LIMIT THEOREMS FOR FAST-SLOW
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ABSTRACT. We prove several limit theorems for a simple class of partially hy-
perbolic fast-slow systems. We start with some well know results on averaging,
then we give a substantial refinement of known large (and moderate) devia-
tion results and conclude with a completely new result (a local limit theorem)
on the distribution of the process determined by the fluctuations around the
average. The method of proof is based on a mixture of standard pairs and
transfer operators that we expect to be applicable in a much wider generality.

1. INTRODUCTION

In this paper we analyze various limit theorems for a class of partially hyperbolic
systems of the fast-slow type. Such systems are very similar to the ones studied
by Dolgopyat in [20]: in such paper the fast variables are driven by an hyperbolic
diffeomorphism or flow (see also [4, 3, 38, 45, 27] for related results), here we consider
the case in which they are driven by an expanding map. Notwithstanding the fact
that we are not aware of an explicit treatment of the latter case, the difference
is not so relevant to justify, by itself, a paper devoted to it. In fact, we chose to
deal with one dimensional expanding maps only to simplify the exposition. The
point here is that, on the one hand, we propose a different approach and, more
importantly, on the other hand, we show that by such an approach it is possible to
obtain much sharper results: a Moderate and Large Deviation Theorem and a Local
Limit Theorem. To the best of our knowledge, this is the first time a rate function
is computed with such a precision to yield moderate deviations of the paths and
a local limit type theorem is obtained for a deterministic evolution converging to
a diffusion process with non constant diffusion. Admittedly, the present is not the
most general case one would like to deal with, it is just a primer. However, it shows
that local limit results are attainable with an appropriate combination/refinement
of present days techniques (see the discussion below on how general our approach

really is).
The importance of local limit theorems hardly needs to be emphasized but, for
the skeptical reader, it is nicely illustrated in [12, 14]. Indeed, in such papers

the present large and moderate deviations and local limit results are used in a
fundamental way to obtain a precise understanding of the statistical properties
(e.g. existence and properties of the SRB measure, decay of correlations, meta-
stability etc...) for the same class of systems for a small, but fixed, rate between
the speeds of the slow and fast motions. This provides a class of partially hyperbolic
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systems for which very precise quantitative statistical properties can be established.
In addition, contrary to other cases, our results apply to an open set of systems (in
the C* topology).

For partially hyperbolic fast-slow systems several results concerning limit laws
have already been obtained. In [4, 37] it is proven that the motion converges in
probability to the motion determined by the averaged equation (morally a law of
large numbers). In [20] there are important results on the fluctuations around the
average (at a given time). In particular, both large deviations and converges in law
to a diffusion for the fluctuation field (morally a central limit theorem) are obtained.
In [4, 3] one can find very sharp results on normal fluctuation and moderate devia-
tion at a given time. In particular, in [3] Bakhtin provides Cramer asymptotics for
the distribution of the slow variable at a fixed time for a system with fast motion
given by a mixing hyperbolic attractor. Such Cramer asymptotics gives estimates
for moderate deviation, at a fixed time, sharper than the one obtained here, but
they do not provide directly a rate function in path space, they hold only under the
assumption that the dynamics is C” for a very large r (contrary to our C* assump-
tion) and they are not sufficient to establish a local central limit theorem. In [38]
more general large deviation results (in path space) are obtained. In particular, a
variational formula for the rate function is established. Yet, Kifer’s results are not
precise enough to treat moderate deviations. To obtain a rate function for moder-
ate deviations it is necessary to compute the exponential momenta with a precision
considerably higher than the o(1) achieved in [38]. Here we present independent
proofs of the above facts (or, better, of the aforementioned substantial refinements
of the above facts) and, most importantly, we make a further step forward by ad-
dressing the issue of the local central limit theorem, a result out of the reach of all
previous approaches.

The lesson learned from [20] is that the standard pair technique is the best
suited to investigate these type of partially hyperbolic systems.! Nevertheless, in
the uniformly hyperbolic case, techniques based on the study of the spectrum of
the transfer operator are usually much more efficient. It is then tempting to try to
mix the two points of view as much as possible. This was partially done already in
[3] and is also one of the goals of our work. To simplify matters, we carry it out it
in the simplest possible setting (one dimensional expanding maps). Nevertheless,
we like to remark that extending many of the present results to hyperbolic maps or
flows is just a technical, not a conceptual problem. Indeed, till the recent past the
use of transfer operators was limited to the expanding case (or could be applied only
after coding the system via Markov partitions, greatly reducing the effectiveness
of the method). Yet, recently, starting with [9] and reaching maturity with [29,
6, 30, 43, 51, 24, 16, 17, 22, 23, 26], it has been clarified how to fully exploit the
power of transfer operators in the hyperbolic, partially hyperbolic and piecewise
smooth setting. Accordingly, it is now totally reasonable to expect that any proof
developed in the expanding case can be extended to the hyperbolic one, whereby
making the following arguments of a much more general interest.”

The structure of the paper is as follows: we first describe the class of systems
we are interest in, and state precisely the main results. Then we discuss in detail
the standard pair technology. This must be done with care as we will need higher

L1p particular, as far as we know, it represents the most efficient way to “condition” with
respect to the past in a field (deterministic systems) where conditioning poses obvious conceptual
problems.

2 The only exception being the “Dolgopyat estimate” necessary to compute the error term in
the local limit theorem which still poses a conceptual challenge in the general hyperbolic case, but
see [50] for recent progresses.
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smoothness as well as complex standard pairs, which have not been previously con-
sidered. In the following section we use the tools so far introduced to establish an
averaging theorem. As already explained this result is not new, but it serves the
purpose of illustrating the generals strategy to the reader and the proof contains
several facts needed in the following arguments. Section 5 is devoted to the pre-
cise computation of the logarithmic moment generation function. This allows, in
section 6, to establish the large and moderate deviations of our dynamics from the
average. We compute with unprecedented precision the rate function of the large
deviation principle. We stop short of providing a full large and moderate devia-
tions theory only to keep the exposition simple and since it is not needed for our
later purposes. Nevertheless, we improve considerably on known results. Finally
in Section 8 we build on the previous work and prove a local limit result for our
dynamics. The proof is a bit lengthy but it follows the usual approach: compute
the Fourier transform of the distribution. This computation is very similar to the
one in section 5 only now we want to compute the expectation of a complex expo-
nential rather then a real one, also we aim at a better precision. Yet, the strategy
is essentially the same: we divide the time interval in shorter blocks (this is done
in Section 9), then estimate carefully the contribution of each block (this is done
in Sections 10 and 11) and we conclude by combining together the contributions of
the single blocks (done in section 13). Some fundamental technical tools needed to
perform such computations are detailed in the appendices. Appendix A contains
a manifold of results on transfer operators and their perturbation theory. In fact,
not only it collects, for the reader convenience, many results scattered in the liter-
ature, but also provides some new results. In addition, it contains a discussion of
the genericity of various conditions used in the paper including the, to us, unex-
pected results that for smooth maps aperiodicity and not being cohomologous to a
constant are equivalent. Appendix B provides a detailed discussion of transfer op-
erators associated to semiflows that, although essentially present in the literature,
was not in the form needed for our needs (in particular we need uniform results for
a one parameter family of systems). Finally, Appendix C contains some simple and
uneventful, but a bit lengthy, computations needed in the text.

Notation. Through the paper we will use Cy and cx to designate an arbitrary
positive constant, depending only on our dynamical system, whose value can change
form an occurrence to the next even in the same line. We will use C, ;... to designate
arbitrary constants that depend on the quantities a, b, - - - while constants with other
decorations (e.g. numbers as subscript) stand for a fixed specific value.

Also we write O(X) to denote a number which is bounded by CxX for any
€ < €4, where €4 depends only on the dynamics (note that X might not depend
on €, so that the second requirement becomes empty). While we will use Op(X),
where (B, || - ||5) is a Banach space, to denote an element of B with norm bounded
by C4||X||5, again for all ¢ < 4. We will always assume ¢ to be so small that this
condition is met for every instance of the expression O(-).

Finally, for a € R we will use |a] to designate its integer part, that is the largest
integer that is smaller or equal to a.
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2. THE SYSTEM AND THE RESULTS

For € > 0 let us consider the map F. € C*(T?,T?) defined by

(2.1) F.(z,0) = (f(z,0),0 + cw(x,0)),

where ||w||ca = 1. We assume that the fy = f(-,0) are uniformly expanding, i.e.:
2.2 inf O, f(x,0) > )\,

(2.2) ot O f (z,0)

for some A > 1; indeed by considering a suitable iterate of F., we will assume
without loss of generality that A > 2.

This fact is well known to imply that each f(-,6) has a unique invariant proba-
bility measure that is absolutely continuous with respect to the Lebesgue measure.
We denote this measure (often called the SRB measure) by ug. Also, we assume
that, for every 8 € T, w is not fy-cohomologous to a constant function, i.e.

(A1) For any ¢ € T there exist no measurable” function gg : R — R and constant

ap € R so that w(z,0) = go(f(z,0)) — go(x) + ag.

Note that the latter equation can hold only if for any invariant probability mea-
sure p of fg, p(w(-,0)) = p(ag) = ap. In particular, if w(-,d) has different averages
along two different periodic orbits of fy, then (Al) is satisfied. It is then fairly
easy to check such a condition. In particular note that the assumption above holds
generically (see Section A.5 for a more complete discussion of these issues).

Given (z,0) € T2, let us define the trajectory (z,,0,) = F"(x,0) for any n € N.

Here we describe a sequence of increasingly sharper results on the behavior of the
dynamics for times of order e~1.* We start with well known facts, but we provide
complete proofs both for the reader’s convenience and because they are a necessary
preliminary to tackle our main results.

2.1. The skew product case. For the reader convenience, we first give a brief,
impressionistic, discussion of the case in which dyf = Jpw = 0. In this case the
map F; is a skew product: F.(x,0) = (f(x),0 + ew(z)). This case is fairly well
understood as it can be reduced to the study of the statistical properties of the
map f, let us recall why.

We are interested in the evolution of the slow variable 6,,. Clearly we must wait
for a time at least e~! in order for a change of order one to be possible. It is then
natural to rescale the time and introduce the macroscopic time t = en. The idea is
then to fix some arbitrary T > 0 and then define, for all ¢ € [0, 7],

ee(t) = el_ta*H + (tg_l - \_tE_IJHeI_tE*lJ-‘rl - eLteflj] mod 1.

Note that 6. € C°([0,T],T). The point here is twofold: on the one hand it is clear
that we cannot expect, at first, to control the behavior of 8,, for arbitrarily large n.
Hence we fix a time horizon Te~!, T being arbitrary but independent on . On the
other hand, it is natural to introduce a continuous interpolation of the evolution
of 0, since |0c—1) — 0 sc-1)| < |t — 5|[|w|[oc hence, once rescaled, the trajectory is
Lipschitz on €Z and it is then naturally interpolated by a Lipschitz function on R.
Since

F'(x,0) = <f”(w), 0+e 2 w(f’“(fﬂ)))
k=0

3 It is well known by the Livsic Theorems that if gg is measurable, it is actually as smooth as
the map fp (see also the proof of Lemma A.16).
In some cases it is also possible to obtain information for times of the order e =2 (see [20]).
Yet, as far as we currently see, not of the quantitative type we are interested in.
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it follows that
; le 1] -1
b:(t) ~ =] Z%WUW@DSC#'

By the Birkhoff Ergodic Theorem, the sum converges almost surely with respect
to each invariant measure. This raises the issue of which measures to consider. In
general this is an issue open to debate, however here we take the point of view
that the fast variable x is originally distributed according to a probability measure
absolutely continuous with respect to Lebesgue and with a smooth density. This
means that we are interested in the so called physical measures. It is then well
known that the distribution of z will tend exponential fast to the unique absolutely
continuous invariant measure of f, call it u, hence,  almost surely,’

0(t) = lim 0. (t) = tu(w) =: tw =: 6(t).

That is, the limit satisfies the autonomous differential equation 6 = @.

Next, one is interested in the deviations from such a limit. This leads us to the
study of large deviations for an ergodic average. Such a problem has been intensively
studies starting with [52] and the situation can be summarized as follows: consider
the initial condition § = 6y and z distribute as above, then ~.(-) = 6.(-) — 6y can
be considered a random variable in C2([0,T],T) = {y € C° : 4(0) = 0}. Let P, be
its law, then for a sufficiently regular set Q € C2([0, 7], T)

P.(Q) ~ e—c 'infreq F(9)

where the rate function % is defined as

() = —00 if v is not Lipschitz
V= fOT Z(¥'(t))dt  otherwise
Z(b) =— sup {hxs(v) —v(log fy)},
veMy(b)

M@OB) = {v e M : v(w) = b}, M denotes the set of (ergodic) f-invariant
probability measures, and hkgs(v) is the Kolmogorov-Sinai entropy of the measure
v. The above formula is very suggestive: if the statistics of a point z is described
by an invariant measure v, then it will give rise to a trajectory 6. with velocity
v(w); moreover points that start in a e—e#Te! neighborhood will have essentially
the same trajectory for a time Te~!, hence the probability of order e=e#Te" for
such a trajectory. Unfortunately, the formula for Z is not very handy to compute.
However the connection between the pressure and the maximal eigenvalue of the
Ruelle transfer operator [5] allows to compute the rate function for smooth v in a
small neighborhood of tw yielding

T
s~y [ o) el ds
2 Jo

where, setting & = w — @, 02 = p (0?) +2 3 e_; po (W o f™@) is the variance of @.

The above formula suggests that typical deviations are of order y/e. It is then
natural to study the fluctuations ¢.(t) = e~ 2[0.(t) — O(t)]. This corresponds to
the Central Limit theorem and its refinements (Local CLT, Berry-Essen estimates
etc.). The CLT in this context states that

67132/202

o221

5 Note that, by the uniform Lipschitz property of the 6. it suffices to control the limit on
countably many ¢ to control it for all ¢.

wwqm~/w@
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Of course, for the applications it is essential to know quantitatively what the ~ in
the previous equations really means, that is we need an explicit estimate of the
error. This is the task of the present paper as is explained shortly in the general
case in which f,w depend on the slow variable.

The basic idea used to extend results like the above to the general case is that the
fast variable goes to its equilibrium (i.e. the physical measure) at an exponential
speed. Hence in a times interval of size ¢ for some a € (1,0), the slow variable
is almost constant and so is the dynamics. Since the invariant measure changes
smoothly with the dynamics (linear response), then the statistical properties of the
fast variable are more or less the same in the considered interval and large deviation
results and LCLT hold. One can then use the Markov properties of the dynamics
(here expressed in the formalism of standard families) to extend the result to longer
times.

Note however that, while carrying out the above program, one must keep track
of the mistakes in the various approximations and this is rather taxing. Especially
if one needs to obtain very precise results like the ones achieved here. In fact,
to understand if such error terms could be efficiently controlled was one of the
motivations of the present paper. Finally, we should remark that most of our
results are new even in the trivial skew product case discussed here.

2.2. The Law of Large Numbers. If we take the formal average with respect to
the SRB measure of (2.1) we obtain the following first order differential equation

(2.3) i @(0) 6(0) = 6o,

where ©(6) = po(w(-,0)). For future use, let us also define the function @(z,0) =

w(x,0) —w(8).

Remark. Note that, since F. € C*, we can apply [29, Theorem 8.1] with the Banach
spaces {C'}5_,, s = 3 and obtain that & € C>=2, for any a > 0.

~ Accordingly, the above equation has a unique solution, which we denote by
6(t,0y). This can be generalized: let d € N, B = (By,--- ,Bq_1) € C?(T?,RI~1),
and fix (p = 0; for any k£ € N let us define

(2.4) Cha1 = Ck + eB(xy, 01).

This equation describes the evolution of a passive quantity and it is relevant in

many situations (see e.g. [12, 14]). Then ¢ should be close (in a sense that will be

detailed shortly) to ((ek, ), the unique solution of
di(t 00)

(2.5) —a B(0(t,00)) ¢(0,6p) =0,

where we introduced the averaged function B(#) = pug(B(-,0)). It is then convenient
to introduce the variables z = (6,¢) € R? (for convenience we have lifted 0 to its
universal cover) and A = (Ay,---,Aq) € C3(T%,R?), with A;(x,0) = w(z,d) and
Aiy1 = B; for i € {1,---,d — 1}. Then the evolution of the variables (z,z) is
described by the map

(2.6) Fo(z,2) = (f(xz,0),2 + cA(x,0));

again we set (v, 2x) = F¥(x, 2), for k € N. A first relevant fact is that the above
averaging approximation can be justified rigorously. These type of results are well
known and go back, at least, to Anosov [1]. Fix T > 0 and, for ¢ € [0, 7], let

(2.7) 2e(t) = (0(1), 6 (t)) = e + (te™" = [te ' D 2)te-1)11 — Zpe— -
Observe that in the above definition we scale ¢ in such a way that the slow variable
moves of O(1) for times ¢ of order one. This in turns corresponds to study the F
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for n ~ te~!. In fact, given T > 0, we will study the evolution of F, up to iterates of
order Te~!. Then z. € C°([0,T],R?), and we can consider it as a random element
of C°([0, T], R?), the randomness being determined by the distribution of the initial
condition.

Theorem 2.1 (Averaging). Let 0y € T' and x¢ be distributed according to a
smooth distribution p; then for all T > 0:

lim z. = z(-, 6p)

e—0

where Z(-,00) = (0(-,00),¢(-,6p)) and the limit is in probability with respect to the
measure ju and the uniform topology in C°([0,T],RY).

The proof is more or less standard. We provide it in Section 4 for reader’s
convenience. Indeed, our proof contains, in an elementary form, some of the ideas
that will be instrumental in the following. The reader not very familiar with the
transfer operator or standard pairs technology is advised to read Sections 3 and 4
first.

2.3. Large and Moderate Deviations. We will consider d and A € C3(T2,R9),
Ai(z,0) = w(x,0), to be fixed throughout the paper and to be data associated to
the dynamical systems; although many quantities will depend on A, we do not add
subscripts emphasize this dependence. In particular constants indicated with Cly
or cx may indeed depend on A.

We find convenient to define 7. to be the random element of C%([0, 7], R?) ob-
tained by subtracting to z. its (random) initial condition z.(0), i.e. we let

(2'8) ’Ys(t) = Za(t) - ZE(O);
similarly, we define
(2.9) (¢, 0) = z(¢,0) — 2(0,0).

The next natural question concerns the behavior of deviations from the average. To
this end it is more convenient to consider the fundamental probability space to be
the classical Wiener space C°([0, 7], R?) endowed with the Borel o-algebra and the
probability measure given by P, . = (7:)«p, where p is the distribution of initial
conditions on T?; in other words P, is the law of v, under p.

Note that the paths . are all Lipschitz with Lipschitz constant bounded by
|[A]lco. To obtain stronger results we need some extra hypotheses:

(A1") for any § € T and o € R?, the function (o, A(-,6)) is not fs-cohomologous
to a constant (in particular, this implies (A1)).

Note that such condition is implied by the existence of d + 1 periodic orbits for
which the differences of the averages of A span R?. In particular, condition (A1)
is generic.

Given this assumption, we prove upper and lower bounds for the probability of
large and moderate deviations. The result we are after is much sharper than the
one contained in [38]. It is of a more quantitative nature (in the spirit of [20] where
the rate function is only estimated near zero and in a much rougher manner). In
particular, we provide bounds on the rate function that allow to treat both large
and moderate deviations for all € small enough (not just asymptotically for e — 0).
We refrain from developing a more complete theory® because on the one hand it
would not change substantially the result, on the other hand it would increase the
length of an already long paper and, finally, since the results presented here already

6 For example, we do not strive for optimal results (such as the equivalence of the lower and
upper bounds for all possible events in all the regimes under discussion, or the best possible
estimate of the error terms).
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more than suffices for our purposes (i.e. both for our later use and to pedagogically
illustrates some ideas used in the following). In fact, the theorem that we state
next does not contain even the full force of what we prove in Section 6, nevertheless
its statement requires already quite a bit of preliminary notations. We advise the
reader that wants a quick, but sub-optimal, idea of the type of results that can be
obtained to jump directly to the Corollaries 2.6 and 2.7.

The first objects we need, as in any respectable large deviation theory, are rate
functions. Their precise properties will be specified in detail in Section 6.1; here we
summarize some basic facts. For any 6 € T we define the set”

D(0) = {u(A(-,0)) : pisa fy — invariant probability}.

In other words D(6) is the set of all possible averages of A with respect to fg-
invariant measures. Observe that ID(f) can be determined with arbitrary precision
by studying the periodic orbits of the dynamics (see Lemma 6.8 for details). The
set D(0) is a compact convex subset of R?; it is also non-empty, since for any 0 € T,
A(9) € D(9), where A() = ug(A(-,0)) (observe that A(6) is deterministic, i.e. it
is a non-random vector). Additionally, condition (A1’) implies (see Lemma 6.2 for
details) that A(#) € int D(#) for any # € T. Let us now define the d x d matrix

o0

22(0) =po (AC,0) @ AG,0)) + > no (A(f5(-),0) @ A(-,0))
+ 3 o (A 0) @ A(f(),0))

m=1

where A = A— A. Then X € C1(T, My),® where My is the space of d x d symmetric
non negative matrices. If (A1) holds, then ¥ is invertible (see Lemma A.16).

In the following statement (and in the rest of the paper) we adopt the convention
that inf ) = +oo (resp. sup ) = —o0).

Proposition 2.2 (Asymptotic Large Deviation Principle). Let 8 € T, u be a
measure with smooth density on T and P, . = (ve)«(t X 09). There exists a lower
semicontinuous function Fp : C°([0,T],R?) — R, U {400} (see (6.17) for an
explicit definition) so that P, . satisfies the Large Deviation Principle with rate
function Sy, that is: given any event Q@ C C°([0,T], R?) we have
- 72&{@%9(7) < liran_j(rjlfslog PL.(Q)
(2.10) < limsupelog P, o(Q) < — inf 75(7).
e—0 YEQ

Note that Fy is not necessarily conver, yet it satisfies the following properties:

(a) the effective domain D (%) := {y € C°([0,T],R?) : Fy(y) < oo} consists
of Lipschitz paths such that v(0) = 0 and, for almost all t € [0,T], the
vector’ ~'(t) € D(07(t)), where 07 (t,0) = 0 + (y(t))1.'" In particular, this
implies |V || < ||A||p for any v € D(Hp).

7 For any A € C°(T,R) and measure z on T we define (A) to be the vector (ju(4;)) € R,
where p(A4;) = f,ﬂ, A;i(z)p(dx).

8 Tt follows from the fact that & can be seen as the second derivative of the eigenvalue of an
appropriate transfer operator (A.12b), which, in turn is differentiable by Lemma A.9.

9 Recall that by Rademacher’s Theorem, any Lipschitz function is a.e. differentiable.

10 Here (y(s))1 is the first component of the vector 7(s): the one that corresponds to the
6 motion. Also remark that, to ease notation, we will often suppress the 8 dependency if no
confusion arises.
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(b) for any v € D(Hp), the rate function Fy satisfies the following expansion:

70) =5 [ () =A@ O[O )] [V () - A6 ()])ds

< Cyly — Ao 6)|[75.

(2.11)

The above is the usual asymptotic large deviation principle, similar to what can
be found in [38], although in a different setting. We are, however, interested in
stating estimates valid for all, sufficiently small, € not just in the limit € — 0.

In order to properly state results in the needed generality, we define, for each 6, €
T, a set P-(6p) of good probability measures that are supported in a e-neighborhood
of 6y. We refer to Section 3, in particular (3.23), for the precise definition, but, as
an example, p X dg, € P=(0y) where p is a measure on T with a smooth distribution
p, and the derivative of log p is bounded by some fixed constant. Here is a useful,
but minimal, example of the kind of results we are after.

Proposition 2.3. There exists Tiax,e0 € (0,1), C,c, > 0 such that, for all
e<eo, T € legte, Tmax), R> CVET and 05 € T, if we set

Qr={y € C°(0,TL,RY) : [Iv() = 7(~63)llco = R},
then, for any p € P-(0F) and recalling Py, . = (72)+pt, we have
]PJ[L,E(QR) < exp [*C*é‘ilTile] .

Proposition 2.3 is similar to [20, Theorem 6(b)], although in a different setting:
our goal is to obtain stronger results encompassing the above ones. In particular,
the previous results will be mere byproducts (see Section 7.5).

In order to properly present such result we introduce a slightly modified rate
functions and we will state the result by saying that the probability of an event is
controlled from above by the inf of the rate function on a slightly larger set and
from below by the inf on a slightly smaller set. Also, if an event describes a small
deviation from the average, then we can obtain effective bounds only if it is not too
wild on a small given scale. Unfortunately, it is a bit tricky to make quantitatively
precise these notions, so we ask for the reader patience.

First, for any A, > 0, we introduce functionals ﬂej(i A, SO that ,)%;7 A < S, <
f(;g, A, but agree with %y, outside a A, neighborhood of 0D (S,)."" Remark
that we consider ©(.#,) as a subset of the Lipschitz functions with the associated
topology, see Remark 6.14 for more details. In Lemma 6.15 we prove

lim 7, \ = S, < I, = lim 7,
A0 00,8 0o = "0, A0 0,80

where jot agrees with %, everywhere apart from 09 (.%,) where it has value +oo.
Second, let 6y € T, 4(t) = v(t) — 7(t,0p) and define R* : C°([0, T], R?) — R., by

(2.12) R™(y) =¢t R*(y) = Ca.r {VTIRITE + VE}

for some appropriate constant Ca, 7. Then, for each Q C C°([0, T], R?) let

(213) Q ={v€Q : B(»R (7)) CQ}; Q"= J B(R*()
veQ

where B(y,r) is the standard C-ball in C°([0,7],R%). Obviously Q~ C intQ C
@ C Q*. Finally, we want to make precise what do we mean by event that are not

I Essentially ]QJ(;,A* = 00 in a As-neighborhood of 9D (J,) while j@B,A* < o0 in the same
neighborhood, see (6.16), (6.17), Section 6.1 and Lemma 6.6 for precise definitions.
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too wild on a given scale. Let

0o, Q) = inf ||¥|s0,
o0, @) = inf [3]
Cuip(y) = T~ /T4

722 /14
s(v) = Ve (Ai)
[iod 7P

Given a measure P on C%, we call an event a Q C C° P-regular if for P-almost all
v € @ we have

(2.14)

' s() / s()
(2.15) |s —s'| < () = [v(s) = () < R

In other words, for each 8 € (0, 1], points at a distance 2065;(3(%)
constant bounded by CLi,(7)/(25).

We are now ready to state our first main result. Essentially, it is a quantitative
version Proposition 2.2 which allows to, rather precisely, estimate the probability
of events when ¢ is small, but non zero. In particular, it provides bounds for the
speed at which the limits in Proposition 2.2 take place.

yield a Lipschitz

Theorem 2.4 (Large and Moderate deviations). LetT > 0; for all A, > 0, € small
enough (depending on T and A, ), 6y € T, p € P:(6p), and for any P, .-reqular
event Q. (possibly depending on €), we have

P, E(QE) < 6_671 [(1_CA*’TEI”Q(GO’QEVQ/?) infwe@? j‘;o’A*(’Y)]
(2.16) ’ -

(1+CA*,T51/2)inwa J(;;’A*('y)JrCA*’TEl/s]

Qe

-1
PM,E(QE) >e ) [
The proof can be found in Section 7.4.

Remark 2.5. Note that P, . almost surely the paths have Lipschitz constant bounded
by ||AllL=. Hence, if 0(60,Q) > Cue?/1 (that is, the deviation is large enough)
then Q. is always P, . regular.

Also, if inf_ o+ Ip A (7) < Ca, 7VE, then it must be o(0o,Q:) < Ca, TV (see
Lemma 6.16), and the coefficient in front of the rate function in the first of the
(2.16) becomes positive, therefore making the estimate empty.

Finally, note that, using the results of Section 6 (in particular Lemmata 7.2 and 7.5)
one could state the theorem in the case of a small T depending on €. This is in
fact not necessary: indeed any event in C°([0, Cxe®],R%), a € [0,1), can be seen
as an event in CO([0,T],R?). One can then check, using (2.11), that times larger
than Cye® do no contribute to the inf, since any such event contains trajectories
for which v = A for all t > Cye®.

The statement of Theorem 2.4, due to its precise quantitative nature, may feel
a bit cumbersome. To help the reader understand its force we spell out few easy
consequences in a form of corollaries. Their proof can be found in Section 7.5.

We already mentioned that Theorem 2.4 implies Proposition 2.2; yet the finite
size version provided by Theorem 2.4 implies much more. Also note that, although
the statement of Proposition 2.2 looks very clean, it is not very easy to use since
the inf involved is often very hard to compute, even for a simple event like Q =
{y € C°([0,T),RY) : ||v(s) —7(s,00)|| > Cs,s € [0,T]}. For deviations that are
not too large, one can get some more explicit estimates using the expansion of %,
stated in (2.11). The following corollary provides precise asymptotic estimates for
paths that deviate from the average by at most Cye”, where 3 € (0,1/2).
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Corollary 2.6 (Moderate deviations). Let T > 0 and ey small enough. For each
e <ep, 0T, B e|0, %) and Lipschitz bounded set Q C C°([0,T],RY), i.e. the
Lipschitz constant is uniformly bounded, define'?

Qe = {”7() + (1 = ”)7(-,00) }req-
Then, for all i € P-(6o), Ppe = (7e)«pt, we have

lim sup gl=28 loglP, -(Q:) < — inf Hine,(7),
e—0 vEQ

1

Hin,o, (V) = 2/0 (y'(s) — A(A(s,600)),5%(0(s,00)) " [’y’(s) — fl(é(s,@o))bds.

If, additionally, B < % then!”

liminf '~ log P > — inf .
iminfe oglP,(Qc) > 4ot Hingg (")

In fact, Theorem 2.4 allows to estimate the probability of even smaller deviations,
up to the scale of the Central Limit Theorem, whereby providing a strong refinement
of Proposition 2.3.

Corollary 2.7 (Small deviations). For each T > 0 and ¥ € (0,1) there exists
€0,Cx > 0 such that, for each ¢ € (0,e0), p € Pe(6o), Pue = (Ve)spt, Lips-
chitz bounded event Q C C°([0,T],R?) such that o(6y, Q) > C. and setting Q. =

{£27() + (1= 2)3(-, 60)}yeq, we have

P#,E(Qs) < e_ﬁinfwefiﬁ jLin,e(,('y),

where QT = Uyeq BOv 91y = 3(-, 00)ll0)-

2.4. Local Central Limit Theorem. Given that in many cases we have seen that
the upper bound in Proposition 2.3 is sharp, one expects that typical deviations are
of order veT. Tt is then natural to wonder about their distribution. It is possible
to prove (see e.g. [20, Theorem 5], where a related class of systems is investigated,
or [13] for a pedagogical exposition of the present case) that the deviation of z.
from the average, when rescaled by 6_%, converges towards a diffusion process. To
simplify matters we will discuss only the case d = 1, but similar results hold for
any d.

Let us describe the above statement more precisely. Once again fix 6, let « be
random and define A°(t) = e=1/2 [0.(t) — 0(t,0;)]. Then, as e — 0, the deviation
A°(t) converges weakly to A(t), the solution of:

dA(t) = &' (0(t,05)) Ae(t)dt + 6(0(t, 05))dB(t)

(2.17) AD) =0

where B(t) is a standard Brownian motion and'*

(2.18) " (6) = po (oﬁz(', 0)+2 ) @(ff(-),0)a( 9)) :
m=1
Our next result provides a dramatic sharpening of the above statement.

12 Hence there exists C > 0 such that, if v € Qc, then ||y — 7| < CeP.

13 Our techniques should allow to establish a similar lower bound also for 8 € [1/2, 1—16], but at
the price of further work. As is, if Q is open, we have only logP, - (Q:) > 70#5’7/8, for g < %

14 Observe that this is nothing else that the matrix element Zil, which appeared in the

moderate deviations.
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Theorem 2.8. For any T > 0, there exists g > 0 so that the following holds.
For any 8 > 0, compact interval I C R, real numbers k > 0, ¢ € (0,e9) and
t € [eY/2000 T, any fived 05 € T* and pu € P-(6), we have:

P (AS(t /2] —x?/202(65)
,u,E( ( ) e € + K’) _ € 0 Leb[ SCT75€1/277'3LebI

(2.19) Ve 0. (05)V 2
+ CTﬁEl/Z_ﬁ,
where P, . = (v2)«p and the variance o7(0) is given by
t t _ .5 _
(2.20) 02(0) = / 2.2 G ) ds.
0

Note that the Gaussian in equation (2.19) is indeed the solution of (2.17).'" The
proof of Theorem 2.8 is given in Section 8.2.

Remark 2.9. If an Edgeworth expansion for (2.19) would hold, then one would
expect the next term to be O(El/QLebI), see [25]. Thus our error term is just slightly
bigger than the expected first term in the Edgeworth expansion. In fact, with the
technology put forward in this paper it should be possible to obtain such a correction
to the CLT at the price of explicitly computing the main contribution of some terms
that we have just estimated and considered errors. Unfortunately this, although
feasible, is computationally heavy and we decided to avoid it to keep the length and
readability of the paper (somewhat) under control.

3. STANDARD PAIRS AND FAMILIES

In this section we introduce standard pairs and families for our system. As
mentioned in the introductory section, this tool proved quite powerful in obtaining
quantitative statistical results in systems with some degree of hyperbolicity. The
first step is thus to establish some hyperbolicity result.

3.1. Dominated splitting.

Let us start with a preliminary inspection of the geometry of our system: for
%, ¢ > 0 to be specified later, let us define the unstable cone and the center cone
as, respectively:

(31) & ={EneR® : g <er¢]} € ={(&n) eR? 1 || <A Inl}.

We claim that there exist v%,v¢ such that, if ¢ is small enough, dF.€" C €" and
dF=1¢c C €°. In fact, let us compute the differential of F.:

_ a;cf 3af ) .
(3.2) dFe = (689500 1+ ebpw/’

consequently, if we consider the vector (1,cu)

dpF.(1,eu) = (02 f(p) + cudy f (p), e0zw(p) + cu + e*udpw (p))

(3.3) = 3, f(p) (1 2l D) u) - (1,€5,(w))

0z f(p)
where
= oy _ 0aw(p) + (14 €0pw(p))u
(3.4) =) = "5, 1) + 200 D)

from which we obtain our claim, choosing for instance

(3.5) 7" = 2[|0:w]| o and 7 = 2/[0 f | co-

15 1f in doubt, see [13] for details.
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In fact, for any A’ so that A > A\ > 3/2, we can choose € so small that if |u| < "

- 0wl + |u u
Ew) < el el

which proves invariance of €" under dF;. Invariance of €° can be similarly estab-
lished. Hence, for any p € T? and n € N, we can define the quantities v;", uy,, 8y, v
as follows:

(3.6) dpF(1,0) = v (1, eu,) dpF(s5,1) = v5(0,1)

with |u,| < cand |s,| < K~!. Notice that dpF.(s,,(p), 1) = vE /v _1($p—1(Fep), 1);
therefore, there exists a constant b such that:

C
n

(3.7 exp[—be] < i}” < explbe] .
Un—1

Furthermore, define T',, = Hz;é Opf o FF, and let

0l fef
Clearly
(3.8) I, exp[—aen] < v < T, explaen].

3.2. Standard pairs: definition and properties.

We now proceed to define standard pairs for our system: we begin by introducing
real standard pairs (which are just special probabilities measures), and then proceed
to extend our definitions to complex standard pairs.

3.2.1. Real standard pairs. Let us fix a small § > 0, and Dy, D7 > 0 large to be
specified later; for any c¢; > 0 let us define the set of functions

S, ={G € C%([a,b],T") :a,be T b—ac[5/24],
IG']| < ecy, IG”|| < eDyey, |G| < eDijer}.
Let us associate to each G € 3., the map G(z) = (z, G(x)) whose image is a curve
—the graph of G- which will be denoted by ~g; such curves are called standard

curves. For any cg,c3 > 0 define the set of (cq, c3)-standard probability densities
on the standard curve g as
< 03} .

b
Dg% (G) = {p € C*([a,b],Rs0) : / plx)dr =1,
A real (c1,c2,c3)-standard pair £ is given by ¢ = (G, p) where G € X, and p €
DE (G). A real standard pair ¢ = (G, p) induces a probability measure j; on T?
defined as follows: for any Borel-measurable function ¢ on T2 let

b
we(g) ::/ g(z,G(x))p(z)dx.

We define'® a standard family £ = ({¢;},v) as a (finite or) countable collection
of standard pairs {¢;} endowed with a finite factor measure v, i.e. we associate
to each standard pair ¢; a positive weight vy, so that y ,ce V¢ < co. A standard
family £ naturally induces a finite measure pe on T? defined as follows: for any
Borel-measurable function g on T? we let

pe(g) = ZWM(Q)-

Leg

/ /!

S C2,

16 We remark that this is not the most general definition of standard family, yet it suffices for
our purposes and it allows to greatly simplify our notations.
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A standard family is a standard probability family if the induced measure is a
probability measure (i.e. if v is itself a probability measure). Let us denote by ~
the equivalence relation induced by the above correspondence i.e. we let £ ~ £ if
and only if ug = pe.The key property of the above objects is that the pushforward
of a standard family is a standard family [12, Proposition 5.2].

Unfortunately, to study large deviations we will need to consider a more general
pushforward in which the density is first multiplies by some real positive function
(called weight, which logarithm is called potential) and then pushforwarded (see
equation (3.11)). This is analogous to the use of twisted transfer operators so
useful in the analytic approach to the statistical properties of dynamical systems
[5]. Yet, for the study of the CLT not even this suffices: we need to multiply the
density by a complex phase. It is then necessary to generalize the above concepts to
the complex setting. As the proofs for complex and real weights are essentially the
same, we proceed directly in introducing complex potentials and prove the needed
generalization of [12, Proposition 5.2] : Proposition 3.3.

/

3.2.2. Complex standard pairs. We now proceed to introduce complex standard
2 P

pairs. Let us first define the set of complex standard densities:
S C3 0,
P P

b

(3.9) DE,.,(G) = {p e, [ plado =1,
where we denote C* = C \ {0}. Yet, this time, for technical reasons, we cannot
chose the length fixed once an for all. So we will consider standard curves ¢,
made of curves of length b — a € [d./2, 6] for some d. € (0,6). We then require
c20e < w/10. A complex standard pair is then given by ¢ = (G, p) where G € E(El

and p € DEQ!CS(G); a complex standard pair induces a natural complex measure

/!
< ¢g,

on T?2. A complex standard family £ is defined as its real counterpart, but now
we allow £;’s to be complex standard pairs and v to be a complex measure so that
> see [ve| < 0o, Clearly, a complex standard family naturally induces a complex
measure on T?.

We will say that b — a is the length of the standard pair and we will say that a
family £ has length d. if each ¢ € £ has length by, — ay € [0¢/2, dc].

Lemma 3.1 (Variation). Let G € £, be a standard curve and p € DS, . (G); if 0
is sufficiently small we have:

Rangep C {z=7re" € C : e72%2% < r(b—a) < 2% || < 6.}

Proof. Observe that, by definition of standard density we have ||(logp)’|| < ¢2;
since we are assuming c2d. < 7/10, we can unambiguously define the function
log p, which is contained in a square S C C of side c2d.. Thus, Rangep C exp.S,
which is an annular sector. The normalization condition | p = 1 and the mean value
theorem imply that exp S must non-trivially intersect the sets {Rez = (b —a)~'}
and {Im z = 0}; these two conditions immediately imply that exp S C {re!’ € C :
|9 < c2dc}. It is then immediate to show that

. 1
ScC { e <r(b—a) < —— "’25‘9} :
exp re e r(b—a) cos(@éc)e

which concludes the proof. O

Remark 3.2. The above lemma also implies a uniform C* bound on standard
densities given by ||pllc> < €22%c3071. Moreover, we have

(3.10) el < €22,

where || is the standard total variation norm.
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The key property of the class of real standard pairs is its invariance under push-
forward by the dynamics; we are now going to prove a more general result. Let
B C C?(T?,C) be a family of smooth functions with uniformly bounded C?-norm;
we denote by [|Bllcr = supgeqs [|2f|cr. For any Q € P define the operator Fr. o
acting on a complex measure p as follows: for any measurable function g of T?

(3.11) [Fevon] (9) = p(e? - g o ).

We call Fy, o the weighted push-forward operator with potential 2; observe that
F.0 = F.4 is the usual push-forward.

Proposition 3.3 (Invariance). Given a family of complex potentials 33, there
exist c1, cq, cg3 and § such that the following holds. For any Q € B and complex
(c1, ca, c3)-standard family £ of length 6. < min{d, 7/(10c2)}, the complex measure
F..ape can be decomposed in complex (c1,cq,c3)-standard pairs, i.e. there exists
a complex (c1, ¢z, c3)-standard family £, of length dc, such that Feoape = pe; -
We say that £, is a (c1,c2,cs)-standard decomposition of F.. que and we write
—with a little abuse of notation— L£¢, ~ Fei . Moreover, the constant ¢; does not
depend on B, whereas the constants ca and c3 (and consequently 6) can be chosen
as follows:

(3.12) ¢z > Cp(L+ |[Bller) c3 2 Co(1+[1Blez + IBIZ).

Proof. For simplicity, let us assume that £ is given by a single complex standard
pair /; the general case does not require any additional ideas and it is left to the
reader.

Let then ¢ = (G, p) be a complex (¢1, co, ¢3)-standard pair. For any sufficiently
smooth function A on T2, by the definition of standard curve, it is trivial to check
that:

(3.13a) [(AoG)|| < IdA[|(1 + ec1)
(313]:)) H(A o G)NH < E”dAHDlCl + HdAHCl(l + 661)2
(3.13c) (Ao G)"| < elldA||Djcy + ||dA]||c2(1 4 &(1 + Dy)er)?.

Let us then introduce the maps fo = fo G, wg = wo G and Qg = Qo G. We
will assume ¢ to be small enough (depending on our choice of ¢;) so that fi, >
X —ec1]|Dgf]| > 3/2; in particular, fg is an expanding map. Provided § has been
chosen small enough, fg is invertible. Let ¢(z) = f; ' (). Differentiating we obtain

1 " 3f//2 _ ///f/
(314) (plzfilogp gp”:—%ogp @///:wo@.
G G G

Then, by definition, for any measurable function g:

Fe*,ﬂlu@(g) = M@(eQ *go FE)
b
N / 9(fe(x),G(x)) - ) p(a)da,

where G(z) = G(x) + ewg(x). Then, fix a partition (mod 0) [fg(a), fc(b)] =
Ujerlaj, bjl, with bj — a; € [6¢/2,0c] and bj = a;41. We can thus write:

b;
(315) Feeonnle) =Y [ oGy ()i,
5 Jas
provided that G; = G o ¢; and p;(z) = %% - po ¢, “ ¢, where ;= ¢l{a; b,]-

In order to conclude our proof it suffices to show that (i) there exists ¢; large
enough so that if G € X.,, then G; € X.,, and (ii) there exist ¢y, cs large enough
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and J small enough so that if p € DSMS
standard density belonging to Dg,c?,(Gj)-
Item (i) follows from routine computations: differentiating the above definitions

and using (3.14) we obtain

(G), p;j can be normalized to a complex

Gl
(3.16a) G = 7 o @;
G/I 1"
(3.16b) G = 77 o%i -G ﬁgo%
3 16 G/// _ Gl” . 3G// (Il}/ X G/ f(/;:/ .
(3.16¢) j—fgo%_ j'rgo%_ j'rgo%
Using (3.16a), the definition of G' and (3.13a) we obtain, for small enough e:
G’ + ewy 2 2 3
1G5l < H,G < (1 +elldwl|)ec + zelldw| < —ec1 +eDy
f& 3 3 4

where Dy = %Hdw” We can then fix ¢; large enough so that the right hand side
of the above inequality is less than c¢;. Next we will use C, for a generic constant
depending on ¢1, Dy, D] and Cy for a generic constant depending only on F,. Then,
we find!'”

3
|Gl < eler Dy + C) +2C.
3
IGY'll < Selea(Ds + DiCy + Ci) + C] + 3.

We can then fix ¢1, D] sufficiently large and then e sufficiently small to ensure that
the G;’s are ¢;-standard pairs. We now proceed with item (ii); by differentiating
the definition of p; we obtain

(3.172) b p/,owj—%wﬁf%;wj
Pj pf([;, f@ fG
p”/_’ p// ,5/_ (/;: f/g{l
T VO A |
Q) 0.2 02
+ol%

G G
OCWY;+ =5 0PY; + — 5 CPY;.
pfe> T fgr T fer T
From the first of the above expressions and (3.13a) we gather:

o
b H”H LD+ 42,
P llco

pj

<
-3

co
where D is a uniform constant related to the distortion of the maps f(-,6), which
can be obtained using our uniform bounds on [|G|| and ||G7||. The above expression
implies that we can choose ca = O(1 + [|Q|c1) so that if ||p'/pllco < ¢z, then
175/pjllco < c2. A similar computation, using (3.17b), yields:

~I!

Pi
Pj

&N
p

< —

<3 +Cy(l192]lc2 + 12012 + e2(|2fler + D) + D),

i

where, once again, D’ is uniformly bounded thanks to our bounds on [|G%||, |G|
and [|G'||. As before, this implies the existence of c3 = O(1 + [|Q|c2 + [|2(2:) so
that if [l0”/plleo < c3, then |7/7;]lco < c.

17 The reader can easily fill in the details of the computations.
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We are now left to show that, using our requirement on d¢:

bj
(3.18) v; ::/ pjdx # 0;

J
this implies that p; := Vj_lﬁj € DS, ., (G;), which concludes our proof: in fact,
define the standard family £q given by ({/;},v), where v,, = v;; then we can

rewrite (3.15) as follows:

Fevame(y Z Vikily = Mgy (9)-
legy,

The proof of (3.18) follows from arguments similar to the ones used in the proof of
Lemma 3.1: in fact é. is sufficiently small so that the function log p; can be defined
and it is contained in a square of side cpd.. Therefore, Range p; is contained in an
annular sector of small aperture, whose convex hull is bounded away from 0; this
implies that v; # 0. (]

Remark 3.4. Assume £ to be a standard probability family and Q € C?(T?,R):
then £, is also a real standard family. Moreover, £ is a standard probability
family.

