STABILITY OF STATISTICAL PROPERTIES IN TWO-DIMENSIONAL
PIECEWISE HYPERBOLIC MAPS

MARK F. DEMERS AND CARLANGELO LIVERANI

ABSTRACT. We investigate the statistical properties of a piecewise smooth dynamical sys-
tem by studying directly the action of the transfer operator on appropriate spaces of distri-
butions. We accomplish such a program in the case of two-dimensional maps with uniformly
bounded second derivative. For the class of systems at hand, we obtain a complete descrip-
tion of the SRB measures, their statistical properties and their stability with respect to
many types of perturbations, including deterministic and random perturbations and holes.

1. INTRODUCTION

In recent years, many works have sought to establish in the hyperbolic setting the func-
tional analytic approach developed for one-dimensional piecewise expanding maps.

This strategy avoids completely any attempt to code the system and studies directly the
transfer operator on an appropriate Banach space (in the expanding case, the functions of
bounded variation). Roughly speaking, the approach is to first obtain a priori control on the
smoothing properties of the transfer operator [LY], then infer from those that the transfer
operator is quasi-compact and that its peripheral spectrum provides abundant information
about the statistical properties of the system [K], and finally show that such a picture is
stable for a large class of perturbations [BYl [KL]. See [BI] for a detailed explanation of the
above ideas and complete references and [L2] for an apology.

Such a point of view was successfully extended to multidimensional expanding maps [S,
Bul, [T1), T2, BK], but its application to the hyperbolic setting has been lacking until recently.
Notwithstanding some partial successes [Bal, [L1, R, R2l, R3], the first paper in which the
above approach was systematically implemented in all its aspects was [BKL], in which the
authors studied Anosov diffeomorphisms. Such results have subsequently been dramatically
improved in a series of papers |GLL B2l [BT), [L3] of which certainly we have not seen the end.

In spite of the fact that in one dimension the approach was developed to overcome the
problem of discontinuities, the case of piecewise hyperbolic systems has eluded attempts
to treat it along such lines (with the partial exception of [LI]). Consequently, as far as
hyperbolic systems with discontinuities are concerned, the only available approaches are [P]
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and [Y] (and the generalizations by Chernov |Ch] and Chernov, Dolgopyat [CD] of Young’s
approach in the case of billiards; see [CY] for a review). Such approaches require a very deep
preliminary understanding of the regularity properties of the invariant foliations and are not
well-suited to the study of perturbations of the systems under consideration.

The present paper makes a first step in overcoming the difficulty of discontinuities by
showing that in the two-dimensional case the functional analytic approach can be carried
out successfully. We are confident that this approach can be extended to billiards and higher
dimensional systems.

The outline of the paper is as follows. In Section [3] we describe functional spaces on which
we establish the quasi-compactness of the transfer operator in Section [4] This is the key
result of the paper from which all the rest follow.

In Section |5, we show that there exists a precise relation between the spectral picture
of the transfer operator and the statistical properties of the system. More precisely, the
peripheral spectrum corresponds to the ergodic decomposition with respect to the physical
measures, so a complete description of the SRB measures for the system is obtained.

The rest of the spectrum is connected to the finer statistical properties such as the decay
of correlations, which is proven to be exponential for mixing systems, the Central Limit
Theorem, the power spectrum and the Ruelle resonances. Although the decay of correlations
and CLT are already known for systems with a slightly more restrictive class of singularities
(see [Y]), the current approach presents a unified framework for these results and adds to
them a detailed understanding of the power spectrum and Ruelle resonances not previously
available. (See [Rull, Ru2, [PP1l [PP2] for a discussion of Ruelle resonances in Axiom A
systems.)

In addition, we answer questions concerning the stability of these statistical properties
with respect to both deterministic and random perturbations, as well as those obtained by
introducing small holes into the system. We prove that the stability is of a very strong
nature: all the statistical properties, from the invariant measures to the rate of decay of
correlations to the Ruelle resonances, vary continuously with the perturbation. The proofs
of these results are contained in Section [6l

Contrary to [GL], the spaces introduced here do not allow an extensive study of the
influence of the smoothness of the system on its statistical properties. This may depend on
the class of systems under investigation: contrary to the smooth case in which the degree of
smoothness determines the size of the essential spectrum, it is conceivable that there is no
difference between piecewise C? and piecewise C" systems. On the other hand there may be
a difference that is not captured by our spaces.

Finally, note that the paper tackles the problem, left open in [GL], of how to define spaces
with Holder reqularity in the unstable direction.

Remark 1.1. A remarkable aspect of the present approach is that it bypasses completely the
detailed, and extremely laborious, study of the smoothness properties of the invariant folia-
tions, their holonomies and the local ergodicity theorems (albeit restricted to the uniformly
hyperbolic case). Accordingly, it provides an extremely direct way to obtain very strong re-
sults, as testified by the length of the present, essentially self-contained, paper.

Convention 1.2. In this paper we will use C' to denote a generic constant depending only on
the dynamical systems (M, T), while Cyy..... will depend only on (M, T) and the parameters
a,b,c,.... Accordingly, the actual value of such constants may vary from one occurrence to
the next.
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2. SETTING, DEFINITIONS AND RESULTS

Let M be a compact two-dimensional Riemannian manifold, possibly with boundary and
not necessarily connected, and let T" : M O be a piecewise uniformly hyperbolic map in
the following sense. We assume that there exist a finite number of pairwise disjoint open
regions { M} such that U;M; = M and the boundaries of M; are piecewise C' curves
of finite length. We define M; = T(M;") and require that U;M; = M. We refer to the
sets ST := M\ U; M as the singularity sets for 7" and 7" respectively. We assume that
T € Diff*(M\S*, M\S™) and that on each M;", T has a C? extension to M;.

On each M;, T is uniformly hyperbolic: i.e., it admits two continuous DT-strictly-
invariant families of cones C* and C* defined on all of M\(S* U dM) which satisfy]]

DT
A= b g PTU
zeM\S+ veCt |||
DT
(2.1) po:= inf  inf | DT] 1,
zeM\S+ veCs  ||v|
1 : [ DT M|
= f f ——— > 1.
M T selts vels o]

In Section [3.I} we define narrow cones with the same names and refer to them as the stable
and unstable cones of T" respectively. We assume that the tangent vectors to the singularity
curves in S~ are bounded away from C°. Note that this class of maps is similar to that
studied in [Y], [P]; see also [LW] for the symplectic case.

Remark 2.1. We can replace the condition that the singularity curves be transverse to C*
by the more general assumption (H1) of Section (replacing OH with 8~ ), thus allowing
singularities which are in places tangent to the stable direction. The estimates of Section[6.3
imply that Proposition and Theorem 2.8 hold with this weaker condition on the singular-
ities of T' as long as we choose 3 < «/2 in the definition of the strong unstable norm .
We do not do this, however, since this restriction on 3 makes less optimal our estimates on

the essential spectral radius (see Remark[5.9).

Remark 2.2. Although the class of maps T which we consider does not contain billiards, it
does contain piecewise toral automorphisms and a broad class of piecewise hyperbolic nonlin-
ear maps with bounded derivative.

Denote by S,; the set of singularity curves for T-™ and by S;F the set of singularity curves
for T". Let M(n) denote the maximum number of singularity curves in S, which intersect
at a single point. We make the following assumption regarding the singularities of 7.

(P1) There exist ap > 0 and an integer ny > 0, such that Au® > 1 and
(Apu®)m > M(ng).

Condition (P1) can always be satisfied if M (n) has polynomial growth (as is the case with
billiards); however, since (P1) is required only for some fixed ng, it is not necessary to control
M (n) for all n in order to verify the condition.

INote that the strict invariance of the cone field together with the smoothness properties of the map
implies that the stable and unstable directions are well-defined for each point whose trajectory does not
meet a singularity line.
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Remark 2.3. If property (P1) holds for vy, then it holds for all 0 < o < a with the same
no. Notice also that M(kng) < M(ng)® which implies that the inequality in (P1) can be
iterated to make (A\p®0)~*"0 M (kng) arbitrarily small once (P1) is satisfied for some nyg.

In Section [3.1] we will define a set of admissible leaves 3, close to the stable direction, on
which we will define our norms. For a leaf W € ¥, let L, denote the number of smooth
connected components of T-"W. For a fixed N, by shrinking the maximum length 26 of
leaves in X, we can require that Ly < M(N) + 1. This implies that choosing N = kng, we
can make (A\u® )~V Ly arbitrarily small.

Convention 2.4. In what follows, we will assume that ng = 1. If this is not the case, we
may always consider a higher iterate of T' for which this is so by assumption (P1). We refer
to Ly as L and choose § small enough that LA\"tp=% =: p < 1.

We write D?® to denote differentiation in the stable direction and note that this direction
is well-defined outside the set U,>¢S;" due to the uniform hyperbolicity of T

For an admissible leaf W € X, we will denote by m the (unnormalized) Riemannian volume
on W and by d(-,-) the distance along the leaf. We will often abbreviate m(W') by |[W|.

