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Abstract

In this work we obtain mixing (and in some cases sharp mixing rates) for
a reasonable large class of invertible systems preserving an infinite measure.
The examples considered here are the invertible analogue of both Markov and
non Markov unit interval maps. Moreover, we obtain results on the decay
of correlation in the finite case of invertible non Markov maps, which, to our
knowledge, were not previously addressed.

The present method consists of a combination of the framework of operator
renewal theory, as introduced in the context of dynamical systems by Sarig [39],
with the framework of function spaces of distributions developed in the recent
years along the lines of Blank, Keller and Liverani [9].

1 Introduction

At present there exist well developed theories that provide subexponential decay
of correlation for non-uniformly expanding maps, culminating with the work of

Sarig [39]. For systems with subexponential decay of correlations, previous approaches
to [39] for estimating decay of correlations provided only upper bounds. These pre-
vious approaches include the coupling method of Young [13] (developed upon [12]),

Birkhoff cones techniques adapted to general Young towers by Maume-Deschamps [33]
and the method of stochastic perturbation developed by Liverani et al [30].

Among other statistical properties, the method of [13] provides polynomial decay
of correlation for non uniformly expanding maps that can be modeled by Young towers
with polynomially decaying return time tails. The estimates obtained in [13] were
shown to be optimal via the method of operator renewal theory introduced in [39)]
to obtain precise asymptotics and thus, sharp mixing rates. The later mentioned
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method is an extension of scalar renewal theory from probability theory to dynamical
systems. Later on, the method of operator renewal theory then was substantially
extended and refined by Gouézel [20, 21].

In recent work, Melbourne and Terhesiu [35] developed an operator renewal theory
framework that recovers the classical notion of mixing for a very large class of (non-
invertible) dynamical systems with infinite measure. We recall that the notion of
“mixing” for infinite measure preserving systems is very delicate: given a conservative
ergodic infinite measure preserving transformation (X, f, u) with transfer operator L,
we have [ L"vdp — 0, as n — oo, for all v € L'(x). Thus, to recover the classical
notion of mixing, one needs to find a sequence ¢, and a reasonably large class of
functions v (within L') such that ¢, [ L"vdp — C [ vdp for some C > 0.

In short, the framework of operator renewal theory has been cast (at least im-
plicitly) in a rather general Banach space setting (see, e.g. [39, 20, 21, 35, 22]) and
has been successfully employed to study the statistical properties of both finite and
infinite measure preserving, non invertible (eventually expanding) systems. Our aim
in this work is to carry out the method of operator renewal theory, in the case of
(finite and infinite measure preserving, but focusing on the later) invertible systems.
In such a case one would need Banach spaces that allow a direct study of the spectral
properties of the transfer operator eliminating altogether, in the uniformly expanding
case, the need of coding the system. While until recently it was unclear if such Banach
spaces existed at all, the last decade, starting with Blank, Keller and Liverani [9],
and reaching maturity with [23, 24,6, 7, 12,4, 13,32 11,5, 19, 16], has produced an
abundance of such spaces. Yet, all such Banach spaces are necessarily Banach spaces
of distributions, hence the need to explicitly cast all the renewal theory arguments in
a completely abstract form (for example one must avoid implicit assumptions like the
Banach space being a subset of some LP). In this work we provide a set of abstract
conditions on dynamical systems (including the non invertible ones) and develop a
corresponding renewal theory framework; this set of hypotheses/conditions includes
the existence of Banach spaces with certain good properties. Moreover, we provide
some examples to show that the above mentioned hypotheses are indeed checkable in
non trivial cases. Let us explain the situation in more details.

1.1 Operator renewal theory for invertible systems: the need
for new functions spaces

Given a conservative (finite or infinite) measure preserving transformations (X, f, u),

renewal theory is an efficient tool for the study of the long term behavior of the transfer

operator L : L'(X) — LY(X). Fix Y € X with u(Y) € (0,00). Let ¢ : Y — Z*

be the first return time ¢(y) = inf{n > 1 : f"y € Y} (finite almost everywhere by

conservativity). Let L : L'(X) — L'(X) denote the transfer operator for f and define

T, =1yL'ly, n>0,  Ry=1yL"l{yepy, n>1. (1.1)



Thus 7,, corresponds to general returns to Y and R, corresponds to first returns
to Y. The relationship 7,, = Z?Zl T,—;R; generalises the notion of scalar renewal
sequences (see [3, 17] and references therein). The rough idea behind operator renewal
theory is that the asymptotic behavior of the sequence T,, can be obtained via a good
understanding of the sequence R,. Apriori assumptions needed to deal with the
sequence R, include the uniform hyperbolicity of the first return map F', along with
good spectral properties of the associated transfer operator.

In short, to carry out the method of operator renewal theory to invertible maps f,
we need to establish the required spectral results for the transfer operator associated
with the uniformly hyperbolic first return map F. In particular, a spectral gap is
needed. Since it is well known that the transfer operators for invertible systems
do not have a spectral gap on any of the usual spaces (such as LP, WP? or BV),
unconventional Banach spaces are necessary.

In Section 2 we will specify exactly which conditions are needed and in the sections
following Section 2 we obtain several results under such conditions. In section 1.4 we
provide examples for which the above conditions are satisfied. This examples are
shown to satisfy the above mentioned conditions in sections 6 and 7.

1.2 Mixing for non—invertible infinite measure preserving
systems

The techniques in [35] are very different from the ones developed for the framework
of operator renewal sequences associated with finite measure [39, 20, 21].

In the infinite mean setting a crucial ingredient for the asymptotics of renewal
sequences is that u(y € Y : p(y) > n) = €(n)n=? where ¢ is slowly varying! and 3 €
(0, 1] (see Garsia and Lamperti [18] and Erickson [11] for the setting of scalar renewal
sequences). Under suitable assumptions on the first return map 7', [35] shows that for
a (“sufficiently regular”) function v supported on Y and a constant dy = %sin B, the
following hold: i) when 8 € (3,1] then lim, o ¢(n)n'~?T,v = dy [, v dy, uniformly
on Y;ii) if 8 € (0,1] and v > 0 then liminf,_, ((n)n'~?T,v = dy [, vdp, pointwise
on Y and iii) if 5 € (0, %) then T,,v = O(¢(n)n~?) uniformly on Y. As shown in [37],
the above results on 7T, extend to similar results on L™ associated with a large class
of non-uniformly expanding systems preserving an infinite measure.

The results for the case < 1/2 are optimal under the general assumption
ulp > n) = £n)n=" (see [18]). Under the additional assumption p(p = n) =
O(£(n)n~=¥+1)), Gouézel [22] obtains first order asymptotic for L™ for all 5 € (0,1).

A typical example considered for the study of mixing/mixing rates via renewal
operator theory associated with, both, finite and infinite measure preserving systems
is the family of Pomeau-Manneville intermittency maps [33]. To fix notation, we

We recall that a measurable function ¢ : (0,00) — (0,00) is slowly varying if
limg 00 £(Az)/€(z) = 1 for all A > 0. Good examples of slowly varying functions are the asymptot-
ically constant functions and the logarithm.



recall on the version studied by Liverani et al. [30]:
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It is well known that the statistical properties for f; can be studied by inducing on
a ‘good’ set Y inside (0, 1], such as the standard set Y = [1/2,1]. In particular, we
recall that the inducing method can be used to show that there exists a unique (up
to scaling) o-finite, absolutely continuous invariant measure po: finite if @ < 1 and
infinite if & > 1 ; equivalently, writing 5 := 1/, u is finite if § > 1 and infinite if
B<1

Let ¢y be the return time function to Y, rescale the fy invariant measure p such
that #(Y) = 1 and set Y; = {py = j}. We recall that u(Y;) < Cj~ Y and
|foly) |7t < O~ for all y; € Y (see [30]). Hence, u(pg = n) = O(n=B+Y) and
the assumption in Gouézel [22] is satisfied, providing first order asymptotic for L™ for
all 5 € (0,1).

Apart from the above Markov example, the results in [35, 22] apply also to
the class of non-Markovian interval maps, with indifferent fixed points studied in
Zweimiiller [14, 15]. For simplicity, consider the following example that satisfies the
above mentioned additional assumption in Gouézel [22].

Define a map fo : [0,1] — [0, 1] that on [0, 3] agrees with the map defined by (1.2).
On (1/2, 1], we assume that there exists a finite partition into open intervals I,,, p > 1
such that fy is C? and strictly monotone in each I, with |f{| > 2. Moreover, assume
that fy is topologically mixing. Obviously, the new (not necessarily Markov) map fy
shares many of the properties of the map defined by (1.2). In particular, there exists
a unique (up to scaling) o-finite, absolutely continuous invariant measure pu: finite if
a < 1 and infinite if @ > 1 ; equivalently, writing 5 := 1/a, p is finite if § > 1 and
infinite if 8 < 1. Moreover, given that Y = [1/2,1] , ¢ is the return time function
of fo to Y and Y; = {py = j}, one can easily see that |f}(y;)|™t < Cj~B+Y for all
y; € Y; and that u(pg =n) = O(n~ D).

For more general classes of mixing (in the sense described above) of non-invertible
infinite measure preserving systems (including parabolic maps of the complex plane)
we refer to [35]. At present it is not entirely clear how to deal with the infinite measure
preserving setting of higher dimensional non uniformly expanding maps considered
by Hu and Vaienti [29].

1.3 Mixing rates in the non invertible case

For results on decay of correlation in the finite case of (1.2) we refer to [39, 20]
and [23]. For the infinite case, the method developed in [35] yields mixing rates and
higher order asymptotics of L"™. The results in this work suggest that mixing rates
in the infinite case can be regarded as the analogue of the decay of correlation in the
finite case.



As shown in [35], mixing rates in the infinite measure setting of fy can be obtained
by exploiting a good enough expansion of the tail behavior ug(py > n), where ¢y is
the return time function to a ‘good’ set Y inside (0, 1], such as the standard set
Y =1[1/2,1].

Exploiting a modest expansion of the tail behavior po(po > n) and good properties
of the induced map Fy, [35] shows that for any Holder or bounded variation observable
v : [0,1] — R with v supported on some compact subset of (0,1), we have L"v =
dgn®~ [vdpg + O(n~F=1/2)) uniformly on Y. As noted in [35], this rate is optimal
for g > 3/4. Exploiting more properties of the return function ¢ and of the induced
map Fy, improved mixing rates are obtained in [11]. The higher order asymptotic
of L™ in [35, 11] is obtained via the study of associated operator renewal sequences
T, : B — B, where B is the space of Holder or bounded variation functions.

1.4 Invertible systems: Markov and non Markov examples.

As explained in the previous paragraphs, to employ the framework of operator renewal
theory to invertible systems f : X — X, we need a suitable function space under
which the transfer operator associated to the (desirable uniformly hyperbolic) first
return map F : Y — Y, for some Y C X, satisfies specific spectral properties. As
already mentioned we use ¢ to designate the return time to Y and we set Y,, = {z €
Y : o(x) =n}.

Our examples below provide a large class of systems, where the task of checking
specific spectral properties can be accomplished by using the appropriate anysotropic
Banach spaces.

The examples considered below are far from being the most general ( see Remark
1.2 for details). Nevertheless, they are fairly representative for both classes of invert-
ible systems: i) preserving and ii) lacking a Markov structure. The needed properties
for invertible maps f is established in: a) Section 6 in the Markov case; b) Section 7
in the non Markov case.

The strongest restriction in our examples is given by the requirement that there
exists a globally smooth stable foliation. In principle, our methods could be applied
to more general cases, but it is not so obvious how to identify the correct functional
analytic framework in which to analyze the transfer operator.

