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ABSTRACT. We prove exponential decay of correlations for a realistic model of
piecewise hyperbolic flows preserving a contact form, in dimension three. This
is the first time exponential decay of correlations is proved for continuous-time
dynamics with singularities on a manifold. Our proof combines the second
author’s version [30] of Dolgopyat’s estimates for contact flows and the first
author’s work with Gouézel [6] on piecewise hyperbolic discrete-time dynamics.

1. INTRODUCTION, DEFINITIONS, AND STATEMENT OF THE MAIN THEOREM

1.1. Introduction. Many chaotic continuous-time dynamical systems posess an
ergodic physical (or SRB) measure [49], the simplest case being when volume is pre-
served (and ergodic). When such systems are mixing, it is natural to ask at which
speed decay of correlations takes place, for Holder observables, say. Controlling
the rate of decay of correlations is notouriously more difficult for continuous-time
than for discrete-time dynamics: For mixing smooth Anosov (uniformly hyperbolic)
flows, exponential decay of correlations was obtained only in the late nineties, in
dimension three (or under a bunching assumption) in a groundbreaking work of
Dolgopyat [20], while the analogous result for Anosov diffeomorphisms had been
known for almost twenty years, see e.g. [49]. Dolgopyat’s result implies that ge-
odesic flows on surfaces of variable strictly negative curvature are exponentially
mixing, a generalisation of the result in constant negative curvature ([34], [36]) ob-
tained more than a dozen years before. Liverani [30] was then able to discard the
bunching assumption when the flow preserved a contact form, generalising Dolgo-
pyat’s result to geodesic flows on manifolds of variable strictly negative curvature
in any dimension.

Some natural chaotic systems are only piecewise smooth. The most prominent
example is given by dispersive (Sinai) billiards (see [16] and references therein).
Exponential decay of correlations was obtained for a discrete-time version of the
billiard (and other piecewise hyperbolic maps) by Young [47] (see also the work of
Chernov [13]-[14] and earlier work of Liverani [29] on piecewise hyperbolic maps).
For the actual billiard flow, only a stretched exponential upper bound is known,
recently proved by Chernov [15]. (Since then, Melbourne [33] has proved super-
polynomial decay of correlations — a weaker result — in a more general setting.)
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Some results of exponential decay of correlations for piecewise hyperbolic flows
or semi-flows do exist, but under assumptions which avoid the main difficulties,
making them unfit for generalisation to realistic flows with singularities (such as
the Sinai billiard): Baladi—Vallée [9] extended Dolgopyat’s results to some systems
with infinite Markov partitions, but although this idea could later be applied to
Teichmiiller flows ([2]) and Lorenz-type flows ([1]), it does not seem applicable to
billiards (in the infinite Markov partition given by Young’s tower [47], the relation
between the metric and the initial euclidean structure is lost, making it impossible
to exploit uniform non joint integrability). Stoyanov [39] obtained exponential
decay for open billiard flows, where the discontinuities in fact do not play a role,
and for Axiom A flows with C! laminations [40].

We believe that a new approach is needed to attack exponential decay of corre-
lations for chaotic flows with singularities. Most proofs ! of exponential decay of
correlations for a map F', or a flow T}, boil down to a spectral gap for a transfer
operator (or a one parameter semigroup of operators). Classical approaches [47]
first reduce the hyperbolic dynamics F' or T; to an expanding Markov system, and
a great amount of information is lost in this procedure. We think that studying the
original transfer operators
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on a suitable space of (anisotropic) distributions on the manifold will be the key to
obtaining exponential decay of correlations for many systems which have resisted
the traditional techniques.

Appropriate anisotropic Banach spaces were first introduced by Blank, Keller,
and Liverani [11] to give a new proof of exponential decay of correlations for smooth
Anosov diffeomorphisms (as well as other results). This approach was developed
in the next few years for smooth discrete-time hyperbolic dynamics by Baladi [3],
Gouézel-Liverani [23]-[24], and Baladi-Tsujii [7]-[8], and more recently for some
smooth hyperbolic flows (Butterley-Liverani [12], Tsujii [45] [46]). Except for the
Sobolev—Triebel spaces used in [3] (where a strong assumption of regularity of the
dynamical foliation was required), it turns out that the Banach spaces appropriate
for smooth hyperbolic dynamics are not suitable for systems with discontinuities,
because multiplication by the characteristic function of a domain, however nice, is
not a bounded operator for the corresponding norms. For this reason, we unfor-
tunately cannot exploit directly Tsujii’s [46] remarkable work on smooth contact
hyperbolic flows, which would give much more than exponential decay. Very re-
cently, new anisotropic spaces which satisfy this bounded multiplier property were
introduced by Demers-Liverani [18] and Baladi-Gouézel [5]-[6] to obtain in partic-
ular exponential decay of correlations for various piecewise hyperbolic maps. The
approach of [5]—[6] consists in adapting the Sobolev—Triebel space results of [3] to
the piecewise hyperbolic case, exploiting a key work of Strichartz [41], and using
families of (noninvariant) foliations to replace the actual stable foliation, which is
only measurable in general for piecewise smooth systems.

In the present paper, building on the analysis from [6], we introduce anisotropic
spaces adapted to piecewise hyperbolic continuous-time systems. Using these spaces,
we then adapt Liverani’s [30] version of the Dolgopyat estimate for Anosov contact
flows to obtain the first result of exponential decay of correlations for hyperbolic

Ly

LAn important exception is given by the “coupling” methods introduced in this context by
L-S.Young in [48] and greatly generalised by D.Dolgopyat in [21] giving rise to the “coupling of
standard pairs” method. See Chernov and others [16] for a review on how to obtain exponential
mixing for the discrete-time Sinai billiard via coupling of standard pairs. Implementing this
strategy for flows, let alone the billiard flow, does not currently seem an approachable task.
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systems with (true) singularities. Our result applies to various natural examples
(Subsection 1.3), and we explain in Remark 1.6 below how close we are to solving
the actual Sinai billiard flow problem.

After this paper was completed, we learned that Demers and Zhang [19] obtained
a spectral proof of exponential decay of correlations for the discrete time Sinai
billiard.
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1.2. Definitions and the main theorem. In this subsection, we state our main
result and outline the structure of our argument (and of the paper), ending by the
main formal definitions.

Let Ty : Xg — X be a piecewise C? cone hyperbolic flow defined on a closed
subset Xy of a compact d-dimensional (d = 2k +1 > 3) C* manifold M (see
Definition 1.3, and note that Xy is the union of finitely many closed flow boxes).
Let o be a C? contact form on M. Recall that a flow generated by a vector field V/
is the Reeb flow of a if V € Ker(do) and o(V') = 1. This implies 4 «(DT,v) = 0 for
each v € TM, i.e., the flow is contact. Assume also that T} is the Reeb flow of a.. In
particular, T} preserves the volume dx = AFda A a, and |det DTy| = 1. If M = X,
and T is a hyperbolic geodesic flow, or more generally an Anosov flow preserving a
contact form , then T} is the Reeb flow of a, up to replacing o by a(V)~ta, where
V is the vector field generating the flow, see [45, p. 1496 and §2]. More generally, in
Appendix A we show that all ergodic piecewise smooth hyperbolic contact flows are
Reeb. (For example, a billiard flow with speed one is the Reeb flow of the contact
form pdg.)

Our main result is the following theorem (its proof can be found at the end of
Section 3):
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Theorem 1.1 (Exponential mixing for piecewise hyperbolic contact flows). Let
M be a compact 3-dimensional manifold. Let T, be a piecewise C? cone hyperbolic
flow on a closed subset Xy of M, which is the Reeb flow of a C? contact form a.
Assume in addition that Ty is ergodic for dx, that complexity grows subexponentially
(Definition 1.5), and that T} satisfies the transversality condition of Definition 1.4.
Then for each & > 0 there exist K¢ > 0 and o¢ > 0, so that for any C* functions
1,92 : M — C

|/¢1(1/J20Tt)d$—/¢1 d$/¢2 dz| < Kel|tn || e ||zl cee €%, Ve >0.

Our proof is based on a spectral analysis of the linear operator L1 = 1 o T4,
defined initially on bounded functions, e.g. (By definition, £} preserves dx.) The
strategy, following [30], is to study £ as an operator on a suitable Banach space
H of anisotropic distributions, and to prove Dolgopyat-like estimates. Just like in
[30], we do not claim that the transfer operator £, associated to the time-one map
T; has a spectral gap. However, the resolvent method we adapt from [30] gives us a
precise description of the spectrum of the generator X of the semigroup of operators
L; in a half-plane large enough to deduce exponential decay of correlations (see
Corollaries 3.6 and 3.10). The spaces ﬁ;’s’q that we shall use are a modification
(see Subsection 2.2) of the spaces H® (s < 0 < r and 1 < p < oo) of [6] for
piecewise hyperbolic maps (the spaces in [6] generalise earlier constructions in [5]
and [3], more directly related to standard Triebel spaces). In particular, the norm
is defined by taking a supremum over a class of admissible foliations (which are
compatible with the stable cones and satisfy some regularity property). The main
difference between Hp* and ﬁ;’s’q, is due to the direction of the time that must be
added to the foliation class (leading to the additional regularity parameter ¢ > 0).
As a consequence the proof of the key Lemma 3.3 from [6] (invariance of the class of
admissible foliations under the action of the dynamics) had to be rewritten in full
detail, because a new phenomenon appears in continuous time (see Lemma C.2): We
get invariance only modulo precomposition by a perturbation A limited to the flow
direction. This can be dealt with, up to a worsening of the regularity exponents
in the time direction (Lemma B.8). It follows that the “bounded” term in our
Lasota-Yorke bound (Lemma 3.1) is not really bounded. The “compact” term in
the Lasota—Yorke bound is not compact either, due to a loss of regularity in the flow
direction of a more elementary origin (see Lemma 4.1), which also played a part
in Liverani’s [30] proof. Like in [30], we may overcome these problems because we
work with the resolvent R(z) = fooo e~ *'L; dt which involves integration along the
time direction. A price needs to be paid, in the form of a power of the imaginary
part of z in the estimates, see Lemma 3.4, and note that our Lasota-Yorke estimate
for the resolvent is Lemma 3.8. Another difference with respect to [6] is that we
need to decompose the time t, taking into account the Poincaré maps and the
return times, so that the proof of the Lasota-Yorke estimate Lemma 3.1 needs to
be rewritten in full (the use of the Strichartz bound Lemma B.2 in the argument is
also a bit different). With respect to Liverani’s argument [30] for contact Anosov
flows, the key Dolgopyat estimate Lemma 6.1 (leading to Proposition 3.9) uses the
same idea of “averaging in the (un)stable direction” (see the definition of A in
Section 5). The main nontrivial difference is that, to prove Lemma 6.1, instead of
the actual strong stable foliation W* used in [30], but which is only measurable in
the present setting, we work with “fake stable foliations” which lie in the stable
cones and belong to the kernel of the contact form. This is possible because the
arguments in [30, §6, App B] (in particular Lemma B.7 there) do not require the
fact that W* is the actual invariant foliation of the flow. What matters is that the
contact form « vanishes along the leaves of the fake stable foliation.
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This is why, although the contact assumption is not needed for smooth Anosov
flows in dimension three [20] since the foliation is C! (by this we mean that the
tangent space to the leaves vary in a C'! manner), the contact assumption is essen-
tial in the present setting, where the foliation is only measurable. In fact, we show
in Appendix D that, locally, one can effectively approximate the unstable foliation
by a Lipschitz foliation, yet this alone does not suffice to apply Dolgopyat’s argu-
ment. The contact form is our leverage towards the lower bounds which yield the
“oscillatory integral”-type cancellations we need.

For smooth contact flows it is well-known [27, Thm 3.6] that ergodicity implies
mixing, and a similar result holds for two-dimensional dispersing billiards ([16, §6.9]
and references therein). Yet, we are not aware of such a general theorem for contact
systems with discontinuities, even though it is probably true. In any case, we do not
deduce mixing directly from ergodicity and the contact property: In our uniformly
hyperbolic setting it follows from the Dolgopyat estimate, Lemma 6.1, which gives
our stronger spectral/exponential mixing result. (Our proof is thus organised a bit
differently from [30], where mixing was given by [27, Thm 3.6].)

We emphasize also that Lemma 6.1 does not involve the anisotropic norms:
It is formulated as an upper bound on the supremum norm, with respect to the
supremum and H! norms. We are able to exploit this upper bound by using the
fact that our spaces ITI;;O’O (when s = 0 and q = 0) are isomorphic to the ordinary
Sobolev spaces H,;, and by using mollification operators (see Section 5), and Sobolev
embeddings. Finally, note that we restrict to the three-dimensional setting in this
work to simplify as much as possible the intricate estimate in Section 6. The other
arguments hold in general odd dimension d > 3, and do not become shorter or
simpler for d = 3. We hope that the three-dimensional assumption limitation can
be removed (bunching, however, is necessary with the present technology, as in [6],
to prove invariance of admissible charts, see Appendix C).

The paper is organised as follows: Subsection 1.3 discusses a simple class of
examples to which our result applies. After introducing the anisotropic Banach
spaces in Section 2, we show in Section 3 how to reduce our theorem to Lasota-
Yorke estimates (Lemma 3.1) and Dolgopyat estimates (Proposition 3.9, which
hinges on Lemma 6.1). Lemma 3.1 is proved in Section 4. In Section 5 we study
mollification operators M., and stable-averaging operators As. These operators
are used to reduce to Lemma 6.1, the bound in Section 6, which is the heart of
the paper. In Section 6, we follow the lines of [30, §5, §6], but we must take into
account the fact that our Banach spaces are different. Section 7 contains the proof
of Proposition 3.9. Finally Appendix A contains some useful facts about contact
flows and changes of coordinates, Appendices B and C detail several basic results
needed to construct and study our Banach spaces, and Appendices E and D contain
constructions fundamental for the arguments in Section 6.

We end this subsection by defining piecewise C? cone hyperbolic flows and the
assumptions needed for our theorem.

Definition 1.2 (Cones in R?). A k-dimensional cone in R?, for an integer 1 < k <

d — 1, is a closed subset C of R? so that there exists a linear coordinate system
R?* x RF and a maximal rank linear map A : R¥ — R? for which

(1.1) C={(z,y) e R"F xR [ |a| < |Ay[}.
In particular 2, a cone C has nonempty interior, it is invariant under scalar multipli-

cation, and its dimension is the maximal dimension of a vector subspace included
in C. If C is a k-dimensional cone in R? and C’ is a k’-dimensional cone in R? (not

2See [6, Def. 2.1] and the remark thereafter for a more general notion of cone and the corre-
sponding notion of transversality.
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necessarily for the same coordinate systems), we say that C and C’ are transversal
if CNC’ = {0}. We say that C(w) depends continuously on w if both the coordinate
system and the map A(w) depend continuously on w.

Note that in our main application to three dimensional flows, only one-dimensional
cones are needed.

Let M be a smooth d-dimensional compact manifold, with d = d,, + ds + 1, for
integers d, > 1, dg > 1. Again, the reader only interested in the application to
three-dimensional flows can focus on visualising the case d, = ds = 1. (It would
not shorten the exposition to restrict to that case.)

Definition 1.3 (Piecewise C? cone hyperbolic flows). A measurable flow T} : X —
Xy is a piecewise C? hyperbolic flow on a closed subset Xy of M if there exist
€0 > 0 and finitely many codimension-one C open hypersurfaces {O;,i € I} of M,
uniformly transversal to the flow direction, and for each i € I, there exists J; C [
so that:

(0) For each j € J; there exists an open subset (in the sense of hypersurfaces)
0;; C O; so that O; = Ujes,0;,; (modulo a zero Lebesgue measure set), this
union is disjoint, and each boundary 90 ; is a finite union of codimension-two C*
hypersurfaces. For each j € J; there exists a C? real-valued and strictly positive
function 7; ; defined on a neighbourhood 6” of O; ; (as hypersurfaces), so that

Tt(w) S Xo, Yw € Oi,j ,Vt c [0,7'7;5]‘(2)) s TT.

i) (W) €05, Vw € Oy 5,
and, setting,
Bi’j = Uzeoi,j UtG[O,'ri,j(z)) Tt(z) s

the sets B; j, 1 € I, j € J; (called “flow boxes”) are two by two disjoint, and
Xo = Ujer Ujey, B;;j (modulo a zero Lebesgue measure set).
For w € B, j, we let z(w) € O; ; and t(w) € (0,7; ;(2(w)) be such that
(1.2) w = Ty (2(w)) .
Note that 7; ; is the restriction to O; ; of the first return time of 7} to the section

My := U Oy .

(1) For each j € J; there exists a neighbourhood Eu of the closure of the flow
box B, ; and a C? flow T} ;; defined in Eu such that for each w € B; ; and every
t such that Ty(w) € B;; we have Ty(w) = T;;+(w). In addition, there exists a
neighbourhood O; ; in M of the closure of O;; so that T: (w)(w) : Oi5 — O
extends to a C? map P : élj — M, which is a diffeomorphism onto its image.
The C? map

Pij=Pijls,,
restricted to O, ; is the first return (Poincaré) map to the section M.

(2) For each j € J;, there exist two continuous families Ci(j;-)(w) and CZ-(;)(w)

of cones on B; ;, where Cl(?)(w) C TwM is d,-dimensional, Cf’sj-)(w) C TyM is
ds-dimensional, and, denoting the flow direction by flowdir(w) C T, M,

(u) (s) _ (u) ; _ ; (s) _ .
Ci/(w)NC 7 (w) ={0}, €5 (w)NHowdir(w) = flowdir(w) N C; ;' (w) = {0} ;
in addition, for any too > 0, there exist a smooth norm on T'M and continuous
functions X; j : Bij — (1,00) and A, j s : B;; — (0,1) such that, for each w € B;;
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and each t € (too,7i,;(2(w)) — t(w)], letting (k,€) be * such that Tj ;:(w) € By,
we have

DT, 54 (w)C{™ (w) € CL") (T, 54 (w)) and | DTy 1 (w)v] = A (w)]o],

R
for all v € Ci(j;»)(w), and

DT (T gt (w))C ) (T e (w) € €8 (w) and | DT (T e (w)v] > AL (w)]o]

1,35t ] 4,458

for all v € C,(;z (w).

We must still formulate the transversality and complexity conditions. We shall
do this at the level of the Poincaré maps P; ;.

Forn > 1, and i € I"*!, we let P = P,
neighbourhood of O; C My, where O;;,
(13) O(io»--win) = {Z € Oi07i1 | ‘Pioi1 (Z) € O(h,--.,in)} .

Conditions (0)-(1)-(2) imply that for each iterate of the Poincaré map P, and

every z € Oj, there exist weakest contraction and expansion constants /\f?(z) <1

0---0 which is defined on a

n—11n 10%19

) = Oio,i17 and

and )\ST;) (z) > 1, and a strongest expansion constant AETL)(Z) > )\EZ)(Z) We put
As,n(2) = sup )\fns)(z) <1, Aun(z)=inf )\fr;)(z) >1.

We can now formulate the bunching condition on a piecewise C? hyperbolic flow:
For some n > 1

(14) s (AR <1
ielm,ze My ’ ’ ’
(The bunching condition (1.4) is automatically satisfied if d,, = 1, which implies

that AEZ)(,Z)/)\EZ)(,Z) tends to 1 as n — oo, uniformly.) If (1.4) holds for n, there
exists 5 > 0 so that

(15) s (A AR e ) <1,
ielI™ ze My
(It is in fact the above condition (1.5) which appears in our argument.)

As is usual in piecewise hyperbolic settings (see e.g. [47]), we assume transver-
sality and subexponential complexity. In view of the transversality definition, it is
convenient to assume that the cone fields CZ-(Z-) do not depend on ¢ and j, i.e., they
are continuous throughout (see [6] for an alternative definition of transversality in
the general case, and Remark 2.4 there) and we shall do so. (This allows us to use a
simplified definition of the norm (2.18), and is useful also in the proof of Lemma 3.4
below: Otherwise a further argument is needed since we cannot apply Strichartz’
result [41], [5] for ¢ = 1, except if we have continuity at least in the time direction.)

Definition 1.4 (Transversality). Let T} be a piecewise C? hyperbolic flow. We say
that the flow T} satisfies the transversality condition if
e the cone fields Cffj) do not depend on 4, j;
e cach 9O, ; is a finite union of C' hypersurfaces K j ., the image of each
of which by the Poincaré map is transversal to the stable cone (i.e., for
all z € K; j 1, the tangent space T (P; ;(K; ;1)) contains a d,-dimensional

subspace which intersects C,i(s) only at 0).

3Note that either (k,£) = (4, 7), or t = 7; ;(w) with T} ; ;(w) € Op¢ for k= j and £ € J;.
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Definition 1.5 (Subexponential complexity). Let T; be a piecewise C? hyperbolic

flow. For n > 1 and i = (ig,...,4,) € I"T!, set
Db = max Card{i = (io,...,in) | z € Oi},
z€My
and

Df = max Card{i = (g,...,in) | 2 € P"(O5)}.
z€Mpy

We say that complexity is subexponential if

(1.6) lim sup — ln(De) =0 and limsup — ln(Db) 0.

n—roo n—oo

1.3. Examples. We present a simple example to which our main theorem applies.

Given M = T? x R and 7 € L*°(M,R), we define the set Xo = {(x,y,2) € M :
(z,y) € T2,z € [0, 7(x,y)]}-

To define the dynamics we consider a piecewise C? hyperbolic symplectic (with
respect to the symplectic form dx A dy) map f : T? — T?. Let 7 : [0,1]> — R,.
Let {O;} be the domains on T? in which f is smooth and define O; = {(z,y, 2) €
M : (z,y) € O;, z = 0}, we assume that the O; are simply connected and that f
has a C? extension in a neighbourhood of each 0.

We now define the flow on Xg by

Tt(x,y,z) = (l‘,y,Z +t)
for all t € [0, 7(x,y) — 2), while
Tr(x,y)—z(x,yvz) = (f(wvy)ao) = (fl(l'vy)a fQ(x,y)vo) .

The contact form is the standard one: o = dz — ydx. In order to check that « is
preserved by the flow, we must ensure that the form does not change while going
through the roof. A direct computation shows that this is equivalent to requiring

Ot =y — fo(z,9)0: fr(2,y) = a,

Oyt = —fo(x,y)0y fr(z,y) =: b.
By the symplecticity of f it follows that a dx + bdy is a closed form, and hence 7
is uniquely defined on each O; apart from a constant. In particular, we can chose
such constants as to ensure that there exists 7_ > 0 such that inf7 > 7_. We

have thus a piecewise smooth contact flow. The sets O; ; are defined in the obvious
way, and P; ; . . If the map f is uniformly hyperbolic, then one can define

continuous cones C“J C R? that are mapped strictly inside themselves by df and
such that each vector in them is expanded at least by some A > 1. We can then
define the cones Cf';(2,y,2) = {(n,£,0) € R® : (n,€) € C;(x,y),d[¢] < [|(n, )}
One can verify that this cone family is strictly invariant under the Poincaré maps
and that the Poincaré map is hyperbolic, provided ¢ is chosen small enough. The
transversality hypothesis is then satisfied by the flow if it is satisfied by the map f.

Next we provide an open set of examples in which this construction yields a flow
that satisfies all our hypotheses, many other similar examples can be constructed.
Consider the map fo : T? — T? defined by

f(wy):{(x+y72+3y) mod 1 for z € [0,1),y € [0,1 — 2]

(x+y,2—|—3—y—%) mod 1 forze0,1),ye (l—ux,1).

Note that any cone of the type C, = {(z,y) : |z —y| < a|z + 2y|} is strictly
invariant. In particular D foCo C Ca 4 To prove hyperbolicity one can first define
the norm ||(z,y,2)|| = ||(z,y)| + d|¢| under which T;((z,y,z) is hyperbolic for

4The eigenvalues of the matrix are 2 for eigenvectors (1,1) and (1, —%) One must write

bl 2’
the cone is such coordinates to have standard form used in Definition 1.3.
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t > 7(z,y) — z, provided a,d are small enough. Then one modifies the norm as to
distribute the expansion and contraction in the return map evenly between (x,y,0)
and (x,y,7(z,y)). The discontinuity manifold is given by {y = 1 — x}, while the
discontinuity line of the inverse map is {x = 0}. Note that the discontinuity is not
contained in the cone Cy, while its image is contained in Cy, thus, by defining the
Poincaré map to be some higher power of fj, the transversality holds. Since such
properties are open, they hold also for all maps f = fy o ¢, where ¢ : T2 = T2 is a
smooth symplectic map sufficiently close to the identity. For such maps, we have
thus both transversality and also subexponential complexity growth since we can
apply Theorem 2 of [35].

The only property left to check is ergodicity. This follows from the ergodicity of
f that can be proved by applying the Main Theorem in [32, sectionT].

Remark 1.6. Our original motivation was to understand billiard flows (in dimension
two, i.e., the flow acts on a three-dimensional manifold), let us explain now how
close we are to this goal: Sinai dispersive billiard flows are of course contact flows.
It follows from well-known results (see e.g. [16]) that the ergodicity, transversal-
ity, and subexponential complexity assumptions are satisfied for the flows of two-
dimensional Sinai dispersive billiards with finite horizon. Sinai billliards are piece-
wise cone hyperbolic (see [16], and also [32, Section 3|, noting that our Poincaré
map P;; includes the contribution of what is called the “collision map” T" there),
except for the requirement that the flow is smooth all the way to the boundary of
the domains B;; (billiards flows are smooth on the open domains, but their deriva-
tives blow up along some of the boundaries). This is a nontrivial difficulty, and
we hope that the tools being developed in [4] will allow to solve it eventually. It
should be remarked that some other natural examples suffer from the same “blowup
of derivatives along boundaries” problem that affects discrete and continuous-time
billiards, and hence do not fit in our framework: For example, consider a compact
connected manifold partitioned in regions B; with nice boundaries. Put on each
region a different metric, all with strictly negative curvature, and consider the re-
sulting geodesic flow. Generically, there will be geodesics tangent to the boundaries
of the regions with non degenerate tangency. If we now consider a geodesic in B;
tangent to the boundary between B; and B;, then there exists an e-close geodesic
that will spend a time /¢ in Bj, and this means that the derivative of the flow
at the boundary will be infinite, exactly as in the case of tangent collisions for
billiards. Thus our result does not applies to examples obtained as patchwork of
different geodesic flows, unless the cutting and pasting is done in the unitary tan-
gent bundle (rather than on the manifold), where one can easily construct regions
with boundaries uniformly transversal to the flow.

2. DEFINITION OF THE BANACH SPACES H}*9(R)

Throughout the paper Cx denotes a generic constant that may vary from line
to line.

Let g € (0,1) satisfy (1.5). For p € (1,00) and real numbers r, s, and ¢, we
shall introduce in Subsection 2.2 scales of Banach spaces H};*?(R) of (anisotropic)
distributions on M, supported in Xy, and parametrised by 3, p, r, s, ¢, and a
large zoom parameter R > 1, and auxiliary real parameters Cy > 1, C; > 2C).
When the meaning is clear, we write H)*9(R), or just Hy*?. Just like in [6],
the spaces will depend on the stable cones and® on 3. In Lemma 3.2, we prove

5See (C.1) in Appendix C for the use of 8, which will also play a role later in the compact
embedding Lemma 3.2.
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that H;%9(R) is isomorphic to the usual Sobolev space H;(Xo) on X, whenever
max(—3,—-1+1/p) <r <1/p.