Remark 3.5. A quick inspection to the proof of Proposition 3.3 shows that we can
choose the standard family £¢, to be of length %6@ provided %cic < min{d,7/(10c2)}.

Remark 3.6. Note that if ¢ = (G,p) is a complex standard pair, then g =
(G, |p|) is also a complex standard pair, and indeed is a regular standard pair
if 6c = 0. Moreover form the arguments in the proof of Proposition 3.3 it fol-
lows that, for & small enough, if £o = {€}, calling L6 = {{{'}ree;,,ve} and
Lre) = Hlrtees,, vre} the family obtained applying Proposition 3.5 to {{r} we
have |ver| > cu VR o

We say that /¢ is a P-standard pair if ¢, co, c3 and d. are so that Proposition 3.3
holds with respect to the family B. Given a PB-standard pair ¢ and a sequence
of potentials (Q)reny = € € PN, we denote (again with an abuse of notation)
by 2;" a standard decomposition of F(* Qe = Fev, o Fex 0o, which we
obtaiﬁ by iterating the above proposition. By definition, therefore, we have, for
any sufficiently smooth function g of T?:

(3.19) Flnelg) = Y vauglg) = pe (e5%g 0 FTY
et
where we have defined the “Birkhoff sum” S,Q = ZZ;& Qi o FF. In particu-
lar, (3.19) implies that (es"n) = Zée;:(") v;.
2,2

Remark 3.7. The proof of Proposition 5.3 allows to define, for any ¢ € Qén&
the corresponding characteristic function 1;, that is a random variable on £ which

equals 1 on points which are mapped to 1 by F' and O elsewhere. This allows to
write:

(3.20a) Vi = i (eSn”ng)
(3.20b) pi(g) = i e (5 - g o FLY)
Observe that (3.20a) and (3.10 1mmed1ately implies that, for any n € N:
n—1
(3.21) Z [vi| < exp Z max Re Q, + 2¢20¢

fesl) k=0
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Moreover,
m 1
nm—
(3.22) E E . E | I |V€j| < eZk:o IIlaXRereQ(,QéC)
(n) (n) A (n) j=1
Z1E£z,n ‘6262511an ["Lellem,lys"‘<7"71)ﬂ J

where s is the one-sided shift acting naturally on Y. In fact, the above is just

a special choice of standard decomposition for Fs(fz) e, indexed by a m-tuple of
standard pairs (€1, -, fn—1) selected at intermediate steps of length n.

Remark 3.8. Given a standard pair £ = (G, p), we will interpret (xy, 0) as random
variables defined as (zy,0)) = FF(x,G(x)), where z is distributed according to p.
We would like do the same for complex standard pairs. Of course, in this case
(zk, O) will be random variables under Re(p) only, so we will simply say that they
are functions distributed according to p, or, for brevity, functions on .

Finally, let us define the set “good probability measures” mentioned in Section 2.
Fix C, > 0 large enough; given 65 € T, we define

(3.23) P.(05) = {pe : ne(Ge) =65, sup|Ge—0j| < C,e, £ € standard families},
el

where 11¢(Ge) =3 yce Ve 7 Ge(x)pe(z)dex.

4. AVERAGING

This section is devoted to the proof of Theorem 2.1. The aim of this section is
mostly notational and didactic; therefore, we keep things as simple as possible we
provide the proof only for the variable 6 since the argument for z is exactly the
same.

In the following, given a standard pair ¢ = (G, p), we will use the notation

(4.1) 0; = pe(fo) and 6;, = 0(ck,0;)

where, according to Remark 3.8, we consider 6y = G to be a random variable on the
standard pair £ and we denote with 6(t, ") the unique solution of (2.3) for initial
condition 6(0) = 6*.

Remark 4.1. We find it convenient to prove the theorem for slightly more general
initial condition: standard pairs . s.t. e, € P-(0p). In the following we will drop
the subscript € in the standard pair since this does not create confusion.

4.1. Deterministic approximation.

First, we provide a preliminary useful approximation result, which allows to com-
pare the true dynamics with a fixed one for times of order e=1/2: for fixed 6* € T,
let us introduce'® the map Fi(z,0) = (f.(z),0), where f.(x) = f(z,0%).

Lemma 4.2. Consider a standard pair { = (G, p) and fir 0* € T' at a distance
at most € from the range of G.'* For any n € N so that en + nc < Cy, there
exists a diffeomorphism Y, : [a,b] — [a*,b*] such that (x,,0,) = F(z,G(z)) =
(fr(Yn(x)),0,) = FI'(Ya(2),0,). In addition, for all k € {0,--- ,n} and setting

18 The reader should not confuse the notation F, which is a map of T2, with the push-forward
F. introduced in the previous section.
19 We will typically apply this Lemma to the case 6* = 67.
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Gk—e*—Ewa 0)|| < Cyule+ €2k,
CO
n—1 j—1
xy — o+ EZ A} ;00 f (x5, 07) Zw(mf,@*) < Cyle+€%k?,
j=k 1=0 o
1—Y'H G < Cyune
Ouf (r: Ox) ||, ~ ’

where we defined A}, ; = T, fi(z) = = ( IR (@)=L < NI and || - leo
denotes the usual sup-norm of the random variables seen as functions of x € [a, b].

Proof. Let us denote with 7, : T2 — T the canonical projection on the x coordinate;
then, for z,z € T and ¢ € [0, 1], define

Ha(z, 250) = maFge(z,0" + o(G(z) — 07)) — fI'(2).
Note that, H,, (z,x;0) = 0, in addition, for any z, o:

0:Mau(x,250) = —(f1)(2) # 0.
Accordingly, by the implicit function theorem, for any n € N and p € [0, 1], there

exists a diffeomorphism Y, (+; 0) such that H,, (x, Y, (z; 0); 0) = 0; from now on Y, (x)
stands for Y,,(z;1). Observe moreover that

FloG) 1—G'sp)ut

(4.2) y, = (e oG (1- Glon)uy
(f2) oYn (f2) oY

where we have used the notations introduced in (3.6).

Next, we want to estimate to which degree {(z},0*)};_, shadows the true tra-
jectory. Observe that

k—1
Gk = 5Zw(xj, 9]) + 00
j=0

thus |0 — 6*| < Cyek + €. Accordingly, let us set & = x} — x; then by the mean
value theorem we obtain, for some x,6 € T:
k1| = |fi() - & + Do f (21, 0) - (O — 07)| > A[&k| — C (O — 67)
which, by backward induction, using the fact that £, = 0 and our previous estimates
on |0, — 6|, yields |&| < Cy(e+ k). We thus obtain:
k—1
Op — 0% =00 — 0"+ w(a},0%) + Ole(ek + ek?))

7=0
n—1 ji—1
= Aj s f(x],0%) <gzw(x7, 0") + O(e + 623'2)) .
j=k 1=0

Finally, recalling (/"1.2)7 (3.8) and using invariance of the center cone, we have

1

e CHEN H 8 f xka 0k ‘ (1 - G,Sn)vx pCH#eEN nH (9 f .’Ek, ok '
Accordingly, Yn is invertible with uniformly bounded derlvatlve, since we assume
ne + ne < C’#.QO 0

20 On the contrary, the reader can easily check that ||Y;”|leo ~ A™.
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4.2. Proof of the Averaging Theorem.
Let us now ready to prove our first result.

Proof of Theorem 2.1. Let £ be a standard pair; recall that we defined w(x,0) =
w(z,0) —w(0); for any t,h > 0 define H = H(t,h) = |(t + h)e~t| — [te "1 ]; observe
that |H(t,h) — [he~!]| < 1. Let us start by computing

[(t+h)e ] -1 2

H-1
e 5 Z (,?)(.’E]C7 Qk) = Z Z 62\/[1;1,41 ((1}2 o ng)-i-

k=[te 1] 21622“5_1D k=0
-1 H-1
43)  + > 2 Z > 2y, Vo, iy (@ 0 FF7 . 0),
piepllte™tD J=0 k=j+1y,col

where we repeatedly used Proposition 3.3 and the notation introduced before (3.19)
without €2, since in this case £ = 0.

Next, using Lemma 4.2 we introduce, for any standard pair (= (G p) the
diffeomorphisms ¥ = Yy and let [a*,b*] = Y ([a,b]). Let us call p* = % the
push-forward of p by Y, also let 7 = ji;(f). For any functions ¢, g € CY(T?) and
k € N, Lemma 4.2 implies

b
nilgo FE - ¢) :/ P @)p(Y (@), 07) - g(f5: (), 07)dz + Okellgllc [l pller)

*

b
:/ p@)e(,07) - 9(f5: (x), 07)dx + O (ke gllexll#ller)-

To continue we introduce one of the main tools in the study of hyperbolic systems:
the transfer operator (for now, without potential). Let

Log(x Z )

fgl()

The basic properties of these operators are well known (see e.g. [5]) but in the
following we need several quite sophisticated facts that are either not easily found
or absent altogether in the literature. To help the reader we have collected all
the needed properties in Appendix A.”! We can thus estimate the quantity in the
second line of (4.3) as

Hey ((‘D © Fsl : (’:}) = /[‘6191’,‘2 (ﬂ[a,b]p(’:})}(z7 92}) : (IJ(I’, o?z)dz + 0(125) =

b
:/ ho: (x)w(x,9;2)dx/ p(2)d(z,07,)dz + O(1Pe + ') =
T! 2 a
=0(Pe+7'),

where we used the fact that pg(&(-,6)) = 0 by construction and 7 € (0,1) where
1 — 7 is a lower bound on the spectral gap of Ly for any 6 € T

21 For the time being we need only that f gLloop = f go fo¢ and that, seen as an operator acting
on BV, Ly has 1 as a maximal eigenvalue, a spectral gap, and hg (the eigenfunction associated to
the eigenvalue 1) is the C"~1 density of the unique absolutely continuous invariant measure of fs.
In other words Ly has the spectral decomposition Lgg = hg fg + Rg, where the spectral radius
of R is smaller that some 7 € (0,1).
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Collecting all the above considerations we obtain

2

L(t+h)e ] -1 H-1 H—k-1
@) pe e D0 G| | <Cxe?d |1+ D {7+ %}
k=|te—1] k=0 j=1

< Cyleh + 5_1h4] < 0#55/37

where at the very last step we have chosen h = £2/3, which optimizes the estimate.
Recall now the definition of the random element 6. € C°([0, 7], R), defined in (2.7).
As previously observed, the functions 6. are uniformly Lipschitz of constant || A||¢co.
Using the Cauchy—Schwarz inequality and (4.4):

g )

0.(t) — 6-(0) — /0 w(0:(s))ds

[th=1] -1 (r+1)h 2
<[ty uz(@E((r—i—l)h)—Hg(rh)—/ &(0.(s))ds )
r=0 rh
[th™']—1 [(r+1)he"]—1 2
<t > wel| e Y. ek Ok) + O(ch)
r=0 k=|rhe—1]|

< Cut?eh™ + e 'h? + &) < Cyut?es,

2/3

where at the very last step we have chosen h = £/°. Chebyshev inequality then

implies, for any ¢t < T

(4.5)  pe ({

Let us partition the interval [0, 7] in N = |Te~/?*] intervals of endpoints

6.(t) — 6.(0) — / (0. (5))ds

> C’#sl/g}> < CyuT2e/3e714,

O=tog<ti <--- <ty =T,

where for any k € {0,--- , N — 1} we have /24 < tp, — t;, < 2¢'/?4. Since 6. is
uniformly Lipschitz and using (4.5), we conclude:
> 0#51/24}>

e <{ sup es(t) - 95(0) _/ @(95(8))(18
t€(0,T] 0
> 0#51/24}>

4.6 M
(46) < pe ( U {
k=0
< CuT 3g1/24

Since 6. are a uniformly Lipschitz family of paths, they form a compact set by
Ascoli-Arzela Theorem. Consider then any converging subsequence 0. ;; choosing
e = ¢; and taking the limit of (4.6) for j — oo it follows that all accumulation
points of #. are solutions of the integral version of (2.3). Since such differential
equation admits a unique solution, we conclude that the limit exists and it is given
by the solution of (2.3).

If we consider now the initial conditions of the Lemma, which allow to consider
all random variables on the same probability space, we immediately have the result
for 6. The results for z is more of the same. O

0.(th) — 0.(0) — /O " 2(0.(s))ds
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Remark 4.3. Note that it may be possible to obtain this result almost surely rather
than in probability. We do not push this venue since it is irrelevant for our pur-
22

poses.

Remark 4.4. The bound (4.6) was obtained by estimating the second moment.
This gave us a simple argument, but not sufficient for our later needs. To get
sharper bounds we will need to estimate the exponential moment, which is tanta-
mount to studying large deviations.

5. MOMENT GENERATING FUNCTION

We now begin the study of deviations from the average behavior described in
the previous section. We start with the problem of investigating large and moderate
deviations. It is well known that such information can be obtained from precise
estimates of the exponential moment generating function. Hence our next goal is
the study of this object. In order to do so it turns out to be helpful to have an
approximate description of the dynamics that is more refined than the one presented
in Lemma 4.2. This is achieved in the next subsection.

5.1. Random approximation.

In order to obtain our main results Theorem 2.4 and Theorem 2.8, we will need to
control deviations from the average with resolution up to order &; this requires very
fine bounds which we proceed to obtain in this subsection.

For later reference, we find convenient to state such estimates in a slightly more
general form than needed for our immediate purposes; we introduce two different
notions of deviation from the average: let £ be a standard pair; recall the nota-
tion 0}, = 0(ck,0;) introduced in (4.1), where 0] = j,(Gyr). Let us also define
the functions 0 (0) = 0(ck,6) (observe that 972,6 = 01(07)). Then we define two
corresponding notions of deviation:

(5.1a) Af y(2,0) = Ox(x,0) — 0_2;6

(5.1b) Ag(z,0) = Ok (,0) — 0,(6).

Since |0y — Op| < Cypek, |0}, — 05| < Cyuek, |0 — 0| < Cyek and |0y — 05| < Cye,
we trivially find ’

(5.2) A7 ,| < Cyelk +1) |Ay| < Cuck.
Moreover, observe that
Opr1 — O = ew(0r) + ew(w, Ok)
Giser — O = 0(01,) + 580 (B2, + O),
Bosr — B = ew(fy) + %E%I(ék)@(ék) + O,

where, recall @(0) = pg(w(+,0)) and &(-,0) = w(-,0) — @(#). The above equations
yield the difference equations:

Af jy1 — Af = ew(wr, Ok) + 5@'(9_21@)A2k+

— 2 — —
(5.32) + 2607 (D77 = &0 )0074) + O=(A7 ) +&%).
Api1 — Ay = e (g, 0;) + 5@’(})Ak+
2
(5.3b) gw”(ék)(Ak)Q - %*’(ék)a)(ékk) + O(e(A)? +£%).

22 But see [38] for a discussion of possible counterexamples.
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Define now the auxiliary functions:

k—1
* —k A € _ 0)* — (0%
(5.4a) Hy) = Z‘:‘Z,j,k {w(xj,ﬁj) - 50",(9@,3')0’(92,]‘)} )
3=0
k—1 .
(5.4b) Ho=Y S [@(a;,05) = 5&'(6)2(0))]
3=0
where
k—1 B k—1 B
(5.5 Epe= ] [1+e'6;)] Six= [ D+e'@)].
I=j+1 I=j+1

We are now finally ready to state and prove the needed approximation. The fol-
lowing lemma is a refinement of Lemma 4.2.

Lemma 5.1. For any T >0, 0 < k < Te~! and standard pair £, we have

—//(9 ) .
(563.) A EHZIC —EZ._%jk { b (Afj) +O((AZ’J)3+E2):|
+ “Z—l,kA&O
e [@0)
(56b) A, —eHy, = EZ Eij {TJ(AJ)Q + O((A])3 + 82)} .
7=0

Proof. Observe that (5.4a) implies |H;,| < Cyk. Also, it is immediate to check
that, by definition, H;, satisfies the following recurrence equation:

* A, —1(n* * € _ N)* — (N*
Hypoq = @(ag, 0r) + (140" (07 ) Hy y, — 5“/(9@,0“(9@,1@)-

Hence, by (5.3a),

* * — N* * * € _ N* *
Af g1 —€H o = (1467 4)) [Aé,k —eHj, | + §w//(9€,k)(Aé,k)2
+0(e(A] ) +€%).

The first statement of the lemma then follows by induction, since H;, = 0. The
second statement follows by identical computations and the observation that, by
definition, we have Ag = 0. O

5.2. Computation of the exponential moment.
We can now proceed to the main result of this section, which is the precise compu-
tation of the exponential moment. The goal is to compute it with an error much
smaller than currently available in the literature. This will allow to obtain precise
information not only on large, but also on moderate deviations, as will be shown
in the next two sections.

In this section, given a (c1, ¢2, c3)-standard pair £ = (G, p), we will call it simply
a co-standard pair, since ¢; will be always fixed (as in the rest of the paper) and c¢3 is

irrelevant for the estimates in this section. Recall that we fixed A = (Ay,---, Ag) €
C3(T?,RY), with A; = w; we also introduced the notation A(0) = po(A(-,0)) and
A = A— A Recall that 0; = (G f p(x)G(x)dx (hence it belongs to the

range of the standard pair ¢). Moreover recall that we are under the standing
assumption (A1%).

Remark 5.2. In this section we will use the notation BV([0,T],R%) to denote the
space of functions in R? whose components are bounded variation functions. Recall



LIMIT THEOREMS 25

that, given a L' function ¢ : I — R?, its BV-norm is defined as:

lellsvn = llellzay + Vi),

where Vi(p) is the total variation of @ on the interval I, given by:

Vile)=  sup / (), ¥ (2))da,
peCt (IR VI
[Y]leo=1

where CL(I) is the space of C* functions that are 0 in a neighborhood of the boundary
of I. Moreover in this section, given I C R, we will denote || f| L~ = sup,¢; |f(x)].
As usual, if the set I is not specified, it is understood to be the domain of the
function.

Remark 5.3. Before giving the main result of this section (an estimate for the
logarithmic moment generating functional), as an attempt to illustrate its state-
ment, let us consider the following simple example. Let us fix € > 0; consider a
(non-stationary) Markov chain on the state space . described at time n by the
transition matriz P, ; assume that (in an appropriate sense) P11 is e-close to P, .
Let us fix an arbitrary observable A € R” (which we identify with a column vector
A(z) = A*) and x € % we can define the logarithmic moment generating func-
tional of A associated to the Markov chain with initial state x (denoted by A) as
follows: for any function o € BV([0,T],R)

T
Aulo) = clogE, {expel | oAz
0

where X, is a realization of the Markov chain with initial state Xo = x and E,
denotes the expectation conditioned to having initial state x. If o were a con-
stant and P, = P for all n, then it would be possible to express this expectation
as follows: let P, 4 be the tramsition matriz twisted with potential oA, that is
[P,a]*Y = [P]*Y exp(c AY). Then

[Tet]-1 iy
B exp( Y oA )| =3 [P
n=0 yes

The leading contribution to the logarithmic moment generating functional is thus
given by the spectral radius of the matriz P, 4, that is, its leading eigenvalue eXA(@)
We then obtain

As(0) = |Te™" xa(0) + Ro

where R is a remainder term that hopefully can be neglected. If, on the other hand,
o and P are not constant, then, heuristically, we can choose ¢ < h < T and
assume o and P to be constant in each block of length h in [0,T]. Arguing in this
way we can expect

T
Ay (o) = /0 xa(o(s), |se7t])ds + R,

where eXA(@") s the leading eigenvalue of the transition matriz P, twisted with the
potential oA and R, is a remainder term which remains to be estimated.

The main result of this section is the proof of a formula similar to the above, for
our deterministic system. The Markov chain will be replaced by the fast dynamics,
which changes in time according to the evolution of the slow variable.
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The first object that we need to define is the class of transfer operators associated
to the function A € C%(T2,R?) and a parameter ¢ € R%. These will play the role
of the P, in the example of Remark 5.3. For any C! (or BV) function g, define

(0,A(y,0))
BT [Loon gl(x) = fg%_w efwg@)

where, recall, we have defined A(0) = pg(A(-,6)), A = A— A and gy denotes the
unique absolutely continuous invariant probability of fy. The above operators are
of Perron-Frobenius type when acting on C! (see Lemma A.1), and the same is true
for sufficiently small o when acting on BV (see Remark A.11). In other words, they

have a simple maximal eigenvalue and a spectral gap. Let eX4(79) and eXa(@0) he
their maximal eigenvalues, respectively. By (5.7) it follows

(5.8) xal(o,0) = (o, A(0)) + X a(0,0).
Moreover, it is well known (see e.g. [0, Remark 2.5]) that
XA(O'v 9) = Ptop(fea <07 A> - IOg fé)7

where P, denotes the topological pressure. Also the results of Appendices A.2
and A.3 imply y4 € C?(R? x T,R).
Given o € BV([0,T],R%), and n € N, we introduce the notation

= el A [£97<07A) gl(z),

e(n+1)
(5.9) on = 671/ o(s)ds;

EN
observe that for any s € [en,e(n + 1)] we have |o(s) — 0n| < [|0|lBV([en.c(nt1))-
For any standard pair £, ¢ > 0, T > 0 and o € BV([0,T],R?), we now proceed
to obtain some information on the logarithmic moment generating functional

[Te™t -1
(5.10) Ap (o) =clogpe |exp Z (op, Ao F)

n=0

Remark 5.3 suggests that Ay (o) ~ fOT xa(o(s),0(s,0;))ds; it is therefore natural
to define the quantity:

T
(5.11) Ree(0) = Ao e(0) —/ xa(o(s),6(s,0;))ds.
0
The main result of this section is a bound on the remainder term defined above.

Proposition 5.4. There exists ¢g > 0, such that, for any € € (0,e9), L € [%, %}
and T € [eL, Tiax],
(a) for any o € BV([0,T],R?%) we have

[Rec(o)] < Cy (6L||0'||BV +eLT
(27 mindT, o+ eLlolmv}] o l);
(b) there exists 04 = 0x(Tmax) > 0 so that, if ||o||L~ < ou, then
Re(0)] < Cy (ellollmy + LT + (L + T~V ol + o2 + Lo ]2) .

The proof of the Proposition 5.4 relies on the spectral properties of the transfer
operators (5.7). It is then natural that our ability to bound the size of the remainder
term R depends on the size of . Without any assumption on ¢ we cannot use
perturbation theory of the associated transfer operators. This allows only a rough
bound, which is stated in item (a). On the other hand, if ||o||p~ is sufficiently
small, then the corresponding transfer operators are guaranteed to be of uniform
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Perron—Frobenius type and can be treated using perturbation theory. This enables
us to give the much sharper bounds stated in (b).

As hinted in Remark 5.3, the main (quite standard) idea of the proof is to
introduce a block decomposition: consider a partition of the set {0,---,|Te!]} in
K blocks of length L, where K = |Te~!|L~! (in Remark 5.3 we have h ~ Le).*

By (3.19), we have that, for any g € L>(T?,R),*

LT5*1J71<

K
oF™ -1
(5.12) M(e =0 (ow AR g o plTe J)z oo >0 T vene(9),

LeLk ZKe}:eLK71 i=1

where, to ease the notation, we dropped the subscript potentials (o, Ao FF) from
the symbols for standard families. To further shorten notation, given a standard
pair £, we use py, Gy, ag and by to denote the corresponding data.

Recall from Section 3.2 that py is a C? probability density over [ay, b¢]; yet for
our future purposes it is more convenient to deal with functions that are defined
on the whole T?; to this end we introduce the extension p; of p, to T which we
indicate by the (slightly abusing) notation p, = 14, 5, p¢-

Remark 5.5. Observe that if py is a c.-standard density, then py is a BV function
and its BV norm is bounded by:

lolloy < lels+ sup | [ 0/@)inla)da] < 142l +c.
YEC! (T,R)

< (14 2[bp — ag| e .

The next lemma, whose proof we briefly postpone, is our basic computational
tool: it contains an estimate of the contribution of each of the blocks of length L
appearing in (5.12).%°

Lemma 5.6. There exists g > 0, such that, for any e € (0,0), any standard pair
¢, L€legt eoe /2], 0 € BV([0,eL],RY) and ® € C*(T,R):

(a) the following bound holds

vesk
where
5()] <Cy(eLlollv(o.ern + LM 0l ey + 217

+ e[ ®lcz [1+ Lmin{l,e " Lo 11 (o.er)) + lollBvo.ery + [ @llez}] )

Recall that ex4(@9) denotes the mazimal etgenvalue of £9’<07A(.79)>.

23 For simplicity of notation we ignore that K may not be an integer, as such a problem can
be fixed trivially.

24 In this section we will use (5.12) only in the case g = 1; yet in Section 7.3 this more general
formulation will be needed.

25 The {00,"++,0L-1} in Lemma 5.6 correspond to an arbitrary block {0, -+ ,0011)L—1}
in equation (5.12). Recall that o; is defined in (5.9).
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(b) There exists . > 0 so that if ||o||pe + 2||®|lc2 < Fx, then

> vepe(@)e PEE) = ()
vegk

o (M,) eI B(B(eL,Ge(N)+ I OxAm,a(eycz()))) e 5(0.2)

where

|S(a, )L <Cx (EHUHBV([O,EL]) + 2 L*(1+ ||®]|c2) + Lel|o|l L1 o,

+ L7 YolZ20.cnp) + 1@l (eLl®lle2 + ol i o.eLy) >,

where h* is the right eigenvector of the transfer operator E9Tx<<7f AC07))
and m* is the left eigenvector of £95,<a;,A(~,0;))7 where 07,05 can be chosen
arbitrarily with |0 — 8f| < CygeL and of,05 can be chosen arbitrarily in
the essential range’® of o.

Proof of Proposition 5.4. For k € {0,--- ,K} and § € T, T = KeL, define

DL(0) = /ZL xa(o(s),0(s —ekL,0))ds.

It follows from equation (A.22d) that &, € C?(T,R). Also (A.11a) implies that,
for any k, we have ||®x||c2 < Cyllol|L1(jo,r))- First of all notice that, by definition

Ape(0) = ©o(07) + Re,e(0).
Moreover, let us define J;, = [ekL,e(k + 1)L] and recall (A.22a), (A.11) together
with Remark 5.2; then

Py (0)—Pry1(0(cL,0)) = /J xa(o(s),0(s —ekL,0))

(D=1 o) i
= 3 [ alol).0el — b2).0) + Ol )
j=kL €J
L—1
=Y xal0j1rL,0(e5,0)) + O(ellollBy)),
§=0

which is the quantity appearing in Lemma 5.6.
We first proceed to prove item (a): let us fix conventionally ¢, = ¢. Con-
sider (5.12) with g = 1 and isolate the last term:

K—-1
e (e i(:L071<U”,AOFE">) — Z . Z H 'Vszeb Z 'VZ//;@’

hegy fxa€fy k=1 veey

We then apply Lemma 5.6-(a) with & = <I>K = 0 to the term in brackets and obtain:

[1621‘ Op— 1€£L P

Z Z Hkaeb Z Wfﬂoe/esil‘bk”‘)c’f’ es '8

5162 L QGEL W3 e'EEf’K 5

26 Recall that the essential range of a function o is the “range modulo null sets”, i.e. the
intersection of the closure of the image of all functions which agree a.e. with o.
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where S stands for an arbitrary function on BV([0, T1) satisfying the bound
S(0)] < Cg (eLllollBvi o) + L o llpr i) +°L%).

Also, we used the fact that Leb(pg,,_,) = 1 and Lemma A.10 to change the argu-
ment in i 1. We now apply Lemma 5.6-(a) to the term in brackets and iterate.
This proves item (a) since, recalling that K = Te 'L~ we obtain

" (e ffj;l(an,AoF;)) :es’léo(ﬂzo)+O(LHUHBV+s’1L’1\|o|\L1+LT)
0

6||<7HL1O(TgflLfl_Hnin{Tg*l7(1+T)5*1||a|\L1+LHoHBv}).

To prove item (b) note that, if we assume (1 + CxT)o. < 7., it possible
to obtain a sharper estimate using Lemma 5.6-(b) and carefully keeping track
of the error terms. More precisely: for any k € {0,---,K — 1} define my, =

Ms (oo AC65,)) For each standard pair ¢, (A.31) and Remark 5.5 yield

(5.13) [me, (pe) — Leb(pe)| < ClowsnL] < Co(T ol + llollsy).
Then we claim that for any k € {1,--- , K}:
(5.14)

k
e (Xn20 AP ) = ST ST T e (et O e S

ey trecp =l
where
Sk(0)] <Cy(ellollpverr.exry + (K — k) L2 (1 + |lollo) + L o172 perr cx 1)
+ Lelloll g enr e xnyy + ellol T LK = k) +[lollca ol (err,cxr))
+eT ol +ellollsy)-

Let us give an inductive proof of (5.14). The base case is k = K: choosing g = 1
n (5.12) yields

He (e neo (T ACFL) ) Z Z HWiLeb (Pexc)

@1614 ZKESL B =1

and (5.14), for k = K, follows by (5.13) (i.e. |Sk||r= < C’#(ET_1||U||L1 +ellollsy))-
Next, we proceed by backward induction to prove (5.14) for k < K. Suppose
that the estimate holds for k£ + 1 < K, then we need to compute

E s e 0 1(Geyyy ()
(5.15) Vo1 My, (pnge k41 =
Zk+1€££k
E o e @ y1(Gey ()
= My, V11 P11 € T
€k+1€£(Lk

Apply Lemma 5.6-(b) with & = &1, m* = my,_, and h* = hGZ (oL A0 )
k k

Since by design my, (h*) = 1, we obtain (5.14) at step k, which concludes the proof
of (5.14) for any k € {1,--- ,K}.
In particular, choosing k = 1 we have:

(5.16) e (e fio’l«fmAOFﬁ):mzo S v e OO | TS0,
616250
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We now apply once again Lemma 5.6-(b) with ® = ®;, m* = my, and h* =
h950,<0L7A(,,920)). We conclude that

po (€5 Om ALY g (g, (e BCH0 (D)),

Since ||®gllc2 = Cxllo||L: and ¢y is a standard pair, we conclude that || ®o(Gy(:)) —
®4(07)|| < ellof|Lr; hence, using once again (5.13) to estimate my,(pe,) we obtain:

e <e fiJW%AOF!W) — o= H(@0(07)+50(0))

which concludes the proof of item (b). O

Proof of Lemma 5.6. For any standard pair £ = (G, p) supported on [a, b], recall
that we consider z; and 6; to be random variables on £. Let g € C°(T*,R.,) be an
arbitrary non-negative test function; using (3.19), we can write:

— — L-1 . . 0.
> vepr (gef l<I”’Gf') = (g(CCL)eE 12(00) D50 <"J’A(””J’9J)>)
reek

b —1 L—1
(5.17) . / o(ap(@))p(a)e O (03 Al )0, g
First of all, observe that, if 6y is distributed according to ¢, then
(5.18) [®(60) — (07)] < [[®[lcre.
Next, let us define the random variable éj = 0(cj,0p); and recall the notation

é}"j = 0(g4,0;). Observe that
16— 7o < Cse
Also, by Lemma 5.1 (more precisely (5.6b)) we have, for any j € {0,---,L — 1},
(5.19) 10; — 0; — eHj|| < Cyje.
Hence, we conclude that (recall the definition of Z given in (5.5):
10, (2)) = e LBy (1)) + £ (B (2)) - (61, — 01) + O(| B ca=L?)

L—
= "0, (x) + D' (0) - Y Ejro(xs,0;) + O(||®|c2eL?).

J

—

L—1
— e (O (2) + ¥ (07,) - 3 Zh 10, 6;) + O(|@|c2e L),
=0

We now proceed to incorporate the first term of the above expression in the density;
the second term will be incorporated as a potential and the third term is small
enough to be considered as an error term. Let us introduce the notation

e ;= @,(§Z7L)(Ez]’7La 0) € R

and let:
_ b - ~
po:I)(fL') = p(x)es_l[‘b(eL(I))*‘I’ ] Where @* — Elog |:/ p(x)eg 1‘I>(QL(Z)):| .

Observe that pg is a (co + Cx||®||c2)-standard probability density and that
(5.20) @ — @(0; )] < Cyl|lcee.
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We can then rewrite (5.17) as

—1 —1 g% 2
z : Vo fier (gee <I>0Ge/> —ef [ ®THO(|®lc22L?)
regk

b L1 A
(521) i [ platan) T e 0w sl
It is then convenient to defined
(5.22) Qo (,0) = (07, A(z,0)) + (T j, Az, 0))
= (0, A(0)) + (0j + T ;, A(,0)).

To estimate the integral in (5.21) we use Lemma 4.2 and write, using the notations
introduced there,”” for some 0%, |0* — 0| < CueL, to be chosen later:*®

b R
/ po(2)g ()i (A0 + a5 Ales 0] g

b _
62 = [ palalglan)e DI OO OM e ey,

b* -1
peoY (x) . Qa,; (f1(2),6")+O0(L?||®l| g2 +Lo 1)
| e e I
Next, we let 0g; = 05 + T'ep,; and write Qg j(z,0) = Q;(0) + Qg ; (2, 0), where
(5.24) Q;(0) = (05, A(9)) Qa,(2,0) = (0,5, A(z,0)).

It is then natural to introduce the BV-function
op(s) =0(s) + 'p, |51}

so that oo ; = g1 f:j(jﬂ) o (s)ds. Observe that the definition of I's ; and our
upper bound on L imply, if ¢ is sufficiently small:

(5.25a) loe — o||re < ||®|lc2(1 4+ L) < 2||P||cz
(5.25b) loalleveiei < lollevej.ei) + Cull®llezels” —
(5.25¢) lowllLresein < lollpiqesein + Cull®llezeli” — jl.

Combining (5.23) and (5.21) and using the above definitions we can thus write:

_ g L—1& /7«
§ Vo e (ges 1{>0Gez> — ¢ @ +Zj:0 Q;(07 ;)

vesk

v oY1 fi *\ o
(526) ./a* m (fL(.’E 0* )) 27 Q«DJ( (z,07),0 )d{E

. eOeL?®ll 2+ Lol 1)
)

where, in the above estimate, we also used:

L 1 —

ZI (87 ;) + O(Llo] 11).

7=0

<
Il
o

The problem with expression (5.26) is that Y’ has a very large derivative (see foot-
note 20) and hence it cannot be effectively treated as a BV function. In Section 11

27 Choosing n = L and setting Y = Y7,.
28 To ease notation, for the duration of the proof L! will denote L1([0,eL]) (and similarly for
BV, L>™ and L?2) unless a different domain is explicitly written.
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we will deal with this problem in a more sophisticated way; here it suffices the
following rough estimate based, again, on Lemma 4.2:

L—1 * *
i:eo(sL) 8xf(xj70 )
Y’ =0 8If($ja 6])
(5.27) _ OEDAY 1 log 00 f(25.07) —log 01 £ (w5.05)) _ [ Opoe (eL?)
Also note that, setting
y-! 1, 4
(5.28)  pgp = %ﬂ[a*,b*] = L*[’b} oY™'  where p} = / ppoY L
P Pa a*
we have that pe is a Cu(ca + || ®]|c2)-standard probability density and ||je|lgv <
2
Cy4|lpa||Bv. Observe moreover that (5.27) implies that pj = e©L7). Collecting
the above estimate together with (5.27) and (5.26) we have
Z ‘VZ,'LLZ, (g 66—1‘P0G2/> :eg*1¢*+zf;01 Qj(éz,])
vesk
L-1g i 0ey g
5.29 | palz)g(fE(x, 0 o2 im0 Qo (F(@.07).0%) 4.
p g
T

) €O(€L2(1+H‘PHC2)+LH0|\L1)_

Such integrals can be computed by introducing the weighted transfer operators

a3 (4,0)
L, gl(z)= ———9),
[ 0,Q0,; ]( ) feg_z fa(y) ( )

which allow to rewrite the integral in (5.29) as

/T Fo(@)g(f* (x,0)) exp

L—1
> Qé,j(fj(xﬁ*)ﬁ*)] da

j=0

(5.30)

=Leb (9L, 5, , Loy 78]

Such a quantity can be computed in terms of Xs q, ; , the logarithm of

= X00q.,
the maximal eigenvalue of £, G when acting on C'. Observe that by definition,
’ 27

remembering (5.8), (5.24), and by (A.19a), Lemma A.1 we can write”’

1
X0.9% ; = Xa(0a,5,0) = Xa(0;,0) +/0 My (isT0 Ay (L2 Al (o oory  4y)ds
= Xa(05,0) + O([|2]c2).

Also, by Lemma A.7 and since mg o(A(-,0)hg0) = 0, we have, for ||os ;|| small,

Mo torsata sy (Lo Ay o v a) = Ollow s l|@]c2).

Collecting the above facts, yields

(5.31) X090, = Xa(0,0) + O(min{l, [log ;[ } [P c2)-

Remark. We will now adopt the following strategy: we first obtain a rather crude
bound for (5.30) (see (5.34)): this bound will be valid for arbitrary o and ®. We
then proceed to obtain a sharper bound, which is however valid only for o with a

relatively small L°° norm; the sharper bound will enable us to improve the previously
found rough bound to obtain item (a) and to prove (b).
=1.

29 Also recall the normalization My (o bsTa ; m(h‘9 (0i+5Tq ; A>)
s\Tj A RNV 3 J?
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We obtain the rough bound by replacing the potential ﬁ@)j for j € {0,--- ,L—1}
with a fixed Q} = Qg ;- for some j* € {0,--- , L — 1} chosen arbitrarily. Notice in
fact that, for ¢ > 0 and any j € {0,--- ,L — 1}:

(5.32) Lyg, 0= msonrhp, o g Orlioelag o g

whence:

(5.33) L [pa] = Or=(Lloallsv(o,cL)) £ L

0 Qpr £9*76¢,0 9*763 [Pl

Since pg is a BV function and o can be arbitrarily large, we cannot guarantee that
L,. 5. is of Perron-Frobenius type (see Remark A.11). We thus proceed as follows:
ERLF Y

recall that pe is supported on an interval [a*, b*] of size at least §/4; since f(-, 6%)
is uniformly expanding there exists gy ~ logd = O(1) so that f([a*,b*],0%) D T!;
by definition of ﬁe*,ﬁ;:
e Cr (1 ®llca+ao [ llco) < £ < o < O (1F112llc2+90 [ o)
R 3
By positivity of the transfer operator, and since it is of Perron—Frobenius type when
acting on C! densities (here we want to apply it to the constant functions), we can

apply EOL*_%O* to the previous inequalities and, by (A.4), obtain
IR

- L Xor 05 +O1H@llc2+s 1)

EL ~ = e B 3 ¢ ¢ h ~

o 0 Po] 0 B

where h, , ~. is the eigenfunction associated to the maximal eigenvalue and nor-
»ip

) = 1. Thus, using (5.33),

malized so that Leb(h‘g*ﬁ;>

(5.34) Leb‘ce*ﬁ@,L "'Eo*,ﬁq,,o [Fs] = eLXe*,szC*IJ-FO(LHUd:||13v+HU(I>HL¢>°+1+H‘I’|lcz)7
where we used that ||(AZ(*I>||(;1 < ||og||Le=. This is our announced preliminary rough
bound, which holds for any ¢ and ®.

In order to obtain a sharper bound we need to subdivide {0,---,L — 1} into
smaller sub-blocks and replace ﬁcp’j on each sub-block with a potential that is
constant on the corresponding sub-block.

Let us now assume ||o||p~ + 2||®||cz < 7« (hence ||og|L~ < 7.) for some fixed
7« < o3 (from Lemma A.13) sufficiently small to be chosen shortly.

Observe that, by definition (5.24), we have that ||Qg || < Cxa. for any j €
{0,---,L — 1} and thus each Le,ﬁ ~is a perturbation of the Perron—Frobenius

@,

operator Lg .

Lemma A.l implies that can fix @Q € N such that ¢ = O(1) and ﬁeQ,o =Py + Qp
where Py is a projector, PgQp = QpPy = 0 and || Qg||cr < i.

As announced, we now partition {0,---,L — 1} in L' = LQ~" sub-blocks®” of
length @. Let us fix arbitrarily ¢* € {0,--- ,Q — 1}; for any [ € {1,--- , L’} define

Q;’i,,l = §¢7(l_1)Q+q* and let Eg,l = E(jﬁ* . Then in each sub-block, for any g > 0,
Ll W1

similarly to (5.32):

(5.35) r 9] = eOLoo(HO'<I>HBV([a(l—l)Q,alel]))Ee’l[g]

~ i f ~
0* Q¢ 101 0* Qs 1-1)Q

By Lemma A.1, each ngl has a simple maximal eigenvalue, which we denote
eXet. Observe that by definition Xo, = QXg g - Moreover, we can write Lg; =
[t N}

eX01Pg; + Qg where P, = Py, PyiQoy = QyPoy = 0 and the theory of

30 Once again we ignore the issue that L’ may not be an integer.
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Section A.2 implies that ||Qg e < seXe1 provided that . is sufficiently small

and @ has been chosen large enough. Let us write 7597lg = hgmg,(g), normalized
as in Lemma A.6.

The main advantage in defining the iterated operators Zg_’l is that the bound
on the norm of Q (as opposed to the bound on the mere spectral radius which is
available for the operator Q acting on a single iterate) makes them well behaved
under composition.

Sub-lemma 5.7. Using the above notation, if 6. > 0 is sufficiently small and
ol < u:

~ ~ L
Lopr Loalpa) = ho,ps(x)mo 1 (pa)edor=s X0t Or= (lowlov),

The above sub-lemma, whose proof is postponed after the end of the current
proof, allows to refine the rough estimate (5.34). Observe that, using (A.17a)
and (A.31):

Leb(he. 1) = eOlloallLe)
m0.178] = Leb iy + (o 1 (1-+ @] c2)) = eOIwli (10l
moreover, by (A.1la):
LI
> Xou=Lxoq; + O(L|os|Bv).
I1=1
We thus conclude that if ||og||L~ < G4, using (5.35):
~ 1 Lxgx ox +O(Llloa|lvtiloalLee (1+[®|le2))
Lebﬁa*ﬁu e Ee*ﬁgo[mp] =e ® e
Combining the above equation with (5.34), we conclude that for arbitrary og:
~ LXox 0x +O(Llloa|levtllos || Lo +min{l,|loe || Loo }H|Pllc2)
Leb‘ce*,ﬁ@,L ”"Ce*,ﬁ@,o[ﬂb] =e % v e .
Applying (5.31) we thus obtain

) o [5a] = elXaloyx,01)+O0(Lmin{L |loallLe }|®llc2+LloelBv+lloslLee)
Lebﬁe* G 1 0" Bo D[pé] =e .

=

At last, setting g = 1 and substituting the latter equation in (5.30) and (5.29),

_ —1g* L-1& (g* - *
§ Vo ey (68 1<I>0Ge/) e @ _ijo Q; (07 ;) — GLXA(O'J-*,G )
resk
O Lmin{l[loa oo} |l c2+LllowlBv+oel Lo +eL? 1+l c2)+ Lol 1)

Choosmg 0* = * ;j+ and taking the geometric mean of the above expressions for

j*ef{0,---,L— 1}, we conclude

_1 e Llp*
E V[/,LLZ/ <66 CI>OG£/> — P +Z] —0 XA U]a zj)
vegl
O Lmin{l[loa oo} |l c2+Lllow|lBv+oel Lo +eL? 1+l c2)+ Lol L1)

Item (a) then follows using (5.25), (5.20) and ||o||Le < (eL)"Y|o|lz: + ||lo|/Bv-

We now proceed to the proof of item (b), which follows from a more careful
application of Sub-Lemma 5.7. R

Recall that, by definition, hg 1/ = he 5. - Where Qg ;, = (Co,(L—1)0+q+ A, 0)).

@, L’
Then, notice that for any o in the essential range of o we have, using bounds (5.25),
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that o] — 0o, (1'—1)0+¢* < llollBV([0,c2)) T |®]|c2eL?. By (A.17a) and (A.22b) we
thus conclude that for any 67 so that |07 — 0| < CgeL :

(5.36) h* = h,,. Oroo (lollBv(o,con+®lzeL? +eL)

t o1 AG0p) = he.Lre

Likewise, for any o3 in the essential range of o, using (A.30) we gather,
~ ~ - o 2
(G371 () = g 3 g0y (o) = Mo (o) HIFIEL,

Also, by (A.11a) and using (5.31) and (5.25) we obtain

% % L-1
Zf(e,l = QZ)A@,Q;Z = Z X60.9.; + O(lloallBv(0.cL))
=1 =1 ' j=0
L-1
= Xal05,0) + Ololsv(oery + LI®llc2(e + e L7 |ol|zr + [|®lle2))
=0

L—-1 L—-1

Xa(05,0) =Y Xal0,0;) + O([o]|2L).
§=0

Hence, using Sub-Lemma 5.7 and equations (5.35), (5.36), (5.37), we conclude:

- * k[~ L-1p o;,0%
(538) EQ*,EZ\q),L_l .. '59*,6@0[/)‘1’] =h*m (pq))QZJ:o xXa(oj ])

. Or= (lollBv+eL2|[ @[l e+l @llc2 (1@l c2 L+e ™ ol L) +eLtlolly 2 L)

In order to proceed we need to compare m*(pg) with m*(pg). Recall that by (5.28),
po = (po o Y1) /p%, where po = pa Lo and pg =1+ O(eL?). We claim that

(5.39) m*(po o Y1) = m*(pg ) e L Hlolevio.con <" L7 o l72),

Observe that substituting (5.39) into (5.38), item (b) follows by (5.30) and (5.29)
since g is arbitrary. In order to conclude, we therefore only need to prove (5.39).
First of all, recall that ps is a (ca + Cx||®||¢c2)-standard probability density and
that, by hypotheses, ||®|c2 < Cxd.; hence Remark 5.5 implies that ||pe||gv < Cy.
Hence, if 7, is sufficiently small and since Leb pg = 1, Lemma A.14 yields:

m*(ﬁcb) _ 6(9(6*|10g5* \)

Let us proceed to estimate m*(ppoY ~1—pg): if G, is sufficiently small, Lemma A.14
ensures that

m*(pp oY ' — pa) = Leb(pa oY ™" — pa) + [lpa oY ™" — pa L1 O(llo3 ||| log o3| )
+0(lo5 1l pallBv)
<llpa oY ™" = pallr (1 + O3l og 03]/ )
+O(lo3 |l pellBv)

Next, we proceed to estimate the L' norm; recall that for any bounded 1:

9] = sup /W= sup /W,
peL™ pec?

loll oo =1 llellco=1
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where in the last equality we used the fact that continuous functions are dense in
L. For any ¢ € C° we have

|Leb(p [po oY ! = po])| =

]Q[w<xfcr>>-xf%a» — o)) pa(2)de

/@oy—@mwawm
T
< pallBv]@ oY —@l|co,

where @’ = ¢ on [0,1]. Since |Y —Id|oe < CypeL? (by (5.27)), and ||ps|pv < Cy,
we conclude that [Leb(¢[pe o Y ™1 — pa])| < CyllpllcocL?, which implies

lpe oY ™ = pa|lr1 < Cyel?.
Accordingly, putting together the above estimates:

m*(pe o Y1) = m*(jpg)eC L Hos "),

Observe that
1 eL

lo3]1* = —
eL J,

* 1 —
lo(s) + o3 —a(s)] < ;LHUH%Z +40.|lolBv(o.eL),

and thus we have
m*(ppoY 1) = m*(p°®)eO(EL2+H«THBV([O,EL])+s*1L*1HauiQ)_
which gives (5.39) and concludes the proof of the Lemma. 0

Proof of Sub-lemma 5.7. First of all observe that, using (A.17a) and (A.30),

(5.40a) Ry — hoas1ll < Ro,it1
(5.40Db) Ime,i(g) — ma,+1(9)| < Ro,i+1llgllBV
where?!

