RANDOM WALK IN MARKOVIAN ENVIRONMENT

DMITRY DOLGOPYAT, GERHARD KELLER, AND CARLANGELO LIVERANI

ABSTRACT. We prove a quenched central limit theorem for random walks with
bounded increments in a randomly evolving environment on Z%. We assume
that the transition probabilities of the walk depend not too strongly on the
environment and that the evolution of the environment is Markovian with
strong spatial and temporal mixing properties.

1. INTRODUCTION

The study of random walks in random environment encompasses a considerable
range of possibilities that have been addressed in a wide literature. We refer to
[25, 26] for recent reviews of the field. Here we consider a situation in which the
environment is not static but has an evolution with strong mixing properties and
the transition probabilities of the random walk have a weak dependence on the
environment. Note however that we have an explicit bound on how strong the
dependence on the environment may be. In this case the situation is simpler than
in the case of static environment, indeed we will see that the phenomena of Sinai
traps [23] cannot take place.

Random walks in dynamical environment have been intensively studied under
various assumptions, see e.g. [23, 2, 17, 3, 10, 14, 5, 4, 22, 7, 20, 1]. In fact [7]
considers quite general statical environments and even though it does not formally
cover dynamical environments, there seems no conceptual difficulty in doing so.
Here we will consider a finite range walk in Z? with the environment being a, rather
general, space-time mixing Markov Chain. This generalizes the case, well studied
in the literature [2, 3, 4, 1], in which the Markov Chain has a product structure,
that is at each site of the lattice acts a time mixing Markov Chain independently
on the other sites. In the latter situation it has been proven that the random walk
satisfies an almost sure quenched (that is when the histories of the environment are
held fixed) CLT for each d > 3, [4, 1]. Here we prove the same result for each d > 1
and for more general classes of environments.
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The general strategy of the proof follows the well established path of considering
the process as seen from the particle and studying such a process via a martingale
approximation [11, 16, 18, 19]. In particular we use the work of [19] in the spirit of
[20, 8, 9]. Yet, as we do not discuss the invariance principle and we consider only
finite range walks, our arguments are a bit simpler and direct than the ones in [20].

A pleasant feature of our approach is that by making heavier use of dynamical
arguments we are able to employ the same methods to establish the mixing prop-
erties of the environment and to prove the quenched CLT. In fact, first we prove a
CLT under some abstract conditions, then we introduce the class of environments
and proceed to prove that the above conditions are satisfied.

The plan of the paper is as follows: in section 2 we first describe a model in which
the process of the environment satisfies a certain number of abstract conditions,
and we prove the quenched CLT (Theorem 1), provided a certain correlation decay
estimate, (2.21), can be verified. Then, in subsection 2.4, we describe a class of
models that are claimed (Theorem 2) to satisfy the above abstract conditions. In
section 3 we first show that the inequality (2.21) is equivalent to an estimate for
two independent random walks evolving in the same environment (see [5]). The
rest of the section is devoted to proving such an estimate. In section 4 we show
that the abstract condition under which the almost sure quenched CLT has been
proven before are in fact satisfied by the above mentioned large class of Markov
environments provided the dependence on the environment is sufficiently weak.
This proves Theorem 2. Finally, in Appendix A we recall some facts from [19] and
slightly generalize some estimates from that paper that we need for our proofs.

Convention . In this paper we will use C' to designate a generic constant depending
only on the quantities appearing in the Assumptions (A0) - (A8) below. We will use
instead Cq p ... for constants depending also on parameters a,b,c, . ... Consequently
the actual numerical value of such constants may vary from one occurrence to the
next. On the contrary we will use Cy,Ch, ..., to designate constants whose value
is held fixed through the paper.

2. MODEL AND RESULTS

2.1. The random walk in random environment. Let I be a compact Polish
space (including the possibility of finite or countable) and 6 = (69),cz4 € © := 7
be an environment on Z¢. We equip © with the product topology and the Borel
o-algebra. We assume that the environment has a Markovian time evolution. Let
(0¢)ten be such a Markov process so that 6, with values in ©, is the environment
at time ¢t € N.

We will use the notation (6;)?, ¢ € Z¢, with values in I, to designate the space
components of 0; at position ¢q. As usual, we will often use the same notation for
the random variable and its values since it creates no confusion.

In other words, we have a Markov process with transition probabilities, for each
measurable set A C O,

(2.1) P ({0111 € A} | 6:) = p(0:, A).

We require the process to be Feller and translation invariant, that is p(6, A) =
p(7%0, 7% A) for each 0, 2, A, where (770)4 = 9% € I. We will call P¢ the measure
on the set ) := O of environment histories generated by the process (2.1) started
with the initial measure v on O, while we use P§ if the process is started in the



RANDOM WALK IN MARKOVIAN ENVIRONMENT 3

configuration ¢ € ©. We will use Epe for the expectation with respect to P}. Note
that the translation invariance of the kernel p implies translation equivariance of
the measures P§, namely P2. (77 A) = P§(A) for A C Q and where 7% acts on Q by
pure space translation.

We consider then a random walk X; started at Xy = 0 in such an environment.
More precisely, let A :={z € Z¢ : ||z|| < C1} and Ayyq := X;11 — X; (here, and in
the following, ||v|| means sup, |v;|). Then the process (X;, 0;)ten is defined by the
transition probabilities

(22) P({At+1 = Z,9t+1 € A} | Xt, tgt) = WZ(TX‘Qt)p(et,A)

where 7, = 0 for z ¢ A, and 7,(0) depends on 6 only through (67),ca and is
continuous as a function of these variables.

The basic space on which all processes studied in this paper can be defined is
Q x AN with elements ((6)ten, (A¢)ten). The probability measures P¢ on this
space we are interested in are skew product measures with “base” P¢ on (2 and the
transition kernel P,y which is the distribution of the increments of the walk on a
given space time environment (0;);en.

It is well known that to study the properties of X; it is convenient to study the
process of the environment as seen from the particle. In fact, such a process can
be considered in several fashions two of which will be relevant in the sequel.

2.2. The process of the environment as seen from the particle. We look
at the environment history (6s)sen not from the origin of the lattice but from the
random position of the particle and use the letter w to denote it. Formally also w is
an element of {2, but the interpretation is different. On €2 we define the space-time
translations 7% : Q@ — Q, namely if w = (67);en geze and (6])ien geze = 7w
then 67 = Hgis.

Let us call Q := QF the set of all possible paths of space-time histories.  as
well as € are equipped with the obvious product topologies and the corresponding
Borel o-algebras. As I is separable, these Borel o-algebras are at the same time
product o-algebras, so e.g. the Borel og-algebra on €2 is the product of the one on
Q. In order to describe the process of the environment as seen from the particle we
define the measurable map ® : Q x AN — Q,

(2.3) D((01)sen, (Ap)ten) = (Wn)nen With wo = (0;)ten, wn = T "wg

It transforms a measure P¢ into the measure P, := P¢ o ®~! on €. This is
the distribution of the process (wy)nen of space-time histories as seen from the
particle under the basic probability measure P¢. The map ® is an almost sure
bijection between the probability spaces (Q2 x AN, P¢) and (€2, P,) provided the set
of 7% -invariant space-time histories (6;)sen has P¢-measure zero for all b. Hence
it is simply a matter of convenience on which basic space we interpret our random
variables. For convenience we also introduce the random variables w; = (w;)o for
each t € N. Observe that w; = 756, are elements of ©.

In the following lemma we collect some properties of the processes (w;)ien and
(w¢)ten. The proof is by simple direct computation.

Here and in the following we will use C° to designate the continuous functions
and CP . for the continuous functions depending only on finitely many variables.

Lemma 2.1. Let v be any initial measure on ©, and let P, be the measure on 2
constructed from it as described above (i.e. via the intermediate steps PE and P¢).
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(1) (wi)ien is a Markov process with transition probabilities
(2.4) P,({wis1 € AHwr) = Y ma(wi)plwr, 777 A)
z€EN
and Feller Markov operator S : C°(©) — C°(©) defined by

(2.5) = / F(r ) (@)p(w, d') = Ep, (f (i) lwr = w) -

zEN

(2) (wi)ien is a Markov process with transition probabilities

(2.6) P,({wit1 € At w:) = Zﬂ'z wi)o)la(Th*wy)
zEA
and Feller Markov operator 11 : CO(Q2) — C°(Q) defined by
(2.7) f(w) =Y m () f(r"*w)
zEA

with the notation w = (0)1en explained above.

To successfully use both type of processes, the original one and the one seen from
the particle, it will be necessary to have initial measures which result in ergodic
stationary processes. More precisely we assume the following.

Assumptions.

(A0) Mixing. There exist unique measures e and p on © such that the processes
(2.1) and (2.4), started with the initial distribution p. and u, respectively,
are stationary, ergodic and mixing. In addition, pe is not supported on the
translation invariant configurations.

(A1) Absolute continuity. The measures p and pe are equivalent.