The requirement that f preserves a global smooth foliation means that there exists
a smooth map H(x,y) = (H(z,y),y), which can be normalized so that H(x,0) = x,
such that

f OH(Q},y) = (H(f0<x)7g('r7y>>7g('r7y>> = H(fo(l’),g(di,y»,

for some functions fy, g. Indeed, the fibre through the point (x,0) can be seen as the
graph of the function H(z,-) over the y axis and is mapped by f to the fibre thru the
point (fo(x),0). In other words the map f is conjugated to the map

H'o f 0H<377y) = (fo(x)>9<x>3/))-
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Accordingly, in the following, we will consider only maps of the latter form.

Example 1: a set of Markov maps. Consider f : [0, 1]> — [0, 1]?,

where fy is the map defined in (1.2). We require that g(z,[0,1]) C [0,1/2] for z €
[0,1/2) and g(z,[0,1]) C [1/2,1] for z € (1/2,1], also there exists ¢ > 0 such that
|0,9] > o. This implies that f is an invertible map. Also we assume that g is C?
when restricted to A; = (0,1/2) x [0, 1] and Ay = (1/2,1) x [0, 1]. Setting R; = f(A;),
it is possible that the closure of Ry U Ry is strictly smaller than [0,1]2. However, f
preserves the Markov structure of the map fy. In particular, the preimage of a vertical
segment {z} x [0, 1] consists of two vertical segments of the same type.

Let Y = (1/2,1] x [0,1] and F be the first return map to such a set. Obviously,
it will have the form F(x,y) = (Fy(z), G(z,y)) where Fy is the return map of f; to
(1/2,1]. We assume that, where defined,

10,G| <A1 < 1. (1.4)

This implies that the stable foliation consists of the vertical segments. Also, we
require that there exists Ky > 0 such that

|0:G|

|£5
This implies that the cone C = {(a,b) € R* : |b| < K|a|} is invariant for DF,
provided K > (1 — A™1)7'Kj. This readily implies the existence of an unstable
foliation and that it is made by curves that are graphs over the z coordinate.

We note that condition (1.4) does not require that f is uniformly contracting in
the vertical direction. If, for example, |9,9] < 1 and sup,cj 21y, 9y9(7,y)| < 1,
then one can easily check that (1.4) is satisfied.

As for condition (1.5), we note that setting f* = (f,9»), we have that
gni1(x,y) = 9(fg'(x), gn(2,y)). Hence, for all (z,y) € Y,

aa:gn-‘rl(xvy) = (axg)(xna yn) : (f(?),(l') + 8yg(xna yn) : axgn<w7y)

n

= (f)(2) Y (0eg) e we) [] Oy9)(w, ;) (1.6)

/
k=0 j=k+1 Jo(;)

< K,. (1.5)

where (z,,,y,) = f"(z,y). The above displayed equation together with the distortion
properties of Fy = f§° and the fact that |0,9|- < 1, yields

(2)—1p(a)-1

0:G(z,9)| ’ (0y9)(x5, ;)|

AL VIR, R%IRLS> 931
Z H / ]

Fol =7 2 TR
p(x)—1 o(x)—1
<C (p(x) = k)" T1 1@y9) (e, me)] < C.
k=0 j=k+1



The above argument shows that there exists a large class of systems satisfying
hypotheses (1.4) and (1.5). For such systems the return map F is uniformly hyper-
bolic, it has a Markov structure with countably many interval of smoothness, but
neither the derivative nor its inverse is, in general, uniformly bounded. Moreover,
any SRB invariant measure for f (i.e. any invariant measure absolutely continue
with respect to Lebesgue once restricted to the unstable direction) has a marginal
in the x direction that is absolutely continuous with respect to Lebesgue and must
be an invariant measure of f;. Hence, there exists a unique (up to scaling) o-finite,
absolutely continuous (on the unstable direction) invariant measure u: finite if & <'1
and infinite if « > 1 (equivalently, writing § := 1/«, p is finite if > 1 and infinite
if 4 <1).

Example 2: a set of non Markov maps. In this case we take fy to be the one
dimensional topologically mixing map described at the end of Section 1.2. We recall
that: i) fo agrees with the definition in the previous example in [0, 5]; ii) there exists
a finite partition of (1/2, 1] into open intervals I,,, p > 1 such that fy is C? and strictly
monotone in each I,; iii) |fj| > 2 in (1/2,1]; iv) fo is topologically mixing. Also we
require that there exists at least one I, such that 0 € fy(Z,). If not, then the invariant
measure g of fo would be supported away from zero and hence (fy, io) would be a

uniformly expanding systems, so the present theory would be superfluous. Define
f:10,1 = [0,1]%,

f(l‘,y> = (f()(I),g(ZE,y)), (17>

where g € C? in (0,1/2) x [0,1] and in each I, x [0,1]. As in Example 1, we ask
0 <o <0,g| <1 and that ¢ is such that f is invertible.

Set Y = (1/2,1] x [0, 1] and let F be the first return map to such a set. So, we can
write F(z,y) = (Fo(x), G(x,y)) where Fp is the return map of fy to (1/2,1]. It turns
out that, to treat this case, conditions of the type (1.4) and (1.5), are not sufficient.
Indeed, if the contraction in the stable direction is much slower than the expansion,
then it is unclear what is the reasonable result one should expect. To make things
simple we ask that the contraction overbeats the expansion. We assume that there
exists C' > 0 such that, for almost all (z,y) € [0,1]?,

10,G (2, y)| < Cop(a,y)HF| ™ (1.8)

Remark 1.1 We do not claim that condition (1.8) is optimal, yet it is not very strong
either. In particular, note that if we assume the rather strong condition ||0,¢|lec <
A~! < 1, then the above condition reads A\™% < Cp~27# which is obviously satisfied.”

2 Recall that Fj ~ @!*5.



In the following we use (1.8) to obtain certain estimates that will be needed in section
7. In some sense these are the properties that are really needed to apply our results,

yet we find condition (1.8) more appealing to state and simpler to check.

Note that, using the notation of Example 1, 9,G(z,y) = ‘,f(fo’y)*l 0y9(Tk, yi). It

follows
2 yg mkvyk
0;G = Zayg e o) Hayg .Y Hayg Ty Ur)-

We cannot take much advantage of the first product, so we bound it by one. The
second product yields 9,G and, using (1.8), we have

1750, Gl + 150Gl < C (1.9)

Moreover, differentiating (1.6), we have

8,G\ 1
ay< ) Zaaxgxk,ykaGHfoxﬂ

j=k+1
p—1 3 p—1
gz, 1) g x],yj
+ ) Ougla, yk) =] %oz, 95) H 0y9(s, Ys).
k=0 I=k+1 0y9(x1 1) j=k+1 folz s=0

Recall that []7- o lfo(x)] 7 < C(p — k)1, while the products of the d,g can be
used to recover J,G. Using such facts in the above expression, we obtain

In this work we focus on mixing rates in the infinite case of (1.3) and mixing in
the infinite case of (1.7). However, we mention that the properties established in
Section 6 (the Markov case) and Section 7 (the non Markov case), equally allows one
to study statistical properties (such as polynomial decay of correlation) in the finite
case of (1.3) and (1.7), respectively.

F0,%% )

O < C. (1.10)

Co

Remark 1.2 As already mentioned, the above classes of examples are not the most
general possible. They have been chosen as a reasonable compromise between gen-
erality and simplicity of exposition, with the aim of showing how the general theory
developed in the next section can be applied to concrete examples. Yet, here is a word
on more general possibilities. We note that there is no reason why the contracting
direction should be one dimensional, maps with higher dimensional stable manifolds
can be treated in exactly the same manner. Also, one can consider the case in which
the expanding direction is higher dimensional. The Markov case would be essentially
identical. In the finite partition non Markov case, one could model the Banach space
on higher dimensional bounded variation functions or spaces of generalized variation



(see [26, 40]). Note hoverer that, as already mentioned, this poses non trivial prob-
lems already in the expanding case. Provided some appropriate technical condition
on the image of the partition is satisfied, the case of (not necessarily Markov) count-
able partitions can also be treated. But in the latter case, one would have to use the
arguments put forward in [10, 31] to prove the relevant spectral properties for the
return map.

1.5 Previous results on mixing/mixing rates for invertible
systems

Adapting Bowen’s technique (see [10]), Melbourne [31] generalizes the results on
mixing in [35] to infinite measure preserving systems of the form (1.3) described in
subsection 1.4. The method in [34] covers the class of diffeomorphisms that can
be modeled by Young towers, where it is explicitly assumed the quotient of the first
return map has a Gibbs Markov structure. The results on mixing in [31] are contained
in our Corollary 4.3 and Corollary 4.5.

Under the additional assumption of exponential contraction along the stable man-
ifold, [34] generalizes the results on mixing rates in [35, 41]. As mentioned in [34],
without this further assumption, the employed method does not provide satisfactory
results on mixing rates. Our Theorem 1.4 below provides optimal mixing rates for
the infinite case of (1.3), where such uniform contraction along the stable manifold
is not required.

Results on (upper bounds for) the decay of correlation in the finite case of (1.3)
can be found in [37, Appendix B].

To our knowledge there is no result in the literature that deals with mixing/mixing
rates in either the finite or infinite case of (1.7).

1.6 Main results and outline of the paper

In Section 2, we describe an abstract framework for operator renewal sequences as-
sociated with non-uniformly hyperbolic systems based on the abstract hypothesis
(H1)—(H5), under which results on mixing and mixing rates hold. Our result on
mixing and mixing rates are stated and proved in Section 4 (see Lemma 4.1 and
Lemma 4.4) and Section 5 (see Corollary 5.3), respectively.

Given a specific map, the task of checking the hypothesis (H1-H5) is a non trivial
one and, alone, can constitute the content of a paper. Nonetheless, we claim that these
hypotheses are reasonable and can be checked in a manifold of relevant examples. To
illustrate how to proceed and to convince the reader that the above claim has some
substance, in Section 6 and Section 7 we prove that the abstract hypothesis (H1)-
(H5) are satisfied by systems of the form (1.3) and (1.7) described in Section 1.4.
The advantage of focusing on these examples is that the technicalities are reduced to
a bare minimum, which leads to simpler arguments for the verification of (H1-H5).



We believe that the arguments used in Section 6 and Section 7 can be followed also
by a reader unfamiliar with the theory (still in part under construction) of Banach
spaces adapted to hyperbolic dynamical systems.

Once verified, hypothesis (H1-H5) allow us to establish the results on mixing and
mixing rates below. More precisely, from Corollary 4.5 it follows that

Theorem 1.3 Assume the setting of maps f of the form (1.3) or (1.7) described in
subsection 1. with B € (0,1). Letv,w :[0,1]* = R be C119, ¢ € (%, 1], observables
supported on'Y . Then, there exists a positive constant dy (depending only on the map

f) such that

lim nlﬁ/ vwof”d,u—do/ vdu/ w djt.
oo [0,1)2 [0,1]2 [0,1]2

As already mentioned in Section 1.3, mixing rates for maps of the form (1.2)
depend heavily on a good expansion of the tail behavior. A good tail expansion for
the invertible map f of the form (1.3) described in subsection 1.4 follows immediately
from the tail expansion for the map (1.2) (see subsection 6.8).

On the other hand, we note that at present it is not clear how to obtain the required
expansion for non uniformly expanding, non Markov maps such as the one described
at the end of Section 1.2. For precisely this reason (although all our hypotheses
(H1)-(H5) are shown to hold for the non Markov map of the form (1.7) described in
subsection 1.4), the next result provides mixing rates just for the case of (1.3). More
precisely, by Corollary 5.3 we obtain

Theorem 1.4 Assume the setting of maps f of the form (1.3) described in subsec-

tion 1.4 with 8 € (1/2,1). Let v,w : [0,1]> — R be C* observables supported on'Y .
Set ¢ =max{j > 0: (j+1)8—j > 0}. Then, there exist real constants dy,...,d,
(depending only on the map f) such that

/ vwo " du = (don” ' +din® 4. Ad DB / v d,u/ w dp+0(n=").
[0,1]2 [0,1]2 [0,1]2
Remark 1.5 The above mixing rate is optimal and matches the results on mixing

rates in [35, 11] for maps of the form (1.2).