2.1. Anisotropic spaces H,* in R? and the class F(z,C*) of local folia-
tions. In this subsection, we recall the anisotropic spaces H;*? in R? (generalising
those used in [5] and [6]), and we define a class of cone admissible local foliations in
R with uniformly bounded C! norms (in Lemma C.2 we show that this class is in-
variant under the action of the transfer operator). These are the two building blocks
we shall use in Subsection 2.2 to define our spaces of anisotropic distributions.
Let d =d, +ds + 1 with d¢ > 1 and d,, > 1. (Once more, the reader is welcome
to concentrate on the case ds = d,, = 1.) We write € R? as = (2%, 2°, 20) with

xu:(x17...71.du)7:L.S:(mdu+17"'7md—1)7m0:xd,

The subspaces {z%} x R% x {20} of R? will be referred to as the stable leaves in
R?, and the lines {(z%, 2°)} x R are the flow directions in R?. We say that a
diffeomorphism of R¢ preserves stable leaves or flow directions if its derivative has
this property. For C > 0 and = € R?, let us write
B(z,0) ={y e R! | [y* —a"| < C\[y* —2°| < O, |y° —2°| < C},
B(xu7xsvc) = {y € Rdu+d5 | |yu - xu‘ < C, |ys - xs‘ < C},
B(z",C) = {y" € R™ | [y* —2"| < C}, B(z*,0) = {y* € R" | |[y* —a°| < C}.
We denote the Fourier transform in R? by F. An element ¢ of the dual space of
R? will be written as & = (€%, £%,£%) with £€* € R%, ¢* € R% and ¢° € R.
The anisotropic Sobolev spaces Hj*% = H;*S’Q(Rd) belong to a class of spaces
first studied by Triebel [42]:
Definition 2.1 (Sobolev spaces Hp#% and Hj in Rd). For 1 <p < oo, r, s, and
q € R, let Hy®? be the set of (tempered) distributions v in R? such that

(2'1) ||’UHH;,"3"’ = ||F_l(a‘7',s7qu)HLp <,
where
(2.2) rys,q(€) = (L+ €12 + €512 + €912 /2(1 + [€°2)*/2 (1 + |€°1%) /2.

We set H) = HQO*O.

Triebel proved that rapidly decaying C*° functions are dense in each H,*4 (see
e.g. [5, Lemma 18]). So we could equivalently define H,** to be the closure of
rapidly decaying C*° functions for the norm (2.1). Triebel also obtained complex
interpolation results which apply to the spaces H}*9, see [5, Lemma 18]. Section
3.1 of [5] contains reminders about complex interpolation and references (such as
[10] and [43]). In particular, if B; and By are two Banach spaces forming a com-
patible couple [10, §2.3] and 0 < 6 < 1 is real then [By, Bs]y denotes their complex
interpolation [10, §4.1]. In Appendix B, we adapt the results in [6, Section 4] on
the anisotropic spaces used there to our current setting.

We next move to the definition of the cone-admissible foliations (also called
admissible charts). We shall work with local foliations indexed by points m in
appropriate finite subsets of R? (the sets will be introduced in Section 2.2). We
view 8 € (0,1] as fixed, satisfying (1.5), while the constants Cy > 1 and C; > 2C
will be chosen later in Lemma C.2 (see also the quantifiers for the estimate (4.3) in
the proof of the Lasota-Yorke-type bound Lemma 3.1). These constants play the
following role: If Cj is large, then the admissible foliation covers a large domain; if
(1 is large, then the leaves of the foliation are almost parallel. (We use the notation
F(m,C?, B,Cy,C1) introduced in [6], despite the fact that the spaces are slightly
different in view of the additional time direction.)
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Definition 2.2 (Sets F(m,C?, 8, Cy, C1) of cone-admissible foliations). Let C* be
a ds-dimensional cone in R, transversal to R% x {0} x R, let 3 € (0,1), let
1 < Cy < C1/2, and let m = (m*,m*,m°) € R Then F(m,C*,j3,Cy, C1) is the
set of maps

¢ = (ZSF : B(maCO> — Rda ¢F(xu7xs7m0) = (F(xu7xs)a1.57?(37“73787‘%0))7
where F : B(m*,m*,Cy) — R% and F : B(m,Cy) — R are C', with F(z*,m*) =

2%, Y|zt < Co, F(a¥,m®,2°%) = 2°, V[2°] < Cp, V]a¥| < Co,
(8o F ()0, 0, 0y F(z)0) € C°, Vv € R% V2 € B(m™,m*,m°,Cy),

and for all (%, z%,2°), (y*, y*,y°) € B(m*, m*,Cy), on the one hand

(23) DF(a*,#%) ~ DF(*, ) < 2V
1
u _ ,u|fB
(2.4) IDF(z",2°) — DF(y",2%)| < % :
1
and
(2.5)

|lz® — y* [Pzt — )P
c; :

|DF(z",2%) — DF(z",y*) — DF(y",2°) + DF(y",y°)| <

and on the other hand,

(2.6) Op, F(z", 2%, 2%) =1,
where, writing F(z*, 2°,2°%) = 2° + f(2%, 2°)
1) ID(w,a%) = Df ) <

One easily proves that the set F(m,C*, 8, Cy, C1) is large, adapting the argument
in [6], below Definition 2.8 there. We refer to [6, Remarks 2.10 and 2.11] for
comments on the conditions (2.3), (2.4) and (2.5), in particular, why they are
natural in view of the graph transform argument used in the proof of Lemma C.2.

The fact that F' does not depend on 20 is useful e.g. in Lemma 3.4. The
smoothness condition on f is new with respect to [6]. Beware that we shall need
to use Lemma B.8 below because of Step 2 in the proof of Lemma C.2, but that
Steps 4-5 of the same proof imply that we cannot force F(z*, x° 2°) = f(z°) in
general (which is intuitively clear: otherwise, all stable leaves would lie in planes
20 =constant, which means that the ceiling times are cohomologous to a constant,
a situation we do not allow).

The following lemma will justify our “foliation” terminology: The graphs

{(F(a",a*),a%, F(a",2°,2°)),2° € B(m®,Cy)}, a* € B(m",Cy), 2° € B(m®, Cy)

form a partition of a neighbourhood of m of size of the order Cj b, into sets whose
(ds-dimensional) tangent space is everywhere contained in C°. The maps F, F
thus define a local foliation, and the map ¢ is a diffeomorphism straightening this
foliation, i.e., the leaves of the foliation are the images of the stable leaves of R¢
under the map ¢r. (The conditions in the definition imply that the local foliation
defined by F, F is C1+L% along the stable leaves.) Note that the image of a flow
direction by ¢ is again a flow direction, parametrised at constant unit speed.

6Through the R-zoomed charts to be introduced in Section 2.2, this will correspond to a
neighbourhood of size of the order Cp/R in the manifold.



12 VIVIANE BALADI AND CARLANGELO LIVERANI

Lemma 2.3 (Admissible foliations are C1*# foliations). Let C* be a ds-dimensio-
nal cone which is transversal to R% x {0} x R. Then there ezists a constant
Cy depending only on C° such that, for any 1 < Cy < C1/2, and any ¢r €
F(m,C*?,3,Co,C1), the map ¢ is a diffeomorphism onto its image with

ID¢rllos < Cy and || Dot ,s < Cy-

Moreover, ¢r(B(m,Cp)) contains B(m,C’;lco).
The proof of Lemma 2.3 does not require (2.5).

Proof. Lemma 2.3 can be proved like [6, Lemma 2.9], using [6, Appendix A.1]. We
just explain how to show that the C'* norm of F' is uniformly bounded (the argument
for F is similar, using that C* is transversal to {0} x {0} x R and (2.7)): First, 8, F
is bounded since the cone C* is transversal to R%*1 x {0}. Next, F(z%, m®) = 2,
so that O u F'(z*, m®) = id, hence

(2.8) D0 Pz, %) —id] = O F(z", %) — Dy F(®, m?)] < =11 < €0

<1.
(& -
Finally, estimate (2.8) implies that DF is everywhere invertible, and its inverse has
uniformly bounded norm. U

2.2. Spaces of distributions. In this subsection, we introduce appropriate C?
coordinate patches r;, ;¢ = ¢ on the manifold and cones C; ; in R? (recall that the
flow is piecewise C?). Combining them with admissible charts in suitable families
F(m,C*%, ,Cy, Cy) we glue together the local spaces Hp;#1 via a partition of unity,
and, zooming by a large factor R, we define the space H;;*(R) of distributions.”

Definition 2.4. An extended cone C is a set of four closed cones (C*,C§,C*,C}) in
R? such that:
csnct={0};C°N ({0} x {0} xR) =C*n ({0} x {0} x R) = {0}.
C§ is ds-dimensional and contains {0} x R% x {0},
CY is d,-dimensional and contains R% x {0} x {0};
C§ \ {0} is contained in the interior of C*, C§ \ {0} is contained in the interior of C*.
Given two extended cones C and C, we say that an invertible matrix A : R?¢ — R4
sends C to C compactly if AC" is contained in C¢, and A~1C? is contained in C§.
For all : € I and j € J;, we fix once and for all a finite number of open sets
Ui jeo0 of M, for £ € N; ;, covering B; ;, and included in the open neighbourhood of
B; ; where the stable and unstable cones extend continuously (recall Definition 1.3).
Let also k¢ : Ui jeo — R, fori € I, j € J;, and £ € N, ;, be a finite family of
C? charts mapping flow orbits to flow directions, i.e., for each 7, each (z,t) with
z € 0;,; and each t in a neighbourhood of [0, 7; ;(z) — 7] (given by Definition 1.3)
so that T; ; - (z,t) € Ui je0
(2.9)
™, 2%)(2) € R st ki ju(Thjr(2,1) = (%(2), 25(2),0) + (0,0, 7 + 1),
(where the function (z%,2°)(-) is C?, recalling (2) in Definition 1.3), and so that
the images of the cones Ci(fj) and Ci(f;) satisfy
(2.10)
{0} x R% x {0} C Dk jo(w)C) (w), R% x {0} x {0} C Dry jo(w)C ™ (w), Yaw.

,J ,J

We shall take as “standard” contact form in R? the following one form
(2.11) oo = da® — zida .

"This is a modification of the space Hjy® in [6].
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We require in addition that each chart &, ; ¢ is Darboux (see [45, §2]), i.e., it satisfies

(2.12) ki jo(a) = ag.

(Condition (2.12) is used to study the averaging operator As in Section 5.)
Finally, for any fixed small top > 0, and each i € I, j € J;, let C; ; ¢ be extended

cones in R¢ such that, for every t > tgg and each x € Rd so that kg 4 g oTior; g /( )
is defined,

(2.13) D(kjr jrgr 0Ty 0o Ky 5 e)gC sends C; j ¢ to Cy js ¢ compactly.

Such charts and cones exist, as we explain now. Since the flow is hyperbolic
(recall (2) in Definition 1.3) and the image of the unstable cone is included in
the unstable cone, small enlargements of the unstable cones are sent strictly into
themselves by the map T; for any ¢t > tgo (and similarly for the stable cones). Since
T; is the Reeb flow of «, we can assume that the same charts satisfy (2.12) (see
[45, p. 1496 and §2]), and Appendix A). Therefore, if one considers charts with
small enough supports satisfying (2.9), (2.10), and (2 12), locally constant cones
C; ;o0 Cit; o slightly larger than the cones Dr; jo(w )C( (w), Dk;jo(w )C( (w), and
finally shghtly smaller cones C;; ,4,C}'; 4 o, they satlsfy the previous requlrements
We also fix open sets U, ;¢ 1 covering Xy such that Um,é,l C Ui 0, and we let
Vijek = Kije(Uijer), k=0,1.

The spaces of distributions will depend on a large “zoom” parameter R > 1: If
R > 1 and W is a subset of R, denote by W the set {R-z | 2 € W}. Let also
kB (w) = Rk; jo(w), so that KUZ(UZ-J-,g k) = Vi i Let

i,5,¢ i
(2.14) Ziju(R)={m eV, Nz | B(m,Co) NV, #0},
and
(2.15) Z(R) ={(i,5,4,m) |iel,je Ji,l € Nyj,me Z;;(R)}.
To ( = (i,7,¢,m) € Z(R) is associated the point w¢ = ("‘ij,e)_l(m) of M.

These are the points around which we shall construct local foliations, as follows.
Let us first introduce useful notations: We write, for ¢ = (i,7,¢,m) € Z(R),
(2.16)

Og = Oi,j ; BC = Bl',j 3 UQk = Ui,j,@,k7 k= 0, 1, H? = IQ 5,0 and CC C¢7j7g.
These are respectively the partition set, the chart and the extended cone that we
use around w¢. Let us fix some constants Cy > 1 and Cy > 2Cy. If R is large
enough, say R > Ry(Cy, Cy), then, for any ¢ = (i,4,¢,m) € Z(R) and any chart
¢c € F(m,C¢, B,Co,Cr), we have ¢¢(B(m,Co)) C Vi, . For ¢ = (i,4,4,m) €
Z(R), we can therefore consider the set of charts (R, Cy and C; do not appear in
the notation for the sake of brevity)

(2.17) F(Q) := {®¢ = (k) "t o ¢¢ : B(m, Co) = M, ¢¢ € F(m,C¢, 8, Co, C1)} .
The image under a chart ®¢ € F(¢) of the stable foliation in R? is a local foliation
around the point w¢, whose tangent space is everywhere contained in (Dli?)71 (C¢)-

This set is almost contained in the stable cone Ci(s) (w¢), by our choice of charts ; ;¢
and extended cones C; j .
Let us fix once and for all a C* function® p : RY — [0,1] such that

p(z)=0if |z| > d and Zp(z—m):l.

mezd
For ¢ = (i,7,¢,m) € Z(R), let pp(2) = p(z — m), and
pc = pc(R) = pm okl M — [0,1].

83uch a function exists since the balls of radius d centered at points in Z¢ cover R9.
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Since p,, is compactly supported in Hfj,g(Ui,jl,O) if me 2, ;R) (and R is large
enough, depending on d), the above expression is well-defined. This gives a partition
of unity in the following sense:

Yo piem@) =1,Yw€Uijor,  pijem(w)=0,Yw ¢ Uijeo-
mEZi,j,g(R)
Our choices ensure that the intersection multiplicity of this partition of unity is

bounded, uniformly in R, i.e., for any point w, the number of functions such that
pc(w) # 0 is bounded independently of R.

The space we shall consider depends in an essential way on the parameters p, ,
s, and ¢q. It will also depend, in an inessential way, on the choices we have made
(i.e., the reference charts k; ¢, the extended cones C; ;,, the constants Cy and
(4, the function p, and R > Ro(Cyp, C1)): Different choices would lead to different
spaces, but all such spaces share the same features.

Definition 2.5 (Spaces H};*?(R,Cy, C1) of distributions on M). Let 1 < p < oo,
r,s,q €R, let 1 < Cy < C1/2, and let R > Ro(Cop,C1). For any system of charts
O ={D, € F(C)|¢ € Z(R)}, let for ¢ € L>(Xy)

1/p
(2.18) Wl = Y Nec(R)%) 0 @cllfyzes ,
CEZ(R)
and put ||¢|\H;,s,q(R Co.Cy) = SUPg [|¥[|g, the supremum ranging over all such sys-

tems of charts ®.
The space Hy*(R, Cp,C1) is the closure, for the norm ||1/’HH;S*“(R Co.C1)r Of

{v e L>(Xo) : [¥llgyea(r,co,cry < 00

Recall that our assumption from Definition 1.4 implies that the cones are continu-
ous, this is why we replace (p¢(R)-1p,1)o®. in the definition of [6] by (p¢(R)-1))oPc.
Remark 2.6. In general, H}*1 (R,Cy,C1) is not isomorphic to a Triebel space
Hp»*%(Xo). However, Lemma 3.2 implies that the Sobolev space HJ(Xp) is iso-
morphic with the Banach space HZ’O’O(R, Co,Cy) if max(—5,—14+1/p) < o < 1/p,
and that HZ’O’O(R7 Co,C1) CHp*(R,Co,Cy) if s <0,g<0andr <o.

3. REDUCTION OF THE THEOREM TO DOLGOPYAT-LIKE ESTIMATES

For each t € R we define an operator on L>°(Xy) by setting

Li(Y)=1poT.
For 8 € (0,1) satisfying (1.5), p € (1,00), and real numbers r, s, and ¢, we in-
troduced in Subsection 2.2 a space H}*9(R) of (anisotropic) distributions on M,
supported in Xo. Since L>(Xp) is dense in H)»*9(R), it makes sense to talk about
the extension of £; to the Banach space H)y*9. In Section 4, adapting the bounds
in [6], we prove:

Lemma 3.1 (Lasota-Yorke type estimate). Let Ty be a piecewise C? hyperbolic
flow satisfying transversality (Definition 1.4) and Let 8 € (0,1) satisfy (1.5). Fiz
€ > 0. Then, for all large enough Cy and C1, for all 1 < p < oo, all real numbers
s, s, and r, ' satisfying

(3.1) —“14+1/p<s <s<0<r' <r<l/p, —-f<r+s<0,

all ¢ > 0 satisfying

(3.2) (L+g/r)(r—s) <1
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and

(3.3) 1/p—1<s(1—|-g) <0<r(1+4

;) <1/p.

there exist Cy > 1 (independent of Cy and Cyp), to, T > 0, and Ay > 0, so that for
any t > to there exists R(t) so that for all R > R(t)

(3.4) 1L () lep=a(ry < Cpe™ W llp=a(r)

and

(3:5)  Le@)llapea(ry < CoN[[Pllgreatr— gy
2(r—r'+s—s’") Aot
OB A
where

A= (1+ 6)1/;[(th/ﬂ)(pfl)/p(let/ﬂ)l/pH max(A, ", = /\;([Zf;sj))“Loc]l/m :

Throughout, Cx denotes a constant (which can vary from line to line) depending
onr, s, q,p, 1, q, and the dynamics, possibly on Cp, but not on C; or R, not
on the iterate ¢, and not on the parameter z = a + ib of the resolvent R(z) to be
introduced soon.

Let ¢y be as in Lemma 3.1, and set

(3.6) ||¢||ﬁ;vSvQ(R)= sup ||£t("/))||H;’5’q(R)-
te(0,to]

We get as an easy corollary of (3.4) that there exists A > Ay so that for all large
enough C7 and R and all t > 0

(3.7) ILe(W) gz o0y < Cre® Nz gy -

(It is not clear in general that L is bounded for small ¢ < t, for the norm H}»*?(R).
It seems that it is necessary in particular to find charts so that the changes of charts
preserve stable leaves.) The bounds (3.7) and (3.5) imply that if ¢ = 2r — 1’ — s
satisfies (3.2) then for every ¢ > 0

(38)  Le(¥)llgpea () <

O X W lggase-say + Co R A il g sy

For r,s,q,p and R as in Lemma 3.1, we define ﬁ;’s’q(R) to be the closure of ?
(3.9) (L) |4 € CM(Xo) £ > 0, [l ) < 0}

for the norm [[¢h[|gr.c.a . setting also H = Hy*O(R) and || -|| = || - | - Note that

H is not included in ﬁ;/’sl’QT_T/_S(R), and H is not included in ﬁ;’S’T_S(R) (a
fortiori there is no compact embedding). Therefore, the inequality (3.5) does not
give a “true” Lasota-Yorke inequality. Like in [30], we shall overcome this problem
by working with the resolvent R(z) (there is a difference with [30] here: even the
“bounded term” of our Lasota-Yorke inequality is unbounded!).

For 1 < p < oc and 0 € R, denote by H, (M) the standard (generalised) Sobolev

space on M and set 1©

H?(Xo) = {v € HJ(M) | support (1)) C X},

9n (6], we took the closure of L>°(Xp) in the analogous definition. The present definition is
adapted in particular for (3.12).

OFor max(—8,—1 + 1/p) < ¢ < 1/p, Corollary 4.2 implies that HZ(Xo) coincides with the
“Whitney” definition, i.e., the restriction to Xo of elements in Hj (M); beware however that if
o > 1 then, for example, 1x, ¢ HJ (Xo)-
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endowed with the HJ(M)-norm. We put L?(Xo) = HJ(X), also for p = co. We

have the following embedding and compact embedding properties *:

Lemma 3.2 (Bounded and compact embeddings). Let 1 < p < oo. Then for
all max(—f3,—1+1/p) < o < 1/p, the Banach space HJ(Xo) is isomorphic with

H700(R) and with A0 (R).
If ' <r, s <s, and ¢’ < q we have the following continuous inclusions
7S, .8’ g’ 07,s, 77 —|s|—|ql,0,0
(3.10) H*(R) Cc H, =" (R), Hy*Y(R)c H, l*I7la00(R)
(and similarly for H»*(R)). If
max(—f8,r") <r—|s|,
the following inclusion is compact
r17,s,0 r7r’,0,0
(3.11) H;*%(R) C H, ™" (R).

Proof of Lemma 3.2. We fix R, Cy, C;. (For fixed R, the sum in (2.18) involves a
uniformly bounded number of terms.)

The continuous embedding claims (3.10) follow from the definitions and proper-
ties of Triebel spaces, taking the supremum over all admissible charts (for example,
since H;’S’Q(Rd) is included in H;_‘Sl_lql(Rd), it follows by taking the supremum
over the admissible charts that Hy*? is included in =, 1#171999) " We thus only
need to prove the compact embedding statement and the relation with Sobolev
spaces.

Fix s <0<, g, and ro < r, with 7o — |s| — |¢| > —5. For any admissible charts
¢1, 02 € F(C) for some ¢ (recall (2.17)), the change of coordinates ¢ 0 ¢; ' is C*
and has a (uniformly) C? Jacobian. Since r — |s| — |¢| > —2, it follows from the
functional analytic preliminary in [6, Lemma 4.4] (which requires Lemma B.1 for

B = B) that changing the system @ of charts in the definition of the HZ*%-norm
gives equivalent norms. Hence, Hg’(m is isomorphic to the Sobolev space Hy (Xo).

To prove that ||1/)Hﬁg,o,o(R) < C#”l/’HHg’”"’(R)’ it suffices to apply (4.22) and
the definition. For the converse bound, ||’(/JHHZ,0,0(R) < ||1/1Hﬁg,o,o(R) just use the
definition and Ly(¢)) = 4.

To prove the compact embedding statement (3.11), we use H;’S’O C H;‘)7|s\,0,0
and that the inclusion Hg_‘sl(Xo) C H;/(XO) is compact since ' < r — |s| and X
is compact (see e.g. [3, Lemma 2.2]). O

Clearly, Ly is tlie identity and Ly o Ly = L4y for all ¢, € R,.. We claim that
for any fixed ¢ € H*?

(3.12) lim £() = 0.

Indeed, by the definition, in particular (3.9), we can approach any v in ﬁ;,s,o by a
sequence, Ly (1) with 1, € C! and t,, > 0. Then we write

L) = = Li(h = Lo, pn) = Lo, (Le(ton) = ¥n) + (Lo, ¥n — ) -

Recall (3.7). The first and last term in the right-hand-side above tend to zero in H
as n — oo, uniformly in 0 < ¢ < 1. Then, using the bounded inclusion H; (Xo)CH
from Lemma 3.2,

L6, (Le(thn) = ¥n)| < Ce™* | Le($n) = ¥nllayxo) »

HThe proof requires the Jacobian of the charts in Definition 2.2 to be g-Holder.
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so that it suffices to see that limyyo [|£t) — Y| a1 (x,) = 0 for any C! function 1.
Now this is easy to check, because for any fixed small ¢, the flow T} is C? except
on a set of Lebesgue measure zero. By [17, Prop 1.18] it follows that the map
(t, %) — L4(1)) is jointly continuous on Ry x ﬁ;,s,o_

In particular, £; acting on H is a one parameter semigroup, and we can define
its infinitesimal generator X by

L) — o
X () =lim ———,
the domain of X being the set of ¢ for which the limit exists.

Using Lemma 3.2 to get H7 (Xo) C H boundedly for any ¢ > r (we take o < 1),
and since a piecewise C2 flow is C? except on a set of Lebesgue measure 0, it is
not difficult to see that C?(Xj) is included in the domain of X. A priori, X is
not a bounded operator on H, but it is closed (sce e.g. [17]). For z not in the
spectrum of X (i.e., so that z — X is invertible from the domain D(X) of X to H,
or, equivalently, bijective from D(X) to H), we shall consider the resolvent

R(z)=(z—X)"",
which is a bounded operator. For z € C with Rz > A, classical results [17] imply

(3.13) RE)W) = [ et

Remark 3.3. We will deduce below from the ergodicity and contact assumptions
that £; does not have any eigenvalue of modulus strictly larger than 1 on ﬁ, and
that its only eigenvalue of modulus 1 is the simple eigenvalue corresponding to the
fixed point ¢ = 1. However, since we do not know if the essential spectral radius
of L; is strictly smaller than 1, we cannot deduce from this eigenvalue control that
A = 0. We shall overcome this problem by working with the resolvent R(z).

The following lemma, together with the compact embeddings from Lemma 3.2,
will allow us to deduce from Lemma 3.1 a bound on the essential spectral radius of
R(z) (Lemma 3.5). In Section 7, Lemma 3.4 will also be used with the Dolgopyat
bound to obtain the key estimate, Proposition 3.9, on the resolvent.

Lemma 3.4 (R(z) improves regularity in the flow direction). Fiz 1 < p < oo,
s<0<r, and g >0 as in Lemma 3.1. Then for any ¢’ > q there exists Cx > 0
so that for each z=a+1ib € C witha > A, |b| > 1

Zl\g' — 1
318 IRE) W gger ) < Ca(+ 2 (L 1) gy

Proof. We first check that for any ¢ = ¢’ > 0 satisfying (3.2),

(3.15) IRE@lggyer <

#
Il
This is a simple computation, using (3.7):

a —

> —at > —(a—A)t ||’(/J||
IRy < [ e eblggendt<C [ e @M plgnde < oL
0 0 -
just note that [ e™*du = 1.
To show the claim for ¢’ > ¢, we shall use the easily proved fact that

(3.16) O (R(2)(¥)) 0 Lili=t, = 2(R(2)(Le, (¥))) — Loy (¥) Vi1 € Ry

The rest of the proof uses the Triebel norms and the admissible charts defined in
Section 2, as well as interpolation tricks presented in Section 5, and is postponed
to Subsection 5.3. O
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Using Lemma 3.1, following the arguments of [30, §2], and simplifying the argu-
ment in [30, §4], we next estimate the essential spectral radius of R(z):

Lemma 3.5 (Essential spectral radius of R(z)). In the setting of Lemma 3.1,
assume that —8 < r + s and in addition that complexity is subexponential so that,
up to choosing a larger ty, we have \ < 1.

Then, for each space ﬁ;’S’O(R) so that (3.4) and (3.8) hold for some Ay < A,
and for each z € C with a = Rz > A, the operator R(z) on ﬁ;’S’O(R) has essential
spectral radius bounded by (a + In(1/X))~*.

Proof. By induction, one gets from (3.13) that if Rz > A then (see [17, §2])
1 oo

3.17 R(2)"() = —— [ " e L) dt.

(317) @) = gy [ e )

From (3.17) and the consequence (3.8) of Lemma 3.1, we obtain for all large enough

Co, C1, and R a constant Cy so that, for alla > A, n > 0 and ¢ € ITL writing
z=a+1b

% yn-1
318) RGN0 [ o,

T DRy rr-.))
e, (HR(z)(w)nﬁ;,s.w-s . ||R<z><w>||ﬁ;,,5,,2,.,,.,5) |
(a+In(1/X)" (a—A)"

Lemma 3.4 applied to s’ < s, =8 <1’ < s+ s and ¢ = 2r — v’ — s implies that

(e e O (R (2) () gy onr

. ‘Z| 2r—r'—s—s' 1
IR+ )0y e < (141 1) Wllggo.
and applied to r, s and g = r — s gives
' ‘Z| r—s 1
IR(a + i) (%)l gger—s < Cp| 55 +1 — 1 T 1) IWllggee-
Since s’ < 0, Lemma 3.2 gives
g oy < ol my < Colllmg i -
To prove the bound on the essential spectral radius, take a high enough iterate n,
depending on [z|/R and on r, 7/, s, and use that H}»*? C H;f‘sl’o’o and that the
inclusion ﬁ;—|s|,0,0 C H;' (Xo) is compact by (3.11) in Lemma 3.2 since ' < s <
r—|s| and =8 < r — |s| =r + s. (We use Hennion’s theorem [25].) O
It will next be easy to bound the spectral radius of R(z):

Lemma 3.6 (Spectral radius of R(z)). Under the assumptions of Lemma 8.5, for
each z € C with a = Rz > A, the operator R(z) on ﬁ;,s,O has spectral radius
bounded by a~'. In addition, if there exists ¢ € ITI;;’S’0 and p € C, |p| = a1, such
that R(2)(v) = py, then 1y € L. Conversely, if there exists 1 € L' and |p| = a™1,
such that R(2)(1)) = p,*? then 1 € ﬁ;’s*() NL>®.