(5:41) Rou1 = Comin {|oelv(ei-1Q. a+na):e " ool (ci-1Q.ea+na) }
where the first term in the min comes from comparing the potential in one block
to the potential in the next one and the second term comes from comparing the
potential in each block with the zero potential. We assume conventionally Rg o = 1.
Let po) = po and define for I € {1,--- ,L'}:
Py = Ee,lp(l—lﬁ

observe in particular that p(;) = [ﬁg’L, cee L‘,~071[ﬁ¢],
Let us now define v; = my(pqy) > 0 and ¢; = (1—"P;)p() so that pqy = vk +¢i;
in particular ||p|Bv < Cygvi + [|¢illBv and my(¢;) = 0. Then
(5.42a) Y1 = mis(pren) = X0 my g (o)
= X0 (3 —mu(pay) + musa(pwy))
= X0ty + X0 Imy g — my(pq)) ;
(5.42b) Pre1 = pr1) — Yrrhipr = Lo1(py — mura(pay)hisr)
= Qp+1(pay — Mus1(p@)) his1)-
31 The proposed estimate of Rp,; may seem a bit cumbersome. The reason is that the second

possibility is good locally to verify the condition R; < 2Qa« below but is otherwise a bad choice
since it gives a too large cumulative mistake.
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By (5.40b) we have |[miy1 — mul(pa+1y)| < CxRivillpa+1llBv. Accordingly, since
1Qs.llBv < %e’z“ and setting o = log 2:

(5.43a) Y1 = X+ O Rupa o llsv)
= X0t +ORi1) g 4 O(Xo 1 Ry [|eilpv) 3
(5.43b) lprrillBy < €7 lpa) — musa (p@y) it By
< X0 lmy (pgy Yl + 1 — musa (py ) gt |l BY
< X1~ (| g gy + CyRivallpwlBv]
< X [Tl lpy + CyRisam]

Next, we prove, by induction, that there exists C, > 1 such that, for any [ €
{17 e 7L,}

l
(5.44) ety < Coyi > e DR,

Jj=0

Since p(g) is a standard density we have vo = mo(p0)) > C#|po)llBv > CxllvollBV,
thus the relation is satisfied for [ = 0 provided C, is chosen large enough. Next,
combining (5.43a) with (5.44) and observing that for any j we have by definition
R; <2Q0,, we obtain:

!
Vi1 > eie,l+1—C#Rz+1,yl _ 0#6)29,1+1Rl+1 Cvi Z e—(l—j)a/QQa-*
§=0
> eie,Hl—C#Q&*—C#C*Qzﬁf%.
Plugging the above estimate into (5.44) and combining with (5.43b) yields,

!
= 2 =2 .
lpri1]lpy < e @TC#QoFCLQ 0oy O, Zef(lﬂ)aﬂRj + C4Riv1vi+1
=0
I+1
< Coy y e HImel2R,
=0

provided C, is chosen large enough and CuQo. + C#C*Q25f < 3, which can

always be satisfied by choosing 7, small enough. This concludes the proof of (5.44).
Combining this estimate with (5.41) we conclude that

ler By < CyrilloslBy.
Finally, substituting again (5.44) into (5.43a) implies

v = Ko FORL) Y — 3T Rea+O(RD]y

since v = mo(p(0)) = mo(ps), we gather that
L' .
peu) (@) = €2 K0 Oy () (i (@) + Clloa v

Hence, recalling, from Lemma A.1 (or more precisely (A.2)) that hp, > e#, we can
conclude the proof of the sub-lemma, since $12; Rg; < Cyllos|Bv- O
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5.3. Regularizing moment generating functional.
The discussion of the previous section tells us that, provided the error term Ry (o)
is somewhat under control, the logarithmic moment generating function A, . (o) is

well described by fOT xa(o(s),0(s,0;))ds. Proposition 5.4, however, shows that
any kind of control on the remainder term Ry, (o) might fail if the BV-norm of
o is much larger than its L'-norm (i.e. for rapidly oscillating functions). We will
then need to consider regularizations of ¢ whose BV-norm is controlled by their
L'-norm.

Given a step size h = T /Ny, for Nj, € N suitably large, define the projector 1
given by averaging on each interval of size h:

B([th=1+1)
(5.45) "] (t) = At o(s)ds.
hlth=1]

We collect in the following sub-lemma the basic properties of TI"): their proof is
elementary and it is left to the reader.

Sub-lemma 5.8. The operator II™ satisfies the following properties
(a) IW1 =1
() [f- H(h)a—fﬂh)fa

)
(c) TI™ is a contraction in the BV and LP-norms if p € [1,00];
(d) MWo|lpy < Cypho|Lr

We then proceed to define the regularized moment generating functional as
(5.46) A = Ageomi®

and as in the previous section we can define

(5.47) RP (0) = AP (o) - / xa(o(s),8(s. 67))ds

Lemma 5.9. There exists g > 0, such that if € € (0,&0), L € [651,808_1/2] and
T € [eL, Trax):

(a) for any o € BV([0,T],R%), the following upper bound holds:
R (0) < Cu(eLT+
+ [eLh™" + h+ L7+ min{T, (1 + eLh ™) |lo] 1 }] llo | £1);

(b) there exists 0. = 0.(Tmax) > 0 so that if ||o|| L= < 0., the following upper
bound holds:

R (0) < Cy (eLT +e[L+ T~ + 1™t + he Yllo|pa + llol|2: + Lo |122) .
Proof. Observe that, by definition

RP(0) = Re o (TMo) + / XA ®o(s), 6(s, 6;))ds — / xa(o(s). 8(s, 6))ds.

But since x4(+,0) is convex, Jensen inequality yields:
r h(lse™J+1) 3(s. 0%
6549 [ xall®o(s).00s,0:))ds < / i £al0(r). B(s,67))
0 h|se=1] h

Next, by (A.21a), (A.5) and since, by Lemma A.1, my is a measure, holds the
normalization mg(hg) = 1 and |hy| < Cx|lo||lhe, we have

[Xa(0,0(s,0)) — Xa(0,0(r,0))| < Cyhllo].
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Hence
T _ T _
| xa1®o(s),8(5,0:))ds < [ 1 ca (01,5 65)))(5)ds + Cohlo]
0 OT )
< [ xa(o(5). 005, 07)ds + Chlo .
0

where we used items (a-b) of Sub-lemma 5.8 to conclude that fﬂ(h)f = [ f. The
lemma readily follows from items (c-d) of Sub-lemma 5.8 and Proposition 5.4. O

6. DEVIATIONS FROM THE AVERAGE: THE RATE FUNCTION

Here we study the deviations from the average behavior described in Section 4.

Remark 6.1. The results in Sections 6 and 7 are in the spirit of [20] although
more precise, insofar in [20] only a rough upper bound on the rate function is
provided. Regarding the classical Large Deviations Principle, the exact rate function
was derived in [38], but with an estimate of the error largely insufficient to handle
moderate deviations, as the function was computed with a mistake of order o(1).
Here we estimate the error much more precisely and we are therefore able to study
accurately also deviations of order e, with o < 1/2. In addition, contrary to [20],
we derive not only an upper bound but a lower bound as well, at least for deviations
larger than €'/95. We refrain from obtaining completely optimal results (which may
be obtained using the techniques developed later in this paper) only to keep the length
of the paper (somewhat) under control.

Recall that we fixed d € Nand A = (Ay,---, Ag) € C*(T?,R?), with A (x,0) =
w(z,0). Recall moreover that we are always under the standing assumption (A1’).
Finally, note that, for convenience, we will often implicitly lift 8 € T to its universal
cover R.

The fundamental object in the theory of large deviations is the rate function.
Because its definition is a bit involved, we start by discussing it in some detail. The
reader that is not familiar with the meaning and the use of such a function may
want to review the discussion in Sections 2.1, 2.3 and have a preliminary look at
Section 7 where it is made clear the role of the rate function in the statements of
the various large and moderate deviations results.

6.1. Definition and properties: the preliminary rate function.
We start by discussing a rate function that is expressed in terms of the averaged
trajectory of 8 and therefore turns out to be accurate only for short times. However
its discussion entails all the quantities and ideas needed for the general case.
Recall that ex4(79) (resp. eX4(?:0)) denotes the maximal eigenvalue of the trans-
fer operator Ly (4, 4y (resp. Ly (o, A)) which has been introduced in Section 5.2. Re-
call also that ya(c,0) = (o, A()) + xa(0, 0); finally, observe that (A.12a), (A.12b)
and Lemma A.16, together with assumption (A1’) imply that xa(-,0) is a strictly
convex function.
For any o,b € R? and 6§ € T?, define

(6.1) k(a,b,0) = (0,b) — xa(0,0) = (0,b — A(0)) — X a(0,0),
and define the function Z : R x T — RU {+o0} as

(6.2) Z(b,0) = sup k(o,b,0).

cER?
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Observe that Z(-, ) is the Legendre transform of x 4(-,6). We are now able to give
a first preliminary definition of the rate function; for any 8* € T, let

Lo+ : C°([0,T],RY) — RU {400}

05 1 o) +oo if v is not Lipschitz, or v(0) # 0
9) Lpre,o= Y fo 0(s,0%)) ds otherwise.

Our next task is to investigate the properties of I, - or, equivalently, of Z.
Let D(0) = {b € R? : Z(b,0) < +oo} be the effective domain of Z(-,0),

Lemma 6.2. Assume (A1) (i.e. for all o € R? and 6 € T, (0, A(-,0)) is not an
fo-coboundary). Then the following properties hold:

(0) Z(-,0) is a convex lower semi-continuous function; in particular D(0) is
conver.

(1) let D(0) = Oyxa(R%,0); then D, (0) = intD(0); in particular D,(0) is
conver;

(2) let U ={(b,0) : 0T, be D.(0)}; Z € C*U,Rs,) and it is analytic in b;

(3) D(0) contains a neighborhood of A(0);

(4) 2(A(6),0) =0, 3, 2(A(0),0) =0, 9y

(5) 92Z(b,0) > 0, and setting [Of Z ( A(6

Z(A(6),0) =0, and Z > 0;
),0)] ! = ¥2(0) we have

S2(0) = o (A 0) @ A(-,0)) +2 > po (A(f"(),0) @ A(-,0))

Proof. Ttem (0) follows since, for each 8, Z(-, ) is the (convex) conjugate function of
a proper function, hence a convex lower semi-continuous function (see [48, Theorems
10.1, 12.2)).

Since x4 is a strictly convex function, d,x4 in an injective map and hence, by
the theorem of Invariance of Domain, we conclude that D, () is open. The equality
int D(0) = D,(#) follows then from [48, Theorem 23.4, Corollary 26.4.1]. We have
thus proved item (1).

Observe now that if b € D,(6), then Z(b,0) = k(7,b,0) where & = 7(b, 0) is the
unique solution of b = J,xa(G(b,0),0). Item (2) follows by the implicit function
theorem and the perturbation theory results collected in Appendix A.2 and A.3.

By (A.lla) 9,x4(0,0) = vy (s,4)(A(-,0)), where vy (5 4y is the invariant prob-
ability measure associated to the operator (5.7); in particular vpg9 = py. Then
D5xA(0,0) = A(0), which implies that A(6) € D,(#), hence proving item (3).

Next, let us prove item (4). First Z(A(6),0) = 0 and Z(b,0) > —x4(0,0) =
Also, a direct computation shows that

(64) abz(ba 0) = 5(b7 0)7
in particular 0, Z(A(6),0) = 0. Next, (09 Z)(A(0),0) = —0px4(0,0) = 0 by (A.22a).

Finally, by [48, Theorem 26.5], 92 Z(b,6) = [02xa(a(b,0),60)]~'. This and (A.12a)
imply item (5). O

Remark 6.3. Arguing as in (A.11a) it follows that ||0sx allco < |[Alloo, thus D« (6)

is uniformly (in ) bounded. It follows that if b € D.(0) and oy is the solution of

(65) b= aoXA(Uv 9),
then
(6.6) Z(b,0) = k(op,b,0),

and O Z(b,0) = op.
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Remark 6.4. Using the above facts, it would be possible to show that Iy g+ is lower
semi-continuous with respect to the uniform topology. We refrain from proving it
here because the proof will be given later in Lemma 6.11.

We conclude this subsection with a useful estimate.

Lemma 6.5. Fiz 0 € T and let b,o € R? so that b= 0,X4(0,0); then there exists
Cys > 1 so that

(@) [Pl < Cualio] | 2
(b) Crlmin o, ]2} < (0,b) < Cowmin{lo]] o]}

Proof. The first item follows by the definition, equations (A.11) and the fact that
0,2X4(+,0) is bounded (as a quadratic form). We proceed to prove the second item.
Let 6 = ||o||~1o; then, by definition:

[lo]l
(6.7) (0.b) = /0 (0.2 %4(A5,6)8)dA.

Moreover, (A.12b) and (A1) imply that 92xa(-,0) > 0;1]1 (as quadratic forms)
for ||o|| < o4 for some oy sufficiently small. Observe that o4 depends on f and A
only. Hence by (6.7) we gather

min{llol, o}
(0,0) = 0#1/0 (0,6)dX > Cy' min{||o|], [lo]*},

which gives the lower bound.

On the other hand, since b = 9,xa(0,0), we have b € D,(6); hence, by Re-
mark 6.3, b is uniformly bounded and thus we obtain (c,b) < Cx|lo||.

Moreover, using once again (6.7) and since 92y 4 is locally bounded from above
(see (A.12)), (o,b) < Cxllo]|?, for all o < o4, which concludes the proof. O

6.2. Entropy characterization.
As already mentioned, Z can also be expressed in terms of entropy (see e.g. [38]).

Lemma 6.6. For any 0 € T! and b € R?, let My(b) = {v € My : v(A(-,0)) = b},
where My denotes the set of fg-invariant probability measures. Then:
(6.8) Z(b,0) =— sup {hkse(v)—v(logfy)}

vEMqg(b)

where hks o(v) is the Kolmogorov-Sinai metric entropy of the measure v with respect
to the map fo. In particular®, D(0) = {b € R? : My(b) # 0}.

Proof. Tt is well known (see e.g. [5, Remark 2.5]), that

xa(0,0) = sup {hkse(v)+v((o,A) —log fg)}
(6.9) veMs
= hks,0(Vo,(0,4)) + Vo,(0,4) ({0, A) —log fg)

where vy (5,4)(9) = Mg, (5,4)(9 ho,(0,4y) and myg ;. 4y and hg (, 4y are respectively
the left and right eigenvectors of Ly (5, 4y corresponding to the eigenvalue exal(o0),
normalized so that vy (, 4y is a probability measure. We record, for future use,
some properties of the entropy: since each fy is expanding, hks ¢ is (as a function
of v) an upper-semicontinuous function with respect to the weak topology (see [35,

Theorem 4.5.6]). Also, hxs g is a convex affine function®® by [35, Theorem 3.3.2].

32 Recall that we adopt the convention sup ) = —oo.

33 j.e. it is both convex and concave.
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Incidentally, this implies that the sup in (6.9) would be the the same if taken only
on ergodic measures, see [35, Theorem 4.3.7]. Then, using the definition (6.2):

Z(b,0) = sup {<0, b) — Sup [hks,0(v) + v({o, A) — log fé)]}

< sup {<07b>— sup [th,e(V)+V(<U,A>—logfé)]}
o€Rd vEMy(b)

(6.10) < — sup {hxse(v)—v(log fy)}.
vEMyg(b)

In particular, the above implies that if Z(b, ) = oo, then (6.8) holds. We may thus
assume that Z(b,0) < oo. Observe that:

Z(b,0) = sup {—hks.0(Vo,(0,4)) + Vo,(o,) (0,0 — A)) + v (5.4 (l0g fg) } .
og€eR

Note that the first term on the right hand side is bounded by the topological entropy
[35, Theorem 4.2.3], while the last term is bounded because fj > 1. Thus, since
Lemma 6.2(4) implies that Z > 0 and we assume Z(b, §) < oo, we conclude that

(6.11) sup [vg, (s, 4) ({0, 0 — A))| < oo.
ocRd

For any A € R consider the function K € C°(R?,R?) defined by K (o) = vy (s, 4) (b—
A). Since vg (r,4) is a probability measure, we have K\(R?) C B = {z € R¢
lz|| < [|b — Alleo}. By Brouwer fixed-point theorem it follows that there exists
ox € B such that K)(oy) = ox. Accordingly, for any non-negative sequence (\;)
with A; — 4-o0:

Ajon;s V0,00 0x,.4) (0 = A)) = AjlIve, 5 0,,4) (0 — Al > 0.

Since the left hand side is bounded, see (6.11), lim; o ¥ (x,0,.,4) (b — A) = 0. By
J

passing to a subsequence {ji} we can assume, setting o = A, O, that vy (5, 4)

weakly converges to a measure v,. Moreover, for any k£ € N

Z(b,0) > —hks,0(Ve,(5,,4)) + Vo,(5,,4)(10g f3).

Since hks, is upper-semicontinuous, we conclude that

Z(b,0) > —limsup [hks,0(Ve,(5,,4)) — Vo,(5,,4) (108 f3)] = —hxs,o(vi) + vi(log fp).

k—o0

Finally, notice that v, € My and v,(b— A) =0, hence v, € My(b). Thus we have

Z(b,0) > — sup {hks,o(v) —v(log fy)},
vEMg(b)

which together with (6.10) concludes the proof of the lemma. O

The entropy characterization allows to add two useful properties to those listed
in Lemma 6.2.

Lemma 6.7. The following properties hold:

(6) D(0) is a compact set for all 0 € T;
(7) The map 0 — D(0) is Lipschitz in the Hausdorff metric.

Proof. If {b,} C D(0), then there exists {v,} C My such that v,(A) = b,. Since
My is compact in the weak topology, by extracting a convergent subsequence,
item (6) follows.
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To prove item (7), note that all the maps fp are topologically conjugated to fo
by a homeomorphism &(-,0) = &(-) with the property**

160 — Eorllco + 165" — &5 M lleo < Cul — ).

Accordingly, using the notation of Lemma 6.6, M(0) = (£p)«M(0). Hence, for
each 0,0’ € T and b € D(0) there exist v € M(0) such that b = v(A(&y(-),0)) and
b =v(A(& (-),0")) € D(F). Then

I = 'l < [[(A(Eo (), 0)) — v(A(&or (), 0))I| < Cel6 — 0'|.

Thus b must belong to a Cx|0 — 0’| neighborhood of D(¢’) and exchanging the role
of 0,6, the item follows. O

Lemma 6.6 allows to specify exactly the effective domain of Ipye g+:
D(Ipre,o+) ={y € C([0,T]) : Iprep-(7) < o0}

In fact Ipre,p(7) < oo if and only if v(0) = 0, 7 is Lipschitz and Mg, gy (v'(t)) # 0
for almost all ¢ € [0,T]. Having fixed 6* € T, we will call s-admissible the paths
such that v € D (Ipre0+). To use effectively this definition, it would be convenient
if one could characterize s-admissibility in terms of periodic orbits. To this end,
given a periodic orbit p, let v, the measure determined by the average along the
orbit of p.

Lemma 6.8. Given § € T and b€ R?, b € intD() if and only if there exist d + 1
periodic orbits {p;} of fo such that the convex hull of vy, (b — A(-,0)) contains a
neighborhood of zero. Also if there exists n € N such that

n—1
inf (6,6~ - A(7£(), 0))| >0,
k=0

zeT

then b & D(0).

Proof. If the convex hull contains a neighborhood of zero, then there exists § > 0
such that, for all b’ € R, |[b—¥/|| < d, there exists {a;} € Roy, S5 oy = 1such
that S5 ayvy, (A(-,0)) = b, hence b’ € D(0) and b € D, (#). On the other hand if
b € D, (6) then there are {b;}*! € D, () such that b belongs to the interior of their
convex hull. Hence there exists v; € My(b;) such that their convex combination
gives an element of My(b). Since the measures supported on periodic orbits are
weakly dense in My (see®” [16]) it is possible to find periodic orbits {p;} such that
the convex hull of vp, (A(-,6)) contains a neighborhood of b, hence the necessity of
the condition.
To prove the other necessary condition, note that, by (A.11a), (6.5) reads

(6.12) b= Vg (0,4 (A(,0)).

Thus b € D, (9) if and only if (6.12) has a solution. If the second condition in the
lemma is satisfied, then for each invariant measure v we have |(b,b—v(A(-, 0)))| > 0,
hence equation (6.12) cannot be satisfied. Moreover, the same conclusion holds for
any b’ in a small neighborhood of b, hence the claim. O

34 This is folklore, e.g. it can be proven using shadowing and keeping track of the constants.
35 In fact the proof in [46] is for the invertible case but it applies almost verbatim to the
present one.
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6.3. An equivalent definition.

Unfortunately, in our subsequent discussion, the rate function will appear first in
a much less transparent form, a priori different from the definition (6.3). Namely, re-
call the notation (6.1); then for any o € R? and any Lipschitz path v € C°([0, 7], R?),
we introduce the shorthand notation

(6.13) K0+ (0,8) = k(0,7 (s),0(s,0")).

Remark 6.9. For further use remark that Lemmata 0.10, 6.11 and 0.12 hold ver-
batim if in the above definition of k,9- (0, s) one substitutes §(s, 0*) with some other
continuous function of s.

Also let us fix C' > 2||Al|co and define:
LipC,* = {’7 € CO([OvT]de) : '7(0) =0, ||’7(t) - ’7(8)H < C‘t - S| Vi,se [07T]}7

Then, the functional Ip- : C°([0, T],R?) — R U {+oc} will appear naturally, where

+00 if v ¢ Lipc,
(6.14) Lo-(v) = sup fOT K0+ (0(s),s)ds otherwise.
oceBV

It is the task of this subsection to show that the two definitions (6.3) and (6.14)
coincide. At a superficial level, it amounts to prove that we can bring the sup inside
the integral. This will be proved essentially via a compactness argument.

First, observe that I+ is convex, because it is the conjugate function of a proper
function. Moreover, Ip- > 0 (just consider o = 0 in the sup) and since x4 > 0
we obtain I« (5(-,0*)) = 0, where recall that ¥(s,6) (defined in (2.9)) satisfies the

equation 7'(t,0) = A(6(t,0)). Our first task is to show that we can replace the sup
on ¢ € BV with the sup on o € L.

Lemma 6.10. Let vy € Lip¢ ,; then:

T
Ip« () = sup/ Ky 0+ (0(8), s)ds.
oceLl Jo

Proof. First, notice that (A.11a) implies that ||0yk~,¢+(0, )| < Cx(C + 1) (and
consequently ||k« (0, s)|| < Cx(C+1)||c||) for all s € [0, T]. It follows that, for all
7y € Lipc,, the functional o — fOT K0+ (0(8), 8)ds is continuous in the L' topology.

Let o0 € L'; since BV is dense in L', [40, Theorem 2.16], for any € > 0 there
exists 0. € BV such that ||o — o¢||z1 < € and thus

T T
/ Ky 0+ (0(s),8)ds < C#e+/ Kry,0+ (0e(s), 5)ds
0 0
T
< Cype+ sup/ K0+ (0(5), s)ds.
0

gEBV

Taking the limit € — 0 first and then sup on ¢ € L' we have that the sup on BV
equals the sup on L', proving the lemma. O

Lemma 6.11. The functional Ip- is lower semi-continuous on C°([0,T], R%).

Proof. Consider a sequence {v,} C C°([0,7],R%) converging uniformly to ~. If
liminf,, o Lo+ (yn) = +00, then obviously lim inf,,_, o g+ (V) > Ig= (7). Otherwise,
there exists a subsequence {,,}, M > 0 and jo € N such that

lim inf Iy« (v,) = lim Ig«(vn,),
n— 00 j—o00
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and Iy« (yn,;) < M for all j > jo. This implies that if j > jo, then v, € Lipg ,;
hence, we also conclude that v € Lip¢ ,. This implies that, for any o € L',

T T
i [ o) = [ @),
0

j—o0 0

In fact, for any € > 0 there exists o € C!, such that |jo — .||z <€, [40, Theorem

2.16]. Then
T
| totm, =)
0

/OT<03%'1]-> - /0T<(w’>

We conclude that, for any o € L',

< 2Ce + + {oe(T), v, (T) = ~(T))].

T
liminf Io- (v,) > lim [ [(o(s),7,(5))) — xalo(s),0(s,0%))] ds
n— oo Jj—o Jg J
T —
= [ o6 9) = xao(s). 805, 67))] .
0
The proof follows by taking the sup on o. O

We can finally show that the definition of Iy~ given in the current section coin-
cides with (6.3).

Lemma 6.12. For any 0* € T, let v € C°([0,T],R?), then:
IG* (’7) = Ipre,6* (’7)

Proof. If v(0) # 0 or + is not Lipschitz, we have e g+ (7) = 0o = Ip+(7); we can
thus assume v to be a Lipschitz function so that v(0) = 0. Recall that in this case

T
Torear (1) = | 20/(5).005.0%))ds.

If v ¢ Lipc,,, then, provided C' has been chosen large enough, there is a positive
measure set in which /(t) € D(A(t,0*)) and hence fOT Z('(s),0(s,0%))ds = oo,
which coincides with Iy-. We can then assume 7 € Lipc .

Observe that by definition we have Iy« () < Ipe - (7); it just suffices to prove
the reverse inequality.

Suppose first that Ie g+ (7) = co: we want to show that Iy«(y) = co. Define
2:(s) = Z(¥'(s),0(s,0%)); by assumption z, ¢ L'[0,T]. Let us fix arbitrarily M >
0; by Lusin Theorem and Lebesgue monotone convergence Theorem there exists
A > 0 and a compact set E such that 4" and min{\, z,(¢)} are continuous on F and
Jpmin{X, z,(t)}dt > M. Then for t € E let ox(t) be such that k. g-(ox(t), 1) >
2 min{\, z,(t)}. Since K4+ (o(t), s) is continuous in s € E, it follows that, for all
t € E, there exists and open set U(t) 3 ¢ such that g« (o0x(t), s) > 2 min{\, z,(s)}
for all s € U(t) N E. We can then extract a finite sub cover {U(t;)} of E and define

2 (5) ox(tys)) if s € B, where k(s) = inf{i: s c U(t;)}
o =
A 0 if s ¢ E.

By construction &) € L and k- (GA(t),t) > 2 min{\, z.(t)} for each t € E.
Accordingly, setting z)(t) = 1g(t) - min{\, z.(t)}, by Lemma 6.10 we have

’ 1" M
Ip+ () > / Kry0+ (TA(s), s)ds > f/ za(s)ds > —.
0 ' 4 Jo 4

By the arbitrariness of M it follows Iy« (y) = +o0.
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On the other hand, if z, € L', then by Lemma 6.10

(6.15) Ip« () = Sélfl/o k(o(s),7'(s),0(s,0%))ds S/o 2+ (8)ds < +o0,

and 7/(s) € D(6(s,0*)) for almost every s € [0,T]. For g € (0,1) and s € [0,7] let
us define the convex combination

Yo(s) = (L = 0)y(s) + 07(s,0%).

Since 7'(s,0*) = A(0(s,0*)) € intD(0(s,0*)) it follows that, for any o € (0,1)
and s € [0,T], there exists a compact set K(o,s) C D,(6(s,0)), such that ~,(s) €
K(p, s) for almost all s € [0,T]. By Lemma 6.7 such compacts depend continuously
on s. Since the inverse of 9, x4 (", 8) is a continuous function with depends continu-
ously on 0, it follows that the preimages of K(p, s) are all contained in a fixed com-

pact set K,. Hence, there exists o, € L such that v,(s) = 9,x4(0,(s),0(s,0"))
for almost all s € [0,7].

o—r

T
Ip«(y) = im (1 — 9)Ip- () > liminf Iy« (vy,) > liminf/ n(ag(s),"y;(s),é(sﬁ*))ds
0—0 0—0 0 0

T T
1 . / n * . . / n *
= hmlglf Z(7,(5),0(s,0))ds >/0 hi)n_}(r)le('yg(s),H(s,G ))ds

o— 0
T

2/ 2(+'(5),0(s,07))ds = Ipre-(7),
0

where we have used the convexity of Iy« first, then Lemma 6.10, then equation (6.6),
then Fatou’s Lemma and finally Lemma 6.2(0). The above concludes the proof. O

6.4. Definition and properties: the rate function.
Lemma 6.8 tells us that it might be difficult to exactly determine the boundary of
the effective domain of the rate function, i.e. to distinguish between impossible and
almost impossible paths. To circumvent this problem it is convenient to thicken
the boundary of the effective domain by slightly modifying the rate function.

For any € > 0 let 9.D(0) = {b € R? : dist(h,0D(f)) < €} and define

Z(b,0) if b & 0.D(0)
400 otherwise,

24 (b.0) {
(6.16)

Z-(b,6) = Z(b,0) if b ¢ 9.D(0)
T\ Z(A(0) + 0b.0(b— A(6)),0)  otherwise,

where g5 9 = sup{o > 0 : A(0)+o(b—A(0)) € D(0)\.D(0)}. We will conveniently
assume that € is so small that for any § € T and b € §.D(6) we have g, 9 > 1/2.
Note that, by Lemma 6.8, the set 9.D(6) can be explicitly determined for arbitrarily
small € by computing longer and longer periodic orbits and ergodic averages (see
[11] for a discussions on the speed of such approximation). Moreover, for any €’ < e
we have:

Z-<Z,<Z<Zy<Zt

Remark 6.13. Note that Lemmata 6.2 and 6.6 show that D(0) is a convex compact
non-empty set (in fact, (6.8) implies supgem supyen(g) Z(b,0) < o0). Moreover,
they characterize OD(0) as those values that can be attained as averages of A with
respect to an invariant measure which is not associated to a transfer operator of
type (5.7). Hence, again by Lemma 6.2, there exists X > X~ > 0 (as quadratic
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forms) such that, for any e small enough,
25(b,0) > (b~ A(0), 57 (b — A(0)))
Z7(0,0) < (b— A(6),27 (b~ A(9)))-

The rate function defined in the previous sections would suffice to describe de-
viations from the average behavior for relatively short times. If we want to study
longer times, then we must consider slightly different rate functions. That is, for
any 0* € T and v € C°([0,T];RY), let 87 (s,0%) = 0* + (y(s))1 (where recall that
(7(s))1 denotes the first component of the vector v(s)). Then for any ¢ > 0:

+o0 if v ¢ Lipschitz, or y(0) # 0

fe*(W) = {foT Z(w/(s),m(s,@*)) ds otherwise;

(6.17)
+o00 if v ¢ Lipschitz, or v(0) # 0

IE (v) =
9,5(7) {IOTZEi(,YI(s)79V(S79*))d3 otherwise.

Finally, we define
(6.18) TiE(y) = lim 755 (7).

e—0

We stress the important difference with the definition of Iy which comes from the
fact that the function Z is now calculated along the actual path 7 rather than the
averaged path 6.

Remark 6.14. Note that, in general, Py~ is not convex. The effective domain
D(Sp<) ={y€CY : Fy(y) < 00} is given by those paths v that are C-Lipschitz,
7(0) = 0 and such that M., (7' (t)) # O for almost all t € [0,T]. By lower
semicontinuity (which we prove shortly) ®(Fp«) is closed, and hence compact by
Ascoli-Arzela, in C°; however it has empty interior. It is therefore more convenient
to consider ©(Sy~) as a subset of the Lipschitz functions with the associated topol-
ogy. Then the interior and the boundary are non trivial and this is the topology
we will always consider for the effective domains otherwise differently stated. The
effective domain of F,t is given by int D (Fy-). If v € D(F,L) we say that v is
admissible. Note that the two functionals only differ on 0D ( Sy~ ).

Lemma 6.15. For any 0* € T and € sufficiently small, the rate functions -, 19:76
are lower-semicontinuous and Fp- = S,.. Also, 0D(Iy~) has empty interior
and, for each v € 0D(Hy-), there exists a sequence {v,} C int D(Fp«) such that
limy, 00 T+ (Vn) = Fo= (7).

Proof. Let {v,} € C°([0,T],R%) be a converging sequence and call v, its limit. We
start proving that:
1111’_1>1nf Fo= (’Yn) > Fp» (’Y*)

If the left hand side equals +o00, then the statement is obviously true; if not, then
there exists a subsequence such that {v,,} C Lip¢ ., hence . € Lipg . From now
on the proof follows very closely the argument in Section 6.3 (recall Remark 6.9):
for v € Lip¢ , define

Fo.pre(7) = sup/o (0(5),7(s)) = xalo(s),07(s))ds

Then arguing as in Lemma 6.11 it follows that %y, .. is lower semicontinuous.
The only difference being in the last display of the proof, since now the second
argument of y4 depends on -y, which can be controlled using Lemma A.10. Then
the equivalent of Lemma 6.12 holds verbatim whereby establishing %y, pre = Hp
The argument for .%,. _(for arbitrary € > 0) is more of the same.

.
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Next, by the convexity of Z(-,0), ;. < S and S (v) = fOT Z(yL,07),
where lime_,0 |7, — 7'|[[co = 0. Fatou Lemma and the lower semicontinuity of
Z(-,0) then imply that S = .7..

Further, suppose v € 09(Fp+). Fix an arbitrary § > 0 and, for all « > 1 we
define the path v, as the unique solution of the ODE

Vo ls) = (1 =6 *T ™))/ (s) + 6= T A(67=(s))
Ya(0) = 0.
Then || — 7|lco < 2C5a~te=*T=%) and [|7/, — 7'[|co < 2C6e=T=%). Also, by
Lemma 6.7,
d(Yar, OD(07(5))) > d(Va, ID(0(5)) — c42C5aLeT=9),

On the other hand by Lemma 6.2-(3) and Lemma 6.7 the distance between A(67(s))
and 0D(07(s)) is continuous and strictly positive, hence it has a minimum 7 > 0.
Accordingly, provided § is small enough,*®

d(7a, OD(07(5))) 2d((1 = be™*T=))y/(5) + G~ T A(07(5)), OD (67 (5)))
— Cy6®a e T > CproeT9),

Thus, by choosing « large enough, we have d(4,0D(67>(s))) > crd. Accordingly,
Yo € @(ﬂg*) \6@(]@*), thus int 8’}3(1@*) = 0.

Finally, by (6.6), (6.1), Lemma A.10 and Lemma 6.5, setting A(s) = de~*(T—)
and choosing « large enough, we have

T
Ty (o) = / (Cas L) = Xa(0a, 677)
0

T
= A (1= M{0a:7") = Xa(0a: 07) + C min{[loZ ||, oa} 17 — 7l

T
S/ (7a,7') = Xa(0a,07) = Cy min{||og | oall} [A = Cpra™]
0

T
< sup / <U> 7/> - XA(U7 07) = Sy~ (PY)
oceL'Jo

The then lemma follows by the lower semicontinuity of Zy-. ]
We conclude this section with a useful estimate:

Lemma 6.16. For any 6 € T and vy € Lip¢ ([0, T],R?):

(6.19) T5e(7) = Cplly =A@ (. 0)|7.

Proof. Let us fix v and introduce the shorthand notation Y 4(c) = xa(a(:),07(-));
let 4 be so that ¥ = ~/(s) — A(§7(s)). Observe that if f(fe(’y) = oo then the state-
ment trivially holds; hence let us assume that this is not the case and fix s € [0, T
so that Z7(7/(s),07(s)) < co. Then, for any ¢ € [0,1/2), by the definition (6.16)
of Z_ and the smallness condition on €, we can define 7,(s) to be the solution of
07'(s) = 05X4(0,(s)). Define, moreover

(s, 0) = (0,(s), 07 (s)) — Xa(Fo(s))-
Observe that 69 = 0 and d,¢(s, 0) = (G,(s), 7 (s)), finally:
yp(s. 0) = (0,0,(5),7'(5)) = (9500(3), 0584 (7)o (5)) = 0.

36 Just note that (97 (s)) must contain a right triangle with vertexes 7/(s) and A(07(s)) and
base of length at least 7.
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In particular ¢(s,-) is increasing; hence, using once again the definition (6.16) of
Z_ and the smallness condition on €, we conclude that Z7 (v(s),07(s)) > ¢(s,1/2).

Recall moreover there exists ¢ > 0 such that inf, <1 92Xa(0) > 1 (as quadratic
forms). Let

00 = max{p € [0,1/2] : |lo,(s)]| <1 for all ¢’ € [0, 0]}

Since v € Lip¢ . ([0,T],R?) we have ¢[|8,5,(s)|| < |5 (s)|| < 2C for all o € [0, go].
Hence, either gg = 1/2 or, otherwise, 1 = ||5,,(s)|| < 2Cc™1gy. In any case we have
00 > Cyx. We thus conclude:

o(5.1/2) > (s, 00) = / " o / LA (5), 2R a6, () (5)) = CllF ()]

Since %, (7) < oo we conclude that s can be chosen in a full-measure set in [0, T7;

hence the above estimate holds a.e., which concludes the proof of our lemma since
‘]GJFE > 'ﬂ07e‘ u

Note that a similar, but simpler, argument shows that

(6.20) Io(7) = Cyully' — A6, 0))17--

7. DEVIATIONS FROM THE AVERAGE: LARGE DEVIATIONS

We are now at last ready to precisely state and prove our Large Deviations
results.

Let us recall the definition (2.8) of the random element 7. (t); observe that equiv-
alently, we have:

[te™t]-1
(7)) )= > AoFi(x,0)+ (t—eltet))Ao Fl U (z,0).
§=0

Recall that . € C°([0,T],R%) := {v € C°([0,T],R?) : ~(0) = 0}; moreover
Ye(t) = (0:(t) — 6,((t)) and the family {7.} is uniformly Lipschitz of constant
|[A]lco: in fact it is differentiable at all ¢ & €Z.

Given a standard pair £ we can consider v, as a random element of C2([0, T, R%)
by assuming that (z,6) are distributed according to ¢. In fact, as already men-
tioned in Section 2, it is more convenient to work directly in the probability space
C°([0,T],R%) endowed with the probability measure Py . determined by the law of
ve under ¢, that is Py = (7:).e. In particular, for any function g € C°(R%,R),
k € N and standard pair £:°7

Epe(goy(ke)) = pe(g(ve(ke)) = pe(g o FE)

where E, . is the expectation associated to the probability P, . and FF. is defined
in (2.6).

Remark 7.1. By the above mentioned Lipschitz property of the paths ~. and since
ve € C2[0,T);RY) we conclude that the support of Py is contained in a com-
pact set that is independent on ¢ and £; in particular the family {Py. : ¢ >
0,¢ standard pair} is tight. More precisely, for any C > ||A|co we have that
Py e(Lipc ) = 1 where

LipC,* ={ye CS([()’TLRd) D) =) S Clt—s| Vs €0,T]}

37 According to the usual probabilistic notation ~(t) stands both for the numerical value of
the path 7 at time t and for the evaluation functional v(¢) : C°([0,T],R%) — R? defined by
2(t)(3) = 3(t), for all 5 € CO([0, T], RY).
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For any standard pair £ recall (see (4.1)) that we defined 6] = f; p(x)G(z)dx, to
be the average of the random variable 8y. If we let ¢ — 0 and consider standard pairs
L. (each standard with respect to the corresponding ) with fixed 6, Theorem 2.1
implies that P;_ . converges, as ¢ — 0, to a measure supported on the single path
7(t) defined in (2.9). The goal of this section is to establish estimates for the
deviations from this path.

We begin with Sections 7.1 and 7.2 where we establish large deviations results
that are optimal only for relatively short times. Then in Section 7.3 we use such pre-
liminary results to prove Theorem 2.4; finally in Section 7.5 we prove the remaining
propositions stated in Section 2.

7.1. Upper bound for arbitrary sets (short times).

For any v € C°([0,T];R?), let B(v,r) denote the C°-ball of radius r centered at
~7.% For each measurable set (event) Q C C°([0,T],R?) define Q¢ = Q N Lipg .
By Remark 7.1, we conclude that for any C' sufficiently large:

(7.2) P (Q\ Qc,s) = 0.

Lemma 7.2 (Upper bound). There exist Co > 0 and €g, Tmax € (0,1] such that,
foralle < ey, T € [y e, Tmax), and Q C C°([0,T],RY), for any 0 € T and standard
pair £ with 0 = 0.

elogPr(Q) < — inf Iy(y),
'YEQE,+

where Iy is defined in (6.14), Qe+ = .5 B(7, R=(7)) with

v€Q
R.(7) = Comax { (/474 4+ T)|4|| =, min {"/4T5/*, (1) /9||532} T}
and ¥ =~ —7(-,0), the latter being defined in (2.9).

Proof. For any linear functional ¢ € M?([0,T]) = C°([0, T], R%)" = [¢°([0, T}, R)]%,
recalling (7.2), we have

(7.3) Pr.o(Q) < Ey. (]chﬁ*esa—infwch,* #’(’Y))

]Ef,s (eSD) 5

< exp {— inf ()

YEQC,
where E; . (e¥) denotes the expectation of v — exp(p(y)) with respect to the prob-
ability Pg.. Let As. be the logarithmic moment generating function and Aj . be
its convex conjugate function, i.e.:*"

(7.4) Ape(p) =clogEe. (€7); Ap ()= sup  (ep(7) — Are(w))-
peM([0,T])

Note that |Asc(p)| < eCyllp|l < oo, hence Ay is a proper convex function."’

Since Ay, (0) = 0, we have A7 _ > 0. Moreover Aj_ : Co([0,T],R?Y) — R U {+oc} is

38 We prefer not to write the explicit dependence of B on T since this can be recovered by the
fact that v € C([0, T], R%).

39 We will see shortly, in (7.8), that Ay, agrees with the previous definition (5.10), hence
justifying the abuse of notations (in one case we have a functional on measures, in the other a
functional on BV).

40 The first assertion follows by (7.2) which implies ||vco < CT, Py .-a.s.. The second follows
from the Holder inequality since, for all ¢ € [0,1], and ¢, ¢’ € M([0,T]),

Arclt+ (1= 1)¢') = clogBe ac ([e?]e?' ')

N1t
< elog [Brac (€)' Erac ()] = theclo) + (1= DAre().
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convex as well and lower semi-continuous (with respect to the C° topology), since
it is the conjugate function of a proper function. We can then follow the strategy
of [15, Exercise 4.5.5]. Note that (¢,~) — ep(v) — Arc(p) is a function concave in
¢, continuous in v with respect to the C° topology, also it is convex in ~ for any
¢ € M([0,T]). Finally, Q¢ . is compact in C°. Thus, the Minimax Theorem ([49],
but see [39] for an elementary proof) guarantees that

sup inf [ep(y) = Arelp)] = inf  sup [ep(y) — Are(p)]-
peEMIYEQC, « YEQC,« peM?

The above implies, taking the inf on ¢ in (7.3),

elogPr(Q) < — inf  sup ep(y) — Arc(e)
YEQC,x pEMI
<— inf A7 (7).
veQo..

(7.5)

The above estimate looks indeed quite promising, but unfortunately it is completely
useless without sharp information on A7 _.

We are thus left with the task of computing A7 .. It turns out to be convenient
to associate to ¢ the function o defined as:

(7.6) o(s) = ep((s, T)),

where the right hand side is interpreted by applying the Jordan Decomposition to
. Note that, by definition, o = (01, -- ,04) with ¢; € BV, thus o € BVY, that we
will simply call BV to ease notation. By definition ||| = e71||o||gv and, for any
v e LipC,*v

(7.7) o) = / (o(s), 7/ (s))ds.

On the other hand, for each o € BV there exists ¢ € M?([0,T]) such that (7.7)
holds, see [21, Section 5.1, Theorem 1]. Moreover (recall definition (7.1)):*!

o) = ! / (0(s), 7. (5))ds

|Te']-1 (k+1)e |Te™"]-1
= Z <571/ o(s)ds, Ao FF) = Z (o, Ao FFy.
k=0 ke k=0

where, as in Section 5.2, we introduced the notation

(n+1)e
op =" / o(s)ds.
ne

Hence, we conclude that for any ¢ € M and for the corresponding o € BV:

LT571J—1<

Mealp) = log e (X450 0 A0RD ) — iy, (o)

T —
(7.8) = /o xa(o(s),0(s,07))ds + Ree(o).

where Ry (o) (which is defined by the equation above, see (5.11)) satisfies the
estimates given in Proposition 5.4.

41 Ag we often do in this work, we are neglecting the contribution of the fact that Te~! may
not be an integer.
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The above implies (recall (7.4), (7.7) and the definition (6.13) of K+ g):

T
Apc(v) = sup Uo (0(5)#’(5»/\@@(0)}

(79) oceBV

T
= sup {/ Ky 07 (0(8), 8)ds — ngs(a)} .
oeBV | Jo

Formula (7.9) closely resembles the definition of rate function given in (6.14). Un-
fortunately there is an obvious obstacle: we need to ensure that the first term
dominates R (o). As already observed in Subsection 5.3, this can be taken care
of by some regularization procedure for o; we will now describe the dual procedure,
i.e. a regularization procedure for the paths ~.