2.1. Transfer Operator. The basic object of study in the present paper is the so-called
transfer operator L. Clearly, to make sense of an operator it is necessary to specify on which
space it acts. In fact, the search for a good space is the main point of the present paper.

In the smooth case [GL], it is convenient to define the transfer operator acting on the
space of distributions which turns out to contain all the relevant spaces. In this manner one
can obtain all the relevant operators as restrictions of the original one.

In the present case it is not clear if there exists an appropriate ambient space.ﬂ We bypass
this problem by defining the operator as acting between two scales of spaces.

For each n € N, let K, be the set of connected components of M \ S;. Recall that

C'(K,R) is the set of functions ¢ € Cl(lo(, R) which have a C! extension in a neighborhood
of K. Let Cor ={p€L®M) : g€ C'(K,R) VK € ICn}. If h € (Cgy)', is an element of
the dual of Cg,, then L : (Cg,) — (Cétl)/ acts on h by

Lh(p) =h(poT) Vee C‘éﬁ_l'

The above definition shows how the transfer operator acts on an abstract space of distri-
butions, but often we will be concerned with its action on more concrete objects. Notice
that since the sets S are all of zero Lebesgue (Riemannian) measure, each signed measure
absolutely continuous with respect to Lebesgue yields an element of (Cé;{)’ .

Remark 2.5. In what follows, we will identify a measure h that is absolutely continuous
with respect to Lebesque with its density, which we will insist on calling h. Accordingly,

h(y) :/thpdm

where m denotes Lebesque measure on M. Hence the space of measures absolutely continuous
with respect to Lebesque is canonically identified with L' (M, R, m).

2Clearly the space of distributions will not do since if ¢ is smooth, ¢ o T' may not be.

3The space Cé+ is a Banach space when equipped with the norm sup |ap|C1(Io<).
n KeKn
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With the above convention, L'(M) C (C. )’ for each n € N. One can then restrict £ to
L' and a simple computation shows thatf]

L'h=hoT™™|DT™(T™™)|™*
for any n > 0 and any h € L*(M)f]

2.2. Definition of the Norms. We will define the required Banach spaces by closing C*
with respect to suitable norms.

The norms are defined via a set of admissible leaves 2. Such leaves are essentially smooth
curves roughly in the stable direction, their length is smaller than some ¢ and among them
is defined a notion of distance ds. Also, a notion of distance d, is defined among functions
supported on such leaves. They are defined precisely in Section [3.1]

For W € ¥ and 0 < «, ¢ < 1, denote by C*(W, C) the set of continuous complex-valued
functions on W with Holder exponent a.. Define the following norms

[ elw.ag = IW]* - [plcawioy-
Given a function h € C*(M,C), define the weak norm of h by

(2.2) |h|w := sup  sup / he dm.
WES pect(W,C) Jw
‘Lp|Cl(W)§1

Choose a, B, g < 1lsuchthat 0 < f<a<1—¢< aoﬂ We define the strong stable norm as

(2.3) |h||s := sup  sup / he dm
WES pect(W,C) J W
|LP|W,OL,QS1

and the strong unstable norm as

1
(2.4) ||| := sup sup sup — ’/ hey dm — heps dm’
eseo  Wi,WaeX o1y, o<1 € W Wo
R R

where ¢y will be chosen later. We then define the strong norm of h by
(2.5) 120l = 1Al + bllA]l

where b is a small constant chosen in Section [4l

We define B to be the completion of C!(M) in the strong norm and B,, to be the completion
of CY(M) in the weak norm.

Finally, let

(2.6) D, :=6*"" sup sup |W|_O‘/ |DT~*|dm
W

0<k<n Wex

and set D, = limsup,_ .. D"

4Given a square matrix A, by |A| we mean | det(A)].

0ften the above is taken as the definition of the transfer operator, yet as will become clear in the following,
L' is both too small and too large a space to be useful.

6Such inequalities are irrelevant for the definition of the spaces, but we introduce them here because they
will be needed for the various Lasota-Yorke estimates of Section
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2.3. Statement of Results. The first result gives a more concrete description of the above
abstract spaces.

Lemma 2.6. For eachn >0, BC B, C (Cg,)".
Proof. This is an immediate consequence of Lemma |3.3[ and the fact that |- |, < -||. O

In addition, the transfer operator is well-defined on the spaces B, B,,. In fact, the following
more precise result is proven in Section [4]

Proposition 2.7. There exists 6o > 0 such that for all h € B, § < dg and n > 0,

(2.7) [£"h]w < CDylhly
(2.8) I£7h]ls < Cmax{p, p’}" Dullhlls + CsDnlhlw ,
(2.9) 1"l < CADylhllu + C(Dy + LA™ [[]ls.

If we choose 1 > 7 > max{\™?, p, ud}, then there exists N > 0 such that
1LY R = 1LY Alls + Ol LY A

N
(2.10) <7 QDN

S TNDN“hH + C(;DN|h|w

|h]ls + CsDn|hlw + b7 Dyl|hlw + bC(Dy + LA™ u=™)||h ]|

provided b is chosen small enough with respect to V. The above represents the traditional
Lasota-Yorke inequality once we show the D, are bounded. Probably a direct argument
could prove this fact, yet we find it easier to prove using a functional analytic argument.

The final ingredient in the strategy to prove the quasi-compactness of the operator L is the
relative compactness of the unit ball of B in B,,. This is proven in Lemma[3.5] It thus follows
by standard arguments ([B1]) that the essential spectral radius of £ on B is bounded by 7D,
while the estimate for the spectral radius, contrary to the usual situation, is D, which, in
general, could be larger than one. Nevertheless, a functional analytic argument (Lemma
shows that the spectral radius is one. As a consequence we know, a posteriori, that D, = 1
and this together with Lemma implies that the D,, are bounded (see Remark [5.4)).

Our next results characterize the set of invariant measures in B and some of the statistical
properties of T'. Recall that an invariant probability measure p is called a physical measure
if there exists a positive Lebesgue measure invariant set B,,, with p(B,) = 1, such that, for
each continuous function f,

lim — " f(T'z) = u(f) Vx € B,..
Let ITy be the eigenprojector on Vy, the eigenspace of £ corresponding to eigenvalue €™,
and set V := @®yVy. The following theorem is proved by the lemmas of Section [5]

Theorem 2.8. The peripheral spectrum of L on B consists of finitely many cyclic groups.
The maps {T"}en admit only finitely many physical probability measures, they form a basis
for V and the cycles correspond to the cyclic groups. In addition,
(1) If p € Vo and S5 is an e-neighborhood of Sy, then p(S;,) < Cpe® for alln € N. In
particular, p(SE) = 0.



STABILITY IN TWO-DIMENSIONAL PIECEWISE HYPERBOLIC MAPS 7

(2) Each element in V is a signed measure absolutely continuous with respect to the
probability measure i := lim,,_, o, % Z?:_ol L. In particular, all the physical measures
are absolutely continuous with respect to [u.

(3) The supports of the physical measures correspond to the ergodic decomposition with
respect to Lebesque.

(4) For all f € CO(M,R), the limit fT(z) = limnqooizgolf o T%(x) exists for m-
almost-every x and takes on only finitely many different values. If i is ergodic, then
fT(x) = [ fdi for m-almost-every x.

(5) If (T, i) is ergodic, then 1 is a simple eigenvalue. If (T™, i) is ergodic for all n € N,
then one is the only eigenvalue of modulus one, (T, i) is mizing and exhibits expo-
nential decay of correlations for Holder observables, and the Central Limit Theorem
holds.

(6) More generally, the Fourier transform of the correlation function (sometimes called
the power spectrum) admits a meromorphic extension in the annulus {z € C ; 7 <
|z] < 771} and the poles (Ruelle resonances) correspond exactly to the eigenvalues of

L.
Items (1-4) and part of (5) are proved in Section [5.2] The rest is proved in Section [5.3]

Remark 2.9. Although i is a natural measure in the sense that it is obtained by pushing
forward and averaging Lebesque measure, it is generally not absolutely continuous with respect
to Lebesgue in the hyperbolic setting. Typically, one expects i to be singular along stable
manifolds and absolutely continuous along unstable manifolds.

Remark 2.10. A natural question is if all the positive elements of Vo are SRB measures;
however, the characterization of SRB measures as measures that are absolutely continuous
along unstable manifolds is a bit at odds with our philosophy since it would require us to prove
the existence and properties of such manifolds in the first place. An alternative approach is
to note that the integral along a manifold lying in the unstable cone yields an element of B
(see |GLL Proposition 4.4.| for a similar result in that context) and therefore iterating it (one
standard manner to construct SRB measures) one converges to the elements of Vo. With this
approach one can show that Vo corresponds exactly to the decomposition into SRB measures.