Proof. Lemma 3.5 implies that the spectrum of R(z) outside of the disk {|p| <
(@ +In(1/X))71}, for Rz = a > A, consists only of isolated eigenvalues of finite
multiplicity. Let us assume that there is a unique maximal eigenvalue p(z) (the case
of finitely many maximal eigenvalues is treated in exactly the same way, apart for

I2Remember that R(z) is a well-defined operator both on L> and L!, abusing notation we
use the same name for the operator defined on different spaces.
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the necessity of a heavier notation). If |p(z)| > a~! then by spectral decomposition,
[26], we can write

R(z) = p(z)II(2) + N(z) + Q(2)
where!? II, N, Q commute and IIQ = NQ = 0; II, N are finite rank, I1> = II,
IIN = N, and, if N # 0, there exists d(z) € N such that N(2)**)*1 = 0 while
N(2)4=) £ 0. In addition there exist C(z) > 0, po(z) < p(z) such that [|Q™(2)| <
C(2)po(2)™. Note that'4

n—1 n—1 d
. 1 _ . 1 E\ _; ; _
Jm s 30 R = i e S5 (1) 0l ol
k=0 k=0 | j=0
=CyN?,

for some appropriate constant Cy > 0.

In the following, we will use two properties of ﬁg,sﬁ: There exists a set D C
L>(Xp) that is dense in ITI;;S’O (see (3.9) and remember that £, is a contraction in
L>);if¢ € ﬁgsﬁ and [,, Y dx =0 for all ¢ € C?, then ¢ = 0 (this follows from
the embedding properties stated in Lemma 3.2 and the fact that C'"*° is dense in
the usual Sobolev spaces).

Let ¢ € D, then for k > 1, using that £; preserves volume,

! k py [t e k| —k
319) [ REA | < M [ e Tl de < | o

But then, if [p(z)] > a™?, for each ¢ € C?, we have

Cuz) / N ()y - pda| < lim —ry nd B / R(2)* () - pda
(3.20) e
k —k
= B Z [P ™ ol = 0.

Hence N%) = 0, but then the density of D implies N¢ = 0 contrary to the hy-
potheses. The only possibility left is that N = 0, but then, arguing as before, one
would obtain IT = 0, also a contradiction.

Next, note that if [p(z)| = a™!, then (3.20) implies again N = 0 (no Jordan
blocks). In other words we have the spectral representation

(3.21) Zcf1 PO (2) + Q(2),

where 0, € R, I 1I; = §ijk, II;Q = QI = 0 and |Q"|| < Cpj for some
constants C > 0, po € (0,a™1).
Moreover, for § € R, we have

n—1 .
1 _ I (2) if 0 = 0i(2)
3.22 li - m zm@R
( ) il n 7;) ae ()" {0 otherwise.

Hence, for each ¢ € D and ¢ € C*°, arguing as in (3.19),

/ M(2)0 - pda

This implies that I (D) C L, but since the range of IIj is finite-dimensional, it
follows that the II;(z) are bounded operators from H;’S’O to L.

(3.23)

< [Wlr=lplLr -

13To ease notation, we will suppress the z dependence when irrelevant or no confusion can
arise.
s TS0
l4The convergence is in Hp™



20 VIVIANE BALADI AND CARLANGELO LIVERANI

On the other hand, suppose that there exist ¢(z) € L'\ {0} and p(2), |p(2)| =
1 such that R(2)(¢(2)) = p(2)1(z), then we can consider a sequence {1.(2)} C
C* that converges to 1(z) in L' and consider as before

n—1
- —k
nlggon;)p R(2)*(ve).

Note that by (3.22) such a limit always exists, and it is zero if p(z) & o(R(z)), while
it equals II(2) (¢ (2)) if p(z) € 0(R(z)), where II(2) is the eigenprojector associated
to p(2). In the first case, for each ¢ € C?,

‘/1#( ) dx
< lim [¢e(z )— ( )|L1~|90\Loo =0.

We would then have 1(z) = 0, which is a contradiction. Hence p(z) must be an
eigenvalue, and by the same computation as above

(3.21) ] Jwe e

Since II(z ) is a projector we can write it as I1(z)(¢) = Zk Ve (2)[0s(2))(¥), where
Yi(z) € H;SO N L*°, the f;(z) belong to the dual of H;so and C(¢;) = Op;j.
Then (3.24) shows that the sequences £j(1).) are bounded. We can then extract
a subsequence {v.,(z)} such that II(z)(¢.,(2)) is convergent. In turn, this shows
that 1(z) is a linear combination of the v (z), which concludes the proof. O

< lim lim fz / |¢5( ) = p(2)| 11 - | 0 T(t)|poe dt

e—>0n—oon

< e(2) = ()L - |l -

As a consequence of Lemmata 3.5 and 3.6, we get:

Corollary 3.7 (Spectrum of X). Under the assumptions of Lemma 3.5, the spec-
trum of X on H = ﬁ;’S’O(R) is contained in the left half-plane Rz < 0. Also, the
spectrum of X on H in the half-plane {z € C | Rz > In A} consists of at most
countably many isolated points, which are all eigenvalues of finite multiplicity. The
spectrum on the imaginary axis is a finite union of discrete additive subgroup of R.
If the flow is ergodic, then the eigenvalue zero has algebraic multiplicity one.

Proof. A nonzero p € C lies in the spectrum of R(z) on H if and only if p =
(z — po) 1, where pg lies in the spectrum of X as a closed operator on H (see e.g.
[17, Lemma 2.11]). The first claim then follows from Lemma 3.6. Indeed, if pg
is in the spectrum of X, then for all a > A and all b, we have |py — a — ib| > a.
The corresponding complement of union of discs is contained in the left-half plane
R(po) < 0. Similarly, the second claim follows from Lemma 3.5.

To prove the third claim note that if X () = by, b # 0, then, for z = a + ib,
R(2)(1)) = a~1. Another simple computation, using [17, Theorem 1.7] (noting
that zzt = e} satisfies 8t1;t\tzs = X(izs) so that Et(zzo) = ta) gives
(3.25) YoT, =e Py,

Moreover Lemma 3.6 implies that ¢» € L. Then if X () = ibptg, k € {1,2}, we
have 1,2 € L*> and

R(z)(11p2) = /0 e (o T ) (a0 T_y)dt = %%/0 oAb +b2)t gy

= (2 — by — ib2) "¢ .

By Lemma 3.6 again, it follows that either 1112 = 0 or iby + iby € o(X). On the
other hand, a similar argument applied to v shows that —ibs, € o(X). Thus |[;|?
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belongs to the finite dimensional eigenspace of the eigenvalue zero and {imby }mez C
o(X). Finally, if A is a positive measure invariant set, then 14 is a eigenvector
associate to zero and if ¢ is an eigenvector associated to zero then {¢) > A} are
invariant sets,'® that is 1) must be piecewise constant (otherwise zero would have
infinite multiplicity). In other words the eigenspace of zero is spanned by the
characteristic functions of the ergodic decomposition of Lebesgue. U

In the setting of [30], it was straightforward to bound the norm of R(z)" by
Ca~". Here, by Lemma 3.6 we have for each n > 0 a constant C,(z) so that
IR(2)"|| < Cp(2)(a —n)~™ for all n. This abstract nonsense bound (with no
control on the z-dependence of C,) will not suffice. In addition, we shall need in
Section 7 a Lasota-Yorke type estimate for R(z) improving the one obtainable from
(3.18) (which contains an unfortunate (a — A)™ factor). This is the purpose of the
following lemma:

Lemma 3.8 (Lasota-Yorke estimate for R(z)). For1 <p<oo, s<—r <0<,
and R > 1 as in setting of Lemma 3.1, assume in addition that complexity is
subexponential so that A\ < 1 (up to choosing a larger to), and assume that |s| €
(0,2r). Then there exists A > 0, depending on p, but not on r, s, and there exists
Cy4, so that for any N > 1 such that

11 1
3.26 1+3N7’<min{,,l},
(3.26) (1+3N) 1o
then, for all z = a+1ib, for a > A (with A given by (3.7)), and all n > 0, we have
(1 4 %)N(r—s)
(3.27) IR(2)" | gre0 gy < ON — 2
Byt = s = 2
and, for every —1+1/p < s’ <,
(3.28)

IR @) eorgy < Cpl— + IR
o) < O T Gy Vo

E —1)(r—s)+r—s’
(1+ EHV=n(r—s)+ .
(a—Alsl =)@

N
+Cy

This lemma is proved in Section 4, after the proof of Lemma 3.1.
The main bound in the paper is the following Dolgopyat-like estimate (in the
style of [30, Prop 2.12]), which will be proved in Section 7:

Proposition 3.9. Under the assumptions of Lemma 3.5, and if d = 3, then, up to
taking larger p > 1 and smaller |r| and |s|, there exist C4 > 10,by > 1, 0 < ¢1 < ¢,
and v € (0,1), so that

n 1 \"
||R(a+zb) Hﬁ;,s,o(R) S (a+1/> y

for all |b] > by, a € [CaA,b] and n € [¢i1aln |b,c2aln |b]].
(The assumption that d = 3 is only used to prove Lemma 6.1 which is a key
ingredient of the proof of Proposition 3.9.)

Proposition 3.9 immediately implies the following strengthening of Corollary 3.7
(just like the proof of [30, Cor. 2.13]):

15We can assume 1 real since, if not, then its real and imaginary part must also be invariant.
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Corollary 3.10. Under the assumptions of Lemma 3.5, if d = 3 and s < 0 < r,
1 < p < oo are gwen by Proposition 3.9, then there exists 69 > 0 so that the
spectrum of X on Hj*°(R) in the half-plane

{zeC|R(z) > —do}
consists only of the eigenvalue 0. If the flow is ergodic zero is a simple eigenvalue.
Proof. By Proposition 3.9 and Corollary 3.7 the set {z € C : R(z) > —v, [3(2)| >
bo} and {z € C : R(z) > 0} is included in the resolvent set of X. This can be
deduced using, for a, A’,b € R,
(3.29) R(a+ib) = (1 + (a — A)YR(A" +ib)) 'R(A’ +ib).

On the other hand, Corollary 3.7 implies that in the region {z € C : R(z) >
—v, |S(2)| < by} there can be only finitely many eigenvalues. The first statement
of the lemma would then follow if we could prove that zero is the only eigenvalue
on the imaginary axis. Suppose this is not the case and there exists ¢ such that
X() = ibp, 0 # |b] < byp. Then Corollary 3.7 implies that, for each m € Z,
ibm € o(X), but this leads to a contradiction with Proposition 3.9 by choosing
m > bob~t. The last statement follows from Corollary 3.7 again. O

Our main theorem will then follow:

Proof of Theorem 1.1. Exponential decay for £&-Holder observables can be deduced
from exponential decay for C' observables by a standard approximation argument
(which may modify the decay rate). So it suffices to show that there exists o > 0
and C > 0 so that for each ¢, ¢ in C* with [¢dz =0

(3.30) | / oLa($) dz| < Ce e [olles

Indeed, for any 9, ¢ in C', since £; fixes constant functions,

|/1/J(900Tt)d$_/7/fdx/80dw=/ﬁt<¢—1-/wdaz>gﬁd$.

To show (3.30), like in [30, Proof of Theorem 2.4], we shall apply the following
easily checked fact: Let B be a Banach space on which £; is bounded. Then for
any z in the resolvent set of X (for B) and any 1 in the domain of X? (for B) we
have (in B)

(3.31) R(2)(W) = 27 + 272X (¢) + 27 R(2)(X* ().

In view of applying (3.31) to B = H= ITIIT;S*0 (which will be necessary to exploit
Proposition 3.9 below), we fix a C* function ¢ : Rt — R* supported in (0,1),
with [ ¢(u)du =1, and, for ¢ € C!, we define (as in [30, Proof of Theorem 2.4])

[T o(t/e)
we_/o A9 £y ar.

(Note that [, dx = 0.) For each m > 1 the function t. belongs to the domain of

X™ for H, and, letting ro = r+|s| (we assume that ro < 1/p), an easy computation
shows

(3.32) IX™ (W)l 0 (x0) < Ce ™6™ [ Lall@llcr , m = 0,1,2.
In addition

33 We-vlm < [ Lot~ plm du < e,
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Next, if 1, ¢ € C! then

| [ pLe(@)da| < | [ oLe(We) dx| +| [ oLi(the — ¢) da|
A

< / oLa(t) dal + ol e - 1 — tbell o

To prove (3.30) it suffices then to prove that, for each zero average 1 € C1,

(335) | / L)) < Ce P (1K) 70 (x0 + IX @) rz0 (x0)) Nl -

Indeed, using (3.33), (3.35) and (3.32) to estimate (3.34) the result follows with
o = % after choosing e® = e7°".
Let us prove (3.35). We claim that (3.31) implies that for each ag > 0

1 w ,
(3.36) Lt("/}):ﬂ im / e R (g by db, Yt > 0,

in the L*°(Xy) norm. Indeed, noting that the resolvent set of X for L™ (Xj)
contains the half-plane R(z) > 0, the identity (3.31) for B = L implies that for
any z with |z| > ¢

(1l + CHIX @)l + CHRE X (W))lle=)

||

3.37)  [[R() (W)l <

Hence (adapting [30, proof of (2.8), footnote 9]), for almost all x € X, and each
fixed @ > ¢ the function b — (R(a + ib)1)(z) is in L*(R). One can thus apply
the inverse Laplace transform for such z and get (3.36) pointwise (that is, the
limit (3.36) takes place in the L2([0,00], e~ dt) sense, as a function of t). On
the other hand, t — L:(vp) € L*°(Xy) is continuous, and, using again (3.31),

b Rla+ i) — (a +ib)~"4 is in L'(R, L), while, clearly, b+ €2 is in
L'(R). Hence, the limit in (3.36) converges in the L>°(X() norm for each ¢t € R*.

The inverse Laplace transform expression (3.36) will be our starting point. We
shall use a change of contour to obtain an integral over a vertical in the left half-
plane R(z) < 0. For this, we first study the map z — R(z)().

Since the simple eigenvalue zero for X corresponds to the eigenvector dx for
X*, and since [t dx = 0, Corollary 3.10 implies that for suitable s < 0 < r,
1 <p<oo, R>1,and § > 0, the function z — R(z)(¢) is analytic from the strip
{R(2) > —do} to Hy*O(R). Pick —0q € (0o, 0) and fix by > 1.

We may assume that ag < 1, 09 < 1 and A > 1 (recall (3.7)). We claim that
Proposition 3.9 implies that, up to taking smaller r and |s|, and larger by (possibly
depending on 7 and s), there exists K7 > 0 so that'% for by < [b|,

(3.38) sup  ||R(a+ib)|| < K1+\/]b].

a€[—0o0,a0]

Let us check (3.38). Following [30, Proof of Thm 2.4] we shall use (3.29). Fix
A" € [C4A,bg] and a € [—09,ap] (in particular |a| < A’). Setting n = [¢2 A" In|b|],
Proposition 3.9 implies that for some v > 0

l(a = A)"R(A"+ib)"|| < (A" —a)* (A" +v)™" < (1 +v/A) 7",

Clearly, if |b] > by > 1 and A’ is large enough, then (1 + v/A")==A bl < |py|—2v,

16yye pick 1/2 because any exponent < 1 suffices, we could get arbitrarily small exponent > 0.
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Next, if N > 1 is such that (1 4+ 3N)r < min(1/3,1/p,1 — 1/p), then (3.27)
applied to z = A’ +ib and N gives, forall 0 < j <n
(14 [[NC=)(A — a))
(A" —Als| — A/N)I
(14 |2[N=2)
(1= (Als| + A/N)/AN)

[(a— A'YR(A +ib)|| < CYf

<cy

Up to taking smaller r, larger N, smaller |s|, we may assume that A’ is large enough
so that

1 )A’
— ((Als| + A/N)) /A

¢ In|( < 28 In(eAsIFANY <178,

Finally, we can assume that by > 2A’ and N(r — s) < 1/4 so that
(142D < Cylpl V=) < CpfblV1.

Therefore, we can find a constant K; so that for any a € [—0y, ag], bo < |b], and
large enough A’
11+ (a — AYR(A" + b))~

n—1

< Z (@ — A R(A" +ib)¥" | Y [[(a — AYR(A" + ib) |

7=0

C 1 oA’ In |b]
# N(r—s) I
ST (4 &) aAamn (1+ 0] Jez AT In o (1 - Asl:;&/N)

< K1|b|*? | proving (3.38).

Now, since [[X™(¢)|g < Cxl[X™ ()| gro(x,) for m = 1,2, the identity (3.31)
gives the following upper bound for |R(2)v| g:

Wl oy (X |, RO )

k1 |22 |2[?

(The constant C'(R) may depend on R, but R is fixed, so we shall replace it by C,
slightly abusing notation.)

Therefore, the bound (3.38) implies that for each fixed b with |b| > by the integral
over the horizontal segments satisfies

(3.39)

ao tribt at+ibt
|| » et ti R(ao “F’Lb)quaHH < ||¢||H ’/_UO b da
N 204|a + ople™@x (@0t (X ()| gro LK 1X2(W) [ 7o
2m b2 EE

Thus, since

emax(ag,a)t

<7a
0]

at+7,bt

‘ / a+ zb

and since the isomorphism H}(Xo) ~ H3*%(R) given by Lemma 3.2 imply that for
any ¥ € ﬁ;’S’O(R) and each ¢ € CI°|

(340) | [ wodsl < Col Ul llelyin, < Cal¥lglelon
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we get

aop . agp .
I / e TR (ag + ib)y dal| sy < Ol e R (ag + b)Y da| g

—0o —0o0
2 m
o X () o
0] ’
which tends to zero for each fixed ¢ as |b| — co. Therefore, changing contours (the
residue of the pole at z = 0 vanishes since [t dz = 0) transforms (3.36) into

< K, 6max(a’o ,a

1 w ,
Li(1)) = — lim e TR (oo +ib) (1) db,
—ogt+ibt
—oo+1ib

where both sides above are viewed in (C')*. Since | [ <
uniformly in ¢, we have

L) = —— tim [ e (R(— gy + ib) (1) — ﬁ

Thus, using again (3.31), (3.38), and (3.40), we find a constant Cy > 0 so that, for
¢ € C', and arbitrary ¢t > 0,

—oot 1
| / olu(w) el < 0 I [ R0 4 i) - Ll

db| = O(|w|™1),

)db,

+ b
e—0ot R(—00 + ib)(X? .
| — o0 + Zb‘2
H‘PHCl K1|b|1/2 ||X ||H O(X
<Cy #os aot(H V)l a0 (xo) +b2 o) db) .
This proves equation (3.35) and ends the proof of our main theorem. O

4. THE LASOTA-YORKE ESTIMATES

In this section, we prove the basic Lasota-Yorke estimate Lemma 3.1 on L,
and the Lasota-Yorke estimate Lemma 3.8 on R(z). The section also includes
Lemma 4.2, about multiplication by 1x,.

The following easy lemma is the heart the proof of Lemma 3.1. It is the analogue
of [6, Lemma 4.6]. Note however that a new phenomenon appears in the present
setting: the loss of smoothness (of » — 7’) in the time direction

Lemma 4.1. Foralls < —r <0<, forallp € (1,00), ¢ > 0, and every r' <,

s’ < s, there exists a constant Cyx, depending only on r, s, p, s', r’, such that the
following holds:
A

Let D = (8 133%) be a block diagonal matriz, with A of dimension d,, B of

dimension dg, and 1 a scalar. Assume that there exist A, > 1, As < 1 such that
|Av| > Ay |v| and |Bu| < Aglv|. Then

-1 s < *1/11 r (T+S r,8,q ’ ot i
o D= s < Copldet DI~ (max(5, A ) ol gy 4 ol y0v-0)
Jwo D™ s < Ce| det DI7VP ]| grisa -

U 0 0
Proof of Lemma 4.1. Write "D~! = 0 S 0 | with U] < A\t¢¥| and
0 0 1

|S€5] > A€, Let
b(E™,£°,€%) = @y g0 DH(EY,€5,E0)
= (1+ |UE" + |SE > + |€°2)/2(1 + |SE*2)*/2 (1 + |€°]%)9/2.
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Let us prove that there exist K7 and Kj depending only on r and s (but not on
D), and K depending only on r, s, ' <s, 7’ <r (but not on D) so that we have
(4.1) b < Kymax(A,", A7 " N ay g g + Kot w iy, b< Klayag.

Assume that we can prove this bound, as well as the corresponding estimates for
the successive derivatives of b. Then the Marcinkiewicz multiplier theorem applied
to b/ (K1 max(A,", )\S_(MS))ansyq + K9G, o g4r—r) as in [5, Lemma 25] gives

HF_l(bFU)HLp <C HF_l((Kl max(A, ", )\S_(TJ’_S))a’TwS;q + K2ar’,8’,q+rfr’)FU)‘

)

Lr

|F~'(bFv)|,, < C’||F*1((K{am7q)Fv)HLP ,

(recall that F denotes the Fourier transform) which yields the two claims of the
lemma, using the arguments in the first part of the proof of [5, Lemma 25].

Let us now prove (4.1) (the proof for the derivatives of b is similar). We shall
freely use the following trivial inequalities: for z > 1 and A > 1,

1
A
Assume first [SE%|? > |UEY|? and |S€%|? > 1. Then, if [S€%]2 > |€9]2, we get since
r>0andr+s <0,

b(E",€°,€%) < (1+3IS€°*) /2 (1 + 186722 (1 + €°*) /2
<8214 [SEPYT2(1 + |SEP) (1 + €)Y
< 37‘/2(1 + )\;2|§S|2)(7‘+S)/2(1 + |£0‘2)q/2
< G202 2) V(L €Y HI(L 4|0y
< 3T/29-(rk)/2)=(4)g (gu g5 €0
and if |S&°|% < |€°)2, we get since » > 0 and s < 0
b(€",6°,€%) < (14 3[°P)/2(1+[SE )2 (1 + €07/
<[P+ (SETP) R+ 60)
SBPAHEP HIEP + PP+ AP+ (0P
<3TRO/2) P ar (€, €7,€°)
<32 a, | (64,6°,80).
If |[UEY)? > max(]|S€%)?,1€°)%) and |UEY|? > 1, then since r > 0 and s < 0,
bEn.€°,€%) < (1 UEU ) T2(1+ |S¢° )21 + €0y
<B4 UERY 1+ AT )L+ [0
< BN 6P+ )
<AL €)1+ )L+ )
<3N, s, (€4,6%,6°).
If |€02 > |UEY|? > |S€5)2, we get if |[SE%]? > 1, since r > 0 and s < 0,
D€, €°,6%) < (14 3IE°P) /2 (1 + [S€°2)/2(1 + €0 )7/
(L4 €Y 2 (1 + A2 (€ P) /2 (1 + €017/
AS2/20 (14 [E°P) 72 (1 + [€°7)*/2 (1 + €°%) 272
<3O/ P+ [P 4 160 4 [E0P) 2L+ 1€ 2 (L + [€0P) 2
(A2/2) a0, €%, €%),

(4.2) (1+)\x)§1+x§§(1+>\x).
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and, finally, if [S¢%|2 < 1, on the one hand,
b(E",€°,€%) < (L4 3IE°P) /2 (1 + |SE2)*/2 (1 + |€°)7) /2
<O [EP) A+ [P+ |0
S OIPL+ [P + (€7 + [ P) P (L4 1€°2) 2 (1 + [€°1) 2,
and on the other hand,
b(E",€°,€%) < (L4 3IE°P) 2 (1 + |SE2)*/2 (1 + €))7
<G8 P(L+ €)1+ (€)1 + [€°17)2/
< Cs7s’3r/2(1 + |€0|2)r'/2(1 + |£0|2)(q+r—r/)/2(1 + |§s|2)s’/2
< CoorB (L4 |6+ 1€°17 + [E0P) P (14 [0 =02 (1 4 | ) /2
< Cy 9372y o1 g (€%,6°,6°).
Thus, (4.1) follows by choosing K large enough depending on s and s'. O

Combining the lemma we just proved with the results in Appendix B and Ap-
pendix C, we now prove the Lasota-Yorke type estimate:

Proof of Lemma 3.1. We start with (3.5). We claim that there exist A > 1, 7, 71,
and Cyx > 0 so that, for any N > 1 there exists C1(IN) so that, for any Cy > C1(N)
there exists to(C1) > N so that, for any t > to there exists R(t), so that for any
R > R(t), setting Y =2(r — 1" +s—¢')

(4.3)

L)l e (r,co,00) <

[t/71]
n e (1) 1 —r —(r+s
Cy Z (CxNP) /N(Dn) v (Dvbz)p max()\u,na)‘s,7(1+ ))> ”@/’HH;S’HT—S(R,CO,Q)
n=[t/7o]
[t/7] (p—1) 1
+C#RYA3t< Z (C#Np)”/N(DfL) P (DEL)P> ||1/}HHZ/’S/’q+27'77'/7s(R,Co,Cl) .
n=[t/7o]

The bound (3.5) immediately follows from the above estimate.

All the ingredients of the proof of Lemma 5.1 in [6] are at our disposal to prove
(4.3): The analogue of the iteration lemma for charts [6, Lemma 3.3] is Lemma C.2
in Appendix C. Our Lemma 4.1 plays the part of [6, Lemma 4.6] on composition
with hyperbolic matrices. The analogues of Lemmata 4.1 (Leibniz formula), 4.2
(multiplication with a characteristic function), 4.3 (localisation), 4.5 (partition of
unity), and 4.7 (composition with a C! diffeomorphism which is C1*%% along stable
leaves) from [6] are Lemmata B.1, B.2, B.3, B.4, and B.6 in Appendix B below.
Note however that Lemma C.2 does not have such a nice form as [6, Lemma 3.3],
and this will force us in Step 2 of the proof below to invoke a result specific to our
continuous-time setting, Lemma B.8. This point, together with the comparison of
the “continuous-time” and “discrete-time” complexities (via the set N (t)) are the
main differences between the present proof and that of [6, Lemma 5.1].

Before giving a detailed account of the proof of (4.3), let us describe the order
in which we choose the constants. First, N is fixed in the statement (it will be used
in the second step of the proof in order to apply Lemma B.2). Then, we choose C;
very large, depending on N, also in the second step below, so that the admissible
charts ¢¢ are close enough to linear maps. Then, in Step 3 we fix ¢ very large
depending on C; (large enough so that every branch of T} is hyperbolic enough so
that Lemma C.2 applies). Finally, we choose R very large so that, at scale 1/R, all
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the iterates T up to time ¢ look like linear maps, and all the boundaries of the sets
we are interested in look like hyperplanes. For the presentation of the argument,
we will start the proof with some values of C4, ¢, R, and increase them whenever
necessary, checking each time that C; does not depend on ¢, R, and that ¢ does
not depend on R, to avoid bootstrapping issues. We will denote by Cx a constant
which could depend on r, s, p, Cy but does not depend on N, C1, t, R, and may
vary from line to line. We shall use that for any s’ < s

(4.4) o —coa < Cgell - g ora -

For every i € I"t!, we fix a small neighbourhood O; of O; (as a hypersurface)
such that P;* admits an extension to O; with the same hyperbolicity properties
as the original P*. Reducing these sets if necessary, we can ensure that their
intersection multiplicity is bounded by D!, and that the intersection multiplicity
of the sets P/ (0y) is bounded by De.

Our assumptions (in particular the fact that the return times are bounded from
above and from below) imply that there exist 75 > 0 and 77 > 0, with the following
properties: For each flow box B;j, for every w € B;j, we let z(w) € O;; and
t(w) € (0,7,;(2(w))) be as in (1.2). Then for every large enough ¢ > 0, there exist

uniquely defined
n=n(t,w)>1, i=i(tw)=i(n,w) €I ig=1i, i1 =7,
0<tpp(w) <7, i, (P 4, (2(w))),

so that, setting to(w) = 7;;(2(w)) — t(w)

n—1
(4.5) t=to(w) + tnp1 (W) + 3 Tiisr (P4, (2(w))),
=1

with n € [t/7o — A~1,t/71 — A~1] for some constant A depending only on the
dynamics.