In particular, the measure p is uniquely characterized by the stationarity condi-
tion E,,(Sf) =E,(f) for all f € C°(O).

Both measures p, and g from Assumption (A0) can be used as starting measures
for the process (6;)ien of the environment thus giving rise to measures Pf, and Pj,
on (.

Clearly PP/, is stationary, and the corresponding measure Py, on € x AN, defined
in section 2.1 is our basic reference probability that we will denote 81mp1y by P¢.
In contrast, the measure P}, is not stationary in general, but if we use it to define
the measure Pj, on 2 x AN, then the corresponding measure P := Pj o ®~! on
is stationary, in other words, the process (w;):en has the stationary distribution P
under the probability Pj,. Indeed, a direct computation which uses the translation
equivariance of the probability kernel p shows:

Lemma 2.2. Under Assumption (A0), Ep (I1h) = Epe (h) for each h € Q).
As II does not increase the supremum-norm, it follows in particular that II is a
L?(Q, P¢,)-contraction.

Remark 2.3. As the measures . and p on © are equivalent, also the Markov
measures Py, and P}, on §} and the measures P = Py, and P}, on § x AN are
equivalent. It follows that the same is true for the corresponding measures P€o®~!
and P = PZO@’l on §2. Therefore all statements concerning almost sure behaviour
of our processes have the same meaning regardless of the measure we are referring
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to. Observe, however, that this does not mean that the obvious projections of P and
Pec to Q are equivalent!

2.3. A general quenched CLT. We assume the following.
Assumptions.

(A2) Time mixing of the environment as seen from the particle. There exists
n < 1 such that, for each p € CP .(©) depending on M wvariables and for
eachn € N,

157" = Epu(@)lloo < CMN"||p|oo-

(A3) Space mixing of the environment. There exists & > 4 such that, if ¢ €
C%(O), p € C _(O) and the supports of v and v are at a distance L, then

loc

|t (01) = pie (@) pe(¥)] < Co L™l oo 9] -

(A4) Locality of environment dynamics. There exist £ > 4 and 5 > 0 such that
for all M,L,s € N and A, B C Z% with diameter at most M and distance
d(A,B) > L, for all f,g:Q — R such that f depends only on variables in
Al0st and g only on variables in B1%5} and for each 6 € © holds

By (f(01,---,0:)9(01, - 0)) — By (B (9)] < Cars L8 oo lglloc-

(A5) Ellipticity. There exist v, >0, ¢ > 0 with 3. 7. = 1 and | 3 v.e*{b?)
z€A z€A
for any | € Z*\ {0}, such that 7,(0) > ¢, for P%, -almost every 0. In the

following we will set v = ¢ inf{y, # 0} > 0.

<1

Lemma 2.4. Assumptions (A0), (A1) and (A3) imply that the translation in-
variant environment configurations have zero P}, -measure.

Proof. Let d be a metric on I. Next, given b € Z%, let Ay = {0 € ©
d((t%0)4, (0)) <6 Vgl < M}, A:=={0 €© : 7% = 6}. Then, for each n € N
and € > 0,

te(Anrs) — € < pe(A) = pe(Qat™1a) < pre(La,, , 714, ,)

provided ¢ is small enough and M large enough. Choosing n sufficiently large (A3)
implies

e(A) < 1o (A)? + Cog o] =€ + C.
By the arbitrariness of n and ¢ it follows u.(A) € {0,1}, but u.(A) =1 is ruled out
by assumption (AO0), hence it must be p.(A) =0 and P§,_({0; € A}) = pe(A) =0
for each ¢t € N. The claim follows then by assumption (A1). O

Remark 2.5. Lemma 2.4 implies that the map ® : Q x AN — Q is indeed an al-
most sure bijection. Therefore the o-algebra Fy := o{wy,...,wt} and the o-algebra
oc{A1,..., A, (05)sen} coincide P almost surely. Similarly, A¢iq is o(we, wiy1)-
measurable.

As (wy) is a Markov process under P, conditional expectations of the form
E(G|F:) can be written as functions of wy alone if G is o(wyi, wet1, ... )-measurable.
This applies in particular to Ayyq. Hence

(28)  E(Amn|F) =D zm(r¥0) = E(Aa|o(Ar,. . Ao, ..., 60))
zEA
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50 both conditional expectations coincide, and as 750, = w,; they are functions of
Wy = (wt)o.

Remark 2.6. Condition (Ab) is slightly weaker than the corresponding conditions
in [3, 22]. It is indeed equivalent to requiring that the set of points z € A with
v, > 0 is not contained in any affine hyperplane of R.

Lemma 2.7. Under Assumptions (AO0), (A1) and (A5), the stationary Markov
process (wy¢) with distribution P is ergodic.

Proof. 1t suffices to prove that IIh = h implies h is Pj-a.e. constant for each
indicator function h. Consider a measurable set C' C Q such that II1s = 1¢.
Then, for each w = (0;)en,

lo(w) = ([Mle)(w) =Y m(6)lo(r! w)
z€EA

which means that for each z € A such that 7. # 0, holds (7*)7!'C C C P¢-a.e..
Then, by assumption (A1), 71*C = C = (v1*)~1C Pf,_-a.e., since Pf,_is invariant
by space-time translations. In addition, we will see shortly that the ellipticity
assumption (A5) implies that there exists s € N\ {0} such that

(2.9) 0Cc=C P7 -as..

The lemma thus follows by the ergodicity of P, with respect to time translations
multiple of s which, in turn, follows from the mixing of the associated Markov
process stated in assumption (AO0).

The proof of (2.9) is obvious if vy # 0. To study the case vy = 0, first notice that
(A5) implies that the vectors in the set V := {(1,2) € R x A : 7, # 0} C R+
must span R?*!. Otherwise, there would exist a vector (a,l) € Z x Z¢ such that
{(a,1),(1,2)) = 0 for each z € Vo = {(z € A : v, # 0} C RY. But this means
(I, z) = —a for each z € Vi which would contradict (A5).

Next, let {Z}9! € V be a basis of R41. Accordingly, for each s € Z, we
can solve the equation Zldill a;zZ; = $(1,0). In turn, this can be written in terms
of a (d+ 1) x (d + 1) invertible matrix, with integer coefficients, and a vector
a € R as Za = 5(1,0). We choose s # 0 such that @ = sZ71(1,0) € Z%*!. Let
Ay ={i : «; > 0}, then rri=ay () o o 2 Dgea (bl g P¢_-a.s., which
implies (2.9) since, for each a > b and each set A, (7€)~ 179mA > 7o=bn=¢A. 0O

Our first main result is a quenched CLT, that is a CLT under the law P 4,), the
measure P conditioned to the history (;)ien of the environment.

Theorem 1. Under assumptions (AQ) - (AB), there exists a vector v € R? and a
d x d matriz ¥? > 0 such that for PS,_-a.e. environment history (0;) € €

1
(2.10) lim ﬁXN =v Py, -almost surely,

N—o0o

and letting )A(N =Xy — Nv

(2.11) N = N (0,%%) under P g,).

Xy
VN
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Proof. Recall Remarks 2.3 and 2.5 which allow us to interpret the random walk
(X¢)ten and all other random variables of interest as being defined on the probability
space (€2, P), and denote by “E” expectations w.r.t. P. Consider the filtration

fto = J{Al,...,At,go,...,at}.

Let g(wy) = E(A1|FD). Tt is easy to see that is a continuous local function of the
process of the environment as seen from the particle (recall section 2.2). Write
(2.12)

Api1 = Appr —E(Appr | 7))+ E(Aesr | ) = [Arsr = E(Qesr | FD)] + g(wr).

Note that the first term is a martingale. Setting v := E,(g) and g := g — v we
define

(213) ﬁt-&-l = At+1 — UV = At+1 — E(At+1 | fé]) + go(wt).

Then E(Ayq) = E,(g0) = 0 and, as wy = (wy)o, Ziif)l Asyq is the sum of a
martingale and an additive functional of the stationary ergodic process (w;) under
the law P (see Lemma 2.7). Hence (2.10) follows from

N-1
. _ . 1
]\}EHOON 1(XN_NU) = J\}Enoo N ; (At+1 — E(At+1 ‘ f?) + go((wt)o)) =0 P-as.

Observe that “P (g,)-almost surely for Pf,-a.e. environment history (6;) € Q" is the
same as “P-almost surely”.

Of course there is no such simple Fubini-type argument to pass from an uncon-
ditioned CLT (also known as annealed CLT') to a conditional CLT. Nevertheless we
will first prove the unconditioned CLT since its proof is closely linked with a useful
exponential estimate.