Remark 2.11. Several of the above results are similar to those obtained in [PL[Y] for piece-
wise hyperbolic maps. In [Y], an SRB measure v was constructed and under the assumption
that (T™,v) is ergodic for all n, it was proven that (T,v) satisfies the CLT and exponential
decay of correlations for Hélder observables. In [P|, the existence of SRB measures and the
ergodic decomposition was proven.

In Section |§|, we prove various perturbation results, using the framework provided by [KL].
This requires first obtaining uniform Lasota-Yorke estimates for the perturbed operators L..
Then, regarding these operators as acting from B to B,,, we define the norm

HIL[ll=sup |Lhl,
{h€B:||R||<1}
and show that £. and £ are close in this norm. The results of [KL|] then imply that the
spectral picture (hence the SRB measures, the rate of correlation decay, etc.) persists and

is stable as long as a spectral gap is maintained. These results, to our knowledge, are new
and are a simple byproduct of the present approach.
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2.4. Deterministic and Smooth Random Perturbations. We define the class of per-
turbations for which our results hold. This class is analogous to that studied in [GL].

Fix B, < oo such that |[D?*T| < B, and let I'g, be the set of maps T that satisfy the
assumptions of Section |2 with \DQT | < B,.

Definition 1. Given two maps 11, Ty € U'p, we say that they have distance € if their sin-
gularity curves are at distance € and if outside an € neighborhood of the union of their
singularity curves they are e-close in the C* norm. We call this distance v(Ty,T5).

Choose € < gy and let X, be an e-neighborhood of T"in I'g_,
X.={T e€Tlp, :y(T,T) < e}

In general, the constants A(T), u(T), py(T) and D, (T) defined by and depend
on the map T. However, for ¢ < &g, we may choose constants A\, u, uy and D, such that
1< A< ANT), 1> p>u(T),1>py >u(T) and D, > D,(T) for all T € X.. These are
the constants we shall use in the estimates of Section [6l which enable us to obtain uniform
Lasota-Yorke type inequalities for the maps in X..

Let v be a probability measure on a probability space 2 and let g : @ x M — R be a
measurable function satisfying:

(i) g(w,-) € CHM,R") for each w € ;
(ii) [, 9(w,z)dv(w) =1 for each x € M;
(iii) g(w,z) > a > 0 and |g(w,-)|cr () < A < 00.

If we associate to each w € € a map T, € X,, this defines a random walk on M in a natural
way. Starting at x, we choose T, according to the distribution g(w,z)dv(w). We apply T,
to x and repeat this process starting at T, x. We say the process has size A(v, g) < e.

Remark 2.12. If v is a Dirac measure centered at wy, this process corresponds to the deter-
manistic perturbation T, of T'. Thus this setting encompasses a large class of random and
determanistic perturbations of T .

The transfer operator £,  associated with the random process governs the evolution of
densities by

L,gh(x)= /Q,CTwh(x) g(w, T ) dv(w)

where L7, is the transfer operator associated with 7T;,.

Lemmas , and prove the two steps required in order to apply [KL] to the above
class of perturbations. We need some more notation before stating the theorem fully.

Choose o € (max{A\™", p,u%}, 1) and denote by sp(L) the spectrum of £ on B. Since
sp(L)N{z € C : |z| > o} consists of a finite number of eigenvalues g1, ..., g of finite
multiplicity, we may assume that sp(£) N {z € C: |z| = o} = (). Hence there exists t, > 0
such that |0; — 0] > t. for i # j and dist(sp(L), {|2]| = o}) > t..

Finally, for t < t,, define the spectral projections

. 1 _

H% =5 ‘Z79j|:t(z —L,,) dz and
o 1 -1

ng) = % (Z — £1/7g> dz.

|z|=0
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We denote by Héj ) and Héo) the corresponding spectral projections for the unperturbed
operator L.

Theorem 2.13. For eacht <t, andn <1 — logmaxl{of"ﬁ YL there exists €1 > 0 such that

for any perturbation (v, g) of T satisfying A(v,g) < €1, the spectral projections H(() ), H((JU),

H,,g and Hl,g) are well defined and satisfy
(1) |11y — T[] < CA(v, 9)" and ||[T1) — TIE7]]] < CA(v, g)";
(2) rank(I1 ,(];) = mnk(H(j ) for each j;
(3) [1£p 11 )| < Co™ for all n > 0.

In view of the previous discussion on the meaning of the spectral data, Theorem [2.13
implies that the statistical properties (invariant measures, rates of decay of correlations,
variance of the CLT, etc.) are stable under the above class of perturbations.

Remark 2.14. [t is possible to obtain a constructive bound on €, by estimating T and using
the bounds provided by [KLJ.

2.5. Hyperbolic Systems with Holes. Another interesting class of perturbations is the
one obtained by opening small holes in the system, thus making it an open system from
which particles or mass can escape. In such systems, we keep track of the iterates of points
as long as they do not enter the holes.

Let H C M be an open set which we call the hole and define M° = M\H. Let M" =
N T"M° be the set of points that has not escaped by time n. The map " = | mM"
describes the dynamics in the presence of the hole and the evolution of measures is described
by the transfer operator

LYh =LY (1pmh).
Since T is simply a restriction of T, the family of admissible leaves ¥ does not change.
Let r = sup{|W|: W C H,W € ¥}, i.e. r is the largest “diameter” of H where length is
measured along admissible leaves.

We make the following two assumptions on the hole.

(H1) H is comprised of a finite number of open, connected components whose
boundaries consist of finitely many piecewise smooth curves. Moreover,
for each smooth component w of 9H and any point x € w, either

(1) the tangent to w at z is bounded away from C*(z), or
(2) the curvature of w at x is greater than B (in the definition of =

from Section .

For any W € ¥, let P, be the maximum number of connected components of T-"W N
n T 'H.

(H2) There exists an integer ny > 0, such that (Au®)™ > P, .
Notice that we can iterate the inequality in (H2) by controlling 6. For a fixed N = kny,
we can choose d so that Py, < PF. Thus we can make Py(Apu®)™" as small as we like.

Convention 2.15. We will assume that ny = 1. If this is not the case, we can always
consider a higher iterate of T for which this is true once (H2) is satisfied. We refer to Py as
simply P and assume that X" pu=°(L + P) < 1.
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The observations following (H2) and (P1) imply that we can control A="u=*"(L,, + P,)
which is precisely what we need in order to prove the Lasota-Yorke inequalities for L.

Remark 2.16. It is fairly easy to have holes that satisfy our assumptions: for example holes
with boundaries transverse to the stable cones, convex holes with boundaries with curvature
larger than B or some appropriate mixture of the two. In the case of convex holes, P = 1.

Remark 2.17. We do not distinguish between pieces of T~"W created by intersections with
the hole and those created by the singularities of T. This is clear in the estimates of Sections[]]
and 6.3 and justifies Remark that all the theorems of Section [2.5 hold with the weaker
conditions (H1) and (H2) on 8~ as long as we choose < /2. This restriction on (3 stems
from the observation that for strictly convex holes (singularities), two curves in ¥ which are
e-close to one another can differ in their intersection with the hole (singularity) by a length

of at most Ce'/?. (This is used in equation (6.12) of Section )

The spectral radius of Ly is typically ¥ < 1 when all the mass in the system eventually
escapes. The analogous notion to an invariant measure in this setting is that of a conditionally
invariant measure. For any Borel measure pu, define T*,LL(A) = M(T_lA) for any Borel set
A C M. A probability measure p is called conditionally invariant with respect to T if
T = M for some A < 1. It follows that A\ = pu(M?) and that —log A represents the
exponential rate of escape from the system with respect to u.

In principle there can be many conditionally invariant measures with different eigenvalues;
however, one can ask if there exists a natural conditionally invariant measure which is the
forward limit of a reasonable class of measures under the nonlinear operator T /| T u| (see
[DY] for a discussion of the issues involved). Lemma [6.5{and Proposition [6.6| place us in the
setting of [KL] and allow us to assert the following theorem.

Theorem 2.18. Let H be a hole satisfying conditions (H1) and (H2) and choose < a2
in (2.4). Then for Pr® sufficiently small,

(1) The non-essential spectra and the relative spectral projectors of L and Ly outside the
disk of radius T are close in the sense of Theorem|2.13,

(2) If T has a unique SRB measure, then T admits a unique natural conditionally in-
variant measure p which, is characterized by p = lim, . T"m/|T7m).

Corollary 2.19. Suppose T' has a unique SRB measure py and let Hy be a sequence of
holes with diam(H;) <t satisfying (H1) and (H2) with uniform constant ny. Let u; be the
natural conditionally invariant measures associated with H, given by Theorem ( 2). Then
|pee — tolw — 0 ast — 0.

