observe, moreover, that standard families can
naturally be regarded as convex combinations of standard pairs.

5.2. Standard pairs and dynamics. Having made precise the concept of stan-
dard pair and families, our next step is to illustrate their relation with the dynamics
generated by the map Fr.

5.2.1. Invariance. As a first step we study the evolution of a (¢, c2)-standard pair.

Proposition 5.2 (Invariance). There exist ¢1, co such that, if € is sufficiently small
and £ is a (c1,ca)-standard pair, Feopue admits a (c1, c2)-standard disintegration.

Remark 5.3. The above proposition is a simplified version of the corresponding [9,
Proposition 3.3] where it is proved in a more general setting. Since there are a few
differences in the notation and terminology between this version and the one of [9],
we prefer to give an adapted proof below for the reader’s convenience. Despite its
technical nature, the proof is instrumental for a few definitions which will be given
later. We thus prefer to give it now rather than relegating it to some appendiz.

Proof. Let £ = (G, p) be a (c1, c2)-standard pair. For any sufficiently smooth func-
tion A on T2, by the definition of standard curve, it is trivial to check that:

(5.1a) (Ao G)'|| < [ldAJI(1 +ec1)
(5.1b) I(A0G)"|| < elldA|[Drer + [[dAller (1 + ec1)?
(5.1c) I(A°G)"|| < elldA||Dicr + [[dA]le= (1 + (1 + Di)er).

Let us then introduce the maps fg = f oG and wg = w o G. Recall that A > 2,
defined in Section 2 denotes the minimal expansion of fy; we will assume ¢ to be
small enough (depending on our choice of ¢1) so that f{, > X —eci||0g f|| > 3/2; in



STATISTICAL PROPERTIES 19

particular, fg is an expanding map. Provided ¢ has been chosen small enough, fg
is invertible. Let p(z) = fg'(z). Differentiating we obtain

1 G 3f112 f///fG
(5.2) ¢'= oY ¢ = ey Pl = ——r="=o0
G G

We can thus write:

b —
Feopie(g) = pelg o Fr) = / o(fo(x), G(a))p(a)dz
fow B
- /f " 4@, Glp(@))) - plol(@)e (2)d,

G(a)

where G(z) := G(x)+ewg(x). Fix a partition (mod 0) of [fg(a), fc(b)] = Ujerlas. b;l,
with b; —a; € [6/2,6] and b; = aj41. We can thus write

Feupue(g ZZ / (2,G;(2)) - pj(@)de =Y Zipe,,p,(9)-
J
provided that G; = G o ¢, and p; = Z;l “po;- ¢ where 9; = @[, 5, and
= ff] p(j(x))¢)(x)dz. Observe that, by construction, we have »°,Z; = 1.
Differentiating the above definitions and using (5.2) we obtain

Gv/
(5.3a) G; = % o p;
Gw f//
(5.3b) G} = F 0w — G- f/2 °;
(5 30) G/// _ G/// " ///

f/3 °Y; — 3GH fzé °p; — G/ f/3 ° Pj

and similarly

i/ i
(543.) p—] = Py fé fe) SOJ — G Lp]
J
A A

P IR T Rt T g
Using (5.3a), the definition of G’ and (5.1a) we obtain, for small enough e:
G’ + ewg
f&

3
< 1561 +eDy

IG5

N

2 2
< 5(1 + ¢||dwl|))ect + gEHCle

where Dy = 2||dw||. We can then fix ¢; large enough so that the right hand side
of the above inequality is less than ¢;. Next we will use C, for a generic constant
depending on ¢1, D1, D}, ca, Dy and Cy for a generic constant depending only on

F.. Then, we find**

3

/
£ < JeaD2 + Oyl + Oy + <C.

3 3
||G;'|| < ZE[ClDl + Cyl+ 20, ; ||G'”|| < 1€ [c1(D} + D1Cy + Cy) + Cyl + e2C,
‘ ] il

Pj Pj
We can then fix ¢, D], ¢a, D5 sufficiently large and then ¢ sufficiently small to ensure
that the (G, p;) are standard pairs. We have thus obtained a decomposition of

Feipue given by the discrete standard family £ = ((J, Z;),¢;). O

3
< ZCQ—l—C#—FsC’*;

23 The reader can easily fill in the details of the computations.
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Remark 5.4. The construction described in the above proposition yields more than
just a standard disintegration of Fc.pe. In fact, it gives an invertible map F.:
supp ¢ — supp £ such that F, = wo E. and fle = FE*M (such map does not exist
in general for a standard disintegration of Feypip).

It is immediate to extend the above proposition to standard families: let £ =
((A,v),0) be a standard family; then by definition we have, for any measurable
function g:

Feipe(g) = Feu Z Vate, (9) = Z VaFeupie, (9) = Z Vatter, (9)
acA acA acA
where £/, is the standard family obtained by applying Proposition 5.2 to £,. We
conclude that the convex combination
=) g,
acA
is a standard disintegration of F..pue; moreover there exists an invertible map
(which we still denote) F. : supp £ — supp £ so that wo F. = F. o and Fg*ﬂg =
e
5.2.2. Pushforwards and filtrations. A standard disintegration of F,pue equipped
with a map F‘E as above is called a (¢, ¢2)-standard pushforward of £. A (finite or
countable) sequence {£,,} is said to be a sequence of (c1, c2)-standard pushforwards
of £ if for each n > 0, £,41 is a (¢1, c2)-standard pushforward of £,,. At times,
when some confusion might arise, we will write £,(£) to make clear that £, is a
pushforward of the family £.
Let us comment on the above important definition

Remark 5.5. Consider a sequence of (c1,ce)-standard pushforwards of a standard
pair £; it is instructive to consider the sequence £, as a random process. For each
p € supp/, let oy, : suppl — A, be the map a,, = 71',40}1".24 Next, let us introduce
the shorthand (abusing but suggestive) notation £, (p) = £, (c,(p)). Accordingly, the
sequence of functions {£,} can be regarded as a random process on the standard pair
£ with values in the space of standard pairs.

Observe moreover that our construction of F. implies the following important
property: given a € A, let U,(a) be the connected subcurve o, '(a) C supp/
whose n-image is £,,(a); then let F,, be the o-algebra generated by the collection
{Un(a)}aeca, (ie., the o-algebra generated by a,). The sequence {F,} is a fil-
tration and the process {a,,} (or, loosely speaking, {¢,,}) is (naturally) adapted to
such a filtration.

For each p € supp? let us also introduce the shorthand notation U,(p) =
Un(an(p)): observe that standard distortion arguments yield:

(5.5) Cy 'Ap(p) ™! < |Un(p)| < Cphn(p) 1,

where A, (p) = [é;g and the derivative is taken along the curve; in particular

Un(p)] < Cy2™.

Henceforth we assume ¢, ¢; to be fixed in order for Proposition 5.2 to hold
and we fix 0 to be so small that des < 1/50. Moreover, since ¢; and ¢y are now
fixed, we will refer to a (c1, ca)-standard pair (resp. family, pushforward) simply as
a standard pair (resp. family, pushforward); we let —with a further slight abuse of
notation— [Fo L] = L, ¢, (Fesftg).

The proof of Proposition 5.2 in fact shows the existence of a standard pushfor-
ward of any standard family £. A pair £ is said to be N-prestandard if FX yy admits

24 Obviously, w4 (o, p) = a, for each a € A,p € T2.
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a standard decomposition; we say that ¢ is prestandard if it is N-prestandard for
some N. We say that a family £ is N-prestandard (resp. prestandard) if every £ € £
is N-prestandard (resp. prestandard).

Remark 5.6. Consider a short standard pair £ of length at least §.: the proof of
Proposition 5.2 implies that standard curves are expanded at an exponential rate.
We can conclude that € is Ng-prestandard with Ng ~ Cyg|logd.|. We call Ny the
recovery time of £.

Remark 5.7. Let ¢ be a (¢1,7v¢o)-standard pair with v > 1: the proof of Proposi-
tion 5.2 implies that densities on standard curves are reqularized by the dynamics
at an exponential rate; hence £ is Ng-prestandard with Ny ~ Cylog~y. Again, we
call NR the recovery time of £.

Remark 5.8. Consider a standard pair £ = (G, p); by definition of standard den-
sity, we have, for any x € |a,b]:

exp(—2¢29) exp(2c29)

(56) o < ela) < P

Consequently, for any constant m, < 1/2, we can define p(x) so that p(x) =
m./[l|+p(x), and by the above estimate and our choice for 6 we have p(x) > p(x)/3.
Consequently, since p' = p’ (and thus p" = p”'), we have:

ﬁ/ /
b

l r [

p p p
i.e. p(x) € D3, (G). The standard pair £ can thus be split as:

A~

p

p//

/ 1
S 302 S 3C2

<]

<3|

C~mgl, +(1— m*)f7
where 0, = (G,1/|]) is a standard pair and { = (G,p/(1 — my)) is a O(1)-
prestandard pair.

A fundamental property of standard families is that any SRB measure is a weak
limit of a sequence of measures that can be disintegrated into standard families;
we do not give the proof of this fact here, since we will prove a slightly stronger
statement in Lemma 9.8.

6. AVERAGED DYNAMICS

Standard pairs are a very convenient way to describe initial conditions which
are, in a sense, well distributed with respect to the dynamics (see the discussion at
the beginning of Section 8 for further comments). Let us start making this vague
statement more concrete by stating some results which follow from the ones that
are proved in [9]. First of all, let us introduce some useful notation; recall that for
p € T? we denote (x,(p), 0, (p)) = F™(p); recall moreover the definition of ¢, given
in (4.11); let z,(p) = (0n(p),¢n(p)) and define the polygonal interpolation

2e(t;p) = 2pee—1 () + (te " = [tz ) (2p0e1j41(P) — Z(1e1 | (D))

Let us also introduce the functions 6., (. so that z.(¢;p) = (0:(¢; p), (- (t;p)). Note
that if p = (x9,0p) is distributed according to some measure p (e.g. u = g, where
¢ is a standard pair), then for any T' > 0 z. is naturally a random variable with
values in C°([0, 7], T x R) (and likewise . and (.) and thus the pushforward 2.,
is a probability on C°([0,T], T x R).

For any t > 0 and 6, € T, we define the function 2(¢;6.) = (0(; 0.),((t;0.))) to
be the solution of the ODE problem

61)  Te10.) = (G0(:0.)),00(:0.)))  with 2(0:6.) = (6.,0),
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where &(0) = [Lw(z,0)pe(z)dz, Y(0) = [;¢(x,0)pg(x)dz, ¥ is defined in (4.10),
and py is the density of the unique abbolutely continuous invariant measure for the
expanding map fp. Observe that (6.1) admits a unique solution since we use the
regularized function v, which is smooth by Remark 4.1.

Then, the Averaging Principle (see [9, Theorem 2.1]) states that for any T > 0,
if the initial conditions (g, 6y) are distributed on a standard pair*® that crosses
{6 = 0.}, the random variable z. converges in probability to Z(-;6.) on [0,7] as
e —0.

6.1. Large and moderate deviations. Given the above facts, it is then natural
to attempt a description of the behavior of deviations from the averaged dynamics.
For p = (w0, 0p), let us define:*°

(6.2) Az(t;p) = (A0(t; p), AC(E: p)) = 2(t;p) — Z(t; bo)-
A first rough (but useful) result that follows from [9] is the following

Theorem 6.1. There exists £9 > 0 such that iof we fir T' > 0, then there exist C>0
such that for any € < &9, R > C+/e and standard pair £, we have

t€[0,T]

i < sup |[Az(t; )] > R) < exp(—crR*™)

where cr is a constant which depends on T only and || - || denotes the Euclidean
norm in R2.

Proof. The proof immediately follows from [9, Proposition 2.3], which however is
stated using different notations. In our case we let A = (w,1); a4, is the random
element of C°([0,7],R?) obtained by lifting z.(-) — 2:(0) to R? and ya(t,6) is
the 1ift*” of 2(-;60y) — 2(0;6p) to R?. Finally, the statement of [, Proposition 2.3]
involves a probability P4 . on the space C°([0, 7], R?) defined by Pa . = (va.c)«fte-
Hence, by definition,

e ( sup [|Az(t: )] > R) =Pac ((7€C°(0.T1T) : 1) = 7a(. 0]l > B}).

t€[0,T)
Now we can apply [9, Proposition 2.3], which gives the desired result. (]

We now proceed to prove two other results (Theorems 6.3 and 6.4) which also
follow from the Large Deviations estimates obtained in [9]. Loosely speaking these
result state that if there exists an admissible (6°,0')-path, then there exists an
orbit of the real system connecting a neighborhood of {# = #°} to a neighborhood
of {0 = 01}; conversely if all (8°,')-paths are not admissible, we would like to say
that no orbit of the real system connects the two said sets. Indeed such statements
could only have a chance to hold true in the limit ¢ — 0, and even in this case there
would be borderline admissible paths for which none of our statements would hold.
In order to properly state our results in the case € > 0 we need to refine the notion
of admissibility that has been introduced in Section 2; recall the definition of (6)
given in (2.3); in particular £2(0) is a closed interval for any 6 € T. For ¢ > 0 and
f € T, introduce the notations

Q5 (0) = Q(0) U 0Q(0) Q- (0) = Q(0) \ 9:0(0),

25 Notice that the definition of standard pair in fact depends on ¢, therefore this convergence
holds for any sequence of standard pairs which in turn weakly converges to the flat standard pair
{60 =0.}.

26 The function Az (and thus A0 and A¢) indeed depend on ¢ (since so does z); however, we
do not explicitly add a subscript € to ease notation.