Given v and h = T'/Np,, for Nj, € N suitably large to be chosen later, we denote
with ~, = II(;,) the polygonalization of v over a mesh of size h. In other words,
we define 73, € C2([0,T],RY) so that v, = ") (y') where TI"™ has been defined
in (5.45). Recall (see (7.2)) that it suffices to consider paths v € Lip and thus,
since IT™ is a contraction in L™ (see Sub-lemma 5.8), we conclude that v, € Lipc -
Moreover, for ¢ € [nh, (n + 1)h], we have
(n+1)h (n+1)h

@0 O [ b -T2 [ )

nh nh

which implies that v, € Qn = |J B(v,2Ch). Then, by (7.4) and recalling the

YEQC,«
definition of Aéh‘s) given in (5.46):

ceBV

T h
Aj.(7) > sup { / <H<h>o<s>,w'<s>>—Aé,ﬁ(cf)}

T h h
> sup { / <0(8),%(8)>—A§,€)(0)} = A ()

where Ag?* is the Legendre transform of the regularized moment generating func-
tional AXQ. In particular, we have Ag{?* > 0 because AX?(O) =0.
Hence, we conclude that

(7.11) inf Aj.(7) > inf A/Y*().
v€Qo.. YEQR

Observe that, by (5.47),

T
(7.12) MY ) = sup { | mrarto). s = Re)|.

where Réhe) satisfies the estimates obtained in Lemma 5.9. The aim of the above

regularization is to gain control on Rghe) even for very rough o. This is the content

of the next sub-lemma.

Sub-lemma 7.3. There exists Cy > 0 and g, Tmax € (0,1], such that, for all
e €[0,e0], T € [5545,Tmax] and v € Lipoy*([O,T},Rd), we have for any 0 € T and
standard pair £ with 07 = 0, setting h = VeT':
(7.13) A ()= mf L)

’ FEB(7,R:(7))

where we define
Re(7) = Comax {(/ATY* 4+ T)||4l| oo, min {/4T%/4, () /5|15 72} VT

and recall, 4 = v — (-, 0).
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Observe that, together with (7.5) and (7.11), the above sub-lemma immediately
allows to conclude the proof of Lemma 7.2 choosing Cy = Cy + 2C. O

Proof of Sub-Lemma 7.3. Let us fix C; > 1 large enough to be specified later;
we begin by observing that if ||§|lpe~ < CoVeT, then B(v, R.(v)) > 7, which
implies that infscp 7 () fo(7) = o(¥) = 0 and the sub-lemma holds trivially

since Agg*(y) > 0. In the rest of the proof, we will therefore always assume that

4]/ L > CoVeT provided
(714) Re(’}/) > C’o\/ﬁiz1
Recall (7.12):

T
AP () = sup { /O Kooz (0(5), 8)ds — RV (o) |

and that, by definition (6.14) (since v € Lip¢ ,.):

T
To(7) = sup / b 0(0(s), 8)ds,
oceBV Jo

where, by definition (6.13),
Kiy0(0(5), 8) = (0(5),7'(5)) — xa(0(s),0(s,9))
= (0(s),7'(s)) — xa(o(s),0(s,0)).

We will proceed as follows: by convexity of the rate function, in any ball B(7)
around vy, we can find paths which are more likely than ~ itself; in particular
inf Ip(B(v)) < Ip(7y) (the inequality is strict since v # 7). The idea is then to take
the ball B to be so large that the decrease in the rate function compensates for the
remainder term ’Ry? Of course, by choosing larger balls, we obtain worse bounds
for the error in the final estimate: the key technical point of the sub-lemma rests
exactly in finding a good compromise for the size of B.

For any p € [0, 1], let us define the convex interpolation 7, = (1 — o)y + ¢7; since
Io(vo=1) = Ip(¥) = 0 and by convexity of Iy, we conclude that Iy(y,) is decreasing
in o. Hence we want to find o sufficiently large so that the decrease compensates
for the remainder term. The choice of p will in fact depend on the distance of ~y
from 4, that is on ||¥||r~. We carry out the estimate using two different strategies
as they yield optimal bounds in different regimes.

(7.15)

Case I: non-perturbative estimate
Note that, since 4, = (1 — 0)7', we have

(7.16) K(0,7',0) = (0,75, 0) + 0{o, 7).
Collecting (7.12), (7.15) and (7.16) we obtain, for any o € BV and ¢ € [0, 1],

(717) A () > / #(0(5),7,(5), 0(s, 0))ds + o / (0(5),4(3))ds — RV ().

We then use the estimate for Réhs) given by Lemma 5.9-(a) with the choice

L=TY4%"Y4 ¢ [eg!, min{e 1T, g0~ /2}],

where the inclusion follows from our conditions on &, T and noticing that e, e, Tinax)
is empty for € > Tmaxeé. Recalling that h = /€T we obtain:

(7.18) RV (0) < Cpa [T 4 [TV 44 4 min{ T, |lol| 2 Yol 1]
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Let us fix C1g > 0 large to be specified later and let

(7.19) 00 = Cho{e/*T~1/4 4 21},

To fix ideas, we may assume £g, Tinax to be so small that gy < % Let us first examine
the possibility I(v,,) = 00; in this case we claim that Aé{?*(v) = 00, which trivially

implies the sub-lemma. In fact: let us fix arbitrarily M > 1; by (6.14), since
7 € Lip¢ ., there exists oy € BV such that

MS/ k(T (), 7V, (5),0(s,0))ds
(7.20) 0

T
- / (00 (5), A (8)) — a(Gar(s), 6(s,0))ds.

By the properties of Y4 it follows'” that if ||| > o, then
Xa(o,0) = Cylla|.
Define the set Xy = Zpr(00, M) ={s € [0,T] : |[om(s)]| > ox}. Then

T T
M2 [ @A = Co [ Nowl< [ (a0 - @) - Collonln - 7o),
0 Ve 0

Assuming M > C#\/T to be sufficiently large, it follows

r M
(7.21) / <5]V[,’A)//> > ?JFC#HE'MHLL
0
Using (7.17), (7.18) together with (7.20) and (7.21) yields
. T cl/4
(122) AL () =M 20 [ (owA) ~ Cua {EWW + {T1/4 + T} ||aM||L1}
0

>0,

provided ¢ is small enough, M is large enough, and Cig, thus gg, is large enough.
By the arbitrariness of M it follows Ag?*('y) = 00.

We can therefore assume that I(vy,,) < oco: since I(7,) is decreasing in p, this
implies that I(vy,) < oo for any ¢ € [0o, 1]. In particular, recalling also Lemma 6.7,
for each ¢ € (0o,1] and 0§ € T, s € [0, T there exists an open set s € U C [0,T] and
a compact set K = K(6,0,5) C NyerD.(6(s',0)) such that v, (s") € K for almost
all s € U and thus that (1 — 0)3" = 4,(s) = dsXa(c) has a (unique) solution for
almost all s € [0,T, which we denote with &,. Since d,X4 is a homeomorphism,
see the proof of Lemma 6.2, we have 5, € L.

By construction, &, realizes the sup in (6.14); in particular (7.17) reads:

T
AP () = To(7e) > 0 / (03,7 ())ds — R (5,).

Let us assume o € (0o, 3]. Define the set X, = ¥,(0) = {s € [0,T] : [|5,(s)|| = 0}
and let us denote by ¢ = [0,T] \ X, its complement. Then, plugging (7.18) into
the above inequality and recalling Lemma 6.5, we find:

[ vl [ e
s, Se

(7.23) —Cq2 [T5/4€3/4 + {51/4T_1/4 + min{7, ||5g||L1}} ||6—QHL1} :

AP () = To(v,) > Co

42 Equations (A.11) and (A.12b) imply that X4 (-,6) is convex and has its minimum in o = 0
where x4(0,0) =0
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First, we claim that:

(7.24) win(7, o2}yl <27 [ ool +21 / ool

s

In fact, assume that [, [|5,] > [, 15,5 then [|5,]zr <2 [i [|7,]l and
min{T, [|5,] 21 }|5,| 1 < 2T/ 15,]l-
2
<7 [ ol +2r [ ol
) e

*

If, on the other hand, fz* 5ol < [s. 15,ll, we have

win(7, o2} lool <7 [ oyl +2 { JL

*

Which proves (7.24). Plugging it into (7.23) we obtain:

/ 5]l + / ||o@||2} Oy
. ze

1/2
HEPT Vg 2r) [ o) + ) U |ag||2} or [ mn?l
I =g

/ 15l + / 15,2
b se

*

1/2
ST 4 (eT) V1 { / mu?} ] ,

provided Cqo has been chosen large enough (recall (7.19) and that ¢ > go).
We conclude that,

Aﬁf?*(v) —I(7,) = Cyo g3/45/4

> Cup

—Ch2

if / 16l > Cpg2 T2
se

1/2
or / |ag||zc#g1max{s3/4T5/4,<sT>1/4 V ||og||2} }
> 3¢

* *

then Ag?*(v) — I(7y,) > 0. Otherwise,

[ NP < Cpo2ery
e

1/2
7.25 _ - _
e ||ag||sc#e1max{e3/4T5/4,<aT>1/4 [ el }
EC

* *

< C’#g*z(sT)l/z,

provided ¢ is small enough. Note that Lemma 6.5 implies that ||9;,(s)[| < Cuxl|T,(s)|l;
then estimates (7.25) and definition (7.19) imply, since ¢ > oo,

(7.26) 9l < 2[llzr < 2Css G|l

1/2
/ 5]l + {T / |ag||2}
b e

Hence, if we choose C1q sufficiently large and

(7.27) 0 = max{209, 2C10e" /T *||4| ;% },

< 2C,, < Cyo tel/AT3/4,

*
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then (7.26) cannot hold true and necessarily Agz_)*(’y) > I(7,). Thus, we ob-
tain (7.13), provided that R.(7y) > o||5|l L.

Case II: perturbative estimate

In this case we plan to apply the more refined estimate given in Lemma 5.9-(b); yet
it may not be possible to do so with the path ~, since in general ¥, # (). In order
to circumvent this problem we define another path that is sufficiently close to ~,
and to which we can apply the mentioned estimate. Let 7 € Lip , so that (0) =0
and 7/(s) = 7/(s) for s € ¥, and 7/(s) = 7'(s) otherwise. Define 7,= (1—0)y+07,

hence

(7.28) 5, = (- 7' = e,

Let us now choose

(7.29) 0 = Cyomax{(eT) /5|3 &/3, /474 4 21},

Then, either Ag;)*('y) > I(v,) (and then (7.13) holds provided R.(y) > oll4||z=),
or estimates (7.25) hold; in the latter case Lemma 6.5 yields

@30) o=l < [ Wds < Cun [ og(s)lds < Oy

In particular, ||y *XQHLW < 0|l + Cgo2(eT)'/2. Observe that, assuming C1o
large enough, (7.29) implies that (this justifies the choice of the first term in (7.29),
which optimizes the above inequality)

(7.31) Iy =, llzee < 20llllze-

Let g,(s) be the unique solution of j’g(s) = 0,X4(0,0(s,0)). By definition,

(7.32) 0,(8) = Lz (5)T,(s) < 045

in particular, o ,(s) satisfies the hypotheses of Lemma 5.9-(b). Also it satisfies the

first inequality of (7.25). We can now proceed as before but using the path 2,
more precisely, equations (7.12), (7.15), (7.28), (7.32) and Lemma 6.5 imply

T
h h
AW () > /0 0z (0, (s), 5)ds — R (a,)
T

T
= [ aleyo9)ds + T [ o, 9.5,06) - R (e,
0 e e Jo

h
> 1(y,) + Cyolle, |l — RV (a,).

Before continuing note that, choosing R.(v) > 3p]|4||z~, we can ensure that (7.13)
trivially holds if ¢ > 1/3. Hence we can assume g < 1/3. Next, we claim that

CoClx
3
Indeed, by the first of (7.25) and recalling the choice (7.29) [|g,[/z2 < CyuCr'VT.
Moreover, recall that we are assuming that |5z~ > CoveT and ¢ < 1/3, which
by (7.31) yields ||ngLoc > (Cy/3)VeT; in turn, by Lemma 6.5, this implies that

loyllze > o= /e.

We now make the choice L = Cy||a, |2 (eT)~/2. Let us check when it satisfies

(7.33) VE < la,lliz < CuCRVT.

the hypotheses of Lemma 5.9-(b). By (7.33), choosing Cy and C1 sufficiently large,
we have L € [561,505_1/2}. On the other hand the condition ¢L < T is satisfied
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only if Cyllo,llz2 < T3/%¢71/2, which is automatically ensured only if 7' > /e,
provided C1g is sufficiently large.

Thus, if T < /e, then our choice it is not good. In such a case we make the
choice L = gpe™'T. Again, we have L € [g;',e0e71/?], and L < T, thus the
hypotheses of Lemma 5.9-(b) are satisfied.

We are now ready to estimate Rghe) using Lemma 5.9-(b), recall our choices

h=+veT and T € (eL, Trmax). We have to treat the two above regimes separately.
If T > /e, then, using Schwarz inequality,

(7.34) R (2,) < Cra [5vE |lg,llzz + 2T la,|I3-] -
We thus conclude, assuming Cig in (7.29) to be sufficiently large:

(7.35) A () = 1(3,) > Cpolia, 32 = 5C12vE] I 2.

Since Lemma 6.5 implies C,oV/T||0||z2 > ||4]lz> > CoVeT, the first term in the
max of (7.29) implies that (7.13) holds by choosing R.(y) = 30||¥|| e -
Next, we consider the case T' < /¢ and apply again Lemma 5.9-(b):

R (g,) < Ciz [T2CHY° + 4vEllg, |12 + 25T g, 132

(7.36) e
< Cia [5Ve g, lle + 2eT 7 H|a,|172]

where we have chosen C12 large enough and, in the last line, we have used (7.33).
Then (7.13) follows again since, on the one hand, e'/4T~1/* > ¢T~' and, on the
other hand, (5T)1/6||’AY~||Z(}O/3||QQ||L2 > Cyy/E is implied, again, by CoxV/T||o |l 12 >
191l and ||¥||Le > CoVeT. The sub-lemma then follows by recalling (7.14), that
0 must be larger than gg, defined in (7.19), as well as larger than either (7.27)

or (7.29), and provided that we choose Cy > 3C1. O

Remark 7.4. The above Lemma is based on a trade-off: for small deviations (up
to the ones predicted by the Central Limit Theorem) it gives very rough estimates,
but up to times of order one; while for larger deviations it provides much sharper
results although only for short times. Obtaining sharper results for small deviations
would entail more work, in particular a sharper version of Lemma 5.4 (which can be
achieved by using the techniques that we will employ in the next sections to prove a
local CLT). On the other hand, in order to extend the above sharp results to longer
times one can simply divide the time interval in shorter ones and use Lemma 7.2
repeatedly (see Theorem 2.4 for an implementation of this strategy).

7.2. Lower bound for balls (short times).

In this section we proceed to obtain a lower bound for short times. It turns out that
in [12] we need this type of estimates only in the case of large deviations; therefore
we do not insist here in obtaining optimal bounds for all moderate deviations,
since this would require considerable additional work. On the other hand, we can,
and will, obtain results for deviations that are not exceedingly small at essentially
no extra cost. Also, in an attempt to simplify the exposition, we will consider
trajectories that are not arbitrarily close to being impossible, i.e. so that their
derivatives belong to the domains D () = D(0) \ 0. D(0) for some arbitrarily small,
but fixed, e.

Lemma 7.5 (Lower bound). For any § € (0, i) there exists €5, K5, Tmax > 0 such
that, for any 0 € T, € < &5, v € Lip . ([0,T]), with ¥'(s) € Ds(0(s,0)) for almost
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all s € [0,T), and for any standard pair £ so that 0 = 6:
elogPre(B(y,h) > —lo(y) — c5(T\/e/h + T + TRz /h))
Ry = Ks[T*? + max{e"/4T%* K> T(c/n) /4]
provided T € [6(5_18,Tmax], h € [Ry,T).

Proof. Before describing the core of the proof we need some preparation: we must
define a new reference path having several special properties. To this end we first
perform the same polygonalization done just before (7.10), with step h = T'/Np,
N € Nand h > 2e. Let v, the resulting path. Clearly ||y — 1, [lco < Ch < §/4,
provided A is small enough, but it also has another important property.

Sub-lemma 7.6. For all 6 > 0 and v € Lip¢ . ([0,T]), with 7'(s) € Ds(0 (5,0))
for almost all s € [0,T], there exists hs € (0,T] such that, for all h < hs, 7, (s) €
Ds,4(0(s,0)) for almost all s € [0,T).

Proof. By Lemma 6.7, D(6(s,#)) varies continuously, in the Hausdorff topology,
with respect to s. Hence, for each § > 0 there exists hs > 0 such that Ds(0(s',0)) C
Ds/2(0(s,0)) C Dssa(0(s',0)) for all |s' — s| < hs. Accordingly, for all h < hy,
k € {0,--- N} and s € (kh, (k + 1)h) we have 7/(s) € Ds2(6(kh,6)). By the
convexity of the set it follows v (s) € Ds/2(0(kh,0)) C Ds/4(0(s,0)), hence the
sub-lemma. (|

The above sub-lemma implies that the equation 7/ (s) = dsxa(o(s), 6(s,0)) has
a unique solution ¢, (s) € BV. Moreover, from Lemmata 6.7, 6.2 it also follows
that there exists Ry > 0 such that 9,y (B(0, Rs),0(s,0)) D Ds,/4(0(s,0)) for all

€ [0,T]. This allows to obtain also some regularity of the function o, € BV.
Indeed, for k € {0,---, Ny} and s € (kh, (k + 1)h) we have

0= 97xa(an(s),0(s,0))a)(s) + 0p0oxa(a(5), 0(s,0) A(6(s,0).
Since ||o}, ||z~ < Rs and infy s 02xa > 0, there exists Cs > 0 such that
4 (sl < Cs.

We have thus obtained a path with a controlled regularity. Unfortunately, we
have a further problem: it is not obvious how to compare effectively the rate func-
tion computed on the regularized path and the rate function computed on the orig-
inal one. To this end it turns out to be convenient to further modify the path in a
special way: consider a path 5, € C°([0, T], R?) such that 75, (kh) = v(kh) = 7, (kh)
for all k € {0,--- , Ny} with the following extra property: a) 7, is Lipschitz, b) the
equation 7}, (s) = 0yxa(c(s),0(s,0)), which by (a) is well defined for almost every
s € [0,T7, has a solution o, which is constant in each interval [nh, (n + 1)h).

The reason for the above construction lies in item (c) of the next lemma.

Sub-lemma 7.7. There exists hs > 0 such that, for all h < hs € (0,T), the above
defined path vy, is well defined and unique. In addition,

(a) vh(s) € Ds/s(6(s,0)) for almost all s € [0,T);

(b) llv = vulleo <£2Ch ;

(e) To(y) = To(vn)-
Proof. We can change the path interval by interval. Assume that we have a path
~hk that has the wanted properties in the interval [0, kh] and that agrees with 7, in
the interval (kh,T], and let us consider the the interval J, = (kh, (k4 1)h]. Deﬁne
the function Zj, : L>([0,T]) x R4 — L°°(J;) x R given by

Ex(n, ¢, B) = (72(8) +1(s) = OoxalC+ (1 - 6)0;1(8),9(879)),/J n(S)d8> :
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By definition we have Z;(0,0,0) = 0. We want to apply the implicit function
theorem, hence we have to study the differential

—02 - gpls 7 S
By.cEk = (Lléb daxal¢+(1 OB)JL( ), 6( ,9)))'

Using Lemmata A.1, A.16, A.9, a direct computation shows that, provided ||| <
2Rs, ||(8y.cEx) || < Cs. We can then apply the Implicit Function Theorem and
obtain a solution (n(8,s),{(8)) of Zx(n,{,8) = 0. Such a solution is differentiable
and satisfies

9pn(s) = Igxa(C+ (1= B)ay(s),0(s,0))[05¢ — oy (s)] = 0

0pn(s)ds = 0.
Jk

Integrating the first and using the second equation yields
9pn(s) = B(s,¢, B)[0sC — ap(s)]
—1
¢ = {/ B(s’,(,ﬂ)ds’} / B(s',¢,B8)a,,(s')ds
Jk Jr

B(s, ¢, B) = O3 xa(C+ (1= Ban(s),0(s,0)).

Recalling that ||g},(s)|| < Cs (which was the point of introducing the regularized
path 7, in the first place), we have || B(s, ¢, 8) — B(kh, ¢, B)|| < Csh. Thus,

Haﬁc - hil/ Qh(S)dS < Csh < R(g
Jk

195m(s)|| < Csh < 6/8.

provided h is small enough. Accordingly, v} (s) +n(8,s) € Ds/s(0(s,0)) for all
B < 1. The above shows that 7, 141 and hence, by induction, -y, is uniquely
defined and point (b) of the lemma follows as well for § small enough. To prove
(c), we use Lagrange multipliers to find the local minimum among all the paths
v € C°([0, T], R?) such that y(kh) = y(kh). This amount to finding the stationary
points of the functional B

r='T
In(y, @) = 1) + Y (6, (kD) = 3(kh).
k=1
By (6.3) and (6.4) it follows that, for each + such that I(y) < oo, we have, for each
a € Lip, a(0) =0,

hiT

T T
9,10 (7) (@) = / (o(s),0'())ds + > (@, akh)) = / (0(5) — 0o(s)), o (s))ds
k=1

where v/(s) = 9, xa(0(5),0(s,0)) and o4(s) = — Z;L;;T ¢; for s € [(k — 1)kh, kh).
Hence it must be o0 = oy, that is o is piecewise constant. But only 7, has such a
property, thus the convex function ¢ : R — Iy(ty, + (1 —¢)7v) has a unique stationary

point that must be a minimum, hence point (c¢) of the sub-lemma. O

Note that, by the above sub-lemma, the equation ~; (s) = Jdsxa(0(s),0(s,0))
has a unique solution o5 (s) € BV, |[on|lr~ < Cs, |lonllsy < Csh™'T. Also, if
Ch > Ry, then we have

(7.37) B(v,3Ch) D B(w, Rr).
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This concludes our preparation; the rest of the proof follows the strategy strategy
for proving the lower bound. Consider the linear functional ¢, € M?([0, T]) defined
by

T
(7.38) on(y) =<1 / (on(s), 7 ())ds,

and introduce the measure Py, ¢. on C°([0,T],R?) defined by

E c Ph
o) = ot

for any continuous functional ¢ € C([0, T],R)".

Sub-lemma 7.8. There exists €5, K5, Tiax > 0 such that for any 0 < e < e5:
= 1
Py, 0. (B(vn, Br)) > 5

provided T € [e5 e, Tomax), Rr > Ks[T%? + max{51/4T3/47K(s_l/QT(e/h)l/‘L}] and
h € [Rr/(3C), T).

Proof. The idea is to cover the complement of B(yy, Rr) in the support of Py, .tc
with finitely many sufficiently small balls whose measure we can estimate using the
upper bound obtained in Lemma 7.2. In order to do so, let us partition the interval
[0,T] in subintervals of length c47e, re < h, so that any path in the support of the
measure (and hence C-Lipschitz) can vary in any given subinterval by at most 2r..
This means that there exists a finite set T' = {v;} C C°([0,T],R%) of cardinality
IT| = exp(cyr-1T) so that™

supp Pcph,é,s C U B(’Yiars)-
v €D
Define I', = {v; €T : ||yn — 7illoo = Rr/2}: then, by definition,
Ptphf,&(B(’ythT)) >1- Z Ptph,lﬁ(B(%’vré‘))'
vi €l

Let r. € [K(?R;%TQ, R1/8]; observe that the interval is not empty provided Ry >
2e1/372/ 3K§/ ® which always holds if 5 is small enough. We claim that, for all
Vi € F*?

(7.39) Pyt (B(yi,1e)) < e O FT

Observe that the above estimate suffices to prove the sub-lemma: in fact, using our
estimate on the cardinality of I', we have

)

3 Pobe(Blyire)) < e O (ComenG e AT o
v¥i €0

DO =

provided we choose K large enough.
We thus proceed to prove (7.39). Using (7.4) we gather
]PSD}L%E(B(%" TE)) =e A[’E(Lph)]Eé»a (ewh]lB(’Ym‘a))
< e—filAZ,s(tph)‘HPh(7i)+5717’5th,”BV]P)é < (B(yi,72))

9

43 In fact, consider a lattice of size rcy/4/d in R%. If a path « is in the support of the measure
and (s) belongs to the lattice, by the Lipschitz property v(s+cxrc) belongs to the union of balls
of radius 7. centered at finitely many points of the lattice.
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where in the second line we used the fact that, for any v € B(y;,r.), we have by
definition (7.38) (recall Remark 5.2),

/<0h,7/ — i)

<e Y onlly ..

1

lon(Y) = enl(v)| =€~ < e Monlsvlly —villz=

(7.40)

Then, using (7.7) and (7.8):
P eelBlos, ) < o R trclontin

L L e ten —xa o (5) 8,0

(7.41) Pre (B(vi;re)) -

Next, let us set =; = inf, ¢ p(4, Ry /1) lo(7); We claim that

(7.42) Pre(B(yire)) S e =
In fact, if ||9ileo > 2CT, then ||§]lo > 3/2CT for all v € B(vy;,r.), hence their

Lipschitz constant must be larger than C' and hence P, . (B(v;, 7)) = 0. Other-
wise (7.42) follows from Lemma 7.2, provided that R.(v;) + 7. < Rp/4. This holds
since one can check that R.(y;) < Cy{e'/*T3/* + T2}, hence R.(v;) < Rr/8 by
choosing K sufficiently large. Substituting (7.42) in (7.41), recalling (6.1), (6.2), (6.3),

Sub-Lemma 6.12 and Remark 6.3:
Poy 0e(B(viy7e)) < ¢ [FRec(on)trellon]sy]
o et i ) [on (6010 —xa (o0 ().0(5,0)~ 2 (v (5).0(5,0))]ds

< o mRec(on)trellonlsy]

(7.43) _efflsupweBm,RTM) fOT[(Uh(S)a’Y/(S)—’Y;IL(S)>+Z(’Y;L(5)7§(Sa9))—2(7/(3)79_(379))]413.

Next, we proceed to estimate the argument of the sup appearing on the last line:

note that we only need to consider paths v so that s — Z(v/(s), (s, 0)) is integrable
on [0, 7], hence v/(s) € D for almost all s. Then, for any o € [0, 1], let us define the
interpolating function

H(g,5) := (on(s), o(¥'(s) = ()
— Z(h(s) + 2(7'(5) = V4 (5)), 0(s.0)) + Z(74(s), 6(s.0)).

Let 0, be the solution of v}, + o(7y —7},) = 9o a(0p,0(-,0)), which exists, for all
0 < 1, by the convexity of D. In addition, note that, if p < 1/2, then v} +o(y'—},) €
Ds/16. Note that H(0,s) =0 and

9oH(0,-) = (on — 7,7 =) — (7,6Z(11,(5),0(s,0)),7" — 71,) =0,
BooH (0,-) = —([05% ()] T (Y = 70):7 — ) <0,
BpoH (0,-) < =Cs|ly" —|I>  for all o <1/2.
Thus
(o, =) = Z(,0(-,0)) + Z(7,,0(-,0)) = H(1) < =Cs]ly" — 7, II>-

The term containing Ry can be estimated by Proposition 5.4-(a); by our bounds
on o, and choosing L = e~ '/2h'/2 we obtain, since vVeh < T,

(7.44) |Ryc(on)| < ¢ Cse LW ' T+ Cs(L™ '+ T +eLh™*T)T < C5(T\/e/h+T?).
Thus,

Py, .ee(B(vi,re)) < e~ Ca™ [inf5 ¢ 50y, g /a) 1V =015 =Cs (T 5/h+T2)*’”E“”h’”BV].
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To conclude, note that, for v; € Ty, if v € B(v;, Rr/4) we have
Rr/4<|ly=le= <V = ller <1V =l VT,
which, by choosing K large and r. = KgR;Qst, proves (7.39). O

To conclude the proof of Lemma 7.5 it suffices to compare the measures P, ¢ .
and P, .. By Sub-Lemma 7.8, equations (7.4), (7.8), and using (7.44), and arguing
like in (7.40) we have

1 — E@,E (etph]lB(’yh RT))
- <P B R = .
9 = Sﬁ}ueﬁ( (7h7 T)) Eg’5(6¢h)
1 T ’ 3 2
(onvh) =xA(0n,0(s,0))ds+Cs(T/e/h+T") _
< C#@E [fo hoVh)—xa(on 5(T/¢ ] Ey. (egoh, «Ph,(%)]lB(%’éT»

< Cpet OOV T onlovRr ] p, (B Ry
By (7.37), Sub-Lemma 7.7-(c) and h, Ry as in Sub-Lemma 7.8 we have
Pre(B(3,3Ch)) > Pee(B(, Rr)) > = O +ea@/e/brT* TR /1),
The Lemma follows by choosing R as small as allowed and renaming 3Ch as h. [

7.3. Large and moderate deviations for balls: long times.

Lemmata 7.2 and 7.5 are the basic ingredients to prove Theorem 2.4. Their major
drawback is that they are really effective only for short times. In order to proceed
and obtain a Large Deviation estimate for times of order 1 with the announced
small error, we will subdivide a trajectory in shorter subintervals and apply the
mentioned lemmata to each subinterval. To this end, some type of Markov-like
property is needed. Before stating it in Lemma 7.9, we need to introduce a bit of
notation.

For any J C J' C [0,7], v € C°(J',RY) and r > 0, we introduce the notation

(7.45) Bls(y,r) = {7 € C°([0,TLRY) = |y = Allzees) <7},

where [|7]|z~(s) = sup,es [|7(s)]|. In other words, B|s(y,7) is a set of paths in
CY([0,T],R?) that are r-close to 4 on J, but are otherwise arbitrary on [0,7]\ J.
Naturally, if J = [0,T], the set B(y,r) = Blo1](7,7) is the standard C%ball of
radius 7 around 7.

Let us fix § € T; consider a path v € C°([0, 7], R?) and a number r > 0. For any
standard pair £ = (G, p) and t € [0,T] we define ]13:,7 (¢,t) as follows:

)T‘

1 if inf — g
(7.46a) 1, (6t)= if inf, {|Ge(z) = O7(B)[} <
’7’ 0 otherwise
1 if —9v
(7.46b) 15 (6t) = 1 SupzﬂGz(x) ()]} <r
v 0 otherwise,

where we used the previously introduced notation 67(s) = 67(s,0) = 64+ ~(s)1, and
v(s)1 denotes the first component of the vector v(s). Observe that, by construction,
]1;{777,(& t) <1, .(¢t). Finally, for any interval E' = [s,t] C 0,77, let

P—(E797’77T) = sup PZ,E(B‘[O,tfs](fY(S—’— ) _7(8))T))a
{¢: ]lgfﬂm(l,s):l}
(7.47) .
P+(E79>’77T) = inf PZ,E(B‘[O,tfs](’Y(S + ) _’Y(S),T)),
{¢: ]13',%7,(5,5):1}

observe that by construction Py (E,0,v,r) < P_(E,0,v,r).
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Lemma 7.9. For T > 0, k € {0,---,K —1} and 7 = TK~! > ¢ let E}, =
[kT,(k +1)7]. Then, for any 0* € T and standard pair Lo with 0} = 6* we have:

K-1 K-1
[1 Pe(B 07 3.7 — Cpe) < Pro o (Bly.r) < [] Po(Bi 6,77 + Cc),
k=0 k=0

where the first inequality holds for v € CO, while the second for v € supp Py, .M

Proof. For each k € N let £gj?0 be a standard family representing (F¥),u,, see
Proposition 3.3 and Remark 3.7 for exact definitions. Let 7, : T2xR%~1 — TxR4~!
be the projection on the last d (i.e. slow) coordinates. Let ¢ € £g€0)7 by Remark

3.7, definition (2.6) and the expansivity of the « dynamics, it follows that, for all
J <k,

suI? Lo (2) 1 (2")[7.F (x, Ge(), 0) — m.F/ (2/, Go(2'), 0)]|
j—1
(7.48) = sup ||Ly (x)Ly (2')e Z [Ao F™(z,Gy(x)) —AOFm(x’,Gg(x’))]H
x,x’ m=0
< Cyen,

Let us define, for j,k € N, ¢ € &%), E = [je, (j + k)e], L,y () = L

sup inf || L (2)[y(e(j +m)) —v(ej) + (Ge(x),0) — mF" (2, Ge(), 0)][| <,

m<k T
while 15, (. (£, 0") = 0 otherwise. Note that, ]179'[ ](17T)(£’ )< 1. - iy (U51).
Also, ]lBl[0 1+ Cse) 0, 0) > ]1;* - (', t) since, if ]lﬂz,jm(gl’t) =1, then, by (7.48),

sup sup [y (2)[y(e(5 +m)) = 5(e7) + (Ge(2), 0) = mF" (2, Ge(@), O)][| < 7+ Cee.

Setting 7,.(8) = (kT + 5) — y(k7), by Proposition 3.3 and (7.47) it follows that

e~ iT
Prye (B(v,7)) < tito | T] Loigeey (o (00:0).) © FE
k=0
- /
< 2 Vel (0:f)
Y% 2KT/E
(7.49) €
S Z W’ﬂfgl[o,(xfnr](}T)(EO’K/)IPZ"E(B“O’T] (Vg7 + Cye))
Ceefl Ve
S Z Ve/]lého,(xfl)ﬂ(177’)(80’él)P_ (EK—1’0*717T+O#5)'
Ceeflt VT
Iterating, and arguing similarly for the lower bound, the lemma follows.*” O

We are finally ready to prove our main Large Deviations result; the proof is
divided in two steps; the first step is to obtain upper and lower bounds for the
probability of a small ball around a trajectory of length of order 1 and it is given
by Lemma 7.10 below. The second will be carried out in the proof of Theorem 2.4.

44 1y particular, 7, is C-Lipschitz and piecewise linear in each interval [ke, (k + 1)e].
45 Note that if v € supp Py, ¢, then in the first line of (7.49) holds equality.
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Lemma 7.10. Let T > 0, 0 € T, y € C°([0,T],R?) and, recalling the notation
in (2.12), RY(y) = Cer {61/7||’?||ig + \/5}, where 4 = v — 7(-,0); let moreover
¢ = (T1/7Hj||£io/7e4/7), s =¢2. Then for any € > 0, if € is sufficiently small, we

have, for any by with 67 = 0*:
1/7
T2
1-C % inf Iy ()
ol [y yeB( R+ () 7T

(7.50b)  elog Py, c(B(y,5-)) = —(1 4 Cee'/?).75% (y) = Cere/®.

(7.50a) elogPy, (B(v,5/3)) < —

Proof. In accordance with our conventions we will use C¢ or Cp to designate an
arbitrary constant depending only on the values of € or T, respectively.

We begin by estimating the upper bound (7.50a). First of all observe that if
9l < Clpy/E, then RT(y) > |fllz= and therefore ¥ € B(y, R*(y)), which
implies that (7.50a) holds trivially, since #p« (¥) = 0. Hence we can assume that
[llz > CZpy/€ and, provided C 1 has been chosen large enough, ¢ < /e

As mentioned, we will divide [0, 7] in time intervals of length 7 < ¢.. Although,
for convenience, most of the following argument is done for arbitrary 7 satisfying
said inequalities, we will eventually choose™

72 \'*
(7.51) ¢=+/eT thatis 7= <||A||2 ) )
l oo
Note that if B(y,<)NLip¢ ([0, T],R?) = 0, then Py, (B(7,<)) = 0 and (7.50a) is
trivially true. We can then assume that there exists 5 € B(v,<) NLipg, ([0, 7], R%).
We then consider the piecewise linear path 7 such that J(ke) = J(ke) for all k € N.
Since ||§ = F|lL~ < Ce, B(v,5) C B(¥,3¢). We can thus assume, without loss of
generality, that 7 =7 by substituting ¢ to ¢/3.
Let E = [0, 7] and recall the notation Ej, = [kT, (k + 1)7) introduced in Lemma 7.9.
By Lemma 7.9, we gather that, provided ¢ is sufficiently small,
K-1
(7.52) Proe (B(1,9) < [ P- (B, 0%,7,2)
k=0
where recall that
(7.53) P_(E,0%,~,r) = sup Pee(Ble(v,,:7)),
{£:15, (ekr)=1}

and v, € Lipc . (F, R?) is the translation of the path 7 defined by:

lk(s) = (kT +5) —y(kT).
Let us fix arbitrarily k& € {0,--- , K — 1} and let 8, = 6X(kT, 6*); fix also £ so that
1, (6 kT) =1, ie. we have 0] — 0,] < Cyc.

Let us define the shorthand notations 6, : E — T as 0,(-) = (-,0;) and corre-
spondingly z, : E — R? as z, = z(-,0;) (i.e. z, satisfies the differential equation
Z)(s) = A(f,(s)) with initial condition z,(0) = (6;,0)). For convenience, remem-
bering (2.9), let us also introduce, for any v € Lip¢ (B, R),

Ye(s) = ze(s) — (67,0)

7.54 . _
(754 Yo =7 =%

46 We do not claim this choice to be optimal; its motivation is to simplify (7.70).
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Our first step is to estimate P¢-(B|g(7,,2¢)). For further use let us introduce the
notations (recall definitions (6.2), (6.3), (6.16) and (6.17)):

Tolw(y) = 1 0°° if ¥(0) # 0 or v ¢ Lip
755 o fE 9(s,0))ds otherwise.
(7% IE| (7)) = +00 if v(0) #0 or v ¢ Lip
belEY fE ZF(y'(s),07(s,0))ds  otherwise.

Of course, we have Iy = Ig|jo,7) and Jei,e = f0i|[0 o

Next, we apply Lemma 7.2 in the interval E: assume /et > ¢, 7 > 8648, let
(7.56)

Rie = Comax {((e/7)* + 1), Nl min {74734, (1) 013, 172}, vVer)
where ikz =7, Clh = C11Cy, Cp was introduced in Lemma 7.2 and the
constant C1p is chosen so large that Cjv/eT > Coy/eT + 2¢, then

7.57 cloglPy . (B ,26)) < — inf Io+ .
( ) & 675( |E(lk )) ’YGB\E(lk’Rk,e) o E('Y)

We now proceed to relate the rate function Ip:[g appearing in (7.57) with the

modified rate function .7, /2| B

Sub-lemma 7.11. For each € > 0 there exists g, c. > 0 such that, for all € < g9,
ce > 1 >0, E =10,7], standard pair ¢ such that ]l(;,%c(ﬂ, kt) = 1, and v €
Lipc . (E,RY),

jQ_k,e/2|E(’Y) < (1 + CGT)IGZ E(’Y) + Ce§2~

Proof. Since || - |11y < V7| - | L2(), for any v € Lipc,*(E,Rd) we have
160 = 07(,01) || L= (i) < /E [ A(8e(s)) =" ()llds + Cys
< VTIIABe) =l L2 () + Cys
which yields, recalling (6.20):
(7.58) 160 = 07, 03| o< (i) < Cpr/TIoz |2 (7) + Cyes.
Similarly, we have:
16— 67(,03) || L= (i) < / [ A(Be(s)) — A0 (s,0:)) || + | A0 (s,8,)) — 7' (s)llds + Cys
E

< Cyprl|0e =07, 04) || oo (my + [ A07(s5,0,)) = 7' (8) || 21 () + Ciges
Then, provided Cx7 < 1/2, Lemma 6.16 implies

(7.59) 100 = 07 (. 04) | e () < Cpr [T, pol 2(7) + Cigs.

Notice that if Ioy g(y) = oo, then the sub-lemma holds trivially. We can then
assume that, for a.e. s € £ we have Z(7/(s),0e(s)) < oo, i.e. 7/(s) € D(b(s)).
Hence, if 7 is sufficiently small (with respect to €), since |6y(-) — 07(-,8,,)] < Cu /T,
by Lemma 6.7 we conclude that 7/(s) € D(07(s,0.)) U Oc2D(07(s,0;)), that is,
Z;/z(w’(s), 67(s,0;)) < oo. Thus, by definition (6.16), we have that, for any s € F,

22,7 (5).07(5,0,)) = Z(b,(5), 07 (5,6,)

where by(s) = A(07(s,0,)) +o(s)(+/ ()~ A(07 (5.0,
o such that by & 9, /2D(87 (s,6,)). Let by(s) = A(6(

and o(s) € [0, 1] is the largest

);
)
5,0;))+e(s)(7' ()= A(0(s, 07)));
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observe that, by definition, ||b, — b,/ < Cx|0, — 67(-,8,)|. By Lemma 6.2-(2) we
can expand Z to second order obtaining:’

Z(by(s),07(s,0,)) — Z(bo(s), Oe(s)) = ( 0(8),07(s,0))) = Z(bo(5),6e(s)))
Z(by(s),00(s)) — Z(bo(s), Oe(s))
= 09 Z(by(5), 0e(5))(07 (s, 0x) — Oe(5)) +3b3(5 (5), 0e(s))(by — b)

+C.0(107(s,0,) — Oe(s)]?)

Next, we can expand 9pZ and 9y Z around the point (A(6y(s)),0¢(s)). Recalling
Lemma 6.2-(2),(4) we obtain:
1092 (bo(s), 0e(5))| < Cel| A(Be(5)) = boll < C | A(Be(s)) = byl + [l — b
< CellA(Be(3)) =7 ()| + Cel07 (s, 60,) — Oe(s)].
106 Z(by(5), 0 (5))| < Cel| A(B(s)) = bll < CellABe(5)) =~/ (5)]I-

Since Lemma 6.2-(0),(2),(4) imply that Z(b,(s),8e(s)) < Z(v'(s),0(s)), we con-
clude that

2,(Y(5),07(s,8,)) < Z(7'(s),0e(5))
Ce [||A(ée(8)) = ()67 (- 8x) = Ol o () + 167(-, 85,) — ée”ioo(}s)] .
Integrating the above expression over E yields
Lo, es2lE() < Loy (y) + C [AOe(s)) = ' 1) 107 (-4 03) — bell o= ()
+ 767, 04) = 03 i)
Finally, using (7.58), the relation || - || 1(z) < /7| - |L2() and (6.20) we obtain

T es2lE(V) < (L4 Cer)lor|6(7) + Cesy/TIo; |2 (7) + Cs*r.

Since 2ab < a? 4 b?, this concludes the proof of the sub-lemma. O

By (7.57) and Sub-Lemma 7.11 it follows that for each standard pair ¢ such that
Ly. ., (L ET) =1, and ¢c > 7 > 71,

7.60) elogP,.(B 2)) < — inf 1—C.r)7 C.2.
(7.60) elogPre(Blg,(7,,2)) < VGBIE;?zk»Rk,e)( )5y, 2l (1) + Ces

We have now obtained an estimate for each of the terms appearing in the product
on the right hand side of (7.52) (see also (7.53)). Next, we must join the above
estimates for different time intervals Ej. This can be done in various ways: we
choose to control the trajectories at the endpoint of the intervals so that the paths
corresponding to different time intervals will join naturally into a continuous path.
To this end, for each 7 € C°([0,T],R%) and r > 0, let us define the sets

B*p(¥,r) ={y € Ble(¥,r) : 7(0) =0;7(r) =%(7)}.
Then, for any v € B|g(7,, Rk,¢) with 7(0) = 0, we define v* € B*|g(7, ,2Rk,) as

N 1,€(T); v(7) N

Our next goal is to relate .7 /2|E( ) with fQ;JE('y*).

47 Notice that all second derivatives of Z are uniformly bounded by some constant that depends
on €, which we denote with Ce..
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Sub-lemma 7.12. There exist c. > 0 such that, for all cc > 1 > ¢ te,

1/6
_ e\ 1/4 € _ .
jgk,€/2‘E(7> > 1—Cemax (;) + T, (W) jﬁk,e|E<7 )—CEE,
Y€

provided € is small enough.

Proof. Again, it suffices to consider the case fe_k ¢/2lE(7) < oo (hence 7/(s) €
D(67(s, 0),)) for all s € E), the other case being trivial. Observe that |5, || <2C7
hence, by definition, Ry ¢ < er/4 provided C#e*25 <7< C#EQ. Accordingly, for
ae s€ k.
1()(s) = ()]l < Rre

* €
167)'(s) =" () = Iy, (T) = V(DI/7 < Boe/7 < 7

Since D(0) varies continuously (see Lemma 6.7) it follows that, for € small enough,
if, for all s, v/(s) & O3.,4D(07(s,0},)), then (v*)'(s) & Oc/aD(07" (s,6,,)). We start to
discuss such case as we will see that the other possibility can be essentially reduced
to the present one.

We expand Z to first order at (y*',67 (s,6,)) using Lemma 6.2-(2) and obtain

Ry
-

(7.61)

1Z2(7/(5),07(5,0,)) — Z((v")' (), 07" (5,0,)| < 192((v*), 07 (5,8,)) |
+ 106 Z2((v"),07 (5,04))|Rice + Ce(Ry e /7).

Once again, expanding the derivatives to the first order at (A(67 (s,0)),07 (s,0))
and using Lemma 6.2-(4) we conclude

1Z2(+'(5),07(5,0:)) = Z((7") (), 07 (5,0,
< Cc (Ilv) — A6 (,0)| R/ + (Rie/7)?) -
Integrating over E, it follows that

(7.62)

_ o _ * Rk,Z *\/ =T * Ril
Lo es2lE) = Ty pole(Y7) +CO (T /E 1(v*)" = A0 (s,9))l + —

and, by Lemma 6.16 and Remark 6.13,

Rkyz _ % R%,Z
T Tocle(r) +—= |

Then, recalling that 4, , =, — ¢ and (7.54), (7.61),

(7.63) > 77 1sr) —C. (

19g el < vy, = lleee + 17" = Felles < 2Rpe + 17" = Aell=,

using the same argument as in (7.59) and since Ry, > ¢, we have

(7.64) ”jk,zHLm < 3Ry + C#Q/TJQ;JE(V*).

Before continuing, note that if Ry > [|§, |z /4, then the value of Rk, cannot

be given by (e'/47=1/4 4 7')||ik)€HLoo. If Ry, = min {51/47-3/4, (57’)1/6||jk)z\|%/j ,

then (57)1/6\@]6712”%/3 > ||jk7€HLoc/4 implies ||jk7eHLoo < 43,/eT. In turn, the later

inequality implies, provided ¢ is small enough,

~ 2/3
()O3, I3 < 42V/ET < MArA,
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We have thus seen that \/e7 < Ry, < Cu+/eT and substituting it in (7.63) yields

1/2
9 — *
i *>] Ty, lB(7) = Cye.