Proof. The convergence follows directly from the closeness of the spectral projectors guar-
anteed by Theorem [2.1§(1). Note that the convergence in the | - |,-norm is stronger than
the weak-convergence results typically obtained for open systems. O

When T" has a unique SRB measure, one can also associate to the conditionally invariant
measure g a unique invariant measure v for 7' which is supported on Q = N T" M,
the set of points that never escape from the system. Define Ily to be the projector onto the
eigenspace associated with the spectral radius ¢J. Iy admits the following characterization,

Iy = lim 97 "L%.

n—oo
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In fact, the spectral decomposition implies that Lyh = Yul(h) + Rh, where the spectral
radius of R is strictly smaller than ¢ and

U(h) = /Hﬁhdm: lim 19‘”/ hdm.

n—~o0

It is then easy to see that

v(p) == l(pp) = lim 19‘”/ pdp

n—oo
is the required invariant measure.

Remark 2.20. Hyperbolic systems with holes have been well-studied when the systems in
question admit a finite Markov partition (see the long series of papers [Cl [CMI1, [CM2], [CMTT],
CMT2, ILM]| ), but these are the first results for hyperbolic systems with discontinuities and
no Markov properties. Moreover, it should be noted that even if T is a C*> Anosov diffeo-
morphism, then the present approach yields stronger results in a much more simple, direct
and compact way than has previously been available. In one dimension, piecewise expanding
maps with non-Markov holes have been studied via a variety of approaches, [BC|, [LiM], [D1];
logistic maps with non-Markov holes were studied in [D2].

3. BANACH SPACE EMBEDDINGS

We must start with the overdue exact definition of the family of admissible leaves X, which
is a set of parametrized curves in the unstable direction.

3.1. Family of Admissible Leaves. Our definitions are similar to those of [GL].
For k sufficiently small, we redefine the stable cone at x € M to be

Cix)={u+veT,M:uec E(x),v L E*x),|v|]| <rl|ul}

An analogous expression defines C*%(z). These families of cones are invariant, that is
DT (z)(C*(x)) C C*(T~'x) and DT (z)(C*(z)) C C*(Tz).

For each M, we choose a finite number of coordinate charts {x;}/~,, whose domains R;
vary depending on whether they contain a preimage of part of the boundary curves of M.
For those x; which map only to the interior of M;", we take R; = (—r;,7;). For those x;
which map to a part of OM;", we take R; to be (—r;,r;)? restricted to one side of a piecewise

C! curve (the preimage of part of M) which we position so that it passes through the
origin. Each R; has a centroid, y;, and each y; satisfies

(1) Dx;(y,) is an isometry;

) Dx;(y;) - (R x 0) = E*(x;(y;));

) The C*norm of y; and its inverse are bounded by 1 + ;

) There exists ¢; € (k,2r) such that the cone C; = {u+v € R?* : u € R x {0},v €
{0} x R, ||v|| < ¢j|lu||} has the following property: for x € R; such that y;(z) ¢ S,
Dx;(1)C; > C(xs(a)) and DT-HDx;(2)Cy) C CH(T 0 x,))

(5) M is covered by the sets {x;(R; N (=%, 3)*)} <,

Now choose 79 < min;r;/2; later, we may shrink 7, further. Fix B < oo and consider the
set of functions

== {F €C*(-r,r,R): r € (0,m0], F(0) = 0, |F|ex < k,|F|ez < B}.

(2
(3
(4
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Let I, = (—r,r). For x € R;N(—r;/2,r;/2)? such that z + (¢, F(t)) € R; for ¢ € I,, define
G(z,r, F) to be a lift of the graph of F' to M: G(z,r, F)(t) := x;(z + (¢, F(t))) for t € I,.
For ease of notation, we will often write Gg for G(z,r, F'). We record here for future use
that |Grler < (14 &)? and |GRl)er <1+ k.

Our set of admissible leaves is then defined as follows,

= {W =G(z,r, F)(I,) : v € RN (r;/2,7;/2)%,r < 1o, F € Z}.

If necessary, we shrink 79 so that supy, ey, |[W| < 26 where 0 is the length scale referred to in
the convention following property (P1).

We define an analogous family of approximate unstable leaves 7" which lie in the unstable
cone C*".

For any two leaves Wi (x;,, x1,71, F1) and Wa(xy,, 22,72, F5) with r; < 1o, we define the
distance between them to bd

ds (Wi, Wa) = (i1, i) + |z1 — 22| + |r1 — ro| + 27 ' B Fy — Fylevr,,)

where 7(7,j) = 0 if i = j and 7(i, 7) = co otherwise, i.e., we can only compare leaves which
are mapped under the same chart.
Given two functions p; € C1(W;,C), we define the distance between 1, @y as

dy(p1,02) = 10 Gr, — 2 0 GRylear,, ©)-

3.2. Some Technical Facts. To understand the structure of the spaces B, and B it is
necessary to prove two preliminary results that will be needed in many other arguments
throughout the paper. In particular we need some understanding of the properties of T-"W
for W € X. We use the distortion bounds of Appendix A throughout Sections [3] and [

Let Wy, = {W} C X and suppose we have defined W, _; C X. If W’ € W, _; contains
any singularity points of 77!, then T’ is partitioned into at most L pieces W/, so that
T is smooth on each W/. Next, if one of the components of T-'W’ has length greater than
20, it is partitioned further into pieces of length between d and 2. We define W, to be the
collection of all pieces W; C T~"W obtained in this way. It is a standard result of hyperbolic
theory that each W; is in X if B is chosen sufficiently large in the definition of X.

Lemma 3.1. For any 0 < ¢ < agy and each W € X

Z (Wil DT™ [~ Jw T o,y < CZ5§_1p"_k/ DT + C|W|*p"
w

W;eWn, k=1
where Jy/T" denotes the Jacobian of T™ along the leaf T—"W .

Proof. For each 1 < k < n, denote by WF the elements of Wy. Let Ay = {i : |WF| < 6} and
By = {i : |[WF| > 6} denote the short and long pieces in W, respectively. We regard {W}}, ,
as a tree with W as its root and Wj, as the k™ level.

At level n, we collect the short pieces into groups as follows. Consider a piece W' € W,,
not necessarily short. Let Wf be the most recent long “ancestor” of W', i.e., k = max{0 <
m <n:T"™(Wp) C W/" and j € By,}. If no such ancestor exists, set k = 0 and W = W.
Note that if W} is long, then Wf = Wy . Let

K1

Jo(WF) = {i : T *(W) c WFand [T*(W")| <dfor0< ¢ <n—k—1}

"The reader can check that the triangle inequality holds in X.
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be the set of indices corresponding to the short pieces which have the same most recent
long ancestor as W}, or the set {W} if the piece is long. Since for any i € J,(WF),

2

I TE(W)| < é forall 0 < £ < n—k—1, we may estimate #.J,(W}) < L"~* using Remark
and Convention 2.4l So using the distortion bounds given by equations (A.1]) and (A.2), we

estimate
> WIEIDT T T w T eoqwn
i€Jn(WF)
<C S T W (TS DT oo DT T T o
i€In (W)
< O||DTH| " Jw T o iy [WFI (LA =) F
J
< O|DT*| " Jw T | gogrwy W p" "
J

(3.1)

where for the first inequality we have estimated |W}*||Jw T "*k|CO(Win) < C|T™*W?|, and for
the second we have used the Holder inequality. Grouping all ¢ € A,, in this way, we are left
with estimates over long pieces only, so that using (3.1]),

D IWHEIDT [ W T eowy = D D5 D IWEFIDT T Iw T oy
32) i k=0 JEBL  ieJ, (W)

<CY > WEFIDTH T Iw T eoqny 0" .

k=0 jEBk
For each k > 1, we have [W}| > § and T*W} NT*W} = (0 if j; # j,. So we may sum over

j, again using (A1),

S WEIDTH T oy < C D IWH / DT~ gy T dm
J k

(3.3) J€Bx JEBy, w;

§05<—1/ |\DT*|dm .

w

Putting (3.3)) together with (3.2)), we conclude that

(3.4) S WP DT Iw T oy < cZ&—lw—k/ | DT dm + C|W|*p"
i k=1 w

which proves the lemma. 0

As an immediate corollary of the above lemma we have

Lemma 3.2. For any 0 < ¢ <« and each W € X
Z (Wil | DT | Jw T |eogwy < CDyp W |* + C|W |p".
Wi;eEWn

Next, we have a fundamental lemma that will allow us to establish a connection between
our Banach spaces and the standard spaces of distributions.
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Lemma 3.3. For each h € CY(M), n >0, and ¢ € C;r we have

h(g) = | /M hodV| < Colhlu(lole + 1D 0l)

where D* denotes the derivative along the stable direction and dV s the normalized volume
element on M.

Proof. Choose ¢ € CL, for some ng € N, so that ¢ € C'(K) for each K € K,,. First
ng

partition each M into finitely many approximate boxes B, whose boundary curves are
elements of 3 and F*, as well as the boundary curves of M. where necessary. The B, can
be constructed so that each By is foliated by curves W € 3 and diam(B,) < 20. On each
By, choose a smooth partition {W,(£)} of By made up of elements of ¥ which completely
cross By in the approximate stable direction. Here £ € E, is a parameter which indexes the
elements of the foliation {W,(§)}.