27 Sych lifts are uniquely determined by the condition v4,(0) = 0 and 54(0) = 0.
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where 0.0(0) = {b : dist(b,002(0)) < e}. Tt is immediate to observe that if € < e,
Qf c QF and Q. D Q_; moreover int Q(0) = J.., Q% and Q(0) = (., Q. We
say that a (09, 0%)-path h of length T is e-admissible if for any s € [0,7] we have
Ah(s) C int Q- (h(s)); likewise we say that h is e-forbidden if for some s € [0,T]
we have Oh(s) ¢ QF(h(s)). Observe that, by definition, and by compactness of
the graph of 8h(s), h is admissible if and only if it is e-admissible for some € > 0;
likewise if h is e-admissible (resp. not e-forbidden), then there exists some € > ¢
(resp. € <€) so that h is €-admissible (resp. not €'-forbidden).
First of all let us prove an auxiliary

Lemma 6.2. Let @t (0) = maxQ(0) and @~ (0) = minQ(f); then ©@* are (uni-
formly) continuous functions.

Proof. Let us prove the statement for @™ (6) (the statement for w™ follows by noting
that min Q(0) = — max[—Q(6)]). It is possible to characterize w* as follows (see [25,
Proposition 2.1]):

N-1
1
—+ o L s n
@ (9)—buphmbupN g w(fe(x),0).

z€T N-—oo n—=0

Observe that for any ¢ > 0, if |9 — 01| is sufficiently small, there exists a homeo-
morphism @ : T — T with |[|® — 1||co < ¢ so that fgr = ® o fgo 0 P! (see e.g. [26,
Lemma 2]). We gather that

N N
_ . 1 n . 1 n
@™ (0') = sup lim sup i g w(fyi(z),0") = sup lim sup i E w(®o fro(x),0Y).

z€T N—oo z€T N—oo

n=0 n=0

Since ||w(-,0%) — w(®(-),0)|lco can be made arbitrarily small by choosing o arbi-
trarily small, and since w is a smooth function, our lemma follows. O

Let us now prove the following lower bound.

Theorem 6.3. Assume that there exists an e-admissible (0°,0%)-path of length
T >0 for some T > 0 and € > 0; if ¢ > 0 is sufficiently small (depending on T
and €), for any standard pair £ whose support intersects {0 = 0%} we have, if C is
sufficiently large,

(6.3) ,ug(@LTa—lJ € B(@l, 055/12)) > exp(—CTe_l).

Proof. Once again we plan to apply Large Deviations estimates from [9], which
are stated using different notations. Define A = w, and let 74 . be the lift of the
random element .(-) — 6.(0) to R starting at 0; let P4 = v cupte. Let h be an
e-admissible (6°,9')-path of length 7' (which exists by hypothesis); let 4 be the lift
of h —6° to R starting at 0. Let us assume ¢ is sufficiently small (with respect to e
and T') to be specified later and define the set

Q. = {yeC’0,T),T) : v(T) € B(ﬁ/(T)7C’g5/12)},

Then, by construction and by [9, Theorem 2.4], for all A, > 0 if ¢ is sufficiently
small (depending on A,), we conclude that

fe(0)7e—1| € B(0',C12)) > Py (Q.) > exp(—e 'O a, ilgf T a. (1)
YEQ:
where Q- = {v : Beo(o,r) (7, 0#65/12) C Q.} for some universal Cx and the rate
function I a, (7) is finite, provided that v is Lipschitz, v(0) =0 and h =~y + 69
is e-admissible for some € > A, (see [9, Section 6] for additional details). Let us
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thus choose (e.g.) A, = €/2, so that J;O A*(ﬁ) < 00; hence, provided that ¥ € Q=
(which holds true if C' > C), we can conclude

pe(O) e € B(0',C/12)) > exp(—Crqe1).

Observe that, in the above inequality, the right hand side depends on the path h
(via ), but (6.3) requires a uniform bound. However, Proposition 5.2 implies that
if some point in the n-th image of a standard pair £ belongs to {# € B(0', Ce®/12)},
then there is a whole standard pair in any n-pushforward of ¢ which belongs to
(a O(e)-neighborhood of) the given set. Hence the above inequality indeed im-
plies (6.3), where exp(Cy) is proportional to the maximal expansion of F, along a
standard curve. (]

We now prove what can be regarded as a converse of the above theorem.

Theorem 6.4. For any € > 0, there exist ¢ > 0 and Trp > 0 so that if € is
sufficiently small (depending on €) the following holds: if every (0°,01)-path is -
forbidden, then for any N > |Tre™?|

(6.4) FY({0 € B(0°,0})n {0 € B(#",0)} = 0.
We first need to prove two auxiliary lemmata
Lemma 6.5. Every (6°,01)-path is e-forbidden if and only if

(6.5) min 07 (0) < —e and max @ (0) >e.
0e[09,01] 0e[61,00]

Proof. First, let mingepgo g1)@* () > —e; in particular there exists 0 < e, < €
and g. > 0 so that mingego g1) @t (0) + €x > 0. Let hy be a”® path solving the
differential equation h’,(s) = @™ (h.(s)) + €, with initial condition h,(0) = 6°; since
h.(s) > o« there exists T < 1/g, so that h.(T) = 6, so h, is a (0°,6')-path.
Our construction moreover guarantees that w™(h(s)) < hli(s) < @™ (h(s)) + ¢,
which implies that h, is not e-forbidden and contradicts our assumptions. If we
assume maxge[gr go) W~ () < €, a similar argument also allows to construct a non
e-forbidden (0°, 0)-path. This concludes the proof of the direct implication.

Let us prove the reverse implication. Let h be a (6Y,0')-path of length T;
without loss of generality we can assume that h(s) & {0°,0'} if s € (0,7). Then
either h([0,T]) = [6°,01] or h([0,T]) = [6',60°]. Let us assume the first possibility;
the second case can be completed by the reader following an analogous argument.
Assume by contradiction that h is not e-forbidden; then there exists ¢’ < € so that
h is not ¢/-forbidden. By (6.5), there exist an interval [0_,0.] C (6°,60') so that

(6.6) max Q. (6) <0 if0elf_,04].

Then by our assumptions there exist 0 < s_ < s; < T so that h(s_) = 6_,
h(sy) = 04 and h([s—,s+]) = [0—,0+]. By Borg’s Mean Value Theorem (see [0,
Theorem 2.2.4]) there exists s € [s_, s4] so that dh(s) > 2¢/(sy — s—) > 0. This
gives a contradiction with (6.6), since we assume h to be not €’'-forbidden.

O

Remark 6.6. The same argument used in the above proof indeed shows that no
(6°,0%)-path is e-admissible if and only if
(6.7) min o7 () <e and max @ (0) > —e.

0e[00,01] 0e61,00]

28 The function @1 (6) is continuous, therefore a solution of the given differential equation
exists (by Cauchy—Peano Theorem), but in general is not unique.
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Lemma 6.7. For any €, if € is sufficiently small, for anye~Y/3 < n < 0#61/25_1/2,

we have, for any (xq,6p):
0, — 6o
en

0 () — €< <wt(0y) +¢
Proof. We will only prove the right inequality (the left one follows by replacing w
with —w in our argument below). Observe that, by [25, Proposition 2.1] we have:

n—1
@t (#) = limsup 1 sup Z w(fy(x),0).

n
n— 00 zeT k=0

Hence, there exists 7 so that if n > n

n—1
(6.3) Loup S w(fh(x),0) < @ () + e/2.
N zeT h—0

By compactness (remember Lemma 6.2), i can be chosen to be uniform in 6. Next,
assume ¢ < i3, By definition

0, —0) 1%~
= EZw(m;@,Gk).

En
k=0

By [0, Lemma 4.2], for any z there exists z, so that |f§ (z.) —zx| < ek?; moreover
by definition |0 — 6y < ek. Accordingly, provided Cpen? < €/2,

n—1 n—1
1

1 k 2 _ =
I < < .
- kgzow(xk,ﬁk) - kEZOW(fG (x4),00)| < Cypen® < €/2

The above estimate, together with equation (6.8), concludes the proof of the Lemma
since n > e~ /3 > 7. O

We can now give the

Proof of Theorem 6./. Uniform continuity of @* (proved in Lemma 6.2) guarantees
that there exists o > 0 so that if |0 — 0’| < o, |@*(0) —@*(0")| < €/4; by Lemma 6.5
there exists 0, € [0°,01] (vesp. 0_ € [#1,0°]) so that ©T(6;) < —e (resp. @~ (0_) >
€); moreover |0 —0_| > 8p. Let us define: Ut = [0_—p,0, +0], U = [0_+0,0+—0]
and U™ = [0_ + 20,0, —29]. Let p = (x9,0p), and as usual let (z;,6;) = F(z0,0p);
then we claim:

(a) if g € UT, then 6, € U~ for some 0 <[ < Trpe~?

(b) if 8y € U~ then 6; € U for any I > 0.

Let us prove (a): if 6y € U~ there is nothing to prove, otherwise we have either
0o € B(0+,20) or 6y € B(6_,20). Assume the first possibility (the second one
can be dealt with similarly). Observe that by definition, for any 6 € B(0,,2p) we
have @t (0) < €/2. Let n and ¢ satisfy the hypotheses of Lemma 6.7 with € = ¢/4;
and let 7 = inf{n : 0, &€ B(04+,20)} then if kn < 7 Lemma 6.7 implies that
O(k+1)n — Okn < —ene/4; we conclude that O, — 0y < —ckne/4, so (a) holds by
choosing Ty > 16¢/e.

Let us prove (b): assume by contradiction that there exists (xg,6y) so that
6o € U~ and 0, ¢ U for some n; let ' = min{k : 6, € U~ for any k <1 < n}.
observe that by construction n’ —n > pe~!/||lw||; assume 6,, € B(61,20) (the
possibility 6, € B(6_,20) can be dealt with similarly). Then by Lemma 6.7 we
know that if e is sufficiently small 6,,, . —1/s — 6, < —2/3¢/4, which implies that
0, 4.—1/3 € U™, contradicting the definition of n’, since n’ < n/+ e~ 1/3 < n: hence
we proved (b).
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We can now conclude: in fact the existence of (zg,0) so that 6y € B(6°, )
and 0, € B(6!,p) for some n > Tre~! would contradict (a) and (b), since by
construction §yg € U' and 6, ¢ U. O

6.2. Local Central Limit Theorem. In [9] we also obtained a Local Central
Limit Theorem (see [9, Theorem 2.8]):

Theorem 6.8. For any T > 0, there exists ¢g > 0 and 0 < a9 < 1 so that the
following holds. For any compact interval I C R, real numbers k > 0, € € (0,£0)
and t € [¢'/2900 T, any standard pair ¢ which intersects {0 = 0y}, we have:

—r%/(207)

6.9 e V20,(AO(t; ) € el + ke'/?) =Leb ] ————
( ) :U'@( ( ) ) O‘t\/27ﬂ'

+ O(g*).
where the variance o? = o2(6y) is given by

t = _
(6.10) o2 = / 62118/ @0 00)dr 5235 00V)ds,
0

and 62(0) is given by the usual Green—Kubo formula

a*(0) - [ [ﬁ(x,emzov( §(2).0)6(2.0) | pola)da,
m=1

where w(x,0) = w(x,0) — @(0).

Observe that, & defined above is uniformly bounded away from 0 by Assump-
tion (A3) and compactness of T; hence we conclude that

(6.11) C#t S 0'? S C# exp(c#t)t

6.3. Averaged dynamics: description. In this section we will describe the av-
eraged dynamics of the variable 6, and of the auxiliary variable (,. As we noted
earlier, assumption (A1) enables us to give a simple description of the averaged
dynamics 6. Let us start by fixing some terminology and notation. As already
briefly mentioned in Section 2, we define the intervals:

Iy— =[O+, Ok +1,4] 3 Ok, — I = [Ok—1,—, 0k, 3 Ok +.
By (6.1), any point in int I, _ (resp. int I, +) converges in forward time (resp. back-
ward time) to 0 _ (resp. 6k 4): we thus call int I, _ (resp. int I}, 1) the (forward)
basin of attraction of Oy _ (resp. backward basin of attraction of 6y 1 ). In particular,
any sufficiently small ball By, containing 6 _ is forward-invariant, that is:
(612) V ke {1, s ,nz}, t>0, 0y € By |9_(t,90) - 0k7_| < |90 — 0k7_|.
Let us now define the sets
(6.13a) Wi— i ={0€ I : &'(0) <& (0,—)/2; (0) < —3/4}
(613b) Wkﬁ. = {0 € Ik7+ : (4_}/(0) > @/(0k7+)/2},
observe that Wy _ # () by Assumption (A2) and Remark 4.1. For fixed r_,r4 >0
small, define Hy = B(0k,—,r_) and Sy, = B(0k,+,7r+). We prescribe r_ (resp. r4) to
be small enough so that Hy C Wy, _ (resp. Sk C Wi ) for any k. Define moreover

(6.14) H = J Hx s =J Sk
k k

Finally, let us define Hy, = B(fy, _,3r_/4) and H = |J,, Hy.

By (6.12), each of the sets Hy is invariant for the averaged dynamics; using (6.1)
we thus conclude that ¢ has an average negative drift on Hj whose rate is strictly
less than —1/2. This will imply that center vectors are, on average, contracted at
an exponential rate, as long as the trajectory stays in one of the Hy’s. We will then
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use Large Deviation estimates (i.e. Theorem 6.1), to obtain similar result for the
real dynamics.

6.4. Averaged dynamics: further properties. Let us now introduce a few
additional notions which we will need, in particular, when (A4) does not hold.

Remark 6.9. The goal of this section is to define trapping sets for the dynamics in
an abstract manner. The reason for this is twofold: first it makes very clear where
assumption (A5) is actually used (see Lemma 6.14); second, it allows to prove all
our results with little or no reference to the actual geometry of the trapping sets,
which we think would be useful for further generalization to higher dimensional
settings.

For each # € T and T > 0 we define the sets
A:&T ={0" €T : 3(0,0)-path of length < T that is not e-forbidden)};
Ay p =10 €T : Je-admissible (¢', 0)-path of length < T)}.

Observe that AI&T is given by end points of paths starting from 6, while A;&T is
given by starting points of paths ending at 8. We denote with Aéte = Urso Azte -

Lemma 6.10. The following properties hold for any 8 € T and € > 0:
(a) Afe is connected (i.e. an interval) for any § € T;
(b) 0 Ay = A:e NAZy #0=10" ¢ A:e ;
(c) if 0" € AL,, then A, C A%, ;
(d) #f 0 € int(0) then 6 € A:G, provided that € has been chosen small enough.