Fix ¢ > 0 large. Let N (¢) be the finite set of possible values of n(t,w), when i
and j range in I, as w ranges over B;;. We define for n € N (t) the set

I(n,t)={ie """ |i= (ig,...,i,) appears in a decomposition (4.5) for ¢},

and we put Z(t) = Uy,enrt)Z(m, t). Introduce for n € N(t) and i = (ig,...,int1) €
Z(n,t) the refined flow boxes

Bii ={w € Biyi, | n=n(t,w),i(t,w) =1i}.

Note that if w € B;, then z(w) € Oj, while t(w) lies between the graphs of two
piecewise C? functions of z(w), which coincide either with 0 or the ceiling time, or
are the images by the flow of the transversals O;,;, or O;,;,. We let Tj; be the re-
striction of T} to Bj . By definition, 7j; admits a C? extension to a neighbourhood

Bi,t of Bi,t~
For ¢ = (i,7,¢,m) € Z(R), let us write

A(C) = A(¢, R) = (k)1 (B(m,d)) C M.

The set A(C) is a neighbourhood of w¢, of diameter bounded by CxR~!, and
containing the support of p¢.

Let us fix some system of charts ® as in the Definition 2.5 of the H}>*¢(R)-norm.
We want to estimate ||£:1]].

First step: Complexity at the end. For any n € N(t) the closures of the sets

{T;+(Biy) |1 € I(n,t)}, or (up to taking a smaller neighbourhood) {T;(Bi,) | i €
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Z(n,t)} have intersection multiplicity at most D¢ (the partition cannot be refined
along the time direction). Therefore, writing!”

Ly(y) = Z Z 1r,B,,(¥)oTi -,

neN (t) i€Z(n,t)

we get by Lemma B.4 that for each ¢ € Z(R)
1(pc Le(¥)) 0 D|lpr.e.a
<Oy > D 30 ochm eyt o Time) 0 e

neN(t) i€Z(n,t)
Y/2 -Y/2 e\p—1 1 4 .
+ C#R Z )‘s,n (Dn) H(pc]lTi,tBi,tw © Tl,—t) o (I)CHH; sliq -
neN (t)
i€Z(n,t)

(The factor Cx(A\;LR)Y/? = Cx(A\;LR)"™"' 5% comes from the C\_,s 4,y nOrm
in (B.6) and (4.4).) Summing over ¢ € Z(R), we obtain

L)l <
Cyg o O 3 pclam o Time) o @[
neN(t) CEZ(R)i€Z(n,t)

+ C#RY/2 Z )\;gerr’Jrsfs')(DreL)P*l ||(pC]lTi,tBi,t,w (¢} Ti,—t) o (pCHiI{,J’SI’q .
neN(t)
CEZ(R),i€Z(n,t)

Fori e I, j € J;, let U s, j € Niyg, be arbitrary open sets covering a fixed
neighbourhood Bﬂj of B; j, such that U; jeo C Ui je1 (they do not depend on
t and R). For each ¢ € Z(R), n € N(t), and i = (ig,...,in) € Z(n,t) such
that Ti¢(B;,) intersects A(C), the point Tj _(w¢) belongs to Bf) ; if R is large
enough. We can therefore consider k such that T; _;(w¢) belongs to Us; s, k2. Then
Zéezio,k(R) Pio.i1.k,e 1S equal to 1 on a neighbourhood of fixed size of T; _;(w¢),

so that Y, - .
10,01,k
(depending on ¢ but not on ® or ¢). Therefore, claim (B.4) in Lemma B.3 (note

that (B.3) is (3.2)) gives, if R is large enough (uniformly in @, ¢, k, i)
H (pC]lTi,tBi,tw o Ti,—t) © (bCHI;{;»s,q

(46) < C# Z ||(pC]lTi,tBi,t, (pio,il,k,f : 1/1) o Ti,ft) © (I)CHZ;I;@Q .
LEZiy iy .k (R)

(R) Pio,iv k.t © T;i,_¢ is equal to 1 on A(() if R is large enough

Taking R large enough and summing over ¢ € Z(R), n € N(t), i € Z(n,t) and
k in N;y;, such that T _(w¢) € Uiy isk,2, we get (writing (" = (io, i1, k, £) € Z(R))
(4.7)
1Le(w)s < Cx Y (DR [(ochns i, (per - ) 0 Tht) © B[
n,¢,i,¢’

+Cy - RN (D) A | (pcd s (e '¢)07?,—t)°‘1’<||i,;',saq :
.G

0%1

where the sum is restricted to those (¢, 1,¢’) such that the support of p¢: is included
in Bj., the support of p¢ is included in Tj ;(Bji), and By = B;;, (this restriction
will be implicit in the rest of the proof).

7Elements of L are defined almost everywhere, and the transfer operator is defined initially
on L*°(Xp), so the fact that Uij Bjj = Xo only modulo a zero Lebesgue measure set is irrelevant.
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Second step: Getting rid of the characteristic function. We claim that, if R is
large enough, then for any ¢, n, i, ¢’ as in the right-hand-side of (4.7), we have

(48)  |[(pcri 5 (e - ) 0 Thimt) © @[y
< C(CeNPYN |[(pe(per - ) 0 Ti—t) © Bc|[fyrowa -

To prove the above inequality, it is sufficient to show that multiplication by 17, , (5, ,)°
®¢ acts boundedly on Hj>*?, with norm bounded by (CxNP)*/N . First note that

there exist C? functions Tik(2,t), k= 0,1, so that the images of the dynamically

refined flow boxes are of the form

Tii(Bip) ={T7(2) | z € B*(O3), 7 € [Ti0(2,1), 711 (2, 1)) } -

For n € N(t), let K = n/N and decompose i = (ig,...,i,) into subsequences of
length N, as (ip,...,ixk—1). Then 1pno, H;”;& Lo, © }31:1(;:])511 Define a set

Q; = PN (0y),

ijijpr..dk—1
it is therefore sufficient to show that multiplication by 1 (e p, i |2(@)€R; 1O
n—jN*n—j
@ (this takes care of the lateral boundaries) acts boundedly on H»*4, with norm
at most Cx NP and multiplication by (this takes care of the top and bottom bound-

aries)

(4.9) ]l{w\z(w)EOin_l,in s T(w)€E[Fi0(w,t), 7,1 (w,t))} © ¢

acts boundedly on Hp»*?, with norm at most C.

Recall that (3.3) holds. Working with our flow box charts (see (2.9)), the as-
sertion on (4.9) is an immediate application of Lemma B.2 (the number M., of
connected components being then uniform in N), since the functions 7 j are C?,
uniformly in ¢, k, i (they are obtained by composing the original roof functions by
a C? and hyperbolic restriction of the composition of the Poincaré maps). Next,
we assume for a moment that each d0; ; is a finite union of C' hypersurfaces
K; jr, each of which is transversal to the stable cone. Then the second step
of the proof of [6, Lemma 5.1] allows us to apply Lemma B.2 (using Fubini in
flow box coordinates) which implies that, if R and C; are large enough (depend-
ing only on N), then the multiplication by the characteristic function of each set
{w € Bi,_;xin_jny | 2(w) € Q;} has operator-norm on H,*¢ bounded by Cy N L.
Definition 1.4 required only transversality in the image, but, using the fact that the
cone fields Cl-(ysj) do not depend on i (see Definition 1.4), we can apply the arguments
in [6, Appendix C], in particular [6, Theorem C.1] there in the case where the set
called II; there coincides with the entire manifold M. This proves (4.8).

Combining (4.7) with (4.8) and with the analogous bound in H;/’S/’q for —1+4r <
—1+1/p<r’ <r, we get

(4.10)
Ll < Coe D (CHNPY N (D5 (pe(per - ) 0 Thmt) © B yre
¢m,i ¢’
+ CRY2 N AP CuNT) N ((pelper - ) 0 Ty ) 0 @c” o -
¢! :

Third step: Using the composition lemma. In this step, we shall use Lemma C.2,
to pull the charts ®¢ in the right hand side of (4.10) back at time —¢ (glueing
some pulled-back charts together to get rid of the summation over ¢), and exploit
Lemma 4.1 to obtain decay from hyperbolicity.

Let us partition Z(R) into finitely many subsets Z!,..., Z¥ such that Z¢ is
included in one of the sets Z; ; o(R), and |m —m/| > C(Cy) whenever (i, j,¢,m) #
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(i,5,£,m") € Z¢, where C(Cy) is the constant C' constructed in Lemma C.2 (it only
depends on Cp). The number E may be chosen independently of ¢ and n € N (t).

We shall prove the following: For any ¢’ € Z(R), any t > 0, any n € N(t) and
i € Z(n,t) (such that the support of p¢ is included in Ei,t and By = By, ), and
any 1 < e < F, there exists an admissible chart ®' = &, ; - € F(¢’) such that

(411) D lpclpe - ¥) 0 Timt) © Rcpren < Copxn (o -9 © s c[[gyreninrs
ceze

O A oe ) 0 Bl
where

(4.12) Xn = Hmax(A;L A;S“))”H

oo
As always, the sum on the left hand side of (4.11) is restricted to those values of ¢
such that the support of p¢ is included in T ;(B; )

Let us fix {', t, n € N(t), i € Z(n,t) and e as above, until the end of the proof
of (4.11). All the objects we shall now introduce shall depend on these choices,
although we shall not make this dependence explicit to simplify the notations. Let
i,j, ¢ be such that Z2¢ C Z; ; ¢(R), and let J = {m | (i,7,¢,m) € Z¢}. Since the
points in J are distant of at least C(Cy), Lemma C.2 will apply.

Increasing R, we can ensure that the map

T = H? oTj 0 (I{?/)_l

is arbitrarily close to its differential A = DT (¢) at £ := k¢ (wer), ie., the map
(T~ +T(€)] —£) o Ais close to the identity in the C? topology, say on the ball
B(0,2d), and that n(-,t) is constant on (xf)~'B(0,2d) . Moreover, the matrix .A
sends C¢r to Cc compactly (recall (2.13), and note that ¢gp can be fixed small while
we may require t > to with to depending on to), and

(4.13) Cy > Ml A, Cor, C) A (wer) > C

with similar inequalities for A\; and A,. In addition .4(0,0,v°) = (0,0,v°) for
any v° € R. Since T is uniformly hyperbolic and satisfies the bunching condition
(1.5), we can ensure up to taking larger ¢ (and thus n, and also R, in view of
the requirements in the beginning of the paragraph) that A satisfies the bunching
condition (C.1) for the constant € = €(Cp, Cy) constructed in Lemma C.2.

Let us make explicit the dependence of t on C; > 1 and of R on ¢ (and therefore
on C1). Let A\g < 1 be the supremum in the left-hand-side of the bunching condition
(1.5) (Mg only depends on the dynamics). From (C.17) in the proof of Lemma C.2,
there is a constant Cx depending only on (the extended cones and) Cj so that we
may take €(Cy, C1) = CxCy . Therefore, there is a constant C4 depending only on
Co, so that if n > 1n(e’1)/1n()\,gl) = Cy In(C1) then the bunching condition (C.1)
holds for €(Cp,C1). Since n > t/7y — Cg, the condition on n transforms to t >
to(C1) = CyIn(Ch), for a different constant Cyx depending only on the dynamics.
Finally, there are A > 1 depending only on the dynamics, and Cyx depending only
on the dynamics and on Cp, so that, for ¢ > ¢, (Cy), if R > R(t) = CxA" with
At > C’#C’lc #mA en the requirements in the beginning of the previous paragraph
(and those in the first step regarding (4.6)) hold for t.

Applying '8 Lemma C.2, we obtain a block diagonal matrix D = D¢, a chart
) = qb’m, around ¢, time-shifts A, = A, ¢ and diffeomorphisms ¥,,, = ¥,, ¢+, and

1810 order to apply Lemma C.2, we need to extend T to a diffeomorphism of R%, which can
be done exactly as in the third step of the proof of [6, Lemma, 5.1].
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W, such that, for any m in the set 7’ of those elements in J for which p¢-p¢roT; ¢
is nonzero,

(4.14) T to ¢ = (b/Z,C’ oWe o Dg,l oW, 10 Ay ¢

on the set where (p¢ - per 0 T ;) © D¢ is nonzero.
Writing ¢ = (p¢r - ) o (lig)_l, we have (recall that (4,7, £) is fixed so that
Z°C 2 5(R))

(4.15)
> Npcloe - w) 0 Tiet) 0 B priena

ceze

> (om0 i) - (e 0T Ho (bi,j,f,m)H};{Z’qu
meJ’

- Z | ((pm © Gijsm © ALY - (b 0 ¢y oW oD oW,,)) 0 AmH’;I;,s,q .
meJ’

Lemma B.8 bounds the previous expression by
(4.16)

Cit 3 1m0 biem o AL o WY - (e 0@y 0 Wo D)) 0 W) |[firs -
meJ’

Using the notations and results of Lemma C.2, the terms in this last equation are
of the form v o ¥,,,, where v is a distribution supported in \I/m(gﬁifjle m(B(m,d))) C
B(Hm7Cé/2/2). Since the range of ¥, contains B(Hm“,Cé/z)7 if ¢ > 0 is small
enough so that g+ (r—s) < (1—r+s)/(r—s), Lemma B.6 gives ||v o \I'mHHg,s,qw—s <

Cy ||’UHH;,S,q+T—S. Therefore (4.16) is bounded by

(417)  Cu Y |[(pm o dijiem o AL 0 UL) - (0 gpoWo Dfl)HiI;”‘”H :
meJ’

The functions p,, © ¢ jem © At o Ul have a bounded C!' norm and are sup-
ported in the balls B(IIm, Cé/ ?/2), whose centers are distant by at least Cp, by
Lemma C.2 (a). Therefore, by the localisation Lemma B.3 (using that (3.2) is
(B.3)), the sum in (4.17) (and thus also the left-hand-side of (4.15)), is bounded by

(4.18) Cy|[toer 0 dyoWo D ||§I;,s,q+rfs .

Similarly, but giving up the glueing in Step 2 of Lemma C.2 (and therefore the
need to work with A,, and the regularity loss in the flow direction), up to the cost
of exponential growth, we get, applying the second estimate in Lemma 4.1 (recall
that r’ > 0) to the composition with D=1,

> eclpe -w) o Ti ) o ||y ra < Cpdum [ 0 $p oo Dil”ir;’ﬁ’vq
CeZe

(4.19) < Cphum e 0 llyyr s

We next apply the first estimate in Lemma 4.1 to the composition with D~! in
(4.18), in order to obtain a contraction in the H**9*"~* norm, up to a bounded

term in the H;"Slvq“”’rlfs norm for ' < r. Since 9, is supported in B(¢, 03/2/2)

while the range of ¥ contains B(/, C; / ?) (by Lemma C.2), Lemma B.6 implies that
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the composition with ¥ is bounded. Summing up, we obtain

Z ||(pC(IOC' : ¢) © ﬂ,—t) © ¢C||§){;‘s,q+rfs

CeZe
(4.20) < Cp (0 wen) [[(per - ) 0 (58) ™ 0 G4 aen
+[|(per <) o (85) 7t o ¢2H25,,5,,q+%_r,_5) ,
where

XV (wer) = (max(A, 7 A7) (wer) < X
concluding the proof of (4.11). Summing over all possible values of ¢/, n, i, and e,

we obtain

E
1Lpllh < Co - Xz D (CoNPYYN(DEY! 1S " |[(pert)) o éf,i,eHl;fg’s‘”“’s

n,(’ i e=1
(4.21)
" _ E
+ Oy A2t/7] . RY/? z{;.(C#NP)n/N(DfL)P1Z;H(p</7j;)o g,,iye||§’i;,,s,,qw,r,,s .

for some A > 1 depending only on the dynamics.

Fourth step: Complezity at the end/ conclusion of the proof of (3.5). The right
hand side of (4.21) is of the form ||¢||%, for some family of admissible charts @,
except that several admissible charts may be assigned to a point w¢ for ¢’ € Z(R).
Since E is independent of n, the number of those charts around we is at most
Cy - Card{i | Bi; N A(C') # 0}. If R is large enough, we can ensure that this
quantity is bounded by the intersection multiplicity of the sets Ei,ta which is at
most Df’t /7] by construction (using again that there is no refinement in the flow
direction). Therefore, Lemma B.4 gives

p n/N(pe\p—1 b p
||‘C’t1/)||<1> S C# nrenﬁ)((t){(c#Np) (Dn)p DnXTL} ||w||H;«SwCI+7‘*S(R)

Cu A2/l RY CuNPYYN(DEYPIDE Y [P o
+ # nlerl_/(af}((t){( # ) ( ’I’L) n} Hw”H; ,8',q+2r—1 —S(R)

This concludes the proof of (4.3) and therefore of (3.5).

Proof of (3.4). To show (3.4), we revisit the steps of the proof of (4.3), without
attempting to get an exponential contraction in the first term, or to obtain “com-
pactness” in the second term. In the estimate (B.6) in the first step, we replace
H™=1s4 by H™%4. We must explain how to avoid the loss from the H;;*S’O norm
to the Hp*" *-norm. Since we may use the second bound of Lemma 4.1 instead
of the first, this loss could occur only through the introduction of A,, in Step 1
of Lemma C.2 (see Lemma C.4), invoked in the third step of the present proof .
In Step 1 of Lemma C.2, we got rid both of the * and z" dependence of ﬁ(nl)
The z* dependence was a problem in Step 2 of Lemma C.2 (glueing). If we give
up this glueing step in Lemma C.2 then ﬁy(nl ) can be allowed to depend on z°, to
the cost of exponential growth (in A, for A > 1 related to the dynamics). The
2" dependence was a problem in Step 3 of Lemma C.2, where F(®) (Az", Bx*,29)
could create exponential growth in the norm. Again, if we are willing to deal with

an exponential factor, we can allow E(nl ) to depend on z*. In other words, we can
get rid of A,, in Lemma C.2. This ends the proof of (3.4), and of Lemma 3.1. O

Using our transversality assumption and a simplification of the application of
Strichartz’ result in Step 2 in the proof of Lemma 3.1, and recalling Lemma 3.2, we
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obtain the following bound, which will be useful to exploit mollifying and averaging
operators to be introduced in the next section:

Corollary 4.2. For any 1 < p < oo and every max(—3,—1+ 1/p) < o < 1/p,
there is Cy > 0 so that for any ¢,

1Lxo¢ll g vy < CelLxo@llrg (x0) < Callellmg ar -
It remains to show the Lasota-Yorke estimates for R(z):

Proof of Lemma 3.8. We start with a premilinary bound which is also useful else-
where. Its proof will use interpolation, and we refer to Section 3.1 of [5] for re-
minders and references (such as [10] and [43]) about complex interpolation.
Clearly, ||£t(w)||Hg(X0) < Hz/)||Hg(X0) forall 1 <p < oo. Fix1l < p < oo and
0<sy<1/p=1-1/p. A toy-model version of the proof of Lemma 3.1 (working
on isotropic spaces, and using the original result of Strichartz [41]) easily gives that

1L rgo 0y < A el (xy) -

Here, A may depend on R, and sy, and p’ which are fixed. One can see that A s

uniform in p’ as p’ — 1. By duality ||£t1/J||H750(X0) < /NXeKth/JHHst( Therefore,

Xo).
using complex interpolation for sp < s < 0 and Lemma 3.2 we get A (which may
depend on R, p, and sg, which are fixed) so that for any —sp < s < 0

(422)  [[Letllgggo0 < ALl msxo) < Ay (x) < AeA‘slt”lﬁHH;ﬂvO .

Recall (3.17). For large integer N, applying (3.8) twice, and exploiting Lemma 3.4,
we obtain a constant Cyx so that for all a > A, n > 0, and ¢ € H, writing z = a+ b

n > tnil —at—tIn(A71
‘lR(z) +1(¢)Hﬁ;’5’0 < C#A m(e t—tIn(A )/N(”Et—t/NR(Z)(/l/})||I’-‘I;!S=T75

+ e_at-‘rAt/NHEt,t/NR(Z)(w)||I’_'I‘;,0,2(7‘73)) dt
[ee) tnfl _
< C#/ e IO £y R(2) () gy 2o
0 (n - 1)' P
+ e—tln()\*l)/Ne—at+At/N||£t72t/NR(Z)(w)||ﬁs,0,3(7.75)
P

|2[\2(r—s), 1
R ) (a —A
Exploiting (4.22), and applying (3.8) N — 2 more times, we get

> tn71 —t(a—In(A"*
IR(2)™ () | g gc#/ e @O D R () () | g oo
P 0 (n — 1)' P

+ [6—(N—2)t1n(,\*1)/Ne—(N—1)At\s|/N +..

+Cp(1+ e AN L, () gy | dt.

—2At|s|/N —Atlsl
—tm( YN (g B E-Mr-se Lo Ehe-me-sae” ¥
te ( +R) Cﬁ—l +( +R) Ciﬁ\f72]
N—-1 |Z‘ N(r—s) 1 —t(a—Als|—4
Cy (14 E) (=4 T De Ham Al N)||¢||ﬁ;‘°>“] dt

N-1
2\ N =) 1 #
<Cu(——+1)(1+ —= Fr,s,0.
=Gz tV0+R) @rmny (e Aps| = Ay ) 1Pl
This is (3.27). We have applied (3.8) successively to ¢; = j(r—s), for j =0,...,N.
We need conditions (3.2) and (3.3) to hold for each ¢;. It suffices to check both
inequalities on ¢y, and they are satisfied if |s| < 2r and (3.26) hold. A slight
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modification of the above argument gives (3.28) (the condition on N does not
depend on ). O

5. MOLLIFIERS AND STABLE-AVERAGING OPERATORS

It will be convenient in Section 7 to mollify distributions, replacing them by
nearby distributions in C'. As is often the case, our mollification operators M, are
obtained through convolution. In this section, we also introduce a key tool in the
Dolgopyat estimate of Section 6, the stable averaging operators As.

Remark 5.1 (Minkowski-type integral inequalities). We note for further use that
for any real r and any 1 < p < oo, there exists C' > 0 so that for any integrable
7:R?— Ry and any family w, € H;(]Rd)7 uniformly bounded in y,

(5.1) |

Lieas| <0 [ el @
R4 R4) Rd P

< Clll pr gay sup [lwy || g gy -
y p

H(

Indeed, if = 0 the above estimate is the classical Minkowski integral inequality, see
e.g. [38, App.A]. The case |r| < 1 may be proved by considering first = 1, recalling
that ||¢HH;1) ~ Yl e + (DYl » (see e.g. [37, Prop 2.1.2 (iv)+(vii)]), then r = —1,
using duality (H%0 = HZ;T’O’O with p’ =1/(1—1/p)) and d-dimensional Fubini (see
e.g. [5, Beginning of §4]), and finally using complex interpolation (see [42], and [10]
in particular §2.4, §4.1, and Theorem 5.1.2, which says that [L1(B1,v), L1(Ba, V)]s =
L1([B1, B2]g, v), applied here to v = i dx, this is Theorem 1.18.4 in [42]). The cases
|r| > 1 are handled similarly by considering higher order derivatives.

Remark 5.2 (Variants of complex interpolation). We shall use two easy variants of
complex interpolation. Let Py, P2, and Ps be linear operators acting on By, Bs, an
interpolation pair of Banach spaces. Then, interpolating at 8 € [0, 1] between

(52) ‘|P1W||31 < C’1”7)2(“}”31 and ”leHBz < CQHIP?(")HBl

gives
IPL)l5,,5200 < C1°ColP2(w)ll3,

while interpolating at 6 between
(5:3) [P, < [P2(w)lls, and [[Pr(w)l|s, < Cil|P2(w)ls, + CalPs(w)ls, ,
gives

1P li5,,8,)s < max(CF, CF)([P2(w)lls, + IPsw]s,) -

For (5.2), one can easily adapt the argument in the last paragraph of [10, Theorem
4.1.2]. Using the notation there (in particular Fg, s,), let w € By. Put g(z) =
Ci7'Cy*Py(w). Then g € Fp, 5, with |lg|lz < [|P2(w)||s,. In addition, g(0) =
CY1C5 %Py (w) so that

IPL@) 51,5210 < CL°Clllgllz < CLPCF[Pa(w)lls, -

For (5.3), put g(z) = (max(Cq,C2)) *P1(w). Then g € Fp, B, with |g||#
max (|| Pawl|s,, [[P2(w) |5, + [[Ps(w)|[8,) [ P2(w)ll5, +|Ps(w)]5,. In addition, g(9)
(max(Cy, Ca))~%P; (w) so that

A

IPL)lli5, 5200 < (max(C1, C2)) gl < max(CF, C3)(||P2(w)lls, + [IPs ()]s, ) -
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5.1. Mollification M, of distributions on M. Fix ¢ small. Let 7 : R? — [0, 00)
be a bounded and compactly supported C*° function, supported in |z| < 1 and
bounded away from zero on |z| < 1/3, with [ n(z)dx = 1, and set, for 0 < € < ¢,

1

ne(y) = 67[?7(%) -

Recall the family of C? charts ;¢ : Uijro — RY from Section 2.2 and the

standard contact form ag from (2.11). We have (0,2°,0) € Kerag for all z°, and

we shall use this as a local fake stable foliation to define the averaging operator

A% in Section 5.2 and in the proof of the Dolgopyat estimate in Section 6. Fix

C* functions 6; j» : M — [0, 1], supported in the set U; j¢1 (recall that U; j¢1 C
Ui j.e0) and so that

Z@,j,@(@ =1 VgeYo:=Ui;eUije2-
0,5,
(Recall that U; j¢2 was introduced in Step 1 of the proof of Lemma 3.1, with
Ui,j,e,Q C Ui 1, and that the definition ensures that X is contained in the interior
of Yp.) As before, we write ¢ = (i,4,¢) to simplify notation. (Note that the
parameter m € Z? does not appear in this section.)
The mollifier operator M, is defined for 0 < € < ¢y ' by first setting for ¥ €

L>(Xo) and z € £;,,0(Ui,j01),

(Me(¥))¢ () = /Rd ne(@ — y) (s (y)) dy = [ne * (Y o v H)]() -
Then, we set for ¢ € L>®(Xy)
(5.4) Me(9) = Y 0c(Me(¥))¢ o c)
¢

Since 1) is supported in Xp, then M, (v) is supported in Yy for small enough . We
have the following bounds for M.:

Lemma 5.3. For each p € (1,00), and all =1 <7’ <0 andr’ <r <2+7r" inR,

there exists Cy so that for all small enough € > 0 and every ¢ € H;/(M), supported
m Xo,

(5-5) IMe() | ryary < Co€™ "1l gy (ary -
(Smoothness of 7 is important in the proof of (5.5).)

Lemma 5.4. Let p € (1,00) and —1 < " < s < 0. There exists Cyx > 0 so that
for any small enough € > 0, and all ¢ € H;(Xo)

(5.6) IMe(®) = Pllgy ary < Cpe™™" 19l arg(x,) -

Proof of Lemma 5.3. We assume that € is small enough so that M, (v) is supported
in the interior of Yp. Hence, we can implicitly replace Hy (M) by H7(Yp) in the
argument.

Since the charts and partition of unity are C?, the bound (5.5) on classical
Sobolev spaces is standard, using Remark 5.1 and interpolating (interpolation is
allowed for Triebel spaces on R? or a manifold, beware it cannot be used directly
for our spaces H). We provide details for the convenience of the reader: We shall
use that for any real —1 <7/ < 1 and any 1 < p < oo

(5.7) 1ol cary < Co D gy ay + 1ty ary)

191n the application, we shall take ey small enough as a function of n = [¢In|b|], in particular
much smaller than 1/R and than the “gap” between Yy and Xj.
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To prove (5.7), combine [|w| 1+ ~ HwHH;/ + HDwHH;/ (this can be proved by
p

interpolation and duality from the corresponding results for integer 7’ > 0 available
e.g. in [37, Prop 2.1.2 (iv)+(vii)]), with (5.2), using that §; and s are C2.