In order to integrate along the curves W;(¢), we decompose the measure dV on B, into
dV = v(d§)dme, where mg, is the conditional measure on the fiber Wy(§) and v is an
appropriate measure on UyEy. We normalize the measures so that me (Wy(&)) = [W,i(§)];
thus, since the foliation is smooth, dm¢, = pedm where m is the arc-length measure on
Wi(€) and pe g, pey € CH(Wi(€)). Note that v(Ey) < oc.

Taking n > ng, we estimate

he dV = / L' poT™dV = / v(d§) / L @ o T dmg,
/M ; By ; Ey We(6)

— Z/ y(dg)/ ho T "|DT™(T™™)| 0o T "perdm
¢ Y Ee We(€)

where we have used the definition of £"h in the second line. We estimate the integral by
changing variables on one W;(£) at a time.

hol™™
T = @ o T_np&g dm = / hg0|DTn‘_lijnp€’z oT™ dm
(3.6) /We@) | DT (T ") Z wr,(©)

< C’h’w Z ‘90|C1(W21(§))"DTn’_IJWTn’(Zl(WZ,(f)) ’pé,f o Tnycl(wzi(g))

where W;(§) are the smooth components of T7"W;() as defined earlier. Note that |pg, o
T evwy 6)) < Clpelerw, ) < C for some C independent of  and ¢ using the estimate
of equafion in Section . Also, the distortion bounds of Appendix A imply that
IDT™ |7 Tw T [evowp,e)) < DT [T TwT™ |eoqwy,ce))-

As n increases, elements of 77" become more closely aligned with the stable direction.
So we may choose an n;, depending on ¢, but not on ¢ or £, such that for n > n; and each
i [elerawpy o) < 2@l + [D%¢loo). For n = ny + no, using (3-6), we estimate

(3.7) /W(é) LrhooT ™™ dmee < Clhlu(|@ls +1D%0lo) > DT Jw T |eoqwp, e
¢ i
To estimate the sum in (3.7)), we use Lemma [3.1] with ¢ = 0.

S DT T ey < €S-8 [ DT Hdm + G
i k=1 w
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This, together with (3.7)), allows us to estimate (i3.5]).

[ meav < Clblu(els + 1Dl

. v n -1 . —k n—k .
(;/E (d€) " + 6 ;/MIDT av p )

Since the integral [, |DT~*|dV =1 for each k, the sum over k > 1 is bounded indepen-
dently of n. This proves the lemma. O

3.3. Embeddings and Compactness. Notice that, by definition, |- |, < C|| - ||s. This
means that there exists a natural embedding of B into B,. In addition, if h € B and
|hl, = 0, it is immediate from the definitions (2.2)), and that ||h|| = 0, i.e. that the
embedding is injective. Accordingly, we will consider B as a subset of B,, in what follows.

Remark 3.4. Lemma|3.5 implies that, for each h € B,, and ¢ € C_., |h(p)] < Clhluwlpler,
n Sn

that is, Ct — B < B, — (C;)’. In fact, the inclusions are injective: if hy, hy coincide as
elements of (C;)’ and they both belong to any of the spaces Ct, B, or By, then they coincide
as elements of those spaces as well. This can be proven as in |GLL Proposition 4.1].

We can finally state the last result of this section.
Lemma 3.5. The unit ball of B is compactly embedded in B,,.

To prove the above fact it is convenient to remark the following obvious result.
Lemma 3.6. For any fized W € X, the unit ball of |-|c1(wy is compactly embedded in |- |w,a.q-
Proof. For fixed W, | - |w,a,q is equivalent to | - |coqw). The lemma follows immediately. [

Proof of Lemma [3.5l Since on each leaf W € X, || - |5 is the dual of | - |a, and | - |, 18
the dual of | - [¢1(w), Lemma [3.6| implies that the unit ball of || - ||s is compactly embedded
in |- |, on W. It remains to compare the weak norm on different leaves.

Let 0 < £ < g be fixed. The set of functions = is compact in the C'-norm so on each M},
we may choose finitely many leaves W' € ¥ such that {IW?} forms an e-covering of 3|, in
the distance dx. Since any ball of finite radius in the C'-norm is compactly embedded in CY,
we may choose finitely many functions ; € C'(I,) such that {$;} forms an e-covering in
the C?(I,,)-norm of the ball of radius (1 + )? in C'(I,,).

Now let h € CH(M), W € ¥, and ¢ € CH(W) with [p|crwy < 1. Let F denote the function
associated with W and as usual, let Gz be the lift of the graph of F' to M. Let o = po Gp
be the push down of ¢ to I,. Note that [@le1(s,) < (1 + k)2

Choose W* such that dg(W, W*) < € and $; such that [ — B;|ce(s,) < &. Let F* and G
denote the usual functions associated with the leaf W* and define ¢; = ;0 G;l Note that
|@ilerwiy < (14 k). Then normalizing ¢ and ¢; by (1 + k), we get

/ hyp dm — he; dm
w .

Wz
We have proved that for each 0 < € < &, there exist finitely many bounded linear functionals
lij, Lij(h) = [ hjdm, such that

|hlw < sup; ;(h) + °Cy||h

Z?J

< a1+ k)t < P+ R A].
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which implies the desired compactness. [l

4. LASOTA-YORKE ESTIMATES

In this section we prove Proposition [2.7]

4.1. Estimating the Weak Norm. For h € C}(M), W € ¥ and ¢ € C(W) such that
|lerwy < 1, we have

JWT
4.1 "hod T"dm = T"d
4y [ enean= [ npee T = WE;V/ oot

where as before Jy T" denotes the Jacobian of T™ along the leaf T—"W.
Using the definition of the weak norm on each W;, we estimate (4.1]) by

(1.2) [ ehpdn < 3 DT AT ol o T e
W W;€EWn
The disortion bounds given by equation imply that
|| DT™|~ 1JWT”\01 y S Cl| DT~ 1JWT”|C0
Also notice that

jp(T"x) — p(T7y)| do(T"x, T™y)

(4:3) LTy di(ny)

< Clelerny | Iw T cowsy < CAT@lerw

for any x,y € Wj, so that |poT™|c1w,) < C|p|erwy. Using these estimates in equation (4.2)),
we obtain

/ Lh o dm < Clhlulelerawry Y [IDT [ Tw T leoqw,).
w Wi eWn,
The above formula, together with Lemma used in the case ¢ = 0, yields the inequality,

| £ dm < CIBLD, + )elerory
w

Taking the supremum over all W € ¥ and ¢ € C(W) with |¢|erw) < 1 yields the required

estimate ((2.7)).

4.2. Estimating the Strong Stable Norm. Using equation (4.1)), we write for each W &
¥ and ¢ € CY(W,C) such that |p|lwa, <1,

4.4 / L"h ¢ dm = {/ / po T”/ }
L 2y Mo P DT

where @, := poT" — IVII Ji @0 T™dm. Let us estimate the above expression.

To estimate the first term of (4.4]), we first estimate |@;|ca(w;)-
Following equation (4.3)), we write

lp(T"z) — o(T™y)|
ds(,y)

(4.5) < ClIwT" [l leron)
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for any z,y € W;. If HI(f) represents the Holder constant of f, then (4.5) implies that
Hi(poT") < C\JWT"|ZO(Wi)H‘1(g0) on approximate stable leaves due to the contraction of
T". Also,

1
‘@OT”— / poT™dm <|suppoT™ —1nf<poT|
|W'L| W—L‘ CO(W) Wl

< Hq(on")|Wz'|" < CHY () IwT" |cow,

This estimate together with ( and the fact that |p|w.a, < 1, implies
(4.6) @ilesowyy < C|JWT"\CO(W)|¢|CC, w) < CLIwT™ [Goqw, W]
Applying (4.6) and the definition of the strong stable norm to the first term of (4.4)) yields,

S [, Mg P < €S WL DT AT o

< ClIRll W us" Y Wil [ DT Jw T  eoqwsy < CDnllh]| .

%

oy W10

where in the second line we have used Lemma with ¢ = a.
For the second term of (4.4), we use the fact that [p|o < [W]™* to estimate - [, ¢ o

T™dm < |W|~*. Recall the notation used in the proof of Lemma . Grouping the pieces
W, = W according to most recent long ancestors, we have

Z|W!“"/ h| DT~ Jy T dm = ZZ > |W|“‘/ h| DT~ Jy T dm

k=1 jeBy zEJn(Wk)
+ Y W a/ W DT~ Jy T dm,
zeJn(WO

where we have split up the terms involving £ = 0 and £ > 1. We estimate the terms with
k > 1 by the weak norm and the terms with £ = 0 by the strong stable norm,

>l

/ h|DT”|‘1JWT”dm' <CZZ Z |W| || | DT 7 I T o,
Wi k=1 JEBs i€
+C Y !Wl‘aHhHs!W"\\DT”!‘leT”ICO(w)
i€Jn(W))

Using equations (3.3 and (3.4) from Lemma with ¢ = 0 for the first sum and ¢ = « for
the second, we conclude

(4.8) o T"dm h\DT”]lij"dm‘ < CDu6 Ry + C||hllsp"

W;

Putting together 4.7) and (4.8) proves (| .