The proof of the above properties readily follows from the definition and it is
left to the reader

Lemma 6.11. A:&T is an open set for any T >0, € >0 and § € T.

Proof. Let us prove the statement for AZO; the proof for A, is similar. Assume
that 6’ € AZ0; then there exists a (6, 6’)-path h which is not e-forbidden. Recall
that the graph {s, @h(s)}scpo,r] is compact and that by definition of a e-forbidden
path, for any s Oh(s) C QF(s), which is an open set. We conclude that if |g| is
sufficiently small, the path h,(s) = h(s) + ges is also not e-forbidden. Then our
statement holds since h,(T) = 6’ + peT. O

Notice that if ¢ < € we have A:Cﬂ - Aj,e and A;,e D A;e; in particular we can
define A; =Neso A:e and Ay = J.5 A;9~

Further, by (A3), we know that for any 8 € T we have @(0) € int Q(0) (see
e.g. the discussion before [9, Proposition 2.2]). In particular, there exists o > 0
so that Q(0; +) D (—p,0) for each i = 1,--- ,ngz. Since fp is a smooth family of
expanding maps, we conclude that, possibly by choosing a smaller o, we can find
open neighborhoods ©; + > 6; 4+ so that for each ¢ =1,--- ,nz and 0 € ©; 1, we
have (0) D (—¢,0). We conclude (unsurprisingly) that [; ~ C A_, , provided
that € is small enough. Moreover, observe that by definition V8,6’ € éii we have
A:e = A:e,. Finally, observe that by possibly decreasing ¢ we can assume that if 6
does not belong to any of the ©; 1’s, |@(0)| > p. We conclude that for sufficiently
small €, I; ~ C A 5, where we define T} := 201

We are now in the position to prove genericity of Condition (A5):

Lemma 6.12. Condition (A5) holds for a set that is C*-open and dense in the set
of w which satisfy (A1), (A2) and (A3).
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Proof. Let F. be so that (A1), (A2) and (A3) are satisfied. Assume that there
exists an interval J so that neither property i nor ii holds. To fix ideas let us
assume that @(¢) > 0 for any 6 € J (the other case can be treated analogously) i.e.
J = [0k,4,0k ] for some k € {1,--- ,nz}. By assumption there exists 6, € J so
that 0 € 092(0.). By our previous discussion we know that 6, & O + U Oy, _; thus
let @;(6) be a C* bump function which is 0 on T\ J and 1 on J\ Oy + UO, _. Then
for any e > 0, if we let w(z,0) — w(x,0) + ew;(0), we obtain a dynamical system
which satisfies property ii in J, since 0 ¢ cl(0,). Since wy is supported away
from T\ J, the same construction can be applied independently to all other J’s for
which (A5) is not satisfied, which concludes the proof. Observe in fact that our
construction does not interfere with assumptions (A3) (since our perturbation is a
function that is constant in x), (A1) and (A2) (since our perturbation is supported
away from the set {6; + }i=1,... ny)- O

For i =1,.-- ,nyz define the e-trapping set of 0, _
Ti={0eT: Af,cA, }.

Observe that if € < ¢, we have T ; D Te ;. We say that a sink 0; _ is recurrent if
Te; # 0 for sufficiently small € and transient otherwise.

Lemma 6.13 (Properties of trapping sets). If € is sufficiently small, the following
properties hold:

(a) There exists Tt >0 so that Tes C Ay 1.5

(b) if 0 € T.;, then A:e C Teis

(c) either Te; NTej =0 or Tei=Te;;

(d) 0; — is recurrent if and only if Te; D ©;—;

(e) 0;,— is transient if and only if 3 j € {1,--- ,nz} s.t. 0;_ € AZQL* \Ag,,

Proof. Choose an arbitrary 8 € T.; and let j € {1,--- ,nz} so that I, _ > 6; if € is
sufficiently small, 6 € A_y 7, ; then, by definition of 7¢;, we have 6; € A , .

~ o T

Observe that since there are only finitely many pairs of sinks, there exists 7" > 0 so
that for any ¢,5 € {1,--- ,ng}, either 6; _ € Ae_,ej,,,T' orf, _ ¢ A;ek. Hence, by
Lemma 6.10(c) we have 0 € Ay 7., where we set Tr = Tp + T"; this proves (a).
On the other hand, (b) follows from the fact that if 8’ € A:e, we have A:e, C
Aj,e C A;ei__- Assume now 6 € T¢; N T.; # 0: then by (b) we have 6, € T, ;
and 60; _ € 7;1, by (a), we conclude that 6, _ € A;ej,, and 0; _ € A;eiﬁ, which by
definition imply respectively that 7., C 7¢ ; and 7. ; C e, proving (c).

Now assume T.; # 0 and let 6 € T.;: by (a) 6, € A;LQ and thus, by (b),
0;— € Te,i. Then, by construction, V¢ € 0, _, A:e’ = A:ei 7; which in particular
proves (d). In turn (d) implies that 7¢; = 0 if and only if A:ﬁi N\NA,,  #0;
let § € A%, \ A, . Then§ € I;_ C A;, for some j # i, which in turn
implies (e). O

In general it is possible for a system to have no recurrent sinks. However, as the
following lemma shows, Condition (A5) guarantees that this cannot happen.
Lemma 6.14. Assume that Condition (A5) holds and € is sufficiently small: then

(a) foranyi,je{1,---,nz} we have; _ € A:(h _ifand only if 6 € Ay .
(b) for any 6 € T there exists a recurrent sink 91'7‘_ sothat 0 € Ay 1. )
Proof. By Lemma 6.10(b) we have that if 6; - € A_,  then 0;_ € A:Gi,— thus

we only need to prove the direct implication. Assume by contradiction that one
can find arbitrarily small € so that there exists a non e-forbidden (0; —,0; _)-path
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but yet all (0;,_,6; _)-paths are not e-admissible. By Lemma 6.5 we gather that
Mmingey, _ 9, | @ () > —e or maxgepg, g, @ (#) < €. Indeed by the same argu-
ment used in the proof of Lemma 6.5 we can conclude that if every (6; _, 6, _)-path
is not e-admissible, then mingepy, 9, j@T(0) < € and maxgepp, 9, 10 (0) >
—e. Since € is arbitrarily small, we conclude that minge[giﬂgjﬁ]w*(ﬁ) =0 or
maxgep, _ 0, 1@ (0) = 0. In either case, assumption (A5) is violated, which is a
contradiction. This proves (a).

Let now 6 € T be arbitrary and assume by contradiction that every sink 6; _ so
that AZ, > 6 is transient. Let 49 so that 6 € I;,_: in particular 6 € A;Gz‘o,—»TI.

Since 6, _ is transient, by 6.13(e) there exists another sink 6;, _ € Ajﬁio \A

€,0ig,—°
by part (a) and Lemma 6.10(c) we conclude that 6,, — € A;G'il,f’ and therefc;re
S A;"n,f by Lemma 6.10(c). Hence 6;, _ is also transient and we can again
apply 6.13(e). By repeating this construction, we obtain a sequence of sinks {6;, _};
since there are only finitely many sinks, eventually we have 6;, _ = 6;, _ for some
[ > k, which in particular implies 0;, ., — € A;Qik,—’ which contradicts 6.13(e).
Hence, we conclude that 6;, _ is recurrent; by definition we have 0;, _ € A;Gik,f T
(where T was defined in the proof of Lemma 6.13), which gives § € A_, , as

Wi, T, —
we needed to show.

Remark 6.15. In this language, (A4) states that A, = T; by Lemma 6.11 and
compactness of T we conclude that if € is sufficiently small, A;el,_ =T, which gives
Te1 = T. In particular, by Lemma 6.13(c), there can be only one trapping set: for
anyi=1,--- ,ng, either Tc;, =0 or Te; = Teq.

On the other hand, (AJ*) implies that Aie =T for any 0 € T.

We will henceforth fix € > 0 so small that all above results hold true. Observe
that Lemma 6.14(b), together with Theorem 6.3 immediately implies that for any
standard pair £:

019 el U 7o) <0 exmloepe )
i=1,---,

nz

in other words: any point on a standard pair will eventually be trapped by some
Te,i- Observe moreover that Theorem 6.4 implies that if 6; _ is recurrent:

(6.16) FM(T x ’7?;) C T x T for any n > | Tre™! .

where ’7?1 = B(Tei,0), T.; =1{0 : B(0,0) C 7Tci} and ¢ and T are the constants
appearing in the statement of Theorem 6.4.

Corollary 6.16. If 6; _ is recurrent, there exists an F-invariant X; C T x Te;
which attracts every point in T x T¢ ;.

Proof. Let us define Xi(o) =T x cl7¢;; by (6.16) we have
FE”XZ-(O) C int XZ-(O) for any n > |Te™!].

Let us define X = 27 X then X 5 XEY, define X, = 00 X #

(). By definition X; is invariant for FSLTEAJ. In fact, it is invariant by F.: let
p € X;, then in particular F.p € FEXZ-(S) for any s > 0; then by (6.16) we conclude

that F.p € Xi(s) for any s > 0, that is F.p € X;. (]

We will from now on assume r_ so small that H, C Oy _ forallk=1,--- ,nz.
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7. FROM AVERAGED TO TRUE DYNAMICS

In this section we show that the true dynamics behaves similarly to the averaged
one with very high probability. To this end we will follow the dynamics in rather
long time steps. This strategy will be employed also in the following sections,
using possibly even longer time steps. Unfortunately, this requires a somewhat
cumbersome notation. To guide the reader through the various future constructions
we establish the following conventions:

Notational remark 7.1. In the following we will introduce constants Ty, where
f stands for some generic subscript, to designate a macroscopic time step i.e., a
time step of order 1 for the averaged motion. To such times we will associate the
corresponding microscopic time steps for the map F. which we will consistently
denote with Ny = |Tye ™.

We will also need to consider O(loge™') multiples of such macroscopic times:
to this end we will introduce various constants denoted with Ry and we will let
Ky = [Ryloge™!].

In this way the reader will be able to immediately distinguish shorter time steps
(e.g. Ny) from the (logarithmically) longer ones (e.g. KyNy: ).

7.1. Escape and contraction. Lemma 7.2 below essentially states that if £ is
supported on some set {§ € Hy}, the O(e~!)-image of ¢ will escape from {0 € Hy}
with exponentially small probability. Additionally, we have some bounds on the
random variable (,, which controls the contraction in the center direction. Recall,
from the previous section, that (z,(p),0,(p)) = F*(p) and ¢, (p), defined in (4.11),
are considered to be random variables when p € T? is distributed on a standard
pair £. Given a standard pair ¢, define 8} = pp(6); given a set P C T, we say that
¢ is located at P if 0] € P.

Let us fix at this point Ts > 0 sufficiently large®” and recall that, following the
convention introduced in the above Notational Remark 7.1, we let Ng = [Tse™!].

Lemma 7.2. If Ty is sufficiently large and € sufficiently small, then for any stan-
dard pair £ located at Hy, for some k,*° we have

1e(Ong € Hy, Cng < —9T5/16) > 1 — exp(—cye1).
Proof. Fix TC'n > 0 to be specified later and define the set
R={pesuppl: sup [AO(t p)|<r_/8, sup [A((t,p)| <Ts/16}.

t€[0,Ts] t€[0,Ts]
We claim that we can choose € sufficiently small so that for any p € R, we have
Ons(p) € Hy and Cng(p) < —9T5/16. This would then prove our lemma, since
Theorem 6.1 implies that pe(R) > 1 — exp(—cge1).

To prove our claim, it is convenient to make our set Hy, fuzzy; for » € (1/2,2),
define Hy, ,, = B(0k,—,»r_). First, we assume Tg to be so large that, for any k,
0(Ts; Hy,) C Hy1/2- Then, since 0 € Hj, we can assume ¢ to be small enough to
ensure that Ong(R) C Hy 3/4 = ﬁk, which proves the first part of our claim.

Additionally, observe that 6, (R) C Hy, 5,4 for any 0 < n < Ng; by choosing a
smaller r_ if necessary we can assume that ¢(0) < —5/8 for any 6 € Hy, 5/4. Thus,
for any p € R, 1(0,(p)) < —5/8: hence (6.1) and the definition of R then imply

that: 5
Ts
< —— =
Cn(p) < 8n5+ 16’

which concludes the proof of our claim. O

29 The choice for Ts depends on a number of assumptions in Lemmata 7.2, 7.4 and 7.5; it is
however important to observe that such requirements depend on f and w only.
30 Recall that Hj, and ﬁk are defined in Subsection 6.3.
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Lemma 7.2 implies that as long as a standard pair is located at H, it will stay
there with large probability for an exponentially long time.

Corollary 7.3. Let ¢ be a standard pair located at Hy for some k. For any [ > 0:
pe(Oins € Hi) > (1 — exp(—cyge™)).

Proof. The proof follows by induction on I: Lemma 7.2 proves the base step [ = 1.
Assume now that the statement holds for [ — 1. Let Ay, = ang(fns € Hy,), where
oy, was defined in Remark 5.5; by definition of standard curve, for any a € .AEVS
and p, ¢ € Ung (@) (recall that Ung () = O‘Kr; (), we have [Ong (q) —Ong (p)] < Cpees
this in turn implies that 92‘((1) € Hj. Then, by the inductive assumption and
Lemma 7.2,

pe(Oing € Hy) > Peng (Ba-1)ns € ffk|v4§vs)w(v4lzvs)
>(1- exp(c#sfl))lflug(ﬂjvs S I;Tk) >(1- exp(c#sfl))l. O

The above corollary allows to obtain sharper information on the 6 variable by
means of the following lemma.