We wish to solve the equation h—Sh = gg that, thanks to (A2), has the bounded
solution h = Y77/ 5™go. We can thus write (observe that X, = 0)

XN = JAVERT
t=0
N-1
(2.14) =) A1 —E(Av1 | ) + h(wirr) = Sh(we) } + h(wo) — h(wn)
t=0
N—li
=) Atp1 + h(wo) — hlwn),
t=0

where Ay = Ay — E(A; | FY ) = h(wi) — Sh(wi—1). Put M, := >°1" | Ay, then
M,, is a Fo-martingale. Moreover the A; are uniformly bounded random variables,
and they are almost surely functions of w; and w;11, so they are functions of wy

see Remark 2.5). Therefore (A, 1ZT ¢ is a stationary and ergodic process and
+18¢4+1 g
1+~ =T . :
Nt Zi\i 01 Ay11A,,, converges almost surely to a symmetric matrix X2 > 0. We
note that this immediately implies the usual CLT
XN — Nv

VN

(2.15) :>N(0,22) under P |

see e.g. [13, Theorem 3.2].
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In addition, by a variant of Hoeffding’s inequality for martingales (see e.g. [12]),
for sufficiently small € > 0 and L € [0, N] the following holds

7Ce2%
(2.16) { \/m 7N > s} <Ce .

This is easily seen as follows: For sufficiently large N we have, for each of the d

components separately,
>elcpd Mhir - Ml €
(N+1L) 4

{ Xn+L _ Xy
1 1 5
P |My||—/84m— — —| > -
{N'<N+m JNL4}
and both terms can be estimated using Hoeffding’s inequality, the first one by

JN+LD) VN
exp (_C52%), and the second one by exp (—652%22)

Next we check that 2 > 0. Indeed, if there exists w € R?, ||w| = 1, such that
(w, ¥%w) = 0, then

0=E(w, Ary1 — E(Arp | Fp) + h(wit1) = Sh(wi))?)

which implies, for each t € N, (w, Ayy1) = (w, h(w;) — h(wes1)), hence
N—1

(2.17) —(w,h(wn)) = 3w, Bpar) + (w, hwo))

=0
This is in contradiction with the boundedness of h. In fact, on the one hand (2.17)
implies |Z£\:)1<w,£t+1>| < 2||h|loc- On the other hand, by assumption (A5),
there exists a probability larger than vV to have | Ziv:?)l(w, Ay — )| > CyN.
To obtain more refined information it is convenient to consider the finer filtration

ft = O'{Ala ceey At, (Qs)seN}

XniL Xy

and the decomposition
(2.18) A1 = (Aps1 —E(Dpi1 | 7)) + E(Boyr | Fo)
Clearly, Z; := Zi:l 35 —I['Z(ﬁS | Fs—1) is a martingale with respect to the filtration
ft. Let
g(0) := Z 27, (0p) — v

zEA
so g is a continuous local function on ©. Then

(219) At+1 | .7:15 Z zﬂ—z tet —Uv= g( ret) = (wt)
zEA
Recall that w = (ws)sen. Denote G(w) := §(wp). By Lemma 2.1, Remark 2.3 and
section 2.2 on the environment as seen from the particle, we have
E(ﬁt—i-l | Fi) = g(ws) = G(wy)
E(As1 | Fo) = M'Glwo) = E(G(wy)|o(wo))

where (w;) is the Markov process defined in section 2.2. Thus, the remainder in
(2.18) is an additive functional of this Markov process.

(2.20)
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The next idea, following [20], is to use [19, Theorem 1] to conclude. To be precise,
[20] uses [19] in conjunction with the theory of fractional coboundaries developed in
[8]. In fact, since we are discussing random walks with bounded increments, the use
of [8] is not really necessary and a slightly more quantitative version of [19] allows
to conclude by a simple Borel-Cantelli argument, see [21] for a similar strategy.
For the reader’s convenience we present the needed modifications of the arguments
from [19, 21] in the appendix. Indeed, Theorem A.2 shows the following: given any
weRdandeO, if

(o] n—1
(2.21) Zn_%(lnn)” Z(w,HkG) < o0,
n=1 k=0

L2(Q,Pg)

then >°_ o G(ws) can be decomposed, under the stationary law P of (w:)ien, as
M; + R, where M is an L?(Q2, P) martingale with respect to the filtration F, =
o{wo,...,w:}, see Remark 2.3, and limy oo N ™ IRy =0in L?(Q,P). In addition,
M, — M,_, is o{wi_1,w:} measurable, and it can be written as H(w;_1,w;) for
some Re-valued function H € L?(62,P;), where P, is the two times marginal of
P. That is [g, f(w,w)Pa(dw,dw’) :== 3\ [ge T=(w) f(w, T1*w)P¢ (dw). We thus
have that

t
:Zﬁs:Zt'i‘Mtfl'i‘Rtfl:Zt+Mt+Rt

where Z, + M, is a Fi-martingale and R, = R4 — H(w¢_1,wy) is of order
O(tz(Int)~*) in L2(Q,P), see Theorem A.2. Define R?%valued function F €
Ll(Q,IP’Z) b

F(ws) :=E((Zsg1 + Moy1 — Zs — M) (Zss1 + Moyr — Zs — M) | F)

(observe that F' depends only on w, due to remark 2.3). Then the average (condi-
tional) quadratic variation of the R?-valued martingale, Z; + Mt, for P-a.e. envi-
ronment history (6;):en, is given by

.1 ~ -~ -~ -
lim > E((Zoyr + Moy — Zy — My)(Zogr + Moy — Zo — M) | F)
=0

t—o0

= lim % > F(ws) = Ep, (F)

t—o0

where we have used Birkhoft’s theorem and the ergodicity of the process (w¢) under
P (see Lemma 2.7). Hence, for Pf-a.e. (¢;), we have convergence ¢~ 3(Zy + M) =
N(0, Epe (F)), by standard martingale CLT convergence theorems.

Indeed, one may apply [13, Theorem 3.2] to the conditional martingales “Z,+ M,
given (6;)”. To do this one needs to check that for Pf-a.e. (6;) this conditional
martingale satisfies a conditional Lindebergh condltlon which in turn is implied
by the slightly stronger requirement that lim;_, . + SV E(fee2 (W, wsi 1) Fs) =0
P-almost surely for each ¢ > 0 where f,(ws,wst1) = <§S+1,§S+1>]l{<53+1755+1>>u}
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and 41 = Zo1 + Ms+1 — 7y — M,. But, for each u > 0,

tl tl

lim — ZE foe2(Ws, wei1)]|Fs) < hm ZE fulws, wsi1)|Fs)

t—oo t

= ]E(fu) = (<£S+17§S+1>1{(53+1,€5+1>>u})

P-almost surely by Birkhoff’s theorem and observing that (w;) is a Markov process,
and this value tends to zero as u — oo.
Note also that

(2.22) Ep; (F) = lim_ N7E(Zy + My)?) = Jim N7'E(X%)=%?,

in particular Epe (F) = ¥2 > 0.
The last task is to prove that the remainder t7 2R, converges to zero almost

surely. Given the available estimates we first prove it only for the subsequence

teT, :={]1+jk ]Qk} keN where a > 1 is such that 2p > 14 a. Here we
k(l

assume that p > 1 for Wthh (2 21) holds. Indeed, by Theorem A.2 and Chebyshev’s

inequality, it follows that

D_P{ItTH R 2 e} < Ce? Y ()™ < CeP Y kT < oo

teT, te€T, keN

By Borel-Cantelli, it follows that t 3R, converges to zero almost surely along the
subsequence T,. Accordingly, along the subsequence T,, conditioned on [P -almost

every environment history the random variables N D¢ N converge weakly to a
Gaussian with variance ¥2. To conclude we use the fact, quantified in (2.16), that

N-3X ~ changes very slowly. Given any n € N, let ny, € T, be the element of T,
closest to n. Then (2.16) implies

ZP ({ > 5}) < Z Co=C T < 202k6_062ka e
neN

neN keN
provided a > 1. Hence, by Borel-Cantelli again, the sequence (

~ ~

X, Xow
NN

VT e

) converges

to zero P -almost surely, which implies the claimed result.

The theorem is thus proved provided (2.21) holds with p > 1. In subsection
3.2 we will see, following [5], that such an estimate is equivalent to estimating the
number of times two independent walks in the same environment come close. We
will then show that (2.21) is indeed satisfied under assumptions (A0)-(A5). O

2.4. A concrete model: weakly coupled Markov Chains. We have seen that
under some assumptions it is possible to prove a quenched CLT theorem for the
random walk, it is now time to present a concrete class of examples in which such
assumptions are satisfied.

Let K(60,dy) be a transition kernel that specifies the transition probability from
0° € I toy € I given the rest of the configuration §7° := (6P),.o. Clearly
J; K(0,dy) = 1. We further require that, for each u € C°(I) and ¢ € Z%, the
functlon @ defined by @(6) := [; u(y)K (6, dy) belongs to C°(O). So we can define
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a Feller Markov operator K : C°(©) — C°(0©),
(2.29 ey = [ T[ K@0.du)

© d

qEZ

In fact, K is clearly well defined on C} .(©), and it extends by continuity to all of
co(@).
Assumptions.