IIE”hlls < C (D + p") |hlls + CsDnlhfw.
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4.3. Estimating the Strong Unstable Norm. Consider two admissible leaves W* € X,
dg (W', W?) <. They can be partitioned into “matched” pieces U} and “unmatched” pieces
V. To do so consider the connected pieces of W*\ S, If one looks at their image under 7"
then one can associate to each point z € T—"(W?! U W?) a vertical (in the chart) segment
v, € F*, of length at most CA\7"¢, such that its image under 7™, if not cut by a singularity,
will be of length Ce centered at x. We can thus subdivide the connected pieces of W*\ S
into subintervals of points for which 7"+, intersects the other manifold and subintervals for
which this is not the case. In the latter case, we call the subintervals VJ’ and note that either
we are at the endpoints of W* or the vertical segment is cut by a singularity. In both cases
the subintervals Vj can be of length at most C'e and their number is at most L, + QH In
the remaining pieces the curves 7"+, provide a one to one correspondence between points
in W1 and W2, We can further partition the pieces in such a way that the lengths of their
preimages are between § and 20 and the partitioning can be made so that the pieces are
pairwise matched by the foliation {7,}. We call these matched pieces U; In this way we
write W* = (U;U}) U (U V). Note that the unmatched pieces V;' must be short while the
matched pieces U ; may be long or short.

To be more precise, remember that to exactly describe the leaf T‘"Uj1 we must give
ij, 5,75, F} so that T"U} = xy;(G(x;,75, F; )(I;;)) (see the end of section . Once the
leaves T"U jl are described in such a way we have, by construction, that 77U is of the form
G(xj,75, F7)(1,,;) for some appropriate function F7 so that the point z := z; + (¢, Fj (t)) is
associated with the point z; + (¢, F7(t)) € X;jl(T_”UjQ) by the vertical segment X;jl(fyxij () =
{(0,5)}ser- |

Given ¢; on W* with [p;|crpiy < 1 and dg(p1, p2) < €, with the above construction we
must estimate

L"h o1 dm — E"h@gdm‘ < Z

‘ wi w2
>
J

We do the estimate over the unmatched short pieces V;Z first. Using the strong stable
norm, we can compute,

2.

(4.10)

/ W DTy T"p; 0 T" dm
="V}

0,

(4.9)

/ h| DT Iy Ty 0 T" dim — / h|DT™| Y Jy2T"ps o T™ dm
T—ntl T

—nJr2
Uj

< D BTV DT T Jw T ealilen

1,

/ h| DT JwT"p; o T" dm
T—nvji

< ClIhlls Y IV IDT" [T (JwT™) o < Ce||hll LuA™" "
.3

Next, we must estimate

2.

J

/ h]DT”\ljwlT"gploT"dm—/ h|DT™| "' Jyy2T" 3 0 T™ dm| .
T-"U} T

—n[j2
Uj

SWithout any loss of information (by throwing out at most finitely many points), we can take each Vji to
be the image of an open interval. Thus for fixed ¢, the Vji are disjoint.
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First, recall that for each F' € Z, Gp(t) = x(xr + (¢, F(t)) for t € I,. We define the map
LV Uj2 — Uj1 by W :=T"o GF} o GI_,% o T~ and the function
J

¢ = o1 (|DT"| " Iy T™) o T 0 U - [(|DT"| " Iy T™) o T .

¢ is well-defined on U? and [@ o T"|DT™|~" Jy2T"] o Gpz = [p1 0 T DT™| 1 Jyn T"] o G-
We can then write

2.

(4.11) <>
+2

We estimate the first sum in equation (4.11)) using the strong unstable norm.
The distortion bounds given by (A.1)) and the estimate of (4.3) imply that

/ RIDT T I Ty 0 T — / h|DT"| " Jyyra T 0 T"
T*”Uj

—njr2
T "Uj

/ h|DT™| ™ Jyr Ty 0 T™ —/ h|DT™| " JyoT"@ o T™
U} T-"U?

/ ] h|DT"| ™' JyoT™(p — 3) 0 T"
T—"Uj

(4.12) DT |7 Jun T -y o T e (rnity < Cliptlerwn | DT Twn T |eogr-nirty.
Also, by the definition of @,
w2 T
50" :‘ o T" - (| DT Jyn T™)] 0 G 0 G7)
(4.13) |DT™| ¥ o102 [901 (I |~ T )] F} F? e r-nu?)

< C|901|CI(U7.1)| |DTn|_1JW1Tn|CO(T*“U].1)-
By the definition of ¢ and‘ dg,
dy(|DT™| 7 T2 TP o T™, | DT™| 7 Jyn T™py 0 T™)
[[DT"|" e T" @ 0 T"] 0 Gz — [|DT"| " Iy T g1 0 T"] 0 Gt | = 0.

In addition, the uniform hyperbolicity of T implies that
dg(Tﬁntl,TintQ) S CA\ e =: 1.

This follows from the usual graph transform argument which is standard to hyperbolic theory.
We first renormalize the test functions by R; = C|¢1|e ||DT”|*1JW1T”|CO(TWUJ_1). Then
for each 7, we apply the definition of the strong unstable norm with ¢, in place of €. Thus,

2.

J

/ h|DT™| "t Ty T™ 1 oT"—/ h|DT™| "t JyoT" G o T™

T*"Ujl T*"U]?

4.14 n|— n

(4.14) < €LY Jerles IDT" ™ I T ognum 1A
J

< Of|hllu A" (Dy + p"),

where we have used Lemma in the last line with ¢ = 0.

It remains to estimate the second sum in (4.11)) using the strong stable norm. We need
the following fact.
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Lemma 4.1. For each j, we have that

(|DT" [ Jwn T") 0 Gr = (IDT"| 7! Jy2T™) 0 Gpzles < ClIDT" |7 T T | ogrnpye’ -
Proof. Throughout the proof, for ease of notation we write J* for |DT™| ™' Jyy: T".

Forany t € 1,2, x = G (t) and y = Gz (t) lie on a common element y € F*. Thus T"(z)
and T"(y) also lie on the element 7™y € F* which intersects W' and W? and has length at
most Ce. By (A.1)),

(4.15) 1 (x) = J3 ()] < Ol |eor—rnvnydu(T"2, T"y) < CelJ] |cor-nu)-

Using this estimate and the fact that J o Gp: is C!, we write
J

(0 Gry(s) = 5 0 Cre(s)) = (S 0 Gy () — S 0 Gre ()] _ 2Ce| Tl eor-ny

4.16
(4.16) |s — t]4 - |s — t|e
Also,
(4.17)
[(Ji' 0 Gpi(s) = J' o Gpi(t) — (J3 o0 Gra(s) — J3 o Gpz(1))]
! ’ P ! . < 20|} eogr-numyls — .

Putting (4.16)) and (4.17)) together implies that the Hélder constant of Ji* o G P Jy oG F?
is bounded by

HI(J} 0 Gy = J3 0 Gpa) < CL}lcogr-nay min{els — 47, s — ¢},

This expression is maximized when e|s — |79 = |s — t|'"%, i.e., when € = |s — t|. Thus
Hi(J}p o Gpr—J3o GF]_z) < C|J{L]CO(T_nt1)€1_‘1, which, together with (4.15)), concludes the
proof of the lemma. 0

Using the strong stable norm, we estimate the second sum in (4.11)) by

>

(4.18) j

/ R|DT™| "t JyoT™($ — p3) 0 T"
T-"U?

< Clfhlls DT US| [|DT"| " Jw2T" (@ — p2) Tn‘cq(T—nUJz)
J
In order to estimate the C%-norm of the function in (4.18]), we split it up into two differences,

| DT 2T - (P — 2) © Tn|cvz(Tfnt2)

< O|[(DT" [ T") - 1 0 T"] 0 Gy — [(IDT"| ™ JwT™) - 2 0 T 0 Gy

J

ca(lr;)

S C ‘(’DTn‘fljwlTn> o} GF]-I |:(901 o Tn @) GFjl — 902 @) T’I’L O GF2:|

J

ca(Ir,)

+ C ‘ [(’DT"|_1JW1TH) e} GFjl - (lDTn|_1J1/V2Tn> e} GF].Q] ©@a © Tn 0] GF.2

J

(4.19)

ca(l,,)

< (| |DTn|_1JW1Tn|CO(T*”U].1)

9010TnOGF].1—9020TnOGF2

J

ca(lr;)

e ’(\DT“HJWT”) 0 Gpt — (DT JyaT™) 0 Ge

J

ca(ly,)
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Note that the second term can be bounded using Lemma 4.1 To bound the first term, let
F' € = be the function defining W*. Then setting «; := GE% oTmo GFJ_z, we have that
|ajlea < C and

prod ol =0T o Gr ca(l,,)

- ‘901 oT"oGpyoaj oa; =0T oGrzoas! oa; ca(L,,)
- ~ I WG o0~ 20 G oyl
<Clp1oVoGp —pyo0 GF2‘CQ(ITJ.)
< ClproWoGp —pi10Grle, )+ ClproGr = a0 Greley, )
<C |S01 0oGpoGuoVoGr —p 0Gm }Cq(bj) + Cdg(p1, 2).
Thus we need the following final estimate.