Lemma 7.4. If Tg is sufficiently large, there exists C,Rp > 0 so that, provided
is sufficiently small, for any standard pair £ located at Hy and for any R > Rp,
letting KK = |Rloge™!]:
§ 1

(7.1) Hz(eems(.) & B(0y,—,CVe)) < 3
where, recall, we consider Licne () to be a random standard pair according to Re-
mark 5.5.
Proof. Define the function V: T — R;:

V(0) = min{|0 — 0 _|,r_}.

We will use V as a sort of Lyapunov function, namely, we claim that if ¢ is located
at Hy, V satisfies the following geometric drift condition:

1
(7'2) ME(V © GNS) < 5/1“@0)) + CTS \/gv

where, in the above expression, we regard 6,, as a random variable on ¢ and to
simplify the exposition we will abuse notation and write (V) instead of (Vo).
Moreover Cry is a constant which depends on Tg only. In fact, first observe that,
by Theorem 6.1, since ||V||o < 1:

IU’Z(V © HNS) = N’Z«V : ﬂB(é(Ts;ez),sl/Z*ao/Z)) © GNS) + O(exp(_CTSE_QUD'

Now let us subdivide the interval B(A(Ts; 07),e/27%0/2) in O(e~1/27*0/2) intervals
I; of size O(¢), so that we can write

(V- Lp(aeron).c1/2-o0/2) © Ong) = > pe((V-11,) 0 Og).
i

Using Theorem 6.8 and the fact that V is Lipschitz yields, on each interval I},

o~ (W=0(Ts:07))*/ (2e07)
pe((V-11,) 0 0) = / V(y)dy

; o1V 2Te

+0 <5“°_5/ V(y)dy—i-sg).
I;
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Hence, summing over all intervals and using standard Large Deviations bounds for
the Normal Distribution, we obtain

o~ (=0(Ts:07))*/ (2e07)

VY o On, :/
pe(V o Ong) orvane
0(Ts;07)+e'/2~0/2
+ O (60“01/2/ V(y)dy)
g

(Ts;0;)—1/2-0/2

V(y)dy + O(e' ~0/2)

and, again, since V is Lipschitz:

(7.3) pe(Volng) = (1+ 0 )V(0(Ts; 07)) + (o1, +1)O(VE).
Then, let us assume that Tg has been chosen sufficiently large that for any 6 € Hy:

1
0(Ts50) — Ok | < §|‘9 — Ok,

so that in particular we have V(0(Ts;0)) < V(0)/3. Since u,(V) = V(0;) +
O(e), (7.3) reads:

1+ g0/2
—5 W)+ Cnve

which, gives (7.2), provided ¢ is chosen small enough.
Observe now that by Corollary 7.3, ,ug(@‘m o ¢ Hp) = ving(0; & Hi) <
“tANS

lexp(—cye™ ). Using (7.2) we can then conclude that there exists Rp > 0 suf-
ficiently large so that for any R > Rp and K = |Rloge™!]:

pe(Volbng) <

Leeng (V) =t e qyng (V0 Ong)
= g1y (V0 ONG |07 € Hi)Vic—1)ns (07 € Hi) + CyKexp(—cue™)
< %ug(ml)Ns (V|07 € Hy) + Cryv/e + CuKexp(—cye™ )

< %,ug(,cflws (V) + CroVe + CyK exp(—cye ™).

Iterating the above estimates K times yields

fexns (V) < CrgVE(l + (V) + C4K? exp(—cye ™) < O
Markov Inequality thus implies (7.1) e.g. choosing C' = 3C'r. O

7.2. Attractors: return to H. We now proceed to describe the dynamics outside
H (for its definition, see (6.14)); indeed we will not need very refined results in this
region; essentially we will only prove that the dynamics comes to H with very large
probability in time O(loge~1).

Lemma 7.5. If Ty is sufficiently large, there exists f > 0 and Ra > 1 such that,
provided € is sufficiently small, for any standard pair £ we have:

(7'4) /M(GICANS ¢ H) < e
where, according to Notational Remark 7.1, Ka = |Raloge™1].

Proof. Fix Ra > 1 sufficiently large to be specified later. We will prove the lemma
in two steps; first let us show the following auxiliary result:

Sub-lemma 7.6. There exists Ty > 0, and ¢ = ¢(Ra) so that if € is sufficiently
small, for any |Toe '] = Nog < N < KaNs and standard pair £ not located at S:

pe(On & H) < exp(—ce™t).
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Proof. Our stipulations on @ guarantee that, if 8 € S, there exists Ty > 0 such that
if T > Ty, then 6(T;0) € H. According to Notational Remark 7.1, let Ny = [Tpe ™|
and write N = [Ngs+ M where Ny < M < Ny+ Ns. By Large Deviations arguments
analogous to the ones used in the proof of Lemma 7.2 we conclude that

pe(Orr & H) < exp(—c=™1).

Let £/ be a standard M-pushforward of £; observe that if 6, (p) € H, necessarily
lp(p) is located at H (recall that fp;(p) was defined in Remark 5.5); we thus
conclude that (0}, ¢ H) < exp(—ce~'). Hence, since

pe(On & H) < pe(On ¢ H|67,, € H) + exp(—ee )
< ey (On—nr ¢ H|O; € H) + exp(—ce);
our result then follows by applying Corollary 7.3. O

Observe that Sub-Lemma 7.6 proves Lemma 7.5 in the particular case 0; ¢ S.
If this is not the case, we have £ is located at S = (J, Si: for ease of exposition,
let k be fixed so that 6; € S and let us drop %k from our notations; that is, let
0y =60k, S =S5 In order to prove our lemma we claim that it suffices to show
that for some 8’ > 0:

(75) Mg(@]v S S’ for all 0 < N < KA Ng — No) < €B,

where S is an O('/*)-neighborhood of S. In fact, by (7.5), with probability 1 —ef
there exists some 0 < N < Kp Ng — Ny so that HZ‘N(I)) ¢ S; applying Sub-Lemma 7.6
to such standard pair then guarantees that the (JCao Ng — N)-iterate of ¢ will be
supported in H with probability 1 — exp(—eg~1), which in turn implies (7.4) and
concludes our proof.
We are thus left to prove (7.5): fix cg > 0 to be specified later and define the

function V : T — R:

0 ifo¢s

V() = Cslﬁ if |0 — 0, <csy/E
|9_719+‘ otherwise.

We claim there exists ¥ € (0,1) so that for any 0 < k < Ka:
(7.6) pe(V 0 Opng) < Cpd*pup(V) + Cy exp(—cye™),
Then, if R ~ loge~! is so that 9% = O(e?"), by (7.6) we gather pg(V o Orne) <

C’#sﬁ ". Markov Inequality then implies that

pe(Orns €5) = pe (Vo bgy, >1/(2ry)) < Cue”,
provided that ¢ is sufficiently small, which in turn implies (7.5), choosing R suf-
ficiently large (e.g., Ra > 2R is certainly enough).
Thus, to conclude our proof, it suffices to prove (7.6). We have three cases:

(a) 0; ¢S

(b) 6, €S, |0; — 04| > csv/e

(c) 107 — 04| < csve.
Let us first consider case (a): in this case, for any Ng < N < Ka Ng, we claim that:
(7.7a) pe(Voly) < exp(—cue™ ).

The above estimates immediately follows by Sub-Lemma 7.6 if 7 ¢ S, and by a
similar large deviations argument otherwise.?!

31 In fact S is a repelling set for the averaged dynamics, hence if 6 € S\ S, the averaged
dynamics will certainly keep 0 away from S.
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Let us now consider case (b): by definition of W, (see (6.13)), we know that if

0o € Wy, |@(bp)| > @' (04)]00 — 0+]/2. We assume Tg so large that for any 6y € S,
we have either 0(Ts;0) € S or |0(Ts;00) — 04| > 2|6p — 0|. Hence, we have

e (10, = 01 3107~ 021) < e (103, — 00233071 = L0 ~0.1).
Assuming cg sufficiently large, we can apply Theorem 6.1 and gather that
e (163 = B 05)| = 5107 1) < exp(~Cr.J6; ~ 04 P,
Consequently:

2
pe(Vobng) < gue(V) + exp(—Crpy|0; — 0, %c™1).

1
NG
Choosing cs to be so large®? that

<
= 12067 — 6]

exp(—Cry |07 — 04]%7")

1
cs\/e
we obtain
5
(7.7b) pe(Vobng) < gue(V).

Finally, we need to consider case (c¢): first of all by definition of V we can immedi-
ately conclude that for any n > O:

(7.7¢) pe(V o 0y) < gue(V)-

Moreover, using once again Theorem 6.8 and the lower bound in (6.11) we can
choose T} to be so large that, for any x € R, us(AO(Ty;-)e~'/? € B(k,2cs)) < 1/3.
We thus conclude that for any standard pair ¢ so that |0; — 01| < cg+/e:

1 1

1 )
. d 92\7 < S — + p— < —
(77 ) MZ(VQ 1) 3 CS\/E ZCS\E GNK(

V).

Observe that by possibly increasing 77, we can guarantee N1 = pNg for some p € N.
Collecting bounds (7.7) we can therefore conclude that, for any k > 0 and for any
sequence £, of pushforwards of ¢:

He (V o 9kpNs) = /J/S(k—l)pNS (V o epNs) < 19*:“'2(1971);)NS (V) + exp(—c#is_l)
< O pe(V) + Cpexp(—cue™ ),

for some ¥, € (0,1) (e.g., ¥« = (5/6)(7/6) = 35/36 works). The above inequality

immediately implies (7.6), choosing ¥ = 92/7. O

The above results show quantitatively that the dynamics tends to concentrate
around the sinks of the averaged dynamics, where most of the center vectors are
contracted at an exponential rate. This fact will be the crucial ingredient in our
arguments.

32 Observe that the choice of cs depends on Crg and thus on Ts.
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8. COUPLING: BASIC FACTS AND DEFINITIONS

We are now ready to start the discussion of statistical properties of the map F;.
As anticipated, we will classify its SRB measures (in the sense of Remark 2.6) and
study their statistical properties using the framework of standard pairs.

The main advantage of using standard pairs is that we are in a sense able to sep-
arate the deterministic behavior (at the level of standard pairs) from the stochastic
behavior (regarding standard pairs as “atoms”).

Let us start by recalling the main ideas: the crucial observation (due to Dolgo-
pyat, see e.g. [14, 15, 10]) is that SRB measures can be written as weak limits of
measures that admit a standard decomposition (see also Lemma 9.8).

Then, given any two such measures let £° and £! be the associated standard fam-
ilies. If we can prove that the measures induced by F£° and F"£! are asymptot-
ically equal; then this would imply uniqueness of the SRB measure for the system.
If, additionally, we can control the rate at which F"£% and F£! are approach-
ing, then we are able to retrieve precise information about the rate of mixing of
sufficiently smooth observables.

This project can be carried out provided that there exists only one trapping set
for the dynamics (that is guaranteed if (A4) holds). Otherwise, if (A5) holds, it is
still possible to prove uniqueness of SRB measure supported on each set {6 € 7 ;},
and obtain information about the rate of mixing of sufficiently smooth observables
supported in each of these sets.

The strategy which is most commonly employed in order to study the above
mentioned asymptotic equality, and estimate the speed of mixing, is the coupling
technique.>

8.1. Basic coupling definitions. Let us start by recalling some useful definitions:
a coupling of two probability measures 1o and p; (on the measurable space T?) is
given by a probability measure p on the product space T2 x T? whose marginals on
the first and second factor coincide with pg and p; respectively. We denote with
T'(uo, 1) the set of couplings of the two probability measures. The Wasserstein
distance of two probability measures pg, @1 is defined as

(8.1) dw(po, 1) = inf  E,(disty).
BET (posp1)

Note that the definition of dw depends on the choice of the distance. In this paper,
we find convenient to employ the vertical distance disty given by:

1 if x #£ o
|0 — 0’| otherwise.

(8.2) disty ((x,0), («/,0')) = {

Observe that disty controls the standard Euclidean distance (which we denote by
dist), i.e. dist(p,p’) < v2disty(p,p’) for any p, p’ € T2.

When two measures admit a standard decomposition, it is convenient to de-
scribe their couplings in terms of standard families. Let us start by considering
standard pairs: by a (c},ch)-standard couple £ = (£°,£1) we mean a couple of
(¢}, ch)-standard pairs £° and ¢! and a measure g on T? such that the marginals
are the measures are o and piy1 respectively.®* Let now £° and £! be two

33 Coupling has been long used in abstract Ergodic Theory under the name of joining, but it
has been re-introduced in the the study of the statistical properties of smooth systems (smooth
Ergodic Theory) by Lai-Sang Young [16], borrowing it from the theory of Markov chains. The
version we are going to present here has been developed by Dmitry Dolgopyat in the standard
pair framework.

34 We do not include explicitly @ in the notation to make it more readable and as it does not
create confusion.
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(pre)standard families; a (¢}, ch)-standard coupling of £° and £! is a random ele-
ment £ = ((A,v),£) where £ : A — Ly o X Ler oy is a random couple £ = (€0 ¢h)
of (¢}, cy)-standard pairs so that £° = ((A,v),£?) ~ £

Given two (pre)standard families £° and £!, there is no canonical choice of
a standard coupling. A simple, but important example is given by the inde-
pendent coupling: we let (A,v) = X;—01(A% V) and we define £((ag, 1)) =
(°(ap), £ (1)) = (L%, 1), £ (g, 1)) equipped with the product measure. Ob-
serve that, in this case, the families £° and £' are independent random variables.
As for standard families, we will declare two coupling equivalent if their marginal
measures pei are the same, and we will designate the equivalence classes by [£].

Let £ = ((A,v),£); given A" C A we define the subcoupling conditioned on A’
to be £|A" = ((A',V),£|A"), where, once again, V(E) = v(E|A’).

We say that £ = (£°,£1) is a matched couple (resp. A-matched couple) if £°
and ¢! are stacked (resp. A-stacked), have equal densities (see Section 5.1.1 for
the definition of “stacked”) and are coupled along the vertical direction, that is:
p(g) = [ 9(G%(x),G*(z))p(x)dx where p is their common density. We will call this
the canonical coupling for matched pairs. Note that

(8.3) dw (g, uer) < A.