(A6) Local mixing. For each 0,0 € © such that 07 = 07 for each q # 0 we assume

where the norm refers to the total variation of measures. 3
(A7) Weak coupling. For each p # 0, and 6,0 € © such that 09 = 07 for each
q # p, we assume

(A8) Long range bound. There exists & > max{4 + d,2d} such that, for all

L >0,
Y dy<coLf.
llall =L
(A9) Dobrushin like conditions. Write the transition probabilities of the random
walk in the form 7.(0) = a. + #.(0) where a, € [0,1], > .pa. =1 and 7,
depends only on 6P, p € A. Then, setting D := 3, ||7.||cc, consider the
following hierarchy of conditions
a) no := quzd dy <1
b) m = (L+ (1+2|A)D)no < 1
g (1+d)

c)m<l; D<1l; n<(1-D)e-7a.

Remark 2.8. In the case of finite range interactions (d, = 0 for ||q|| larger than
some R > 0) a polynomial decay of time correlations suffices to prove the CLT.
One can then use the strateqy employed at the end of section 4.5 to obtain the
result under a weaker smallness condition than the one stated in (A9).

In section 4 we will prove the following theorem.

Theorem 2. (i) Each Markov environment satisfying (A6), (A7), (A9-a) en-
joys property (A0), although only reative to pi.
(ii) If (A9-b) is also satisfied, then (AOQ) holds true for p as well.
(iii) If, in addition, it satisfies property (A8), then it enjoys (A2), (A3) and
(A4) as well.
(iv) Finally, if also (A9-c) is satisfied, then also (A1) holds true.

Remark 2.9. The above assumptions are very similar, although much more gen-
eral, to the ones used in [3, 1]. In fact in [3, 1] the Markov Chains are independent
at each site, this corresponds to dg = 0 for each g # 0 so that ng = do in as-
sumption (A9). Also the random walk is a nearest neighborhood and the transition
probabilities depend only on the site presently visited. This corresponds to having
7, depending only on 6° in the present setting, which would imply that the constant
(1 + 2|A]) in (A9) can be replace by 3. In the above described situation one can
compare our results with the previous ones (but remember that [3] holds only for
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d > 3 while [1] only for d > 7). For example let us compare with [1] which presents
sharper results in its realm of applicability.

The assumptions of [1] are in terms of the two parameters k,e where 1 — Kk gives
a bound for the rate of mizing and thus corresponds to our ng. The parameter €
is the best constant such that 7, > ea,. The equivalent of (A9) (the only relevant
condition here) in [1] reads k + % > 1, i.e. kK =1—¢" for some v > 2. This is
sufficient for the annealed CLT in [1], but v > 6 is assumed for the quenched CLT
(indeed, not only CLTs but Donsker-type invariance principles are proved in [1]).
To see the relation with our conditions, let us consider the simple case in which
|| < (1 —¢€)a,. (In fact, the following holds more generally as can be seen by
using the decomposition (4.15).) Then D =1 — e and (A9-b), in the language of
[1], reads (14+3(1—¢))(1 —k) < 1, that is K+ (4—3¢)~ > 1. One can easily verify
that the above condition is better than k + €2 > 1 provided € < .75. Furthermore,
if K =1—¢Y for some~y >3, then k+ (4 —3¢)"1 > 1 for all 0 < e < 1. As for
the condition (A9-c), a direct computation along the lines of section 4.5 yields that
it can be replaced, in this case, by ng + D < 1, that is k + ¢ > 1, which is always
weaker than the above. The reason is that all truncated operators in the proof of
Lemma 4.8 coincide in this case with the untruncated ones so that the estimates
in (4.21) and (4.27) can be replaced by equalities. As a result, the estimate in
Lemma 4.8 is uniform in n. In other words, our conditions are weaker than the
condition under which the quenched invariance principle is proved in [1].

3. ProOFs: CLT UNDER ASSUMPTIONS (AO)- (A5)

In this section we prove Theorem 1.

3.1. Equivalence of (2.21) with a two walks estimate. As discussed in section
2.3 it sufficies to prove (2.21). Remembering (2.20), for each w € R?, |jw|| < 1,

N-1 2 N
S (wG)| = 3 E(B((w, A | Fo)E((w,A,) | F))
t=0 2 t,s=1

The above formula has a very interesting interpretation: consider two independent
random walks X,,, Y,, both starting from zero and evolving in the same environment
(6;) described by the transition probabilities (2.1). That is, setting ﬁfil = X1 —
X — v, 32;_1 =Y — Y: — v, we have

P({(ﬁﬁ,—hﬁzﬁ-l) = (Zazl)79t+1 € A} | Xta}/het) = WZ(TXth)ﬂ'Z/(TY‘Qt)p(Gt,A).

Let us call P2 the law of such a process when the environment is started with
the measure v and denote by E2 the corresponding expectation. Then
2 N
=Y B ((w, AX) <w,A§>).

2 t,s=1

(3.1)

N-1
Z (w, TT'G)
t=0

Remark 3.1. Note that, if the process (X,,Y,) satisfies the CLT (which is in fact
a consequence of what we will prove later on), then (3.1) corresponds to the off-
diagonal part of the covariance of such a process. From this point of view condition
(2.21) says that the two walks are asymptotically independent.
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3.2. The two walks estimate: off-diagonal variance. Let Ly := AIn N, for
some fixed A > 0 to be chosen later (see (3.10) and (3.12)).

Lemma 3.2. There exists § > 0, such that
(3.2) E.(Card{t < N : ||X, - V|| < Ly}) <CN'"° (N €N)

This lemma is proven in Section 3.3. Now we complete the proof of (2.21) using
the lemma.
Let us introduce the filtrations

FOXY = o{Xo,..., X0, Yo, ..., Vi 00, ..., 0}
FXY = o{Xo,..., X1, Yo, ..., Vs, (0s)sen’ ,

and the filtrations ]_-to ~ and ]_-to Y which are just the “X- and Y-versions” of the
previously introduced Fy. To estimate (3.1) we start by considering the case t < s.
As AX and AY are conditionally independent given ]_-to XY we have

B2 ((w, &%) (w, AY)) = B2 (B2 ((w, A%) | 77V B2 ((w, AY) | X))
= B2 ((w, E2(AY | 7)) (w, ELAY | 7))
Calling wY the environment as seen from Y, we have
B2 (AY | 7)) = 57 gl
Assumption (A2) implies then
B2 (w, A7) (w,A1))| < cnrtt,

2(pta)
Inn—1

Hence for each a > %, setting b = and denoting T := bln(ln N) we have

> |2 ((w, A) (w, AY))| < Co N N) =200+
tosI2Ty < O, N(InN)~2—¢,

Since the roles of ¢ and s are interchangeable, it remains to consider the cases for

which s > ¢ > Ty and s —t < Ty. Let us write Ay, = (w,A) and AY , =

(w, AY). We can then write

]Ei (<w7 Af(> <IU, AZ/>) ’ < ‘]Ei <]1{‘|Xt—TN *Yt—TNHZLN}AgiAZ;,S)
+CP, ({1 Xe—ry — Yiery | < Ln}).

Let us set An ¢ := {|| Xi—1y — Yiery || > Ln}. Using the fact that ﬁgt and ﬁ};s
are conditionally independent given ]-"t)i };N we can write

B2 (14 B2 (RX,AY 1 7))

= B2 (1o B3 (B2 (BX, | 750, ) B2 (BY .1 7% ) 17050 ]) |-

(3.3)

(3.4)

We want to estimate the conditional expectation with respect to ftog);}:. To this end
we fix 0,0, 1y, X0, .., Xi_1y and Yo,...,Y; 1. Then E2 (ﬁi{t ]—"t)?}N)
and Ei (AZ)
the Ty + s —t < 2T variables 0;_7, 41, - . ., 05, and these subsets are separated by

s FX }}N) are functions of two subsets of the spatial coordinates of
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a distance Ly —CTy > Ly /2. Since Ei (f(@t_TN, oo Bs) ] ftofgv/) = Ep; (f),

t—TN
we can apply assumption (A4) and estimate the first term on the right hand side
of (3.4) by

B8 (1R (BEALL 1 7))

< \Ez (M B2 (B, 1 700 VB2 (B | 7000 ) )| + O Laf 1%
E (IS g(wip, )| - 1SN g(wl ) + CLTR,

<C (0™ + LETR) .

(3.5)

Hence, if & > 2p,

~ ~ Ca,N(Inln N)EF
B2 ((w, %) (w,A)))| < =22
lt— |<§(1 N)’ 8 (<w7 A >) - (IHN)E
(3.6) 1<t,s<N

+TNZIE” )+ T3

t=TnN

Collecting (3.3) and (3.6) proves (2.21) provided that & > 2p+2. (Note that, because
¢ >4 in (A4), we may choose p > 1 as required at the end of subsection 2.3.)

3.3. Estimating the number of close encounters. We first reduce (3.2) to a
simpler inequality.

Lemma 3.3. There exists 8 € (0,1),Cy > 0 such that for any 6 € © for any a,b
such that ||a — bl > Ly, we have

Co
Nﬁ

(Here P2 is the underlying probability for the process (0, Xt,Yy) started at 6y = 6.)