The Minkowski integral inequality (5.1) implies that for each 7’ € Rand 1 < p <
00, there exists Cyx so that ||ne * w||H1,,)./ < Cyu ”"J”H;/ for all e. Next, |D(n.)(z)| <

Cye*|(D*n).|, which implies [ |D%(n.)(z)|dx < Cye* for all integers £ > 1. Thus,
by (5.1), for any integer ¢ > 1,

1D (e )| g1y = (D (1)) % |, < Cpe™ 1wy -

Therefore, applying (5.1) again, this time with (5.7), and since

D(Mct)) = (D) (Mc(#))¢ 0 i + D 6 D(Me())¢ o ri¢ Dric

¢ ¢
with D(Mc(¢))c(z) = D(ne) * (¢ 0 I{El)(x)7 and similarly for the second derivative,
and also, putting G¢r¢ = ker © HEI, if the domain of the map is nonempty,
[((Bc0cr) 0 kg ) (Me(9))¢r © Gerel()

(6cbc) (k) Geelz)—y _

¢ /Rdn( cel@) Yol

- : ko Gol(y)) dy,

we find for £=0,1,2,and -1 <7r' </+7" <2
53) M) g ary < O™ 16y oy -

Our assumptions imply that there exists 0 < ¢ < 1sothat £ +7' <r<{+1+7".
Interpolating between the corresponding inequalities (5.8) (at (r — £ —r')/r'), we
obtain (5.5).

Proof of Lemma 5.4. Lemma 5.3 implies that

(5.9) IMe(¥) = Dl gy (ary < Clldll gy ar) -
We shall next prove that there exists a constant Cg so that for all —1 </ <0
(5.10) M) ~ Bl ary < Coell¥ll s oy -

Interpolating at § = 1 — (s — ') € (0,1) between (5.9) and (5.10) gives the result
since ||1/1||HZ(M) = ||7/’HH;3(X0) for ¢ € Hg(XO), by our definition.

Putting G¢r¢ = k¢ 0 Hgl, if the domain of the map is nonempty, we have
(5.11) [(0c0¢7) 0 kg H(Me ()¢ © Gercl ()

0c0c)(k (x
_ Bebelng (@) [ nBwin! 0 Gob(Geela) = ) dy.

€ €

Therefore, to prove (5.10), we must bound the H;/ norm of

0:0:) (k7 (x
1) PG @) [ i

€d
(kg o GLe(Ge(w) — ) — kgt o Goe(Gere(x))] dy.

Setting u = G¢re(x) and w =9 o /-14—1 ° GZ,E, the integral remainder term in the
order-zero Taylor expansion gives

d 1
(5.13) wu—y) —wlu) =— ;/O Yo - Opw(u — ty) dt.
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Therefore, using the Minkowski integral inequality (5.1), and setting fc¢ =
0-0:) o k', we get that the " norm of (5. is bounded by
0c0c) o kg’ hat the H7 f (5.12) is bounded b
Cy sup 10ce (@)[0e (k7" 0 GO (Gere(@) = v)) g -
¢,¢’,y€2e supp(n),L ’

To conclude the proof of (5.10), use that for all £ =1,...,d, we have |y,| < Cxe
for yp in (5.13) and

Occr - el o k') = Oulbcer (W o kY] = Delbecr b o g
and that [|Opw]| g < Cy [|wll 1 O

5.2. The stable-averaging operator. We now discuss the main technical idea
used to exploit Dolgopyat’s method [20]. It is borrowed from [30] and consists in
replacing 1 by its average over a piece of (fake) stable 2 manifold. 2! Put

s 1
ne i RE = 0,1], ne(2) = Lgpoeycry,  mes(a®) = mns(ms/fﬂ,

where S4, is the volume of the d,-dimensional unit ball. For fixed small § > 0 (so
that 22 the d-neighbourhood of k¢ (Ue 1) is included in the domain of lﬁlgl for each
¢ = (4,4,¢)) we set for each ¢, ¥ € L*(Xy), and z € k¢(Uc)

(B5@ela® a0 = [ msla® =yl @ )

(In the above, we implicitly extend ¢ by zero outside of its support X.)
We set for ¢ € L (X))

(5.14) A§(W) =D 0c - (Aj(e))c o A

¢
We shall assume that ¢ is small enough so that Aj(¢) is supported in the interior
of Yy. The key estimate on Aj is contained in the next lemma.

Lemma 5.5. Let 1 < p < oo and =14 1/p <1’ < s <0. There exists Cyx > 0 so
that for every small enough § > 0, and every bounded function 1 supported in Xy

IA3(¥) = llay (ary < C0° " ¥l mg (a5
and also || Lx, A5 () = ¥y (x,) < C0" ™ 190l g (xo) -
There is no equivalent to Lemma 5.3 (A} is not a mollifier!).

Proof. We proceed as in Lemma 5.4 to prove the first bound. Note in particular that
the argument there only used that n € L! was a probability density (no smoothness
of n was required).

The analogue of (5.11) is

0.0 — Ns ¥ — — s s
519 @0 @) [ e G0 Gecte) v
Rds ds
To prove the analogue of (5.10), we put w =¥ o /{El o Gg,é and consider
é é -1 ns(%) G 8 G dv®
(OcOc) (kg () ~lw(Gee(@) —y°) —w(Gee(x))] dy” .

2011 [30], unstable manifolds were used because of the dual nature of the argument there.

211y particular, since we do not require the equivalent of [30, Sublemma 3.1] but only the
analogue of [30, Sublemma 4.1], we need less smoothness: Liverani [30] required C*, although he
points out that C2%¢ should suffice in [30, footnote 6].

22In Section 7, we shall need to choose § small enough as a function of n = [¢In |b|].
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Then, (5.13) is replaced by the following zero-order Taylor expansion with integral
remainder term

dutds 1
(5.16) wu—9y°) —wu) =— Z /0 Yy - Opw(u — ty®) dt.

t=d,+1
Note that, even if ¢ corresponds to a stable coordinate, 9y(1) o Iigl o Gere)™1) can
involve all partial derivatives of v, since G¢/¢ does not preserve stable leaves in
general. We obtain the claimed 0#55’7’/ factor by interpolation, since |ye| < Cxd.

The second claim follows from the first one, Corollary 4.2 and the identity
(Ix,A(¢)) — v = 1x,(Aj(¢0) — o) for any 1 supported in X. O
5.3. End of the proof of Lemma 3.4 on R(z).

End of the proof of Lemma 3.4 on R(z). Let us deduce Lemma 3.4 from (3.16).
The proof is by interpolation, but this interpolation must be done at the level of

Triebel spaces. Also, the special form of the admissible charts must be used.
First note that £;R(z) = R(z)L; so that

IR W) e = sup [RE)L()

T€[0,t0]

Hy“9(R) -

Let us first take ¢/ = 1, and ¢ = 0, setting 1 = R(2)(L, (1)) for 0 < 7 < to. By
Definition 2.5, we must consider

1/p
S o @Get® e
(=(i:j,t;m)EZ(R) !

Now,
[lom - o B lo00e] .0 < Co|lom- @o B Mo,
(5.17) + O [Duslpm - @o ()0 0c 1|,
We have

[Buslom - @ o (sEY M 06l < Co[[[@uupm) - Fo ()0 0|,

(5.15) +Cp [l BB (BT D0 6],

Recall that ¢¢(z*, 2%, 2°) = (F(a*,2%), 2%, 2%+ f(a*, z%)). If t > 0 is small enough,
since the charts k¢ = k; 50 preserve the flow direction and time units, we find

R(2)Lr (W((6) 7 (F (2", 2%), 2%, 2" + (2", 2%)))
- R(Z)(‘C‘rw)((’i?)il(}?(muvxs)vxsvIO —t+ f(xuvxs))
(5.19) = (R(2)L+ (1)) = R(2) Lrye/r(¥))((5) ™ © 8¢) ()

Dividing by ¢ and letting ¢ — 0, it follows from (3.16) at ¢t; = 7 and from (5.17-
5.18-5.19) that

(520) [l + (R()(L(®)) © (50) )] 0 bl e
< Cp(1+ ) o REE0) o (68 )]0 6]
+ i [(Bry ) - (REE)) 0 ()0 0]
4yl (£-0) & ()] 0 0
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Since Zmlezi,j,E(R) pijem = 1, we may use Lemma B.1 (for B = oo) and (B.4)
in Lemma B.3 (using (3.2)=(B.3)) to replace 9,00y, by a finite sum of pp, Ozo o,
for neighbours m’ of m (the number of neighbours is uniformly bounded, which
gives rise to a bounded overcounting). For ¢ > 0 and ¢’ € (¢,q + 1), setting
q" = q(1 — (¢ — ¢')) and applying complex interpolation (see (5.3)) at 6 = ¢/q”
between (5.20) and

lom - (R()(£x()) © ()] © bc| e
< [l - (R)Le())) 0 (5E) 71 0 6¢| e

we get, since 1 < (% +1)7 -4, summing all terms,

1/p
p

S e @o B 000

¢=(i,3,6,;m)EZ(R)

<o) ™ T en RO o 6B bey0)

¢=(i,5,t,m)EZ(R)

O o (@) o B0 bellna) ]

¢=(i,5,t;m)€Z(R)

’
8,9
HP

In view of (3.15), this ends the proof of Lemma 3.4. O

6. THE DOLGOPYAT ESTIMATE

The purpose of this section is to prove the following lemma.

Lemma 6.1. Assume d = 3. There exist Cyx >0, A > 1 and o > 0 so that for all
a>1,b>1,v>v,m>Cgaylnb, and ¢y € H (M)

A5 (R(a +)*™ (@)l (xo) < Cpa™ b (1]l e ar) + v ™ [0 11, o)) +
where § = b~ and v, = (1+a tIn )7L,

In the present section, Cx, vo, and X denote constants which depend only on
the dynamics and not on 7, s, or p.

Note that, since R(a +ib) = R(a — ib) the obvious counterpart of the above
lemma holds true for b < 0.

The rest of the section consists in the proof of Lemma 6.1 and is a direct, but
lengthy, computation.

In the present section, it is more convenient to work directly with the flow rather
than with the Poincaré sections, and we will often look at the dynamics at different
time steps 7 > 79 > 7_. Let us be more precise: Remember from (4.5) the choice
of 7 <inf; ;.7 ;(z) and 7o > sup; ;. 7i;(z). Fix once and for all 7y < 171 and let

To

o = [, 7+ = pokoTo > koTo. The size of kg will be chosen large enough, but

fixed, duoring the proof of Lemma 6.2. Also, we introduce the following rough bounds
1

for the minimal average expansion and contraction: Let A, = inf, [Ay k, (2)]7+ > 1,

As = sup, [As (z)]% <1 and set A = min{\,, A\;'}. Thus the minimal expansion
and contraction in a time ¢ > 7, will be bounded by A, ; = A=+, A, = A 717+,
This said, we start to compute. First of all it is convenient to localise in time:
Consider a smooth function p : R — R such that suppp C (—1,1), p(s) = p(—s),
and )., p(t — ) =1 for all t € R. In the following it is convenient to proceed by

very small time steps 7 = 75, k1 € N. Let p(t) = p(;-).
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For each f € L>°(M,vol) we write

tm_l .
Z/ me tL,f dt

LEZ
s—|—€7'_)m L
6.1 \o v —=)  —zlt_—=zs :
(6.1) Z[T_ T Lo oLofds
LeN*
gMm— 1 e
+/0 p(s)me L‘,Sde.

Next we recall the stable average introduced in Section 5.2. Setting pme.(s) =

stLr )™t —zlT_
P(S)%e ‘

(62) ANRE"™(N)w) = 3 / Pt (0 (w) | Fac(w,€) Lo L,F(6),

LeN* ¢ W5 o (w)

—#s_for each w € X, we can write??

where (see Section 5.2) Wy - (w) = {lig (Fe(w)™, y®, Re(w)?) }yee—s,6) N Xo. The
integral is meant with respect to the volume form determined by the Riemannian
metric restricted to Wy - and ps ¢ (w, §) = 15,5 (k¢ (w)® — ke (€)*) Je(w, §), where J¢ is
the Jacobian of the change of coordinates ¢ restricted to the manifold Wy .. Note
that if w is extremely close to a corner of Xo, then Wy .(w) could be extremely
short, yet in such a case the integral will be trivially small. We can rewrite (6.2) as

AS(R(2)™(f = > / P,z ( w)/ 554 oTor - Jir - Lsf
- T_ LT _

LEN= ¢
(6.3)
Zec Z /pmez /PMOT@T “Jo Lsf
ENT.C WeW(w)

where J§__ is the Jacobian of the change of variable, [, . () poc(w,z) <1, and
_ 2.

Wi(w) = {Wataea,(w) is a decomposition of T_,, Wy . in regular connected
pieces. By regular we mean that there exists ¢ € [0,7_] such that T_,W, is a
C? manifold. **

The decomposition W is performed as follows. We choose Ly > 0 such that a
curve in the stable cone of length Lo||As,uok, || Lo intersecting an O; must lie entirely
in its 79/4 neighbourhood and then we define Wy, ., & € N, recursively: 25 First,
let Wy be the collection of the connected components of W(ig \ U; ;0B ;. Given

Wi, . define first Wkl(ﬁﬂ) to be the union of the connected regular pieces of the

curves T, W for W € Wy, .. Next, if a curve W € Wkl(,{_,_l) is longer than Lg, we
decompose it in curves of length %LO apart from the last piece that will have length
in the interval [%Lo, Lg). The set of curves so obtained is Wy, (x41y. Finally, for
the £ € {kik+1,...,k1(k+1) — 1} we define W as the collection of the connected
regular pieces of T(x,x—g)» W, W € Wy, .. We will call the curves shorter than
Lo /2 short, and the others long. Note that, by construction, for each « € Ay there

23 Here and in the following, when we write ) ,y» we mean to include implicitly also the last
term in (6.1). In any case, we will see in (6.12) that the total contributions of the first terms in
the sum is negligible.

24The issue here is that if W, intersects one O;, then it may be discontinuous. Yet, such a
lack of smoothness is only superficial since once the manifold is flowed past the section, it becomes
smooth. More precisely, if W, does not intersect any O;, then it has uniformly bounded curvature
(i-e., if g is its parametrisation by arc-length, then [|g"’||pec < C%). This can be proved exactly
as one proves the same bound on the curvature of the stable leaves of an Anosov map, see [28] for
details.

25For simplicity we suppress the dependence on w, ( when this does not create confusion.
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exists t, € [0,70] such that T, W, is a C? curve with uniform C? norm and
Ter, —t.,, restricted to T_; Wy, is a C? map.

The density ps¢ has the property |Vlogps ¢l < Cyx, for some fixed constant
Cx. Then, setting

E&C © TZT— : J;T, ~ s
(6.4) Pla="—""7—"" ; Lo = / pscoTer - Jir_ s
XY Wa

we have |V1ogpraleo < Cy, provided Cy is chosen large enough.?® In addition,
note that > Zy o < 1.27
Next, it is convenient to define the r-boundary 9,.(W;) of the family W;:

&«(Wg) = UaeAz{x e W, : d(x,@Wa) < T}7

where, given any two sets A, B, we define d(A, B) = infyeca yep d(z,y). Not sur-
prisingly, we will call |0, (Wy)| := > Zp.o f{d(r ow.)<r} Pl the measure of the
r-boundary of W,.28

a€cAy

Lemma 6.2. There exists o € (0,1) such that, for all § small enough, |0,(W;)| <

Cy max{r,oﬁré_l}. In addition, for each v € (0,1) and o° < %1, there exists
Cy > 0 such that the measure of Uj<pTjr_0,i- . (W;) is bounded by Cyr .

Proof. If © € 0,(Wy) then we have the following possibilities

(1) Tyr_x belongs to a 7A~"—*-neighbourhood of & (W;C \ Ui,jOi,j).

(2) there exists n € N, n < £/ky, such that T5,, sz, t € [0,7(], intersects the
A~ 7=k peighbourhood of the lateral boundaries of the flow boxes, i.e.,
Uij0Bi; \ (0i; UTr, (05 ).

Let us call 9}(W,) and 92(W,), respectively, the parts of 9,(WW;) that satisfy the
above two conditions. Clearly, |0} (W,)| < CgA= ™45 1r.

To analyze the second case, we must follow the creation of the W,. By the
complexity assumption 1.5, for each v € (0,1/2) we can chose kg € N and Lo > 0
so that for each curve W in the stable direction and of size smaller than Lg, the
number of smooth connected pieces of 7., W is smaller than ATy,

Remark that, by construction, there exists ¢; > 1 such that, for each j €
{0,...,k1} and v" > 0, Tjr_0p Weki+5) C Thyr_Ocyrr Wikt1)k, ).  Accordingly,
it suffices to study 9,(Wk, ), ¢ € N. Let W; = Wy, ;.

For each W’ € W,, we say that W € W;, j < &, is its ancestor if W is long
and, for each [ € {0,...,x —j — 1}, T}z, W’ never belongs to a long element of
W.._;. Now for each ancestor W € W,., we can consider the short pieces that are
generated?® in Wy, ¢/ = k%, by the complexity bound their number is less than
AT+ =r) = - Note that the image of a curve of length r in W € W, under
T, (r—x) Will be of length smaller than A7+’ =F)p Thus, the union of the images,
call it Pp , r, of the r-boundary of the short pieces of W, in an ancestor belonging
to W, will have total length bounded by vk, By the usual distortion estimate

26Indeed, the flow induces one-dimensional maps between Ty, ¢, Wa and T(n+l)‘roft,<+1 Wa

(tx € [0,70] properly chosen), which, by parametrising the curves by arc-length, are uniformly C2.

So the claim follows by the usual distortion results on one-dimensional maps, see [28] for details.
27 fact, the sum is exactly equal to one if no manifold is cut by the boundary of Xjp.

28Note that |8, W,| = fTe (00 (Wy)] Ps,c and hence the measure of Ty, [0r(W)] is bounded,

above and below, by Cx8|0-(Wp)|.
29That is the set of short pieces in W, whose ancestor is the given curve.
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(see footnote 26) this implies that, calling m the induced Riemannian measure on
Wse
m(TKT+ PE’,/{,T)
m(Tyr (W)
Thus the measure of the image, in W5 o of the r-boundary belonging to short pieces

< C#Lall/elin’l“ .

with an ancestor in W, will have measure bounded by C#(Srufl_". Hence, the total
measure of such pieces will be bounded by C46r, while the number of pieces that
do not have any ancestor must be less than A+ LY and thus their total measure
will be less than v¢'7. The first statement follows then by footnote 28 choosing®’

(6.5) o= max{;\_”,y}% .
The last statement follows by applying the previous results together with foot-
note 28 again. O

Next, it is convenient to localise in space as well. To this end we need to define
a sequence of smooth partitions of unity.

Given a parameter 6 € (0,1) to be chosen later, there exists Cx > 0 such that,
for each r € (0,1), there exists a C° partition of unity {ng,i}gLTl) enjoying the
following properties 3!

(i) for each i € {1,...,q(r)}, there exists x; € U,,1 C M such that ¢,,(z) =0
for all z ¢ B,o(x;) (the ball, in the sup norm of the chart k¢,, of radius r?
centered at x;);

(ii) for each 7,i we have |V, ;|[z~ < Cpr=?;

(iii) g(r) < Cyr=3°.

flow

-
/ unstable

discarded manifolds in Dy ;

FIGURE 1. The manifolds {We}aca,,-

Fix ¢ > 2. For each wx;, let Ay, = {a € Ay : Wy N Bpe(z;) # 0}, Doy =
{a€ Ay : O Wy N Bero(x)) ¢ 0Boro(xi)}, Eoi = Ay \ Dy Call the manifolds
with index in Dy ; the discarded manifolds. We choose c large enough so that a
manifold intersecting B,e(z;) can intersect only the front and rear vertical part of
the boundary of B, (z;), see figure 1.32

30The square root is for later convenience, see the proof of Lemmata 6.3 and 6.8.

3lpor example, using the function p introduced to partition in time, one can define, in the
charts k¢, p(kr? /2 + 2r =0 7_n)p(jr% /2 + 2r =07_&)p(irf /2 + 2r0 /27_5).

32This can be achieved thanks to the fact that the W belong to the stable cone.
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Set Wi = Wy N Beo(x;) and

pacoTer_ - Ji, - .
(6.6) Peciai = — Zoai = / pscodpr_ - Jy .
£,0,i Wa,i

Moreover it is now natural to chose
(6.7) kv = [r7%7,], hence r_ =7,

Our next step is to estimate the contribution of the manifolds W, ;, a € Dy;.
Let K; C Dy; be the collection of indices for which W, ; N (U;0;) # 0, then
Uaeny i, Wa,i C Opro (Wy), hence, by Lemma 6.2 the total measure of the elements

4
in Dg; \ K;, is bounded by Cy max{r o*r?§71}.3% Tt remains to estimate how
many pieces are cut by a manifold O;. This is done in the following lemma whose
proof can be found at the end of Appendix E.

Lemmzl 6.3. There exists £y > 0 such that for each {2 kilo, any codimension;one
disk 3* O of measure S > 0 and p, > 0, if we let Dy(O, pi) = {Wps,;i + d(Wp,;,0) <
ps} , then

> Zgi < Cy { S(ps+19) + Sa’ + 51#] :
{(8,1):W3,:€De(0,px)}
Next, it is convenient to introduce the parameter ¢, € (0,1) defined by
(6.8) cseaTy =0,
where a = R(z), and assume that m is such that
(6.9) oo < s
Applying Lemma 6.3 with p, = r?, 0= Oy, we have that

Z Z 23 < C#T% .

i BEK;
Thus,?®

6

~ r2
. E E E Jo < — .
(6 10) / pm@z )/“/VGﬂé’COTET J£T7 ACsf _C#am|f|oo

£>cikim kyi a€Dg ;Y 7T

We are left with the small ¢ and the elements of E,;. To treat these cases,
it is convenient to introduce extra notation. For each o € Ay, define WS =
Urel—r_,r.|Wa. For each W, C U o, the manifold x¢ (W) can be seen as the
graph of Fo(&,s) = (Fa(§),Ya + & Na(§) + ), s € R, where F,, N, are uni-
formly C? functions and F,(¢,0) is the graph of W,,.

Given the above discussion, to estimate the integrals in equation (6.2) it suffices
to estimate the integrals

(611) / pm,f,z /PJ( o T@‘r_ : J[ST_ N Acsf - /ﬁm,f,z,a ‘ ﬁé,( o TZT_ N j[i—_ N fa
_ we

T—

where ﬁm,é,z,a OHC_/ OFCX (57 S) = 7pm,€,z(*5)a ﬁé,COTZT_ O/{Z,l oFa (fa 5) = 55,( OTZT_ o
nE,l oF,(&,0), the same for jZV apart from a factor taking into account the speed

33Remember that the Wi inherit from the B¢ (x;) the property of having a uniformly
bounded number of overlaps.

34Here we assume the curvature of the O to be bounded by some fixed constant.

35Note that if a box B,,6 (i) is cut by a manifold O; or by the boundary of Xo, then it is
possible that Fy,; = 0. In particular, the present estimate bounds the contributions of all the
Wa,i for such a “bad” box.
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of the flow, and the integrals are taken with respect to the volume form induced by

the Riemannian metric. B _
Ps.coTer_-Jg,

Substituting (6.11) in (6.2), setting pr¢,ai = — 5, and remembering
(6.10),3¢
MR ) =TT Y 2l [ s BecsS
LEN* (i a€Ae, Wei
(612) Z Z Z ZZ [e% z / ﬁm,@,z,a(5)¢r,i : ﬁi,(,a,i ‘ f
L>comky (i a€E,; ;7

+ O(|f|oo([c*€a7'+]m + ’I"%)a,_m ’

Note that (6.9) implies [c.eary]™ = o™ < 6r%.

To continue, following Dolgopyat, we must show that the sum over the manifolds
in Ey; contains a lot of cancellations and this leads to the wanted estimate. In
Dolgopyat scheme such cancellations take place when summing together manifolds
that are at a distance larger than 77, for some properly chosen ¥ > . To make the
cancellations evident one must compare different leaves via the unstable holonomy
(using the fact that it is C*). In the present case, due to the discontinuities, the
unstable holonomy is defined only on a Cantor set. To overcome this problem,
we construct in Appendix D an approximate holonomy which is Lipschitz. Next
(following [30]), we use the fact that the flow is contact to show that Lipschitz
suffices to have the wanted cancellations, see Appendix E. Unfortunately, the
approximate holonomy is efficient only when its fibers are very short, in particular
one cannot hope to use it effectively to compare leaves that are at a distance r?.
We need then to collect our weak leaves into groups that are at a distance smaller
than r and require that 9 > 1.

To start with, we consider the line 37 z; + (u,0,0), u € [~r?,7%], and we partition
it in intervals of length /3. To each such interval I we associate a point z; ; €
Uaer, ;WS N1, if the intersection is not empty. Next, we associate to each point
x;; Reeb coordinates k., ;. More precisely, let z; ; € W, we ask that x; ; is at the
origin in the K, ; coordlnates that k., ;(WS) € {(0,9,2)}, y,2 € R, and that the
vector Dy, /T 4r_(1,0,0) belongs to the unstable cone. Such changes of coordinates
exist and are all uniformly smooth by Lemma A.4.

For each z; J, let us consider (in the coordinates &y, ;) the box B, = {(n,&,s) :
| <, l€] <7 |s| <P} Weset B, j = &' (B,). The next lemma ensures that
Figure 2 is an accurate representation of the manifolds intersecting B,..

Lemma 6.4. There exists c > 0 such that, if a manifold W, oo € Ey;, intersects
B,ij, then Ky, ,(WS) N OBeyij is contained in the unstable boundary of Berj,

0

provided 6 € (3,1) and A=%™ < e,

Proof. By construction, for each B, ;; there is a manifold W¢ going through its
center and perpendicular to (1,0,0) (in the k,, ; coordinates). Let 7 € [—7_,7_]

be such that W, = T, WeonI#(.38

36The sum over the first cxmk1 elements is estimated by |f|oo times the integral

—m+1 )mfl

a Cx T4 (cxmaty
Cyp—— e (za)™ tde < Cpa™ ™M < Cua” ™ (chaers)™,
#(m—1)!/0 (za) =# (m—nr  — * (cxaery)
where we have used the Stirling formula.
37In the k¢, coordinates.

38When no confusion arises, to ease notation, we will identify Ko, ;(WS) and W§.
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g El’i,j (Wé)

Ezi,j (Wé)ch7' : T

FIGURE 2. A manifold intersecting B,.

Next, consider another Wg, 8 € Ey;, intersecting B, ; ; and let u be the intersec-
tion point with I. Again, let Wﬁ = T;,Wp. Consider the segment J = [0, u] and its
trajectory Ty J, t € [0, £7_]. Let ¢g be the first time ¢ for which Ty ._ JN(U;00;) # 0.
Since Ty, Wa, Ty, W are uniformly transversal to Use(o,2-_17:900; = 9°O; and do not

intersect it, it follows that their length must be smaller than Cx|T},J|, see figure
3.

FIGURE 3. Meeting 00;.

|Tf,0VVa,7:\7

Hence, setting A = by the invariance of the contact form it follows that

- Ti, (J)]
ClA<|t°7<C A.

S T
Thus,

(6.13) er? < CyM|Ty,Wai| < CuA|Ty, (J)] < CuA%|J| < Cuhr.
It follows that the forward dynamics in a neighbourhood of J behaves like in the

smooth case until it experiences a hyperbolicity A of order at least C’#r_l%e. More-
over our conditions imply that this amount of hyperbolicity will be achieved in the
time we are considering. In turn, this means that the tangent spaces of W, and

Wg, at zero and u respectively, differ at most of C#rl’e.gg Thus the tangents to

39Since hyperbolicity A implies that the image of the cone (which contains the tangent to
the manifolds) has size, in the horizontal plane, A? while the axes of two cones at a distance r
can differ at most by Cur, which can be proved in the same manner in which is proven the ct
regularity of the foliation in the case of a smooth map, see [28].
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the manifolds at the above points can at most be at a distance Cyr inside the box.
By the uniform C? bounds of the manifolds it follows that the distance between
the two manifolds must be bounded by Cy(r + r2%). From this, Lemma 6.4 easily
follows by choosing ¢ large enough. O

Remark 6.5. Note that the estimates on the tangent plane to the manifolds con-
tained in the previous lemma imply that the “angle” between two nearby boxes
B, ; is of the order r1=% hence the maximal distance in the unstable direction is
of order r. This implies that the covering {5, ; ;} has a uniformly bounded number
of overlaps.