Recall that, given the (pre)standard families {£'} it is defined for all n the
pushforward [FE"S’] = [2;] Then, given any standard coupling £ of £°, &', we
define [F"£] as the equivalence class of the product coupling of [2;] A sequence
of (pre)standard couplings (£,), is said to be a pushforward the (pre)standard
coupling £ if £, € [FI'£]. Note that such a definition is much less stringent than
the notion of pushforward for a standard family, it is then not surprising that we
will need a more stringent definition for standard couplings as well.

If £2 is a pushforward of a standard family £° and, for each o € Ay, £, () is a
A-matched pair, for some A, then we say that we have a matched pushforward.®®

Remark 8.1. Note that, if we have a matched pushforward £, of £, then Re-
mark 5.5 applies to the families £° and, by the matching property, to £} as well.
It makes thus sense to write £ ,(p).

Notational remark 8.2. In the sequel, to simplify our notation, we adopt the
convention that the symbols £, A, v, will carry subscripts and superscripts in the
natural consistent way.

8.2. The holonomy map. Loosely speaking, in the hyperbolic setting, the cou-
pling technique is based on the dynamical idea of “linking mass of standard pairs
to nearby ones along stable manifold”. In our setting, since we lack a stable direc-
tion, we will “link mass” along curves that approximate the center direction for at
least Ng = O(e1) iterates (as it turns out, we will use local Ng-step center mani-
folds WY, , that have been defined in Section 4). In the next section we will show
that (A2) guarantees average contraction along such curves and, as a consequence,
modulo large deviations, they can indeed serve the purpose of stable manifolds.
The crucial issue, however, is that the regularity of the holonomy map along the
curves Wy deteriorates very quickly compared to the average contraction rate on
Wy~ This fact is the main obstacle to set up an efficient coupling strategy and, in
fact, will force us to use very short center manifolds (see Remark 8.4).

To make precise the above issue let us start by properly defining the holonomy
map along center manifolds: for some small A > 0, let G° = (z,G%(x)) and G! =
(z,G}(z)) be two A-stacked standard curves above [a,b] (recall the appropriate

35 Note that, with the above definition, £ will not be, in general, a standard family. Yet, it
will be n-prestandard and that is all is needed in the following.
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definitions given in Section 5.1.1). Then, for s € [0,1] define the interpolating
curves G® by convex combination, i.e.

G*(x) = (1 - 5)G%(x) + sG*(x) G*® = (z,G*(x)).
Let hy,(s;x) be the unique solution of the following non-autonomous ODE:

d G (hn(s32)) — GO(ha(s; 7))
—h, ! w(G® (hy,(s;
&) = T @ ()G (i) & 7))
with initial condition h,(0;z) = . By invariance of the center cone and by defini-
tion of standard curve it is immediate to show that the above problem is well-
defined®® provided that = € [a¢/,b'] where @’ = a + 2A7° and b’ = b — 2A4°
(recall the definition of +° given in (4.5)). Likewise, it is not difficult to check
that 7F™(G%(z)) = nF*(G*(h,(s;2))) for all € [@/,¥] and all s € [0,1], where
7 is the projection on the z-coordinate. Let us define the n-step holonomy map
Hy, o [a/, 0] = [a,b] as Hy(2) = hy,(1;2); observe that:
(8.4) TF(G(2)) = nF (G (Ha(2)))-
The map H, is an orientation preserving diffeomorphism; geometrically, if p° €
supp£° and p' = G'(H,(mp")) € suppl', then p° and p' are joined by a local
n-step center manifold W¢

We are now ready to state the relevant properties of the holonomy map H,.

Proposition 8.3. Let G and G! be two Ac-stacked standard curves above [a,b].
For any T > 0 let N = |Te~ ] (according to Notational Remark 7.1), and Hy be
the N-step holonomy map between the two curves;

(a) for any p° € G%([a + 2A9%,b — 2A7%]), let pl = GY(Hn(mp°)). Then,

recalling the notation pl, = FI'p*:

(8.5) dlstv(pN,pN) (1+ Cre + 2Tp) exp(Cy (%)) Ae.

(b ) let u(z) = GY(x)et and u(z) = GV (Hn(x))e™! and define ul,(z) =
u'(x), where 2 =2, 0---0Z, and E, was defined in Section /;
then ul, (x) are the rescaled slopes of the image curve at the point p! (z) =

Flo Gl(x) and they satisfy, for each 0 <n < N:
(8.6) up — 1| oo < Cyexp(TT)Ale + (2A7H)");
where recall that X\ > 2 is the minimal expansion of fo (see Section 2) and
U = [[Ogw]| + 7" |0z ] (see (4.8));
(c) there exists Dy ~ CyT exp(¥T) such that:

(8.7) | log Hy || < DrA.

Proof. Since the standard curves G'’s are Ae-stacked and p° and p' are joined by
a center manifold (which we will denote by W5 (p")) whose tangent belongs to the
center cone, we gather that dist(p®, p') < CxAe; moreover mpQ = wpk as already
observed earlier. Moreover, let A < (1 4+ Cge)Ace be the distance of the projection
of p° and p' on the @ coordinate; by (4.6) and definition of the center cone (4.1),
we obtain that:

. pn (q)
dist(p0,pl) < (1479 sup  —MD .
gEWN (p°,p") UN—n(FgHQ)
from the above and (4.8) we conclude that for any 0 <n < N

8.8 dist(p¥, pl) < CUneAe.
13 n #

36The reader can easily check that the differential equation admits a unique solution; recall (4.6)
for the definition of s,.
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If n = N, since mp{; = 7pl;, we have the better estimate

dist(p}y, piv) = distv (p}, pry) < e 1)uzv(q) -h
qeWnN (P”,p

which using Lemma 4.2 immediately implies (8.5) and proves item (a). On the
other hand, since 0 <n < N, (4.4) and (8.8) yield, for small enough e,

g (2) = up (2)] = 1Zp2 (@) (U1 (@) = Zpo_ () (1 ()]
< Cyexp(UT)Ac + 20 b, (2) — ul_, ()] <

Cyexp(¥T)Ae n 1 0
Z# PSS L ) - -

CPITIRS | (ax 1)l (@) — (o)l
by the definition of stacked curves we obtain |u!(z) — u®(z)| < CxA, which im-
plies (8.6) and proves item (b).

Let us now prove item (c): differentiating (8.4) yields:

dr dFY (G (2))(1, G (2)) = dr dFY (G (Hy (2)))(1, GV (Hn (7)) Hiy (),

z-expansion along G° z-expansion along G!

<

which we can rewrite, using (4.3) and letting I'y = kN:_Ol Opf o FF| as

L (1) Tp L e 5% (h (@) (@)
In(p'()) 15 1 +539f( L(@))ul(x)
Then, using (8.8) we gather that:

(8.9) My () =

In(p'())
and using item (b) we can conclude:
N 4 e 2L (o) ()l ()

o H L e 2L () () ub ()

Ou f
The above estimates imply (8.7) and consequently conclude the proof of our lemma.
O

(8.10) ‘log FN(pO(x))’ < CuT exp(IT)A,

Cu(T + 1) exp(TT)Ac.

Remark 8.4. Item (c) in the above lemma implies in particular that the N-step
holonomy map Hy has good regularity properties for T = O(1) provided that
A = 0O(1), i.e. if the stacked pairs are at a distance O(e). A Local Central Limit
Theorem is thus crucial for the effectiveness of the coupling procedure, since it pro-
vides information about the distribution of standard pairs at the O(g)-scale.

9. THE COUPLING ARGUMENT

9.1. An informal exposition of the global strategy. For simplicity let us first
assume that ny = 1 so that {¢ = 6;,_} is the only attractor for the averaged dynam-
ics. Since we expect the real dynamics to be well approximated by a /e-diffusion
around the averaged dynamics, we will be able to conclude (see the Bootstrap
Lemma 9.6) that, if we let any two standard families evolve for a sufficiently long
time (which turns out to be O(¢~1loge™1)), then a substantial portion of their
mass will be carried by standard pairs which are supported in a O(y/€) neighbor-
hood of #;_. Using a Local Central Limit Theorem (see Theorem 6.8) we can
control effectively the distribution of such standard pairs with a O(e)-resolution.
Once two standard pairs are stacked at a distance €, since we are close to a sink
and by (A2), the averaged system will make them (slowly) approach to each other
(see Lemma 9.1). Once they are sufficiently close (e.g. O(e!'*7) for some 7 > 0)
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we can show that the real dynamics follows the average one almost all the time (a
part from rare large deviations) and that the distance between the standard pairs
keeps contracting forever with positive probability. Thus we can couple (see the
Coupling procedure, Lemma 9.3) almost all their mass forever. We then conclude
by iteratively applying the same argument to the mass in the leftover pieces (see
Lemma 9.7).

If ny > 1 there are two possibilities: if Assumption (A4) holds, then our Large
Deviations results (see Theorem 6.3) allow us to prove that any standard pair will
have some positive (although exponentially small in e~1) probability of being close
to 01, _ after time O(¢~!loge™!); we can then conclude the proof by applying the
argument above to this tiny amount of mass at each step.

Otherwise, if (A4) does not hold but (A5) holds, Lemma 6.14(b) guarantees the
existence of at least one and at most ny recurrent sinks. Then, once again using
Large Deviations arguments, any standard pair that is supported on {6 € 7. ;} will
have positive (although exponentially small in e ~!) probability of being close to 6; —
after time O(e~!loge~!); moreover (6.16) guarantees that any pushforward will
also enjoy the same property. As before, we can conclude by iteratively applying the
same argument to this tiny amount of mass at each step. Of course, this procedure
does not necessarily yield a unique invariant measure, but rather as many distinct
invariant measures as the number of distinct trapping sets.

9.2. The basic Coupling Step. We now describe the core of our coupling argu-
ment, i.e., we describe how to actually couple two standard pairs (or more precisely,
the processes they generate) for O(e~!) iterations.

Recall that at the beginning of the previous section we fixed the constant Tg > 0
(and correspondingly Ng) sufficiently large; fix ¢ so that Tsp < 1/64 (recall that o
was introduced in the definition (see (4.10)) of ¥). Recall also the definitions of a
matched couple and of a matched pushforward given in Section 8.1

Lemma 9.1 (Coupling Step). For any A > 0, there exist € > 0 so that the following
holds. For any 0 < N < Ng, € € (0,8), A € (0,A) and Ac-matched standard
couple £, there exist sequences of pushforwards (gg)ﬁ;o and (;g)ff:o so that £5
is a matched pushforward and
[F0] 2 meLS + (1 —me) LY.
In addition,
(a) £6°° = {{0}, 4o}, fo € £° and
freo (supp £6°°) = mo = ma(A) = (1 — c.Ae) - exp(—4Dr A),
where ¢, is a constant which does not depend on £ and Dr, is defined in
Proposition 8.5(c);

(b) any £ n(p) € £5 is a Acexp(Cn(p)+Cpe+1/32)-matched standard couple;
(c) £Y is a standard coupling provided that n > N + Cy|log(cyA)|.

Proof. To fix ideas, for i = 0,1, let £ = (G',p) and [a,b] = 7(suppl?®) =
m(supp£t); let Hy be the N-step holonomy map between £° and ¢!, defined in
Section 8.2.

Fix ¢, to be specified later and define a and ” so that

a? b
/ p(x)dx = / plx)dr = %C*AE.
a b9

By (5.6), the definition of Hy and our estimates for the center cone, we can choose
¢« to be so large that the interval [a2,5)] is in the domain of definition of Hx; we
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let [al,bl] = Hn[a?,b0]. Moreover, eventually by further increasing c., we also
guarantee that for ¢ € {0,1}:
(9.1) al —a,b—0bl > Ae.

Finally, we assume c, to be sufficiently large so that

al b
/ p(z)dz :/ p(x)dzr < c.Ae.
a bl
For i € {0,1} let us cut the standard pair £? at the points a’ and b’; in doing so
we obtain two (very) short standard pairs (which we denote by # and ¢%) whose
lengths are bounded below by (9.1) and a (possibly short) standard pair, which we
denote by £%, with |[¢1] > §/2 — CxAe (see Figure 1 for a sketch of our setup).

1 1
1
Z \\\ ¢ C //
VYNa Wy ./
| /

0
O by

0

L ZR

“ al & b

FIGURE 1. Setup for our decomposition.

~ Let us introduce some notation: we define i = (GL, pl) (resp. 0= (GL,ph),
U, = (Gk, pR)), where G (resp. G}, Gj) is the restriction of G* to the interval
[al, bl] (vesp. [a,al], [bL, b)) and pi = p/mi (resp. p, = p/mi, pi = p/my) where
mi = f:l p(z)dz (resp. m{ = [ p(x)dw, m}y = fbl;; p(x)dz). In particular, our
construction yields m{ = m$ = c,Ae/2 and m? =1 — ¢, Ae.
Let p& = p? and define p{, on [al,b!] as the push-forward p&, = Hy.pd. More

* 9 Uk

explicitly, for any x! € [al,b!] let 20 = H ' =, then:
0 (.0
pe(@’)
(9.2) pe(rt) =
¢ Hiy (2°)
observe that pé is not necessarily a standard density. We now claim that
(9.3) ph(a!) < exp(2Dr A)mlpl ().