(37 Po(IX; =Yl > Ly for j=1,2...N|Xo =a,Yy =b) >

Proof of Lemma 3.2. We start by noticing that (A5) implies, for each a,b € Z,
la—b][ < Ly, that

a9 B ({ s 1o vz L) \Xoa,yob)zw,
0<i:<Ln

the latter being the probability of one fixed path in which X;,Y; get further and
further apart at each step. Accordingly, for each ¢ < 1 — (3, we have

NeL!

(3.9) P <{ sup ||Xz'—Yi||<LN} ‘X0207Y0:b>< H (1—~"™)

0<i<Ne -
1> j=1

L —1 70 _ nje—2AInAy— 1 _ ane/2
< e VINLNING < N <N

— 7

where we have chosen A such that

(3.10) 0>4AIny™!
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Next, consider the sets By, := {(z,y) : |z —y|| < R}, B} = {|lz —y| > R} and
the stopping times, for k& > 0,
=inf{j eN : (X;,Y)) € By .(X;41,Y;41) € B},
sop ;=inf {j €N : j > sop 9, (X;,Y;) € By ,(X;41,Yj41) € B},
=inf{j eN : j>s0, (X;,Y;) € Bf , (X;41,Y;41) € B },
sops1:=inf {j €N : j > sop1, (X;,Y;) € Bf , (Xj41,Yj11) € By }-

Clearly, sor, < Sok4+1 < Sokt2 and s > k. As Xy = Y, these stopping times are
adapted to the filtration F**. With this notation, (3.9) implies

P; <{Sup(32i —8i-1) > NQ}) < NsupPZ ({sg; — 5951 > N¢}) < Ne=N?.

i<N i<N
Let us set J := inf{k € N : sop41 > N} + 1, obviously J < N/2 + 1. Clearly J
is the number of intervals in which the two walks are closer than Ly, before time
N. Since the above estimate tells us that such intervals are shorter than N¢, with
overwhelming probability, we have

(3.11) E2(Card{n < N : | X, — Y|l < Ly}) < N2~V 4 NeE2(.J).

It remains to investigate the length of the intervals of time in which the two walks
are closer than Ly or, which is the same, the ones in which they are further apart
than Ly. Let S, := {supj<,(s2r+1 — 8%) < N}, and denote by FOXY the o-

0,XY

algebra associated to the filtration F,” and the stopping time so. Then

PZ({J >n+ 1}) = Pg({SQkJ,_l <N Vk< Tl})
< P3({sokt1 — 526 < N Vk <n}) =E3(ls,).
Thus, by (3.7),

Pi({J >n+1}) <Ej (1s,) = E§(Ls, ,P5({s2nt1 — s2n < N} | Sn-1))

2
6
Z ]15 P@ ({82n+1 Son < N} | ]:0 XY))

S2n

N )

Thus, letting 1 — ¢ > a > 3, it follows that
P2({J > N°}) < Ce~@N"""

which means that E2(J) < N® + NP2({J > N*}) < CN*. In view of (3.11) this
proves (3.2) provided we have chosen ¢ so small that o+ a <1 — 4. O

Our program is thus completed once we prove (3.7). To this end an intermediate
result is needed.

Lemma 3.4. Given R > 0, take two points ar and br such that ||agp — br|| = R
For each € € (0,1], consider two walks starting at ar and by respectively and let us
define the stopping time 7. g as the first time n such that

R
1 = Yall < 55 or |1 Xn = Yal| 2 2R,
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Then there exists R. € Ry and Cy > 0 such that for each R > R, and each 6 € ©
B3 X~ Vel 2 2R)) > 5 — Coe
B3 X~ Vol 2 2R)) > 1.

Proof. Of course, the estimate in the statement is essentially sharp only in one
dimension. If d > 1, then the probability is actually close to one. Yet the above
estimate suffices for our purposes. So in the higher dimensional case we will control
only one coordinate whereby obtaining the same estimate as in one dimension.
We decompose (X,,Y,) in the same way as we decomposed X,, in (2.14). Ob-
serve that E(AX | F0) = E(AX,|F7XY). Denote
MY = (X, Vo) = (h(wg), (@) + (B(wp), b))

n n

As before, MXY is a bounded martingale with respect to the filtration FO-XY,
while the remainder is a bounded boundary term. Since |jagr — br|| = R it follows
that there exists a unit vector vg such that (vg, Xo — Yy) = R. If we now define a
new stopping time 75, as the first time n for which

R
(vR, Xy = Yn) < % or (vp, X, —Y,) > 2R

it follows

pi= Py({{vr Xog, — Vi) = 2R}) < B3({| X, — Yol = 2R)).

*
R

Note that E3(7;) < oo. Indeed, by ellipticity (A5), %nf]P’g( [(vr, Xnti —

{ sup
0<i<2R
Yyti)| > 2R}) > B > 0. Hence it follows that P2({7} > n}) < C (1 — 8)2&. Thus
E5((vr, Xry, — Yrr)) = E3({(vR, —vR), Mfg)) +0(1)
= E5(((vr, —vr), Mg ")) + O(1) = R+ O(1)
while, on the other hand,
E3((vr, Xrj, = Yry)) < 2Rp+ ?(1 —p).

The above two equations readily imply p > % -5 CR~! which is what we were
looking for. The second inequality follows similarly. t

We can finally conclude by proving (3.7).

Proof of Lemma 3.3. Let Xo = a and Yy = b with [la — b > Ly and k € (3,1).
Using ellipticity (A5) for the first Ly steps, then the second estimate of Lemma 3.4
for the next In, e~! steps and finally the first estimate of that lemma for another
logy N* steps we obtain

P3 (|| X; — Y;| reaches N*Ly before Ly)

1 logy, N* .
> ,YLN 672 (2 . 026> 2 672N7/$7C367A1n'y )

In other words there is a polynomially small probability of making an excursion of
size N* Ly before returning to a distance L. On the other hand once we have
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such a big excursion Hoeffding’s inequality (see e.g. [12]) implies that it will take
more than N steps to come back, indeed

2 . vl <
5 ({ nt, 1% - 3l < L |

< 2supPy ({ sup ||)A(J|| > N“LN/3} ’ Xo = 0) < CNe N
0 1<j<N

| Xo — Yol > NHLN)

The last two inequalities imply (3.7) with 8 = k + C3e + Alny~! and Cy = Ce~2,
provided we choose A > 0 and € > 0 so small that

(3.12) k+Cse+Alny~ ! <1
This proves Lemma 3.3 O

4. PROOFS: THE ENVIRONMENT
In this section we prove Theorem 2.

Remark 4.1. The reader is alerted that the following arguments are more of a
functional analytic than of a probabilistic nature. In particlar, we will work with
the Banach space M(O) of complex valued measures rather than just with probability
measures.

4.1. The environment — time mixing. Following [15] we will lift the dynamics
to a rather abstract space and prove that such a lift enjoys a spectral gap. This
will imply the wanted results.

In fact, we want to lift the dynamics to the space B := C® @),z Mp(O)
where M, (0) := {u € M(O) : u(¢) = 0 Ve € C°(O) that do not depend on 6,}
and the closure is taken with respect to the norm

2]l == sup{leul, [up| : p € Zd} .

Here we use the notational convention that an element i € B has components
¢y € Cand i := (up)p with p, € M,(0) and, for each complex valued measure
p € M(O), |u| is the total variation of p. For example, if v,,1), (p € Z%) are
probability measures on © such that v, = v, for all p # ¢, and we set v := @p,czap,
V' 1= ®pezavy, then v —v' € My(©).

To define such a lift we need, first of all, to define a map ¥ : M(0) — B and a
projection Pr : B — M(O) that allow to transfer objects between the two settings.

The choice of the first map is quite arbitrary, we will fix a convenient one.
Consider a strict total ordering < of Z? such that 0 < p for each p € Z%\ {0}
and the set {¢ : ¢ < p} contains the box (centered at zero) of size Cy||p|| and is
contained in the box of size C5||p||. For example, one can start from zero and spiral
out on larger and larger cubical shells. Let ¢ be the successor of ¢ (that is, ¢ < g+
and there are no ¢’ € Z% such that ¢ < ¢’ < q4).

Let m be an arbitrary probability measure on O, fixed once and for all. For
each ¢ € Z? we can then consider the o-algebra F, determined by all the variables

w? with ¢ < ¢, hence Fy is the trivial o-algebra. Call z=P and z”P, the set of
coordinates with indexes smaller (respectively larger) than p.

Next, for each ¢ € Z4, define the operator J, : C°(©) — C°(©) and its dual
Jy : M(©) — M(O) by

(4.1) Jof =m(f) =m®(f) 1 Jou(f) = n(Jef)



18 DMITRY DOLGOPYAT, GERHARD KELLER, AND CARLANGELO LIVERANI

where m? is the marginal of m on the F, variables. In other words, given a local
function f € C°%(©), and a point ¢ € Z¢, mi(f) depends only on z=9 variables,
namely

m(7)@=) = [ e =y, dy=).
e
For each local function f we have

F=m()+ > Jolf):

qEZ?