In the finite measure setting we note that [20, Theorem 1.1], which requires our
hypothesis (H1) and (H5) and (H4)(iii), together with the standard argument used
in the proof of Corollary 4.3 yields

Theorem 1.6 Assume the setting of maps f of the form (1.3) or (1.7) described in
subsection 1./ with 8 > 1. Let v,w : [0,1]* — R be C'™, q € (%,1], observables
supported on'Y . Then

/ Uwof”d,u—/ vd,u/ wd,u,du‘:co/ vd,u/ wdp
[0,1]2 [0,1)2 [0,1]2 [0,1]2 [0,1]2
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where con ™t =37, u(Yy) for n large enough.

Apart from the strong property of mixing for invertible infinite measure preserving
systems (along with mixing rates), the present framework allows us to deal with the
property of weak pointwise dual ergodicity under some weak conditions (under which
mixing cannot be proved). For this type of result we refer to subsection 4.3. The
property of weak p.d.e. has been recently exploited by Aaronson and Zweimiiller
in [3]). As shown in this work, weak p.d.e. along with regular variation of the first
return time allows one to establish limit theorems (such as Darling Kac) for infinite
measure preserving systems that are not pointwise dual ergodic (see subsection 4.3
for details).

Notation We use “big O” and < notation interchangeably, writing a,, = O(b,,) or
a, < b, as n — oo if there is a constant C' > 0 such that a,, < Cb,, for all n > 1.

2 Operator renewal sequences for non-uniformly
hyperbolic systems
In this section we present an abstract framework that suffices for concrete results on

mixing (for maps such as (1.3) and (1.7)), but general enough to accommodate a
large class of dynamical systems. In particular, it extends the framework of [39, 20]

and respectively [35] for operator renewal sequences associated with non-uniformly
expanding maps to the non-uniformly hyperbolic context (see the explanatory Re-
mark 2.2).

Let M be a manifold and f : M — M be a non-singular transformation w.r.t.
Lesbegue (Riemannian) measure m. We require that there exists Y C M such that
the first return map F' = f¥ to Y is uniformly hyperbolic (possibly with singularities)
and satisfies the functional analytic assumptions listed below.

Recall that the transfer operator R : L'(m) — L'(m) for the first return map F :
Y — Y is defined by duality on L'(m) via the formula [, Rvwdm = [, vwoF dm for
all bounded and measurable w. See Remark 2.3 for a more explicit description of the
transfer operator R. We assume that there exist two Banach spaces of distributions
B, B, supported on Y and some «,y > 0 such that

(H1) i) C*c B C B, C (C"), where C* = C*(M,C) and (C7)" is the dual of
C'(M,C)."
ii) The transfer operator R associated with F' admits a continuous extension
to B, which we still call R.

iii) With the above convention, we assume that the operator R : B — B has a
simple eigenvalue at 1 and the rest of the spectrum is contained in a disk
of radius less than 1.

3 To be precise, by the above inclusion we mean that there exists an injective embedding.
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We note that (H1)(i) should be understood in terms of the usual convention (see,
for instance, [23, 12]), which we follow thereon: any function ¢» € C* is identified
with a distribution via the duality relation

(*) (@) = [ hedm.

Note that, via such identification, the Lebesgue measure m can be identified with
the constant function one. Hence m € B. Moreover, since by (H1)(i) it follows
B D (C") > CY">1, we have m € B’ as well.

Recall that ¢ : Y — N is the first return time to Y. Throughout, we assume that

(H2) there exists C' > 0 such that, for any connected component F of ¢~'(n) and
any h € B we have | [, hdm| < C||h||z m(E).

By (H1), the spectral projection P associated with the eigenvalue 1 is defined by
P = lim,_,o % ZZ;& RF. Note that, for each ¢ € L,

n—1 n—1
m(Pg) = lim — ‘m(1-R'¢) = lim — “m(¢) =m(¢)
k=0 k=0

Thus, by (H1)(iii), P¢ = hm(¢), where Rh = h and R'm = m with h € B. For any
P e,

[h(¢)] = |P1(¢

= | ZR’“

Hence, |h(¢)| < C|¢|~ and h is a measure.

Summarizing the above, the eigenfunction associated with the eigenvalue 1 is an
invariant measure for F', which can be normalized to provide an invariant probability
measure 4. Since m € B and 1(¢) = [ ¢dm, m can be viewed as the element 1 of
both spaces B and (C7)" and we equivalently write P1 = p and P1 = h.

Given that p is the physical probability invariant measure for F', a finite or o
finite measure u for f can be obtained by the standard push forward method® (that
goes back to [25]). In the infinite setting we require that

< lim — Z|m ¢o F")| <m(Y)[d]oo

(H3) p(y €Y : ¢(y) > n) = €(n)n=" where / is slowly varying and 3 € [0, 1].

Let D={z€C:|z] <1} and D = {z € C : |z] < 1}. Given z € D, we define
the perturbed transfer operator R(z) (acting on B, B,,) by R(z)v = R(z¥v). Also, for
each n > 1, we define R,, (acting on B, B,,) by R,v = R(1{,—nyv). We assume (H4)(i)
through and one of (H4)(ii), (H4)(iii).

(H4) (i) R, : B — B are bounded operators satisfying >~ | ||R,|/p=5 < 0.

“For any set A in the o-algebra A, u(A4) =Y o2, u({o >n}n f"A).
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(ii) | Rullos, < cn, where > ¢, < n~¥=90) with 8 € (1/2,1) and ¢ <
max{25 — 1,1 — g}.
(iif) || Rulls < n= B0,
Note that (H4)(i) implies that R(z) = ", R,2". Also, we notice that (H1) and
(H4)(i) ensure that z — R(z), z € D, is a continuous family of bounded operators on
B. Throughout we assume:

i>n

(H5) i) There exist C > 0 and A > 1 such that for all z € D and for all h € B,
n >0,

[1R(2)"hls, < Cllhlls., [R(2)"hlls < CAT"[2|"[[Alls + Cllh]5.,
ii) For 2 € D\ {1}, the spectrum of R(z) : B — B does not contain 1.

In particular, we note that (H1), (H4)(i) and (H5)(ii) imply that for z € D,
2+ (I = R(z))"" is an analytic family of bounded linear operators from on B. Define
T,:B— Bforn>0and T(z): B— B for z € D by setting 7, = I and

Tnv:i Z Ri,...R,v,n>1; T(z):iTnz".
n=0

k=1 i1+...+ig=n

Remark 2.1 We notice that if L : L'(m) — L'(m) is the transfer operator of the
original transformation f : M — M (defined by duality on L'(m) by [,, Lvwdm =
| y vwo fdm, for all bounded and measurable w), then the sequences of operators
R,,, T, defined in this section coincide with the sequences of operators defined in (1.1).
For R, this is simply the bare definition, while for T},, it follows by decomposing the
itinerary of f: Y — Y into consecutive returns to Y (see, for instance, [20]).

By a standard computation we have that T'(z) = I + R(2)T(z) for all z € D.
Then, by (H5)(ii), we have the renewal equation

T(z) = (I — R(z))"".

Note that T(z) extends continuously to D\ {1}. Moreover, on D, z — T(z) =
> o Ty2" is an analytic family of bounded linear operators from B to B,,.

Remark 2.2 In the context of non-uniformly expanding maps preserving a finite
invariant measure p, the functional analytic assumption on F' summarizes as follows.
It is assumed that there exists a Banach space B (for non-uniformly expanding interval
maps B is Hélder or BV) such that H1(ii) and (H5)(ii) hold for R(1) and R(z),
respectively, as operators on B. Moreover, one requires that (H4)(ii) holds under the
strong norm ||.|| on B for some 8 > 1 (see [39, 20]). We also refer to [37], where
(H4)(ii) reduces to 37, >° ., [[R;]| < oo. In the case of non-uniformly expanding
maps preserving an infinite invariant measure pu, the assumption (H3) is crucial

(see [39]).
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Remark 2.3 Note that, using convention (*), one has the following. Identifying a
measure h that is absolutely continuous w.r.t m with its density (which will be again
called h), the space of measures absolutely continuous w.r.t. m can be canonically
identified with L'(Y, R, m). Restricting to L'(Y") C (C7)" and writing DF := |detF|,
we have Rh = ho F~'|DF o F~!|7!. Thus, our operator R on B is a extension of the
usual transfer operator.

Remark 2.4 Recall that a measure v is physical if there exists a measurable set
A, m(A) > 0, such that, for each continuous function ¢, lim %Zz;é ¢ o Fk(x) =
n—oo

v(¢), for each x € A. In the present case, by hypothesis (H1)(iii), we have that
lim 1370 ¢ o F*(x) = u(¢) for m-almost all z. Thus p is the unique physical
n—oo

measure of F. Indeed, suppose there exists B C Y for which the last limit is larger
than p(¢) + ¢, for some € > 0 (the case of the limit being smaller being treated
similarly). Then, by Lusin theorem with respect to both m and p there exists a C*
function h. such that |[Lp — hellpign) + L — hellzry < SHEL But then

4/l
p(oymh) = lim * Z miheo o FY) 2 lim L Z (i o p4) - 40
> m(B)u(o) + 200

which implies a contradiction.

3 Asymptotics of T(z)

3.1 Asymptotic results under (H1), (H2), (H3), (H5) and
(H4)(i)

As in the framework of [35, 30], the asymptotics of T(z), z € D depends essentially

on the asymptotics of the eigenvalue A(z) of R(z) defined in a neighborhood of 1. In

the present context, this requires some clarification. B
Our aim in this section is to estimate ||7(2)||5, z € D under the weak hypothesis

(H4)(i).

By (H1), (H4)(i) and (H5), there exist § > 0 and a continuous family of simple
eigenvalues of R(z), namely A(z) for z € DN Bs(1) with A(1) = 1. Given ¢ > 0,
let P(z) = 2m 1= (&I — R(2))7'd¢ denote the corresponding family of spectral

projections with P(1) = P and complementary projections Q(z) = I — P(z).
For z € DN Bs(1), R(z) = A(2)P(2) + R(2)Q(z). Hence,

T(z) = (1= A2))"'P+ (1= Az2)(P(z2) = P)+ (I - R(x))'Q(2).  (3.1)

By a standard argument (see, for instance, [35, Proposition 2.9]), we have

14



Proposition 3.1 Assume (H1) and (H5)(ii). There exists 6,C > 0 such that ||(I —
R(2)7'Q(2)||s < C for e DN Bs(1), 2 # 1 and | T(2)||s < C for z € D\ Bs(1).

By (3.1), it remains to obtain the asymptotics of (1 — A(z))™' and (1 —
A(2))7Y(P(z) — P). First, we note that (H4)(i) implies that as z — 1,

IR(z) ~ Rlls =0, A=) — 1] 0.

Next, let v(1) be the eigenfunction associated with the eigenvalue 1 with m(v(1)) =
1. Choose 9 € B such that m(y)) = 1 and define 9(z) := P(z)1. Since, by standard
perturbation theory, | P(z)— P||g — 0, we have ||0(z) —v(1)|[g — 0. Thus, m(v(z)) #
0 and we can define the normalized eigenfunction v(z) := o(2)

m((z))
Since m(v(z)) = 1, we can use the formalism in [21] (a simplification of [2]) and
write
1=XAz2)=1- / Az)v(z)dm =1 — / R(z)v(z)dm = V¥ (z) — V(2),
Y Y
where

¥e) = [ (1)
V() = /Y (R(L) — R(2))(0(1) — v(=))dm = / (1= 2)(u(1) — v(2))dm.