In fact, by (9.2) and since by definition m®pi = p:

log pe(@h) | _ 1 mipd(z%) 1
mlpl(z?) mQ mipy(xt) Hiy (z0)
0 p(°) I (.0
< |logm*‘ + |log () + |10gHN(x )| < CulAe + DrgA,

where the first two terms can be bounded using invariance of the center cone and
the definition of standard density, and the third one using Proposition 8.3 (where
the reader can also find the definition of Dy ). Thus, provided that & is sufficiently
small, (9.3) holds, which in turn implies that there exist positive densities p¥;, so
that, letting mc = m? exp(—4Dr A):

(9.4a) mipl(a®) = mepg(a®) + (md —me)pl. ()

(9.4Db) mapi(at) = mepg(at) + (m, —me)py, (a1);

coupled uncoupled
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where, in particular pY;, = p2 = p0.
Let us now define (%' = (G, p&,) and £, = (G%, pi},); let furthermore

*

% i 4
my m, — Mc 4

1_mc Us-

. m .
L+t

EU,i:
1—mc 1—mc

We let £ be the coupling of £©-0 and ¢©! given by

ulg) = / 9(G(x), GL(Hy () ol (x)dz,

and £Y be the independent coupling of £V and £Y:!. Also, let £5 and £V be
pushforwards of £© and £V, respectively. We claim that these couplings satisfy
properties (a)—(c).

In fact, (a) follows by our construction. Then, observe that, by Proposition 8.3(a),
the couples £ x(p) are in fact matched. Since £€ is standard, £%(p) will also be
standard, and consequently so will be £ (p), since the two pairs have equal densi-
ties; item (b) then follows by estimates (8.5).

We now proceed to prove item (c): let £% (a) be a pair in Q%’i; there are two
possibilities:

i. £% () belongs to the N-th image of either ¢4 or ¢¢

ii. £%(a) belongs to the N-th image of £i;,.

In the first case, we know by (9.1) that the length of the short curves ¢ or ¢4 is
bounded below by cxAe; Remark 5.6 then implies that the pairs ¢f and ¢f are
Cy|log(cyAe)|-prestandard, which in particular proves item (c) in case i. We are
left with case ii: by definition ¢3;, is a standard pair, hence so will be % (a). We
therefore only need to prove our statement for pairs in the image of £};, = (G1, pi;,).
By (9.4b) we have:

1 1 1.1 1
(m* - mc)pU* = M, P, —McpPc

Let us denote by p%m n the pushforward of p%J* by FY: we obtain:

€%

dzl
(m} —mc)pp. y(zy) = (ml — mc)pﬁ*(ﬂfé(ﬂﬁzv))id 0
TN
dzl dzl
(9.5) = mipi(wé(xN))idxz - mcpé(wé(wzv))idx](;,

where we denote with z{(zy) the z-coordinate of the point pj(zy) € Ul (a) C
supp ¢y so that mFN (pi(zn)) = xn (recall the definition of U} given in Sec-
tion 5.2.2). The first term is the push-forward of a standard density (and thus a
standard density); the second term is also a standard density, since by our construc-
tion plc(xé(xN))jji = p%(xg(l']\[))%7 which is the push-forward of a standard
density. We now take derivatives of (9.5) and obtain:

1 li /
PUsx N

1,1 1 1o 1,1 1
< m, Py + Mcpg PUx,N < my Py + Mcpe

1 = 1,1 1 1 = 1.1 1 Dyes,
Py« N MyPz — MCPG PUxN mypPy — McpPe

and using (9.3):

1,1 1
Hm*p* + mepé

1.1 1
mlpl — maepg

2 1
<2(14+ — .
- 1- eXp(_QDTsA) N ( - 2DT3A>

Hence, pj;, y € D2(1+1/2DT A)es (G, n) and by Remark 5.7 we can thus conclude
; o ;
that any pair in case ii is a Cx|log(cxA)|-prestandard pair. O
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Corollary 9.2. For any A > 0, there exist € > 0 so that the following holds. For
any N < Ng, € € (0,8), A € (0,A) and Ae-matched standard couple £ we have
dw(FX o, Fpe) < CyA.
Proof. Applying Lemma 9.1 to £ we obtain
[FXL] 5 megy + (1 —me)LX-
By item (b) we gather that £5 is a CzAe-matched coupling; thus:
dw(F peo, FX ) < Cgmele + (1 —me),
from which we conclude using the estimate for m¢ given in item (a). g

9.3. The global Coupling procedure. The idea is now to iterate Lemma 9.1
with V = Ng and discard those couples which at step k are not exponentially close
in k. The crucial fact to prove is that if we start coupling pairs which are sufficiently
close, this strategy can be carried out with probability arbitrarily close to 1; this,
together with other useful estimates, is the content of the following lemma, whose
proof will be given in Section 10.1. Recall the definition of conditioned subcouplings
given in Section 8.1.

Lemma 9.3. For any v > 0, provided that € is small enough, there exists T > 0
so that for any e'T7-matched standard couple £, there exists a sequence L €
[FEI“N%], k € N, and random variables®” Up + A — Z U {oo} satisfying the
following properties:
(a) for any k > 0 and o € Ay such that Up(a) = oo, the standard couple
Li(a) is Cy exp(—cyk)e'T™/2-matched.
(b) for any | < k <k we have vy ({Upy = 1}) = vy ({Upry = 1}); moreover
Lo [{Upy = 1} € |[FF N g {0y = l}} ; finally, the family £py[{Up) =
1 — 1} is INg-prestandard.
(c) Mc, = V(U = o0) is a non-increasing sequence in [0, 1] so that, for all

keN,

(9.6) Mc, > exp(—7).
Moreover, if k' > k, we have

(9.7 Mg, — Mc,, < vyexp(—cyk/loge™").

Remark 9.4. As we already explained, the lack of uniform hyperbolicity implies
that the dynamics might fail to bring together at a uniform rate two standard pairs
which started close together. When such a failure happens, we declare the couple to
break up and we give up tracking them in the future. The above lemma tells us that
if two standard pairs are sufficiently close, such break ups are relatively unlikely.
The random variable Uy in the above statement keeps track of the coupling step at
which the corresponding couple broke up (up to the k-th step); if it is oo, it means
that the couple did not break up (yet). Thus (9.6) guarantees that a break up will
happen with probability which is arbitrarily small with ~; similarly (9.7) gives an
exponential tail bound (with rate O(e/loge™1)) on the probability of a break up
occurring after k steps.

Observe that Lemma 9.3 requires the standard couple £ to be Cze! *7-matched.
The following Lemma specifies under which conditions in O(e~1loge~1) iterations
the dynamics will bring a portion of the image of two standard pairs in such a
convenient position. Recall that a standard pair ¢ is located at the trapping set T ;

37 Recall that, according to Notational Remark 8.2, A[; is the index set of £} and | the
corresponding measure.
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if 07 € 7. ;; likewise a standard family £ is said to be located at T ; if for any a € A,
Gz(a) is located at to 7¢;. A standard couple £ = (¢, /1) is said to be located at the
trapping set 7T ; if both 0 and ¢* are located at Tei- Finally, we denote with ngz ;
the number of sinks ¢; _ that are contained in 7 ;.**

Remark 9.5. Observe that by (6.16), if £ is located at T ;, then any n-pushforward
of ¢ is located at T.; provided that n > |Tpe1].

Lemma 9.6 (Bootstrap). Let 0; _ be a recurrent sink; for any T > 0, there exist
Rp and & > 0 so that for any R > Rp, K = |Rloge™!],e € (0,&) and any standard
couple £ located at Tc ;, we have

[FENS 1] 5 mp P + (1 — mp) LR,
where:
(a) £B = (LB £B1) is an e'T7-matched standard coupling;
(b) £8:0 and £R1 are O(7loge™1)-prestandard families;
(¢) mp =mp(R) is a non-increasing function of R; moreover if nz; =1, mp
can be chosen to be uniform in €; otherwise mp ~ exp(—cye™1).

The proof of Lemma 9.6 will be given in Section 10.2. Recall the definition of
Wasserstein distance given in (8.1). We now see how the previous results allow us
to prove the following

Lemma 9.7 (Coupling Lemma). There exist £ > 0 so that, if € € (0,&), for any
two standard pairs £°, (' located at the same trapping set:

dw(F g, F™ i) < Cyexp(—cymp - ne/loge™h)

Proof. Our main task is essentially a bookkeeping problem: as we push forward a
standard couple we will produce matched pairs (hopefully more and more of them),
prestandard pairs that cannot be used for anything as yet, and standard pairs that
have recovered and are ready to reenter in the dating business. To keep track of all
these objects some notation is needed. Let v > 0 small and » € N large enough to
be specified later; define R¢ by requiring that

Kc = |Rcloge™ | =2|rloge™!| > |Rploge™!],

where Ry is the constant appearing in Lemma 9.6.
To fix ideas we assume that ¢° and ¢! both located at T ;; we will now inductively
define:

e for g > 0, a sequence (§[q]*)q of couplings of Ng-prestandard families located
at 7c; and a corresponding sequence of weights (M| [q]*)q

e for ¢ > 1, a sequence (g[q])q of Ce! T7-matched standard couplings located
at 7c; and a corresponding sequence of weights (Mq))q.

The reader should think of such families as a bookkeeping device to account for the
dynamics after ¢kCc Ng iterates. Roughly speaking QM are the standard pairs that
we are able to couple at time gKcTs. At later times some of this standard pairs
break up (this is recorded by the random variables U} defined in Lemma 9.3) or lose
some mass (in form of, possibly very short, prestandard pairs) while some standard
pairs never had a chance to couple. The family £l4* contains all the standard pairs
that are available to try a new coupling in the time interval [¢KcTs, (¢ + 1)KcTs].
The reason why such a scheme is going to converge is that, as time goes on, less
and less mass uncouples (see Lemma 9.3), while it is always possible to couple a fix
percentage of the uncoupled mass (see Lemma 9.6).

38 Remark that nz ; does not depend on ¢, provided € has been chosen small enough.
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Let us now describe the induction step: at step ¢, we inductively assume that
Mg« and ela* are defined, together with My and el for0< s < q and construct
M[ +1]» E[q—H] M[ +1]* and E[q+1]*

For the base step, let Mg, =1 and el =y,

Next, consider ¢ > 0. Let 7 > 0 be the constant given by Lemma 9.3. By our
inductive assumptions §[q is a couple of Ng-prestandard families; let 253]8* be a
standard pushforward of Q[q}*; then, we can apply Lemma 9.6 to each couple of
standard pairs in ;E@L* with R = (K¢ — 1)/loge™! > Rp and obtain

[chng[q]*} S mp (;[q]*) B4 (1 mp) (g[q]*) R

We define glat1 = (g[q]*) B and Miq41) = Mjgwmp. Observe that, by construction,

g[q“] is a e!*7-matched standard coupling located at Te,i- Let us denote with §{Z]H]

the sequence of couplings and with U, [[IZ]H] the sequence of random variables which

we obtain by applying Lemma 9.3 to each standard coupling in glatil

Note that, according to Lemma 9.3, a certain number of pairs will break up
as times goes by. The variables U[q] keep track of when such breakups occurred.

Moreover, recall that Lemma 9.3 asserts that if a standard couple in E{Z]] broke up

at time s (i.e. U[[Z]] = s), then it will recover at time sNg. Hence the couple in the

family S{Z]] that broke up at the step O(k/2) have recovered (that is, are standard),
thus available for starting again a coupling procedure.
Then, we define the coupling glat1l* g5 that

M[q+1}*§[q4r1]* — M[q]*<1 _ mB) (g[q]*) R
q
[s] [s]
+ 2 MgV (U[yqzcc] (Y — 1)ICc/2,Y;qlCC/2))
s=1

x ‘g@;ncﬂ {U[[)Sf]g;cc] €[(Yd-1Kc/2, qu’CC/Q)}
where Y7 = ¢— s+ 1. In the above expression, the first term accounts for standard
pairs which did not come close enough during the current step and we could not
start coupling. The second terms account for standard pairs which we coupled in
some previous step, broke up and recovered some time between the beginning and
the end of the current step. Correspondingly we let

q
(98) Mg = Mig(1 —ms) Y My (Mc(y;,lmm - Mcyg,cc/z) :
s=1

Observe that by definition glatl* ig Jocated at Tei- Now that we defined the
auxiliary sequences of couplings, we claim that

M[q+1]*

(9.9)
Mg«

€ 94, 9],

where 9 =1 — %mB and ¥, = 1 — mg; observe that both ¥ and ¥, increase with r
by Lemma 9.6(c). In fact by (9.8) and the definition of M, we have:

M[q+1]*
My

- MC(Y;Z—UJCC/Q) ;

= (1 —mp) +mBZM[q] ( Cva_aykgy2

ql*
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q+1]x*

the above immediately implies the lower bound M]\[/[T > 1, since every term of

q
the sum is positive. In order to prove the upper bound observe that, by the lower
bound and the above equation:

M1+ S
Sl () —mg) + 97 msy [Z U exp(—C#rk)]
[q]* k=0

where we used (9.7); observe that by choosing v small and r large we can make the
second term arbitrarily small, from which we conclude that (9.9) holds.

Let us now fix n > 0; let k = [n/Ns|, ¢ = |k/Kc] and, for 0 < s < ¢ define
s =k — sK¢. Let us first construct a coupling £xng € [Fs’“N Sﬁ] given by:

q
Lpng = ZM[S]V[S} (U[[Z]S] = 00) 'QES]HU[[i] = oo}
s=1

[5¢5]
q
+ > MV (U e YaT e /2, ) - £ UL € Ve Ko /2, 04))
s=1

+ Mgl

where, §£f]* is an arbitrary n-pushforward of Q[Q]*. In the above expression, the first
term accounts for pairs which we coupled at earlier steps and have not broken up
yet; the second term accounts for all pairs which we coupled at any of the previous
steps, broke up and have not recovered yet. The third and last term accounts for
Ng-prestandard pairs which were uncoupled but recovered by the beginning of step
q and will try to get coupled in this step.

For pairs belonging to the first term we can use Lemma 9.3(a) and obtain that
every pair in g%is”{U[[i]] = 00} is Oue't7/2 exp(—cys,)-matched. For pairs be-
longing to the families appearing in the remaining two terms we do not have any
estimate on the Wasserstein distance , therefore we can only bound it with 1.