Note that, as f is local, there exists a box A C © such that f depends only from
the variables {w, : ¢ € A}, but this means that the sum consists only of finitely
many terms. Accordingly, for each u € M(©) we define i := p — p(1)m and, for
each f € C° and ¢ € Z%, we consider J}i(f) = f(Jof). Then J}ji € M,y(0), and
we can define the lift

W(p) == (u(1), (Joft)g) € B .

Remark 4.2. If one chooses m := ®gczams, that is a product measure, where m.
is an arbitrary probability measure on I, then a direct computation, using defintion
(4.1), yields Jof = En(f | F5) —Em(f | 7y, ), where F¢ is the o algebra determined
by the w, with p = q and E,,, is the expectation with respect to m. Moreover J;m =0
for all g € Z2, hence Jé/l = Jé,u. The reason to allow non product measures in spite
of the slightly more complex definitions is their usefulness in section 4.5.

On the other hand, for each & = (c,, (1tp)p) € B and local function f we can
define

(4.2) Pria(f):=cam(f)+ Y mp(f),

pEZ

Remark 4.3. Although Pr fi(f) is well defined on each local function, nevertheless
Pr fi is not necessarily a measure. Yet, PrWu = p for all up € M(O) since, for each
local function f, m(3_, Jgf) = m(f—m(f)) = 0. There exists thus a subset B,, C B
containing V(M(O)) such that each element of Pr B, gives rise to a bounded linear
functional on the space of local functions, hence identifies uniquely a measure. In
other words, for each fi = (cy, (kp)p) € Bm, cum + 3 cga pp converges weakly to
a measure that we call Prp. (Note that here the order of the series may matter,
we tacitly assume that the order is the one given by the relation <.)

Now that we know how to lift measures, we must describe how to lift the dy-
namics. For each local function f and p € Z%, we decompose

(4.3) Kf=Kpf+ Z Kp.af

q€Z\{p}
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with operators K, and K, , defined as follows: for each ¢ € 74, setting ¢’ =p ¢ =
¢ —p=<q—p
(Kpgf)(w / K(tPw,dyP) H K(17 w(yy, dy?)
0<p9'<pq

(4.4) X [K (9w, dy?) — K (r%w(), dy")] ] K7 w,dy?)f(y)

q'>pq

:/@K(pr,dyp) H K(TQIw(p)7dyq/)f(y)

q'€z4\{p}

where wf’[/}) = w? for each ¢’ = p, while wf’p) = a, for some fixed a € I. It is easy to

see that the series in (4.3) converges due to assumptions (A7) and (A9-a). The
fundamental fact of the above decomposition is that, if f does not depend on w9,
then ), f = 0. Accordingly, for each p € M(©), K, € My(0©). In addition, if
p € Mp(©), then K € My(0), since if f(y) does not depend on y”, then also
Ky f does not. Deﬁne a=(1,a) =(1,(ap)p) by

(4.5) a:=¥(K'm)

Also let

(4.6) K= D K+ Ky
a€Z\{p}

Finally, (4.6) suggests to define the operator K : B — B by

(4.7) Ki = (cy,cpa+ Afi) == (c#, (cpog + Kopg + Z K, qup) >
PEZN{q}

For all p € M(©), local functions f and n € N we have
PrK"Wu(f) = p(K" f).
Thus K(B,,) C By, and the dynamics of K covers the original one.

Lemma 4.4. The hypotheses (A6), (A7) and (A9-a) on the Markov process imply
[All <> 2gdg =m0 < 1.

Proof. Let v € My(©) and f € C°. Define f by K,f(w) = [ K (1%, dy?) f(y?,w).
Then |f|<>o < |fls and f does not depend on w?. Now, by assumption (A6), it
follows that, varying w?, fK(qu,dyq)f(yq,w) changes by, at most, 2dy. Hence
for each (wP),=4, there must exist a’,a” € I and ¢t € [0, 1] such that defining w’
and w” as those configurations which are obtained from a configuration w replacing
w® by o’ or a”, respectively, and defining K (w,.) = tK(o',.) + (1 — t)K(w"”,.), the
following holds

/KT w, dy") F(y",w) /KT% dy)F(y7,w)| < do |f]-

Thus,

(Ko f)l =

u(/Kwdy)yw [ Rty i )>’Sdo|V|f|oo-

While, by assumption (A7), for all p # ¢ and all fi we have |K}, ,up| < dp—glpp]. O
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Hence the fixed point equation IC(1, ) = (1, i) has the unique solution (1, (1 —
A)~1a) which can easily be seen to project down to a stationary probability measure
e on O. Indeed, given any probability measure v, the set {K"'v} will have weak
accumulation points. On the other hand, calling (1,7) the lift of v we have that
—=n

K (1,v)=(1,A"v+ ZZ;S A*@) is a lift of K"'v. Hence the measures K™ v must
agree, on local functions, with the projections of the En(l, v), and it follows that

(4.8) b= nlingofn(l, 7)=(1,(1 — A)~ta)

projects to a unique invariant probability measure . which is the weak limit of the
sequence (K™'v).

Finally, the operator K has a spectral gap, which implies exponential time mixing
of this invariant measure, i.e. the analogue of property (A2) for the Markov evo-
lution of the environment and the measure p.. In particular we have proven (A0)
relative to pe (The fact that p. cannot be supported on the translation invariant
configurations is a direct consequence of (A6), see also Lemma 4.4).

Remark 4.5. Note that the above argument would hold verbatim for more general,
site dependent, kernels K,(770,dy?) (instead of K(790,dy?)). The only difference
being the loss of the translation invariance of ..

4.2. The environment — space mixing. For property (A3) we need an extra
argument. Given a function ¢ € C°(0) let us call A(p) C Z% the set of variables on
which ¢ depends. That is, A(¢) is the smallest subset of Z? such that ¢(x) = p(y)
whenever x,y € © with 2P = y? for all p € A(p). Also let us call C{ . the set of
continuous local functions (that is functions for which A(y) is a finite set). Finally,
for any two functions ¢, ¢ € C%(0), let py . = inf{|lz —y| : = € A(p),y € A(¥)},
the distance between the sets of dependence.

For each ¢ € CP . and ¢ € C° such that p,y = L and A(p) is contained in a box
of size I, we want to estimate pe(p1)) — pe(p)pe(1). Let us define Ap(p) := {q €
74+ infuepqp) Ip—qll < L}, clearly Ap(¢) NA() = 0. Moreover, AL () contains,
at most, (I + L)% sites. Next, for each n € N let r := L/2n. Our main idea is to
modify the kernels as to define a new process with coupling range less than r in
Ar(p). To do so we define, for each ¢ € A (), the cutoff kernels

K(w(r7q)7 dy) if qc AL ((P)

K, q(w,dy) = - .
(@, dy) {K(w(,.g),dy) if ¢ & AL(p)

where, for some fixed b € I,

oo e il —di<r 0 JwP i lp—gll <rorp & ALy)
GO b il —al 2 a0 ifllp—ql = and p € A(e)

We can then use the above kernels to define the operator "K as in formula (2.23)
(see also Remark 4.5). Note that such an operator is close to the original one,
indeed for each ¢ € C°(O)

o~ "Kolloo < D D dilldloc+ Do D dpglldls

qEAL () |Iz]| 27 qZAr(p) PEAL(P)
(4.9) - T lo—dli>r

<O+ L))l
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by the long range assumption (A8). We can thus write

pe(ew) = pe(K™(9$) = pe("K" (29)) + O(n(l + L)*r ™% [ ot c)

= 1e(("K"@)("K" ) + O(n(l + L)'~ |0y o)
At this point it is natural to define measures vy, ,(¢) := p.(¢ "K"9). Note that
the lift of such a measure to the space B is given by W(vy, ) = (e("K"9), 1)
with || U(vy,)|| < 4||¥]lc. By the results of the previous section (and Remark

4.5) applied to the operator "I it follows that there exists a measure p,. such that
"K', = pp and, in addition,

|Vn,r(rlcn§0) - MT(S")Me(r’anﬂ < Canldll‘»plloonwnoo-

Observe that, due to the constructive nature of the proof in the preceding section,
the constants C' and o do not depend on r.
The above estimates applied to the case ¢y =1 (i.e. to vy, = p.) imply

I1e(9) = ()] < Co™plloe + Cnll + L)'~ [l

Choosing n proportional to In L, the two last facts and (4.10) yields, for I < L,

n(l + )

(4.10)

1e(P0) ~1e(P) e ()] < [ o ("K"9) = pe (e ()] + C— |t oo

(411) < [pe(@)] e (TK"$) = pe()] + C(nLr—¢ + a”zd>|\so||oo||wuoo
< O(L (L) | o |9l 0)-

Clearly (4.11) implies the space mixing property (A3) provided & > £ + d.