Returning to the proof of Lemma 6.1, in view of the previous result it is conve-
nient decompose Ey; as U;Ey; j where if o € Ey; j, then kg, ;(Wa,s) N B, # 0. We
can then rewrite (6.12) as

(6.14)
BREM = 2 Y Ziaid /Wc P t2a(8)6rs B - |

£>comki Cij a€Ey ;4 i
+O(|floor®)a™™,

To elucidate the cancellation mechanism it is best to fix £,4, j and use the above
mentioned charts (in fact from now on, we will call the quantities in such a coordi-
nate charts with the same names of the corresponding ones in the manifold). For
each o € Ey; j, Wo N Beyr can be seen as the graph of Fo(§) := (Fa(£),&, Na(§))
for ||€]| < cr, where F,, N, are uniformly C? functions, and, by Lemma 6.4,
|F!| < Cyr'=% Note that, since both o and da are invariant under the flow,
and the manifolds are the image of manifolds with tangent space in the kernel of
both forms, it follows that N/, () = £F/,(€).

To simplify notations, let us introduce the functions

Fo(€,5) = (Fa(€), €, Na(&) — s)
(6.15) Strica = Pri Pegai

(br_ —s)m1!
F m,i,x ) = —  a\
£,m,i, (5 S) p(s) (m _ 1);
where Q,ds A d€ is the volume form on W§ in the coordinates determined by F,.
Note that*!

40

0 0 Fale) - 9ul6),

0 (ET—)m_le
(m—1)!
g (br )™

(m —1)!

—alT_

‘Ff,m,i,a |<>o < C#T_
(6.16)

—alT_

e m,i0llLip < Cyr
We can then write,

ﬁm,@,z,a¢r,i 'ﬁ@,{,a,i : f
we .
(6.17) o
_ / ds / dE € F g 1.0 (€, 8) F(Fal€), € Na(€) + 5).
—r— J)el<ert

At this point, we would like to compare different manifolds by sliding them along
an approximate unstable direction. To this end, we use the approximate unstable

4075 ease notation we suppress some indices.

41By tracing the definition of ps ¢ ; just after (6.11), of Z; o ; and Py ¢ q,; in (6.6), and of ps ¢
after (6.2), it follows that the only large contribution to the Lipschitz norm comes from ¢, ; and
p. In particular (6.6) implies that [pg ¢ ol < C#T*Q, the other estimate follows then by property
(ii) of the partition.
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fibers I'’?; . constructed in Appendix D. In short, for each coordinates , ;, we can
construct a Lipschitz foliation in B, in a p = r° neighbourhood of the “btable”
fiber (which is of length ¢ = r?). In order to have the foliation defined in all B,
we need ¢ < 1, while for the foliation to have large part where it can be smoothly

iterated backward as needed it is necessary that ¢ > 6, we thus impose
(6.18) 0 <¢<1.

The foliation can be locally described by a coordinate change G; j ..(n,§,s) =
(1, Gijre(n,€), Hij s (n,§)+5) so that the fiber I'7; (&, s) is the graph of G; j .. (-, €, ).
Note that, by construction, ||G; ; || is small. We consider the holonomy ©; j o s :
Wy — W, = {z" = 0} defined by {z} =T Oi.j.a,{2})) N W,. Note that

(0,2 (€), War(£))-

), that is

z{j r(
@i,j,am(Fa(g) ( ))
Accordingly, G; j . (Fu(€), ha(§), wa( ) =Fq

(€
Gi,j,%( oc( ) ( )) §
Hi je(Fa(§), ha()) + @a(§) = Na(§) -

Lemma 6.6. There exists Cy,wo > 0 such that for each i,5,¢, w € [0,w] and
a € Ey; i the following holds true

|ha(€) — €] + |hy ' (6) — &l < Cur'™;  [1—hl| < Cyur'™*
|@alcrte + [halorew < Cx,

(6.19)

provided
(6.20) ¢(1+w)<1.

Proof. By Lemma D.2 and Remark D.3, both h,, &, are uniformly Lipschitz func-
tions. Indeed,

Fa(€)
€ =G0, ha(€)) + / 02 0.Gi (2 ha(€))

F(&) ha(€)
+/ / dw 0,,0.G; j (2, w)
0

that is ho (&) = £(1 4+ O(r'1~°)). Moreover, differentiating the first of (6.19),
_ 1= 0yGije(Fa(§), ha(§) Fr(§)

(6.21)

(6:22) Mol = G FaO hal©)
and
Fo(8)
8£Gi,j7%(Fa(€)a h(x(g)) = afGi,j,%(Ov ha(g)) + . 628£Gi7j7%(2a ha(g))dz
=1+0')
0yGije(Fa(£), ha(€)) = 0 Gy / 0.0,y (Fa(€),2)d
= 0,G1 o (Fal£),0 ~),

where we have used property (1) of the foliation representation (see Appendix D).
Since 9, G; ;.. belongs to the unstable cone, then 9,G; ;.. is uniformly bounded.
Also remember the estimate |F’| < Cxr!~? obtained in the proof of Lemma 6.4.
Hence, taking into account (6.18), |1 — hl| < Cxr!=< and h, is invertible with
uniform Lipschitz constant.



DECAY OF CORRELATIONS FOR PIECEWISE HYPERBOLIC FLOWS 49

To estimate the Holder norm of A’ we use the above equations together with
property (6) of the foliation:*2

|halctte < Cu {1+ F, |00l 0, Gijselo= + [1 = 0:Gi j 5

o=}
<0y {1 1 000,Gsl2 + [ |aganGi,j,u|cw}
0

<0y {1t
Analogously,
|@alcr+e < Clhalorte +|Fgloo|OnHi jse| o= +10e Hi jelo= < Cy {1 + T1_§(1+w)} ~

This concludes the proof of Lemma 6.6. (]

Next, remember that the fibers of I'7"; . in the domain A, can be iterated back-

ward a time »>7_ and still remain in the unstable cone. In the following we will use
the notation

ax,if = sup  ess-sup |<a77G74(777 ga S)u (Vf) o G%("], 57 S)>| .
(§,8)€EA,  |n|<r

With the above construction and notations, and using Lemma D.2, we can con-
tinue our estimate left at (6.17)

/ ﬁmé,z,adjr,i : ﬁé,(,a,i : f
We i

= / ) ds/ df eibsFLm,i,a(ga S)f © Gi,j,a,%(Fa (g)a 57 Na(g) + S)
-7 il <er?

(br )™ e

6.23 ; N e "
( ) + O(ra%,lf +r |f|oo) (m — 1)' €

27—

— [ s gt OnIE (690,69
—ar Jjgli<ere
T TN (G Ly
+ O 70, f +777 floo) (m—l)!e T_,

where we have set wq,(§) = @q 0 h1(€),
(6.24) F}ia(&8) =Fomialhy (), wa() — )|k, o by ()7

42\We use also the fact that |f|c= < C#|f|105w\f’|go.
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At last we can substitute (6.23) into (6.14) and use the Schwartz inequality (first
with respect to the integrals and then with respect to the sum on 4 and j) to obtain

AFR(2)™fI < Cyp Y e | floor?

tzcmba Ching

27— ] - %

x[ > Za,izﬁ,i/ ds d€ezb(wa(i)—wﬁ(f))Fzm7i)anmiﬁ:|
@,BEEe, ;5 —2r_ Jgl[<er?

+ Cp(r O sup O f + (1% + 757 floc)a™™

SCp Y ey fler?
¢

L>c.mkq

27_
x [Z > ZaiZpaf ds /ldé-“elb%@—“ﬁ(5>>Fzm,i,anm,i,ﬁ]

— _ 0
4, a,B€EE; ; 2r— Jllgl<er

(6.25)

+ O O sup i f + (2 +7570)| floo)a ™™

To conclude the proof of Lemma 6.1, we need two fundamental, but technical,
results whose proofs can be found in Appendix E. The first allows to estimate
the contribution to the sum of manifolds that are enough far apart, the other
shows that manifolds that are too close are few. For each two sets A, B such that
Ar,i,j =AN Br,i,j 7é @ and BT,iJ =BnN Br,i,j 75 w, let di,j(Aa B) = d(AT,iJ, Br,i,j)-

Lemma 6.7. We have
(6.26) |0¢ [wa —wg] | > Cydi j(Wa, Wp).
In addition, if o™ < C’#r¥, then

. o éT_)Qm_2
de ezb(wa(ﬁ)—wﬁ(f))F*miaF*mi <C (7
‘ ‘ £mi, e £myi, B #[(m—l)!P

€l <er? 00
1 1

(6.27)
—
xr [di,j(Wa,Wg)l"'wbw T, (Wa Wa)b

Lemma 6.8. There exists o € N such that for all £ > loky, ¥ > 0, o € Eyp; and
each r >0

Z Zgi < C#[T# +6” 0'%],

9
ﬁeDl,i,j,a

where DZM@ ={B€Epi; : dWa,Wg) <1’}
To end the proof of Lemma 6.1, it is then convenient to assume that

v+6

(6.28) oM< r T 4.
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Applying Lemmata 6.7 and 6.8 to (6.25) with > = m and f = R(z)mQZ, we obtain®3
[AR(2)*" )|

_ —2m,—alr_ m—1 [, —0(1+w)—0 —20—9 3
a e (br) r r 910
<Cp Y Wl : [ + o
£>com (m—1)lrz b= b
+ Ca(r W [0y, + (7% 4 O[] e a2
14 (14w) 9446

2 — — ~
< C#aizm (rbw + S +7r70 4 Tg) 9] Lo

2

+ Cpa "0 Wl

where v, = (1 +a~!In\)~!. For the reader’s convenience, we collect all the condi-
tions imposed along the computation

} 1
cxeaty =0 <1; Uc*mgrwd; §<0<<<(1+w)_1

We choose ¢ = 3—29, ¥ =24560,b= 1"’“811%189, Yo = Wﬂ_lgm.
choose 0§ = %, w < % and m > Cxaylnb, for some appropriate fixed constant Cl,
we satisfy all the remaining conditions and Lemma 6.1 follows. (Note that the best
possible g given by this argument is {2z < O

Finally, if we

1
< 5335)

7. FINISHING THE PROOF
In this section, we prove Proposition 3.9, using the key bound from Lemma 6.1.

Proof of Proposition 3.9. Recall that ||-|| = || - ||I':Iv‘,s,0(R) with —1+1/p<s<—r<
0<r<1/pforpe (0,1). It will be convenient to assume

p>3,ls| <2r.

Let A be as in (3.7) and (3.8), and let 7o > 0 be given by Lemma 6.1. (They
do not depend on r, s, or p.) Let us consider |b| > by, a > 10A, and decompose
n = Lm+m+ 2, with m even for even n, or n = Lm +m + 3, with m even for odd
n (for simplicity, we consider even n), where L > 1 and by will be chosen later. We
will collect at the end of the argument the upper and lower bounds relating m and
aln |b| which will have appeared along the way, and check that they are consistent.

Take r’ with max(—1+1/p,r — 8) < r’ < s < 0 and so that r' > —32. We
view 7’ as fixed, but we may need to choose larger p and smaller r, |s|, this may
affect some constants noted C, but will not create any problems, since we may
take larger by (without affecting C).

Our starting point is the Lasota-Yorke estimate (3.28) from Lemma 3.8: For any
integer N > 1 such that (14 3N)r < 1/p (take the largest such integer), setting

A
= A =
n Is| N’

for some constant A independent of p, r, s and 7/, and also on p for large enough p
(see the beginning of the proof of Lemma 3.8) we have

(T.1) [R(2)"™ @) < Cyela+In(1/A)~F" BN R ()™ ()]
+CY (a =) P NI RGO ay (xo)

43Recall that || f|| e < a~™||%|| Lo while Om,if < Cu(a+ln X)~™||4]| 1 since HL, functions

oo
are (or, better, have a representative) Lipschitz (see [22, Section 4.2.3, Theorem 5]), with Lipschitz
constant given by ||¥|| 1 . Lipschitz functions in R? are Lipschitz when restricted to a C? curve

and Lipschitz functions are almost surely differentiable by Rademacher’s Theorem.
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where we used that our assumptions ensure (1 4 |2))7(1 + 1/(a — A)) < Cx|b]9.
Recall that A € (0,1) depends on r and s. (This is why the consequence (3.18) of
the Lasota-Yorke Lemma 3.1 combined with Lemma 3.4 would not suffice here.)
In fact, if ¢y is chosen large enough then there exists ¢ > 0 so that In(1/A) > rc,
recalling our assumption —s < 2r.

Using now (3.27) from Lemma 3.8, we get for the same N and 7,

IR < oy
(a—mn)

Thus, the first term of (7.1) is bounded by

N |b|N(r—s) ‘b|N(r—s)
(*2) e @

Now, if L is large enough so that the strict inequality below holds

Ve > 0.

A c In(1/XA
(7.3) 0= Als| + A < 28+ 3pA) < L7 < AN
N 4 4
then (7.2) is not larger than
Lm+m+2
N 72N (r—s)
Ci 1o (a+1n(1/)\)/2> Il

Therefore, if
2N(r —s)In|b|+2N1InCy
4 L 2>
(7.4) T2 A (n(1/0)/(2a)) — (1 + (In(1/N)/(4a)) °
the first term of (7.1) is not larger than

1 Lm+m+2
(a+ln(1/)\)/8> -

We may thus concentrate on the second term of (7.1), that is, the weak norm
contribution. Taking ¢ = b~ (for o > 2 to be determined later), and using (3.27)
from the proof of Lemma 3.8 (which gives ||R(Z)m||H£/(XO) < CyuAla— Alr'|)—™),
we see that

(7.5) O (a—n) " BN R )y x

b‘N(T—S)—T’/
< CN|7
# (a—n)km

[HR(Z)m—i_l(Me(w))l ﬁ;’,o,o
+Cula— Al )™ ¢ = M)l iy (x,)] -

By Lemma 5.4 and Corollary 4.2 (using also ﬁ;ﬂo C H,(Xp)), the second term in
(7.5) is bounded by

6 CYla=m T a— AR g

Next, we get

CN |b‘N(T—S)—T‘/—U(S—’I‘/) ( 1 )Lm+m+2
#

<
(a—m)tm(a— A= =
if o and |b| are large enough and
(7.7)
Im4m42< (o(s=7r")=N(r—s)+r)n|b| - NInCyx '
In(1+n/a)— (1+1/L)"1In(1 —n/a) — (L + 1)~ In(1 — Alr’|/a)
(The right-hand-side above is positive for large enough o.)

a—+mn
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The first term in (7.5) will be more tricky to handle. Lemma 5.5 implies that
this term is bounded by C} (a — 1) ~L™[b|N("=*)="" multiplied by
IR (2)(Lxo As(R(2)™ (Me(¥)) | g7 0.0
+R()((1d = Lxo As) (R(2)™ (Me ()| 0.0
(7.8) < Opl[Tx,As(R(2)™ (Me ()l e (x0)
(7.9) T Cypla— A)16 IR(2)™ (M () 15 x,) -

(We used that (R(2)™(M(%)) is supported in Xy, although M (¢)) is not necessarily
supported in X, and the bounded inclusion L?(X) C ﬁ;/’O’O(R) for " <0.)

Since d = 3, by the Dolgopyat bound (Lemma 6.1), there exist Cx > 0, 79 > 0,
A > 1, all independent of p, r, and s, so that for v > v (we shall take v > 1), if

(7.10) m > 2CxayIn |b|
then (7.8) times Cﬁ(a — )~ Lm|p|N =)= is bounded by
IMLe ()| 1, (a1
(14 (InX)/a)™/2 )~
Now, Lemma 5.3, Lemma 3.2, Corollary 4.2, and the Sobolev embeddings give
(712) M@)o < Co M) ganar) < Coe Pl n

= Cue P11l s (x0) < Cpe®™ VP9 oo

Cﬁ |b|N(r—s)—r'—fyo

(7.11) (Mo +

(@ —mn)tmam

(using ¢ = 1x,v) and
(7.13) M)l a1, (ary < CIMe(D) | pavarn gy < CES*l*d/”HWlH;(M)
_ Ces_l_d/plleH;(Xg) < C#Es_l_d/pH'(/JHf_i;wS«U .

On the one hand, the estimate (7.12) then gives the following bound for the first
term of (7.11)

~ b
Cy

)

|N(r75)+r'7'\/0+o’(d/pfs) 1 Lm+m+2
<
(@ —m)tmam <a+n)
ifyo—N(r—3s)+7r" —o(d/p—s) > /2 (taking r and |s| smaller and p larger if
necessary), |b| is large enough, and
(vo—N(@r—s)+r" —o(d/p—s))In|b| = NInCy
In(1+n/a) —In(1 — n/a) ’

On the other hand, (7.13) gives (recall that vo < 1/2) that the second term of

(7.11) is bounded by

(7.14) Lm+m+2<

N pN(r—s)—r'—vo+o(d/p+1-s) 1 Lm+m-+2
= < _
#(a—mEmam(1+ (InX)/a)™/2 = <a+ (ln/\)/(4L))
if
— — _ o
(715) m>o_ (@@/PE1=8) =+ Nir—s) —r)lns|+ NnCy

~ "In(1+ (InA)/a) + 2(L + 1)[In(1 — n/a) — In(1 + (In \)/(4La))]

We may assume that In(1+ (In\)/a) > 2(L+ 1)[In(1+ (In \)/(4La)) —In(1 +n/a)].
We must still estimate (7.9) times Cg (a—n)~Lm|p|N(=)="" Take § = b=7. By
(4.22) in the proof of Lemma 3.8 (as for (7.5)), and by Corollary 4.2 followed by
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Lemma 5.3 applied to r = ' = s (which does not give us any gain), we get, using
also the bounded inclusion H3(Xo) € H*Y,

(7.16) O3 (a—n) B[N0 8 T R (2) ™ (Me () s (0
< CY¥A(a— anM\bMS—”||wuﬁn-ao :
(a— Als)m :
Then, we have
, , 1 m~+Lm—+2
e R R ).

if (recall (7.3) and note that A|s| < n)
(=N —s)+r" +7(s—1"))In|b) = NInCg
In(1+n/a) —In(1 —n/a) ’

(The right-hand side above is positive if, r’ < 0 and v > 7o being fixed, we take |s|
and r close enough to 0 and p > 3 large enough, recalling (1 + 3N)r < 1/p.) This
takes care of (7.16).

Along the way, we have collected the lower bounds (7.4), (7.10), and (7.15).
Taking by large enough (depending possibly on p, r, s, in particular through L and
N) and [b| > bg, they are all implied by

(7.18) m > cialn|b|,

(7.17) m+Lm+2<

where ¢; is a possibly large constant, which is independent of L, a, b, p, r, and s,
but grows linearly like v > 1.

Up to taking larger o, the upper bounds (7.7), (7.14), and (7.17) are compatible
with the lower bound (7.18) (this determines ¢; > ¢1) if p is large enough, r, |s| are
small enough, n = A|s| + A/N is small enough, and by is large enough. Finally, we
take v = min(ln(g//\)m, II;(L)‘)). (Note that v depends on 7, s, p, through n, L, and
A) d

APPENDIX A. GEOMETRY OF CONTACT FLOWS

In this appendix, we recall some facts about the geometry of contact flows that
may not be obvious to all readers.

Lemma A.1. All ergodic cone hyperbolic contact flows on a compact manifold are
Reeb flows.

Proof. Let v* be an unstable vector then, by the invariance of the contact form «,
uy 1 * I B (AN
a(v") = tllglo T ,a(vy,) = tliglo a((T—¢)«v") =0.

Analogously, a(v®) = 0. Since Ty'da = d(T; «), we have that also da is invariant.
Let V be the vector field generating the flow, then for each tangent vector &
we can decompose it as & = aV + v® + v*. But da(V,V) = 0, da(V,v°) =
lim; s o0 doe(V, (T3)«v®) = 0 and analogously da(V,v") = 0, thus V is the kernel
of dov.
Let us define v(w) = a,,(V(w)), w € M. By the invariance of « we have, for
almost all w,

v(w) = arw (T V(w)) = ar,w (V(Tiw)) = v(Ti(w)).

Since the flow is ergodic it follows that, almost surely, v(w) = v~! € R. Let us
define the new one form 8 = Ba. Then df = vda, and B A df = v2ado is still a
volume form, hence f is still a contact form, and is invariant with respect to the
flow. Moreover 5(V) = 1, hence the flow is Reeb. O
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Remark A.2. In the smooth case ergodicity is not necessary since contact implies
automatically mixing, [27].

Lemma A.3. All diffeomorphisms preserving the standard contact form can be
written as

K(z,y,2) = (A(z,y), B(z,y),z + C(z,y)),
0. A 0, A\

det (&CB @,B) =1,
0,C = B0, A —y and 0,C = BO,A.
Proof. Let us consider the general change of coordinates defined by

K(z,y,2) = (A(z,y,2), B(z,y,2),C(z,y,2)) .

The condition that « is left invariant can be written as

dC — BdA = dz — ydx
that is d(C — z) = BdA — ydx. This is possible only if BdA — ydz is a closed form,

ie.,

where

0,B0,A —0,A40,B =0
(A1) 0,B0,A—0,40,B=0
0yBO, A — 0,A0,B =1.

Multiplying the first by 0, A and subtracting it to the second multiplied by 0, A4,
we obtain 0,A{0,A0,B — 0,A0, B} = 0. Which, by the last of the above, implies
0,A = 0. This, in turn, implies 9,B = 0. From which it follows that C' — z is
independent of z. This implies the lemma. O

Using the above fact we can prove the following lemma:

Lemma A.4. Consider the leaf (F(z®),z°, N(x®)) with tangent space in the stable
cone, the point (z,79,%) = (F(¥),5, N(3)), and the vector v in the unstable cone and
in the kernel of a. Then there exist Reeb coordinates in which the selected point is
the origin of the coordinates, the leaf reads (0,2°,0) and the vector (1,0,0).

Proof. We can consider the foliation

W(z¥, %), 2%, w(z", 2°, 2°)) = (2" + F(2*),2%,2° + N(z%)).
Let us consider a change of coordinates that preserves . By Lemma A.3 the
change of coordinates reads (A(z%,z*), B(z%,z°%),2° + C(z*,2°)). The fact that

the foliation is sent into horizontal leaves means that AV (z¥,x®),z°) must be
independent of x°. Hence, A must be a solution of the first order PDE

0= (O A)W(a*, %), 2°)Opu W (a¥, 2°) 4+ (Ozs A)(W(2*, 2°), )
= [(0pvA) - T+ (0po A)] o W(z", 2°%),,
where W(z¥,2%) = (W(z¥, z°),2°) and ['(z%, %) = (0, W) o Wl(z% 2%).% In
other words, we have shown that there exist coordinates in which the foliation
reads (W (z%),x*, H(z%, x%,2°)). At last, since the leaves are in the kernel of a,
0ys H = 0, the foliation is made of lines parallel to the z° coordinates, as required.

Let (z,y, z) be the selected point in the new coordinates and perform the change
of coordinates

r=86+%, y=n+y
z=C+z+Y¢,
which sends the selected point to (0,0,0) and hence the manifold in (0, 2%, 0).

44For example choose A(z,y) =z — F(y) + F(y)-
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Next, consider the changes of coordinates given by
n=ax + by, E=cr+dy
ac bd
C:z—&—?xQ—&-adm‘y—l—?yZ,
with ad — ¢b = 1. Let the vector have coordinates (u,s,t). Then b = 0 ensures
that the horizontal is sent to the horizontal, a = u~l,d =u,c= —s, imply that in
the new coordinates the vector reads (1,0,t). But since the vector belongs to the
kernel of the contact form and is at the point zero, we must have ¢t = 0. U

APPENDIX B. BASIC FACTS ON THE LOCAL SPACES H;qu

We adapt the bounds of [6, §4.1], state a result about interpolation between
Lasota-Yorke inequalities due to S. Gouézel (Lemma B.7), and prove Lemma B.8,
necessary in view of the “glueing” procedure in Step 2 of Lemma C.2 used in Step 3
of the proof of the Lasota-Yorke claim Lemma 3.1. We start with a Leibniz bound:

Lemma B.1. Fix B € (0,1). Let s <0<, ¢ >0 be real numbers with
(B.1) (1+q/r)(r—s) < B.
For any p € (1,00), there exists a constant Cy such that for any o function
g: R C,
lg - wll s < Coellgll s ol gz -

Proof. Note that (r 4+ ¢)(1 — s/r) > max(r + ¢q,r — s).

If ¢ = 0 then the proof of [5, Lemma 22| gives the statement if r — s < B. If
s:r=0and0<q<§7wecanuseFubini. If ¢ > 0 and r — s > 0, it suffices to
observe that H,»*? can be obtained by interpolating between H;"’SO’O and HS’O”IO
where rg = r+q > 0, so = ros/r <0, qo =+ q, at r/rg € (0,1), and that our
conditions ensure 79 — Sg < E and gy < 5 Il

The following extension of a classical result of Strichartz [41] is an adaptation of
[6, Lemma 4.2].

Lemma B.2 (Strichartz bound). Let 1 < p < 00, s < 0 < r and g > 0 be real
numbers so that

(B.2) 1/p—1<s(1+§) SOST(1+%)<1/p.
Let ey, ..., eq be a basis of RY, such that eq, 11, .. .,eq—1 form a basis of {0} x R% x
{0} and eq forms a basis of {0} x R. There exists a constant Cy (depending only
on p,s,r,q and the norm of the matriz change of coordinate between eq, ..., eq and
the canonical basis of R%) so that, for any subset U of R? whose intersection with

almost every line directed by a vector e; has at most M. connected components,
Iowllggs < CpMee [l gy -

Proof. Note that (1 + |¢|/r)s < s < 0. The conditions on r,s,q are obtained by

interpolating as in the proof of Lemma B.1, and using the condition —1 4+ 1/p <

t < 1/p for H!(R%) coming from [41] (see the proof of [5, Lemma 23]). One finishes
by a linear change of coordinates preserving the R% and R% = R directions. [

The following is essentially [6, Lemma 4.3], itself based on [5, Lemma 28].

Lemma B.3 (Localisation principle). Let K be a compact subset of R, For each
m € Z%, consider a function 1, supported in m + K, with uniformly bounded C"
norm. For any p € (1,00) and s <0 <7, ¢ > 0 with

(B.3) (14+gq/r)(r—s) <1,
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there exists C > 0 so that

1/p

S bl | < Co e
meza

If, in addition, we assume that ) ;4 Mm(x) =1 for all z, then
1/p
(B.4) wllen < Cp [ 3 Imeolpe

meZa

Proof. For the first bound, our condition on r, s, ¢ ensures we can apply Lemma B.1
to B = 1 so that Cx only depends on the C' norm of 7, (see the proof of [6,
Lemma 4.3]). For the second bound, we refer to [5, Remark 29] and [44, Theorem
2.4.7(1)). O

The following lemma on partitions of unity is a modification of [5, Lemma 32]:

Lemma B.4 (Partition of unity). Letr, s, g be arbitrary real numbers. There exists
a constant Cy such that, for any distributions vy, ...,v; with compact support in
R?, belonging to Hp*1, there exists a constant C with

1
D v

=1

p l l
(B.5) < Cpm? Y il +CY [ o

Hy o4 i=1 i=1

where m is the intersection multiplicity of the supports K; of the v;’s, i.e., m =
sup,cpe Card{i | x € K;}, and letting K] be neighbourhoods of the K; having the
same intersection multiplicity as the K;, and choosing C* functions V; so that ¥,
is supported in K[ and =1 on K;, we have

(B.6) C < CymP™! sup [| Wl -

Replacing Hy~ %9 by H;;/’S’q with r — 1 < v’ < r in the right-hand-side of (B.5),
we can replace the C* norm by the C™~"" norm (B.6).