(165) Iy ale() > [1-C.
Byoe/2 Qk,e|E7

We are thus left considering the case Ry ¢ < |7, ,llze/4. By (7.64):

g e < Cyrnf 77 la(v*)-
Accordingly, we have:

B < Oy max {(51/4771/4 + 1)/ e(r), /o gy |s(v) \/67} .
If the first term realizes the max, then by (7.63) we conclude
Ty epan(1) = (1= COE ATV 4 )75 (7).

Otherwise, if the second term realizes the max, (7.63) gives:*®

jg_k7e/2|E(7> > |1-Ce

1/6
€ *
Lo, E(v*)] g lB(7) — Cee.
Finally, if the third term realizes the max, then we have (7.65) again. This proves
the sub-lemma in the case under consideration.

We are thus left with the case that, for some s, we have 7/(s) € J3c/4D(607(s,6},)).
Let S, # 0 be the collection of such s. Then we define b,(s) = o(s)y'(s) +
(1 — o(s))A(0(s,0))) where o(s) € [0,1] is zero on the complement of S, and
such that b,(s) belongs to the boundary of D(6(s,6,)) \ 0s.,4D(6(s,8},)) other-
wise. Also, we define bj(s) = o(s)(y*)'(s) + (1 — o(s))A(0(s,8;)). Note that
bo(s) & 86/2D(§79(5,Qk)) and bZ(s) -4 66/2D(§7;(5,Qk)) but, for s € S, b’g(s) €
9.D(07 (s,0,)). By (7.61) we have ||b, — byl < Ry¢/T and

0 5/2|E /Z (s,0))ds

/Zb* 77" (5.0,))ds > 75 |5(r").

We can then conclude by expanding Z as in (7.62) and, using the above relations,
we obtain again

_ - " Rie [ = Y
Ty ol ) = I |e(v) = Ce ( Vo le0r) = )
The argument is then concluded exactly in the same manner as before. U

Using equations (7.52), (7.53), (7.60) and Sub-Lemma 7.12 we obtain:

elogPy, . (B(7,5)) < —(1 = Kee,r) [Z inf fg;,JE(’V*)

. YE€BlB (v, RE)

(7.66) 1/6
+C. (7;5) lz inf 7 [p(v)

o 7€Ble(y, Br)

5/6 .
o=
.

Keer = Ce(eV/4r7 Y4 4 7),

48 Just consider the two possibilities Iy 5(v") > e and ﬂg (Y <e
[N
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where, in the second line, we have used Hélder inequality, the assumption ¢2 < e
and

Rk =2 sup Rk,[ ; R = mgx{Rk}

(01, (Ghn)=1}

Next, we must compute the sum in the square brackets. Let us define the sets
B}, = B*[g(y,, Ri)- For each set of paths {Jx}re(o,.. k -1}, T € By, we can “glue
them together” defining 7(s) = Jx(s — k1) +~(k7) for s € Ey. Clearly ¥ € B(v, R).
In addition, F. (%) = >k & o, ) |E(9k), which yields

inf S e =Y inf gy (w() = inf Iy () = Jus.
;WEB‘E&’& 1oy Tl Z bl Sy o)z il Iy () = e

Note that the right hand side of (7.66) is bounded by CxC%e7~'T and the maxi-
mum is achieved for >, inf'yeg\g('yk,Rk) jg;,e |E(7) proportional to C.er~1T. Hence,

for J. r > Ceer T, the right hand side of (7.66) is a decreasing function of the
quantity in square brackets. Accordingly, by eventually increasing the value of C,

Te\'/0
(7.67) elogPyyc(B(7,<)) < —(1 — Keer) o g+ + Ce ( Ta) T8 4 Cer'T,

provided that Rt := R*(y) > R = max;{Ry}. Further,

13y o (O = (kT + ) = y(kT) — 2(s5,67) + (67, 0)|
<ART + 8)l| + (k)| + [|2(kT + 5,05,) — 2(kT, 6,) — 2(5,67) + (67, 0)|

’/ 9(s', Oy, (k7)) — A(O(5',07))] ds’
By continuity with respect to the initial conditions and recalling the assumption
17l > Cery/E, hence ||| > Cyucr, it follows

(7.68) 19, ellzoe < CyllAllzoe

Also, by Lemma 6.16, for each v € B(y,R") we have [|4[[z~ < 2|9z~ <

Cyr\/T Iy (7). Hence [|§]|7- < C4TJ, g+ and, by (7.67),
(7.69)

1/6
T2e T2¢
elogPy, o (B(7,6)) < — |1 = Keer — Ce <A> —Ce—o—
OENT : 3012 13012

< 2[ )l +

J*,R*'

To validate (7.69) we still need to verify that Rt > R. To this end, notice (see
the beginning of the proof of Lemma 7.12) that Ry < 7, provided 7 < C¢, which is
implied by (7.51) when |||z > Ce r+/€. Thus, using (7.56), (7.68) and the choice
(7.51), we have

301

/717
~15/7 13/21 €
ﬂwgwwﬂmﬂzw”mnwﬁ}

One can then check that
Ry < Or [II31777 + V2]
The above implies the claim Rt > R and RT < max{||%||z, Cc,r\/€}. Substituting

the choice (7.51) in equation (7.69), yields

1/7
T2
1-C. (€>
iod |2

(7.70) elog Py, - (B(7,5)) < — Jo g+
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To obtain the lower bound (7.50b) we argue along the same lines (with a different
choice of ¢ and 7), but the argument turns out to be a bit simpler. To further sim-
plify our discussion we are not going to pursue optimal results. We use Lemma 7.5
with ¢_ =h = K;?T and T =7 = \/z, and § = ¢ to write

(7.71) elogPec(Ble(v,.5-)) = —1o: (7,) — cse”/s.
Next, we claim that, for all ¢ such that ]1;*77,; (0, k1) =1,
(7.72) Iy Je(r) = (1= Cen)lg;|p(n,) — Ces.

The above relation is trivial if the left hand side is infinite. Otherwise, recall-
ing (6.17) and (6.16), it can be proven along the lines of Sub-Lemma 7.11. Accord-
ingly, Lemma 7.9 implies

K-1
elogPre(B(y5-) 2 —~(1+ Cove) Y A4 r(y,) - CTe/®
k=0
= —(1 + Oe\/g)ﬂgt,e(l) - CeTsl/g. ‘:l

7.4. Large and moderate deviations for general sets.

This subsection contains the second step of our argument that leads to the proof
of our main Large Deviations result. Concretely, we show how Theorem 2.4 follows
from Lemma 7.10. For the upper bound, we use a relatively standard combinatorial
argument which allows to obtain an estimate for the probability of an arbitrary
event by covering it with balls; for the lower bound, we simply bound it from below
with the measure of a ball contained in the event.

Proof of Theorem 2.4. Let {y be a standard pair so that |0} — 6| < ¢ and let
e = A,. Clearly, it suffices to prove the theorem for such standard pairs.
Our goal is to estimate, from above and below, the probability of the event Q..
We start with the lower bound, let Q- = {y € Q. : Blpn(7,?) C Q.}.
Then, for each v € Q- , inequality (7.50b) implies

-1 C.eV/?) ot C. rel/8
Péme (Qe) > ]P)éo,s (3(1751/2)) >e e +Ce 90’€(l)+ Te ].

We can then conclude the argument by taking the sup for v € Q7.
To obtain the upper bound, first recall that supp Py, . C Lipc ([0, T}, R9) hence,
setting @ = Q- N Lip,e ([0, 7], R?) holds

Pég,e(@e) = ]P)ZO,E(Q)'

We will construct a class of coverings of () and use Lemma 7.10 to estimate the
probability of each elements of these coverings. Let us first recap some notations.

For any set Q C C°([0,T],R?) let o(Q) = (60, @) = inf 5 v = F(:,60) oo, and

Q":=JB(R*(v)2Q

vEQ

where R (y) = C 1 min {51/7||’y||i/£ +51/2}. Note that if o(Q) < C¢ 7/, then
Yoo () = (-, 00) € QT hence the statement of the theorem is trivially true. We can
thus assume o(Q) > C. r/e.

We want to estimate the measure of ) by covering it with balls of the type
B(v,¢x), for some ¢, > 0. To this end we must construct a (./2)-net. To do so,
subdivide the interval [0, T] in sub-intervals of equal lengths J; = [s;, s;+1), where
s = js«/(146C) =: s;_1+ A, and recall that C is an upper bound on the Lipschitz
constant of all paths that are in the support of Py, .. Denote with Z = T'/A,, so
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that’ sz = T. Let a = {ai}ieqo,...,z—1y be a (finite) sequence with values in ﬁzd

and let v, be the unique (Lipschitz) continuous path in C°([0, T, R?) that, for each
k, satisfies (for a.e. s € [0,T]) the equation

Yals) = A(67(s,00)) + a; for s € J;

with initial condition 7,(0) = 0. Let &/ = {a : ||a || < 2C for all j}; observe that,
by construction, .27 is a finite set (indeed #.o7 < e#7Ts+ 1) and since supp Py, . C
Lipc . ([0,T],R?) we conclude that if B(va,cx) NsuppPy, . # 0, then a € /. We
now claim that | Jyc s Va is @ g.-net for the support of Py, ., i.e. Jacy B(7a,sx) D
supp Py, .. In fact, for each a € & and k € {0, , Z}, 9a,7a(sj41) = <1+ O(c?),
by the smooth dependence of a solution from the vector field. Thus for any path
7y € Lipc ([0, T, R9), provided ¢ is small enough, there exists a € &/ so that’

3 ,
7(s5) = valsi)ll < gAs for any j € {0,---,Z}.
By the Lipschitz property, for any j € {0,---,Z} and s € J;,
3
() = 7als)ll < gAs +3CA, <./2.

This proves our claim and concludes the construction of a ¢,-net of paths.
Next, let us define Qr = {v € Q | ||/llz= € [2*0(Q), 25" 0(Q)). By our current
assumption o(Q) > C. rv/e and the fact that ||7y|p~ < CT, we have

cy loge™?

ec U @
k=0

Let us fix some k. Then, by hypothesis, for Py, .-almost all v € @ we have
(see (2.14)) Crip(y) < T—1/7e2/To(Q)M/T21H/T =: Crip(k), <(v) € [sr27"7, ],

1/14
G =+E <%) 19—k and, for each |s — s'| < I

Sk —
QCLip(k) _'
Iv(s) = (sl < <k /4

Hence, if max {[a(jhs) = 7GR0l [1a(( + D) = 2(G + DRI} < si/2 then we
have, for each s € [0, h,]

(1 = shi)va(ihe) + shi ' va((G + Dhe) = (il + 5)|| < 3a/4.

Accordingly, we need only Cy paths to describe all possible behaviors in an interval
[Py, (j + 1)h,] with a precision ;. This implies that there exists Ag, C A such
that UaeAQk B(Ya,sk) D Qr and #Ag, < ec#Th' = ee#Tsy " Crin(k),

Accordingly, Lemma 7.10 implies

cy loge™? cy loge™?

Peye (@) < Z Peye (Qr) < Z Z Pro,e (B(Yas k)
k=0

k=0 aE.AQk

ey loge™ » T2TTY -
kz—o # (Aq, ) exp {—5 (1 - CE&W) ngz ]90,5(7)} .

(7.73)

IN

49 Once again we disregard the possibility that Z is not a natural number.

50 Recall that the lattice ﬁld is a r-net for R? for any r > 1/4.
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Note that, since p(Qx) > Cerv/z, we have p(Q}) > %p(Qk). Then, by Lemma
6.16, (6.17) and Remark 6.13, we have

T
2<CT inf 9, <C’T1nf/ ¥ (s)||?ds < C.T?Crip(k)?
oy M@ SCT B Sy () SOt [ RIS < 01 Cup(h)

< CET78/7€74/7Q(Q]C)22/7'

2/7.1/7
Hence, €C'Lip(k)T§k < Ce T(Q 2/

cu loge T2/7€1/7
0 rac@s 3 enl(1-Cggs ) ut g0

k=0 vEQ

inf_ . or Fgy.(7). Accordingly,

Next, let us define the sequence ko = 0, kj41 being the smallest integer £ such
that 2F > C.(0(Q)?/(T?%))>72% . By (7.74) it follows infreq . F5 (7) >
41

QinfveQ% Fpy.c(7). One can check by induction that k; < eI 1og(0(Q)?/¢e) for

some constant ¢, > 0, depending on T'. Using again (7.74), we can finally conclude:

. T2/TEVTN _
Py, (Q) < Ze I log(0(Q)?/¢) exp{ <1 — 069(62)2/7>2J inf jeo’e(’Y)}

ST\
— P J ;
Z, { ( CE’T@<Q)2/7)2 e TV

=0
o0 . /7 ' B
S Z { JE ( - Ce,T Q(Q)2/7) 'yleIg+ j@(},é(,y):|
. e/ . _
s\ g ) g ) .

7.5. Proof of Propositions 2.2, 2.3 and Corollaries 2.6, 2.7.
We conclude this section by proving the propositions and corollaries that were
stated in Section 2 without a proof.

Proof of Proposition 2.2. We start by proving (2.10). Fix R > 0 and A, > 0; by
Lemma 6.6 for any C' > ||Al|p~ if 7 is not C-Lipschitz, then .#p, (y) = co. Hence
we can assume that all elements of () are C-Lipschitz paths; this in particular
implies that RT(y) < Ca, 7e'/® (recall that RT was defined in (2.12)). Now
let Qf = Uyeg B(v,R) and Qp = {y € Q@ : B(v,R) C Q}. For ¢ small
enough, Q@ C Q= and, QT C QF (see (2.13) for the definition of @~, Q™) and,
by Theorem 2.4, taking first liminf and limsup as € — 0 and then the liminf for
R —0:

_’YGIBEQJQW (7) < 1iggfalogPM,8(Q) < lirgljélpelogpmg(@) < _71223 T, (V)
the only non-obvious inequality being the last one. To prove it note that if p(6y, Q) =
0, then the inequality is trivially true, we can then assume p(6p, Q) > 0, hence,
for ¢ small enough @ is P, .-regular (see Remark 2.5). Next, let us define 5 =
liminfr_o infweQ; JGE’A*W). Then for each § > 0 there exists Rs < d§ and
Vs € Qf, such that .75  (v5) < 8+ 6. Since the C-Lipschitz function are com-
pact, there exists a subsequence 9; — 0 such that vs, — 7. € Q. The claim follows
by the lower semicontinuity of .7, . (see Lemma 6.15).
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Next, we want to take the limit A, — 0 and prove (2.10), that is

—_dnf | Jo,(7) < liminfelog P (Q)
(7.76) < limsgpalogPH’E(Q) < — inf Fp, (7).
e—

VEQ

If n = inf.cine @ Ho, (7) = 00, then the first inequality is trivially true. Otherwise,
by Lemma 6.15, for each § > 0 there exists 75 € int@Q N intD(Fp) such that
n+ 9> Fy,(vs). Accordingly, there exists A, such that

T]+5Zf00(’76):f90A (vs) = GIEEQJQO’ ()

by the arbitrariness of ¢ the first inequality of (7.76) follows.

To prove the last inequality of (7.76) let n = lima, 0 inf_ 5 Fgon, (V). I
7 = 00, then Q ND(.7, _) = () hence the inequality follows. Otherwise, for each §
there exists As > 0 such that, for all A, < A, there exists ya, € Q ND(Sy, ) such
that n+0 > Sy A (va.) = F5, A, (74, ), where the last inequality follows form the
definition of fe_ A,- By taking a subsequence we can assume that ya, converges

toy € QND(S 9,)- We can then establish (2.10) by taking first the limit A, — 0
followed by § — 0 and applying Lemma 6.15 twice.

Item (a) follows from Lemma 6.6 and Remark 6.14 while item (b) is a direct
consequence of the properties of Z detailed in Lemma 6.2. O

Proof of Proposition 2.3. By Lemma 6.6 , for any 6 € T, Z(-,0) (defined in (6.2))
is finite only in a compact set on which it is bounded. Then Lemma 6.2 implies
that there exists ¢ > 0 such that Z(b,6) > c(b — &(0))? for all § € T. Hence,

@77 Iy / Z(+/(s),8(s 00))ds>c/ Iy (t) — A(B(s, 65))]|” dt.

where we assumed that 7 is Lipschitz (otherwise Ip: () = oo by definition). Hence,
for cach 7 € Q. = {|[{| > LR},

T
R< / I/ () — 7' (t, 03) [t < \Je I (7),
0

We can now apply Lemma 7.2. Note that, for Tj,.x small enough and C large
enough, R.(7) < [|[¥|lec/2. This implies that Q. + C @, and the Lemma follows. O

Proof of Corollary 2.6. Let us start with the upper bound. For any v € @, let . =
ePy+ (1 —&P)7. Since Q is bounded, we have ||7. —J||co < Coe? and in particular
(recall the definitions of R™ given in (2.12) and of p,s,CLip in (2.14)) R () <
Crel/ ™91, p(l, Q) = < p(Bh, Q), Cuip(re) = IFIILLTI/ &2/ 1977, Thus
Crip < C only if g > €2/11 in such a case

172(5) = 72 ()| < €7[l7(s) = ()| < Cpells — 8’| < Ce™*¥/™+2/7¢(ve) < g(ZE)
since f < %, that is the events (). are always P, .-regular. In addition, since
% + % B > B, it follows that, for all R > 0, for all &€ small enough we have QF C
{ePy() + (1 — eP)F(-, 90)}%@; =: Q7  where Qf, = U,eg B(7, R). Also, for €
small enough, QF cr C int D(Sp,)- In particular, for any € > 0 and sufficiently
small g, ﬂgf () = Ho,(7e) for any v € Q: g (recall the definition of j@ie given
in (7.55)). Also by (2.11) and the smoothness of ¥, since @ is Lipschitz bounded,
g8

T
oo (1) = - /<7’(8) — A(0(5)), 2(0(5)) " ['(s) — A(8(s))] )ds + (™).

0
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We then apply Theorem 2.4 and the above estimate. Taking the limsup as ¢ — 0
followed by the limits R — 0 yields the wanted result. The lower bound follows by
similar arguments. (|

Proof of Corollary 2.7. Let C, large enough and set 7. = e2y— (1—¢£2)z. For each
v € Q we have (recall the definition of R given in (2.12)) Rt (v:) < 9||9]lccv/E
and that Q. is P, .-regular. Thus, in the notation of Theorem 2.4, (Q1). D Q7.
Since (2.11) implies

fgo (’76) = 5jLin('Y) + O(é‘%)
the result follows directly by Theorem 2.4. 0

8. LocAL LiMIT THEOREM

The results of the previous section allow to study deviations Az‘,n =0,—0(en, ;)
from the average of order larger than /e, but give no information on smaller fluc-
tuations, except for the fact that with very high probability the fluctuations are
of order /¢ or smaller. In fact, in [20], it is proven that the fluctuations from the
average, once renormalized by the multiplicative factor e~1/2, converge in law to a
diffusion process. Here we go one (long) step forward and we prove Theorem 2.8
which is the equivalent of a Local Central Limit Theorem with error terms for the
above convergence.

Remark 8.1. As already mentioned before the statement of Theorem 2.8, although
we will restrict our discussion to fluctuations of the variable 6, the same type of
arguments would yield corresponding results for z.

A standard technique to prove local CLT type results for a dynamical systems
leads to the study of the leading eigenvalue of a suitable transfer operator (see,
e.g., [31]). While this idea works quite well for uniformly hyperbolic systems, it
is much harder to implement for partially hyperbolic systems. Here we will use
the standard pair technology to reduce our problem to a slowly varying uniformly
hyperbolic system. This will be achieved in several steps.

The first step consists in expressing the fluctuation in terms of a more explicit
random variable A: this is done in Section 8.1. Then, in Section 8.2, we first show
how Theorem 2.8 follows rather easily once one has computed the characteristic
function of the random variable Af, which is a suitable mollification of eA. We then
discuss which technical estimates are necessary to compute the Fourier transform
defining the characteristic function of AT and we use the standard pair formalism to
recast them in a form to which, in the next sections, it will be possible to apply the
transfer operator technique, effectively reducing the problem to one similar to the
skew-product case. The difference being that the fast dynamics is slowly varying
rather than a constant. Hence, instead of having a power of a single transfer
operator we will have to deal with a product of similar, but different, operators.

Let T > 0 be the one appearing in the statement of Theorem 2.8 and consider
t € [1/2990 T to be fixed. In the following we will find convenient to work with a
definition of “deviation” that is independent of the standard pair language. This
definition has been already introduced in (5.1b), but we report it here for the
reader’s convenience. Recall the notation ), = 6(ck,6); then let

(8.1) Ag(z,0) = Ox(x,0) — 04(0)

) = F¥(x,0) and 0(t,0) is the unique solution of b= w(),

where, as usual, (zy,0;) =
with initial condition §(0) = #. On the other hand, the deviation A(¢), which
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appears in the statement of Theorem 2.8 is related to the initial measure p;°' the
first goal of this section is to obtain an explicit relation between the two definitions.

Remark 8.2. In the following we will need to iterate complex standard pairs. The
basic tool to do so will be a generalization of Proposition 3.3 where the potentials
that appear are proportional to o. This means that we will need co > Cy|o| in order
for Proposition 3.3 to apply. Accordingly, by the condition c2d. < 7/10, stated just
after (3.9), we will need to consider 5. < Cy|o|™t. On the other hand we will see
shortly that we need worry only about |o| < e~ 1/2=20« for some conveniently chosen
small constant 6, > 0 . Due to this, we are going to consider complex standard
pairs with & > 0c > 6. = C el/ 226 for some conveniently chosen small constant
c«. We will call short complex standard pairs the ones for which éc = d. and long
complex standard pairs the ones for which é. = 6.

Due to the above remark it is necessary to write a standard pair £y as a family of
short complex standard pairs. Recall that €y = (G, pe, ), Gy, : [as,,be,] — T2, has
length |bg, —ag,| € [0/2, 6], where, as in the previous sections, ¢ is some fixed number
independent on . Hence we must cut [ag,, by,] in 60, ! pieces [, a;y1] of length
between d./2 and d,. We can then define the complex standard pairs ¢§ = (Gg, i, pi),
where Gy,.i = Gy l[a;,a.4,] a0d pi = Z;lpgo]l[a,o“,ﬂ]7 Z; = foii“ pe,-°° Remark that
Z; ~ Y22 and Y, Z; = 1. Clearly, for each continuous function B,

(8.2) fieo (B) = Z Zipes (B).

Let (z,0) be distributed according to a measure in P.(6}), we can apply to each
standard pair in the family the decomposition (8.2). We can thus write

(8.3) A(t) = 1/2 Z e [0-() — 0(t,07)] — e [0(2,05) — 0(t,0;:)] -

In addition, for any o > 0, except for a set of exponentially small probability, the
relation between the random variable in (8.1) and A% (t) = e~1/2[6.(t) — 0(t, 07 )],
under 45, is given by:

Ezc. (t) = 5*1/2[05(;5) — é(t7 9)} + 0(51—25*)
= 671/2 {Atté‘*lj + (t€71 — LtfflJ)[ALt€71J+1 —_ ALtaflJ]} + 0(61725*)
(8.4) = 8_1/2Al_ta—1j + 51/2(t€_1 _ Ltg_lJ)@(thE_lj , eLta—lj) + 0(51—25*)’

where we have argued as in (5.3a) and used our large deviation results.””

Remark 8.3. In the following we will consider only values of t such that [te™1| =
te™1, i.e. we will assume t € eNN[0,T]. As the formula above shows, the general
case can be treated by modifying the last term in the sum defining Hoj in (8.8)
below. We refrain from doing so explicitly to alleviate our notation. Note however
that if one wanted to compute the first term of the Edgeworth expansion, then one
would need to treat explicitly all times and even use a formula slightly more precise
than (8.4), which anyhow also follows from the arguments used in (5.3a).

51 Recall the definition of the random variable A€ (t) = e~ 1/2 [OE(t) —0(t, 98)] where 60 (t) is
defined in (2.7) by 0= (t) = 0 yo—1) + (te™" — [te™ )0 o141 — Ope—1 ], 1 € Pe(65).

52 The reader should not be confused by the fact that the £ are real: the adjective “complex”
here refers to the fact that they satisfy all the conditions for complex standard pairs, in particular
the one stated in Remark 8.2 concerning their length.

53 See the arguments around equation (8.10) for more details.
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8.1. Reduction to a Birkhoff sum.

As it is often done in the study of sums of weakly dependent random variables (and
already several times in this paper), we need to divide the time interval [0,¢] in
blocks. For technical reasons it turns out to be convenient to allow such blocks to
be of variable length. We thus consider a number R of blocks of length identified
by the sequence {L};—, and set

k
Sk =>_Lj, S.1=0
j=0

so that Sgp_; = te~!. In our situation, it suffices to consider the case in which all
the blocks are equal except the last one. More precisely: let us fix”*

(8.5) 0. € (1/99,1/32),
to be specified later, let L, = 3% and define the lengths L;, as follows:

Liy=L, forallke{0,---,R—2}.

Remark 8.4. The estimates in this section are sharper than needed for our pur-
poses, given our choice of L. Yet, they are instructive as they show, at very little
extra cost, how to proceed if one wants to obtain a full Edgeworth expansion.

Lemma 8.5. For anye >0, let t € eNN[0,T] and {L}7—) C N as above:

R—-1
Aer =Y [Dp+O(A})] o P+
k=0
~ _ 1 _
(87) Dk = E(t - ES]C,QL,C) {AL,‘,’ + §P(t — 65k7 HL,C)A%J

E(s,0) = exp { / ) &' (6(r, 9))&} . P(s,0) = / ) E(r,0)a" (0(r,0))dr.
0 0
Proof. Note that
A1 =01 — 001 =011, 0 FF0 — §(t — Lo, 01,)
=Ap_p o Flo —0(t —eLo,01,) +0(t — eLo,0r,)
= Doy 0 F20 4+ 008(t — eLo,B,)Ar, + 5030(t — Lo, 01,)A3,
+0(A},).

Next, note that, by the smooth dependence on initial data of the solutions of
ordinary differential equations, the functions 7; = 9460, 1, = 8920_ solve, respectively,
the differential equations 7, = @'(0)n1, m(0) = 1 and 7o = &'(0)ne + @"(0)n?,
n2(0) = 0. That is, 840(s, ) = Z(s,6) and 820(s,0) = E(s,0)P(s, ). Iterating the
above formulae yields the lemma. O

Next, we want to write the random variables Dy, associated to the k-th block,
in terms of the (more explicit) random variables defined in (5.4b): recall that

54 The choices of 1/32 and 1/99 are both arbitrary and largely irrelevant; in fact one could
work with values of ¢, arbitrarily small (see Footnote 77) .
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k—1 k—1
— ~ £ — _ —
(8.8) Hop =) Ejrw(z;,0;); Hyp=—5) Ejxe(0;)0(0;)

<.
=]

<.
Il
=]

—1

IT [+ea'6)].

I=j+1

Lemma 8.6. There exists o such that, for all k € {0,--- R — 1}, ¢ € [0,&0],
j€{0,---, L}, a €(0,6,] and standard pair £ we have

ne ({121 > ELzlg/zm}) < et
127, <{|€Hj — A]‘ Z €3Li+2a}) S eic#L:

pe ({|(eHo )2 — A2] > 2 L}/*}) < emerli,

where Z; i,

Proof. By Lemma 5.1 (or, more precisely, (5.6b))

a)//(el)

5 A? 4+ O(A} +£?)

Jj—1
(89) Aj — €[H0,j + Hl,j} = gZEl’j {
=0

Next, let us define B, ; = {(z,0) € T? : |A7 ;1 > ej2te}. By Proposition 2.3
(8.10) pe(Baj) < e 9™
Hence, for all j < Cy\/Ly, |A;] < eLllc/Z, while for j € [CyV/Ly, L], since we have
|A7; — Aj| < Cye, (8.10) implies
o (1)) L0 ) < o™ < est
from which the first assertion of the Lemma follows. Next, we have
minlr b = @H@l) 2 3 2 373/2

€ ; :l,J[ 5 AZ—I—O(Al-i-E)} <e’ L7
This proves the second assertion for j < Cy V/Ly,, while, for j € [C’#\/fk, L],
(8.11) pe ({|elHoj + Hyj) — Aj] > 3772 }) < em#li,
which yields the second assertion in the general case, recalling the constraints (8.6)

on Lj. The last assertion follows analogously since A? = (eHp;)? + 2(A; —
eHo j)Aj — (A; —eHy ;)?, and, for j < Ly,

. ({ sup |(eHo,)* — A?| > 53j3/2+a}) <e v

0<j<[te=1]

where we used the fact that A; — Hy ; = O(Hy ;) = O(g%)). O
The above Lemma, which is even sharper than necessary, suggests to define
(8.12) My =Z2(t — Sy, 01,) [Hm Y Hyg, + gP(t — S, éLk)(HQLk)Q} .
Then, for o < 0, < 1/32, Lemmata 8.5, 8.6 and equations (8.7), (8.10) yield

ey ({1 Dt — eA] > CpeL12Y) < emowe

(8.13) R-1
A= ZMkOFESkfl.

k=0

Since e2L112> < g3/240- A, 1 — A is 0o(¢?/?) with probability almost one.

—3adx
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Thanks to (8.13) we have reduced ourselves to computing the distribution of
the random variable eA. The rest of the paper will therefore mostly deal with the
problem of obtaining a local CLT for the variable A.

8.2. Proof of the Local CLT.

In this subsection we will obtain a LCLT for the random variable A, defined in
(8.13), assuming the validity of several propositions that will be proven later on.
Using this result we will be able to prove the LCLT for A®(¢).

Our first problem is that the random variable A may have a very rough density
(if it has a density at all): it is then convenient to introduce a regularization
procedure.” To this end let Z be a bounded, independent, zero average random
variable so that |Z| < 1 with smooth density ¢ € C*. We can then consider
the random variable At = ¢A + ¢+ Z, where 8, = % + 4, and recall that §, €
(1/99,1/32). The random variable Al indeed admits a density, which we denote
with N, 4 (where p denotes the distribution of initial conditions). In fact, denote

by 12)\ the Fourier transform of :

1 —i g AT
Nu,Af (y) = o . € 5y]E(e A )dg
1 P N
(8.14) =5 g e Y (e MY (eP o) do.

The above discussion motivates us to prove the following result

Proposition 8.7. For any T > 0 there exists €9 so that the following holds. For
any real numbers € € (0,¢0), t € [¢'/190 T so that te=' = [te ™|, any 6* € T and
any short complex standard pair €° so that 0* = Re(ue<(0)),”" we have:

o—v*/(2602(6"))
O (9*) 2me

where o4(+) is given by (2.20); in particular it is a differentiable function so that
o] < Cy.

(8.15) Ne pi (y) = +0(e7™),

Let us postpone the proof of Proposition 8.7 and see immediately how it implies
our main result.

Proof of Theorem 2.8. Let us remind once again the reader that we will give
the proof only in the case te~! = [te™!| (see Remark 8.3). By equations (8.3)
and (8.4), given any I = [a,b] and x € R, we have

Puc(A(t) €T+ k) = ZiPpe (N (t) € 7T + 5 + 73)
< Z ZiP#e¢75(5_1/2At8_1 eel?It 4 k4 Ti) + C#e_a_c#

where 7; = e~ Y2[0(t,035) — 0(t,0;.)] and It = [a — Cye* =%, b+ Cue'~%]. By the
same token

P, (A°(t) € V2T + k) > Z Zl-]PM,s(gﬂ/zAtg_l ce2 I +r+1)— C#e*e—c#

where I~ = [a + Cpel ™% b — Cpe'~%]. From now on we follow only the upper
bound, the lower bound being more of the same.

55 This is not the only way to handle the problem, it is just the one we find more convenient,
see Remark 8.14 for a standard alternative.
56 This generalizes (4.1) to the case of complex standard pairs.
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By (8.13) and the definition of AT (see the beginning of this subsection) we have
P, (A°(t) € eV2T + k) < Z ZiIP’W¢7E(a_1/2AT eIt v k4 1)+ C#e_eic#.

1
We can now use Proposition 8.7 to obtain
(8.16)
e—nz/(%f(f)}i.))

471 4el/21+ O‘t(@})v 2T

// e‘(n—€71/2[é(tﬂa)—é(tﬂ)])z/@‘ff(@)))N d0) + Cucl/2—T0 | g
T Jk+el/21+ O't(e)\/ 2T M( ) # g

where N, is the law of 6 under p. The obvious analog holds for the lower bound.
The above formula is valid for any standard family, but if u € P.(6f), since by
definition |0(¢, 65) — (¢, 0)| < Cxe, we can obtain the simplified expression:

IPM,E(AE(t) cet?r 4 k) < ZZI/ + 0#61/2_76* dn

o /203(87)

0'1/(96)\/%

This proves the theorem. O

e V2P, (A°(t) € /T 4+ k) = Leb I - { + (9(51/2_75*)} + O(e!/27%),

Our task is then reduced to the proof of Proposition 8.7.

Proof of Proposition 8.7. It suffices to compute the integral (8.14) when p =
tee is a short complex standard pair. To do so, we find convenient to split the
integral in five different regimes: let us fix o9 > 0 small enough and C; > 0 large
enough to be determined later; also let s = 8, —146, = %—1—25*‘57 Recall moreover

that we have chosen L, = £~3%+; we consider then the partition R = Ui:o Ji, where
Jo = {lo] < C1e°L.}, Ji = {C1€%L, < |o| < %},
Jo ={e™ <|o| < o0}, Iy = {00 < |o| < e},
Jy={e"7 < |ol|}.

Correspondingly, we can rewrite (8.14) as

Nyw =Zo+Th + 1o + 13 + 1y,

where each Z; denotes the contribution of J; to the integral on the right hand side
of (8.14). Recall that we are allowed to neglect contributions that are of order
£~ 7; we will now show that the main contribution to (8.14) is given by Z;, as
the contributions of all other terms are, in fact, negligible. First notice that the

contribution of Zy can be neglected; in fact:

1 -
(8.17) IZo| < 7/ ‘w(eﬁ*_lo)‘ do < CyeL, |11 < Cypel=3%

271'5 USC&EQL*
The contribution of Z; can also be neglected, since, for each r € N, by Cauchy—
Schwarz:

o b R
m<S - | 9(o)| do
iy 02513*—1—%
1/2
8.18
(8.18) < C#E_B*Hz/)(’")HLz {/ U_2Td0':|
o>e0x

< Oyl a5,

57 Informally, o¢ specifies the region in which we can use perturbation theory, while C; and
e~ * specifies the regions that can be bounded trivially, see equations (8.17), (8.18).
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If we take r large enough, depending on the choice of ., we can thus conclude
that |Z4] < C’#Hz/J(T)HLz&lOO < 0#6_76*. We are then left with the estimate of
the contributions of Z;, Z; and Z3. We will (impressionistically) call J; the small
(frequencies) regime, Jo the intermediate regime and J3 the large regime.

The basic tool to compute these integrals is described by Lemma 8.9, which will
be stated below. Before giving its statement, however, it is convenient to introduce
a systematic notation for the many correlation terms that will appear in the sequel.
It will turn out that, for the level of precision needed for our current investigation,
the exact form of such terms is irrelevant. It will thus suffice to consider the
following, very rough, bookkeeping strategy.

Notation 8.8. Let C* > 1 be some fized constant sufficiently large. Given a
standard pair £, we will use the symbol Qf?)’l’ji to denote a coefficient which depends
only on the averaged trajectory 0(t,0}), indexved by 7 = (i1, ,i;) € {—1,+++ , Ly —
1} (or7 =0 if k = 0)°° and which satisfies the estimates |QﬁZ’l”’i| < (C*), and
YLl < (¢

We will use Ajz, i; > 0, as a placeholder for an arbitrary C*(T?,C) function
possibly explicitly depending on { such that ||Ajzllcr(r2,c) < C*, and we assume
conventionally that A;; =1 if i; = —1. Finally, we will use the notation

l
kp k,p i
R = § , e H AjzoFY.

7 =1

For obvious reasons we will call such expressions correlation terms. Note that
ﬁ?’fﬁf’l’f = ﬁ?’l’fl?, Finally, observe that ﬁ?’lp can also be written as ﬁlg’ﬂb for
any m > 1 (just set QZ’ffm =0ifi; #—1 forallj>1).

Also let us introduce the potentials (recall that the value of ¢ is fixed)
(8.19) wf (2,0) = E(t — Sk, 051, ) =5 .1, &, 0)
where =7 ; ; is defined in (5.4a), Z is defined in (8.7) and, generalizing (4.1):
(8.20) 0 = Re(ue(0)) 5 0, = O(ck, 07).

Let us fix ¢ € N sufficiently large to be specified later; associated with the above
potentials, choosing a standard pair ¢, k € {0,--- ,R — 1}, QZZ’(?,@ and (ﬁ?;j)z;%,
we define an operator®® 7j: the operator 7 acts on complex measures over T? as
a “weighted Lj-push-forward with correlation terms up to ¢ points”, according to

the following formula

q—1
. ) Lp=1_k _pi
(8.21) Tiulg) = erK(s)lu (emzjjo wy joF? 1 +§ :(i06)5ﬁlz,7§; gOFng> ,
s=1

where €,(¢) is a constant depending only on ¢ and . Observe that when ¢ = 1
and €;(¢) = 0, we recover the push-forward operator with complex potential (8.19)
defined in (5.35) . The key fact is that the action of such operators on complex stan-
dard families can still be described in the standard pair language, as the following
lemma shows.

58 We use the convention that, for any set A, A® = {p}.

59 To be precise T should have a lot of indexes ({¢, k, g, CIZ’S@, wéfj, (ﬁf’;ss)g;%}), we drop all

of them (except k) for readability.
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Lemma 8.9. There exists g > 0 such that, for each k € {1,--- R}, 0 € R, short
complex standard pair { and g € L*(T?,C) there exist a family of short standard
pairs SL? such that, provided |o| < g~ 1/2-200 gnq L, < 5_1/4+5*, we have

pe (€ 7Mego FEY) = 3™ v g oo (9) + O (907 L3 + 0?6 L7 ) « |l (|9 © F2*1),
regk

where Z Vie,0 oo (G) = Trpee(g) and Ty is given by (8.21) with €4(e) = 5022’017@.
vegk

Moreover, if |o| < aq, we can take {¢} and/or £ to consist of long standard pairs.
In addition, if we define iteratively the standard families 220 ={l} = {¢} and SZ
where, for all £}, € 22;1 , QZ is defined as above, then, for each k € {0,--- |/ R—1},

1

if ¢ >4 and L, < Ce=V/A4H0+6/448.)/2a=1) for syfficiently small C, we have

k
(8.22) ST > T Myl < Cy

216220 Ek“ex;‘k j=0

The proof of the above lemma will be given in the next subsection. We now show
how to conclude the proof of Proposition 8.7: Lemma 8.9 and (8.13) allow to write
the expectation u(e®) = e (e’*) appearing in (8.14) as (recall R = O(e 'L 1)):

R—1
(8.23) pee(e™) =" - D T Vit +OETOULIT + oeb L),

6eLh  tpeghsl J=0

Remark 8.10. Note that the above decomposition depends on the choice of d¢
which, in turns, depends on o. From now on we will talk only of “complex standard
pairs” and it will be understood that the families SZ are made of short standard
pairs for o € J3 and long standard pairs if o € J1 U Jo.

Note that the estimate given by (8.22) is very crude as it completely ignores
possible cancellations among complex phases. Our next step are the following —
much sharper— results which take into consideration such cancellations.

Proposition 8.11 (Large o regime). For any d. € (0,1/32), 0 € T3, let L, <
Lr_1 <2L,. Then, for any complex standard pair (p_, € £F72:

lr—2"

Z VR—1/r_1,tr| = 0(52_96*)~

tregy

The proof of the above proposition will be given in Section 10.

Proposition 8.12 (Intermediate o regime). For any é, € (1/99,1/32) and o € Ja,
let L, < Lr_1 <2L,. Then, for any complex standard pair fr_1 € ghk=2.

br—2"

Z VR—1/4r_1,lr| = 0(52796*)

ERGEZQ_Il

The proof of the above proposition can be found in Section 11. As mentioned
previously, the above propositions imply that the main contribution to the inte-
gral (8.14) is given by Z;. The next proposition estimates precisely this contribu-
tion
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Proposition 8.13 (Small o regime). For d, € (1/99,1/32), 0 € J1, ¢ > 5 and
Ly=L.,,0<k<R—1:
ugc(ei“A) _ 6_%‘726?(9;) + 5(0’, E),

where recall (see (2.20) and (2.18)) that

) = [ i i

0
and € is a small remainder term in the sense that
1
f/ |E(0,€)|do = O(L?loge™).
EJa

The proof of Proposition 8.13 can be found in Section 13.

Let us now fix ¢ = 7 and recall that L, = £ 3%, We can now compute the
integral (8.14) by using estimates (8.17), (8.18), Lemma 8.9 and (8.23) in the first
line below, while using Propositions 8.11-8.13 and (8.22) in the second line:

e—ioe” y B=1
NZC,AT Z . Z /U|< _4—2s. H Vi—1,6;_1,; ¢( P )+O(1)

hHeLy LR esR B

“iny—in’o} (920))dn

— — 1 —1ie
= (9(8 60. IOgE 1) + 2’/T\/g/ (Uf)
o v?/(2c07(6}))

o (07)V2me

where we have used that |1Z(s) — 1] < Cxs?, since Z has zero average. O

= O(e % loge™!) +

Remark 8.14. In alternative to the above strategy we can choose N to be the
distribution of a Gaussian random variable with density N7 = L —a’/207¢

V2meo,
and apply [25, Lemma 2, Chapter XVL3] with T = ¢~ P

[Na(@) = N(2)] < l/E Nal§) N

T ) b £

where Ny is the distribution of the random wvariable A. The above integral can
be computed, and shown to be small, using Propositions 8.11, 8.12 and 8.13 as
we have done in the proof of Proposition 8.7. Note however that this would yield
weaker results, as far as we are concerned, since the errors in the distribution
function translate badly on errors for probability of small intervals (which represent
our current interest).

—Bx

dé + 0P+ 2),

8.3. Standard pairs decomposition.

To complete our argument we need to provide the proofs of the previously stated
Propositions. Such proofs turn out to be rather laborious and to them is devoted
the rest of the paper.

We start first with a generalization of Proposition 3.3.

Lemma 8.15. There exists a constant C,. € (0,1) such that, for each short com-
plex standard pair ¢, K € N, |o| < e~ 1/2=20« imaginary potential families Q =
(iowj)jK:_Ol, w; defined as in (8.19), finite index set A and functions B = (Bg)ac 4,
|1Ballcr < Ci, and times {kq}aca C {0, , K — 1}, ko = ko = a = d/, for any
9 € (0,C,37F4) there exists a short complex standard family £ o5 such that, for
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all A€ L=(T?,C):

1+9 [] Bao Fke

. K-1 j
vp,e(A) = ju (A 0 FI ¢! Lm0 1o
acA

) = Viri(A).

In addition, we have
(8.24) Vil > Oy exp(—cyK)

for some uniform Cy,c4.

Finally, if |o| < o9 and K > Cloge™?, for some C large enough, then the
above holds also requiring that the family SK’Q 5 or/and { consists of long complex
standard pairs. 7

Proof. We will use a baby cluster expansion like strategy. Note that, provided C,
is small enough, 7, = log(1 + B,) are allowed potentials for both short and long
standard pairs. Then, calling #.4 the cardinality of A, P(A) the power set of A and
S¢= A\ S, we have

[ 5.0 = [[(Baort +1-1= ¥ (-1 [[emert
acA acA SeP(A) a€S

Then, if we set g = 0if k & {ko}acs and Tg, = 7, otherwise, we can write
. K—1 i
vp,o(A) = [ (A 0 F¢' Lso WjOFg>

+90 Y (1P (AoFerf;l[mjﬁsﬂoFﬁ)_
SeEP(A)

We can now use Lemma 3.3 on each term of the above sums. Note that the decom-
position in complex standard curves does not depend on the details of the potential
but only on |o| and the dynamics. In particular, we can write

VBJ(A) = Z Vg/ﬂg/ (A) —+ 19 Z (—1)1"15( Z VS,Z/,U‘Z' (A)
el SeP(A) rels
where £ = {(Gy, p}),"’} and, for each S C A, £5 = {(Gj, ps,;), vs}. Note that, if
t; = (Gy,ps,5)s

|Vs,£;. | =

. K-—1 i
10 (]lg;emzi'o wjoF? H(l + Ba) oFf“)‘

a€S
< (14 C)* el (1),

see Remark 3.7 for an explanation of the notation 1,. Next, notice that, by the
usual distortion arguments

K-1 o1
d ] .
|suppllz;.| Ir Z w; o Fl(x)| < Cude Z AEH < i
T = pa
Thus
iozlffl wjon
‘,LL(| <]l€;> S C# e (]].4_6 j=0 a) ,
hence

Vs, < Cx (14 CL)*¥ V).
The above implies

N
9 Z [vs,j| < 9CV)| Z (1+Ca)¥ =902+ C)MPM| < 7]
SeP(A) SeP(A)
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provided C, is small enough.
We can then define the standard family £, , 5 = {(G;, p;), v;} where

j=Vi 0 Y (CDF s =it Vil YD (S s es )
SEP(A) SEP(A)

which concludes the first part of Lemma (see also Remark 3.6).

If |o| < o, then the above argument works verbatim in the case in which ¢ is
a long standard pair. If £ is a short complex standard pair, then, by Remark 3.5
we can, at each step, use complex standard pairs of length % longer than the ones
at the previous step, provided the length stays smaller than §. Thus, at most after
Cyloge™?! steps we have families that consist of long complex standard pairs. O

Proof of Lemma 8.9. Recall that, by (8.12) and (8.8), we have

Li—1
= —_ ~ € _1iaN-/D
My, = E(t — Sk, 01,) { Z;) S Lk [w(xj,ﬁj) — 5% (Qj)w(ﬂj)] + s(Ck}
i=
1 ) Ly—1 2
Ci = 5 P(t — Sk, 01, lzo EjLew(zj,05)
i=

We would like to argue by using Proposition 3.3. Unfortunately, the above random
variables are not of a form suitable to play the role of a potential since they contain
products of functions computed at different times (that is correlation terms). We
will solve this problem in three steps. First we will express the averaged trajectory
0) in terms of one starting from an initial condition that depends only on the
standard pair, so that the averaged trajectory becomes deterministic. Then we will
develop in series the exponential and finally we will show how to deal, in general,
with the type of objects so obtained (using Lemma 8.15).