Y
Now, [V(2)] = |> .51 f{@:n}((l—z@)(v(l) —v(z)) dm/|. This together with (H2) yields

V()| < llo(z) vl Y 1 = ="fm({p = n}).

n>1

(3.2)

Recall that as z — 1, ||v(z) — v(1)||g — 0. Also, by (H3) and standard computa-
tions (based on [%, Proposition 1.5.8]), 37, o, [1—2"|u({e = n}) < £(1/[z=1])|z—1[",
Thus,

V(2)| = o(t(1/|z = 1|)|z — 1|°) as z — 1. (3.3)

The precise asymptotic of W(

(

for the precise asymptotic of ¥
Proposition 3.2 [90, Proof of Lemma A.j}] Assume (H3) with § € (0,1). As
u, 0 — 0, U(e ) = T(1 — B)0(1/|u — i6])(u — i0)?(1 + o(1)).

By (3.2), (3.3) and Proposition 3.2, we have the following generalization of well

z) on D, a generalization of the more standard result
z) on the unit circle (see for instance [13]), reads as

known result of [2] (see [30, Lemma A.4]):
1—X\z2)=T1 - pB)1/|u—i6])(u—i0)°(1 + o(1)). (3.4)
Recall that ||P(z) — P||z — 0. By (3.1) and (3.4),
T (e ) = dgl(1/|u — i) (u —i0) PP+ E, as u,0 — 0, (3.5)

where dg = T'(1 — 8)~! and || E||5 = o(£(1/|u — i0])|u — 0] ~F).
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3.2 Asymptotic under (H1), (H2), (H3), (H5) and (H4)(ii)

In this section, we obtain explicit bounds on the continuity of ||7(2)||5-z,,, for z in
a neighborhood of 1 (see Proposition 3.6). To do so, we work with (H4)(ii), which
again requires (H2). To complete the picture of the asymptotic of T(z), z € D we
estimate the derivative of T'(z) for z outside a neighborhood of 1 (see Corollary 3.9).
The following standard consequence of (H4)(ii) is instrumental in the proof of
several results below (see, for instance, step 1 of the proof of [20, Lemma 3.1])).

Proposition 3.3 Assume (Hj)(ii). Then there is a constant C' > 0 such that for
allu >0, 6 € [0,27) and b > 0, |[R(e™"+?) — R(e~"+0=M)|s 5 < ChP~ and
[R(e**) — R(1) ||, < Clu —i6]7~.

If assumption (H4)(ii) is replaced by the stronger form in the || - || norm, then the
estimates of Proposition 3.3 hold in the, stronger, norm of L(B, BB). Since we want to
estimate | P(z) — P||gz,, in what follows we use the arguments in [27]. For ¢ > 0,
small enough, we set

Vs={§e€C:[(—-1|=0, dist(§, spec(R)) >}
and state

Lemma 3.4 Assume (H1), (H4)(ii) and (H5)(i). Then the statements below hold
for any € € (&, ), where f* < max{25 — 1,1 — B} and some positive constant C'.
More precisely, there exists €, > 0 such that for all 0 < § < €, the following hold for
any & € Vi, for all u € (0,9) and for all 0 € (—0,9).

i) (€ = R(e™**))™" = (€ = R(1))"Mls=5, < Clu—if]7~.

ii) For all h < min{|0],u}, [[(§ — R(e™*))~! — (€ = R(e™ M)~ 55, <
ChP~.

Proof We provide the argument for item i). Item ii) follows similarly.
In what follows, we adapt the argument of [27, Proof of Theorem 1] to the present
context. For £ € V5 and some k > 1 (to be specified below) we write

(€~ R(1))™ = €€~ RO)RAY + Y €7 ROY.

For h € B write g = (¢ — R(1))h. So, h = (£ — R(1))~'g. This together with (H5)(i)
yields

k—1
Ills, < €7 = RO) TR glls, + D 1€ IR |5,
j=0
< CXMI(e = R())Isllglls + ClIE = RO lsllglls, + CElgls.,-
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Clearly, for any & € Vj, [[(§ — R(1)

)
(H1) (D), [lglls < (C+[EDIAls < (C+
some C' > 0:

g = O(1). Also, by the definition of g and

1+ 0)||h||s. Hence, the following holds for

I17lls, < CATHC +O)klls + Cllglls, + Cklglls, -

Next, compute that g = (R(e %) — R(1))(¢ — R(1))"'g + (£ — R(e %)) (¢ —
R(1))"'g. This together with Proposition 3.3 implies that there exists C' > 0 such
that

lgll5, < Clu—0°~|[A]l5 + (€ — R(e™*")hl|s,-

Putting together the last two estimates,
Ihlls, < CATHC +8)|Ihlls + Cklu —i0]"~||h||s + K[| (€ — R(e™"))h]5,. (3.6)

Choose k = [(8 — €) log(|u — i0])log(1/X)7!]. So, for all u € (0,d) and for all
0 € (—0,9),
A< Ju—if)P, k< log(1/|u —i6|)

and
Cklu — 2'6\’3’60 < log(1/|u — i0])|u — i9|5’60.

Thus, (3.6) becomes

hlls, < lu ="~ |h]ls +log(1/|u—iO)lI(€ — R(e™)hls,.  (3.7)

Let v € B such that h = (¢ — R(e7%"))~1v. So, (3.7) translates into
1€ = R(e™ ™) "ulls, < Ju— 0"~ |jv||s + log(1/|u — i) [v]|s, -
Applying the above inequality to v := (R(e~"**) — R(1))(¢ — R(1))'w,

1§ = R(e™ ")™Y = (¢ = R() Nwlls, < |u— 01"~ [v|ls +log(1/]u — if])]v]|,
< Ju ="~ (R(e™) = R)(€ — R(1)) ™ wlls
+log(1/Ju — if|)Ju — 0]~ (€ — R(1)) w5
< Ju— 017 wlls + Ju — i8]~ [Jw]5,

for any €, € (€g, %), which ends the proof. |

An immediate consequence of Lemma 3.4 is

Corollary 3.5 For all z € spec(R(z) N Bs(1), the estimates provided in Lemma 3.4
hold for the families P(z), Q(z) and v(z).

The next result is based on the estimates provided by Corollary 3.5; it provides
explicit bounds on the continuity of 7'(z), for z a neighborhood of 1.
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Proposition 3.6 Assume (H1), (H2), (H3), (H4)(i), (H4)(ii) and (H5). Let €, be
fixed as in the statement of Lemma 3.4. Then, the following hold for any 0 < €, for
all w € (0,9), all 0 € (=6,6), all h < min{|0|,u} and for any €, € (e, "), where
f* <max{26 —1,1— B} .

i) [Me ") — N(e v O-M)| < hP(1/Rh) + hP~|u — i0]P4(1/|u — if).
ii) Also,

T (e ) = T(e™ ) |55, < €(1/|u—i0])~>€(1/R)h |u — i6] 7>
(1 Ju — i0]) " R — 0] P,

Proof i)Put Ay = \(e™"F) — \(e7u+(0=h) By (3.2),

A)\ _ /(e(—u—i-i(@—h))go . e(—u-i—z@ )d,u + /( —u+i(9—h)tp> _ (6(—u+i0)gp))(U(e—u-&-i(e—h)) . 1) dm
Y Y
+ / ((6(7u+2'9)<p) . 1)(U(67u+i(97h)) o v(efqui@)) dm
Y
_ /(6(—u+i(0—h))<p ( u+i0)p )du+‘/1(u 9) —|—Vv2(U 0)
Y

Note that [ (euril0=hDe — e(zutilleyg) — [ =(umif)r(cthe — 1)dG(x), where
G(z) = w(¢ < z). Under (H3), the estimate | [ e~ =% (¢i* —1)dG(x)| < hP¢(1/h)
follows by the argument used in the proof of [18, Lemma 3.3.2].

The argument used in obtaining (3.3) (with Corollary 3.5 instead of ||v(z) —
v(1)||z — 0) together with the fact that h < min{|0|,u} yields

Vi, 0)] < BPO(L/R)|u — i0)%,  |Va(u,0)] < RP=10(1/|u — if])|u — i6]°.

Item i) follows by putting the above together.
To prove item ii), we proceed as in the proof of [11, Corollary 6.2].
Let Ap = T(e%e®?) — T(e =), Set

Bvp = (1= M) P(e7e) = (1= Ae ™"/ 7 P(e e 0
and
At-ryig = (I = R(e™"e"))1Qe"e) = (I = R(e™"e )7 Q(e~"e! 1),
By (3.1), Ap = Ay p 4+ Ay_g)-1g. Next,
1A pllaos, < (1= Ae ™) (Ple"e) = Plee ®)||s s,
1P e M) (1= Ae ™)™ = (1= Ae e ) ) |5,
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By (3.4) for all u € (0,6), 6 € [=6,6), |(1 — AMe )™ < £(1/|u — i0]) " u —
if|7P.  This together with Corollary 3.5 yields [[(1 — A(e %))~ (P(e %) —
P(e e M) ||pop, < L(1/|u — i) AP~ |u — i0]7%. By (i) of the present Pro-
postion and (3.4),

HP(e—uez‘(e—h))()\(e—uei(e—h)) _ /\(6—11,61'9))

< 01/ |u —i6]))"20(1/R)RP |u — i6] >
B—Buw
+ (1) |u —i0)) TR — 0] 7P

(1= Aee?)) (1 — A(euei0—h))

Thus,
AN pll5os, < (1) |u—0]) R~ u — 0]~ + 0(1/|u — i0])"26(1/h)hP |u — 6] 2.
To estimate ||A;_r)-1¢||5-8,, We compute that

1AG-r)-10llBo8. < I(1 — R(e™ )71 (Q(e™ ™) — Q(e™e" ™)) 525, +
(I — R(e™"e”)) " (R(e™"e”) — R(e e ™™))(I — R(e "e"®"™))'Q(e "¢ "™M)||5-5,.

By (3.5) and Proposition 3.1, ||(I — R(e~“e®)) ||z < £(1/|u —i0|)~t|u—i6|7". This
together with the previous displayed equation, Corollary 3.5, Proposition 3.3 and
Proposition 3.1 implies that

HA(I—R)_lQHB—)Bw < E(l/\u - ie‘)_lhﬁ_el |U — 7;(9‘_/6.

Item ii) follows by putting together the estimates for |Aypl|s-s, and
1AG-r1qllB-5,- "

Remark 3.7 In the case § = 1, the scheme above can also be combined with the
arguments in [35], providing the desired asymptotics of T'(z), 2 € S! and as such,
first and higher order theory for the coefficients T}, of T(z), z € D. To simplify the
exposition in what follows we omit the case § = 1.

The bounds provided by Proposition 3.6 do not allow one to apply directly the
argument of [35] for the estimation of the coefficients of T(z), z € D: the arguments
in [35] require that ||T(e=%%) — T(e="+O=M)|| 55, < £(1/|u —i0))~2((1/h)hP|u —
i0|~2%. However, as explained in Section 4, the modified version of these arguments
in [11] applies. In this sense, we note that

Proposition 3.8 Assume (H4)(ii). Write z = e~ Then for all u > 0,

< uﬂ—eo—l‘

|5, ..

Proof The result follows by the argument used in the proof of [11, Proposition 4.6]. B

As a consequence we have
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Corollary 3.9 Assume (H1), (H3), (H4)(ii) and (H5)(i). Write z = e~ (9 Let
€« be fized as in the statement of Lemma 3.4 and choose § € (0,¢€,). Let 0 such that
0] > 6. Then for all u > 0,

<y,
B—By

Proof The result follows from Proposition 3.1, Proposition 3.8 and the formula d% (I—
R(2))™" = (I = R(2)) ' GR(2)(I — R(2))". u

4 First order asymptotic of 7},: mixing.

Given the asymptotic behaviors of T'(z) : B — By, for z € DN Bs(1) and of £ (T'(z))
for z € D\ B;s(1) described in Section 3, the arguments used in [11](a modified version
of [35]) for estimating the coefficients T}, of T'(2), z € D apply. We briefly recall the
main steps. By exactly the same argument as in [35] (equivalently, by the simplified
argument in [30] essentially based on (3.5) and the dominated convergence theorem),
the Fourier coefficients of T'(z) : B — B,,, z € 8! coincide with the Taylor coefficients
of T(z) : B — By, z € D. Hence, first and higher order of T,, can be obtained by
estimating either the Fourier or Taylor coefficients of T'(z), z € D.