Proof. Apply the proof of [5, Lemma 32], noting that [3, Lemma 2.7] also holds
for our symbol a, 4. The bound (B.6), including the claim about r — 1 < 7/ < r,

comes from the term in the integration by parts in the proof of [3, Lemma 2.7], and
interpolation if r — 1’ ¢ Z. O

The following class of local diffeomorphisms (adapted from [6]) will be useful:

Definition B.5. For C' > 0 let D}(C) denote the set of C! diffeomorphisms ¥
defined on a subset of R?, sending stable leaves to stable leaves, flow directions to
flow directions, and such that

max (sup [DV¥(z", 2*, 2%)|,sup [ID¥ ' (2, 2*, 2°)],
| DV (zt, 2%, 2°) — DU (2%, 2%, 7%)]

sup

s, 79, 20 |.’IJ0 - iol
sup |D\IJ(mu’x5,x0)—D\IJ(;L-S,ES,‘ZO”) <C
Wi o — 5] =C.

Adapting the proof of [6, Lemma 4.7] gives:

Lemma B.6. Let C > 0, and let s < 0 < r and g > 0 be so that (B.3) holds.
There exists a constant C' > 0 so that for any ¥ € Di(C) whose range contains a
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ball B(z, 03/2), and for any distribution w € H,»*9 supported in B(z, 03/2/2), the
composition w o ¥ is well defined, and

(B.7) o0 @l 700 < O ol e -

Proof. Without loss of generality, we may assume z = ¥~!(z) = 0. Let v be a C*®
function equal to 1 on B(0, 03/2/2) and vanishing outside of B(0, 03/2). We want
to show that the operator M : w — (yw) o ¥ is bounded by C’ as an operator from
Hp»*% to itself. By interpolation (see e.g. the proof of Lemma B.1), it is sufficient
to prove this statement for for LP, for H;’O’O, for Hg’_l’o and for H8’0’17 HS’O’_I.
This can be done by adapting the second step of the proof of Lemma 25 in [6]. The
result there is formulated for C? diffeomorphisms, but a glance at the proof there
indicates that the C? regularity is only used in the sense of Lipschitz regularity of
the Jacobian along the stable leaves, in the argument for HS"l. In our setting, we
shall also need Lipschitz regularity of the Jacobian along the flow directions, in the
argument for H. 3’0’*1. The definition of D}(C) ensures that the Jacobian is indeed
Lipschitz along stable leaves and along flow directions. O

The idea for the following lemma was explained to us by Sébastien Gouézel:

Lemma B.7 (Interpolation of Lasota-Yorke-type inequalities). Let 1 < p < oo and
s<0<7r,¢>0,q,¢" >0, and s’ <s, 1 <r. Let L be an operator for which
there exist constants c,, cs and Cyy >0, Cs > 0 so that

(B.8) [ Lwl| gro0 < ey [wll groo + C ||wHH;/_,0’q, Yw € HOP

(B.9) HLw||H2,s,o < ¢q ||w||H3,s,o + Cs |Jw|| ,Vw € HS’S’O,

Hg‘s/’q”
then for each 0 € [0,1] and every w € ng,(l—e)s,o
||Lw”H2T’(179)S’° <ene HWHHﬁ"(l"")S'” + 00" ||wHng’,<1—«9)s’,9q’+(1—9)q/'

+eoi? ||W||H3n<1—e>s/,<1—s>q“ +Chel™? ||w||H§r’,<1—e)s.,9q/ .

Proof of Lemma B.7. For a Triebel-type symbol a(£%,£%,£%) we write |wl, for the

Triebel norm [|[F~1(aFw)|rr. By classical multiplier theorems (see [38]), the

norm ¢y [|wl|groo + Cr |||l ;70,0 is equivalent to the Triebel norm with symbol
P P

ay (€%, €°,€9) equal to
cu(l+ (€47 + |€°]* +1€°
Therefore, (B.8) reads

Q)T/2+CT(1+|§u|2—‘r|§s‘2-‘r|§0‘2)T//2(1+|€0|2)Q/2.

L)l o0 < [wla, -
Similarly, defining
as(€%,€°,6%) = (14 |€P)7 + Co (1 + 1€°7) 2 (1 + €°17)2/2,
(B.9) becomes ||L(w)\|H2,s,o < |wla,. One may thus apply standard interpolation.
A result of Triebel gives that the interpolation of |.|,, and [.|,, is equivalent to

|.| 40 o1-¢, With uniform equivalence constants over the norms we are considering. [
fas

Finally, we shall need a new result, specific to our flow situation (and which is
proved with the help of Lemma B.7):

Lemma B.8 (Composing with a perturbation in the flow direction). Let A be
defined by A(z*, 2°,2°) = (2%, 2%, 20 + §(2%,2%)),2° € R 2% € R 29 € R,
where § : R%Fde 5 R 4s a C' map whose range contains a ball B(z, Cé/z). Then,
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for any s < 0 < r and ¢ > 0 so that (B.3) holds, there is C so that for any
distribution w supported in B(z, 03/2/2),

w0 Allgges < Cllwllggense—s

Proof. As usual, we proceed by interpolation. The Jacobian of A and of A~! is
equal to 1. Therefore

(B.IO) ||0J o A”HS,O,O < ||oJ||Hg,o,0 .

Since 90 (wo A) = (dpow) o A and 9ps (Vo A™) = (9psv) 0 A™L + (9p00) 0 A71D,:4,

we have
(B.ll) Hw o AHHS"LO S ||w||Hg,71,0 —l— CHD5||LO<> ||0J||Hg,71,1 .
Indeed, letting Qg € H](D),o,o be such that 9,:Q; = w, and writing D¢ for 9,0,

sup /(wOA)~1/1dx:sup/w-(wOA_l)dx
(el yo.1,0<1} Y

= sip(—/ﬂs ((Ouetp) 0o AT = /Q (Do) 0 A7) -D6>
—sup(~ [(@.0800, 5~ [(@08): @) (Do)
g/QsoAusip/((aonws)oA)~w-<DaoA>

<([ 10

< |w|H2,—1,0 + sup |D(5|(/ [(0p0 Q) © A|p)1/p < |w|Hg,—1,o + sup |D(5HW|H2,—1,1 .

PP 4 Sup/([(aonws)Dé] oA) -9
P

Using also Ogu(w 0 A) = (Oguw) 0 A 4 (Opow 0 A)Dyud, Ops(wo A) = Ops(w) 0o A +
(Opow 0 A)Dysd, we get

(B.12) o Allgroo < [l groo + ClIDS |z ]l oo -

Beware that interpolating between Lasota-Yorke inequalities is not licit in general.
However, for the simple symbols in presence, we may use Lemma B.7 (for C,, =
r=71"=¢ =0and s = -1, s = —2), and we deduce from (B.10)—(B.11) that

1"

||W°A||Hg,—<1fe”),0 < ||W||Hg,—<1—9”>,0 +C|| D||; = ||W||Hg,—2<1—e”>,1—e” , V0" € [0,1].

and from Lemma B.7 (for Cs =s=5 =¢"=0,r=1, v =0) and (B.10)-(B.12)
that
600 All o0 < Il g0 + CIDS e [l g . Y0 € 0,11,
Since ||wHHzer,_g(l_e)(l_eu),(l_9>(1_9~) and Hw||Hg,_(l_g)(l_gu),gg/, are dominated by
||w||H;,s,r75, using again Lemma B.7 to interpolate at (r,s,0) = 6(6',0,0) + (1 —
0)(0,—(1 —6"),0), we get
(B.13)
lwo Allggeo < C(Iwl e + max(I DO, 1D Loe, 1DS] 20l gy
< Clll g
Finally, since 040(w o A) = (Jpow) o A, we have
(B.14) o Allgoon < ol gos

Therefore, interpolating with (B.13), we get the lemma. O
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APPENDIX C. ADMISSIBLE CHARTS ARE INVARIANT UNDER COMPOSITION

Lemma C.2 below is the analogue of [6, Lemma 3.3]. (There will be a nontrivial
difference, the presence of the map A,,.) We need one more notation:

Definition C.1. Let C and C be extended cones (Definition 2.4). If an invertible
matrix A : R — R? sends C to C compactly, let A\, (A) = Ay (A,C,C) be the least

expansion under A of vectors in C%, and A;(A) = A\s(A,C,C) be the inverse of the

least expansion under A~1 of vectors in C*. Denote by A,(A) = A,(A,C,C) and

As(A) = As(A,C,C) the strongest expansion and contraction coefficients of M on
the same cones.

Lemma C.2. Let C and C be extended cones and let 8 € (0,1). For any large
enough Cy (depending on C and C~) and any Cy1 > 2Cy, there exist constants C
(depending on C, C and Co) and € (depending on C, C~, Co and Cy) satisfying the
following properties:

Let T be a C? diffeomorphism of R? = R% x R% x R with T(0) = 0, so that,
DT (2)(0,0,v°) = (0,0,v°) for all z € R? and v° € R, and, setting A = DT (0),

H’Tﬁl oA — id||c2 <e, A sendsC to C compactly,
(C.1) As (A PAL AN (A <€, M(A) > et A (AL > et
Let J C R? be a finite set such that |m—m'| > C for allm # m’' € J, and consider
a family of charts {¢m € F(m,C%,38,Co,C1) | m € J}. Then, defining
J ={meJ|B(m,d)NT(B(0,d)) # 0},
and setting I(z%, 2%, 2%) = (2%,0,0), we have:
(a) IIm —IIm’| > Cy for all m # m' in J'.
(b) There exist ¢' € F(0,C*,B,Co,C1), and diffeomorphisms T,,, for m € J’,
such that
(C.2) T Yopm=0¢0T, ond (B(m,d)NT(B0,d)), VmeJ .
(c) For each m € J', we can write T,, = W o D~to W, o A,,, where
e The diffeomorphism W, (z*,25,2°) = (p(2z*, 2%),20) is in DY(C), is
range contains B(II(m",0), 3/2), and
U (A (B(m, d))) € B(Ilm, Cy/?/2).
o Ay (zt, 25,20 = (2%, 2%,2° + 5, (2%, 2%)), where &y, is a C function de-
fined on B(m™,0),C3"*) with | Dé|~ < C.

o The matrix D is block diagonal, of the form D = (é

B 8) with
001
|Av| > CTI\,(A)|v| and |Bv| < CAs(A)|v].
e The diffeomorphism W is in D3(C), its range contains B(0, 05/2).

Note that (c) implies in particular that each T,, sends stable leaves to stable
leaves. Note also that if Cj is large enough, then ¢’ € F(0,C*, 3,Cy, Cy) implies
(¢")"1(B(0,d)) € B(0,CL/%/2) (because ||(¢/)~!|c1 < Cy by Lemma 2.3).
Remark C.3. Composing with translations, we deduce a more general result from

Lemma C.2, replacing 0 by £ € R% and allowing T ({) # ¢: Just replace A
by DT (£), the projection II by II(z%, z% 20) = (x“,w%-(e),xg—(e)), where T(¢) =

(5 (0y T2y xg—(e)), and assume that

(T -+ T (0] =) e DT(0) —id|| .o < €
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and that D7 (¢) sends C to C compactly. One then uses the condition B(m,d) N
T(B(,d)) # 0 to define J’. Of course, ¢ is then in F(¢,C*, 3, Cy, C1), equality
(C.2) holds on ¢} (B(m,d) N T(B(£,d))), and the range of ¥ contains B(¢, Cp/?).
Finally, we have (¢/')~1(B((,d)) C B(,C/?/2).

The proof below is an adaptation of the proof of [6, Lemma 3.3].

Proof of Lemma C.2. We shall write 71, mo, and 73 for, respectively, the first, sec-
ond and third projection in R? = R% x R% x R.

Step zero: Preparations. We shall write Cy and ey for a large, respectively
small, constant, depending only on C,C~, that may vary from line to line. For the
other parameters, we will always specify if they depend on Cy or Cf.

The set A(R% x {0} x {0}) is contained in C*, hence uniformly transversal to
{0} x R4sF1. Therefore, it can be written as a graph {(z%, P(z%))} for some matrix
P with norm depending only on C. Let Q(z*,z°,2°) = (2%, (z°,2°) — P(z%)), so
that QA sends R% x {0} x {0} and {0} x {0} x R to itself. In the same way,
A7L({0} x R4 x {0}) is contained in C*, hence it is a graph {(P.,(z%), 2%, P}(z*))}.
Letting Q' (z%, 2°,2°) (2% — P! (2°),2°,2° — P{(z*)), the matrix D = QA(Q')~!
leaves {0} x {0} x R, R% x {0} x {0}, and {0} x R% x R invariant, i.e., it is block-
diagonal, of the form (§ 1?3)’ E), and moreover |Av| > C;lAu\v\ and |Bv| < CuAs|v|
(since the matrices @ and @', as well as their inverses, are uniformly bounded in
terms of C and C) and the scalar matrix o = 1.

We can readily prove assertion (a) of the lemma. Let m € J’, there exists z €
B(m,d) N T(B(0,d)). The set QT (B(0,d)) = DQ'(T1A)~1(B(0,d)) is included
in {(z%, 2%, 2°) | |(2*,2°)| < Cx} for some constant C (the role of Q is important
here). Since Qz € QT (B(0,d)), we obtain |m2(Qz)] < Cx and |m3(Qz)| < Cyx.
Since |z—m/| < d, we also have |Qz—Qm| < Cy, hence |m2(Qm)| < Cg, |13(Qm)] <
Cy (for a different constant Cy). Since

Qm - Hm(m“, WQ(Qm)7 3 (Qm>) - (mu7 0, 0)(07 71—2(Qm)7 3 (Qm)) )
we obtain
(C.3) |Qm —IIm| < Cyx.

Since the points m € J’ are far apart by assumption, the points Qm for m € J’
are also far apart, and it follows that the points IIm are also far apart. Increasing
the distance between points in 7/, we can in particular ensure that [[Im—1IIm/| > Cq
for any m # m’ € J', proving (a).

The strategy of the rest of the proof is the following: We write

(©4) T =TAQ) D Q.

We shall start from the partial foliation given by the maps ¢,, for m € 7, apply
Q (Step 1) to obtain a new partial foliation at @m, modify it via glueing (Step 2)
to obtain a global foliation, and then push this foliation successively with D!
(Step 3), (Q')~* (Step 4), and T 1A (last step).

We next define spaces of functions which will be used in the proof. For Cx > 0,
let us denote by D(Cy) the class of C! maps ¥ defined on an open subset of R? (the
value of j will be clear from the context), taking their values in R/ and satisfying

(C.5) C;1|z—z’| <|U(z) — V()] < Cylz — 7|,

for any z, 2’ in the domain of definition of W. It follows that any such ¥ is a local
diffeomorphism, and that |DV| < Cyg, ||[(DY)7!]| < Cy.
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For 3 € (0,1), we denote by K = K?(C) the class of matrix-valued functions K
on R41 such that, for all %, y* € R%, for all z°,y° € R%,

|K (=%, 2%)| < C,
K (z*,2%) — K(y",2°)| < Clz* —y"|”, |K (2", 2°) — K(z",y°)| < C|a* —y°|,
K (2, 2°) — K(y*,2%) — K(a*,y°) + K(y*,y*)| < Cla* — y*|°|2® — y*|" 7.

The spaces of local diffeomorphisms D(Cy) and of matrix-valued functions K(Cy) =
K%8(Cy) were introduced in [6]. As in Remark A.6 of Appendix A of [6], we
will write KC(Cy, A) for the functions defined on a set A and satisfying the in-
equalities defining K(Cx) (A will sometimes be omitted when the domain of def-
inition is obvious). The map ¢, = (F, (%, 2%), 2%, 2° + fm(xs,x“)) belongs to
D(Cy) (see the proof of Lemma 2.3), the matrix-valued function DF,, belongs to
K(Cyx, B((m*,m*),Cy)) (boundedness of DF,, is proved in Lemma 2.3, while the
Holder-like properties are given by (2.3)—(2.5)).

First step: Pushing the foliations with Q). We formulate in detail the construction
in this first step (a version of Lemma C.4 will be used also in the last step, replacing
Q by T 1A, while steps 2-3-4 are much simpler). The statement below is the
analogue in our setting of [6, Lemma 3.5]:

Lemma C.4. (Notation as in Lemma C.2 and Step 0 of its proof.) There ex-
ists a constant Cy such that, if Cy is large enough and Cy > 2Cy, for any m =
(m*,m*,m®) € J' there exist maps V,, : B((m“,ms),Cg/g) xR — Re, ¢V

B(IIm, Cé/z) — R4, and a map A, from B((m*,m?), 5/3) x R to itself such that
oW oW, oA, =Qo ¢ on ¢ (B(m,d)).
1/2

Moreover, V., is a diffeomorphism in D}(Cy4) whose range contains B(Ilm, Cy’ %),
and V., (Apn¢,H(B(m,d))) C B(Hm,Cé/2/2), while A, (2%, 2%, 20) (2%, 2%, 20 +
Om (x®, x%)) with ||0m]lcr < C. Finally,

qﬁg)(x“,xs,xo) = (FS)(Q:“,JUS),J:S,JUO)
on B(Hm,Cé/Q), with FY o C* map with DFSY in K(C#,B((m“70),03/2)).

If £ is the foliation given by ¢, (2", 2%, 20) = (Fp(a*,2%), 2, Fp (2, 2%, 20)),
then by definition q[)%) sends the stable leaves of R to the foliation Q(€), i.e., (bs,lL)
is the standard parametrisation of the foliation Q(£).

Proof of Lemma C.4. Fix m = (m*,m*,m°) € J'. The map Q o ¢,, does not
qualify as qs&) for three reasons. First, m 0 Q o ¢, (2%, x°,2°) is not equal to x*
in general. Second, m3 0 Q o ¢, (z%, 2%, 2°) is not equal to 2° in general. Thirdly,
71 0Q 0 ¢y (x%,0,2%) is not equal to 2% in general. We shall use two maps ' and
'™ (sending stable leaves to stable leaves, and flow directions to flow directions)
and a perturbation of the flow direction A,, to solve these three problems. The map
I'® will have the form I'© (2%, 2%, 2°) = (z*, G(z*, z*), 2°), where, for fixed 2° and
x%, the map x° — G(z%, z°) is a diffeomorphism of the stable leaf {z%} x R% x {z°},
so that 750 Qo ¢, o T (2%, 2%, 2°) = 2°, while the map A, (2%, 2°, 2°) (2%, 2*, 2° +
Sm(x, %)) is so that m3 0 Q 0 ¢y, 0 AL o TO (2% 25, 2%) = 29 (note that m o
Q0 ¢y 0o TO (2% 25 20) = 1 0 Q 0 ¢y, 0 AL 0 TO (g%, 2% 20)). In particular,
Qo ¢ o Ao TO (2% 0,2%) is of the form (LM (z%),0,2°) for some map L),
Choosing
F(l)(mu’ xs7 m0) — ((L(1)>_1(1‘u),xs,.r0)
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solves our last problem: the map
qbgb) =Qodmol, o r®or®

satisfies WQOQS»E}L)(LEU, 2%, 2%) = 2%, ﬂgoqﬁgrll)(z“, 2%, 2%) = 2%, and wloqsg) (x%,0,2°) =
x*, as desired. (And it still has the property that 0 0m o¢£}L) (x%,2%,2°) = 0.) Then,
the map ¥, = (I'© oI'(M)~1 sends stable leaves to stable leaves and flow directions

to flow directions, and @ o ¢,,L¢7(71L) oW,, 0A,,.
We shall now be more precise, justifying the existence of the maps mentioned
above, and estimating their domain of definition, their range and their smoothness.
The maps T®) and A,,. For fixed 2" the map (z*,z°%) — G(z*,2°) should
satisfy mg 0 Q 0 ¢y (2%, G(z%, 2°),2°) = %, i.e., it should be the inverse to the map

(C.6) Ly 2° = Ty 0 Qo (%, 2%, 2%)2° — 1o (PF,, (2%, %)),

where we denote ¢, (z%, 2%, 2°) = (Fm(x",xs),xs,ﬁm(xs,xo)). We claim that the
map L, is invertible onto its image, and that there exists 6% > 0 such that

1) Lo (4°) — Lan (2°)] 2 eBly* — 27|,
vz € B(m*,Cy), Va°,y° € B(m*, Cp).
Indeed, fix % € B(m", Cy), let w = y® — a®, write F(2®) = F,,,(«*, 2*). We have

(C.8) Lyu(y®) — Ly (2®)w — o <P /01_0 Ops F (2% 4+ ow)w da) .

Define
CY* = {v+(0,0,2°) |v e C®z® € R}.

Each vector (0 F(2* + ow)w, w, 2°) belongs to C**. Since this cone is transversal
to R% x {0} x {0} and defined through a linear map (see (1.1) and the corresponding
footnote), the set C¥* N (R% x {w} x {2°}) is convex, hence

1
(C.9) vy (/ Ops F(2° + ow)w do, w, x0> eCcvs.
o=0
On the other hand, since the graph of P is included in 5",
1 1
vy = (/ Oy F(2° + ow)w do, P/ Ops F(2° 4+ ow)w do)
o=0 o=0

belongs to C*. Let ¢} > 0 be such that B(v, €% v|) NC* = () for any v € C** — {0}.
Since v; € C** and vy € C*, we get |v3 — va] > G?¢|v1|. As v; and vy have the
same first and third components if 2° := m3(P fglzo Ors F(2° 4+ ow)w do), this gives
o (v1) — ma(v2)| > € |u1], ie.,

1
‘w - '/TQ(P/ Ops F(2° + ow)wdo)
o=0

> exlwl,
which implies (C.7) by (C.8).
For each z® the map (2%, 2°) — d,, (2%, 2®) should satisfy
730 Q 0 P (2, G(z%, %), 2° — 6, (2, G(z¥, 2°))) = 2°,
ie.,
(C.10) Ep(x*, G(a™, 2), 2% — 6 (2%, G(z%, 2°))) — w3 (P Fp (x%, G(a¥, 2°))) = 2°..

Letting P3 = w3 P, and recalling that 8$oﬁm(acs,ac0) = 1, the condition reads, for
y* = G(a", %),

(C.11) Fon (@, %) — w3 (PF (2%, 4°)) = (2™, y°) .
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The map A© : (2% 2%) — (2% Lyu(2®)) is well defined on B((m*,m?*),Cp),
its derivative is bounded by a constant Cy, and its second component satisfies
(C.7). Then, [6, Lemma A.1] (with z* and z* exchanged) shows that A(®) ¢
D(Cy, B((m*,m*),Cp)) for some constant C'y. In particular, A(®) admits an inverse
which also belongs to D(Cy). By [6, Lemma A.2], the range of A(®) contains the
ball B(A(®)(m),Cy/Cyx). Moreover, A (m* m*) = (m", 7%(Qm)). By (C.3), w
have |Qm — IIm| < Cy, hence the domain of definition of (A(®))~!(z¥ z%) =
(z*, G(z",2°)) contains B(IIm, Cy/Cy — Cy). If Cy is large enough, this contains
B(IIm, C2/%).

Finally, one gets from (C.11) and Lemma 2.3 that d,,(z%, 2°) is defined on
B((m",0),C, 2/3) with ||, ||cr < Cy (in particular, A, € D(Cy)), and we put

Oa",2%,2%) = (2", G(a",2%),a")(AD) 7} (2", 2%),2°)
Ap (2, 2%, 2%) = 20 4 6,, (2, 2%) .

The map T . Consider qb )Q om0 AT oT(O Tt is a composition of maps in
D(Cy), hence it also belongs to D(Cy). Moreover, its restriction to R% x {0} x R
has the form (z%,0,2°) — (LM (2%),0,2°). Tt follows that the map L") (defined
on a subset of R%) also satisfies the inequalities defining D(Cy). In particular,
this map is invertible, and we may define T (2%, 2%, 2°) = (L)~ (2¥), 2%, 2°).
This map belongs to D(Cy). By construction, ¢$,1L) =QoppoA;1oT @ o™ can
be written as
(ED ", a), 2%, 2°)
with Fr(nl)(x",()) =z
We have ¢ (Qm) = Qm. Since [IlIm—Qm| < Cx by (C.3), and ¢\ is Lipschitz,
we obtain |¢\0) (TIm) —TIm| < Cy, ie., L) (m*)—m¥| < Cy. Since LY € D(Cy),
[6, Lemma A.2] shows that L) (B(m*, Cg/g)) contains the ball B(m" CQ/B/C# -
Cy). Therefore, it contains the ball B(m", C’é/ ) if Cy is large enough. Hence, the
domain of definition of the map I'™) contains B(IIm, C’é/ 2). This shows that qb,(ﬁ)

is defined on B(IIm, C1/2)
The map ¥,,. We can now define

U, = (0O o T~ = (LM (2%), Lyu (%), 2°),

so that Q o ¢, = ¢£,1l) oW, o A,,. We have seen that ¥,, € D(Cy), hence DV,
and DV ! are uniformly bounded. To show that ¥, € D3(Cy), we should check
that |DW,, (2%, 2%,2°) — D, (2%, y*, 2°)| < Cx|x® —y*|. This follows directly from
the construction and the inequality (2.3) for DF,,. Finally, since ¥,,, € D(Cx) and
A, € D(C#)

Ui (Amdy, (B(m, d)) € U (B(m,Cy)) C B(¥n(m), Cy).
Since Qm = ¢ (¥, (m)) and IIm = ¢4 (IIm), we get [W,, (m) —IIm| < Cu|Qm —
IIm| < Cyx by (C.3). Therefore, ¥,,(¢,,'(B(m,d))) C B(Ilm,Cy), and this last
set is included in B(IIm, 03/2/2) if Cy is large enough.

The regularity of DEST1 ). To finish the proof, we should prove that DESL1 ) satisfies
the bounds defining K(Cy) for some constant Cx independent of Cy. Since qbﬁ) =
Qo ¢moAtol® oM we have
(C.12) DD (DQ o ¢y 0 AL o T® 0 TM) . (D, 0 AL o TO o T

(DA oT o Op(l)) : (DF( ) Or(l)) . DT
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Since K is invariant under multiplication ([6, Proposition A.4]), and under composi-
tion by Lipschitz maps sending stable leaves to stable leaves ([6, Proposition A.5]),
it is sufficient to show that D¢,,, DAL, DI'® and DT'M all satisfy the bounds
defining K(C%) (note that this is where (2.4)—(2.5) will be used) For D¢,,, this
follows from our assumptions, and for DA, ! from our assumptions and (C.11).

Since T(® = (A©)=1 H), we have DI'® = (DA®)=1 o T, Since DA© is
expressed in terms of DF,,, it belongs to K. As K is invariant under inversion (|6,
Proposition A.4]) and composition, we obtain DI'®) € K(Cy).

Since Dol (xz*,0,2°) = id, it follows from (C.12) that, on the set {(x,0,2°)},
DI'M s the inverse of the restriction of a function in X, and in particular

DIz 0,2°)

is a f-Holder continuous function of z*, by [6, (A.7)] and a Lipschitz function of
2% by construction. Since DT (z* z° 2°) only depends on z* and z°, it follows
that DT belongs to K. This concludes the proof of Lemma C.4. O

We return to the proof of Lemma C.2:

Second step: Glueing the foliations qS,(%) together.

Just as in [6], a glueing step is necessary (see Step 3 of the proof of the Lasota-
Yorke Lemma 3.1: the localisation lemma gives > .4 ||17mw\|1;{£,3,q <Cy ||w||§{;,s,q
but not Y, a ||7]mwm||%;,s,q < sup,, Cx meHiI;,s,q).