Arguing as at the end of Lemma 8.5 we have, for any function ¢ €

0(Or) = 005 1) + ¢ (07 1) E(ek, 07) (00 — 07) + O(262).

Using (8.20) and Notation 8.8 we can (see Appendix C for a detailed explanation
on how to perform these, and similar, computations) rewrite (8.12) as

2 60
c,

My, = My, + e85 + O(e?0.L})
~ _ Le—1 £ _ _
M, = 5(t — S, 0;.1,) { > Ein [0 05) - 5307,)00; )| } .

=0

(8.25)

By equations (8.25), (8.19) and the Taylor expansion
ptoMi _ eio[Mzk—&-sRZ’g] + O(0e25.L2)

— [ €0, m*Z wZﬂ’OFEj] [1 + CZk,q] + &0 kg
Ly—1

1~ _ _ _
k,1 = * — — * — (DN*
(8.26) Crop = —5=(t =Sk 071,) Y ;0,67 )(6] ;)
j=0
qg—1
Chpg =D (10e) K2 Erng = O(109LY + 020 L3),
s=1

60 In this section we use the shorthand notation O(-) = Opee ()-
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where we used Notation 8.8. Set
qg—1

9= 33 |(oe) el

s=1 7

and notice that

—1

< C,Y (lo|eL?)® < Cylo|eL? < Cue’.
1

Q

S

The above shows that, for € small enough, (8.26) is a sum of terms to which we can
apply Lemma 8.15, plus a small remainder; in fact®'

3s

q—1
14+ Cipy =v7> > [COR R IERY [T Aj:0F
s=1 7

Jj=1

We have thus written e?*™* as a weighted sum of terms which satisfy the hypotheses
of Lemma 8.15, also the analogous of Remark 3.6 applies. Note that, again, the
decomposition in standard curves can be chosen to be exactly the same for all
terms. We can then define the standard family £F exactly as it was done at the end
of the proof of Lemma 8.15. By (8.24) we conclude that the total weight of each
standard pair differs uniformly from zero, which allows to normalize the densities.
This proves the first part of the lemma.

To conclude the proof we need to prove (8.22); notice that, by the first part of
the lemma and using the same notation as in Remark 3.7,°% for any 0 < r < s < R,
we have®”

iy 0 M]-oFffflfs“l]l FSs-1—8r-1 1 FSr=Sr—1q
He,. \ € J=r Loy O L'g ol 0L, lrga

r42

. s M. st—lfsrr- _ .
- e qeij:M o Ly 0 F2T1 750l | o FEr ety

_1-Sr

S
° M,oF.”
J € ]1[

i .
= VTvérvér+1 Iu[r+1 (6 Z]:r+1

s+1

Ss—1—Sr
oFe 1 "']]-Zr+2>

+ O(e%09L2 + 0?6, L) | e, |(Ly,,, 0 FSs-175-1... 1,

s+1 7‘+1)'

Iterating the above equation yields, for all r < s,

N S —S
o S MjoFL =175 -

s+1

= Hvl’zz,ful + O(EqaqLiq + 0525@[’2)
l=r

(8.27)

S

J—1
Ss—1—Sr_
X Z H |‘vlyél,€l+1‘ |#‘€J| (]]'es+l © Fa ! Lo ]]‘€j+1) .

j=r l=r

In particular, choosing s = r we conclude that there exists Cy > 0 such that:,

(8.28) o Mol <Y Culpel (e,,,) < Co.

Lyt e% Lrg1 EEZT

'S into some Ajz, which is always possible

61 Note that we have absorbed the sign of o€’ -

since the A; ; are names for arbitrary functions.

62 Below we consider ]1[7, to be a function defined on the standard pair £;_;. Also notice that

. . . Lj_ .
]15] can be written, if needed, as the restriction to £;_1 of e 4,85 © F. 971 for some function
Pe;_y.0; € L®(T%R).

63 . b _ b L
We use the convention that ) "~ c;j =0and [[/_,¢; =1ifb<a.



86 JACOPO DE SIMOI AND CARLANGELO LIVERANI

To conclude we prove, by induction on m = s — r, that

(8.29) Z Z H|Vj,ej,ej+1|§202

ZT+1€£Z7‘ £S+1€£'ZS Jj=r

Equation (8.28) shows that (8.29) holds for each r and m = 0. Let us suppose
it holds for each r and n < m for some m € {0,---R —2}. Let s = r+m + 1.
Then, recalling (3.10), the fact that |o]|6. < Cx and the condition on L., we can
use (8.27) to write:

S
S T T Vil < e, | + C e,

ZT_HEEZT K.<+1€£ZS j=r

(e%09L21 + 0£%5.L?)

j—1

S
+Cs > D D T Mt e, | (€907 L2 + 0226, L2)

J=r+llra €LY Zj62Z71 l=r
j—1
< Oy + (m+1)C3C4 (707 L2 + 025, L2) < 2Cs,

provided ¢ is small enough and ¢ > 4. O

The remaining sections of the paper are devoted to the proofs of Propositions 8.11, 8.12
and 8.13 although we first need a preparatory technical section.

9. ONE BLOCK ESTIMATE: TECHNICAL PRELIMINARIES

Our next step consists in transforming the sums on the standard pairs associated
to each of the R blocks into an expression involving transfer operators related to a
cocycle over the (slowly varying) averaged dynamics. This will at last allow us to
perform the needed computations by functional analytic means.

Let us start by defining the slowly varying dynamics. Let ¢ = (G,p) be a
complex standard pair; recall that we introduced the notations 8; = Re(ue(60)),
ézk = 0(ck, ;) in (8.20), where 6(t,6) is the unique solution of (2.3) with initial
condition 6(0,0) = 6. Recall also that we defined (in (5.1a)) A}, = 6, — 67, and
that, for real standard pairs, we will regard z and A7, as functions on ¢ (see
Remark 3.8).

Let us define the shorthand mnotations fy ) = f(-,G_Zk), fz(n) = fon10--0
fe.0; consider the map F.(z,0) = (f(z,0),0(c,0)). Observe that (fg(k) (x),ézk) =
F¥(z,07), i.e. the first component of F. yields our wanted slowly varying dynamics.
Finally, let us define the function

k

(9.1) A =@ ) " o FI(,67)

r=j

Notice that, by definition, A;x < A=*=9)~1 and for any z € T:

(92) %[\O’j(x)

j-1
< Cyho;(@) Y Aou(z)™! < Cy.
1=0

9.1. Error in the slowly varying dynamics approximation.
Our first task is to obtain sufficiently good estimates on the difference between FF
and F* when k is not too large.
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Lemma 9.1. Fiz a complex standard pair £ = (Gy, p¢) of length 6. and L € N so
that L < Cye™ /2. There exists a diffeomorphism Y, : [a,b] — [a,b] such that

(xp,0p) = FaL o0 Gy(x) = (]FZ(L) o T&L(x),HL) with

dYe 1,

(9.3) -

= (1 — G/SL)UfAQ’Lfl

where vz was defined in (3.6) and Ay ; = Ak,j oYy . Moreover Yy 1 satisfies the

following estimates:

dY, 1
dx

where the notation MY denotes an arbitrary differentiable function of x that sat-
isfies the bounds

(9.4) ITe,r — 1| po < Cgemin{l, L26.} =1+%,°

(9.5) IR0 < CpeP L9

dmD?
dx

-1
< C#AO,L—l'
Additionally, for any k € {0,---, L}, let us introduce the functions
&k =10 Tg_i — Ty, Ajp =470 Te_i

where we introduced the shorthand notation T = fl(k)(-). Recall the definition of
the quantities Zj ; ;. given in (5.5); then let

k—1
(963) W@}k = 5_1EZ kAl ,0 + Ez‘j’k(z)(fl, gz,l)
7=0
(9.6b) W =— Z No,i—k0 f (21,07, )W ey
=k

Moreover define:

k—1
Ii7 - 1— ) * — (N*
Wea = D |0u0(@;,07,) % + 005,07 ) Weg — 50 (07 (07 )]

<.

) =0

L—1

Woko=—> Ao k{aef(ﬂflﬁu)wu2+ aef(xlﬂu)Wu
=k

1 S 1 o =2
+ 55’93wf($l>947z)W€,lw€,l + §8§f(37l7 eé,l)w&l]
Then the following bounds hold true
(9.7 App=eWop+Wogo+ ﬁ?’g Eoie =W+ Wk + ﬁ?’g,

where the notation ﬁ?’q is analogous to RYy? but with A replaced by A in (9.5).

Remark 9.2. Note that the above lemma is essentially a series expansion in which
we only keep the first few terms. More precise formulae can be obtained, if needed,
at the price of more work.

Remark 9.3. The approzimation formulae obtained in the previous lemma are
close, in spirit, to the ones obtained earlier in Lemma 5.1, but differ from them
because they are written in terms of the averaged dynamics (:fk,ﬁ_zk), rather than
the real dynamics (xy, 0y).
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Remark 9.4. Observe that the random variables & . and Azk (defined in the pre-
vious lemma) do depend on L (through Y, ). In order to make the notation precise
their symbols should thus have indices L. Since it will not create any confusion, we
omit some of the indices to ease notation. Similarly, we will suppress the indices
i Y as well when no confusion arises,

Proof of Lemma 9.1. The lemma follows from a variation on the proof given for
Lemma, 4.2. Let us recall that we denote with 7, : T2 — T the projection on the
x-coordinate and define, for g € [0,1],

Hop(2,20) = 1o Fpi(@,0; + 0(G(2) — 07)) — T Fye(2,607).

As in the proof of Lemma 4.2, observe that 7:[(7L($,.T;0) = 0, and moreover
O-Her = —0.(meFL(-,0;)) < —AF. Therefore the implicit function theorem
implies that for any 0 € [0,1] there exists a diffeomorphism T, L( 0) so that
Hor(z, o r(x;0);0) = 0. Define Yy (x) = Yo r(x,1); then 7, FL oGy = 2, =
_Z(L) o Yy 1. The expression (9.3) then immediately follows using the notation and
discussion of Subsection 3.1. Let us postpone the derivation of (9.4) to the end of
the proof and first obtain the bounds (9.7). Using (5.6a) yields

k—1 k—1
A ¥ —% Ak —% A, € _ N)*
Ar =50 _1x800+¢€ ) Eijk |:U.)($j,9j) - 5“’(94,]) 9zj } ( Z Ae; + 53k>
=0 =0
k—1
= Ezfl,kAZO +e Ezj k |:dj(xj7 02 ]) + 0 w(‘rjvgf J)é-] + 89W($J, 92 j)Alj
=0

k—1
- 5w (9@ ]) (96 J) + O(Egkg) + Z 0(8532)
3=0

where we have used (5.2). In addition, we can consider the Taylor expansion
Err1 = flan, Ok) — (2,07 4)
09) =0k GG + 00f BB+ SOR (T B (BT,
+ %%%f(fkv 07 1) A7 1€k + %@%f(fk, 0; )& + O((87)° + &)

From the first line of (9.9) we have [Exq1| > A[x| — Cx|Af |, Recalling that, by
definition, &7, = 0, we can conclude that

L—1
(9.10) [kl < Oy Y N TI|AG | < Cye(k +1).
j=k

Moreover, by the above estimates, we have
(9.11) A}y =Wk + O(E%?).

A more precise result can now be obtained by (backward) iteration of (9.9):

M |

j
H (O f(21,07,)) ™" [00f (25,05 ;) A% ; + O(&F + (A7 ;)%)]

k‘

<.

(9.12)

~
[u

= — k)jagf(fj, éz,j)Az,j + O(EZLQ) = 6@47]@ + O(€2L2).

<.
Il
Ead
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Finally, we can get a sharper estimate for Azk by substituting (9.12) and (9.11)
n (9.8):

k—
Azk :EWZ,IC—FEQ [8 w .I],QZJ Qng] —l—aew(.’ll‘],eg])ng
(9.13) j=0

- §w (07,)007,)] + O L) = W + W + OEELY);

,_.

and a sharper estimate for & by writing (9.9) as
Ehr1 = 0o f (T, 0} 1)k + €00 f (Ths 07 1 )W ok + €200 f (T4, 0 )W 1,2

g2 [
(9.14) + Eagf(wlmeé,k)wf,k

g2 [P - €2 o e =2 33
+ 5598xf($k, 0 1 )W ek 1 + Eazf(‘rkra 07 1), ) + O(e”L7),

which, iterating backward as before, yields the wanted result. The bound on the
derivatives of the error terms, that is needed to write O(e3L?) as 9{2”3, follows by
definition of Azk and &, (9.2) and the fact that |T%.1] < Cg, which in turn follows
from the second bound in (9.4).

In order to conclude the proof we now proceed to prove the two bounds of (9.4),
which will be obtained by a careful analysis of (9.3). Recall the definition (3.6) of
the quantities v, and uy; by the discussion of Subsection 3.1 (see (3.3)) we have

L-1
of = [ 10cf (wr 00) + €00 (1 61w
(9.15) k=0
wa(xk,ek) + (1 +580w(xk’0k))uk /
= - G .
Ykt Ouf (T, Ok) + 0o f (i, O )up e @

As already noted we have |ux| < ¢; (one can also see this using Proposition 3.3,
since euy, is the slope of a standard curve). The above immediately implies, us-
ing (9.3), (9.10) and (5.2):

dY,
dzx

= (14 O(e)) exp Zloga f(xj,0;) —log 0, f(xj,@j)—i—(’)()
7=0

(9.16) = OELY),

which yields the C°-bound of the right expression in (9.4). Integrating in dx yields
the bound on the left, since by (9.10), we know a priori that | Yy 1(x0) — xo| =
|So| < Cye.

At last we want to estimate the second derivative Yy ;; differentiating (9.3) we
obtain

e, d
dz?2 dx

d d
L= Gsp)of Ao+ (1— Glsy) {%(vg)Ao,L_l +of - (hos )|

The last term on the right hand side is bounded by Cyxv} using (9.2) and (9.16).
The second term can be estimated by differentiating the first of (9.15), which gives:

|

L-1

S C#’U}f i:
k=0

wi o,

dx

duk
dx
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To continue, notice that (3.6) implies % < Cyev;t. Moreover,

< C’#U;r and )%

by the second one of (9.15), we gather

duk

dzx

dug_1

< Cuvt.
dx = V#VE

< O#U,_: + C#

Hence, the second term is also bounded by C#Uzr. To conclude, we need an estimate
for the first term on the right hand side.

Sub-lemma 9.5. We have

di(l — G/SL)

< C#&L@C#EL
X

Proof. From (3.6) it follows, for all n € N

U0 = (5L 20 ) i)

0w 1+ edpw

89f + awfsn‘i‘l )

_q Jol 1]).
(1 + e(Opw + OzwSp41))dpF. <1 + e(Opw + Opwsni1)’

Since v¢(0,1) = dpF(sp, 1), it follows that vS (1 + &(Fgw + Opwsni1)) ™! = vS
and
_ aOf + 8zf5n+l

1+ e(Opw + Opwsny1)

Sn

Inverting the above formula yields

Sp—k—1(Tk+1)(1 + €dow(zk, Ok)) — Oa f (K, Ok)
O (2, Ok) — €0pw(h, Ok )SL—k—1(Tht1)

sp—k(zr) =

In order to estimate the derivatives of s; we proceed by induction. Note that

so(ar) = 0. Next, suppose |0ys—g—1| < C(L — k — 1)eCeEb=k=1) | 2ksi ] thop

8$k 3xk _ 833k

8z <Oy Z2E 81 o Cyue < Cu(L —k cpe(L—k) | Tk
|Oasp-k| < O | -~ | + |O0sL—k-1] € e | S A Je 5 |

provided Cy is large enough. Since |G'||c1 = O(e), we conclude the proof by using
the above formula with k£ = 0. g

We conclude that

dQT&L

2 | = Cyvf <Cyhor 1,

which gives the needed bound on the derivatives of 9‘{;’2 in (9.4) and concludes the
proof of our lemma. O

9.2. Transfer operator representation.

We are now ready to write the contribution of the standard pairs belonging to one
block in terms of a product of transfer operators. This is made explicit by (9.18) in
the statement of the next proposition. Unfortunately, in the following we will need
rather detailed information on the error terms present in (9.18) which therefore
must be painstakingly reported in the statement of the proposition, making it
rather unpleasant. Yet, the reader can skip such details and come back to them
later when they are needed, and recalled.
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Notation 9.6. In the sequel we will use notation similar to Notation 8.8 where, in
addition, we introduce symbols for correlations terms computed along the averaged
dynamics which will be denoted with

ﬁflp_Z@“ZHA“oF%

Observe that, according to Notation 9.6, we can write:
Wew =857 Wiy = Ry Wik = 85 Wiy = Ry3
hence we gather, for any 0 < j < L:
k,1 k,1
(9.17) A, =Ryl + 2Ry + ®,” & =cRyy +e2 R0 + R,

Proposition 9.7. For any complex standard pair £y, let {ka}f;_ll be the com-
plex standard families obtained in Lemma 8.9, of length 6., and assume |o| <
e~1/2=20 " For any ® € C*(T,C), so that® Re(®) < Cy, ¢|®'||coL. < Cy, any
ke {0,--- ,R—1} and o > 0, we have

PoG o
(9'18) § Vi, lp Ly 41 € Cht1 Plsr = S;k
£k+1€£i§k

ieach (0, ~
€% VLo ey Li—1 " Loy ke,0 [‘I/ek,qe ( e’“'L"‘)PQ] .

where pg = Niq, p,1p¢ (as introduced in Section 5.2) 0y ;(x) = 0(cj, G¢(x)), and
(a) Ly, is the weighted tmnsfer opemtor defined by

[Lo)(x) = et o)
(9.19) e ?JGE(I) fé,j(y)

(vaagl J)
9(y),

Q’gf(a,x,a) iowf ;(x,0) +e® (05, 1,)Z5;.1,0(x,0)

with 07 ; = 0(c5,07), fo;(-) = f(-,0; ;) and wf ; defined in (8.19);
(b) Wy, q is defined by

q—1
_ k,2s . k,2(s+1)
Wig= 1+ Z ioe)’ ﬁek 35 T (i0€)° Eﬁek 3(s+1)
s=1

X exp [waﬁl 3 Tioe ﬁe 6T EIC()]
where Ky is a ﬁé’ o-type term which satisfies the following extra bound:
Leb [pgk —ehop ] O(*L} + o);
(c) &, satisfies the bounds
€5l < Cye® 119/ llere® L + L + o]

% +
1€ lIBv < Cpe® [14|o]]

where ®* = max Re(®);
(d) finally p, € C>(T,R) is a positive function that is close to py, in the sense

(9.20) 17e = pellzr = O(emin{s7", L?} + o),
and such that, for any r € N, ||pollwra < Cpo "6

64 The reader should think of ® as a function whose real part is negative and has very large
absolute value
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Proof. Recall (see Remark 3.8) that, for a given £ = (G, p) and for any n, we have
(Zn, 0n) = F*(G(z)); in other words, we consider x,, and 6,, to be random variables
on {. In particular, we have, for any smooth test function g : T — R:

Z Leb (g .Vk’ek’ekﬂeq)ogzkﬂ pofm—l) = Z Vi, L 1 Py (9(200)6@(90)) .

€k+1€£§k €k+1€2§k

Using (8.21) and the definition of vy ¢, ¢, ., (see Lemma 8.9), we gather:

doGy o
> Leb (g Vit € )

ék+1€2§k

. k.1 Lp—1_k j
(9.21) = [ge®] o FEL’*‘ o Gy, e’ I:quékvov@+zjio wlk::‘OFf]] pe,

—

g1 ) k1 Lip—1 & i

+ ) (ioe)® /[geq)] o Flv oGy, - € [Eefkﬁ,@"_zg':o wfk’fOFEJ]ﬁ’zggs,spoék-
s=1 T

In the following we will find convenient to use z = Yy, 1, (), rather than z, as our
fundamental random variable.®® This can be done using Lemma 9.1: indeed, the
change of variable formula yields that the pushforward of the density is given by

(9.22) Yope, = (X1 By 0T

For any smooth function ¢ of the random variables {(x;, Gi)}f:’“o_ ! under ey, We

can write ¢(z) = p({F! o Gy, (x)}), where z is distributed according to ps,. Then
our change of variable corresponds to looking at the random variable ¢(z) = ¢({Fio
Gy, © T;}:Lk (Z)}) under Y, pp, . In particular,

18'llc < CellellcrAg L, -

The above considerations would suffice to treat the small terms in (9.21), but,
unfortunately, are not adequate to treat the main term since we only have an
exponentially large bound on the derivative of Y, ps, (see the last of (9.4)) which
would create serious problems in our subsequent arguments, unless they can be
discarded by some a priori estimate. In order to deal with this problem, we first
need to introduce some notation. Let

ﬁfk -1
2 L= Py
(9:23) P [1—G'sg) °

observe that Sub-Lemma 9.5 implies that ||p.||pv < Cxd-!'. We can now state a
more useful bound for (9.22) whose proof is, for convenience, postponed to the end
to this section.

Lemma 9.8. The following formula holds true
o =23 .
Y.pe, = psexplelo] + Ry, P, -

Next, we proceed to eliminate the explicit dependence on x; and 6;: first ob-
serve that, by definition, for any smooth function A(x,6). Observe that we have

7}‘”, {fj = ﬁzl’:; hence we can write
[A(z;,0;)] 0 Y71 = Az, 0;, ;) + 0. A(Z5,0;, ;)& + O A(Z5, 0, ;A
1 - ~% = = 3,3
+ 5 [aggA(Aek,j)2 + 00 AN}, ;&5 + OMA@?] + R,

65 In the rest of the proof we will often suppress the subscripts £y, Ly in Yy, 1, , and related
quantities, when this does not create any confusions.
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In particular, using (9.17) we gather
Lp—1 Ly—1 . 44
k 3 32
Z @y, j(x5,05) = Z wék ¥i xjveék ) +5f‘z 3tT¢ f‘ek,ﬁ + Ry, ;

. k,2 k,2 = 0
(ZO—E)SR&;,;S = ZO—E Z Q:Kk;s 7 H [ J> 1($i.i’ezk,i_j) + 6ﬁ k13 + %Zk ]
j=1

k,25+1 —=s5+2, 2s+2

= (ioe)® Rk %+ (ioe)® Eﬁe 3(st1) TRy,

,38,%

The above will suffice to estimate the error terms. However, to deal with (6, ) we
will need a more explicit formula. By definition (5.1b) we have 01, = 0y, 1, + AL, ;
by (8.9), and using (9.7) we conclude that

Li—1
(9.24) O, =000, +2 Y 0@ oY, 0;,) +R?

j=0
We can now collect all the above relations to write (9.21) in terms of the slowly
varying dynamics

DoGy o -
E /g * Vil 1 € Lpg, =

T
Zk+1€£’;k

Ly—1 K j 5 « Lp—1 s oz
:/g(ka) o[ee} tr0.0t %0 wf, jOFL | 42Oy .,)+e® (8, 1) S 1%, Hejk‘*’(mlvee,l)lg[
T

k

+ °
—rH@%klaP‘/QxxLaviﬁpa
(9.25) T

. k1 Lp—1__k j
Z .s s s o Ly (1o a@ ®+ wgn-oF k,2s o
* ' / ]OFE 0Gy, - e [ Z ke E]ﬁek 3Py

2]

_ Lp—1 ~k,® y _
= /9 o FgL’C . wec@k o, @JFZ ka 2 oF? \I/Zk q e(b(ez’“’Lk)P*(f)d:f
T
. _ Lp=1 k@ i —22 —23 _
+e<I> /go Fst . 621:0 Lp,j € |:||(I)/Hclm5k +mek :| T*pzkdif,
T

where we have used the fact that, by hypothesis, e2L? < min{|o|e3L}, 0%e*L{} and
by definition )Y o T = ﬁ?’q. Since the above equation holds for all g, we have

. k,1 —
PoGy, o _ ioe€) IO
E Vit tpr €T Py = €T 00 Ly e Loy k0P, g € m)p,
Zk+1€£’;k

+ =22 =223
(9.26) + e Lopr-1 Lowo 19, + 3] Tope,
where we used the fact that, by definition,

_ Lp—1 ok ® 7
L § Q oFE
/QOFE k. elai=0 o(z)de = /gﬂék,k,Lfl»Cék,k,L72 < Loy k0P
T T

In the sequel we will need to deal with smooth density functions. We can obtain
this by a mollification procedure; (see, e.g. [44, Lemma B.1]): for each g > 0 there
exists a p, such that

(9.27) 16— pellis < Co and (3l < Cpo™ 107,

Note that ||L ;]| < e#<I®ll=. Moreover, by iterating (A.2), we have, for each
pewhl,
(9.28)

Lokro—1 Logrop|| < Cy[Ihor, @y + A +lol)lel].

| .
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We also have
(9.29) Lo, kL1 Lo k0P, g™ P20 (5, — pu]ll < Cyo
Lo, kL1 Loy k0P g€ ) 5y [rn < Cu(1 4 o)

By the lower semicontinuity of the variation [21, Section 5.2.1, Theorem 1], since
Po — px in L' as g — 0, we have

Loy kti—1 Lo k0P, g€ P00 (5, — p] By

= lim (10, 1 Lo koW a0 5o = g lllwes < Co(1+ o))

By a similar argument, estimating the remainder terms of (9.26), follows part (c)
of the proposition. Finally, to prove (d), recall that |G'sr| < Cye. Then, by (9.23)
and (9.27):

e = pecllzr < oo, = pe, o Y1 + Culo+e) < Cy(emin{L?, 6"} + o)
where in the last step we used the first bound in (9.4). O
We conclude with the missing proof.
Proof of Lemma 9.8. By Lemma 9.1, equations (9.22), (9.23), (9.3) we gather
(9.30)

L—1
O f(,05) Op f(x,0;)
Y.pe, = pxexp log { +¢ u
‘ LZO 0uf (23,07, ) Ouf(y.0;)"

= 80mf(jja§;k7j)Wj + a:vwf(i‘ja L j)w + a@f(mm Ly, j)u ‘|
=0 amf(i'ja Z,mj)

2,3,
+ %Zk pf;w

+ O(eZL)]

= Py exXp |;€

where the second needed property of ﬁ?j follows immediately from (9.4). Note
that the exponent in (9.30) is, at most, of size CeL? < Cye% (recall (8.6)), and
it is of correlation type. It is then natural to expand the exponential in Taylor
series and to use Notation 9.6. We can then write

Zaewf zj, zk])W —ﬁkz
02 f (25,07, ;) b2

In order to show that also the second term in the exponent can be treated as a

. . - 0
correlation term, let us set for convenience a(Z, ) = 5 ”ff((z )) then
Lol 5 L—1 L—1
> 5 — Y aoFl woF: ) 2i1 Nog—j00f o Y
j=0 % 4,5=0 l=max{j,s+1}
L—1 L—1
=— > AyjsoF acF!— Y woFlAy;,oF!
j>s+1 Jj<s+1
where
L1

— ~ l—s
Atjs = Ep_sw Z No—jOgf o F,
1=
L—1
—k ol—j
Agjs=a Y Eij AosjOpf o FL
l=s+1
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(recall that we dropped the subscript £ from =*). A direct computation shows that
supg || 4i j.s(-,8)||cr < Cx. In order to deal with the third term in the exponential,
we need to define the auxiliary variables
8mw(xk, Gk) + Up
O f(ar,0)

By (9.15) it is immediate to observe that

U1 = etig = Gy(x).

U — U,
T, O) + €00 f (k, Ok )uk
from which it follows ug = @y + O(e). We can thus replace wuy, with 4y in the third
term in the exponential and computations similar to the previous ones yield that

also the third term in the exponential can be interpreted as a correlation term.
Recalling (9.23), the above discussion implies that we can write

Uk+1 —ak+1 = ) f( +0(€)

— ——=2,3 ,
(9.31) T.pe, = peexp e | + 0 pu

Finally, we claim that the term J?{Zfz can be written as Ky. In order to see this, it

suffices to integrate the above relation to obtain
“k,2
(9.32) 1= Leb(p,) = Leb [z .| +O(L),
which implies our requirement by taking into account (9.27). O

10. ONE BLOCK ESTIMATE: THE LARGE ¢ REGIME

In the large o regime it suffices to estimate the contribution of the last block. To
this end we first need an estimate on the product of the transfer operators defined
in (9.19). To ease notation, in this section we will omit the indices ¢r,¢r_1 and
R — 1, referring to the last block, as no confusion can arise: in particular £; will
stand for L4, , r—1,; and L will stand for Lr_;. Also, the transfer operators are
defined with respect to the purely imaginary potentials iowy ;, where wj ; is defined
in (8.19), i.e. we have ® =0 in (9.19).

Lemma 10.1. There exists Cs > 0 and 71 € (0,1) such that, for alln € [C3loge™!, L—
1] and j € [0,L —1 —n], any g € C(T) we have

(10.1) 1Lj4n - Ligller < 71'llgller-

Proof. We begin with a preliminary estimate on |[£;1, --- £;gl|c1; as already no-
ticed, the potentials are purely imaginary, thus for any 0 < n < L — 1 and
0<i<L—1we have®

(10.2) £ [lcosco < C.
Observe that by the same token
(10.3) | Lisn - - Lillcoco < Cy.

Using the Lasota-Yorke inequality (A.2) we gather

ILivn - Ligler < CeA"llgller + C DA+ oD Livn—tr - Liglleo
k=0
(10.4) < Cy(1+|o)llgller

We continue with an estimate of |[£7_1 -+ Lo||o1_,co. Since & is not a coboundary,
w; is not a coboundary, and the potentials (w;) satisfy UUNI (see Corollary B.4).

66 This follows since |£;g| < |Li o=0g|, therefore [|L7glco < [|£71]lcolgllco < Cllgllco-
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We can thus apply Theorem B.5, that implies that there exists 7 € (0,1) such that,
for any ¢ € {0,--- , L — 1},

(10.5) L1 —er < {O#(l lo[)  for n < n.=[Csloge™]
’ illct=ct = n
.

for n > n..

Note that we can choose C3 as large as needed. Also we have the following trivial
estimate for the difference of operators with potentials €;:

1£0.0, = Loz llco < Cyel|21 — Q2llco [ Lo, [|co,
and, by (A.6), we have, for all g € C*,

1£6,.29 = Loy,09| < Cx01 — 02| poup, (126,019 lllco + 1£0,0(1 + [12|c2 ) lglllco]
€101,02

< Cylbh — b2 [llgller + (1 + [12lcx)llgllco] -
Accordingly, using the explicit formula (9.19) we have, for each 0 <i < k < L,

(10.6) 1(Lr = Li)gllco < Cye(k =) [llgller + (1 +[al)llgllco]

Observe moreover that we can write

n
Lipn - Li= L4 Z Litn Livrp1(Livr — Li)LE.
k=1
Thus, for n € [ne,3n.] and i € {0,---,L —n — 1}, we can use (10.3), (10.6) and
(10.5) to write

n—1
|Lisn - Liglleo <> MLivn- - Livnra(Livrrr — L)L glleo + 7 |gllen
k=0

< (Cu(1+ |o)en? +77) |lgller < Cxlolen?lgller,

provided C5 in the definition of n. has been chosen large enough and since o > oy.
Note that, for |o|en? < 1, we can bootstrap the above estimate by writing, for
n € [3ng, 4n.],

Ne
[Lisn - Liglleo <D I Livn -+ Losnpa(Lorsr — L)L glleo + 277 lgller
k=0

Ne
< Z Cylolen2||Livn—n.—1 - Livki2(Livrrr — L)L gller + 277 gler
k=0

Ne
< 0y 3 (eloln? [\ o] + Cyeloln?] + 7 llgller < Cye?loPnlglles
k=0
where we have chosen, again, C5 large enough and, in the last line, we have used
the Lasota—Yorke inequality (A.2).
Finally, note that, by using the Lasota—Yorke inequality again, it follows, for all
n € [3ne, 4nel,

n—1

|Lisn - Ligller < CuA™"llgller + C Y Aol Lisnt1 - Ligllco
k=0

< Cy [N ol + €2lolng] llglles
<7i'lgller

for some 71 € (7,1), provided, again, C5 has been chosen large enough and since
£2|o)?ng < e/* for € small enough. O

We are now able to provide the proof of the main result of this section.
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Proof of Proposition 8.11. Observe that, by definition and by Proposition 9.7,
with ® = 0, we have®”

E VR—14r_1,r = Leb E VR_l7£R—17szCZR

éREEZ;,ll éREEZ%ill

=LebLp_1---Lo[Pyp,) +Leb&".
Recall that |o| < e~ 2720+ and 4, € (1/99,1/32). By Proposition 9.7(c), we have
[Leb &*| < [|€¥ 11 < Cyf{e®™ + o}
Next, note that for each » < L/(3n.) — 2, by (10.1), (10.3) and (10.4) we obtain
|Cr—1LiAri, -+ Liy A1y - Lopeolleo < C;Tf/r“g*lgg?g”/%?r‘;*

since at least one string of operators must be longer than L/(r + 1) > 3n.. This
allows to estimate the contribution of ¥,,, , , by expanding is series the exponential.
We thus obtain

— —1_L/(c —1¢—2 — —
Z Vioilia, o =0 % +ote Ly /( #q)g 152 /2 290.),
leglq

Thus, the proposition follows by choosing o = 2799+, O

11. ONE BLOCK ESTIMATE: THE INTERMEDIATE 0 REGIME

The following two cases require a much more accurate description of the one-
block contribution, which can only be obtained for small o. It will be achieved
thanks to the technical lemmata contained in this section.

The argument is similar to the one of the previous section, only a different idea
is needed to compute the norms of the relevant operators: provided oq is small
enough, such norms can be computed via perturbation theory.

11.1. The Transfer operators product formula.
Our task here is to study the transfer operators defined in (9.19) and then their
products in the perturbative regime.

Lemma 11.1. Let o¢ be chosen small enough. For any o € J1 U Je and k €
{0,--- ,R—1}, j €{0,--- , Liy—1} and ® satisfying the hypotheses of Proposition 9.7
and, additionally, so that e||®'[|c1 sup;<p, [|Z7 ;@ller < 0o we have:

(a) Ly, k,; is of Perron—Frobenius type, i.e. we can write Ly, . ; = X% Py, 1 i+
Qy, k.j, where eXr*3 is the mazimal eigenvalue of Ly, r,; (as an operator
acting on Ct,WHl or BV), Py, i, Qs k. are such that PZZk,k,j = Py k5>
P ki P ki = Dt ki Pri ki = 0, the operators Py, 1 ; are rank one, and
there exists T € (0,1) so that

(111) ”Q?k,k:,jHCl,Wl*l,BV S C#Tn|€nxek”“*j| 3 ||,P€k,k,j||C1,W1’1,BV S C#.

(b) If, additionally, ® satisfies e||®’||co < Cpeo®(R—1—k)L.,, then there exists
a twice differentiable function x(o,T,s,p,0), smooth in o, with derivatives

67 Recall that we are suppressing the subscripts £r,fr_1, R — 1, R, when this does not create
confusion.
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with respect to ¢, 0, s uniformly bounded by Cxlo|, such that

(11.2a) xg k5 = x(0,t —eSk—1,24,0;,,0;, ;) +O (0%’L, + 0°c(R—1—k)L,)
2

X(0,T,5,0,0) = =ZE(T =5 —£,0(s + £,))°6°(6) + O(0”)
2
(11.2b) < —%E(T—S—E,é(s+£,w))262(9)

where Hz‘kﬁzk j are defined in (8.20), 6% € CY(T,Rs,) is given by the Green—
Kubo formula (2.18) and E is defined in (8.7).

Proof. We will use indifferently the notation introduced in Proposition 9.7 and the
one used in Appendix A. Such notations are connected by the relation Ly, 1 ; =

ﬁézk A where Q’zf; is defined in (9.19). In order to apply the results of Appen-
dix A, let us consider the transfer operator given by 'Cé;j,gﬂf’f” for ¢ € [0,1]. Since
the operator, for ¢ = 0, has 1 as a simple maximal eigénvafue and a spectral gap
(in any of the above mentioned spaces), it follows that we can choose o such that,
for any o € [0, 0¢], the operator for ¢ € [0, 1] has still a simple maximal eigenvalue
and a spectral gap (assuming € to be sufficiently small). Observe that, since the
resolvent is continuous in #, oy can be chosen uniformly in # and, consequently,
since we have a uniform control on all terms appearing in wZﬁ j» 0o can be chosen
to be uniform in k, £, j and ® as well. This proves item (a).
We now prove item (b); note that the definition of wy ; in (8.19) implies

k _ = )% —% ~
@y, ;= E(t — €Sk, 0y, 1,)Z0, 5.,

t—eSy Lp—1 (I+1)e_
= exp / @'(0(s + €Ly, 07, ))ds + Z / @’(9(379;k))d8+0(g2Lk) w
(11.3) 0 t=j+171
t—eSk_1 _
= exp {/ w'(6(s,67,))ds + O(€2Lk)} w
(i+1)e

=2t — e[Shor + 4+ 11,05, ;1)@ + O(e2Ly)i.

It is then natural to introduce the potentials

(11.4) QT, s, 0,2,0) =E(T — s —e,0(s + £, ), 0)
so that
(11.5) wfw»(ac, 0) = Q(t — eSk_1,4,0;,,2,0) + O(*L.)w(z, 0);

in particular, by definition of Q]Zf] we gather
ioQ)" = ioQ(t — eSk_1,25,0;,,2,0) + O(e’ L, + 0°(R — 1 — k) L.)é(x, ).

Let, ex(@T:5:#.0) he the maximal eigenvalue of the operator associated to the po-
tential icQ(T), s, p, -, 0) and dynamics f(-,60). Then, by (A.19), we have

1
Xty kg = X(0,t —eSk—1,€5,07,,0, ;) + O(0e’L, + 0%¢(R—1—k)L,) / me(Why)do,
0
where m, = mg: and h, = hgz q. with
k37008 ki3’ e

Qp = io[(1 - )t — eSk_1,25,0;, . 7,0) + 02, ]
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Then Lemma A.7 implies
Xewkj = X(0,t —Sk_1,€5, 0,07, ;)
+0((02°L. + 0%(R— 1= K)L)mg, _o(@hg; o))
k»J

Lp3°

+ O (0%¢°Ly 4+ 0%(R—1-k)L,).

The above implies the first equation of (11.2) since & has zero average by construc-
tion. Next, we use (A.1la), (A.12a) with ¢ = 0 and (A.13) to obtain:

2
XTI =1 Tty (UL, 5,0,-,6)°)

(11.6) =0 ) o (UT, 5,0, [75(-), )T, 5,0,-,0)) + O(c”)

1
= o T e (@) 42300 no(R077,9)]+O(°)
where we have used the the decay of correlations implied by item (a). The second
equation of (11.2) follows immediately, provided oy has been chosen small enough.

d

Remark 11.2. As we will use the results below for all blocks, not just the last
one, we are interested in all the operators Ly, 1 ;. Yet, since all our computations
are uniform in k and {y, there is no harm in dropping, again, the subscripts k, ly
when this does not create confusion. Thus from now to the end of the section, to
ease notation, k.l are fired and implicit. For the same reason we will write L
rather than Ly. Moreover, to further ease our notation let us set Q; = QZ;I; and

0* — O* p— — pp— — p— —
05 =05, ;- Also, x; = Xz, My = Mg q and hj = he;,ﬂj.

Remark that, since P; is a one dimensional projector, it can be written as P; =
hj ® mj, where we choose to normalize h; and m; according to Lemma A.G. Also,
for future reference, we define

(117) Ez = ’ITLH_l(hi - hi+1)-

We are now ready to derive a formula for the products of transfer operators in the
perturbative regime.

Lemma 11.3. There exists €9, C1 > 0 such that, for anyi,n € {0,--- , L}, e < &,
lo| € [C1€2 Ly, |oo|] and €]|®'||co < Cpo? we have, for any g € BV,

n—1
Liyn--Lig—exp [Z Ei-&-] Ei,n “Ming < Ca‘:£||g||/;152ﬂ2

Jj=0

BV
+Cy [e7#" + 0% + (logol)?|ole] llgllpv,

where
n n
him = Z Qign - Qigkr1Pitr My = Z Mk Qigk—1 - D,
k=0 k=0
) A, — p—XJ . /\, — p—XJ .
with L; =e X L;, Q; =e X Q.

Proof. Let us define

(11.8) X = exp [Z Xiﬂ-] :
j=0
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and introduce the auxiliary operators®

— _ — & e —
(11.9) Lj=eYhj1@m;+ Q; Lin=LinLitn1- Ly
Observe that, by construction:
(11.10)
n
“ , “
£i+n Ly — Ei,n = Z 6X7'+k£i+n ce £i+k+1(hi+k - hi+k+1) Q@ Mtk Ei,k—h

k=0

and one can check, by induction, that

. i o
Lin=hitny1 ® Z ek Xits Mk Qitk—1 Qi| + Qign - Qi
k=0
(11.11) =Xin {hi—i-n—i-l ® M + /Q\i-m e /Q\z} .

In order to continue we need to compare adjacent operators; this can be done using
perturbation theory.

Sub-lemma 11.4. For any i € {0, -, L} we have:

[Xi+1 — xi| < Cyelol.

[hit1 — hiller < Cye.
The same bounds hold for m;y1 —m; as a functional on W21, Yet, we also have
the bound, for any g € BV:
Imit1(g) — mi(g)] < Cyelol(log |o])?[lgllsv-

Finally, we have
(11.12) |&;| < Cyelol.

Remark. The estimate (11.12) reported above suffices for the present level of pre-
cision. Yet, if one wanted to compute the first term of the Edgeworth expansion,
then it would be mecessary to introduce the function

@k(d, S, (P) = mé(s+57@)’5k(o”s+£,@,~) (hé(s,gp),ﬁk(a',s,ép,') o h§(8+6,tp),5k(o,s+e,%')) ’

where

Qi(o,s,0,2,0) =icQ(t —eSk_1,5,p,2,0)
+ e®' (O(Lye, @))E(Lks —5,0(s+e,0))0(x,0).

One could then use Appendiz A.3 to show that €; = €4(0,¢i,0; ) + O(e*L.) and
|€k(o, -, )llcr < Cyelal|. So one can keep €y in the definition of ®7 in Section 13.
Proof of Sub-lemma 11.4. We will have to vary both the dynamics and the

potentials. This makes convenient to use, at times, the heavier, but more precise,
notation introduced in Appendix A. In this notation £; = Ly, x; = Lg. ke .

i e
Note that ||Q;]jc2 < Cx(|o| + €]|®’||co). Also, recall that mg.« , = Leb and hence
%5
Leb(hg- o) = 1. Next, observe that, although m; is a distribution, it is almost a
i

measure: indeed using Lemma A.13 with n = Cg|o|~! implies

(11.13) Imi(g)| < Cyllgllr + Cy exp[—cxlol™"] lgllBv-

68 1n this section we use the standard conventions that, given any sequence of operators {4;},
AjA; - A1 A =10 § <
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In turn, this implies that @i satisfies a Lasota—Yorke inequality as well. In order
to see this, recall equations (A.2) and (A.27) and note that, if og is small enough,
then there exists A\; € (1, A) such that

(11.14) 1Qigllsyv < [himi(9)llsv + IZiglsv < A7 llgllsy + Cyllgll:-
By Lemma A.9 we have

Xa:_ 0, — Xar 0, < Cxlole
(11.15) 7

‘mé;

o, — ha: 0, [c2 < Cye

1
,(9) = mg: 0,(9)] < Cyelolllglw=r.

It turns out that the third of the above estimates is not very convenient owing to
the higher derivative in the right hand side. However, Lemma A.15 implies

(11.16) mg-

—1°

0,(9) = mg: ,(9)] < Cy(logla|)|ole]gllpy-
Next, equations (9.19) and (8.19) imply
(1117) ||Qi+1 — Qi”Cl S C#€|O".

17

We can then use (A.19) and argue as in (A.20) to obtain,® for i < L,
|X§1.*71,Q,-,1 - X§;71,9i| < Cyeélo|
(11.18) 1hg iy —ha aller < Cylole
ma: 1 (9) — g (9)] < Calolellgliny,
Collecting the above facts, yields the first three inequalities of the Lemma.
Next, by the third of equations (11.15), using that hg;A,QFl € C2?, see Re-
mark A.4, and (11.18), we can write

mi(hi—1 — hi) =m;i(hi—1) — 1
0] (hge 0, )

i—17

- [mé’;& ~Me;,

0.~ Mg .| (hg: a, )+ O(elo]) = Oelol),

i—10%%

= [méf‘

i—1°

which concludes the proof of the Sub-lemma. O

We also need a bound on products of /Q\i’s which is rather obvious but a bit
lengthy to prove.

Sub-lemma 11.5. There ezists n, € N such that, for all k € {0,--- ,L —n,}, we
have

| Qktns -+ QkllBy < et

Proof. Note that, by Lemma 11.1, there exist Cy > 0 such that sup,, ; H/Q\iHB\; <
C4. We are now going to prove, by induction, that there exists Cg > Cy such that
for any Ng > 0, there exists €¢, 0¢ such that, for all € < ¢y and |o| < g¢, we have

(11.19) sup sup [|Qpy;--- Qkllsv < Cq.
k j<Ng
The claim is trivially true for Ng = 0. Suppose it is true for all j < Ng — 1 for

some o9, 9. Possibly by decreasing o( assume that O'(Q)NQ < 1 and note that, since
we assume e||®’[|co < Cpo?:

o~ o~ k,®
ILeb(Lig)| < | Zigllnr < e XiLeb(e™@ai|g]) < e |lg]| 1.