4.1 Mixing under (H4)(ii)

Lemma 4.1 Assume (H1), (H2), (H3), (H4)(i), (H4)(ii) and (H5). Let B € (1/2,1)
and suppose that (H4)(ii) hold. Then, as n — oo,

sup  ||(n)n' T, — dsPuvl|s, — 0.
veB, ||v]|z=1

Remark 4.2 The above result generalizes [35, Theorem 2.1] to the abstract class of
transformations described in Section 2.

Proof We argue as in [11, Proof of Theorem 3.3].

Let I' = {e7 % : -1 < 0 < 7} with e™ = e7/", n > 1. Choose § € (0,¢
such that A(e™'/"e®) is well defined for § € (—6,6). Let b € (0,0n). Let A
[—m, —0] U [6, 7].

With the above specified, we proceed to estimate T,.

)
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1 T m . , b/n . .
T, = (z)dz = T(e Vme)e ™) = < (/ T(e~/me®) e g9

Tom Jpantt T 2n ) 2\ )y

—b/n . . 0 . .
+/ T(el/"ew)emade—i-/ T(el/"ew)emedH—i-/

T(efl/neiG)efinGd(g)
1 b/n A

b/n

(& €

T —1/n i —in@de
(em/me™)e + o

= — I+ 1+ 14). 4.1
il e+ 1o+ 1) (1)

By [11, Proposition 6.5],
b/ oy i 2r 1
lim lim n'~?¢(n)T(1 — B)/ T(e Ymei®)e M) = —— _—_P.
b—o00 n—00 —b/n € (ﬁ)
Hence, the conclusion will follow once we show that n'=?¢(n)l, = o(1) and
limy o0 limy, 0o 22 P4(n) (Is + I_5) = 0.
We first estimate [4. Compute that

Ii= — T —1/n 30\ " ¢ _—ind do = — (T —1/n ,i0 —znOdQ E
a= 2 [ remen L = o [ et e s + o)
where E(n) < n~Y(||T(e /e /™) || 55, + | T(e /€™ |55, ). By Proposition 3.1,
|T(e=*/"e)||g = O(1) for all # € A. Hence E(n) = O(n~!). Note that for 6§ € A,

0] > € and thus Corollary 3.9 applies. It follows that || (T'(2))||sos, < n'=#T.
Putting these together,

14| < n P70 4 p~t <« p(Fe0), (4.2)
Since ¢ < [* , where 8* < max{28 — 1,1 — B}, we have n'=P¢(n)|l4] <
n~2=1=<0)f(n) = o(1).
Next, we estimate I5. The estimate for /_; follows by a similar argument. Recall
b € (0,n0). Proceeding as in the proof of [35, Lemma 5.1](see also [18]), we write

; o 4m/n | |
[6 — / T<€—1/ne7,9)6—zn9 do = _/ T(e—l/nez(O—ﬂ/n))e—znG do.
b

n (b+m)/n

Hence

Fy ' . o+m/n ] )
o — / T(e=V/mei®)e=int 4o — T(e /e O=m/m)em0 4o — I, 4 I, + Iy,
b/n (b+m)/n

where

o+m/n ' ' (b+m)/n ' '
[1 _ / T(efl/nez(afﬂ/n»ef'me de) IQ _ / T(efl/nez(Ofﬂ/n))efznG d97
) b

n

)
I; = / {T(e—l/neie) . T(e—l/nei(é’—ﬂ/n))}e—inﬁ do.
(b+m)/n
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By Proposition 3.1, |I;| < 1/n. By (3.5) and Proposition 3.1, || (I — R(e ")) 7}|s <
0(1/|u—i60|)~tu — 46| ~P. This together with standard calculations (see, for instance,
the argument used in the proof of [35, Lemma 5.1] -in estimating I there) implies
that |I| < £(n)"n==Ap=B=7) for any 0 < v < 8. Putting the above together,
n'=Bl(n)I; = n'=Pe(n) I3 + O(b=F=7).

Next, we estimate I3. By Corollary 3.6, for all § € ((b + 7)/n,d) and for any
€1 € (6,20 — 1), we have

) ) 1
||T(e_1/"ew) — T(e_l/”ez(g_”/”))ﬂg_%w < l(n)l(n/|1 — m0|)_2n_'8|— — @'9|_2'8
n

1
+4(n/|1 — in@])’ln’(ﬁ’“)\ﬁ — 0",

Hence,

L] < n~Pe(n) /

(b4+m)/n

s [ _ {(n)? ey [° - t(n)
< L(n)'n 6/ 02" , df + t(n)1n= q)/ 0 ————_dph
) (b+m)/n {(n/]1 —inb)])? imy/n  n/[1—ind)|)

= ()" PIsy 4 L(n) B I, (4.3)
Using Potter’s bounds (see, for instance, [%]), for any v > 0,

nd 2 nod
I, = n21 / 2 L) e / 250 g
’ br Un/|1—io])? b

Taking 0 < v < 26 — 1,
() 'n7P |51 | < (n) I PnP 0l bl = g(n) T in T 1pm B8,

€ €

U(n/|1 — inf]) 2072240 + n~ B~ / ((n/|1 — ind|)~6ds
() /.

Finally, we estimate I35. Using Potter’s bounds, we obtain that for any 7' > 0,
s 5
32| < / 9_5((0n)5/ + (Qn)_“/> o < n® / 9-B+") qp.
(b+7T)/’I’L (b+7r)/n

Hence, ((n)"'n~ B~ 3, < £(n)"In~F=1=7) for arbitrary small 7.
Putting together the estimates for I, I and I3 (using (4.3) and the estimates for
((n)"*n=P|I3,| and £(n)"'n=B=9)[3,), we obtain that for arbitrary small ,v’,

| I5] < 0?71 (n) 1o~ @17 g m(Bmeam g () ~1pm (F70),

Since €, < O,

|I5] < nP~Y(n) 1o~ 1), (4.4)
Hence, n'=8¢(n)|ls| < b=@*~1"Yand thus, limy_ lim,_ . n'"?4(n)I; = 0. By a
similar argument, limy_,, lim,, oo n*~?4(n)|I_s| = 0, ending the proof. |

To note a straightforward consequence of the above result, we recall that L :
L'(m) — L'(m) is the transfer operator of the original transformation f : M — M.
By Remark 2.1, for any v € B, T,,v = 1y L"(1yv). With this specified, we state
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Corollary 4.3 Assume the setting of Lemma 4.1. Then

(i) If v is a probability measure supported on Y and v € B, then
limy oo [[£(n)n1 2 L — dy P15 5, = 0.

(i) If v,w : M — R are C* (with o as in (H1)(1)) observables supported on Y,

then
lim ﬁ(n)nl_B/ vwof”d,u:dﬂ/ Udu/ w dy.

Proof Item (i), (ii) follow immediately from Lemma 4.1 and Lemma 4.4. For com-
pleteness, below we recall the standard argument for (ii).

Recall P1 = h, P1 = u. Note that for any C'* observable v : M — R, v
supported on Y, we have Pvh = (fM vdp)h. Also, by Lemma 4.1 and Lemma 4.4,
16(n)n'=P1y L™ (vh) — dgPvh|s_5, = o(1). Puttting these together,

f(n)nl_ﬁ/Mvw o ffdu = E(n)nl_ﬁ/ L™ (vh)wdm = dg /MP(vh)w dm + o(1)

M
:dg/ vdu/ hwdm—i—o(l):dﬁ/ vd,u/ wdp 4 o(1).
M M M M

4.2 Mixing under (H4)(iii)

Under hypothesis (H4)(iii), and remembering (3.5), the arguments in [22] carry over
with no modification, yielding

Lemma 4.4 [22, Theorem 1.4] Assume that (H1) and (H5) hold. Let 3 € (0,1] and
suppose that (H3) and (H4)(iii) hold. Then,

sup  |[(n)n' P T,v — dsPvl||s — 0.
veB,||v||p=1

By the argument used in the proof of Corollary 4.3, we obtain the following con-
sequence of f Lemma 4.4:

Corollary 4.5 Assume the stroger assumtptions of Lemma 4.4. Then i) of Corol-
lary /.3 holds in the B norm for all 5 € (0,1). Also, item 1) of Corollary /.5 holds
for all g € (0,1).
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4.3 Weak pointwise dual ergodicity under weak assumptions

As mentioned in the introduction, the present framework allows us to deal with the
property of weak pointwise dual ergodicity (weak p.d.e.) under some weak conditions
(under which mixing cannot be proved). Below, we provide a result that allows one
to check weak p.d.e. in the framework of Section 2 without assuming (H5) and only
requiring (H4)(i).

We recall that a conservative ergodic measure preserving transformation
(X, A, f, ) is pointwise dual ergodic (p.d.e.) if there exists some positive sequence ay,
such that lim, . a,' Y77 /v = [ vdp, a.e. on X for all v € L'(u). The property
of weak p.d.e. has been recently exploited and defined in [3]. As noted in [1], if fis
invertible and p(X) = oo then f cannot be p.d.e., but it can be weak p.d.e.; that is,
there exists some positive sequence a,, such that

(i) a,' >75 o v =Y [yvdp as n — oo, for all v € L'(u). Here, =" stands for
convergence in measure for any finite measure v < p.

(i) lmsup, . a,' >0 o L/v = [y vdpy, ae. on X for all v e L'(p).

As shown in [3, Proposition 3.1], weak p.d.e. for infinite c.e.m. p.t. can be
established as soon as items (i) and (ii) above are shown to hold for v = 1y for some
Y € A with 0 < u(Y) < oco. Moreover, as noted elsewhere (see [3] and reference
therein), item (i) follows as soon as the above mentioned convergence in measure is
established for uly for some Y € A with 0 < p(Y') < 0.

In the framework of Section 2, the following holds result for original transforma-
tions f with first return map F': Y — Y

Proposition 4.6 Assume (H1), (H2), (H3) and (H4)(i). Furthermore, set a, =
{(n)n'~Pds and suppose that supy a,* > o ly =1, mod p, asn — oo. Then f
15 weak p.d.e.

Proof Recall that under (H1), (H2), (H3) and (H4)(i), equation (3.5) holds. By
same argument combined with the estimates in [35, Proof of Proposition 7.1],

IT(e™™) — dgt(1/|u) " u"PP|lz — 0, as u — 0.

Let v be a o-finite measure on M such that v is supported on Y and v|y is a probability
measure in B. Recall P1 =y and p(Y) = 1.

By assumption, supy £(n)n'~Pds 77 L71y = O(1), as n — oo. Thus, the argu-
ment used in the proof of [30, Lemma 3.5]( a Karamata Tauberian theorem for posi-
tive operators that generalizes Karamata tauberian theorem for scalar sequences [,
Proposition 4.2]) applies. It follows that

ni=p J
iz (o) ZL
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In particular, the above equation holds for v = p. So, £(n)n'~Pdy Z;:Ol L7 u(ly) — 1,
as n — oo and item (i) ( in the definition of weak p.d.e.) for the function 1y follows. B

5 Higher order asymptotic of 7,,: mixing rates

As already mentioned in the introduction, mixing rates for non-invertible infinite
measure preserving systems have been obtained in [35, 41]. The results in these works
depend heavily on a higher order expansion of the tail probability u(¢ > n). The
arguments in [35, 11] generalize to set up of Section 2 and (in an obvious notation),
we state

Lemma 5.1 Assume (H1), (H2), (H3), (H4)(i), (H4)(ii) and (H5). Let q =
max{j > 0: (j+1)8—j > 0}. Then there exist real constants dy,...,d, ( de-
pending only on the map f)°, such that the following hold:

(i) Let 3 > 1/2 and suppose that (¢ > n) = cn™" + H(n) for some ¢ > 0 and
H(n) = O(n=%%). Then,

T, = (don” ™' + din**% + ...+ dn™E"p 4 D,
where ||D||p_p, = O(n=F~1/2),

(ii) Let 3> 1/2 and suppose that u(p > n) = cn=" +b(n) + H(n), for some ¢ > 0,
some function b such that nb(n) has bounded variation and b(n) = O(n=2%),
and some function H such that H(n) = O(n™") with v > 2.