Let y(z*, 2*) be a C* function equal to 1 on the ball B(C’é/2/2)7 vanishing out-
side of B(Cy/?). Let ¢4 (%, 2%, 20) = (FS (2%, 2%),2°,2°) be a foliation defined
by Lemma C.4, and put

(;553)(26”, x°, mo) = (y(z" — m“,xs)(Fr(nl)(xSw“) — ")+ 2" 2®, mo) .
By construction,
¢’E‘V2l) (xu7 xS? xo) = (F’IS?) (xu7 xS)? xS? xo) b

with 2 (z*,0) = z". In addition ¢ defines a foliation on the ball of radius C’S /2
around ITm, coinciding with (bﬁ,%) on B(IIm, 03/2/2), with F7(n2) equal to " on the
(z*, x*)-boundary of B(Hm,Cé/z). Moreover, DE® is expressed in terms of ~,
Dy, FY) and DFY. All those functions belong to K(Cy) (the first three functions
are Lipschitz and bounded, hence in (Cy%), while we proved in Lemma C.4 that
DF{ € K(Cx)). Therefore, DFY € K(C4) by a modification of [6, Proposi-
tion A.4]. We proved in (a) that the balls B(Hm,Cé/z) for m € J' are disjoint,
therefore all the foliations gbs,%) can be glued together (with the trivial stable fo-
liation outside of |J,,c -, B(IIm, Cé/ 2)), to get a single foliation parameterised by
#? :Re R?. We emphasize that this new foliation is not necessarily contained
in the cone Q(C?), since the function 7 contributes to the derivative of »2). Nev-

ertheless, it is uniformly transversal to the direction R% x {0} x R, and this will
be sufficient for our purposes. Write

¢(2) (.%,7171,57xO)(}p(Z)(xu7 33‘5), x57 3;‘0)

where F(?) coincides everywhere with a function an2 ) or with the function (z*,x%) —
x¥. Since all the derivatives of those functions belong to K(Cx), it follows that
DF® € £(Cy) (for some other constant Cy, worse than the previous one due to

the glueing). Since we will need to reuse this last constant, let us denote it by C’;S).
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Third step: Pushing the foliation ¢® with D~'. This very simple step is the
heart of the argument and this is where (C.1) is needed: Define a new foliation by

(C13)  F®(a" 2°) = A7 'F®) (A", Ba®), ¢®(2) = (FO) (2", 2°),2°,2°),
so that D19 = ¢(®) D=1, We have F(®)(z*,0) = z*. Moreover

Opu FO) (2% 2°) = A7 (8,u FP)) (A2, Bz*)A,

Dps FO) (2%, %) = A71(0,- F?)(Az™, B2®)B.
In particular, if |A~!| and | B| are small enough (which can be ensured by decreasing
e in (C.1)), we can make d,+ F(® arbitrarily small. Since |B| < 1 < |4|, it also
follows that (see [6, (3.12)])
(C.14) IDF® (. a%) = DFO(a*, )| < | A7 AICY | Blla* ~ v

In the same way as (C.14) (see [6, (3.13)]),
IDF®(a*,2°) = DF®) (2", y*) = DF® (y",2°) + DFO (y", )|

) < [ATAICYAPIBI e — | e —y* .

If the bunching constant e in (C.1) is small enough (depending on C}), we can
ensure that the two last equations are bounded, respectively, by |z® — y*|/(2C1)
and |z% — y"|?|z® — y*|' 7P /(4C3C), ie., the map F®) satisfies the requirements
(2.3) and (2.5) for admissible foliations, with better constants.

Taking y* = 0 in (C.15), we obtain

IDF®) (2, 2%) = DF®)(y", 2]
< fz =y |’[a*|' "7 /(4CFC1) + IDFP (2*,0) = DF®) (5", 0)].

Moreover, Oy« F®)(2%,0) = 0,. F®)(y*,0) = id, so that (see the computation in
the lines above [6, (3.14)]),

IDF®)(2*,0) - DF® (y*,0)] < |A7Y|BICY A2 — |

The quantity |A~Y|B||A|? is bounded by CxA,*A;AZ. Choosing € small enough
in (C.1), it can be made arbitrarily small. For |z°| < CZ, this yields

(C.16) IDF® (@",2%) = DF®)(y",2%)| < [a" — y*|7/(2C1),

which is a small reinforcement of (2.4).
We see that for fixed C, C, there is a constant C depending only on Cy so that
the smallness condition on e is of the form
C
C.17 < —.
(c17) <o

Fourth step: Pushing the foliation ¢ with (Q')~!. Define maps
F® (v 2%) = FO (2%, 2%) + P(z®), FW (2% 2°) = 2° + Pj(a°)

and let ¢@ (2, 2%, 20) = (F@W (2%, 2%),2°, F®(2°,2°)). The corresponding folia-
tion is the image of ¢ under (Q')~'. Let us fix a cone C§ which sits compactly
between C§ and C®. Since the graph {(P,, (x®),x®, Pj(x®)} is contained in C§, the fo-
liation F*) is contained in Cf if 9, F(3) is everywhere small enough. Moreover, the
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bounds of the previous step concerning DF®) directly translate into the following
bounds for DF® for all 2%, y* € R% and all 2°,y* € B(0,C3):

(C.18)  [DFW(a",a*) = DFW(a",y%)| < |2° — y°|/(2C1),

(C.19)  |DFW (", ") = DFW(y",2%)| < |2 —y"|?/(4C5Cy)

IDFW (", %) = DFW(a",y") = DFW(y*,2°) + DFW (", %)
< fz =y Plat =y (200)

In particular, since 9, F® (z%,0) = id, the bound (C.18) implies that d,. F* is
bounded and has a bounded inverse on a ball of radius C; > 2Cj.
In addition, linearity of P} implies that

(C.21) [IDF® (2%, 2%) = DF (y*,4°)] = 0.

(C.20)

Last step: Pushing the foliation ¢ with T—'A. Let U = T~' A, and consider
@' the foliation obtained by pushing ¢* with /. We claim that ¢’ belongs to
F(0,C%,Co, C1), and that we can write U o ¢ = ¢/ o ¥’ for some ¥’ € D?(Cy).

To prove this, we follow the arguments in the proof of Lemma C.4 (with sim-
plifications here since U is close to the identity, noting also that U/ preserves
the flow direction so that U(z*, 2%, 2°)(U,(z*, 2%), Us(z*, 2*), Up(z*, 2, 2°) with
Uo(z,2%,2°) = 29 + up(a¥, 2%), and in particular the property d,0F’ = 0 will
be given for free). First, fix 2%, and consider the map L,u : 2° — m ol o
oW (2%, 2°,2%). Writing U = id + V where |[V| . < €, we have Lu(z°) =
2° + 75 0 V(FW (2%, 2%), 2%, F® (2*, 2°)). (Note that Ly« does not depend on
because Uy doesn’t.) Since FY) is bounded in C' on the ball B(0,2C}), it fol-
lows that, if € is small enough, then the restriction of L. to the ball B(0,2Ch)
(in R%) is arbitrarily close to the identity. Therefore, its inverse is well defined,
and we can set I'©)(z% 2° 29) = (2%, L.t (2°),2°). By construction, the map
Uop® oT O (z%,0,2°) has the form (LY (z%),0,2° + L{?) for some function LD,
which is bounded in C'*# and arbitrarily close to the identity in C" if € is small, and
some function L(?)(2*) which is bounded in C'*# and arbitrarily close to zero in C"*,
if € is small. Let T (2% 2°,2°) = ((LM)~ (2¥), 2%, 2° — L3 (z%)), then the map
¢ = Uop® ol ®oT () is defined on the set {(x*, z*,2°) | || < C1} (which contains
B(0,Cy)), and it takes the form ¢/ (2%, 2°,2%) = (F'(z*, %), 2%, 29 + f' (2", 2°)) for
some functions F', f’, with F’(z*,0) = 2* and f'(z*,0) = 0.

Since ¢’ is obtained by composing ¢* with diffeomorphisms arbitrarily close
to the identity, it follows from (C.18)—(C.20) that F” satisfies (2.3)—(2.5) and from
(C.18) (recall that F* does not depend on z*) that f’ satisfies (2.7). Indeed, the
present analogue of (C.12) is

D@ (DU 0 ¢ o T© o TM) . (D™ o 1O o TM)) . (DT o 1MW)y . D) |

where T'© and T') here satisfy the same properties as the maps with the same
names in the proof of Lemma C.4, and where DU o ¢ oT(® o T'(M) is bounded and
Lipschitz and thus belongs to K. We may thus argue exactly as in the last step of
the proof of Lemma C.4 for F’, while the case of f’ is easier.

Moreover, since (8« F@ (2)w, w, 0y FMw) takes its values in the cone C§, it
follows that (9,s F'(2)w, w, 830?(,2)) lies in the cone C*® if U is close enough to the
identity. Hence, the foliation defined by ¢’ is contained in C*. This shows that ¢’
belongs to F(0,C*, Cy, C1).

Finally, the function ¥ = (T® o (1))~ belongs to D?(Cy). This concludes the
proof of Lemma C.2. O
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APPENDIX D. APPROXIMATE UNSTABLE FOLIATIONS

Let us consider # € U; ;41 and g so small that B(Z,0) C U; j¢1 N B;;.*° First
we describe all the objects in B(Z, ¢) by using the chart x; ; .

Let W be a surface with curvature bounded by some fixed constant Cx such
that £ € W, (W U B(Z, 0)) C 0B(Z,0) and with tangent space, at each point,
given by the span of the flow direction and a vector, in the kernel of a, contained
in the stable cone. Recall that in the present coordinates the contact form has the
expression ag = dz® — 2°dz®. Note that almost every point in W has a well-defined
unstable direction. We can thus assume without loss of generality that the unstable
direction is well defined at Z. By Lemma A.4 we can then change coordinates so
that 2 =0, W = {(0,&, 5) }¢,ser and the unstable direction at Z is given by (1,0, 0).
From now on we will work in such coordinates without further mention.

Our goal is to define smooth approximate strong unstable foliations in a cp < ¢
neighbourhood of W.

More precisely, we look for C1*+£% foliations T',,, described by the triangular
change of coordinates G, (1, &, s) = (1, G (1, ), Hi (1, ) +5), with domains A,,, C
{€ € R?; ||¢]| € o} and constants ¢, > 0,0 € (0,1), mg € N such that
1) Gm(ovg) =¢, Hm(07§) =0;

2) OpH,, = Gy, (e, 29(0,G) =0);

3) for all mg >m' > m, A,y C Ay

4) for all mo > m' > m and £ € Apy, |G (&) — G (&5 )lor < o™,
[Hun(§,+) = Hpns (&)l or < o™ ;

(5) 1060, Conlloc + 0.0, Gl < cp

(6) Ha&a’r}GmHC‘” + ||asanGm||Cw < C/)_l_w;

(7) if € € Ay, then 0,7+, ,,Gp,(n, §) is well defined and belongs to the unstable
cone for all n <m < myg and ||n|| < ¢cp;

(8) m(AS, NW) < cp, for all m < my.

Remark D.1. Note that the above properties are not all independent, we spelled
them out in unnecessary details for the reader’s convenience. In particular, (1)
is just a condition on the parametrisation used to describe the foliation and can
be assumed without loss of generality; (3, 7) imply (4) due the the usual cone
contraction of hyperbolic dynamics.

Lemma D.2. There exists wg > 0 such that, provided o0 > p > 0, @ € [0, w),*°

for each mqg € N, there exists at least one set of foliations T'y,, m € {0,...,mo}, in
a p-neighbourhood of W, which satisfies the properties (1-8).

Proof. First of all, notice that once we construct the foliation over Wy = {(0,£,0) }eer
we can obtain the foliation on W by simply flowing it with the dynamics and G, H
will have automatically the wanted s dependence. Contrary to the notation in sec-
tion 6, we will call W,,, the set of regular manifolds obtained by Wy under backward
iteration by T~ .

Second, for each @ € (0,1), K > 0, there exists ¢ > 0 and v,v; € (0,1), v; < v,
close enough to one, with the following properties. Consider any foliation in a v™p
neighbourhood of W,,, aligned with the unstable cone, with fibers in the kernel
of the contact form and with C* and C'*® norm bounded by Kcv~™p~! and
Kcvo~m4%) 1= regpectively (in the sense of conditions (5, 6) above). Then
the image under any Ty, provides a foliation in the v™ ¥ p neighbourhood of

Win_» satisfying the same conditions of W,, but with bounds co~"v¥p~! and

45By B(Z, 9) we mean the ball of radius g centered at Z.
461y, fact, it should be possible to have the result for each w € [0,1), but this is not necessary
for our purposes.
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cv‘m(l"‘w)vf(Hw)p_l_w, provided p is chosen small enough and ¢ large enough.
This follows by standard distortion estimates as in the construction of stable man-
ifolds for a smooth Anosov map, see [28]. We will call such foliations allowed.

Our strategy will be as follows: For each given allowed foliation I'}, defined in a
v p neighbourhood of W,,, we will show how to construct foliations I';, represented
by coordinates G,,, n < m, satisfying conditions (1-8). The problem, of course, is
what to do with the fibers that are cut by a singularity.

As a first, very rough, approximation of the unstable foliation, let us choose
in each Vi j¢0 = Kije(Uijeo) the foliation given by the leaves {n,&, s + &n}yer.
We call T" the resulting set of foliations, note that the tangent space to the leaves
belongs the unstable cone and to the kernel of the contact form. 47

Next, we proceed by induction. Given I'j we set Ay = W, and chose I’ itself
as foliation. All the non vacuous conditions are then satisfied. Next, suppose we
have defined a construction of the foliation for all n < m and we are given an
allowed foliation I'}, in the neighbourhood of W,,. Note that by the transversality
condition on the singularities, there exists c, > 1 such that any fiber of T, I'y,
which has been cut by 0B; ; and intersects Wy, _1 must intersect Ty, (9c.vmpWm)-
We define W,,, = Uwew,, W and Sy, to be the union of the elements of W, shorter
than 2c,v™p.

We are now ready to define an allowed foliation T'Z, ;. On the set W,, 1 \
(T, (O2¢,0mpWm)) it is simply given by T T's,. On (Tr, (9c.vmpWm)) UTr, Sy we
define it to be I'.*® Inside small intervals at whose boundaries the foliation has now
been defined, we must interpolate. To do so precisely, it is best to write explicitly
the objects of interest.

Let (f(£),£,9(8))eear ) be the graph of an element of Wy,—1 and [a,b], o’ <
a < b < b/, the interval on which we want to define the interpolating foliation.*® By
construction there exist fixed constants c¢_,c; > 0 such that ¢, pv™=t > |b—a| >
c_pu™ . Let F(§) = (£(£),& 9(8)) and v4(n, &) = F(§) + (n,04(n,€),Ca(n,£)),

(0, €) = F() + (1, 00(n, &), & (1, ), Inl < v™p, a parametrisation of the two
foliations we must interpolate. Clearly, we can assume without loss of generality

0a(0,€) = 05(0,&) = €.(0,8) = ¢(0,£) = 0. By construction the above curves are
in the kernel of the contact form, that is 0,(a(n,&) = &£ + 0a(n,€), 0nG(n,§) =
&€+ 0p(n,€), and in the unstable cone, that is |0,04| + |0, < vKy and |0,0%| +
10,C| < vKp.%° In addition, since I', is allowed,

|0¢0y0alco < co™Muip™h, |0¢0y04]c= < clo™ vy p M
|0e0y0b|co < cv™MurpH, |00y 00| 0= < clo™ M vp
Next, ﬁ’f once afld for all 5,9 € C?(R,]0, 1]) such that (0) = 9:3(0) =
p(1) = (0) = ¥(1) = ( ) = fol = c1, c¢1 to be chosen later

1-
small enough. Define then <p( £) <) and P(€) = (Efa). Clearly, ¢(a) =

(5=

47By, if necessary, restricting the chart, we can assume without loss of generality that the
unstable cone is given by the condition ||&|| + ||s|| < Ko||n|| for some Ky small.

48Note that, by choosing L in Lemma 6.2, we can always assume that each element of W,,
is contained in some U; ; 4,1, thus one can use the corresponding element of I'.

49We can assume without loss of generality that the foliation has been already defined in
[a’,a] U [b,b'] and satisfies the wanted properties.

OThe v comes from the fact that the foliation is either an image of a foliation already in the

unstable cone or is a fixed foliation well inside the cone.
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dep(a) = Oep(b) = w(a) = ¥(b) = 0, p(b) = 1, [ (&) = (1 — c1)(b— a). Define

0.9 = (Gen(n =2 + agam,a)ij) (1 - 0(e)

b
ﬁw@ / b (1,2)dz

0(n,&) = bo(n, &) —

0(1,€) = 00(1.b)e(E) + 00, ) / 0. 2)dz
for all |ln]| < v™'p and £ € (a,b). Next, define ((n,€) = &n+ [ 0(2,&)dz. We
can then define I'},_; for £ € [a/, V'] as the foliation with fibers
Va(n,€) for £ € [a', a]
Y(,§) = F(&) + 4 (n,0(n,€),((n,§))  for & € (a,b)
Y(1,§) for ¢ € [b,V'].

The definition of ¢ implies that the leaves of  are in the kernel of the contact form.
Moreover, note that o(n,a) = 04(n,a) and

b b
1
b) = b dz6 1-— d = b).
o) = an.b) + [ dt(n.2) [ =/ ww<w>] o0(1.b)
From this follows v € C°. In addition, d,0(n,a) = 8,0,(n,a) and, since

0,00(0.6) = (anafabm,b)ﬁ“‘ + 0,000 )l’j‘f) (1 - (©)
0,01.€) = 9o(0.€) ~ o= / 0,000,

By0(1,€) = D01, ) P(E) + Oyoraln, a) / 8,01, -

It follows that 9,y € C° and a similar computation shows d¢y € C°. Since all the
quantities are piecewise C?2, it follows that v € C1T1P_ In addition,

b b b
[0no ||~ < vKo+co™ ™ p™! [/ (1—1) +/ (1_03}([)_@/ (1- 1/))]

<wvKy+ 2ccycy .

Which, by choosing ¢; small enough, ensures that the fibers of v belong to the
unstable cone. Finally, we have,

856770(77; f) = (anab(n7 b) - 671‘7a(777 a)) ‘Pl(g) + 8779(77, f) s
which implies 0¢0,0(n,a) = 0:0,04(n,a) and 0:0,0(n,b) = 0:0,0(n,b) and also
0,0¢y € CY. The last estimate is
1050yl Lo < 2Koll"[|Loe + (1070, )| e
< 2K lpec pT 0T 4 com Moy p

which yields [|0¢d,0||L=~ < co™™Hp~!, provided c is large enough. Similar com-
putations verify the C'® bounds, provided w > 0 is chosen small enough.

In other words ~ is an allowed foliation.

By the inductive hypotheses we can then take I, _; = v as the starting point to
construct foliations (Gnm and domains A,,, for n < m—1, satisfying hypotheses (1-8).
We then define the domain A, = T(p,—1)7, [T_(m_l)” Ay \ Ty, (820*vmme)].

To conclude we define G,,,, m < mg, to be the foliations @ﬁo obtained by the
above procedure when starting from the initial allowed foliation I'. It is immediate
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to check that the above construction satisfies properties (1-7). Property (8) follows
by noticing that Af, C Up<mTnr, (O2¢,0mpw, ) and by applying Lemma 6.2 with
0 =0, r=2c.pand ¥ = 0. O

Remark D.3. Note that, given two manifolds of size o uniformly C? and uniformly
transversal to the unstable direction having a distance less than p, one can use
the above lemma to construct a uniformly Lipschitz holonomy, approximating the
unstable one, between the two manifolds.?!

APPENDIX E. CANCELLATIONS ESTIMATES

In this appendix we detail the basic, but technical, cancellations estimates in the
Dolgopyat argument.

Proof of Lemma 6.7. To start with, let us obtain a formula for w,, this is the
analogous of the formulae in [30, 27] adapted to the present context. By translating
W, along the flow direction we can assume, without loss of generality, that the leaf
of I'7; . starting from Z intersects W,. Let W, = Oi,0,Wa C W! and consider the
path v({) running from Z along the leaf of I'’; . up to W,, then along W, up to
T+ (Fo(€),& No(€)) and back to W along the leaf of T'7;
(n,&,5) = (24, ¢,2°) along the flow direction and finally back to Z along the axis,
(see Figure 4 for a pictorial explanation). By construction,

:/ a:/ da+/ da:/ do
7€) Za(8) Qa(8) Za ()

£ Fa(z)
_ / d / dnagai,jﬁ;f(n,ha(z))h;(z)

ha (5) Foohy
:/0 / dnagG .5, x(n,2),

where we have used the fact that all the curve (), apart for the piece in the flow
direction, is in the kernel of o and Stokes’ Theorem. Moreover, 3, (§) is the surface
traced by the fibers of I’ while moving along W, up to { and (€) the portion
of W! between the ¢ axes and the curve ©; o ,.(W,) up to ha(£).

By Lemma A.4 we can assume without loss of generality that £ = 0. Using
properties (1) and (5) of the approximate foliations in appendix D, it follows that

Fgohz'(€)

Dews (€) — Dewal€) = / dn 0cGiy (1, €)

Faohyt(€)
E.1 Fgohg ' () n
(E.1) - / dn {1 + / d20¢0.G j .2, g)]
Foohi'(€) 0
= [Fyohz'(©) = Faoh'(9)] 1+ 0(17)).
To continue note that, in analogy with (6.21) we have

Fgohz'(€)
/ dz/ dw 0,04,G; (2, w)

Foohgy (&) JO

again, then to the axis

,1 .
(3 ‘

(E.2)
< O#T67§

Fsoh M €) — Fao h;l(g)‘ .

51ndeed Oy G provides a Lipschitz vector field, hence one can consider the associated flow, the
holonomy map is nothing else than the Poincaré map between the two manifolds. It follows then
by standard computations that the the time taken by the flow to go between the two surfaces is
Lipschitz and bounded by a fixed constant times p. Finally, (5) readily implies that the holonomy
is Lipschitz as well.
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/\Wa/
Yo (5) Fz{{r(ha(g)7wa(€)) -
I7,(0.0) o 1)
@l (€)
------------------------- Qa(§) y .
I ha(€)€
W}

FIGURE 4. Definition of @,

To conclude recall that we are working in coordinates in which |F/,| < Cyr=%, cf.
the proof of Lemma 6.4, hence

Fgohg' —Faohy!

> ‘Fﬁ ohy' — Fyo h;lj — Cyr' Y h; "t — b

> ‘Fg ohy' —F, ohglj — Cyr' ™ [Fso ' = Fyohy!

which, together with (E.1), proves (6.26) provided we can show that the distance
between the manifolds is comparable with |Fg — F,,| at any point. To prove such a
fact recall that in (6.13), and following lines, we have seen that

[F5(€) = Fo(€)] < Cye | Fp(€) = Fu(©)],
provided that
N2 Cyrl|F5(6) — Fa() 7 2 Cpr®™7
which is ensured by our assumptions. Thus setting dy g(§) = |Fu (&) — F3(§)| we

have d
d—gda,g(ﬁ) < Cyc M dap(€)r™?,

Hence, by Gronwall’s lemma, |dq gloc < Cxda,5(0) and

(£3) e, 5(6) ~ s (0)] < 5 0),

for all |¢] < 7Y, provided ¢ has been chosen large enough. Next, remember that
H{’j’% = G j s, thus |H{’j,%|OO < Cyr and

[N (0) = Ns(O)] = [Hi g (Fa(0),0) = Hi o (F3(0),0)| < Cer| Fa(0) = F3(0)].
In addition, since N/, (&) = £F,(£), it follows that [Ny — Ngleo < Cur|Fo — F3lco-
Which proves

(E.4) Oewp(§) — Ogwa (&) = Cydi j(Wa, Wp) .
To prove the second statement, let us introduce wqy g(§) = wa(§) — ws(§) and

—1)n2 e .
Anp = %%FZWWFZWW. Next we introduce a sequence a;, ag = —cr?,
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such that Gzwa g(a;)(ait1 —a;) = 2rb~! and let M € N be such that ays < er? and
apr41 > cr?. Also, we establish the following notation: §; = a;41 — a;. By Lemma
6.6 it follows that

|Wa,5 () = wa,p(ai) — Owa,p(ai) (€ — ai)] < Cydi ™.
In addition, equations (6.16), (6.24), and Lemma 6.6 imply
[Aa,p(&,8) = Aa,plai,s)| < Cp{67r7 + 6070}

Then, remembering E.3 and using the first part of the lemma,

it )
/ emibwas© A (¢, 5)de

Aj41
[ et s 06 A, (0 + OGFT 0 + 15, dg

< Oy (b0 7=r™20 4677720 +17395,) 5,

=20 P30
<C 0; .
- (diyj(Wa,WB)Hwa i di,j(WaaWﬁ)b)
We may be left with the integral over the interval [ays,cr®] which is trivially

bounded by Cur=206,; < Cy[r?bd; j(W,, Ws)]~L. The statement follows since the
manifolds we are considering have length at most cr?, hence Zi]\ial s <er?. O

Proof of Lemma 6.3. We start by introducing a function R : W5 — Nsuch that
R(&) is the first ¢t € N at which T_,_¢ belongs to a regular component of T, _ W(;S,C
of size larger than Ly/2. We define then R(t) = min{R(¢),¢}. Let P = {J;} be the
coarser partition of Wy - in intervals on which R is constant. Note that, for each
Wg.i, Ter Wai C J; for some J; e P.

Let ¢, = {(B8,1) : Wz, € Dy(O, p.), Ter Wg,; C J;}. Then, by the usual
distortion estimates, for each (53,1) € ¥ ;

Zﬂ,i S O#/ 6 1JST[7— < C 5 1 | .7| JST(Z—Rj)7-7
Wg,i | ]| Wg.,i

| ;]
< Cyd™ 1|Wj-|\T(szj)T,Wﬂ,z’|,

where R; = R(J;) and W; = T_g,,_J;. Note that, by construction, either [W;| >
Ly/2 or R =/

Let us analyze first the case in which R; < £. We apply Lemma D.2 to WJ, with
0 = |Wj;| > Lo/2, in order to obtain a fohatlon I transversal to W; with leaves of
size p < g‘c’ 52 Let 5, be the set of leaves that intersect Ay— g, N T(o—g,)r Wa.i-

By the construction of the covering BY, (;), the Q5 ; have at most Cy overlaps. In
addition, by the uniform transversality between stable and unstable direction,

Z m(Qg,;) > Cy Z |Ae—r, NT(4—r;)r Wg.ilp
(Bi)EZy,; (B,i)ESe, 5

>Cy > |Tu—ryrWailp = Cyp”,
(B,1)€Ze, 5

where we have used the estimate on the complement of A, g, given by property
(8) of the foliation.

52\e work in coordinates in which V_V]- is flat, this can always be achieved by Lemma A.4.
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Accordingly, for each j such that R; </,

(E.5) S Zgi<CusTI et D m(To—ry)r Q)+
(B,3)€Xy,; (B,1)€Xe, 5

where we have used the invariance of the volume associated to the contact form.
Remembering that the T, _g,), (s have a fixed maximal number of overlaps and

since they are all contained in a p, + r? + A~(¢=E)7-p neighbourhood of O we
have,??

Z Z Zpi < Z Cyd'|Jj] [PflS(p* T 48N 4 p

J (Bi)EXe,; {i: R;j<%}

Y D Zsa

(: Ry>L} (BA)ED:,

(E.6)

By our assumption on complexity (Definition 1.5), it follows that the number of
pieces in T_j,. W that have always been shorter than L, grows at most sub-

exponentially with k. Remember that o > A7, see (6.5). Then there exists
¢y € N such that, the number of pieces that are never longer than Lo/2 in k > {yky

time steps are bounded by (A™* V)ﬁ Then, remembering again (6.5),

14
S0 X Zus Y Cpi ISy Y o < Op R
k=4

{j:R;j>L£} (B)EDy,; {j:R;>%}

The result follows by choosing p = S 3 (ps + 7“9)%. O
Proof of Lemma 6.8. We argue exactly like in the proof of Lemma 6.3, where 9]
is replaced by W, ; and p, = . up to formula (E.5). At this point, we notice that
T_(¢—r;)r_Sp are all contained in a Y 4+ A~7¢p neighbourhood of Wa,i. Then,
arguing as in (E.6)

Z Zg < Z Cyud Iy [p 17 + 7227 4 p] —I—C'#(S_la%
(E.7) (BA)EZe, {j: Ry<%}
< Cy [p_lr‘9+19 + p] + C#(S_l(fé .

The result follows by choosing p = r*5"
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