Thus, we can use Corollary 9.2 and conclude that:

dw (FZ peo, Fl puer) < dw(anstﬂgiwsaankNS/i;l )

% % kNg

q
< Cy Z M[S]VE{]S] (U[[S]S] = oo)esT/2 exp(—cy )

et
s=1

q
T C# Z M[S]VES}(U[[ES] € [quillCC/z ms)) + C#M[q]*
s=1

=1-+1I+1IL

Let us estimate term I: by our estimate for M), we gather

q
1< C#mBsT/2 2195 exp(—cy )

s=1
q
< Cympe™/? 2195 exp(—cx(q — 8)Kg) < Cympe™?99.
s=1

This proves exponential decay for term I. Similarly, for term II: using (9.7) we
obtain

q
II < Cympy Z V¥ exp(—cx (g — s)r) < Cpmpydd,
s=1
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by choosing r sufficiently large. We already proved, just after (9.8), exponential
decay for term III, (i.e. Mg, < ¥7). The proof then readily follows by collecting
all above estimates. (|

9.4. Proof of the Main Theorem. Our Main Theorem is a direct consequence
of Lemma 9.7 and the definition of Wasserstein distance (see (8.1)); but first we
owe to the reader the proof of the the following

Lemma 9.8. Let 1 be an SRB measure and let B(p) denote its ergodic basin (see
Remark 2.6); then

(a) w is a weak limit of standard families.
(b) if Leb(B(pn)NTe i) > 0, then p is a weak limit of standard families that are
located at T ;

Proof. For ease of notation, let B = B(u); by Fubini’s Theorem there exists a
standard pair £ = (G, p) (e.g. horizontal and with constant density) which intersects
B and so that ue(B) > 0; let us denote by pp 5 the normalized restriction of pp to
B, i.e. for any test function ® we let g p(®) = pe(B)~! - pe(1p - ®). Observe that
by definition of B:

-1
1 n
- Z Ff*ug’g — p weakly as n — oo.
k=0
Fix ¢ > 0 be arbitrarily small; since the set G=(B) C [a, b] is measurable, it can be
approximated with a finite number of disjoint intervals up to error 9. We conclude

that there exist N > 0 and an N-prestandard family £g so that ||pe, — e gllTv <
0, where || - ||rv denotes the total variation norm. Hence, for any n:

1 n—1 1 n—1
- > Flpe, - - > Fhues
k=0 k=0

< 0.
TV
Moreover, observe that for any n
1 n—1 . 1 n—1 . N
ﬁZFE*IUEB_m ZFg*MEB <2n—N'
k=0 k=N TV
Since ﬁ Z;le FE j1¢, can be decomposed, by definition, in a standard family,

the proof of (a) follows choosing n sufficiently large.
The proof of (b) also follows from the same argument, since our assumption
guarantees that we can choose ¢ to be located at 7. ;; by (6.16) the standard family

~ Z;}V FF ug, is located at to 7. ;, which proves (b). O

We now proceed to the proof of the Main Theorem of Section 2, which we will
now state, as promised, in the following stronger version. Let us denote with
n7 < nz the number of disjoint non-empty trapping sets 7¢; and, for any i, recall
that we denote by nz,; the number of sinks §; _ that are contained in 7¢; (recall
also Footnote 38).

Theorem 9.9. Assume that (A1), (A2) and (A8) hold and let 0; _ be a recurrent
sink. Then there exists a unique SRB measure [t ; so that supp pe; C {6 € Tc;}
(in particular, if Te; = Te; then pe; = pe ;). The measure p.; enjoys erponen-
tial decay of correlation for Hélder observables in the following sense. There exist
Cy,C5,C3,C4 > 0 (independent of £) so that for any « € (0,3], B € (0,1] and any
two functions A € C*({0 € T.;}), B € CP(T?):

[Leb(A - Bo F') — Leb(A)pe i(B)| < Cy sup 1A 0)llce sup | Bz, ) [[gse™ >,
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where

(9.10) Cos = {025/ loge™ ifnzi =1,

Czexp(—Cye1)  otherwise.
Our Main Theorem stated in Section 2 then follows as a corollary:

Corollary 9.10. Under assumptions (A1), (A2), (A3) and (A5), provided € > 0
is sufficiently small, F. admits exactly nT SRB measures.

Under assumptions (A1), (A2), (A3) and (A4), there exists a unique SRB mea-
sure pe for F.; moreover p. enjoys exponential decay of correlations as stated in
the Main Theorem of Section 2.

Proof. If (A4) holds, then (see Remark 6.15) 7.1 = T and thus ngz = ngz 1. Then,
Theorem 9.9, immediately implies existence and uniqueness of the SRB measure .
for F. and that u. enjoys the required properties.

On the other hand, if (A5) holds, we want to prove that there cannot be any
other SRB measure than the ones found by Theorem 9.9. We can argue as fol-
lows: let p© be an SRB measure; as in the proof of Lemma 9.8, there exists a
standard pair ¢ so that pu,(B(p)) > 0; by (6.15), we gather that, for some n > 0
and ¢ € {1,--- ,nz}, Leb(B(u)NF-"{0 € Tc;}) > 0. Since by definition B(u)
is a F.-invariant set, we gather F'.Leb (B(u)N{# € 7c;}) > 0, but since F. is a
local diffeomorphism, F!’ Leb is absolutely continuous Wlth respect to the Lebesgue
measure. Consequently, we have Leb (B(u) N{0 € Tc;}) > 0, hence p = pe; by
Lemma 9.8(b). We thus conclude that F. admits exactly nt SRB measures. [

Proof of Theorem 9.9. Let 6; _ be a recurrent sink and ¢ be a standard pair located
at Tc;. First, we prove that the sequence F_, 11, weakly converges to a SRB measure
pe,i which is independent of £. In fact, Remark 9.5 implies that if n > |Tpe™!],

the measure F'yi, can be decomposed in a standard family which is located at 7e ;.
Then, for any n > |Tre~!], m > 0 and Holder observable B € C°(T? R) (where
B € (0,1]), Lemma 9.7 implies:

FE " e(B) = Fl B < [ (@) | F2an o (B) — Flspe(B)
< Cy exp(—Bee(n - LTF6*1J>>||B||x,5
(9.11) < Cyexp(—Been)||Blls,s,

where £, = (b, Ap) is a standard m-pushforward of £, || B||..s = sup, ||B(z, ) ||cs
and ¢, satisfies (9.10) by Lemma 9.6(c).

In particular, Fus(B) is a Cauchy sequence and, choosing B Lipschitz, this
implies that the sequence of probability measures F. 1, has a unique weak accu-
mulation point. Lemma 9.7 also implies that the sequence F[, i has the same
weak accumulation point for any ¢ which is located at 7. ; and that convergence is
exponentially fast. Let us denote by p.; this accumulation point; by construction
it is F.-invariant.

We now show that . ; is indeed a SRB measure in the sense of Remark 2.6:
consider a measurable partition {I¢}eez of T x T¢; in horizontal segments®’ of
length between §/2 and § with indices in some measure space E. That is, we let
I = Jag, be] x {ye} for some ag,be,ye € T with §/2 < be —ae < J. Let Leb; =
Lebgoer, ;) be the restriction of Lebesgue measure to {6 € 7c;} normalized to
be a probability measure. Then by definition lim,, . % Z;é Fek*Lebl- is a convex
combination of SRB measures whose ergodic basin intersects {6 € T¢ ;} in a positive
Lebesgue measure set. By Lemma 9.8(b) and our previous argument, we conclude

39 Notice that by Lemma 6.13(d) 7¢ ; contains a neighborhood of 6; _.
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that any such measure has to be equal to p.;; we conclude that p. ; is itself an
SRB measure. By invariance of p. ; and since it can be approximated by standard
families located at 7¢;, we conclude using (6.16), that supppu.; C {6 € Tc;}.
Moreover, by our construction, it is clear that if 7¢; = 7T¢ j, then p.; = pe ;.

In order to conclude, we need to check that we have exponential decay of corre-
lations for Holder observables. To start, let us first assume A € C3({0 € T.;}) and
consider the measurable partition {15}56~ introduced above. Then we can write:

(9.12) Leb;(A-Bo F") = /_

V(de) /l A(z,y¢)B o F™ (z, ye)da,
£

where v is the natural factor measure on =. Next, we set dv = [ / Ie Az, yg)dx} dv

and A¢(z) = A(z, ye) Uf (@, ye dm} . In particular, [Z V(d¢) = Leb;(A). Then,

by definition, fe = (G¢, A¢) with Ge(z) = (z,ye), is a standard pair provided
minA > 1 and ||A(z,-)||cz < C for some appropriate constant C > 0 (see Sec-
tion 5.1.1 to recall deﬁmtlons and notations). Thus we can write

Lebi(A4- Bo F?) = [ 380 F2) = [ APy (B).

since [ i, (B) — pie,i(B)] < Cy exp(—pfc-n)||B||2,5, we obtain exponential decay
of correlations, provided that A satisfies the additional properties listed above.

Let us now consider the case of a general A. Obviously it suffices to have an
estimate for cA, where ¢ is some small constant. But then we can write

cA={e(A+ A 1=) + 1} — {c]l All~ + 1}

which, for ¢ < (C — 1)(2||A(z,-)|les) ™!, is the difference of two functions both
satisfying the hypotheses above. Thus, for all A € C3 and B € C?, we have

(9.13) [Lebi(A- Bo F") — Leb(A)e(B)| < C1[[Alogl|Bll,se ",

To conclude, let us consider the case A € C*, a < 3; for arbitrary ¢ > 0 let A, € C3
such that [|A — Agllo,o < 0*[|Allg,ar and [[Aellos < Cro? [ Allg,a."" Then, by
equations (9.12), (9.11) and (9.13), we have
[Leby(A - B o ") — Leby(A)puc (B)] <[Leby(4, - By o F2*) — Leby(A,)pus (B,)|
+ Cu0®[|Allg,al Bllz.s
<(Cyo e P 1 Cpo®) || Allo,5 11 Blla,s-

Optimizing o, as a function of n, we obtain ¢ = e~ #°"/3 which yields the wanted
result (absorbing the factor 3 in the constants Cy and Cj). O

Remark 9.11. Once again (see Remark 2.9) Theorem 9.9 is stated for Lebesgue
measure just for simplicity. In fact it holds for any initial measure that can be
obtained as weak limit of standard families located at T ;. In particular, we have
exponential decay of correlations for initial conditions distributed according to the
SRB measures . ; themselves. Only, in this case our estimate (9.10) for the decay
rate is quite possibly not optimal (e.g. Remark 2.9 when when ny; > 1 and the
discussion at the end of Subsection 3.1 for when ng; =1).

40 gych approximate functions can be obtained by standard mollification.
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10. COUPLING: PROOFS

This is the most probabilistic part of the paper: it is then natural to adopt a
more probabilistic notation. As we have painstakingly explained on which spaces
the various relevant random variables live and how their laws are defined, from now
on we will simply use P and E for designating, respectively, their probability and
expectation, unless some ambiguity might arise.

We start with an easy corollary of Lemma 7.2 and Lemma 9.1 with N = Ng which
ensures that a Ae-matched coupling which is supported on H will geometrically
decrease its Wasserstein distance after time Ng except in an event of exponentially
small probability.

Corollary 10.1. For any A > 0 there exists £ > 0 so that the following holds. For
any € € (0,€), A € (0,A) and £ a Ae-matched standard couple so that 07, € H; let
;%S be the family obtained by applying Lemma 9.1 with N = Ng to the couple £ .
Then:

P( Z%So(_) € H,E%S() is dw(£°, £") exp(—Ts/2)-matched) > 1 — Cy exp(—cye ™).

Proof. Let us apply Lemma 7.2 to EOC’O; by Lemma 9.1(a) with N = Ng we then
obtain:

P({HNS S ]I:IL CNs < —9Ts/16}) >1- C# exp(—c#s_l).
Since §%’SO is a Ng-pushforward of /¢ 00’07 we can define the subset
A?E]js = CENS({QNS S I:IlmCNs < —9Ts/16})

Standard distortion estimates then imply that for any o € AQ\(,JS and p,q € Uy, we
have [Ong(q) — Ong(p)] < Cue and (ng(q) < Cng(p) + Cge. Lemma 9.1(b), with
N = Ng, (8.3) and recalling that Tg is assumed to be large (in particular we can
assume Tg > 1), concludes the proof of the corollary. O

10.1. Proof of Lemma 9.3. We will define the sequence £ and the random
variables Up; by an inductive construction in which we also introduce an auxiliary
sequence of random variables Gy : Apx) — R. In particular, such random variables
will satisfy the following assumptions: let Ay = exp(—kTs/4)

(i) if Up(a) = oo, the couple £ () is Ay exp(—Gpy (a)Ts)e'+7/2-matched;
(ii) for any I < k, we have V[k](U[k] = l) = V[k—l](U[k—l] = l) and g[k”{U[k] =
I} e [FENSQ[,C,HHUUQ,” = l}]; finally, £;[{Up = [ — 1} is a coupling of
[ Ng-prestandard families.
(iii) Gy > —2¥, for all k € N, where W is defined in (4.8). In addition, G > 0
for all k < Cyrloge™.

Properties (i) and (iii) above trivially imply item (a) of our statement, provided
is small enough, while (ii) corresponds exactly to item (b). Intuitively, the variable
G|k is a measure of the closeness of a couple of standard pairs, at iterate k, compared
with our minimal expectation expressed by Ag. If G becomes negative, then it
means that the couple has failed to get as close as we like in such a drastic manner
that we give up on it and break it up. Let us specify our inductive construction.

For the base step, we define £o) = £, Gjg) = ﬁ loge™, k< 7/2+ logT%, and
U[o] = OQ.

Next, we assume that £p;, Up) and Gp) are already defined for 0 < I < k and
proceed to define £;11), Ujps1) and Gqq). For each o € Ay we will define a
family £ng(a) € [FN54 ()] and for each o/ € A(a) we will define Gpjiqj(c’)
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and Upyqj(a’). We then define £p44) € [FENS;[H] by considering the convex
combination

L= Y, vm{ahLns(@).

a€ A

The random variables Gyj.1) and Ujy1) are thus naturally defined on A[kﬂ}./“
We proceed to define £ (a) for a € Ap,). There are several possibilities:

e Upy(a) = oo and Gpj(a) > 0: by inductive assumption (i), the couple
L (a)is Ape'*t7/2-matched; we can thus apply Lemma 9.1 with N = Ng to
£ (@) with A = Ae™/? and define £y, (a) = mcLy, (@) +(1—me) LY, ().