4.3. The environment as seen from the particle. The above construction can
also be used to attain our other goal: the study of the dynamics as seen from the
particle. That is, we wish to study the operator (see (2.5))

(4.12) Sfw) = m(w)K(r" f)(w).
zEA

We will use the same space as in the previous section, the only new difficulty is
to define the covering dynamics. To this end let us define B, : B — B by B, :=
(cu, (B2fi)q)q) where (B:ji)q(f) = pigrz(m.7%f). We have (B.fi); € My(©)
provided g € A, but we have no control of this kind for ¢ € A. Thus, although the
operator » ., KB, would cover S’ it does not respect the structure of the space
for the components in A. On the other hand (A, f),(f) := pgt+=(a77f) € My(O)
for each ¢ € Z®. Accordingly, for each ¢ € A we must deal only with the remainders
(ﬁzﬁ)q(f) = gt (.77 f). We can again use our decomposition operators to
write (f{zﬁ)q(f) =2, EZd( )q(Jy f), and then redistribute the various terms
to the appropriate components of the vector, indeed J;, (f{Z i)g € My (©). Finally,
defining, in analogy with the previous case, ¢ by ¥(S’u.) = (1,¢) we can define the
covering dynamics S(c,,7) := (¢,, ¢,  + Sv) where

~ 5> [(RB.(0,9))y + Xy J4(KR(0.9)y | ifq A
(413)  (Sp),:=< A0
5 [(RA0,9)y + S pen JiER-(0.7)y]  ifgen

zeEN
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Once more, one can easily check that, for each v € M(0), the following holds
Pr[S"Uu](f) = v(S™f) for all n € N,
that is we have a proper covering of the original dynamics. Moreover, by (A9-b),

(414)  ISI < KN + (1 +2/A) 3 [#2loe) < mo(1+ (1+2]ADD) = 31 < 1.
zEA

This proves properties (A0Q) for p and (A2) by exactly the same arguments used

in section 4.1.

4.4. Locality. The idea for the verification of condition (A4) is, again, to approx-
imate the true dynamics with one in which the interactions are cut-off at a proper
scale. More precisely, let A’, B’ be two L/2-neighborhoods of A, B, respectively.
Similarly to what we did in the previous section, we can kill all interactions, in
A'U B’, at a distance larger than L/2s. If we call P the distribution of the re-
sulting Markov process started from the configuration 6, then assumption (A8)
implies
IPG(f(01,-..,05)9(01,...,05)) —Po(f(b1,....05)g(61,....,0,))|
< Cs(M+L)* s L7 || fglloo < Car L™V | gl

with & > d+2. AsPY(f(01,...,05)g(b1,...,05)) =PY(f(01,...,0:))PY(g(01,...,05))
by construction, condition (A4) follows provided we chose & = ¢ —d > 4 and
£>¢+1.
4.5. Absolute continuity. Since we aim at proving u to be absolutely continuous
with respect to pe, it is natural to work in the smaller space M€ of measures on
© absolutely continuous with respect to p.. In addition, now we have a natural
reference measure so we want to choose the measure m, in the construction of the lift
¥ defined at the beginning of section 4.1, to be p. This implies ¥ (u.) = (1,0) € B.
Clearly all the results of the previous section apply with this choice of m.

First of all note that the above is consistent.

Lemma 4.6. Both K' and S’ are well defined as operators from M€ to itself.

Proof. Consider first the case of a measure v € M€ such that f := ddTV € L>™(0, ).
Then

Kw)e) = [ 1 Kpdue <l [ Klioldite = 1l - (1o

for each bounded measurable ¢ : © — R. Now for each v € M¢€, calling again f
the density, by monotone convergence

K'(v)(p) = sup K'((f An)pe)(p) < sup e ()

for each such ¢. In particular this holds for ¢ = 14 being the indicator function of
any pe null set. Hence K'(v)(A) = 0 if p.(A) = 0. Similar arguments hold for S’
by using the translation invariance of .. [l

On the other hand, in the present generality it is not guaranteed that .J; maps
Me into itself, so we cannot check directly that the covering dynamics S : B — B
preserves absolute continuity of the components measures.

The above considerations show that it may not be very convenient to work with
the decomposition (4.13) to treat the problem of absolute continuity. Even more,
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the second sum on the left hand side of (4.13) is of highly non local nature what
makes it very hard to control the sum of the components of the resulting vector. To
overcome these difficulties it is useful to decompose the operator S into a convex
combination of two operators: one representing a random walk with fixed transition
probabilities and the other, small, one keeping the dependence on the environment.
To do so it suffices to write

(4.15) T, = (1 —K)cy + KT,

where ¢, := (1 — k) T max{0,a, — ||7:]|ec}, 72 := £~ (7, — max{0,a, — ||7]|o0})
and k:=1—3 ) max{0,a. — ||7.|[c} < D is small by assumption (A9-c). Let
us set Sof =), c.7*Kf and Sy := >, 7.7°Kf, clearly S = (1 — k)Sp + £S1 and
C., 7. >0,> . =), 7, = 1. Hence, [Sofloc < |floo, [S1floc < |floo- It is then
convenient to consider a Bernoulli process with probability (1 — &, ). For each
o €{0,1}, we let o™ be the first n symbols of o and set Syn := Sy, -+ S,,. Using

E for the expectation with respect to the above process, we see that
(4.16) S"f = E(Son f).
The advantage of the representation (4.16) lies in the fact that Sy can be conve-
niently treated by our covering space techniques, while the occurences of S; are
weighted by a small probability.
To be more precise, recall that, by the analogue of (4.8), u = limy_.o SN/pe.
Then, after setting ¢ := (S’ — 1)u., we can write
N-1
I
SN He = [e + Z Sn/C
n=0
1S™¢(@)| < [B(C(Sonip) Lz, )| + E(lgs) [ @lloc,
where ¥, is the set of o such that ¢™ contains a string of zeroes of length longer
than ¢, := —(1 —9)[In(1 — )] ' Inn, ¥ € (0,1). Clearly E(1x.) < e=Con”” On
>, let m, denote the beginning of the first string of ¢,, zeros. We have

(4.17)

n n _ nﬁ/z
CS™ D) < | D E(l(Sonomy o TaSE" Soma )15, )| + €™l 0]loo
(4.18) ot

—tn _Cyn?/?
< B (|Pr (S59(Sh, .y, ©)) (Soma @)1, |) + e gl
where we have introduced the covering operator Sy defined by
(4.19) So(ev, (7)q) = (cv, (So?)g) = (cv, Z(KCZ(QD))q)
z€EA

and, contrary to (4.13), we have defined (C.(0,7)),(f) := vgyz(c.7*f). A direct
computation shows that §g covers Si, hence formula (4.18).

Note that the summands in the first line of (4.17) are absolutely continuous
measures w.r.t. [, by Lemma 4.6. Hence the total variation of such measures is
the L'(0O, ye) norm of their density.

Unlike S, the operator Sy is reasonably local. To make precise such a locality, we
introduce the norm |||y :=3_ 74 |vp| and denote By := {(0,7) € B : [|[7[1 < oo},

Lemma 4.7. For each (0,7) € By the following holds true

S0zl <m0 [17]]1-
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Proof. Let (0,7) € By, then

SCTITED D il 2= P S
pEZ? zeA  pezd | q€Z\{p}
< ZCZ Z do|vp+=| + Z dq—pl|Vg+:|
zeN  pezd | q€Z\{p}
Sdollolhi+ ) gl D e Yo de=dot+ Y dy | |7l
q€Z4 z€A wvezZd\{0} v#£0

Next we verify that the above norm is relevant for the problem at hand.

Lemma 4.8. For eachn € N and o € {0, 1} we have

(S5l = 174Shn¢

qez?

g1y
< (Cne-d

Proof. We start by studying J! Son te. Also we will write S for S, since the com-

putation is exactly the same. Given g € Z? we can change the kernel K for all
points |[p|| < £*||¢|| to have only interactions of range C4||q||(8n) . (The constant
C} is defined at the beginning of section 4.1.)

We call K@ and S@ the resulting Markov operators for the process of the
environment and the environment as seen from the particle, respectively. Clearly,
by (A8),

(89 — 8)plloe < Cllgl =+ 8 | plloo

Hence, for all m <n,

m—1
1((S9)™ = S™)pllo < D (SD)F(SD = §)5™ Fp| o
(4.20) =

< Cllall =+ mlglloe
and the same holds for K@ and K. On the other hand, if n < %Hq”, then

SOy = 3w, k@ [Wzgmq)...;g(q)TzH {Wzn;c(q>Tszq(p} }

215,20 €A
= Y mK@ [sz K@ ... @7t [ ] }
Z1yeney zn €A

% K@) =1 [;Cm) Fon-1 [,Cw) sz@} }

S oK@ [M,C(q) K@t [ }

x 7T T T o+ O(lg] 7 Tt gl

where we have used the fact that if two functions f, g have disjoint support, then
K9 (fg) = K@ f.K@g, the same considerations as in (4.20) and the translation
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n— k

invariance of K. Set z = (Zk+1,.--,%n) and

om 1= 7 [WZJC Q)= {wmlC(q) e K@DrE et [, ] H
Then
Wom = [T—zl—m—mml] (@) [T—Zz—-”—znﬂ—zz] K@ ... @ [T—Znﬂzn]
[ ) KO,

since, when applied to a function f supported in the box {p € Z¢ : ||p|| < %HqH},

the operator K@ is invariant under translation by 7%~ 7% provided nCy <
Sa|q|, that is K@ 7= =2 f = p==1= =20 C(0) f,

Remark 4.9. Note that later on in the proof we will apply K9 to functions that are
supported in a box of size % llgl| centered at the origin. Hence, by construction, such
functions never see the kernels in which the interaction is long range, accordingly
we can modify K9 to have interactions of lenght ||q|| in all Z?, without any change

in the above formulae. We will call K@ the resulting translation invariant object.