Lemma 4.2. For a fized Uj2, let J C I, be an interval on which G;i oW o Gp2 is defined.
Then

ud—G;} O\IJOGF2|C1(J) < (Ce.

Proof. Recall that ¥ =T" o GF]; o G;% o T7". The function ¢; := GF]; o G;é maps a point
J J

T € T‘”Uj2 to a point y € T‘"Uj1 which lies on an curve vy € F* containing both = and y.

Thus ¥ maps T"(z) to T™(y) and these two points lie on 7"y € F*. By the transversality

of the family F*, this implies that d,(T"x, ¥(T"z)) < Ce where d,, denotes distance along

curves in F*. Then

[Id — Gl oW o Greleoyy = |Gpi oG — Gl oW o G| < |Gptlet|Gri — ¥ o Grel

< (1 + R)(|GF1 — GF2| + |GF2 — Vo GF2|) < (1 + fi)(é + C&).
Closeness in the Cl-norm follows from the fact that all the functions involved are bounded
in C2norm, |Gp1 — Gpzler < g, and

Jw T (¢pj0T™™)
Jan (T—n)

|6\II—1|:|0(T”O¢]-OT_”)—1|:' 0¢p; — 1] < Ce

where O denotes differentiation along 7-"W? and in the last inequality we have used distor-
tion estimate (A.1)). O

We can now estimate equation (4.20) using Lemma [4.2]

p10T" 0 G — g0 T" 0 G

7 lea(r,,)
<C |g01 oGp o (G;% oVolGp: — ]d)|Cq(Irj) + Cdy (1, p2)
< Clpro GF1]cq(1rj)|Id — G;} oWo GF2|01(IT].) + Ce
< Ce'71 4 Ce.

The above, together with equation and Lemma , implies

(4.21) || DT Ty T™ - ( — p2) © T"|cagr-nu2) < Ce' ™ yDT”|*1JW1T”|CO(T_nU;).
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Since 1 — ¢ > 3, we can use (4.21)) and (4.18)) to estimate the second sum of (4.11)) by

2

J

/ i h|DT™| "t Jy2T™(p — 3) o T"
T-"U;

4.22 - —npyZ|e e "
(4.22) < Clhlle= Y 1T UF 1 DT w2 T o2y

j
< O]l Do W?ee?
where in the last line we have again used Lemma |3.2] with ¢ = «a.
Combining the estimates from equations , , and , we obtain
1£7hllu < ClIRIAT" Dy + CllR)l (Do + Lo A" "),
This completes the proof of .

5. SPECTRAL PICTURE

From the Lasota-Yorke estimates and the compactness it follows by the standard
Hennion argument (see [BI] for details) that the spectral radius of £ is bounded by (Dy)®
and the essential spectral radius by 7(D N)% where one can take N arbitrary large provided
b is chosen sufficiently small. But since norms with different b are all equivalent, the spectral
radii are insensitive to the choice of b. Accordingly, fixing b small enough once and for all, we
see that the spectral radius of £ is bounded by D, := lim sup DY™ and the essential spectral

n—oo

radius is bounded by 7D,. To proceed we need an estimate of D,.
5.1. Spectral Radius.

Lemma 5.1. Let r be such that |L"|| < Cr". Then D,, < §*1Cr".
Proof. For each W € ¥,

5a—1|W|-a/ | DT~ |dm = 5a—1ywra/ LR < §oY| LRl < 6o LOr*,
w w

Taking the supremum over W and 0 < k < n yields the lemma. O

Remark 5.2. Lemma[5.1] implies that D, is bounded by the spectral radius of L and since
the Lasota-Yorke estimates imply the reverse inequality, we conclude that in fact D, 1is the
spectral radius of L on B.

Thanks to Lemma |3.3] and Lemma [5.1| we can prove the following characterization.

Lemma 5.3. The spectral radius of L on B is one and the essential spectral radius is T.
In addition, calling V the eigenspace associated to the eigenvalues of modulus one, then L
restricted to V has a semi-simple spectrum (no Jordan blocks). Finally, V consists of signed
measures.

Proof. Recall that by quasi-compactness, the part of the spectrum larger than 7D, is of
finite rank (see [BI]). Now, let z be in the spectrum of £, |z| > max{1,7D,}. Then there
must exist an h € B such that Lh = zh. Accordingly, for each ¢ € C!, since p o T™ € C;,+
for all n € N, !

(W) = |2[T"L7h(@)] < 2] [h(p o T™)| < 2] CllRlI([#]oe + pD0lo0)
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by Lemma [3.3]

Thus, if |z| > 1, we have h(¢) = 0 for each ¢ € C!, which implies h = 0 by Remark [3.4]
On the other hand, if |z| = 1, then it follows that |h(¢)| < CA|| - |¢|eo, SO h is a measure.

Next, suppose 7D, > 1. By the preceding paragraph, the spectral radius of £ can be at
most 7D,, thus D, < 7D,, which is impossible since 7 < 1. Hence, the spectral radius is
D, =1.

It remains to show that there are no Jordan blocks corresponding to the peripheral spec-
trum. Indeed, suppose that there exists z € C and hg, hy € B such that |z| =1 and hy # 0,
Lhg = zhgy, Lhy = zhy + hy. This would imply 2="L"h; = nz"'hg + hy, and thus

nlho(@)| < hi(@)] + Cllhll([@loo + 15 D%0s0).

Dividing by n and taking the limit as n approaches infinity, it follows that hy = 0, contrary
to the hypothesis. 0

Remark 5.4. Note that Lemma[5.5 implies | L"|| < C' for each n € N, hence Lemma
implies D, < Cs for alln € N.

5.2. Peripheral Spectrum. The following two lemmas prove Theorem 2.8 points (1-4)
and part of (5). The rest is proved in Section [5.3]

Let Vy be the eigenspace associated to the eigenvalue e*™. For the rest of this section,
we use m to denote normalized Riemannian volume (Lebesgue measure) on M.

Lemma 5.5. Recall that fi := Ilgl. Then,

(i) All the measures in'V are absolutely continuous with respect to fi. Moreover, 1 belongs
to the spectrum.

(ii) There exists a finite number of q¢; € N such that the spectrum on the unit disk is
P

Uk{e%i% : 0 <p<q pe€N}. In addition, the set of ergodic probability measures
absolutely continuous with respect to fi form a basis of V.
(iti) For each p € V, n € N, we have u(S.) < Cne®. In particular, (S ) = 0.

2760

Proof. (i) Let I1y be the eigenprojector on Vy. The fact that the spectrum outside the circle
of radius 7 consists of only finitely many eigenvalues of finite multiplicity implies that the
limit

n—1
1 )
(5.1) lim — Y etk Lh =11,
k=0

is well-defined in the uniform topology of L(B,B). Moreover, Ily is obviously a positive
operator and, by density, Vy = II,C!.

Accordingly, for each pu € Vy, there exists h € C! such that IIph = p. Thus, for each
pecCl
(5.2) ()] = [ph(p)| < |hlocIloL(|]) =: [hlocp(|e]).
That is, each probability measure p € Vy is absolutely continuous with respect to . More-

over, setting h, = Z—’;, we have h, € L>*°(M, f1). This implies i # 0, otherwise the spectral

radius of £ would be strictly smaller than one, which, recalling Remark [3.4] yields the
contradiction

1=|m(1)] = |L"m(1)| = lim [£L"m(1)] < lim C||L"m]| = 0.

Hence one belongs to the spectrum.
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(ii) Next, for u € Vg and each ¢ € C!
[ et = (o) = Lilo) = (o0 )

= g2 / poTh,di = e~ 2mif / oh, o T 'dp.

Accordingly h, o T™' = e*h,,, ji a.e. This in turn means that, setting, h, . := (h,)"
L>*(M, [), since the measure duy = h,rdfi belongs to B for each k € NJ| then Ly

2%, That is, e*™*? belongs to the peripheral spectrum and since the peripheral spectrum
consists of a finite number of points, it must be that 6 € Q.

Now let i € Vg and choose h € C! such that u = IIoh. We can then write h = h, — h_,
hy := max{0,£h}. Since hy are Lipschitz functions, they belong to B. We can then define
p+ = Il;hy. Thus Vj is the span of a convex set of probability measures.