If o' € AY(a), we let Upy1)(¢’) = k and Gy (o) = Gpy(a) + 1/4.
Observe, en passant, that by Lemma 9.1(c) with N = Ng the couple £ (')
is Ng + Cy(k + log e~ 1)-prestandard. Choosing ¢ sufficiently small we can
ensure that £ (a') is indeed (k + 1) Ng-prestandard.

If, on the other hand o’ € A%(a), we let Up1j(a’) = oo and define
g[k+1] as:

Giev1)(@’) = {

where Ay (o, 7) = Ag exp(— (G (@) + 3)Ts)e 2.

g[k] (Oz) + % if ¢ [k-+1] (O/) is Ag (Ot, T)—matched
Gk (o) =29  otherwise;

Remark 10.2. Note that, by our assumptions, Ag(a, ) > e Thus the second

option above can only occur if k > Cyrloge™!.

o Upy(a) = oo and Gij(a) < 0: we declare the couple to break up and let
£ () be an arbitrary Ng-pushforwards of £ () (a). Also, for any o’ € A(«)
we let Upqqy(e’) = k and Gppq)(@) = Gy (o) + 1/4.
o if Upy(a) < oo, we let £y4(a) be an arbitrary Ns-pushforward of £ (c).
Also, for any o/ € A(a) we let Upyqj(e’) = Upj(a) and Gpqq(a) =
g[k] (Oé) + 1/4.
Inductive assumptions (i), (ii) and (iii) then immediately follow from the above
definitions and by Remark 10.2 using (4.8). As noticed earlier, they imply items (a)
and (b). We are now left to show item (c): in order to do so, first observe that by
definition and Corollary 10.1 we have

(10.1) ]P’(g[k_H] — g[k] = —2\I/|92[3k] S H) < C# eXp(—C#Eil).
We now use the above inequality to prove a preliminary result:

Sub-lemma 10.3. For any 4 > 0, there exists ¢ € (0,1) such that
P inf ) < A k/loge™!
<o<§gm Glieta) < O> = ’
where recall Ka = |Raloge™'| with Ra defined in Lemma 7.5.

Proof. Let us fix p € N sufficiently large to be specified later; for j > 0, we define
auxiliary random variables:

o= Jb EGiGipa) 2 Gppra) T Ka
bl = 1

otherwise.

41 Note that there exists a natural measure-preserving immersion i : A1 1] — Ay, thus one
can always see Uy as a random variable on A[; 1} and similarly for the other random variables.
It is thus possible to view all the relevant random variables on the same natural probability space
(given by the last time at which we are interested). We will use this implicitly in the following.
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Then we claim that if p is sufficiently large, there exists 3’ < § (where j is defined
in Lemma 7.5) so that:*?

(10.2) P(X[j+1) = —1eganpica) < Cpe”,

provided ¢ is small enough.

Remark 10.4. Observe that, provided that p > 4, if Uy, < 00 (i.e. a breakup
already happened earlier than step jpKa), then we automatically have X = 1

and thus (10.2) trivially holds. This is indeed the reason to define Grpk,+1) =
Glipka) + 1/4 after a breakup.

Estimate (10.2) suffices to conclude the proof of our sub-lemma: in fact observe
that conditioning on the random variable o 11)pk,] (defined in Remark 5.5) is
finer than conditioning on Xjgj - - X|;;. By definition of conditional probability it
follows

P(X[j+1] =-1 X[O] X[]]) S C#é’ﬁ .

Observe that, by construction, for any 0 < s < pKa, Gjjpica+s] — Glipka)] = —25V.
Hence, we conclude that

k—1

(10.3) Gikpica] — Gpo) > (1/2 = pU)Kak + (1/2+p)Ka > X
=0

Choose ¢ € (0,1—Cye?) so that (1/2—p¥)+¢(1/24+p®) > 1/2. Thus Lemmata A.1
and A.2 imply that there exists ¥ € (0,1) and a > 0 such that

k-1
P (Z Xy < ck — a> < Aok,

1=0
Thus, provided that we choose k sufficiently large (relative to a), (10.3) implies that
]P(g[kp’CA] < kICA/Q) < ’?ﬁk

which, by Remark 10.2, would conclude the proof of our sub-lemma.
To really conclude, we are left with the proof of (10.2). Notice that
P(Xj) = aqgnpea)) = P(Xjj1y = Heqgapea); Am)P(An),
where we have introduced the event Ay = {9?‘(’721)?““] EHVr: Ka <r <pKal,
where 070 denotes the average § with respect to the marginal of the the first
component of the standard coupling. By Lemma 7.5 we have

P(Ag) > 1 — (p—1)Kac?.
On the other hand, by iterating (p — 1)K times (10.1) we obtain that

(p—DKa
exp(cpet)’

)i

(p
P(Q[wﬂmm = GlGpr1)kal = Q[j+1)pal; Am | = 1 —

Thus, with overwhelming probability,

p—1
G1j+1)pkal — GljpKal = ( 1 )ICA —2UKA > Ka,

provided p > 4(1+2W)+1. That is to say that X{;,; = 1, which proves (10.2). O

42 The conditioning means simply that we specify the standard pair to which the process
belongs at the iteration step (j + 1)pKa Ns.
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We can now prove item (c): by our inductive construction, Lemma 9.1(a), with
N = Ng, and Sub-lemma 10.3 we have:

P(U[k+1] = OO) = P(U[k] = 00, g[k] > O)mc(AkST/Q)

Ka—1
> P(Up—icp) = oo,jiSI}CfA Gie—j) > 0) H) me(Ap_se™/?)
Ka—1
> P(Up—xc4) = 00) H mo(Ap—jeT/?) — o/ lose",
j=0
The above inequality implies, for € small enough,
k—1
P(Upy = 00) > [[ mo(8;e7/%) = C4d > exp(—cyA).
j=0

Finally, for j > k, again by our construction, Lemma 9.1 with N = Ng and Sub-
Lemma 10.3,
j—1
P(Upy) = o0) — P(Upy) = o0) < <1 -1 m0(A167/2)> + Cyiot/ e
I=k
< Cyexp(—cuk)e™ + Cuiot/loee™
provided we choose € to be small enough. The two inequalities above prove (9.6)
and (9.7) and conclude the proof of our Lemma. O

10.2. Proof of Lemma 9.6. First, we prove the following

Sub-lemma 10.5. Let ¢ be a standard pair located at Te;; there exists py > 0 so
that:

(10.4) 1e(Oxc s € Hy) > pls,
where, recall, Ko = |Ra log 5_1J and R is the constant obtained in Lemma 7.5.
Moreover, if nz; = 1, pg can be chosen to be uniform in e; otherwise pp =

Cyexp(—cye™t).

Proof. If nz; = 1, then HN Tei = H; and the statement immediately follows by
Lemma 7.5 and forward invariance of trapping sets (6.16), which proves (10.4) for
any py < 1 — €.

Assume now that nz > 1: Lemma 6.13(a) guarantees the existence of an e-
admissible (67, 60; _)-path of length bounded by Tr; Theorem 6.3 then implies that

NK(QLTTE*U S Ffz) > exp(—c#e_l).

We can then conclude by using Corollary 7.3, which proves (10.4) for p = e—e#e
U

Let us now conclude the proof of Lemma 9.6: let C' > 0 be the constant given
by Lemma 7.4 and let J C T! be the interval B(6; —,C+/e). Subdivide J into
|e~1/2] subintervals {I;} of equal length Cxe. By Theorem 6.8 we can choose
T > 0 sufficiently large such that for any standard pair ¢ located at J and for any
7

pe(O ey € I;) > pihe'/?.
where pf; > 0 is uniform in ¢ and independent of ¢. Thus, combining the above
observation with Lemma 7.4, we conclude that if ¢ is a standard pair with 6; € H;,
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and we let K = [(Rp + 1)loge™!|, where Rp is the constant found in Lemma 7.4;
then, for all j,

1
(10.5) uz(@;ch S Ij) > ipggl/Q.

Hence, together with Sub-Lemma 10.5, we proved that if ° and ¢! are any two
standard pairs located at the same trapping set 7c,, the probability that their
(Ka + K)Ns-image have f-coordinates which are Cye-close is at least 2pppf.

We now need to find pairs that are actually Ae-matched for some A > 0; this
task can be accomplished by the following argument. Let I C T* be a fixed interval
of length §. Since our maps are uniformly expanding in the x direction, there exist
M > 0 and p € (0,1) so that, given any standard pair ¢, we can construct an
M -pushforward of ¢ so that one of the standard pairs lies above the interval I and
this standard pair has probability larger than p. Moreover, by Remark 5.8, we can
assume that this ¢ has a flat density, decreasing p by a factor 2/3; the leftover pairs
will be O(1)-prestandard. We can then construct the canonical coupling of all pairs
which lie above I and the independent coupling of all other pairs.

We thus proved that if R > Ra + Rp + 1, then there exists a coupling

[FiRIose UNe g ] 5, 88 4 (1 — o) B,

where mp = %ppgp% and EB is a Ae-matched standard coupling whose components

are supported on T x H; and ER is a O(1)-prestandard coupling. In order to
conclude the proof of our statement we need to obtain couplings which are ¢'*7-
matched: to do so it suffices to apply iteratively Lemma 9.1 with N' = Ng to pairs
in £8. Using Corollary 10.1 (as we did in the proof of Sub-lemma 10.3) we conclude
that there exists C’ so that a substantial portion of the mass of a (C'7loge™1)Ns-
pushforward of £8 will be e!*7-matched and the leftover pairs will be O(rloge™1)-
prestandard, which concludes our proof choosing Rg = Ra +Rp + 1+ C'r. O

11. CONCLUSIONS AND OPEN PROBLEMS

In this work we have discussed the case in which the dynamics of the fast variable
is given by a one dimensional expanding map. In this setting we proved exponential
decay of correlation for an open set of partially hyperbolic endomorphisms of the
two-torus T2. To keep the exposition as terse as possible, we did not investigate in
detail the adiabatic, metastable, regime. This can be done similarly to [21, 30] and
is postponed to future work.

Another natural issue, already pointed out in Section 2, is the necessity of hy-
pothesis (A2). In our scheme of proof it is certainly needed. Nevertheless, we
provided an example in Section 3.4 that does not satisfy (A2) and yet numerical
computations seems to show that it behaves similarly to the examples for which (A2)
is satisfied [45]. This suggests that our understanding of the possible mechanisms
of convergence to equilibrium is partial at best, and that further thought is much
needed.

Next, observe that assumption (Al) is substantial: the set of w such that
{6 : @) = 0} = 0 is open. If @ has no zeros, then the averaged motion is a
rotation, with no sinks or sources; the main mechanism to establish a coupling
argument would then be the diffusion centered on the rotation. Note however that
this would require a time scale =2 to bring any two standard pairs close enough
to couple them, [16]. This situation is of considerable interest in non-Equilibrium
Statistical Mechanics when the dynamics is Hamiltonian and the slow variables are
the energies of nearby, weakly interacting, systems, see [19]. In this case we con-
jecture that, generically, the system should be mixing and the correlations should
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decay exponentially with rate which would be, at best, €2. However, to prove such
a result stands as a substantial challenge in the field.

Finally, it would be very interesting to prove analogous results for the case in
which the fast variable evolves according to a more general hyperbolic system and
when the slow variable is higher dimensional. The first generalization could prove
rather difficult when trying to extend, e.g., the needed results of our paper [9] to
the case of flows or systems with discontinuities. The second does not pose any
particular problem as far as the results in [J] are concerned. The difficulties come
instead from the fact that in higher dimension a generic dynamics has many different
types of w-limit sets (not just sinks or the whole space, as it is in one dimension)
and these possibilities give rise to situations to which the ideas put forward in the
present paper may not easily apply.

APPENDIX A. RANDOM WALKS

We start by recalling a well known fact about one dimensional random walks (it
can be obtained, e.g., from Cramer’s Theorem).

Lemma A.l. Let & € {—1,1} be a sequence of i.i.d. random variables with
distribution P(§; =1) = p for p € (0,1). Let Eg = 0 and for n > 0, define:
=, = Z;L:1 &;. For any ¢ < 2p—1 there exist ¥, 0 € (0,1) such that, for any k € N
and a € R:

P(Er <kc—a)< A

Next, we introduce an useful comparison argument:

Lemma A.2. Let &, € {—1,1} be a sequence of independent random variables and
let i, € {—1,0,1} be a random process such that

P =1n---nk) 2 P(&yr =1).

For n > 0 define the random variables

=& H, =) 7
j=1 j=1

where N > 0 is some fized natural number (if n = 0 we let them all equal to 0);
then for each n € N and L € Z:

(A1) P(H, <L) <P(E, <L)

[

In particular, if 7= is the hitting time 7 = inf{k : By > L} and Ty = inf{k :
Hy > L} we have, for any s > 0:

P(TH > S) < ]P)(TE > S)
Proof (see [17, Proposition 2.4]). The proof amounts to design a suitable coupling
(&, my) of the random variables & and 7. Let us introduce an auxiliary sequence

Uy, of independent random variables uniformly distributed on [0,1] and define the
random variables

¢ +1 U, <P(& >1)
F7 )1 otherwise

and

+1 i Up <P (g =1m =07, ;61 =105 _1)
'r];;: —1 ikazl—]P’(nkz—H?h:?ﬁ»“‘a77k71:771t—1)
0 otherwise.
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We then define

n

n
n=2UG H, =>
j=1

Jj=1

[1]

Clearly &; (resp. ;) has the same distribution of £, (resp. nx) and consequently =
(resp. H}) has the same distribution of Zj, (resp. Hy). Moreover, & < n; by design
which in turn implies that 2} < Hj,. This concludes the proof of our lemma. [
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