Then (i) holds with the improved rate || D||p_p5, = O(n=").

Remark 5.2 We note that items i), ii) correspond to the results on mixing rates
for non-invertible systems provided by [35, Theorem 9.1] and [!], Theorem 3.1],
respectively.

Proof Below we provide the argument for item i). Item ii) follows by the argument
used in the proof of [11, Theoreme 1.1].

Choose 0 > 0 such that A\(e™/"e?) is well defined for 6 € (—4,9). Let b € (0, 6n),
n > 1. Also, let I4,Is and I_s be defined as in the proof of Lemma 4.1. Hence,
equation (4.1) holds and we can write

b/n

(& €

T, T(e‘l/"e“’)e‘mede + 5 (Ls +1_ 5+ ]A)-
m

B % —b/n

Let €y be as defined in assumption (H4)(ii). By equation (4.2), |I4] < n~(#=<),

°For the precise form of these constants we refer to in [35, Theoreme 9.1] and [41, Theoreme 1.1].
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Let €; be as defined in the statement of Proposition 3.6, that is €; € (€, 8*),
where 0* < max{25 — 1,1 — 8}. By equation (4.4), for any v > 0, |Is + 5| <
nf=1(n) =1~ 2-1=7),

Next, we estimate - f_bgn T(e~Y/7e)e=™9dp. By the argument used in obtaining
equation (3.4) together with the assumption on u(p > n), |(1 — A((e"¥/"e?)) 7| <«
|L — 46|77 This together with Corollary 3.5 implies that

. . 1
1L = A((eme?) "1 (P((e™ /") = P)||s-s, < |~ =07
Recall b € (0,6n), n > 1. The above displayed equation together with equation (3.1)
and Proposition 3.1 yield
1L —ig|=

D

b/n ‘ ' ' b/n
‘ / (T<€71/n610) . (1 . )\(e’l/"ele))’lp)e’me d@‘ < /
—b/n 0 £<

< nt 1.

Recall ¢ = max{j > 0: (j + 1)8 — j > 0}. By the argument used in the proof
of [35, Proposition 9.5] (which exploits exactly the same assumption on u(¢ > n)
stated in item i) of the lemma),

b/n ' '
/ (1= Xe Ve tem ™0 dh = dgn®~ + din* =2 + ...+ dn VB L O(bnP),
—b/n
where dy, ..., d, are real constants, depending only on the map f (again, for the
precise form of these constants we refer to [35, Theoreme 9.1]).

Putting together the last two displayed equations,

b/n o
/ T(e Vme®)e™™ df = dgn® + din® 2 + ... + dnT™VED L O®(n=?) + O(n~1b).
—b/n

Take b = n'/? and recall ¢; < max{23 —1,1— 3}. So, ffé?n T(e~Yme)emnf 4 =
don® ' + din?72 + ..+ dntYBE) L O(n=B-12). To conclude, note that |I5 +
I_s+ 14 < n=B=1/2), ]

By the argument used in the proof of Corollary 4.3, we obtain the following con-
sequence of the previous result.

Corollary 5.3 Assume the setting of Lemma 5.1. Let v,w : M — R be C* observ-
ables supported on'Y . Then

/ vwo ffdu = (don® ' +din* 24+ dqn(ﬁl)(ﬁ_l))/ vd,u/ wdp + B,
M M M

where E,, = O(n=P=1/2) if the assumption on u(p > n) stated in Lemma 5.1, i) holds
and E,, = O(n=?) if the assumption on p(e > n) stated in Lemma 5.1, i) holds.
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6 Banach spaces estimates in the Markov case

Let f:[0,1]> — [0, 1)? be the map (1.3) described in subsection 1.4. Let Yy =Y =
(1/2,1] x [0,1] and let ¢ : Y — Z* be the return time to Y. Let F' = f¢ be the first
return map. In this section we show that F' satisfies (H1-H5) for some appropriate
function spaces B, B,, constructed in analogy with [12]. We start by describing the
spaces B, B,,.

6.1 Notation and definitions

It is convenient to introduce the notation F" = (Fj', G,), for all n € N. The properties
of F' can be understood in terms of the map Fy = fJ°, where g is the first return
time of fy to Xo = (1/2,1]. For j > 1, set (z;_1,2;] = X; = {po = j}. For j >1
set Y; = X; x [0,1]. So, Y; = {¢ = j}. Forall j > 1, let f1Y; =Y/ = {(z,y) €
Xo x [0,1] : y € K;(z)} for some collection of intervals K;(z) C [0,1]. Hence, we
can write F' = f7:Y; — Y.

For n > 0, let Y, = {Y,,;} be the corresponding partition of ¥ associated with
(Y, F™™). Since F is invertible, we have F'™"({Y}; ;}) = {Y,;}. The map F" is smooth
in the interior of each element of the partition ).

Admissible leaves: We start by introducing a set of admissible leaves Y. Such
leaves consists of full vertical segments W. A full vertical segment W (x), based at
the point € [0,1], is given by G.(t) = (z,t), t € [0,1]. The definition of the
set of admissible leaves differs with the one in [I2] and allows for a considerable
simplification of the arguments. Yet, it is possible only due to the (very special) fact
that the map is a skew product.

Uniform contraction/expansion, distortion properties: Given the simple
structure of the stable leaves it is convent to introduce the projection on the sec-
ond co-ordinate 7 : [0, 1]> — [0, 1] defined by 7(z,y) = y.

By hypothesis (1.4) we can chose A > 1 such that:

o Ifx,yec W, W € X then |7(F"x) — w(F"y)| < CA ™.

For any (x,y) € Y € Yy, |det(DF"(x,y))| = (F7) () - 0,Gn(y).

It is well known that there exists C' > 0 such that, for each (z,y), (2',y") € D,
| F6 ()]
| Fo (')

—1‘ < Clz — ). (6.1)

In fact, more is true,

L (Fa) | < ) (62

27



Test functions: In what follows, for W € ¥ and ¢ < 1 we denote by C9(W, C) the
Banach space of complex valued functions on W with Holder exponent ¢ and norm

z)— elw
|6lcaqwc) = sup |o(2)| + sup lp(2) = p(w)|
zeW z,weW |Z — w|‘1

Note that C9(W(x), C) is naturally isomorphic to C([0, 1], C) via the identification
of the domain given by ¢ — (x,t). In the following we will use implicitly such an
identification, in particular for ¢ € C?([0,1],C) we still call ¢ the corresponding
function in C?%(W(x),C) and we write

1
/ he dm — / B, )6 (1) dt.
W(x) 0

Remark 6.1 Note that we use m both for the one dimensional and two dimensional
Lebesgue measure. Also, in the following we will often suppress dm as this does not
create any confusion.

Definition of the norms: Given h € C*(Y,C), define the weak norm by

17]

B, := Sup sup / h¢ dm. (6.3)
W

Wek ‘¢|Cl(W,(C)§1

Given ¢ € [0, 1) we define the strong stable norm by

|Alls ;= sup  sup /hgbdm. (6.4)
y<1JwW

WeX |¢lcaw,c

For some small ¢, (to be specified later), define the strong unstable norm by

1
Il :=C" sup  sup ' / hes dim — / hgbdm‘. (6.5)
0<|z—y|<eo [|o1<1 [z — | W (z) W(y)

Finally, the strong norm is defined by [|h||z = ||h||s + ||A||«-

Definition of the Banach spaces: We will see briefly that ||hlg, + ||hllz <
C||h]|c1. We then define B to be the completion of C! in the strong norm and
B, to be the completion in the weak norm.

The spaces B and B,, defined above are simplified versions of functional space
defined in [12] (adapted to the setting of (1.3)). The main difference in the present
setting is the simpler definition of admissible leaves and the absence of a control
on short leaves. The latter is necessary and possible since the discontinuities do no
satisfy any transversality condition while, instead, they enjoy some form of Markov
structure.
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6.2 Embedding properties: verifying (H1)(i)
The next result shows that (H1)(i) holds for « = v = 1 and B, B,, as described above.

Lemma 6.2 For all g € (0,1) in definition (6.4) we have

c'cBcB,c(C.

Proof By the definition of the norms it follows that || - ||z, < || |ls < || - |5, from
this the inclusion B C B,, follows. For each h € C' we have

oo L
W(z) W(y)

The above implies |||, < C||h|lc:. Thus C* C B.
The other inclusion is an immediate consequence of Proposition 6.3, an analogue
of [12, Lemma 3.3]. |

[ s | h<y,t>¢<t>\scuhucwmme\x—y\.

Proposition 6.3 Let I be an interval, I C [0,1] and set E =1 x [0,1]. Then for all
¢ € C* and for all h € B, we have

\ / hfde‘ < Al 1l
E

where dV is the normalised measure on E.

Proof By density it suffices to consider h € C*'. By Fubini theorem and the fact
that almost all vertical segments are admissible leaves

fio]< o

1
/0 dyh(fr,y)sb(:r,y)' < [|Plls. @l 1] = W[lls, [ éllcrm(E).

6.3 Verifying (H2)

We note that the connected components of ¢~1(n) satisfy the assumption on the set
E in the statement of Proposition 6.3. Hence,

'/J;Chdm‘ < ||hlls,m(E),

and (H2) follows.
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6.4 Transfer operator: definition

If h € L', then R: L' — L' acts on h by

/Rh-v:/h-voF, ve L™,

By a change of variable we have
Rh =1ppyho F~ det(DFH). (6.6)

Note that, in general, RC' ¢ C!, so it is not obvious that the operator R has any
chance of being well defined in B. The next Lemma addresses this problem.

Lemma 6.4 With the above definition, R(C') C B.

Proof Using the notation introduced at the beginning of section 6.1, we have F/(Y') =
U;Y]. Moreover, both F~! and det(DF~') are C* on each VJ’ For each j € N note
that Y] consists of an horizontal strip bounded by the curves y1(z) = G(g;(v),1),
Yo(z) = G(g;(x),0) where g; : (3,1] — (1, 1] is the inverse brach of F, corresponding
to the return time j. Remark that, by equation (1.5), it follows that |V}, < Ko,
for i € {0,1}. We can then consider a sequence of 1, € C3(R, [0, 1]) that converges
monotonically to L, and define Un(x,y) = Un(y). Next, we define the function
Yy, = 1/;71 oF~1. 1r(y). Note that v, is smooth and converges monotonically to 1z y.
We can then define
H, ={,ho F'det(DF ') e C".

Consider an admissible leaf W = W (z) and a test function ¢. Note that F'~'W =
U;W; where W, = F~'W NY; = W(g;(z)) are vertical leaves. Thus, given h € C',°

Rh — H,|¢| < A |F!| Mo F||L =y,
\/W[ ]¢\<;/Wj\||or 0 Fl|L - ]
1 —
< [l Y 1F 0D [ 1 = dnfola
J

since det(DF 1) o F' = det(DF)~! = (F} - 9,G)~! and where we have used (6.1) in
the second line. Also we have used, and will use in the following, a harmless abuse
of notation insofar we write ¢ o F™ to mean ¢ o 7w o F". Since the sun is convergent
and the integral converge to zero, it follows that the right hand side can be made
arbitrarily small by taking n large enough. It follows that H,, converges to Rh in B,,.