We set =, := > 1,» and write the above estimate as

Z1yesZn
(8™ 09 = e (Zn - (KDY )| < Clall =<+ o)
As J,p does not depend on points ||p|| < Cylq||, (4.11) yields
|16 (8™ Tqp) = e(En) - pe (KD)" Typ) | < Cllall = 0[] o
+ Cllall =< gl el oo 12l »
and as e (KD)"Jyp) = pe(Jgp) + O(llgll= ¢ 9 nE 1| || 0s), it follows that

|1e (S Tg) = pe(Jg0)| < Ipe(En = Dl @lloe + Cllgll ™ 0 [ plloo (1 + | Enlloo)
+Cllall=+ M ) lellos [Enll

At this point we can estimate the real objects of interest:
1

(8" T0)| < D 11e(Enti = Dl llplloo + Cllal = 0+ ol ool 1En oo
(4.22)
. =0

—¢'4d ’ —
+Cllgl=* 4 llglD* T llelloo 1Enll

To conclude we must estimate |pe(Z, —1)| and the norm ||Z,, || on the right hand

side of the~ above equation. To do so it is convenient to consider the operators

Kgp = = gK@yp, K g = glC(q)go — gD (), where p,(? is the unique invariant

(4.21)

measure of the operator K@, The proof of the existence of such measures is exactly
the same has the proof of the existence of p, or p,.
Note that g1 = 0. Let us set myn—k := 77?17 "#nq_  then

—ZICW,JCW vy K1
(4.23)
7Z]Cﬂz Kz an—1 " ﬂ11+7TZ’LNe()(ICﬂZn71"']C7T D).

z
The above discussed translatlon invariance implies

(4.24) S| DUy K D] £ (4 Y Ielloc) = 14 D.

Zn
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To conclude we need to understand the properties of compositions of the operators

K_;. To do so we use again our covering spaces, as we did for the operators K, S.
z

Indeed, given an operator lég, with ¢ = a+ g, a € R, and § supported in the box
p + A centered around p, we can define the covering dynamics KG of IC; where IC
is defined as in (4.7) while G(c,, 7) := (0, GP) is defined, in analogy with (4.13), by

(Glj) p— qu+2p/€p+A Jé(gypl) lfq¢p+A
T avg + X pepan Ji(Guy) ifqep+A
A direct computation shows that Pr (KG; ---KG,Vv) = l@’gl -~-I€'gnl/, that is the
above operators cover arbitrary products of the operators of interest. In addition,
if ¢ € C}) . depends only of M variables, then

(4.25) Ky, - Ky ¢lloo < lH(a + (L4 20AD1gxlloe) D dg | M@l

k=1 q
Iterating the procedure in (4.23), (4.24) and using (4.25) yields

n—1

(4.26) IZallee < C S 0f(14 D) < ox.
k=0

Next observe that ME(Q)(EH) = 1, which can easily be checked by a direct compu-
tation that uses the invariance of p.(? under translations and uner the kernel (2.
Hence |pte(Z, — 1)| < [pe(Zn) — pe'?(2,)|, and as Z,, depends on at most C/||¢||?
variables, we can apply (4.8) and its analogue for the kernel K@ to conclude that

‘He(En) - Ne(q) (En)l < HKnEn - (K(q))n(En)”oo + CHQHdnnHEnHOO

(4.27) <n-Clal* Y. dp+Cllal*n"Enll
Ipll>Callall/8n

< C”QHd_5 n'te . ||En||<x>

where we used assumption (A8) in the last step.
Collecting (4.22), (4.26) and (4.27) we thus arrive at

165" Ty0)] < C llall*™ ' - Jlglloo (1 + [1Enloo),

41
which, using the trivial bound |.J (S")"v| < 2|v| for [|¢]| < ni’:, implies the lemma,
as £ > 2d by assumption (AB). O
Finally, applying Lemma 4.8 and Lemma 4.7, to (4.18) we have
n n %d —Cyn?®/? —
(4.28) C(5™0)] < Clg =2 + e~ lplloo < O™l o0,

-1
(1—9) Inng

where Cg > 1. Indeed, 7)6" < n ®G-D)-T | thus the claim holds true provided

_ —1 ' &' (1+d)
(lln(fz# — g,f;d > 1 or, equivalently, 79 < (1 — D)@ -90-9 . By (A9-c) we can

always choose 9 so that this inequality is satisfied.
Accordingly the sum on the right hand side of the first line of (4.17) is convergent
which implies that %

converges in L'(0, ) to some function h, hence p =
hu. is absolutely continuous with respect to ..
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Finally, to prove equivalence, if i, is not absolutely continuous with respect to p,
then there exists an invariant set A such that pu(A) = 0 but pe(A) > 0. Accordingly,

0=p(S"14) = pe(hS"14) = Z te(hm K174, ... K1 4)

215,20 €A

which implies p, (hK"722i=1%1 4) = 0 for each choice of n and z; such that v., # 0.
By ellipticity, there exist s € N and Y ;_, z; = 0 (see the proof of (2.9)), thus
pre(hKC*14) = 0. To conclude we consider the processes Pj, and Pf, , clearly the
first is absolutely continuous with respect to the second and the Radon-Nikodym
derivative is given by H((6:)) := h(fp). Accordingly, calling 7 the time shift,
and considering the set B := {(6;) € @ : 6y € A}, we have Epe (H7™"1p) =
(™1 4) = 0. Thus /

n—1

Z Epﬁe (HTSk]].B).

k=0

1

n

O:

But then the Birkhoff ergodic theorem and the ergodicity of P}, imply
0=Ep. (H)Ep: (1p)= pe(A)

which is a contradiction. This shows that p and p. are equivalent, hence (A1).

APPENDIX A. CENTRAL LIMIT THEOREM FOR ADDITIVE FUNCTIONALS OF
MARKOV CHAINS

In this appendix we recall the results and the arguments of [19] keeping explicit
track of some estimates that are needed for the present paper. The basic idea, going
back to [16] is to construct a martingale approximation by solving the equation

(1 + 5)hs = ITh, + g,

-1

where g = (w, G) satisfies condition (2.21). Setting V;h := >'_; II*h, a solution to

this equation can be written as

s=1
If we define
H.(w,w') := he(w') — he(w)
then
t—1 t—1
Zg(ws) = Me,t +e Z hs(ws) + Ra,t
s=0 s=0
where M. ; is a F; martingale and R.; a boundary term
t—1
M., = ZHE(wsawerl) ;o Rey = Hhs(wo) - Hhs(wt)
s=0

Lemma A.1. If (2.21) holds, then for each ¢ > 0, setting ey, := 2 %¢, we have
>oreo Vepllhe, | = o ((Ine=")~7) where the norm is the L? (2, P¢,)-norm.
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Proof. By defintion

o0

lhell < C+Cey [||ng||s*%(1ns)f)] 0o (s) (Ins) ="

5=2

where ¢.(s) := s2(1+&)~*. Then

>Vl < Ct Y (s [IVaglls~Hns)?] Zek peu (s
k=0 s=2

and
o0

0o 3 0
3 EN2 _se(1_Ek ¢ z
Zeé@ek(S)SZ(%>ze 2k(1 lek)SC’/ x%eifxfldxzc.
k=0 0

1

Setting ¢ = ¢~ =, follows

> Verllhell
k=0

~
Il
=

[N
?
—

IN

Ce? +Ce3e3 [||ng||5 (1ns)0}+C(1n6)—PZ[ngus—%(lns)p
E s={

w
||
N

< Cet 4+ C(lne™? pz [||Vs9||5 (hls)p}

and the result trivially follows from (2.21). O
Theorem A.2. If (2.21) holds, then

Zg(ws) = M; + Ry

where My is a martingale and ||Ry|| < Ctz (Int)~

Proof. Since by [19, Lemma 2] {H.,} is a Cauchy sequence in L*(P), we set
H := limy_,o H.,. Then, by Lemma A.1, there exist R; := limj_o Re, + and
S8 g(ws) = My + Ry where My := S.'Z) H(ws,wsy1) is an L? martingale. The
last estimate follows from Lemma A.1 and equation (8) of [19]. O
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