69 The formula (A.20b) holds also with the BV norm on the left hand side due to the lower
semicontinuity of the variation [21, Section 5.2.1, Theorem 1].
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Together with Sub-Lemma 11.4, the above inequality implies
1Qk+; -+~ Qrglls
<Lkt Qg Qngllor + Col (Mg s — My —1) (g o1+ Dig)|
< €7 | Qrpjor - Qgllir + Cy(log o)) o]e]| Qisjmr - Qrglmv-
Iterating the above argument, since o N, < 1, and by the inductive hypothesis:

j—1
1Qk+; -+~ Qrgllnr < Cyllgllir + Cyllog lo])*|ole D 11Qkri--- Qrgllnv
1=0

(11.20) < Cllglizr + Cy(loglol)?|oleiCollglley-

We can now use (11.14) to write

||§k+j e /Q\kg”BV < )\le@kﬂq a @kQHBv + C#H/Q\kﬂ‘q B @kQHLl
< (AT + Cglloglo])[olei)Cq + Cylllgllny
from which the claim follows.
Next, by Sub-Lemma 11.4,
1(Qirs = Q)gller < 1(Larj = Li)g = (i © M — by @ my)g| oo
< Oy (logla))*|olefllgllmv-

Using Lemma 11.1 once again, there exists m, € N, independent of £ and o,
such that, for all k € {0,---, L}, [|Q) [|sv < (2eCq)~" and A" > 8eCg. We
will use the above claim with Ng = m,. Note that, in particular, this implies that

2
ogms < 1.
Then, using equations (11.14), (11.19), (11.20) and (11.21):

(11.21)

||(/Q\k+2m* Qg /Q\k+2m* §k+m*+1 /Q\kmﬁm*)gHBv
< AT™ + Oy (log [o])?lolem. CQ(Qirm. -~ Qi = Oy, Jglmy
+ Cll Q. -~ Qk = Qi gl
<200\ ™ + Cy(log|a)*[olem.Cq)lgllnv
M
+Cp Y 9L . (Qitme—i — Qs ) Dt —j—1 - Qg
j=1
< [2A7™ + Cyog o *lolem?) B gllpy < o lgllpv
provided €g, og have been chosen small enough. Hence
1Qk+2m. -~ Orellbv < |Qkr2m. -+ Ok — Qusom. -+ Chrm.+195, By
+ 1| Qrr2m. * * Ohtmot /Q\Znﬁm* BV < % +Cg(2eCq) ! <e™t.
We have thus proved our claim, with n, = 2m.. O

We can now use Sub-Lemmata 11.4 and 11.5 to continue the argument that we
left at (11.11): we immediately obtain

e
HX;TILEi’n — hi+7z+1 ®mmH < C'#efc#n
’ BV
+n . N
(11.22) 5.0 (9) — mi(9)] <3 |(misr = migr1)(Qigaer - Qig)]
k=1

< Cy(logo])?|olellgllzv-
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At this point we can write, using repeatedly (11.10):

n
. , -
Litn-Li—Lin= Z eXth L Livto1 (Mgl — Rior1) @ Migr L4 k-1,
k=0
- o o
(11.23) =3 X Lippprmk—1(hisk — hishar1) ® Migk Li g
k=0
n n—k—1
+Y D et L Lo (Bak e — Pigkjro)
k=0 j=0

— —
@ Mgkt jt1 Litht1,j—1(Pitre — Rigrg1) @ My L4 p—1.
Note that, by (11.22) and (11.13) we have
e
IX; ) LijllBy < Cy.

Then, the first line of (11.23), together with Sub-Lemma 11.4, suffices to write

|

From the above it follows by induction:

n—1

<
Litn-Li= L < Coz 3 IEusn- Lusinllov s

(11.24) [Litn - Lillgy < ClXinl.
Recall that Lemma A.14, implies that, for any j € {0,--- ,n},
3,5 (9)] + [mit ()] < Cllgllr + Cylol*lgllsv = Cxllgl by, .

where we have introduced the shorthand notation ||g||sv, = llgllzt + |o|*°°||gllBV-
Note that (11.11) and the definition of 77, j in the statement of Lemma 11.3 imply

— - —~ —~
Mipr Lig—1 =X, k-1 {mi,k—l + Mgk Qith—1 - Qi}

= X k=11 k-

Given the above, we can now use the full force of (11.23) and Sub-Lemma 11.4,
using (11.11):

v - .
Lisn-Lig=Ling+ > KikLitrrint1(hisr — hiyrir)  Mix(g)

k=0
+ Xinllglev, Oc (e?n?)
%
= Ling + Xin(hitn = hitns1) - Min(g)
n—1
+ Xi,n Z Pignyr - mi+k+1,n—k—1(h¢+k — hi+k+1) 'mi,k(g)
k=0
n—1

+Xin Z Qitn - Qigkt1hitr T k(g)
k=0

T XinllgllBy, Ot (202).
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Finally, by definition of h; ,,, M; n, (11.22), Sub-Lemmata 11.4, 11.5, since L% < 1
and recalling (11.7) we have’”

o~

Lisn- Lig= Riyn1Mi,0(9) + (Rign — Rigni1) - Min(g)

n—1
+> Qign- Qikrrhisn - Min(g)
k=0

n—1
+ Z Myt kt1(Pitr — hi+k+1)ﬁi,n - n(9)
k=0
+ llgllsv, Ocr (€n%) + |lgllzBvOcr (e~ *™ + (log |o)?|ole)

n—1
= exp [Z €i+k‘| R - i (9) + |9l L1 Ocr (e2n%)
k=0

+lglevOei (74" + e“#"1En2e?o]? + (log |o])?|oe).
O

11.2. Main result for the intermediate regime.

Lemma 11.3 is the basic tool to conclude the proof of the Local Central Limit
Theorem. In this subsection we see how to use the lemma to prove the results we
are interested in for the (easier) intermediate regime. The case of the small regime
will be dealt with in the next section.

Proof of Proposition 8.12. First of all recall (see Remark 8.10 that in this regime
we are considering only families of long standard pairs. Let us apply Proposition 9.7

with ® = 0: we have, choosing ¢ = €2 and recalling that L, = O(g73%):
E VR—1,6r_1,0r = Leb E 'VR*LZR—I’ZR’EZR
AnR—1 AnR—1
ZRG’LZR71 ZRGLZR—I
ioeeh! -
=€ ‘r-10%Leb Log \,R—1,Lp_1—1""" 'Cfn,—hR*lyO[\Ilqpr—hg]
+ 02790,

Next, we analyze each of the terms separately. Lemma 11.3 and Sub-Lemma 11.4
imply

* 7 J— ~
H [LenvmotLni-17 Lensy 10 = Xip_hoLn -1 @ Mo Lp 1] PefH,QH

< Cy|Xo,Lp,-1]6,

<
BV

where
Lr—1

XZR_I = exp Z Xj +@j
j=0

Notice that Lemma 11.1 and (11.12) allow to write:

9 Lr—1
* 9 = . ) * ~ 2w
logXj, , =—% > E(t—elSna+j+1.0;, ,,)°0 (0, )
=0
(11.25) +0(0® +0%*Lg_1 +0cLp_1),

and the same estimate holds for Xo 1, _,. The above implies that for |o| € [£, og],
— 8y

given the choice L = ¢7%, we have X = O(e™“#¢ "), and the same for

70 Here we use repeatedly that /Q\j hj_1 = /Q\j(hj_l — hj) and the similar relation for mj.
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Xo,L5_,- Also, by similar arguments, the correlation terms will give a smaller
contribution since 94, < 1. It follows that

2—96.
Y VRovtnite| S Oyt U

tnesl,

12. ONE BLOCK ESTIMATE: THE SMALL 0 REGIME

As already mentioned, in the small o regime the contraction of a single block is
not sufficient for our needs; we thus need to combine together several blocks. To this
end, in this section, we provide a suitable description of the one block contribution.
Given a complex standard pair £ = (Gy, p¢), recall the notation py = pell,, p,)-

Proposition 12.1. Let 0 € J1, 0 = €2, k € {0,--- ,R— 1} and ® € C*(T,C)
such that ®F = maxRe(®) < Cy, [|®||co < Cxmin{o?(R—1—k)L.,e 'L '} and
e[[®"ller supo<j<r, IE7 ;@ller < oo- Then™ we have the estimates:

PoG o N J— (O o
(12.1) > €T gy By = Kiho L1701 [ €O py, |
ék+162§k

& T
where Ei’n and m; , are defined in Lemma 11.5,
eLy
=l [ 00
0

gk(aa S, U) = X(Ja t— 6Sk—la S, 03 0_(57 9))3

(12.2)

x being defined just below (11.5). Finally
€67 allr < Cpe® (€L + loleLi + (R~ k)lof*eL3) ;
I€7allr < Cye®™ eLf s [Leb(E)75) < €™ CylloleL} + 2L})
1€eallBy < Cy s 1€ 2lBY < Cy,

Proof. First let us apply Proposition 9.7 to the left hand side of (12.1), obtaining;:

. k1 _
HoG o ioeC )’ H(O ~
E : € Crt1 Vk7£k7£k+1p£k+1 =€ Zk,0,®£5k7k7Lk_l e Lik,k,o[quk,qe ( Kk’Lk)plk,Q}
€k+1€£§k
*
(12.3) +E .

Then observe that, by definition
|eigs€§;0v‘z’ — 1| < Cypelo|Ly.
Next, we rewrite the first term on the right hand side of (12.3)
LowpoLnot Loy koo g€t py, ]

(12.4) = Loy k,n—1 " Loy k0 {[‘I’ék,q — ey, o+ [P, 0 — ﬁek]}eé(%w

o P(0,
+ E£k7k>l/k—1 e szvkaopeke ( Zk’Lk)'

71 Recall (see Remark 8.10) that in this regime we are dealing with families of long standard
pairs.
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We can now apply Lemma 11.3 to each term separately:

x —CL 17 — (o3
H[Cek,k,Lr1"'ﬁek,k,o—sze L 1ho,Lr1@)TI”LO,L,FJ6 |

ot 2_2
< Cpe” [Xop,—1|Lie
Ly

(12.5) X7, = exp [Z Xtw ko + €;
j=0

ELk
= exp {5_1 / Gr(0; ,s,0)ds| + O(lo|eLy + |o|*e(R — k)Lj),

0

where we used the fact that [|e®ex-21)||gy < Cye||®||co; in the second line, we
have used the definition (11.8) and, in the last line, we have used Lemma 11.1-(b)
and (11.12).

Next, we want to compute the correlation terms. They are sum of terms of the
following type (possibly expanding in series the exponential), with s < ¢ which,
recall, has been fixed ¢ = T:

S
Lo, ki1 Logro [[ Ao Flee® i) fy ,|lpy =
=1
= 1Ley ki1 Loy ki1 As7Le, ki, Arale, ki - Loy ko€ PeollBy
< (Cx),

where we have used equations (11.24) and (11.2) (which implies |X; ,,| < e=c#o’n),
Thus, by Proposition 9.7-(b), Notation 8.8 and since, by hypothesis, || L, kil <
eC#L:l7

- +
(12.6) Hﬁfkak,Lk—l T Eemkﬁ[\l/fk,q - es’co]eq)pék,g”Ll < O#eq) 5|‘7|Li
: _ eE}Co]

Loy k,i—1 " Loy k0[Pt g e®p, ollBV < Cpe.

Finally, we compute the remaining term on the left hand side of (12.4). Since
Proposition 9.7-(d) implies

(127) HeEKOﬁ@wQ - ﬁfk ||L1 < C#ELi7
a brute force estimate, as the one above, yields

- o +
12.8 Lo kLi—1 " Loy ko€ (€70 f0, 0 — po ]Il < Cupe® L
(12.9) by

Lo, k-1 Loy k0 € [€Pe, 0 — po]lBv < Cp.

Unfortunately, inequalities (12.8) yields a mistake is too large for our needs. We
must be a bit more careful and compute the term in more detail.”* It happens that
a more precise estimate of the average with respect to Lebesgue will suffice. Let us
us call Ly 1 ;0 the transfer operator L, ; computed for o = 0. Then, by standard
perturbation theory,

(12.9) Lo e, pi—1 " Loy ko = Loy kLe—1,0 " Loy k00llnr < CyLilol.

72 Note that this could be done also for other terms, hence allowing for smaller errors.
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Thus, since Leb Ly, 1.0 = Leb, by equations (12.7), (12.9) and Proposition 9.7-(b)
we have

Leb {Ezk,k,qu Loy o e O [eKop, /3zk]}

= Leb e®Ouzi) {5, — 3y, ) + e O(cLde)

= 1) Leb {eE’CUﬁgk,g — po )+ e@+(9(aLi5 +&2L3)
= €©+O(JLiE +e2L3).

The proposition then follows by collecting the previous inequalities, setting £/ =

(12.10)

Lo te,Li—1" Lty k0 e®(Ory.y) [eg’c(’ﬁghg — pe,| and putting all the other error terms
in &7 . O

13. COMBINING MANY BLOCKS: MAIN RESULT FOR THE SMALL REGIME

This section contains the proof of Proposition 8.13, which follows by iterating
the one block estimates obtained in the previous section (i.e. Proposition 12.1); we
also rely on the results detailed in Appendix A. The proof essentially follows from
the next technical lemma. Before stating it let us fix and recall some notation.

Let t € Ry be fixed. Given (z,0) € T?, recall the definitions (z;,6,) = FZ(z,0),
éz‘)k = 5(5/@,02‘), 07 = Re(ue(60)), while Op.c1(z) = O(ck,Gy()); finally recall that,
as defined in Section 8.1, we defined S = Z?:O L; with S_; =0 and eSgp_1 =1t.
Moreover, for convenience, let us define, for 0 <7 < R — 1:

R
(13.1) Sr ot = Z Z H Vi=1i-1.t5+

Lrg1 622 éRegfgjl j=r+1
Note that, by (8.23) and since, by hypotheses ¢ > 5:

(13.2) 110, (€%) = So 4, + O(0eLy).
Also we define, for 1 <7 < R,

eSr-1—eSr-1
(13.3) O5(0) = 5*1/ Gr(0,s,0)ds
0

where Gr is defined in (12.2). We will also use the operators defined in (9.19), with

: 7 ®Prp1 T / 0* k ~ 7 :
the potentials Q,” 7" = iowy_; +e®q4(07 1 )E;, ; .@, where @] is defined

n (8.19) (but see (11.5) for a more convenient expression). As in the previous

section we will use indifferently the notations Ly, 7 ; = Lo, ; = L'a_* QT for
7,307 g
such operators and similarly for all the corresponding related quantities. To simplify

notations, let™

Lo—1
he, = g Qe Li—1 Qe krrhy.  Grern
=0 r ke ke

(13.4) Lr—1 N .
My, = Z mé* Q1 Q[;,kfl ce Q[;,O,
P Lr k0 ke

F(G, O') = Leb hg,im;,,

where /Q\gﬂk are the operators introduced in Lemma 11.1 with the normalization
specified in Lemma 11.3. Remark that, by (A.21b), (A.25) and Lemma A.6, ' € C?

B 73 This is just a more convenient notation, limited to the present context, for the objects
hO,kal and Mo, Ly, —1 defined in Lemma 11.3.
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and

(13.5) 06T | + |05T| < Cylol|.

Lemma 13.1. There exists ¢g > 0 such that, for all ¢ € (0,g¢), L < Cyue3%,
ced,q>3,7€{0,--- , R—1}, R<Cyue 'L, and e0®L(Sp—1 — Sr—1) < Cy
(13.6) Srer =M, (€27 p0, ) D07, 55 —5,_1+0) + Ertrs

where Er . is a remainder term satisfying the following bound:™

R—-1

k
|§meflSC#Ze’(SR*I’Sk—l)“Q&Q— o Y T Mg
k=

= Lrp1€L7 gkeg’g:l Jj=r+1
x (|loleL? + €L +eL?|o]*(R— 7)),

with 6> = ming 6°(6).

Proof. Let ®7 () = maxg Re ®-(6); then (11.2b) implies that

(13.7) OF < —c4026” (Sp_1 — Sr_1).

Next, we proceed to prove (13.6) by backward induction. The base step 7= R — 1
follows from Proposition 12.1, with ® = & = 0. Indeed,

SR—L@R—l = Leb E VR*LZR—MZRF%ER

tregi !

(13.8) = X}

LR—1

=Lebhy, M., (Xi%  pen, ) + O LYy +oleL}_y).

LebEZR—lméR—l IBZRfl + Leb[‘c”g}:,l,l + gl;k;,hQ]

Next, using the orthogonality relations between eigenvector and the operators 0

Lebhy, , = Lebh,. R-10
fR—1LRr—1-1""%Rr_1,LRp—1-1
LR7172
(139) + § (Leb — Mg« L 71,QR_1’0L 71> QeRfl,LR—lfl
s fr—1-LR—1 fr—1-LRr-1
X oo Q h,* R—1,0 — h,* R—1,0 )
tr-1,k+1 ( ezR,l,k’QeR,l,k ozR,l,kJrl’QeR,l,kJrl ’

Recalling definitions (9.19) and (8.19) we see that Q?R_,lfoLR,l—l = iow. Then, by
equations (13.4),(13.9), Sub-Lemmata 11.4, 11.5 and (A.17b), we have

(13.10) Lebhe, , =T}, | . ,-1,0)+O(ole).
In addition, by (12.2) we have
X;: | =exp[®p_1(6;, )] + O(oleLn-1).

R—1
On the other hand, since ®_; is the integral of x(t — Sg—2, s, 92‘1%1,@(57 0; ),

Lr—1
and since € is zero-average with respect to the SRB measure (see (11.4)), we can

use (A.22a) to obtain:
(13.11) |00x (0, T, 5,0,0)| < Cpo®.

74 We use the convention that the inner sums equal 1 when k£ = 7.
75 Which is the logarithm of the maximal eigenvalue associated to the potential ic€2(t —

SR_Q,S,GZ‘RA,-,9(5,92‘}%71)) with respect to the dynamics fé(S’QZR,l)(.)’ see (11.4) and related

comments.
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On the other hand, (A.19a) and Lemma A.7 similarly imply

(13.12) 10,0, T 5,0,0)]| < o™

The above equations yield, for any = € [as,_,,bep_,]s
|®r_1(0;, ) — Pr_10Gey ()| < CyLp_10°,

hence

(13.13) Xpr | =exp[®r_10Gp,_, |+ O(ceLp_1).

Collecting equations (13.8), (13.10) and (13.13) proves the case 7 = R — 1.
Next, let us assume that (13.6) holds for 7+ 1 < R — 1, then

SF,Z? = E Vil g1 T+1 L1 — E Vi le g
L1 €LT o 7‘+1€££F
— ° Ak
X Mgy (exp [(DFJfl °© G€F+1] pZFJrl) F(eévlkl,SR—l*SFJU)

§ VT_,@F,E%JASFJrLf%Jrl'

Ly GSZ

To continue, it is necessary to remove the dependence of My, and I' on £7y; in
such a way that we can apply Proposition 12.1. This will be done in two steps:
first notice that for (z,6) in the support of p,,"

(13.14) 0L, — 0(cLs,0; )| < CueLs.
Accordingly, using (13.5),

\F(‘gZHI,SR,ﬁSWU) —T(07. 55,5, 0)| < Cyelo|Lz,

thus
fiiny
Sre, =€ 0(Elo|Le) + D Vet Erira,
€r+1€).f?
(13.15) -
+ Z Mgy (exp[¢;+1 °© Géﬂl] Vﬂ&lwlplﬂl) 1—‘(92}«73}?71*5?—1 ,0).
€F+16£Z

Before continuing we need a bound on ®;.

Sub-lemma 13.2. For any j € {0,--- , R — 1} we have
[®llco < Cyo?(Sr-1—Sj-1)
[@)llcr < Cylol(Sr-1— Sj-1)-

Proof. By equations (13.12) and (13.11) it follows

ESR 1 ESJ 1 _
|<I>;(9)| < C#El/o |Ogx(o,t —s—eSj_1, 0(s,0),0(s,0))|ds

ESR71 ESJ _

+ C#a_l/ \an(a t—s—eS;-1,0(s,0),0(s,0))|ds
0

0#0’2(5371 — Sj,l).

This proves the first inequality, the second is obtained similarly by using the above
formulae, (A.19) and Lemma A.9 (in particular (A.22d)). O

6 1n fact, using large deviations, it is possible to have a better estimate with large probability.
We will not push this possibility as it is not needed for the level of precision we are currently after.
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Note that Lemma 11.1(b) implies that ®} < —Cxo?(R — 7)L.. Moreover, Sub-
Lemma 13.2, together with our hypotheses on 7, implies that the hypotheses of
Proposition 9.7, Lemma 11.3 and Lemma 12.1, are all satisfied for ® = ®&z. We can
therefore apply all such results to the present situation.

Observe, moreover, that Sub-Lemma 13.2 and the definition of QZ;};%“ imply:

741,95 741,95 _
19,75 =7 T e < Cy(elol + 20 Lu(R — 7))
< Cyelo|,

where we used the fact that by definition (R —7) < R = ¢ 'L ! and that since
o € Ji we have 0% < |o|. Similarly, using (11.3) we have

150 =t ller <ol [B(t— S, 05,,,) — E(t — €55, 07, 1) @]l
+ Cp(e%o| L + 20| L2(R — 7))
< Cy(elo|Lu + 2|o| L2 (R - 7))
< Cyelo|L,

We can now take care of 7, ,,: observe that, by applying (A.20b) and recalling

footnote 69 and Lemma A.15

M, (9) = mg., ey ()
Lpg1,07" " Lpy 1,0
Lij1—1
+ E (mé* Q therre T Mg, 'F+1~‘1’v’-+2) (QZF+1J€—1 ce Q£;+1,0§0>
P Crgq kg ke Cryq k=17 0 g k1

=m grtieesa () + O(elof(log o)) ollmv:

0 *
L1507 " Er 1,0

and applying once again (A.20b) and Lemma A.15 together with (13.14)

(13.16) M (0) =my,  reca (9) +O(elo|(log )2 Ly) [le|sv-

i Lip—1"%05 La—1

We can now continue with the estimate we left at (13.15) and obtain

+ —
Sﬁgi = e®;+10(5|0’|(10g 0')2L17) + Z Vﬁgﬁgi_*_lgf_,_l,gi_*_l

Zi+1€£z
[oF8 1OG5, o
+m;, ™ Prq E et THVE £n L1 Pl
0 prm1 e 21 -
EF-FIGEZF
N*
x D07, 55, —5,_,,0)-

Finally we can apply Proposition 12.1 with § = Sgp_1 — S7_1:

+
Sr.0, —®r1 0 (‘O’|(10g0')26L7:) + Z Vil EF 1,00

€%+162§F
_1 [eL# *
5 Gr(07,.,5,0)ds 1/ px
+e fo L0755 -5 1>7)
T\ Dry1(0c,0r) 8
X m@‘* QF"P?+1 (hzf)m‘g'r" (6 r41( ZT’Lr)pfF)

L, Lp—17" 45, Lp—1

+0 (mazi T (5;:,1)) +0 (mez R ;;,2)) :

Bon La—1 7R, Lr—1
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where G; is defined in (12.2). Observe that, by definition:

_ E(SRfl_ST‘) _ _ _ —
(I>7r+1(947¢7[,?) =¢g! / x(o,t —s—eS7),0,0(s, 9[7,‘,]4?), 0(s, 9[7,‘7Lf)d8
0

e(Sp—1—Sr_1) _ _
=¢! / x(o,t — s —eSr_1,0,0(s",Gy,),0(s', Gy,))ds’
eLr

Hence, using 11.1(b), we can write
B eLr
<I>,—.+1(05;7L,,‘) —|—571/ QT—.(GL,S,O')CZS
0

e(Sr—1—S7_1) _ _
=1 / x(o,t —s—e8:--1,0,0(s,Gy.),0(s,Gy,.))ds
eLr

eLz
+ 5_1 / X(Jv t—s— 55?717 07 9_(87 fo)? é(sv GZF))dS + O(Elo—‘LF)
0

= &7 0 Gy, + O(elo|Ly).
Finally, recalling (13.4),

from which the lemma readily follows by using Lemma A.14 (observe’” that o0 <
oe since &, > 1/99 and |o| < %) and the bounds on &;*; provided in Proposi-
tion 12.1. U

We are now, finally, ready to prove the very last missing piece in our argument.

Proof of Proposition 8.13. The basic idea is to apply Lemma 13.1. Unfortu-
nately, Lemma 13.1 holds only under the additional hypothesis eo?L.(Sr_1 —
Sr_1) < Cyx. Note that if |o| < 2%+ then

€0?L.(Sr_1 — Sr_1) < 0#545*_35* < C#Eé*.
Yet, if |o| € [¢2%+, %], we can apply Lemma 13.1 only for
(13.17) (Sp—1 — Sy_1) < Cye™ 110,

So, choose 7 such that Sp_1 — Sr._1 = C#s’”‘s*. Then, for |o| € [¢2%,£%], we
can rewrite (8.23), with ¢ > 5, and (13.1) as follows

/MO(GwA): Z Z ]jvjfl,fj,l,eijEj%+O(€O’L*).

0 Fe—1 j=
Gy  tp gyt I

Hence, by (8.22), we can bound

’ueo(eiﬂ)’ < sup |Sr. e, | + Ct|o|eLs.

We can now apply Lemma 13.1 and (11.2) to write

— 14384

|Sr sy, | < Cpemc#Sr=Sre)o® LB | < Cpeo#e + 0,60 -
Collecting the above facts yields
e, (%)) < Eogy + O (SUL* + 6_0#671%5*)
<&y, + O (ealy).

7 Since the choice of the power 100 in Lemma A.14 is arbitrary (see Footnote 85), one could
in principle work with values of §. smaller than 1/99, if needed.
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In particular, since for |o| € [¢2%,&%]:

exp|~Z02(00)| < Cpeos " < Cyelol,
we have:
(13.18) the, (€774 = exp {—;fzo‘tz(ﬁo)} + &0y + O (eoLy).

Next, we consider the case |o| < €29+ hence Lemma 13.1 holds with 7 = 0. Ac-
cordingly, since ¢ > 5, we can apply (13.2) that implies:

pe, (€78 = g, (eP0°C 0 f)gO)F(éz‘O’ts,l ,0) + Eo.4y + O(oeLy).
Note that definition (13.3) and equations (13.11), (13.12), using 13.2, give
@9 0 Gey — Po(67, )l < Cpo® < Oye®
and, by (11.2) and recalling definitions (8.7) and (2.20),

o2

t
e®o(07,) = — 5 /O E(t—e—s,0(s+e, 92‘0))262(5(3, 0;.))ds + O(c®)

o2
— 70?(90) + O(c® + o%¢).

In addition, by computations similar to (13.16) and using Lemma A.14, we have
Moy Pry = M. vt 1(,540) + O(eo(loga)?L.) = Leb(pe, ) + O(a log|a| ™).
Also, recalling the definition (13.4) and using Lemma A.G we have
L0, 1o 1.0) = 1+ O(0).

Accordingly, recalling (13.18), for all o € J; we have

2
pe, (€7%) = exp {—;—605(90)} (14 0(c®c™ + 0%+ ologlo|™)) + Eo,e, + O(0zLy).

Note that
1 exp {—0—203(90)} (03t + 0% + olog|o|~!)do
2re J 7, 2e
2
=5 | exp {*%03(90)} (n* +&"/?n” + nlog Ine'/?|"")dn = O(loge™).
R

To conclude the proof of the proposition it then suffices to estimate the integral of
€0.¢,- This is easily done by noting that, for all p,q € N,

7c#0 (R—k)L qrq| P # 7(;#7’] ‘77|p
5o Jl,;)e (R—k)IL%Yo[Pdo < Z/ L7 o7

C
< Wﬁ ; k= (+1)/2+q
Thus
Cye™27atHD/21=1 for p < 142¢
do < { Cue 'L tlog(e™) forp=1+2q
Cye™tLa—(p+1)/2 for p > 1+ 2q.

/ |ofP (R — k)7L1
5 2775 explepo?(R —k)L]

We can now apply the above estimates to compute the integrals of the various
contributions to £¢ ¢, obtaining
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Z —ex o’ (B=R)L (5o [3]do = O(L%loge ™) (p9) = (1,0)
2me 5=
1
- eiC#U2(R7k)L[€2Li’]dO' = 0(51/213) (p,q) = (0,0)
2re o im

Z —ex0" (R=R)L(53212(R — F)|do = O(loge™") (r9) = (3,1)

271'5 N 0

which prove the proposition. O

APPENDIX A. SPECTRAL THEORY FOR TRANSFER OPERATORS: A TOOLBOX

In this appendix we collect some known and less known (or possibly unknown)
results on transfer operators that are used in the main part of this paper. Let
us fix r > 3 and let f(-,0) = fo € C"(T,T), with # € T, be a one parameter
family of orientation preserving expanding maps (i.e., there exists A > 1 such that
inf, g fj(z) > A). Let Q(-,0) = Qg € C"(T, C) be a family of potentials. We further
assume some regularity’® in @; more precisely we require that f € C"(T?,T) and
that 9,Q € C"~(T?,C). For any ¢ € R we can then consider the family of operators
Ly oo defined as:

Q0 (v)

O

It is well know that the spectrum of such operators depends drastically on the space
on which they act. We will be interested in BV, W*! and C®, for s < r — 1.

(A1) [Locayg](x) =
yef, *(z)

Remark. We will use C* (and similarly for the other spaces) as a shorthand nota-
tion for C°(T) (which in turn is a shorthand notation for C*(T,R)). When we need
to consider functions defined on T? we will write explicitly C*(T?).

A.1. General facts.
Let us start with a useful result for the case of real potentials.

Lemma A.1. If Q is real, then for any s € R,0 € T, the operator Ly cq : Ct — C*
is of Perron—Frobenius type. That is, it has a simple mazximal eigenvalue eX0-s¢
with left and right eigenvectors that we denote with mg cq and hg cq (respectively),
normalized so that mg cq(hecq) = 1.

In addition, mg cq 15 a positive measure; hg .o > 0 and

I(log ho,c0) llee < C([slI%plloo + 1)-

Also, the spectral gap is continuous in <, 0 and the leading eigenvalue and eigenpro-
jector are analytic in < and differentiable in 6.

Proof. The statement could be proven by reducing the system to symbolic dynamics
and then using results on the induced transfer operator. Yet, a much more efficient
and direct proof can be obtained by the Hilbert metric technique used, e.g., in [41,
Section 2] or [42]. Namely, consider the cone K, = {g € C* : |¢'(z)| < ag(z),Vz €
T}. Since

d / gQ/ gfé/
(A.2) —Lo 09 = Locn < +¢20 ,
" S\K R )

78 The requirements on regularity are not optimal, but rather reflect our case of interest.
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it follows that

<A Ha+ sl + ACx}Lo.c0g-

d
’dxﬁe,gﬂg
Hence, for any o € (A\™',1), Ly .oKs C Ky provided
(A.3) a> (oA = 1) ([s][|2]loc + AC)-
A simple computation shows that the diameter A, computed in the Hilbert metric ©
determined by /C4, of the image is bounded by 2%56“.79 From this fact and Birkhoff
Theorem [41, Theorem 1.1] it follows that Ly o contracts the Hilbert metric by a

factor tanh %. Also, notice that if f —g,f + g € Ka, then ||f|lze > |lgllre=-
Accordingly, [11, Lemma 1.3] implies that, if || f|lre = ||g||Le, then

1 = gllie < (P69 —1) | fllp~.

Next, let f,g € K, with Leb(f) = Leb(g) = 1. Then e < f,g < e® hence
e Ly ol < Ly af L9 < €Ly ol This means that, for any n € N, there
exists a, € [e~?, e?] such that

(A.4) 1£6.c0f — anLlycagllL= < C4O(LG o f, L5 ca9) L5 ol L=

A n

Let eX¢<2, be the maximal eigenvalue of Ly .o when acting on C'. The above

displayed equations, together with (A.2), imply that £y .o, when acting on C!, has

a simple maximal eigenvalue and a spectral gap of size at least eX¢.s¢ (1 — tanh %).
Accordingly, there exists hg o € C! and a distribution mg cq € (C')’ such that

Ly ca(g) = eXhg camecal(g) + Qo.calg) = eXPpcalg) + Qo alg)

where, for any n € N, ||QgV§Q||CI*>C1 < CpaeX0<2mr o, with 790 € (0,1 —
tanh %], Q97§QP‘97§Q = 7)97§QQ97§Q =0 and mg,gg(h&gg) = 1. Moreover, by stan-
dard perturbation theory all the above quantities are analytic in .

We now show that myg o is not just an element of (C!)’, as follows automatically
from the general theory, but indeed a measure (i.e. an element of (C°)’). We have
seen that

e“Leb(hgca) 2 hoco = € "Ly qhgca 2 e e Ly q].
Thus, for any n € N and g € C!, g > 0,

0 < e LY 09 = hocamoca(g) + Cocageallglle:
which shows that mg o is a positive functional and hence a measure.

Finally, the perturbation theory in [29, Section 8] implies that xg o and Py o =
hg co @ mg o are differentiable in @ (the latter with respect to the L(C%,C°) topol-
ogy) and that Cy .o, Ty cq can be chosen to be continuous in 6.*” Indeed, a direct
computation shows that, setting

0o fo
fé

0o fo
fo

Q| 9,

(A5) Dosalo) =~ | 2029] 1 ¢ [anes -

™ Tt suffices to compute the distance of a function from the constant function and recall that,
for f,g € Ka, O(f, g) is defined as log% where p is the inf of the a such that af — g € K, and A
is the sup of the 8 such that f — 8g € K.

80 The Banach spaces B¢ in [29, Section 8] here are taken to be C'.
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we have

O+s 2
S
(A.6) Loisco=Loca+ / Ly, 0Dy cadp = Lo (L + 5Dy a) + 5 Ro.sa,
0

where R@{SSQ = S% [Lotsca — Loca(l — Dy cq)]. Moreover, for any 0 < k <r —2
we have:®!
1£§ caller < Cocne™ 2

1Lo4s.ca — Locallerrimes < sl sup  |[[Lo caller+1[|Dor caller+icr
0'€[0,0+5]

< Cocals|(1+ [|Qp][cr+1 + [[0s]|cr)
| Ro,s,callcrr2cr < Cocall+ 1Q0]lcrrz + [|06Q0]lcrsr + [105Q0]lcr).

(A7)

Hence the hypotheses of [29, Theorem 8.1] are satisfied and the resolvent 1z—Lg o,
viewed as an operator from C? to C, is differentiable in §. This implies the same
for all spectral data, since they can be recovered by integrating the resolvent over
the complex plane. O

In the case of arbitrary complex potentials it is also possible to obtain information
on the spectrum, as described in the following result.

Lemma A.2. For ¢ € R,0 € T, let €™ be the spectral radius of Lgcq as an
element of L(C°,CY). Then the spectral radius eX?<® of Ly .q as an element of
L(C,CY) is bounded by e™<2. In addition, the essential spectral radius is bounded
by A\~ teT<2. Finally, the spectrum outside the disk of radius A\~'e7< is the same
when Ly cq acts on all C*, k€ {1,--- ,r —1}.

Proof. Note that the computation yielding (A.2) also holds for any power f§'; this
gives:

d n n ! gQ,@,n g(fn)//
(A8) % 0,<Qg = EQ,gQ <( k

g p—
AT

where Qg , = EZ;S Qg o fé“ . Then a direct computation yields

(A9)  |I£5qgller < [1£5 cqlleo—sco [N llgller + C (Il 1% llco + Dllglico] -

We conclude that the spectral radius of Ly cq as an element of L(C',C!) is bounded
by e™<2. In addition, it follows from the usual Hennion’s argument [33] that
the essential spectral radius is bounded by A~le™s2. To conclude note that, by
differentiating (A.8) one see that the essential spectral radius on C* is bounded
by A~*e70<2. On the other hand, an eigenvalue in C* is also an eigenvalue in C'.
To prove the contrary, define the smoothing operator Q.g(z) = [e 'q(e ! (x —
y))g(y)dy, where ¢ is a bump function: ¢ € C§°(R,R.,) with [¢ = 1. Define
Le = QLo cq. By the perturbation theory in [36] the spectrum of £, and Lg q are
close on each C*. On the other hand L. is a compact operator and its spectrum is
the same on each C* since each eigenvalue belongs to C*. (]

Note that, in general, it could happen that the spectral radius of £y on C*
is smaller than A~'e™<2. In this case, the second part of the above lemma is of
limited interest.

8l g get the first inequality, use the spectral decomposition together with (A.2) and its obvious
analog for higher derivatives.
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Remark A.3. If Q is real, then the spectral radii of Lo o on C' and C° coincide;
in fact, for each T < Tg.cq and X > Xp.cq, there exists i € N and g € C° such that,
for alln > n,

e |lgllco < 1£5cagllco < 1£5 calllerllgllce < eX™lglico-
The claim then follows by Lemma A.2.

It is worth stressing the fact that the functional mg .o is guaranteed to be a
measure only provided that the potential €y is real: this is essentially due to the
fact that, because of cancellations of complex phases, the spectral radius on C!
might be smaller than the spectral radius on C° if the potential has a non-zero
imaginary part.

Remark A.4. Note that, by arguments similar to the one described in this subsec-
tion, Lo is a well defined operator also on C"~1 or W11 and, on such spaces,
it has essential spectrum bounded by A\="*1. In particular hg o € C"~1 and for any
1 <s<r, we have

(A.10) [hocalles < Cu(1+ [5||Q0]lcs)*t.

c:)

A.2. Perturbation Theory with respect to .

In this and the following subsections we will consider only the case in which there
is a unique maximal eigenvalue eX¢-<® which is simple. Hence mg .o and hy o are
well defined, except for their normalization, which is not determined by the spectral
projector Py .o = hg.co ® my cq associated to eX?<2. Note that xs,0 = 0; moreover,
for ¢ = 0 there exists a natural normalization for mg o and hg o so that mgo is the
Lebesgue measure and hg o is the density of the invariant SRB probability measure
wg- There is, however, no natural normalization for ¢ # 0; we thus proceed to define
one that is particularly suitable to our purposes.

Remark A.5. Recall that the spectral data is analytic— in < in a neighborhood of
zero. Standard perturbation theory implies that such neighborhood contains the ¢
such that, for all @ € T we have |Qgllcils| < o1 for some fized o1 € (0,1) small
enough. From now on we will assume ¢ in this set unless otherwise specified; in
this regime we are guaranteed that Lo cq s a Perron—Frobenius operator.

Let us differentiate the relation mg cqLs cho o = eX?<? with respect to ¢ and
obtain

(A.1la) 05 X0,50 = Vo,c0(Qp)

where v ca(g) = mocal(ghecq); observe that vy (1) = 1. Let us introduce the

o~

renormalized operators Ly .o = e X¢2Ly .. Notice that Eg,gg = Py.cq + ég,gg,
where Qg co = e X952 Qy .. Then by (A.11a) and the definition of Ly .o we obtain

9:Lo.c0(9) = Lo.ca(Q0,.c09)

with Qg .o = Qg — v,ca(Qg). Thus, differentiating the relations Eeﬂghg’gg = hg e
and mg .o (Lyc0g) = Moo g yields

—~ —1 ~
(A.11b) Ochoco=[1-Qpcal Loca(Qocahoca)— C0,5)hoca

—~ —1
(A'llc) 8<m0,§9(g) = m0,<Q(QG,§Q[]]- - Q97§Q] g) + 0(67 C)mH,CQ(g)

where § = (1 —Pp.ca)g = g — ho.cama,ca(g) and C(6,¢) depends on the normaliza-
tion of hg .o and mgcq. Using the above expressions, and differentiating (A.11a),
it is immediate to obtain

o~ —1 o~
(A.11d) 2x0.c0 = Mmool — Qocal (1 + Loa),c0hocn),
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which yields

(A.12a) 02x0.c0 = 10,0 0) +2> 19000 i) =
k=1
1 n—1 2
— lim L k
(A.12D) = lim V.50 LZO Q. © fQ]

where we used the identity mg .o (912’(37{5292) =mg.calg1 0 f*g2), which is obtained
directly by definition of the Transfer operator Ly cq. Observe that (A.12b) shows
that x¢.cq is (for real potentials) a convex function of <.

By further differentiation of (A.11d) it is simple to show that

02x0.00 = v9.0( ) + 3D vo.ca(Qca 0 [N o + D o 0 [E.0)+

k=1
o0 o0
j k
+6Y > w0 1.0 f§Q.0),
k=1j=k+1

which implies the useful estimate
(A.13) 02 x0,60] < Cll]lcs-

Next, for all n € N,

(A14)  wvecaldgo fy) = me,m@?,m(@ o fo'heca)) = m&(ﬂ(gzg,gﬂ((bhe,cQ))'

The above and the iteration of (A.2) imply, setting ¢ = 1 and taking the limit
for n — oo, that vy o is a measure provided that Eg,gg is power bounded as an
operator on C°. In addition, taking ¢ = 1 we see that, in general, it is an invariant
distribution for fy.

Lemma A.6. There exists a normalization for hg cq and mg cq so that mg o = Leb
and the corresponding C(0,<) is identically 0, that is:

o~ —1 ~
(A.15a) Ochoco =1 = Qyca]  Loca(Qochocq)
~ -1
(A.15b) Oimec 9 =mo Qo — Qocal [9—hocamecagl),
provided ) is real or, for arbitrary potentials, if ||Qgllc1|s] < o1 (see Remark A.5).

Proof. Let us temporarily fix a normalization which defines BQ’CQ and Mg cq SO
that Leb(hg.q) = 1 for any ¢. Note that for real potentials this can always be
done since hg.n > 0 due to Lemma A.1. For arbitrary potentials it is possible
only if Leb(Pyca(¢)) # 0 for some ¢ € C°. This is the case for small ¢ due to
Leb(Pyo(¢)) = Leb(¢) and the continuity of Py cq.

Using (A.11b) and differentiating this normalization condition with respect to ¢
we obtain

_ —~ —1~ _
(A.16> C(@,g) = Leb([]l - QQ);Q] EQSQ(QQSQhoSQ)).

Define a(f,) = fg C(0,51)ds1 and choose a new normalization so that hg .o =
eo‘(e’g)ﬁg’gg (and consequently mg .o = e*a(e’g)m(g,gg). Then, an immediate com-
putation shows that hg .o and mg (o satisfy equations (A.15). O

We now fix once and for all the normalization of hg o and my <o to be the one
constructed in Lemma A.6 and refer to it as the standard normalization.
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Lemma A.7. For any g € WY and under the assumptions described in Re-
mark A.5, we have

(A.17a) 0chocallcr < CyllQ]lcr

(A.17Db) |0cmo ca gl < CyllQ0llc[lgllwra

and, moreover,

(A18)  [mgohoca—1] < Cyus®[llZe  [mocalhoo) — 1] < Cyuc?(Q0]2:.

Proof. Since all the quantities are analytic in ¢ and ¢ belongs to a fixed compact
set, we have uniform bounds on ||hg callct and [mecall(wr.1). Thus, by (A.15a),
taking the C'-norm, we obtain:

—~ —1 ~
[0checaller <[ — Qocal  Loa(Qocnhocn)ller < CyllQllcr-

which implies [|hgcaller < Cx(1 + [s]|Q06]lc1). Similar computations yield the
corresponding result for mg cq.

Finally, in order to obtain equations (A.18), observe that mgohgco — 1 =
me o fo ds10:hg ¢,0); then, since mg o Ochgo = 0 we can write

|m00h0<sz—1|</ d<1/ dCz

from which follows the first of (A.18); a similar computation yields the second
estimate, which concludes the proof. O

—1 ~
]l QGQQ] Ca,gzﬂ(90,<2§zha,<2sz)>‘

co

We now deal with transfer operators weighted with two different families of
potentials, which we denote by Q© and QM. If || — QW ||¢1 is small enough,
we can once again use perturbation theory to compare spectral data. Until the end
of this subsection we assume 6 to be fixed and we will drop it from our notation
since it will not cause any confusion. Also, we assume that either both Q(®) and Q)
are real, or |2 |¢1 and |Q™M)]|¢1 to be sufficiently small (i.e. smaller than o) so
that we can assume ¢ = 1 and still be in the perturbative regime (see Remark A.5).
For ¢ € [0, 1], let us define the convex interpolation Q@) = Q©) 4 (M) — Q)
and let 6Q = 9,0@ = QM — QO consider the transfer operators £, = Ly o0);
similarly let h, = hy o) and m, = my ). Then, by arguments analogous to the
ones leading to equations (A.11), we obtain

(A.19a) OpXo = Mo(002h,)
(A.19D) Ooho =1 — é@]_lzg(éﬁghg) = C(0)h,
(A.19¢) Domeg = mg((SQQ[]l - /Q\g]_l(g — hemy,g)) + C(0)meg.

where we defined 5(AZQ = §Q — my(6Qh,) and the function C(p) depends on the

normalization for h, and m,.

Lemma A.8. For any g € WYt and under the assumptions described in Re-
mark A.5, and choosing the standard normalization we have

(A.208) 10choller < Cll6Qcr
~ —~ -1
(A20b) [9,myg —my(30[1 — 0,1 (g — hymeg)| < 0 e 02 er llglw -

Proof. As in the proof of Lemma A6, let us denote by h, the eigenvector normalized
so that Leb(h,) = 1, let C(p) be the corresponding normalization in (A.19). Then a
direct computation (differentiating the normalization condition and using (A.19b))
shows that

1~

Clo) =Leb (1= Q] £,60,h, ) .



LIMIT THEOREMS 119

Moreover, let C,(s) be defined as in (A.16) with the choice Q = Q(@); then
= 1 —
Clo)=Clo) - [ 0,Cul0)is
0

—~ —1 ~ ~ — ~
Note that, setting goc = [1 — Qo] Locaw (Qochgcaw), where Q, = Q&) —
Mg cqle) (Q(g)hé’,cﬁ(@))v

<
Co(s) = Leb(g) = my oo (ds) — / D ... e (90.) .
0

Note that the first term of the rightmost hand side of the equation above is identi-
cally zero, hence, by (A.15b), we conclude that

_ S ~ —~ —1
Cols) = _/0 Mg ¢, Q) (Qg,61 - Qa,<19<e>] Jo,c)ds1

where Go.c = go.c — My, 00 (Jo,c) o, 00 ; this implies [Cy ()| < Cx[|Q@]2, and,
since (A.19) implies that each derivative with respect to p of the eigenvectors or
operators yields an extra factor [|6Q]c1, [0,C0(s)| < Cxl|Q2@ |2, (|62 c1. By sim-
ilar arguments we obtain |C,(s)] < Cx||Q||c1]/69Q|c1, which then implies equa-
tions (A.20). O

A.3. Perturbation Theory with respect to 6.