The above computation also shows that lim,, ,, [|[Rh— H,||s = 0. Thus, it remains
to check the unstable norm. Let 2,z € [0,1], [t —z2| < g¢. Let z; = g;(), (z;,0) € Y},

6 Since W; C Y, F(W;) C F(Y). Thus, 1y o F, restricted on W}, equals one.
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and z; = g;(2), (2;,0) € Y;. Then, for each ¢, ||¢[/c1 < 1, we have

\ JIR AT Hn]as‘
W(z) W(z)

SZ/O By, ) Fy(a;) " ¢ 0 F(xj,t) — bz, ) Fy(2) M 0 F(z,8)| |1 — da(t)] .

Since, by hypothesis and equations (1.5), (6.2), |- [h(-,t)(Fp)'(-) "¢ o F(-,1)]| < C
for some fixed C' > 0, we have

1 —
‘/W(I)[Rh—Hn]éf)—/w(x)[Rh—Hn]qﬁ‘ scgjjm—zﬂ/o 11— da(t)].

Finally, by equation (6.1), we have |z; — z;| < C|Fj(x;)|"!|x — 2] and again we can
conclude as above. |

6.5 Lasota—Yorke inequality and compactness: verifying
(H5)(i) and (H1)(ii).

The next Lemma is the basic result on which all the theory rests.

Proposition 6.5 (Lasota—Yorke inequality.) For each z € D, n € N and h €
CY(Y,C) we have

I1R(2)"hlls, < Cllhl5.,
[1R(2)"hlls < A7"[hlls + CR]|s,-

Proof Setting ¢, = Zz;é ¢ o F* we have that R(z)"h = R™(z%"h). Remark that
¢y, is constant on the elements of Y,, ; of ),,, moreover ¢,, > n, hence |29 < |z|™.

Given W € X, with base point z, we have F~"(W) = U;enW; where W =
{W;}jen C X is the collections of the maximal connected components. Note that
each Y, ; € V), contains precisely one W;. Then, for |¢|c1w,c) < 1, we have

/ (R(2)"h)pdm = / Lpniyyho 7" det(DF™")¢.
W W

By the invertibility of F', the connected components of W N F™(Y) are exactly
{F"W'}wrew. Notice that F™(x,y) = (Fj(z),Gn(z,y)), while F~"(z,y) has the
more general form (A(z,y), B(z,y)). Yet, the function A depends on y only in a
limited manner: A(z,y) = g;(z) for all (z,y) € F"*(Y,, ;). Also, it is convenient to call
B, the function B restricted to F"(Y,, ;). If (z;,0) € W; € W, then G,,(x;, t) provides
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a parametrization for the little segment F™W; C W. In addition, for (z,y) € F"W;,
F(z,y) = (x4, H, ;(y)) with z; = g;(x) and H, ;(y) = B;(z,y). We can then write

Gnl@a:1) h(x;, Hn;(t))
Gulay0) (F0) (27)0Gn (x5, Hy 5(t))

[t hlat) N
_/0 () (ay) OOl D)t

/ ho F~"det(DF™)¢ =
FrW.

By the above computation we have

o=

Note that (6.2) and (6.1) imply

> ks,

Yn,jeyn

/ 22 h[(F)] g o F™dm| <
W;

W;ew

I[(FG) ] ¢ 0 F™lcowy) < C sup [(F7)] 7 < 2Cm(Ya).

zeW;

W.r.t. the C! norm, we have

(ST b 0 F™lorgwy) < ST lerllg o F™lco + I[(F5) T leoll¢ 0 F™|en
Recall that ¢ o F™ stands for ¢ o w o F™, thus’

d
160 F™ler < |éloo +sup [ d om0 F™ (a5, 1)] < [@loc + ¢ 0 0 F™ - 0G5, ) oo

< [¢loo + [#|ocA™" < Tl

Thus
I(FS)T ¢ o F™[lerw;y < Cm(Yay). (6.7)

Equation (6.7) allows to estimate the weak norm as follows
[ rermsan < clale, o St <Clhll i (63

The first inequality of the proposition follows. Let us discuss the strong stable norm.
Given |¢|caw,cy < 1, we have

‘/ 2)"h) qﬁdm' < ) /W K(F™Y ] ¢ o F™dm

Wj ew J

< ) /Whéjdm

WJ‘ ew J

2"

21" +

[ HEny g am

J

7 In the following we will implicitly use standard computations of this type.
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where ¢; = |W;|~ lfW ¢ o F™ and gb] [(F"Y]" (¢ o F™ — ¢;). Let Jw,F™ be the
stable derivative on the fibre W; (recall that |Jy, F"| < A™"), then

|60 F" — ;] < |Jw, F"|%,[W;|* < C|F"(W)|”

CIF Il
= T oo, [T

sup 19:) = 0wl < CEF™) oy 1w, 8

wyew; =yl

Hence,

n ) (e
|F (W])| <Cm(Yn’j))\fnq.

HGBHCq w,0) L Comroi—— <
jllC1(W;,C) ’(Fn)/|L°°(Wj)

The above bound yields,
‘/ 2)"h) ¢dm‘ < ClRllsA™™ 2" + Clhls,, |2]"

We are left with the strong unstable norm. Let ||¢]|cr < 1, 2,y € [0, 1] with [z—y| < ¢,
e € (0,e0). Let W(x) be the set of pre images of W (z) under F™ and the same for
W(y). Note that to each element of W;(z) it corresponds a unique element W;(y)
that belongs to the same set Y, ; € V,. Let &,n; € [0,1] be such that W;(x) =
W(¢;) and W;(y) = W(n;). By the usual distortion estimates we have |§; — n;| <
Cl(F3)' (&) e — y|. We introduce the function ®, = [(F})'|7'(n;) - ¢ © F"lw,),
and write

'/ 2)"he dm — / nhgbdm' < zj: /W(gpndm_ W(T,?)@” dm| 2"
(E5) () = [(F5) ()| ] ¢ o F™dm (6.9)

o

< DA =yl Ihll + CIRILIES) |7 vy < CA "l =yl

J

where we have used that ¢ o F™" |y () = ¢ o F"[w ;). The Lemma follows then by
iterating the above formula. |

The above Proposition, together with Lemma 6.4, readily implies that R(z) €
L(B,B), i.e. Hypothesis (H1)(ii) holds true. Note that Proposition 6.5 alone would
not suffice, indeed the fact that a function has a bounded norm does not imply that
it belongs to B: for this, it is necessary to prove that it can be approximate by C*
functions in the topology of the Banach space.

The proof of Lemma 6.4 holds essentially unchanged also for the operator R(z),
thus R(z) € L(B,B). We can then extend, by density, the statement of Proposition
6.5 to all h € B, whereby proving hypothesis (H5)(i).
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6.6 Verifying (H1)(iii) and (H5)(ii)

We start by verifying the compactness property of R(z). This is the starting point to
prove (H1)(iii) and (H5)(ii).

Lemma 6.6 For each z € D the operator R(z) is quasi-compact with spectral radius
bounded by |z| and essential spectral radius bounded by |z|\~2.

Proof Let h € C' with ||h]|g < 1. For each € > 0 let n € N such that A™ = ¢ and
choose &; € Y,, ; for each Y, ; € V,,. If W € X is contained in Y, ;, then

1= g

Choose N; € N by such that >,y m(Y,,;) <e. Arguing as in (6.8) we have

< elgler.

[2]" + Cellhlls]2]"

‘/WR“’)"h'qb' < | wEyee Fim

J<Ne J

2" + Cellhlls]2]"

< / h|(FM'|" ¢ o F™dm
Z W (&;)

J<Ne
Now for each W (¢;) we can choose a a sequence of functions {¢;;} C C" such that

they are C? e N '-dense. Then

|1R(2)"h|5, < sup sup
J<N: 1

21" + Cellhl|s| 2"

/ hQSjJ dm
W(&))

By the Lasota-Yorke inequality then it follows

IR(z)*"hlls < CA™™||Al|s|2|*" + Cl| R(2)"lls, | 2["

/ hojdm
W(&;)

J

< OX"|h]|5|2[*" + C sup sup Els
J<Ne 1

The above inequality implies that the image of the unit ball under R(z)** can be
covered with finitely many balls of radius A™¢|z|>". The conclusion follows by the
usual Neussbaum formula. |

Note that 1 belongs to the spectrum of R (since the composition with F' is the
dual operator to R and 10 F' = 1). By the spectral decomposition of R it follows that
1 Z;:Ol R™ converges (in uniform topology) to the eigenprojector IT associated to the
eigenvalue 1. Let pu = II1. The next step is the characterization of the peripheral
spectrum.
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Lemma 6.7 Let v € o(R(2)) with |v| = 1. Then any associated eigenvector h is a
complex measure. Moreover, such measures are all absolutely continuous with respect
to p and have bounded Radon-Nikodym derivative.

Proof Note that |z| = 1 since the spectral radius of R(z) is smaller or equal to |z|.
Next, let h be an eigenvector with eigenvalue v, then h € B,, C (C') and, for each
¢ € C', we have

W) = [ "h(z"d 0 F1)| < Y [h(Ly, ;60 F™)| < ||Al|s, [|¢ 0 F"||ex
j

where we have used Proposition 6.3. Since lim, o [|¢ 0 F™||c1 = ||¢]|co it follows
that h € (C°)', i.e. it is a measure. Since, by Lemma 6.6, the projector IT,(z) on the
eigenspace associated to v can be obtained as

n—1

1 ) )

lim — E v 'R(2)"
=0

n—00 N 4

and since the range of IT,(2) is finite dimensional, there must exists ¢» € C' such that
h = 11,(2)¢. Then, for each ¢ € C(Y,R,),

1n71 B . 1n71 .
|/¢5;v R(z)"s :|w|oo/ﬁi§:;m¢

which, taking the limit for n — oo, implies |h(¢)| < [¢|oopt(¢) and the Lemma. |

Now suppose that Rh = eh. Then, by the above Lemma, there exists v € L ()
such that h = vu. Hence

wve) = h(¢) =e “h(po F)=e p(vpoF) =e pu(pvo F1)

implies v = v o I p-almost surely. By similar arguments, if z = ¥ and R(z)h =
R(e®?h) = h, then there exists v € L>(u) such that ve®®® = v o F p-almost surely.

Proposition 6.8 Hypotheses (H1)(iii) and (H5)(ii) hold true.

Proof As the proof of the two hypotheses is essentially the same, we limit ourselves
to the proof of (H5)(ii). Let v : ¥ — C be a (non identically zero) measurable solution
to the equation vo F' = ¢ v a.e. on' Y, with § € (0,27). By Lusin’s theorem, v can be
approximated in L*(p) by a C? function, which in turn can be approximated by a C>
function. Hence, there exists a sequence &, of C'! functions such that £, — v L — 0,
as n — 00. So, we can write

Uzgn—{'pna

where |pp |11 — 0, as n — oo.
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Starting from v = ey o F and iterating forward m times (for some m large
enough to be specified later),

v = e WIS w00k (§no F™ + ppo F'™).
Clearly,
. m—1 ° j m m
|67192j:0 %o ngn o |L1(M) = |pn oI |L1(M) = |pn|L1(p,) — 0, (610)

as n — oo. . ,
P i
Next, put A, ,, 1= e X520 ool &, o F™ and note that for all n and m

|0y Anm| < 10y&nloo| Oy F™ .

By condition (1.4), there exists 0 < 7 < 1 such that |0,F| = 7. Hence, for any
e > 0 and any n € N, there exists m € N such that

|0y A | < €.

It is then convenient to use E, for the expectation with respect to p and E, (- | z)
for the conditional expectation with respect to the o-algebra generated by the set of
admissible leaves. As a consequence, |A, . (%,y) — E, (A, | )] < e. For arbitrary
¥ € L*>®(u), we can then write

E(¥) = Ey(§Anm) + O(6) = B, (VE, (Anm | ) + O) o)
E, '

— E(E, (¢ | 2)Anm) + O() = E,(E, (v | 2)) + O(c).

By the arbitrariness of ¢ and ¢ it follows v = E,(v | x). But this implies that
vo Fy =vo F = e%vy, but this has only the trivial solution v = 0 (see [2, Theorem
3.1]). n

6.7 Verifying (H4): bounds for ||R,]|s.
The next result shows that the strongest form of (H4), that is (H4)(iii), holds.

Lemma 6.9 For each n € N we have the bound

IR, |ls < Cn~P7L

Proof Note that ¢ is constant on )i, hence there exists j, such that ply, = n.
Thus for each ||¢]|ce <1 and W € X,

' I <Rnh>¢dm' <

/W BICEG Y6 0 F™ dm| < [[B]l. (FY |ohar, < Cn?
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Next, let z,y € [0,1], |z —y| < &9, and ¢ € C'. Setting @, = [(Fy)'|~" (1) 0o F" lw (),

/ h®,, dm — / h®,, dm
W(&jy,) W(nj,)

/W(m h[ICEY ) = 1(EY ()] go P dm‘

< Ao =yl k]l + ClURIL IEY ()17 < O Ha = yl|[A]ls.

'/ R,h¢dm — R,ho dm‘ <
W (z) W(y)

_|_

6.8 Verifying (H3)

To conclude we must verify (H3). Again the strategy is to reduce to the one dimen-
sional map Fy. Indeed, consider ¢ such that ¢ (z,y) = E,(¢ | z), then

p( o Fy) = p( o ) = u(y)

this implies that the marginal of x4 is the invariant measure p of the map Fj. Since
¢ does not depend on y, (H3) holds for F since it holds for Fy ( see, for instance,
30]).

The argument above together with the the tail expansion of py(wo > n) ( asso-
ciated with fy) obtained in [35, 41] shows that the conditions on the tail behavior
u(ep > n) (associated with the f ) stated in Lemma 5.1, (i)-(ii) are satisfied.

7 Banach spaces estimates in the non Markov set-
ting

Let f :[0,1]* — [0,1]* be the non Markov map (1.7) introduced in subsection 1.4.
Let Yo =Y = (1/2,1] x [0,1] and let ¢ : Y — Z7 be the return time to Y. Let
F = f¥ be the first return map and write F" = (FJ', G,,), for all n € N and F, = f{°,
where (g is the first return time of fy to Xy = (1/2,1]. In this section we show that
F satisfies (H1-H5) for some appropriate function spaces B, 3, described below.

In what follows we use the notation introduced in Section 6 for the study of the
Markov example (1.3) keeping in mind the new definition of fy, f, Fy, F'. Note that,
for functions that depend only on z, the Banach space in the previous section was
essentially reducing to the space of Lipsichtz functions. Here instead it will reduce to
BV'. This is natural, since BV is the standard Banach space on which to analyse the
spectrum of the transfer operator of a piecewise expanding map.
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7.1 Banach spaces

Consider the set of test functions D, = {¢ € C°([0,1)%,C) | [[¢(z,)|lca <
1, for almost all 2} and Dg = D, N Lip.* With this, given ¢ € (%,1], for all

h € BV we define the norms

Ills, = sup / heo
Y

¢€D1+q

1hllo = sup/h~¢
¢€Dy JY

bl = sup /h-c?xgb
Y

$€DY |,

and set |25 = [|h|l1 + [[~]lo-
Lemma 7.1 For each h € BV we have

1Plls., < lIAlls < [[Rllsv-

Proof The first follows from ||h||, < ||%|lo, which is obvious since he sup is taken
on a larger set of functions. To see the second for each ¢ € DY L let @ = (9,0) €
C°([0,1]%,C?). Then, for each h € BV,

lh|s = sup /h@xgb: sup /hdiV(I)S sup /hdiV<I>:||h||BV,
\

$eDy $eDy, [Pl o<1

where, in the last equation, we have used the definition of the BV norm in any
dimension [15]. |

We can then define the Banach spaces B,,, B obtained, respectively, by closing
BV with respect to || - ||z, and || - ||s. Note that such a definition (together with
Lemma 7.1) implies BV C B C B,. In fact, the next Lemma gives a more stringent
embedding property.

Lemma 7.2 The unit ball of B is relatively compact in B,,.

Proof For each ¢ € DY, define ¥(x,y) = fl‘r/? é(z,y)dz. Next, for each ¢ > 0 define
ay = % + ke and consider the piecewise linear function

ag

0(x,y) = ¢(z,y)dy+x_€ak / " o(z,y)dz.

1/2 ag

8 By Lip we mean the set of Lipsichtz functions.
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One can easily check that e (¥ — ) € D;,,. Thus, for each h € BV belonging to
the unit ball of B, we have

/thﬁzfyharxp:/Yhax<x1/—e)+/yhax9:/Yhax9+0(a).

Setting oy (y -1 fa’““ (z,y)dz we have ||agl|ci+e« < 1 and

29) = Ly (@)ak(y).

We can set b; = €5 and define

_ ag(bjr1) — ar(b;)
U(y) = au(by) + = .

— Z Loy ap (@) (y).
k

Note that e71[0,0 — (] € D,, thus

/thb:/thJrO(a)

To conclude note that, by construction, for each ¢ the functions ¢ belong to a uniformly
bounded set in a finite dimensional space (hence are contained in a compact set). This
implies that, for each ¢ there exists a set of {¢;} such that

[ we
Y

By the standard diagonalization trick the above suffices to prove sequential compact-
ness which implies compactness since B, is a metric space. |

(y — bj> for all Yy E [bj, bj+1]

Ilh||B, < sup + O(e).

i<N.

7.2 Lasota-Yorke type inequality

In the remaining of the paper, R stands for the transfer operator associated with F'
defined by 6.6 (with the current definition of F'). With this specified we state

Lemma 7.3 For each h € BV and z € D, we have

17(z)hls. < [=llA]s.,
I1R(2)hlls < max{2A™", A™}2][|All5 + C|z[|Al|s, -
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Proof For each ¢ € D14, and h € BV we have

/YR(Z)h-qs:/Yhz%oF.

Note that, for almost all x € (1/2,1], ¥,(-) = 29°@¢ o F(z,-) is a O+ function by
condition (1.10). Moreover, |[¢|c1+« < |z| by the stable contraction of F'. Hence,

the first inequality follows.
If we have ¢ € D,

/YR(Z)h-qs:/Yh(z%oF_eZH/yhez,

where 0,(z,y) = 29°@¢ o F(x,0). Note that, for almost all z € (1/2,1], ||z¥®)¢ o
F(z,) = 0,(x,")|lcs < A79z], while [|0,]|ci+s < |z|. Hence, N|z|![z¥¢po F —0,] € D,
and |z|7'0, € Dy4,. Accordingly,

/ R(Z)h-cb‘ < 3)2l[1Allo + =1 lhlls..
Y

To conclude, let ¢ € DY, . Then

/Y R(2)h - 8,6 = Z /Y hz?(9,¢) o F.

Since F' € C? in each Y}, we compute that

¢;—/F = [0.0)] o F + AR
0

Oz
£y

+poF-0,(F) " (7.1)
First of all, notice that there exists C' > 0 such that C™'2%¢ o FO,(F})™' € Dy,

Next, let 0, (z,y) = zwo(@amog(a;))-azc(x,o). Notice that [|6,||ci+« < |z] and

0,00 F-0,G
Ey

| 6.] e,

Putting the above together,”
Z/ ho, {Z@QbOIF}
5 7Y o

Since ¥ := z‘”‘b;—F is discontinuous it does not belong to D

0
problem we introduce appropriate counter terms.

<

+ 27z |Allo + Cl=l 1Al 5,

/Y R(:)h - 0,6

0

14q" To take care of such a

9 Note that ¢ is constant on each Y; and hence can be moved inside the derivative.
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Remark that each Yj is the union of, at most finitely many, connect sets of the
form Y}, = [ajm, bjm] % [0, 1] for some a;, b;m € [0,1]. On each Yj,, we define the

function
\I[(bj,ma y) - \Ij(aj,ma y)

bjm — @jm

gj,m(‘% y) - ‘I/<aj,m7 y) + (‘T - aj,m)v

and £ =3, Ay, €. Note that I) = {x € I, : po(z) > 1} consist of one single
interval. Thus fo(];) 0,17 is the union of intervals whose image will eventually
cover all (3, 1] apart, at most, for two intervals at the boundary of fo(I;). By the
usual distortion estimates this implies that there exists a constant C' > 0 such that,

for all but finitely many of the above mentioned intervals [a; ,, b; ], have
[bjam = ajm| > CI(FF) (ajm)] "

But then the same estimates, possibly with a smaller C', for all intervals.

The above considerations together with condition (1.10) imply that o ‘(‘If () e
DY, , while C~'0,( € Dy, We can then conclude
/ R(2)h - 0,¢| < max{2A~", A~} z[|h[|s + Clz 125,
Y
|

7.3 Checking Hypoteses (H1)-(H5)

In this section we check the hypotheses needed to apply the abstract theory. As many
arguments are similar to the ones in Section 6 we will go over them very quickly.
By Lemma 7.1 C' ¢ BV c B C B,. Moreover, if h € C*

\ / h¢‘ < hlls [9llcrse.

Hence, B,, C (C'*?) and (H1)(i) is satisfied with « =1 and v =1+ g¢.

Next, let us discuss (H2). In fact, for later Convenience, we will prove a slightly
stronger result. Note that the connect components of »~'(Y) have the form E =
(a,b) x [0,1] for some (a,b) C (1/2,1]. Hence, for all ¢ € D?

/h¢ /ha / ol < [|hlls

< ||hlls|b = af = ||hlls m(E

1+q>
/ o(t, ) g(t,-)dt

Hypothesis (H3) does not depend on the Banach space; it is rather an assumption
on the map, and is proven as in Section 6.

Next, we look at the hypotheses involving the transfer operator. Note that, for
h € BV, R(z)h might fail to be in BV due to possible unbounded oscillations in the

Clta (72)
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vertical direction. Thus, even though the B norm of R(z)h is bounded by Lemma
7.3, the function R(z)h might fail to belong to B, since the latter is defined as the
objects that are approximated by BV function. Note however that R,h € BV for

each n € N.'? Since
2)h = Z 2"Ryh

it follows that (H4)(i) implies R(z)(BV') C B, and hence (H1)(ii).
We proceed thus to prove the, stronger, (H4)(iii). Let ¢ € D,, then

/Rnlw:/h(qﬁoF]lyn —0)+/h0,

where 6(z,y) = ¢ o F(x,0)1y, (2,0). Note that, for almost all z, by (1.9),
|0 F(x, )Ly, (2,) = 0(z,)]lca < [y, 0,G|%, < Cm(Yn),

where we have used the limitation on the possible values of ¢.!' Thus, since Y, =
[an, by % [0, 1], arguing as in (7.2),

1 [ h¢‘<||h||00m + [ne. [0 < clplamy,)

This takes care of || R,hllo. Next, let ¢ € DY, . Arguing like in the proof of Lemma
7.3 we obtain

'/Rnhqﬁ‘ = Z/m h(0y¢) o F
L ) e

Then, again as in Lemma 7.3, we introduce 6,, linear in x, so that the functions

1y [M - Qm] are continuous. Remembering (1.9) and (1.10) we readily obtain

n,m Fé
‘ / Ryh - 0,0

from which the hypothesis follows.

The proof of (H1)(iii) and (H5)(ii) goes more or less as in the Markov case (with
trivial changes due to the different norm) once one remembers the topological mixing
assumption of f. Lemma 7.3 proves (H5)(i).

< Cm(Yy)||h]lo + Cm(Yy) |||

10 This follows since 1y, is a multiplier in BV and, for each smooth function 7': Y,, — Y, h € BV
implies hoT € BV.
1 In fact, here is the only place were such a condition is used.
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