Recalling the notation and computations at the end of the proof of Lemma A.1
and by argument analogous to the ones leading to equations (A.11), but differenti-
ating with respect to 6, we gather:

(A.21a) doxo.c0 = Mo (Do,caho )
(A.?lb) aghgng = []]. - @9’§9}71297§9597<Qh97<9 - D(Q, g)hG,CQ
(A.21c) A9ma.co g = mo.ca(Docall — Opcal ') + D(6,)mo.ca g

where Dy cag = Do cag — ho.camo.ca(Doag), and recall that § = g —hg came,ca(g)
and Dy cq is defined in (A.5). Once again D(#, ) is a function which depends on the
normalization for hg .o and mg o. Note that we cannot, in general, assume that
D = 0; since mg,o = Leb, it is however true that D(#,0) = 0 for any ¢. Similarly,
since xp,0 = 0, we have dpxg,0 = 0.

Lemma A.9. There exists og € (0,01) such that, if
185 Qlcr(x2) + 182 Qlc2 12y + |1Q]e2(x2) < 00

we have, for any 1 < k <r — 1 and using the standard normalization:

(A.22a) |0sx0.0 — OgLeb(Qghg )| < C#||Q||%1(T2).

(A.22b) [06ho.allcr < Cy(1+[|Q0]lck+1 + [0620]|cr)

(A.22¢) |06mo.q gl < CylQllcz(r2)llgllw2

(A.22d) 3x0.0] < C (1089 croy + 10D eacroy + Qs roy)-

Additionally, O:hg cq, Ocmg cq and 6?)(959 are differentiable in 6.
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Proof. Plugging (A.15b), (A.15a) and (A.5) in (A.21a), we have:

1
—~ 1~
Ooxo,0 = Leb(Dg nhe o) +/ me,cQ (Qe,gﬂ 1 — Qp.cq De,nhe,g) ds
0
(A.23)

0, ~ -1[9 !
= Leb <8999 ~hgo — jcfe Qyho 0) — Leb (Qe,o M — Qg 0] {Lfeha,o} )
9 9

+O(||QH31(T2))7

where the term having a derivative in (A.5) disappears by integration by parts
against Lebesgue. Next, note that (A.21b) implies

1~ o~
OgLeb(Qoho,0) = Leb(0pQghg,0) + Leb(Qg[1 — Qo 0]  Qo,0Ds,0h06,0)

= Leb(89(29h970) — Leb <Qa[]1 - @9,0]71 {5?9 hag} )
0

0o fo ' 2
+ Leb [ Q hoo| | +O1Qe1(r2))-

fo
In addition,

0o fo

Leb ([99,0 — Qg)[1 — Qg0]” { 7
0

/
hg 0} ) = Leb(Qghﬂo)

x Leb ([]l - @0,0]_1 ijg he,o} ,>
)

= Leb(Qphg.0)Leb ({6;{0 6 h970} /> =0.
(2

where the last term disappears again by integration by part against Lebesgue.
Combining the above expressions with (A.23) yields (A.22a). Next, recall that,
by the construction of the standard normalization given in Lemma A.6 we have
set hg = e¥@)p, <0, where ho <q is normalized so that Leb(ﬁgygﬂ) = 1 and

fo (0,61)ds;, C being given by (A.16). Observe that, differentiating
the normahzatlon condition for h97gg with respect to 6, we obtain, using equa-
tions (A.21):

D(8,¢) = Leb([1 — Qp 0] *LocaDocahoc0)-
Then, by definition of hy cqo we get:
D(0,5) = D(0,<) — 9ga(8,5).

Thus, by the definition of «(f,s) and using the hypothesis on [|Q]|co, a direct
computation, which is left to the reader, yields

(A.24) |0ocx(8, )| < C[|DQler (r2)-

The proof of (A.22b) immediately follows from (A.21b) using the definition (A.5).
In order to prove (A.22¢), one has to examine D in more detail. By (A.5) we have

taaman ([%50] )} )

D(G, 1) = —Leb ([]l — §979]71297Q {{affe

0
+ O(IR0lcx (2))-
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Let § = [1 — Qy o Log {[ 2J hg Q} — hg.amg o ([ 2fo g Q} )} and observe
that mg o(9) = 0 and ||g]|v < C#, then, (A.17b) implies

0
Leb(@)] < hmaa@)|+ | [ Do ol
1

< Cxl0ller 1gllwa

It follows that
(A.25) |D(0,1)] < Cy[|Qlcr(r2)-

We thus obtain (A.22¢) by (A.25) and applying to (A.21c) similar arguments. In
order to prove (A.22d), observe that differentiating (A.21a) yields

95 x0,50 = (99mo ca) (Docahoc0) +moca ((09Doca)hoca) + Mmoo (Dosa(@shocn)) -
Substituting (A.21c), (A.5) and (A.21b) in the above expression we get
dgxo.0 =moqa (A + B)
where A, B are two functions that (using (A.10) and our assumptions on ) satisfy
[Awra < [ Afle2 < Cx
IBllcr < C(105 crr2y + 10:Qlc2(r2y + 1Qlc2(r2))

To conclude the proof, we use (A.15b) as in the proof of (A.22a) which yields the
result since Leb(A”) = 0 by integration by parts. Finally, the last statement follows
from the above considerations and the formulae (A.15) and (A.11d). O

We conclude the subsection with a non-perturbative result
Lemma A.10. Assume that Q is real and Leb(Qhg9) = 0, then
196 x0.0ll < Cymin{||Qcr + 1, (12012 }.

Proof. If ||Q|co < 09, the estimate follows from (A.22a). In the non-perturbative
regime, i.e. for potentials of larger norm, recall that mg o is a positive measure (see
Lemma A.1), and therefore (A.21a) with (A.5) imply

109 x0.0| < Cymaa([|Qcrheq + [hyol)-

The claim then follows by recalling the normalization 1 = mg q(hg.q) and that,
using once again Lemma A.1:

.0 ()] < Cy([Qler + Do) U

A 4. Results for functions of bounded variation.
In certain parts of the paper it is convenient to consider transfer operators acting
on the Sobolev Space W' or on the space of function of bounded variations BV.
Since W1 c BV, with the same norm, we will limit our discussion to the second,
more general, case.

For functions of bounded variation, the Lasota— Yorke inequality reads as follows:
for any ¢ € C! and any n € N, setting Qg,, = > 1o 1Oy o fx,

’/Wﬁg,mg ’/Qeme (') o fo

sQo.nq) o n Re(Q,n
[o[=2e 58| ey [rutes oo+ 1ol

(A.26)
<
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Thus, setting

Xn = log ”ﬁg,cRe(ng,) ||L1 = log HegRe(Qe,n) ||L1

e(Re(ngn)
7o = log || — v —
G|
we have
(A.27) I1£5 gl < e™llgllBy + CyreX (1 + o] [Q0lle) gl 21

By the usual Hennion argument [33], the spectral radius of Lg o is bounded by
eXn/™ and the essential spectral radius by e™/™. Note that (A.26) also implies®

(A28 IL5agloy < | +Cpl1+ lIRler) [ @] gy

In addition, calling #,, the set of inverse branches of fg', we have, by standard
distortion estimates,

/ esRe(Qa,n) — EgoecRe(Qe,n)
T T

— Z /Tl €§Re(ng)oh(x)h/(x)dx > C#eTn.
heH,

(A.29)

Thus our bound on the spectral radius is larger or equal than our bound on the
essential spectral radius. Nevertheless, these are just estimates: the real values
could be much smaller.

Remark A.11. For real potentials and ¢ > 0, more can be said. If x denotes the
spectral radius of Lo cq, as an operator on C* and eX its mazimal eigenvalue, then®

—cxls| pnx n — Qon _ n cxls| ,nx
e “#ltle §/ Eg,cgelf/ e = Ly cq,1 < e#le™X.
T! T! T!

This, together with (A.28) and (A.29), implies that the spectral radius of Lo .cq
on BV coincides with the spectral radius on C* and, moreover, e XLy cq, is power
bounded on BV. This does not, however, imply that Lo cq is a Perron—Frobenius
operator also when acting on BV: in fact, for large ¢, the essential spectral radius
could a priori coincide with the spectral radius. Nevertheless, we can find a simple
condition that prevents this pathological behavior. Let Osc$y := sup Qg — inf Qy;
then

e™ <log [A7"es S Ren] <og [N OsC [esthon ]| ]

The above implies that if |s|OscQy < log A, then the essential spectral radius is
strictly smaller than the spectral radius.

Remark A.12. No such general bounds are available for arbitrary complex po-
tentials and we must then rely on perturbation theory. If the potential is purely
imaginary, then (A.27) implies that the essential spectral radius is smaller than
A~L. Since the point spectrum is independent on the space on which the operators
act,*" it follows that the spectrum outside the disk {|z| < A~} on BV coincides
with the spectrum on CL.

82 Recall that, in one dimension, ||g||z < |lgllBv-

83 Since mgSQL‘,g’thg,{Q = e"X8.s2 and mg o is a measure (see Lemma A.1), then there
exists z« € T such that Lf ohg cq(@«) = e™X052, then the claim follows recalling (A.3).

84 This can be proven as in Lemma A.2.



LIMIT THEOREMS 123

We conclude this brief discussion with a number of estimates on the left eigen-
vector; observe first that by definition and by the analytic dependence of all objects
on ¢, we have, for [|Qg|lcx < o1 that |mgag| < Cxllg|lsv, and using (A.15b) we
thus conclude that, similarly to (A.17b):

(A.30) [0cmo,ca(9)] < CxllQllerllgllBv,
in particular:
(A.31) Imo.ca(g) — Leb(g)] < CyQ0llcr llgllBy-

We now proceed to obtain a refinement of the above estimates.

Lemma A.13. There exists 02,C5 > 0 such that, provided |Qg|lcr < o2 and Q is
either real or it satisfies the estimate ||Qgl|cr exp[—Cs Qo1 ] < [|Q0]lco, for any
g € BV and n € N, we have

(A.32) mo,a gl < Cye#™ 10l g 1 4 Cype™#"lgl|pv.

Proof. First of all we choose o3 < 07 so that Ly o is of Perron-Frobenius type and
let hg o ®mg o be the eigenprojector associated to its maximal eigenvalue eX?-¢. In
particular we have, for any n > 0

L§09 = hoamea(g) + Q4 al9)
and therefore there exists 7 € (0,1) such that:

Leb L7 o9 .
Ime.0 gl < 7Lebh979 +Cyt"l9llBV
(A.33) < CyulLeb ’eQ"*”_"XG'“g| + Cut"|gllBV-

Observe that if §2 is real, then Lemma A.1 states that mg o is a measure. There-
fore (A.11a) implies that

(A.34) Ix0.0] < CxlQ0]co.

We claim that the same estimate holds also for complex potentials satisfying the
assumption given in the statement. In fact, a priori |xg,o| < Cx|Q||ct, thus (A.33)
implies

mo,a gl < Cye™ller|lg]| s + Cpr™ gy

We can then choose n = ||QgHEll and apply the resulting bound to (A.11a), obtain-
ing the better estimate:

—c -1
(A.35) o0l < CellQllco + Ce™#1%er | Qgler < Cl|lco,

where we have used the hypotheses of the lemma choosing Cs = |log7|. We can
thus use again (A.33) and obtain (A.32), concluding the proof of the lemma. O

Lemma A.14. Under the assumptions of Lemma A.13, for any g € BV:
(A.36) 0;ma,c0 9| < CylQocallco log Qg 9]l + CellQ6llellgllmv
in particular:®

(A37)  |mgqag—Lebg| < CgllQ,allcolog |0l gl zr + Cye Q01 9By

85 Our choice of the power 100 is clearly arbitrary: one could substitute it with any sufficiently
large number at the expense of increasing the constants.
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Proof. Again we choose 02 < 07 so that Lp o is of Perron—Frobenius type and let
hg,n ® mg.q denote the eigenprojector associated to its maximal eigenvalue eX¢.2.
Combining (A.15b) and (A.32) with the choice n = ||Qg||z0 we obtain:

B cal < Cull(Qcoll — Qo o) 29)l|1e

(A.38) "
+ C||Q0llcr exp[—cx1Q0llz0 | l9llBV

where recall that § = g — hg came,co g. On the other hand, for any K € N

o0
19,0l — Qpcal Hdllr <> 1.2l 0d)]
(A.39) k=0

< CylQ9.callco [Kllgllzr + Klmo o gl + 75 13llBv]

since Eg,gg is power bounded in L! and where 7 € (0,1) is determined by the
spectral gap in BV. Note that in the considered range of ¢ we can assume 7 to
be independent on ¢. We can now choose K = C'log \|Qg||c_11. By Lemma A.13,
with the choice n = ||Qp]|zo , we can substitute (A.39) in (A.38) to obtain (A.36),
provided that C' has been chosen large enough. Integrating (A.36) with respect to
¢ from 0 to 1 yields (A.37). O

Lemma A.15. Under the hypotheses of Lemma A.13, for any 0,0" € T sufficiently
close, we have

me.(g) — me a(9)l < Cyllog [Qlcol*0 — &'l lgllev-

Proof. We choose o3 so that the operators Lg o are of Perron-Frobenius type for
all 6 (see Remark A.12). Accordingly, there exists 7 € (0,1) such that™ for any
NeN

Leb(ngﬂg) Leb(févf,gg)

_ CurN -
Leb(ho,o)  Leb(hg o) +C77 lgllBy

Ime.a(g9) —me a(g)| <

In addition, by (A.21b), (A.25) and (A.17b) we have

0/
[Leb(hg2) — Leb(lhpa)| < / dp |(Leb — mp0) ([ — Q0] '£y.0Dp0n)
+0(8 - ]2er) = O(18 — /][ 2len),

where recall 5@7(}9 = 5979_9 - h979m97Q(ID97Qg) and D97Q is defined in (AS) Also
note that

Leb(£) a9)  Leb(LY q9)  Leb(LY o9) [Leb(hy 5)

Leb(hgvg) Leb(h9/79) o Leb(h,glvg) Leb(h&Q)
=me,(9)0(|0 = &'[|Qler) + OV ||gllBv)

=0(10 = 0'[12ller) (lgllzr + C exp[—cQ0llco ] lgllzv) + OGN lglley)

86 By perturbation theory the spectral gap varies continuously in 6, hence by compactness
there exist an uniform spectral gap.
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where we have used Lemma A.13 with the choice n = [|Qg]| 0. We can then choose
N = Clog €|z for C large enough and continue our estimate to write®”

N o’
mo(o) = moolo) < O Y- [ [Leb(Z)5 Ep0D allla)dy
k=1

+ Cyllog Q110 = 0'11|2cr llgll e + Coll20 e llgllBv

>/

k=1

N—k fi of, oy A
Leb ([eZFO Qoofy gofeete 1] Dcp,Qﬁlg’ng) d(p’

+ Cyllog | ca]10 = &'[12ex gl 2 + 1218 lgllmv,

which, integrating by parts, yields the lemma.k (I

A.5. Generic conditions.

Here we discuss some conditions that prevent non generic behavior of the transfer
operator. They are arranged by (apparent) increasing strength. Yet, we will see
at the end of the section that, although in general they are all different, in the
particularly simple case we are considering, they are in fact all equivalent to the
weaker condition: the potential should not be cohomologous to a constant. As
the latter condition holds generically, all the conditions stated below also hold
generically.

Lemma A.16. Let 0,¢ be values for which 297§Q has a spectral gap, mgcq 1S @
measure and |hg ¢q| > 0. If 83)(9’(9 is zero, then Qg is cohomologous to a constant,
i.e. there exists 3 € R and ¢ € C* such that

Qo=p+9¢—dofo

Proof. Note that if the second derivative is zero for some 6 and ¢ then, by the
computation implicit in (A.12b), it follows that the sequence ZZ;& Qp.cq © fé“ is
uniformly bounded in L?(T, mg o) and hence weakly compact.® Let ZZJ:BI Qp,cq0
féc be a weakly convergent subsequence and let ¢ € L? be its limit. Hence, for any
¢ € L? holds

’I’Lj—l
jhng Vg e <90 Z Qg eq o fé“) = vgca(p9).
k=0

87 Remember (14.(5), from which 892979 = ZngDng — 297989 log X0, and (1%.22'(),). AxISO7 in
the second line, we use (A.1la) to exchange x4, with 1.
88 Indeed, recalling (A.12a),

n—1 2 n—1
Vo,cQ (Z Q@,CQ o féf) =n {Vﬂsﬂ(ﬂg,qﬂ) +2 Z Vo,cQ (QG,cﬂ o fgﬂﬂ,cﬂ) }
k=0

j=1
n—1
-2 Zj”@,(ﬁ (Q0,60 0 f]Q0,50)
j=1
oo n—1
=2 Z vo.co (00 3 .c0) —2 Zjl/e,gn (Q0,60 0 f3Q0,50)
Jj=n Jj=1

which is bounded by (A.14) and the spectral gap of 297§Q.
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It follows that, for any ¢ € C?,
Vo,c0(¢[Qoc0 — ¢+ do fol) =

nj—l

= vgc0(PQ0.c0) + im Y vocale[Qoc o fo — Qa0 ff)

= lim vy ca(eQoco fy?) = lim mgca(Qcly’.o(pho o))
J—roo J—o0 ’

= vg,c0(P)19,c0(Q20,c0) = 0.
Since C! is dense in L2, it follows that

(A.40) Qoo =0¢ — o fg, mMe,cq — a.8.

A function with the above property is called a coboundary, in this case an L2
coboundary. In fact, more is true: ¢ € C*. Indeed, recalling that vy q(¢) = 0,

Lo.0(Q0,60 ho.c0) = Loco(¢hoca) — dhoco = —(1 — Loca) (6 hoca)-

Note that the above equation has a unique L?(T, mg q) solution.®” Hence

¢=—hglo(l— Lo.c0)  Loca(Q,c0 hoca) € CL

The proof then follows recalling that Qp .o = Qo — v9.c0(Qp) and setting § =
v9,c0($20). a

Remark A.17. Note that the above lemma applies in particular to the case of real
potentials (since mg cq is a measure and hgcq > 0 by Lemma A.1) and for ¢ = 0.

Following [32] we introduce

Definition A.18. A real function A € C! is called aperiodic, with respect to the
dynamics f, if there is no BV function B and vg,v1 € R such that A+ o f — S is
constant on each domain of invertibility of f, and has range in 2w Z + vy.

Also in the following we will need the, seemingly stronger, condition.

Definition A.19. A real function A € C' is called c-constant, with respect to the
dynamics f, if there is a BV function 8 such that A+ Bo f — 3 is constant on each
domain of invertibility of f.

We conclude with the announced proof that all the above properties are equiv-
alent in our case of interest.

Lemma A.20. If f € C*(T,T) and expanding, then any c-constant zero average
function A € C(T,R) is necessarily a coboundary.

Proof. By definition there exists 5 € BV such that « = A+ fo f — 8 where «
is constant on the invertibility domains of f. If we apply the normalized transfer
operator £ to the previous relation we have 3 = (1- E)_lz(a — A). Note that, by
hypothesis, E’“(a — A) is C! except for at most one point (the common image of the
boundary points of invertibility domains), for each & > 0. Thus 8 has at most one
(jump) discontinuity, which we assume without loss of generality to be at = 0.
Since A is smooth on T, calling P the partition of invertibility domains, we have:

0= [ o= Y [ (5 = 50 e = (1= a)(307) = 507))

peP P

89 Assume otherwise that the equation 29’<g1’lf1 = 1) has more than one solution in L2. But for
any such solution let {1} C C! be a sequence that converges to 1 in L2, then it converges in L1,

moreover me,gﬂ(wg,gg(d) —Pe)|) < mg cq | — el Thus, P = Ly ote + o(1) = hg came e +
o(1). Hence ¥ = hg comg cq .
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where d is the number if invertibility domains of f, i.e. its topological degree. We
thus conclude that 3 is in fact continuous on T and therefore o has to be constant
on T (hence identically zero). Consequently, 8 must be smooth and correspondingly
A is then a C!'-coboundary. O

A.6. Non perturbative results.

In this section we collect some results that hold when ¢ is large, i.e. well outside the
perturbative regime. Such results hold under the generic conditions discussed in the
previous section. Even though we have proven that all the conditions are equivalent,
we will state the next lemmata under the conditions that are most natural in the
proof (and for which the lemma might naturally hold in greater generality).

Lemma A.21. IfiQy is real, of zero average with respect to vy o and is aperiodic,
then, for all ¢ # 0, the spectral radius of Lo cq when acting on both C* and BV is
strictly less than 1 and varies continuously with ¢ unless it is smaller than \~'.

Proof. We start by noticing that, for ¢ = 0, the maximal eigenvalue is 1 and all other
eigenvalues have modulus strictly smaller than 1. As pointed out in Remark A.12
the relevant spectrum on C! and BV is the same. Hence, for small ¢ we can
apply perturbation theory and the first and last of (A.11) imply that xgco =
—@@ + O(s?) for some £(#) > 0. Note that ¥(6) is continuous in ,”" hence, by
Lemma A.16 and Lemma A .20, infg () > 0. This yields the results for small ¢. On
the other hand, suppose by contradiction that for ¢ € R\ {0}, Ly coh« = €'’ h, for
some h, € C}(T,C) and ¥ € [0,27). Then |h.| < Lo olhs|, but [[Loolhs|—|hs]] =0
implies |hs| = Lg,0|h«|, S0 |hs| = ho, the maximal eigenvector of Lg . Accordingly,
hy = ePhy where 3 is some real-valued function. Note that we can choose 3 so
that it is smooth a part, at most, a jump of 27n, for some n € N, at a fixed point

of fy. Next, notice that
ho = e P~ Ly ohy = Lo <ei(—i<99+/3—50f9—19)h0> )
If we set a = —icQy + 6 — B o fo — 1 and we take the real part of the above we get
0= Ly ([1 —cosalhg).

Since the function to which the operator is applied is non negative the range of «
must be a subset of 27Z and can have discontinuities only at the preimages of the
discontinuity of 3.

Finally, the continuity of the maximal eigenvalue follows from standard pertur-
bation theory [34] unless the essential spectral radius coincides with the spectral
radius. O

The above theorem implies that the spectral radius is smaller than 1 but does not
provide any uniform bound. Since we will need a uniform bound, more information
is necessary. This, as already noticed in [7, 28], can be gained by using Dolgopyat’s
technique [18].

Lemma A.22. If i€y is real, of zero average with respect to vgo and is a non
c-constant function with respect to fg, then for each ¢ > 0 there exists 7 € [0,1),
such that, for any ¢ € [—<o, 0] and 6 € T, the spectral radius of Lo cq, when acting
on Cl, is less than T.

Proof. By Lemma B.2 and Theorem B.5 of Appendix B, there exists ¢;, A > 0 and
7 € (0,1) such that for all ¢ & [—c1,61], n > Alog|s| and 6 € T,

(A.41) 1£6callie < 7"

90 This follows from (A.12b) and the perturbation theory in [36].
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where [|fll1c = |floo + |s|7 | f'|co- Next, by Lemma A.21, the spectral radius of
Loy cq, for [s] € [s0,1] is uniformly smaller than one, hence (A.41) is valid also in
such a range perhaps modifying A and 7 accordingly. Also note that (A.2) implies,
for all n € N, [[£f gll1,c < CxQllcr. In particular, by expanding via the Newman
series, for any z € C, 7 < |2| < 1:

1 —1\Alog [s|
(A.42) 1Lz — Locq) e < Cu {HQC Alogls|  (rlz]7h) } .

|Z|Alog|c| 1— le‘—l

Hence the spectral radius is bounded by 7 while (A.2) implies that the essential
spectral radius is bounded by A7!. O

APPENDIX B. DOLGOPYAT’S THEORY

In this appendix we prove a bound for the transfer operator for large ¢. The
proof is after the work of Dolgopyat on the decay of correlation in Anosov flows [18].
Unfortunately, we need uniform results in 6, so we cannot use directly the results
in [47, 8, 2]. Although the results below can be obtained by carefully tracing the
dependence on the parameters in published proofs, e.g., in [2, 8], this is a non trivial
endeavor. Therefore we believe the reader will appreciate the following presentation
that collects a variety of results and benefits from several simplifications allowed
by the fact that we treat smooth maps (even though the arguments can be easily
upgraded to cover all the results in the above mentioned papers).

B.1. Setting.

Let f € C"(T?,T!) and w € C"~1(T?,R), r > 2. We will consider the one parameter
family of dynamics fo(x) = f(x,0), of potentials Qy(x) = w(x,d) and the associated
Transfer Operators

e Wg(y)

Ly ic0,9(x) = Z fo(y)

yef, M)

Also, we assume that there exists A > 1 such that inf, ¢ fj(z) > A (uniform ez-
pansivity). It is convenient to fix a partition Py = {I;} of T!, such that each I; is
a maximal invertibility domain for fy. We adopt the convention that the leftmost
point of the interval I; is always zero, which we assume to be a fixed point for
every fs.”! Note however that all the following is independent of such a choice of
the partition.

Remark B.1. Since the maps fo are all topologically conjugate (by structural sta-
bility of smooth expanding maps), there is a natural isomorphism between Py and
Py, 0 € T . From now on we will implicitly identify elements of the partitions (and
their corresponding inverse branches) for different  via this isomorphism and will
therefore drop the subscript 8 when this does not any create confusion.

At last we require that the €y satisfies a condition (in general, although not
in the present context, see Appendix A.5) stronger than aperiodicity; namely we
assume it is not c-constant (see Definition A.19).

Let H,, be the collection of the inverse branches of f7' as defined by the partition
P. Note that an element of H,, can be written as hy o--- o h,, where h; € H1, thus
H.,, is isomorphic to H7. It is then natural to define Ho, = HY'.

91 Note that this latter assumption does not imply a loss of generality only if the lines of fixed
points of fy are homotopic to {(0,6)}gct. If not, one can simply consider a finite open cover of
the torus (in the 6 variable), and make the following argument for each element of the covering.
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B.2. Uniform uniform non integrability (UUNI).
The first goal of this section is to prove the following fact.

Lemma B.2. In the hypotheses specified in Subsection B.1 there exist Cg > 0 and
no € N such that, for each n > ng and 0 € T,
d

d
(B.1) sup inf |—(Q,00he)(x) — —(Qn0 0 Ke)(z)| > Cs,
he kg EH, TET! dxr dx

where, Qg 1= S 724 Qg 0 fF.

Remark B.3. Condition (B.1), when referred to a single map, is commonly called
uniform non integrability (UNI for short) and has been originally introduced by
Chernov in [10], a remarkable paper which constituted the first breakthrough in the
quantitative study of decay of correlations for flows. The difference here is due to
the fact that we have a family of dynamics, rather that only one, and we require a
further level of uniformity. The relation between UNI and not being cohomologous
to a piecewise constant function was first showed in [2, Proposition 7.4]. The above
Lemma constitutes a not very surprising extension of the aforementioned proposi-
tion.

Proof of Lemma B.2. Suppose the lemma to be false, then given a € N large
enough to be chosen later, there exist sequences {n;,8;}, A=" <1 , such that
for each h,k € Ho, n; there exists z;p . € T! such that

d d 1

%(Q”J‘ﬁj °© h)(xj’hﬁi) - %(Qﬂjﬁj © H)(xj’h,fi) < ]Tl'

Start by noting that if h € H,,, then h = hy o--- 0o h,, with h; € H;, and

Qnooh=> Qyohgiio--ohy.
k=0

Note that all the Q,, goh belong to C"~1(T1\ {0}, R). For further use, given h € Ho,
let us define, for each n € N,

(B.2) Eon,n(® Zﬂeohko 0 hn(x) =D Qg ohy o 0hy(xo),
k=0

for some fixed g € T'. We remark that, by usual distortion arguments, for each
h € Hoo, we have ||Zg npnllcr < Cx. For each h € H,, and k < n let hy = fEoh.
Next, for each j € N and p; < nj, let £ € Hp, ,,. Then, for each h,x € Ho, n;,—p,,
letting 2 hot,kor = 2

1 d d
2 2 |2 O, 010 0(E) = (80, 050 0)(c)
n;—Pj

Z 0, o hg o l(2) - (hy 0 €)' (2) = Q0 kg 0 l(2) - (R 0 €)' (2)

2| d NG

> %(Q"j—P]’ﬂj o h)(f(z)) - %(Qn]‘—py‘ﬁj o H) (6(2))

where A = supy , |f3(x)|. Accordingly, setting Pp,, = {h(T")}nen,,, for each I €
Py, p; we have

APi

d d
ﬁ(ﬂn.ﬁm»@j oh)(z) — %(Q”j*mﬁj ok)(x)| <

sup
xzel
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Thus, setting n; = n; — p;, choosing p; = Cx log j and provided that a has been

chosen large enough, we have that for each h,x € Hy, 7,,

d d Oy
Hdl-(anvejoh)_dx(an,GjoH/) . S T
Next, for h971, o 7h9’m € Hy, let Cp, = SUPg SUP(p, ;3 ||69[h9,10' : 'Ohe,m]||oo~ Then

dglho0---0hgm] = [Ooho1]ohga - -0hgm+hg 0hga---0hgm-{glho2 - 0hgm]}
implies Cy, < Cy + A"'C,_1, that is Cp, < Cx. This implies that
Ha9ax [Qnﬁ © ho] ”oo < Cy.

We can then consider a subsequence {j.} such that {6, } converges, let 6 be its limit.
Also, without loss of generality, we can assume that j, > 2C4k and|0;, — 6] < k1.
Thus, for k large enough and for each h, k € ’H,—ljkg, we have

d d

(9, 50 @) — o

1

(B-3) ‘ (Qﬁjk,é °© “)HOO < 7

We are now done with the preliminary considerations and we can conclude the
argument. Let Zj ) = Z0,m5, .k Since

d
Q9 0 hgyr0---0hp(x) —Qgohgryo---0hy(xg)| < ||%Qe 0 hpt1 00 hylloo
SC#)\_H-HC,

it follows that the limit Zj, = limg_,o S5 exists in the uniform topology. Note

that, since the derivative of Z, , are uniformly bounded, Z is Lipschitz in T* \ {0}.
In addition, since = (o) = 0, equation(B3.3) implies, for each h, xk € Hg .,

It follows that =, = ® is independent of h. Finally, choose h € H; and h € Hoo
such that h = hoho -, then, if ¥ € h~1(T?!),

Egnn 0 fo(x) = Zg, 1 () = Qo — Qo(h"(2)).

Since fyp has exactly one fixed point x; in each I € Py, lim h"(x) = x;, where
n—oo

d =
Iz [uk,h -

[1]|

2
< -
~k

‘ o0

k',rc]

I = h(T%). From the above considerations it follows
Pof—P=Q;+7T

where VU is constant on the elements of P and ® € BV. That is, Q5 is c-constant,
contrary to the hypothesis. O

It is now easy to obtain the result we are really interested in.

Corollary B.4. In the hypotheses specified in Subsection B.1, there exists n; € N
and h,k € H,, such that, for each n >ny, 0 € T and £ € Hyp,

.| d d Cs
. — - — > 2
(B.4) it |2 (@0 Lo h)(w) =+ (Qnoolon)@)| = F,

Proof. Let ny > ng. Then, for h € H,,, and £ € H,,—p,
Qpogoloh=Q,, 00h+Q,_n,90l0h.
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Thus, by Lemma B.2, we can choose h, x so that

, d 3
zlgﬂfl . (Qupoloh—Qpgolok)(z)| > 106 — Cu(|h oo + |K']00)

3
> 106 — Oy "
The result follows by choosing n; large enough. O

B.3. Dolgopyat inequality.

In order to investigate the operator Lg ;cq, for large s it is convenient to use slightly
different norms and operators. The reason is that on the one hand, the main esti-
mate is better done in a ¢ dependent norm and, on the other hand, it is convenient
to have operators that are contractions. Let p := hg’o[f hgyo]_l be the invariant
density of the operator L4 and define

5 _ llg"llco
Ly.ic,(9) = p~" Lo.ic0, (p9) lgll1,c = llglleco + o
Then we have®?
(B.5) 1£6.i5026 (9)llco < llgllco, 1£0,5c00 (@)l < llgllLs,

as announced. Moreover, by (A.2), it follows that, for ¢ > ¢, with ¢o > 0 large
enough, and n € N,

(B.6) 125,160 (@)ll1.s < CA™"llgll1.c + Bollgllco,

for a fixed constant By. Fix \ € (A1) and choose ny € Nsuch that Cur " < A"z,
Also, for future use, we chose ng so that A7"2 < % Iterating the above inequalities
by steps of length ng € N, ng > no, we have

k—1
(B.7) 125720, @ l1e < A7*2llglhe + Bo Y A~F Um0 (9)co-

Jj=0

Theorem B.5. If condition (B.4) is satisfied, then there exists A,B > 0, and
v < 1 such that for all || > B and n > Alog|s|, we have

sup [|£5 0, ll1e < 7™
0eT?!

Remark B.6. In fact, Theorem B.5, for fized 0, is a special case of [8, Theorem
1.1]. To be precise, [8, Theorem 1.1] is stated for a single map and with strictly
positive roof functions (a role here played by Qg ). The latter can easily be arranged
by multiplying the transfer operator by eIl which does not change the norm.
In addition, a careful look at the proof should show that A, B,~y depend on the map
and potential only via n1, Co of (B.4) and |f}llocs (5" loes 17 (/) o 190llc2
which, in the present case, are all uniformly bounded. Nevertheless, we think the
reader may appreciate the following simpler, self-contained, proof rather than being
referred to the guts of [3].

Proof of Theorem B.5. For each g € C' set g, = Elgzggeg, with n3 > n; from
Corollary B.4 and n3 > ng as in equation (B.7). The basic idea, going back to
Dolgopyat [19], is to construct iteratively functions up € C!'(T!,R.,) such that
|9k (x)| < ug(z) for all k € N and x € T* and on which one has good bounds. More
precisely:

92 The first follows trivially from |£9,i<99g\ < |lgllLeLo,01 and Lg0p = p. The second from
the standard || Lg,ic0, (9L < llgllpz-
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Lemma B.7. There exists constants K, [, B1,5 > 1, 7 > 0, ng > max{ni,na}
and, for all g € C* with ||g'[|co < Bls| ™ |gllco, functions {Ty x}ren € C*(T?, [4/5,1])
such that, for all |s| > ¢o and k € N,

(B.8) T, kllze < Bilsl,
and, setting uy = [|gllco + B |7 G |0 and upy1 = [ﬁgfo(Fg,kuk), we have, for
any x € T,

max{|uy ()], g5 (2)[} < Blslur(z) , lgr(z)| < ug(z)

and, for any I = la1,as] C T! so that |ag — a1| > 4K|s|71:
/23301“3 p < e T
00,

Let us postpone the proof of Lemma B.7 and see how it implies the wanted
result. First of all, note that if ||g}||co > B|s|™'||gx||co, then equation (B.7) implies
lgr+1ll1,c < 7llgrll1,c, provided § has been chosen large enough. We can thus
assume ||g’[|co < Bls|7|g|lco without loss of generality.

Next, note that, for any jo € N, by equation (A.2) and choosing A as in equa-
tion (B.7), we can write

d“'n Y —jons plon Ajomn N —jons: Ajom
LR )| < XIS () + BL? (ug) < (9Bl + B)ERE (u).

dx
By eventually increasing ¢y, we can choose jy so that, for all ¢ > ¢,
d AJom 2 7-|§| AJom 2
(B.9) o[£ )] | < T [£55° (w)]

Thus, given any partition {p,,} of T! in intervals of size between 3K|¢|~! and
4K 5|~ we have

, S 2 ,
< [ AL @ ) o< [ oy, - 2
T

n, e Ajons, 2
< § :/ ﬁe%FkHO 1| Pﬁoo Uy,
m

Pm | Pm

—27 Jonsz, 2 —27 2
<e /pﬁgo up =e /ukp,
T! T!

where in the second inequality of the first line we have used Schwarz inequality with

respect to the sum implicit in 5"30 and En:‘(J =Y. the second line follows from (B.9);

the first inequality of the third line follows from the last assertion of Lemma B.7,

while the last inequality follows from the well known contraction of E(;,o in L}).
Finally, iterating the above equation, we obtain

[urjollzz < e™* lluol| Lz

Accordingly, there exists A > 0 such that, for all n > 4 log|s| we have A < |¢| 2
and

lgnllzz < lunllzz < ls|~lluollz-
The above equation together with (B.7) and the fact that, for all § € C!,”?
1 5 o 1
13lloe < 11175 [Nglez + 2050 floe]”

yields Hﬁg,iggnglS < [s|7 |gll1,¢ for all n € [Alog|s|,2Alog|s]] N N. The latter
readily implies Theorem B.5. U

93 Indeed, |g(x)|? < 13175 +2 Jp 131171
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Proof of Lemma B.7. Since ug = ||g|leco+87"1s| 7 g’ || 0o, trivially, max{|uf], |g6|
Bls|ug and |go ()| < ug(z) for all z € T!. Suppose, by induction, that max{|u}|, g}
Bls|ug, and |gr(z)| < ug(z) for all x € TL, then (A.2) implies

|9k 1 ()] < A7 (L5 |gk D (@) + BI<| (L5 lgk]) (x)

< Blsl A7 + BE™] (£ ) < BlslS A7 + BE i

} <
}<

(B.10)

where we have assumed the existence of the wanted I'y ; that remains to be con-
structed. By choosing 3 large enough it follows

9%+1(@)] < Blslugr-

The proof of the analogous inequality for u; being similar, but it uses B.8.
Next, let hy, £ € Hp, be two branches satisfying (B.4), whose existence follows

by Corollary B.4, and let us define the set H = Hy, \ {hs, ks }. Then,

upp) o h(x €i5n3,000(x) o hiz
B1) lg(@)] < 3 o h@) g et pg) 0 hiz) |

Z @y eh@ |, g @) () o he)

To conclude we need a sharp estimate for the second term in (B.11), where a
cancellation may take place. To this end it is helpful to introduce a partition of
unity. This can be obtained by a function ¢ € C*(Rs,, [0,1]) such that ¢(z) = 1
for || < % and ¢(z) = 0 for |z| > 1 and 1 = 3 cyé(z — n), for all z € R. We
then define L. = |K~ts|], ¥m(x) = ¢(L.x — m). Note that, by construction,
Zf;f:_ol ¥ = 1 (here we are interpreting the v, as functions on T!). Let I, =

supp ¥, and let x,, be its middle point. Note that I% < || < %

To continue, for each m € {1,---,L; — 1}, we must consider two different
cases. First suppose that there exists h,, € {h, .} such that gg(hmy(zm)) <
2y, (hyn (x1)). Note that, for z € h(I,,),

6_2K’\7n3ﬁuk(z) < ug(h(zn,)) < e2K)‘7n3'8uk(z)
hence
3 _
l9x(2)| < Blslug(z) < S Alelun (b (m))

provided KA™™33 < é. Which implies, for all z € I,,,
_ 4 _
(B.12) |91 © han (2)] < < |k © hin ()],

provided KA~ 3 < o
Second, suppose that, for each h € {h., k. }, |gr(h(zm))| = $ur(h(2y,)). Then
191.(2)| < Blslur(2) < 2Bs|u(h(wm)) < 4B[s| gk (h(zm))|-

The above implies |gx (7(zm))| < |gk(2)] < 2|ge(h(zp))| provided KA~ < 1.

Thus, setting Aj, = %, we have

|4}, ()] < Cy (R (2)*Bls| + B () [ur (b(2))| < Cye(h' () Bls| + 1’ ())|gr (h())|
< Cp (W' (2)Bls] + 1)|An(2)]-
Defining Aj, = €'%» By,, with 0},, By, real and Bj, > 0, we have
1

|A%| > 7 (16, Bn| +|B|) -
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The above implies that, given 3, we can chose n3 and ¢, large enough so that

Cﬁ|<|
- 327

107, (2)] < Cy (W' (2)Bls| +1) <
C'6|<|

| B (x)| <

Hence, setting © := Q,,, g 0 hy — Qns,g o kix + || 7 (O, — 0k.),

B}L(Z‘).

d Cs
O 2 ‘dx ’ = 4"
In turns, this implies that the phase © has at least one full oscillation in I, provided
K > SC—’;. Also, inf; Bj > %suplm | By |, provided K < 1&3—2. Next, suppose that
0o > || Bk, oo, (hence 4|By,, ()| > |Bg. ()]), and set h,, = k., the other case
being treated exactly in the same way (interchanging the role of h, and k., hence
setting h,, = k). Given the above notation, the last term of (B.11) reads

[MES

|Bp,, — €“®B,.,| = [Br. + B2, — 2By B, coscO]?.

*

It follows that there exists a constant C'; > 0 and intervals J CJ,,, C IG\ > |J| > J
on which cos¢® > 0. Then, on each such interval J,

o 1 4
By, —€“®B,,| < [Bf. +B2.]® < By, + 5BM.

We can then define Z,, € C* (I, [4,1]) such that Z,,(z) = 1 outside the intervals
J, Em(z) = £ on the mid third of each J and [|E,,[[c: < Cygls|. It follows

< ' (grp) o hu (grp) 0 Ky
T (pfg?) o "1 (pfg?) o ka
(urp) © h s (ugp) o 71
T (pfg?) ohe T (pfge) o

We can finally define the function 'y j, € C*(T?,[0,1]) as

=

|Bh, —

*

1<@B
Ko

(B.13)

Z Y © 7 (@) m ().

where
1 if v € h(In),h # hp,
Fk m( ) = . -
o fm(x) ifx € hp(lnm).

Note that with the above definition, condition (B.8) is satisfied. Also, by equa-
tions (B.12) and (B.13), it follows |gr+1| < wk+1-

Finally, we must check the last claim of the Lemma. Note that it suffices to
consider intervals I of size between 4K |¢|~! and 8K|¢| 1.

JRTED DY KA
oh- -k _ o hyy, h
D / un 222 / 22, 2.0 i

m | he€Hng /{hm}

Note that there exists at least one m, such that I,,, C I. Moreover, at least 3%}

of I, (hence at least <L of I) is covered by intervals J on which Z,,, = 4/5 and
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¥m, = 1. Let J, be the union of such intervals. Since % < %Izl for each
n € (0,1),
m*B;n po]ij*-FL;n 16 poﬁm*'h/m
/7/}m*~77L* - < wm*i*“'i —_—
p . p 25 p
0 Ry, - hL, I Ny,
e (e /wm* £ e,
I\J. P
Thus, choosing n = 25(097737241() we have
PO R, -hl. ~h,
/wm*Hm* = < 1_ /"/Jm* _—
P

Also note that there exists M > 0 such that, for all h € H,,, and me{l,---,Lc.—

1}, o
I P I P
Moreover, note that I can intersect at most 9 intervals I,,,. By an argument similar

to the above it then follows that there exists 7 > 0 such that

/Bgforg’k —3TZ Z /1/)mp0h n
I

m h€Hn,

_3T/£gf01 =e 3|1 a
I

APPENDIX C. A TEDIOUS COMPUTATION

Here we perform explicitly the computations that lead to (8.25). These are
simple but tedious computations that, in subsequent occasions, will be left to the
reader. We provide this appendix so that the reader can see precisely how such
computations are done and be able to reproduce them when equally detailed proofs
are not provided.

Let us recall the starting point (see (8.12)):

Li—1
M = E(t - 65k79Lk) { Z Ej,Lk [d)(x]’,gj) — %(D’(éj)@(é )] } +€(Ck
=0
1. ) L—1 2
Cr = gE(t—SSkﬁLk) (t — &Sk, 0L,) [ZO Zj. LW (%93)] :
iz

Recall, as already observed in Section 2, that @ € C37¢ for any o > 0. Let us
compute term by term.

Li—1 Li—1
E(t — Sk, 01,) ZjL@(x,0;) =E(t — Sk, 07 1,) > Zi o, 0(x5,05)
j=0 j=0

Li—1
0Bt — 51,071, )000(e L 6) S Eij0, 007,650 — )
=0

+ 5§(t - eSk,ész) Z Z J’Lk 7//(9z l)809(51 07 )w(x;,0;) (00 — 67)
j=0 I= <1+5w OZI))

0
+ O(262 Ly, + 3796270+ L2),

where we have used that |0y — 6;| < Cyede, by 89§ we mean the derivative with
respect to the second variable and we have used the definition (8.8) of Z; ;. Now
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note that the term on the second line of the previous equation is of type (recall
Notation 8.8)

ka k1
Ry =e¢ Z €yla(ir iy At A2,iz
1,42
where we have Qf’;’zl (irsin) = 05 if i1 # 0, and Ay o(z,0) = et (0—0;) while Ay ;, =
@(x,0). Note that, provided C* has been chosen large enough, ||4;;, [cr < C*, as

required. In fact, the terms has the extra property HRIZQ llco < C*6cLg, but we will
not use this in the following. Similar arguments show that the term on the third
line is of type 52ﬁ?’32 : we can thus subsume both terms as a Eﬁ]g’?} term.

Next,

Li—1
Ex — —_ Y
= 5=t =Sk, 01,81, > &' (0;)@(6))
=0
e~ _ Li—1 B ~
= 5=t = eS80 L )50 L, > (07 )@(6; )
=0
- 5805@ — &5k, 05,1, )000(e L, 07)Z5 5 1, Z @' (07,;) (07 ;)(60 — 67)
=0
o ) Li—1 . ) ) )
LB S0, Y [00,)6(07,) + 56,7 000(1.07) 60 - 87)
=0

+ O(L2636. 4+ 3796279 Ly,).

The terms in the second and third line are of type 62,@2’11 , which is a bound smaller

that the one for the correlation terms already obtained. Finally, for the last term
we have

Lp—1 2
1Q N* n* —_ A,
Ch = 5E(t — 5k, 0 1, ) P(t — 5k 07 1,) LZB %,Lkw(xpej)}
1 ) ) ) Ly—1 2
+ 506E(t — €5k, 0] 1, )00 (e L, 0) P(t — €5k, 0] 1) lz 5;7,].,“@(%,0]-)1 (6 — 6)
7=0
1 Lp—1 2
+ 5O6E(t — €5k, 0] 1, ) P(t — £Sk, 6] 1, )06 (e L, 6]) [Z sz,ijka(xj,ej)l (6 — 6)
7=0

+ O(Lie?6: + *Li6?).

Note that the first two lines can be interpreted as a ﬁlzf term; also, any previous
correlation term can be interpreted as a term of this type. Collecting the above
facts, and recalling the constraints on L, and dc, we obtain (8.25).
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