Next, assume that €2 is an invariant set of positive i measure, then for each ¢ > 0 there
exists a smooth function ¢. > 0 such that a(|Idg — ¢.|) < e. Thus, for each continuous
function ¢

e o T") = fi(Idap o T") + O(e|¢|w) = (Idag) + O(el¢]w) = fi(pep) + O(€]¢]o0).
On the other hand

I m

gggonZu =00 T") = I (jic) (¢)
where fi.(¢) := fi(p-¢). By the arbitrariness of ¢ it follows, setting fiq(¢) := i(Idge), that
o € Vi and, since V) is finite dimensional, that there are only finitely many invariant sets
of positive i measure and the ergodic decomposition yields a basis of V.

(iii) Finally, let © € V. By hypothesis, the tangent space of S, is bounded away from
C®. Calling S, an € neighborhood of S, set uc(¢) := pu(Idg- ). Let h, be a sequence
that converges to p in B, then it is immediate to check that hn,e’(go) := h,(Idg- ¢) belongs
to B,. In addition, '

/ ©hy cdm = ohpdm < Cp||hal|€,
W WnS .

for o € C'(W). In the same way one has that h, is a Cauchy sequence in B, thus it must
converge to pic(¢) = p(Ids- ). Since p (1) < Cpe®, the regularity of y implies (S,,) = 0.
The result follows since TST =S~ O

Remark 5.6. For uniformly hyperbolic maps with singularities, the estimate ji(SF) < Ce®
is enough to conclude the existence of stable and unstable manifolds for fi-a.e. v € M using
the standard Borel-Cantelli argument (see, for example [LW]). In fact, from the ergodic
decomposition proved in Lemma it follows that stable and unstable manifolds exist for
m-a.e. t € M.

9Just consider h € C' such that fi(|h — h,.1|) < e. Then setting dv := hdji,

1 »
(Mkov — p) () < lim *Z (Ih = hukl o T77)|poc| < €lploo-

n—oo N,
7=0

Hence, pj is an accumulation point of elements of V and so it belongs to V.
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Recall that to each physical measure p is associated a positive Lebesgue measure invariant
set B, such that, for every continuous function f,

lim > f(T'z) = pu(f) Vx e B,

Lemma 5.7. Let T be a piecewise uniformly hyperbolic map as described in Section[3.

(i) T admits only finitely many physical probability measures and they belong to V.
(ii) The ergodic decomposition with respect to Lebesgque and with respect to i coincide.
(iii) The forward average for each continuous function is well defined m-almost everywhere
and the ergodic decomposition with respect to Lebesgue corresponds to the supports of
the physical measures.

Proof. (i) Let p be a physical measure and take a density point = of the associated set
B,,. Then for each ¢ > 0 there exists an open set U containing = such that m(B, NU) >
(1—e)m(U). Consider a smooth probability measure p; supported in U, such that j(B,,) >
1 — 2¢. Then for each f € C°,

n—1 n—1
M (f) = lim — > (foT) = lim ~ > " (f o TTdp,) + O(|flsce)
k=0 k=0

= po(Idp, )pu(f) + O(|flsce) = p(f) + O f|c2)-

This means that u can be approximated by elements of V and therefore u € V. In addition,
since the physical measures are ergodic by definition, it follows that they must belong to the
ergodic elements of V.

(ii) Consider an invariant set A of positive i measure such that fi restricted to A is
ergodic. If we consider the set A, := J,c4 W“(x)m then T7'A, C A, and (A, \ A) = 0.
Indeed, for each continuous function ¢ the backward average on A, coincides with the
backward average on A and hence equals fi(pId)ii(A)~" j-a.e., by ergodicity. In addition,
for each € > 0 there exists ¢ € C° such that ji(|¢ — Id4|) <e. But then

n—1

> ol ¥ Ida, = (elda)i(A)1d,, fr-a.e.
k=0

1
n—oo M

Integrating, we have fi(pIdy,) = ji(eIda)u(A) " i(A,), which yields

i(A) = i(Au) + O(e)
which, by the arbitrariness of €, proves the claim.

Next, consider the neighborhood of the singularity S;. By Lemma (iii) it follows that
i(S5) < C6%, hence setting Sy 1= U,z T Ssjm|-2/o We have fi(Sy) < Co*Y 0, |m|™> <
Cé*. Hence, by choosing ¢ small enough and setting B := A, \ S}, it holds that u(B) > 0.
In addition, for each € B the manifolds W*(z), W*(z) have length at least ¢ (see, e.g.,
[LW]). Define B, to be the e-neighborhood of B.

Finally, for each n € N let U, = U[?%C;@ K () Bs/2, and U, := U, () Bs/a, clearly U,y C

N

U,. Setting B := (), Un,» we have fi(B \ A,) = 0. Indeed, if z € B\ A,, then, for each

0By W (z), W*(x) we designate the unstable and stable manifolds of =, which exists fi-a.e. (see Remark
5.6). Hence, by eventually changing A on a set of zero ji-measure, we can assume A C A,,.
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n € N, there exist y, € A, \ Sf and K,, € K, such that z,y, € K,,. On the other hand each
W?*(y,) has size 0, by construction. We can then extract a converging subsequence {y,, },
and call W the limit of W*(y,). It is easy to check that 1 is a stable manifold and since
in the transversal direction the map is expanding it must be W = () K,. Accordingly,
W C W#(x). The uniform transversality of the stable and unstable manifolds implies then
that W*(y,) N W*(z) # 0 for n large enough. Hence, W*(x) N A, # 0, that is B C A, :=
Uszea, W?(x). The claim follows then since one can prove fi(A, s \ A,) = 0 by the same
argument that established (A, \ A) = 0.

In addition, by the regularity of both g and m, for each £ € N and € > 0, there exists n.
such that

k
AU B) + 3 £om(U, \ B) < =

J=0

Let ¢ be a smooth function such that ¢r35/4 = 1 and supp ¢ is contianed in Bj/y. Clearly

¢Idy, € CL 5 We can the use the above inequality and Lemma to write
i(B) = i(U,.) + O(e) < a(Idy,_¢) + Z,cﬂ (Idy, @) + Ok~ +¢)
= =
_ —1
_Ejzoﬁ m(B) + O(k™" +¢) SE; Aus) + O™ + &) = m(Ay,) + Ok~ +¢).

By choosing first k large enough and then ¢ sufficiently small, we have m(A4, ) > 0.

Next notice that if A, , is not an ergodic component for m, then there exists an invariant
set of positive m-measure that will support a physical measure, but such a measure would
belong to Vy by point (i) and this would be a contradiction.

(iii) The preceding argument also implies that if y; is a basis of Vi made of ergodic
measures, then they are physical measures and {B,,} corresponds to the ergodic decompo-
sition with respect to Lebesgue. In addition, since m(B,,) > fi(B,,) and ), i(B,,) = 1, the
inequality must be an equality and the forward average for each continuous function is well
defined m-almost everywhere. 0

5.3. Statistical Properties and Ruelle Resonances. In addition to providing informa-
tion about the invariant measures, the established spectral picture has other far reaching

implications. To discuss them let us define the correlation functions. For each f,g € C”
define

Crg(n) == p(fgoT") — p(f)i(g)-

If the system is mixing (that is, one is the only eigenvalue on the unit circle and it is simple),
then for each o larger than the norm of the second largest eigenvalue (or 7 if no other
eigenvalue is present outside the essential spectral radius) holds

(5.3) [Crg(n)| < Ca®| fleslgles-

In other words we have the well-known dichotomy: either the system does not mix or it
mixes exponentially fast (on Holder observables).
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More generally, we can define the Fourier transform of the correlation function:

Crg(z) =Y 2"Cpy(n).

ne’l

The above quantity is widely used in the physics literature where usually one assumes that it
is convergent in a neighborhood of |z| = 1 (here this follows already from (/5.3))) and it has a
meromorphic extension on some larger annulus. The poles of such a quantity are, in principle,
measurable in a physical system and are called Ruelle resonances (see [Rull Ru2, PP1l,[PP2]).
Due to our results we can substantiate the above picture for the class of systems at hand.
Indeed, note that we can assume, without loss of generality, fi(f) = fi(g) = 0 and that if

we define u7(¢) := L(f), py(p) == nlgy), then piy, pg € B. thus,

Cro(z) =Y 2"a(fgoT™) + Y 2 "a(f o T"g) — il fg)

o0

= 2"Llup(g) + Y 2 "L ug(f) — [ fg)

= (2= L) pslg) + (71 = L) g (f) — il fg).

It is thus obvious that the desired meromorphic extension is provided by the resolvent and
that the poles are in one-to-one correspondence (including multiplicity) with the spectrum of
L. More precisely we have a meromorphic extension in the annulus {z € C : 7 < |2| < 7'}

Remark 5.8. Note that the above fact shows that the spectral data of the operator L on B
1s not a mathematical artifact but has a well-defined meaning which does not depend on any
of the many arbitrary choices we have made in the construction of our functional analytic
setting.

Remark 5.9. In the present situation the best one can do is to choose a = [ = q = %;
moreover, if one assumes that M(n) grows sub-exponentially (this is the case for billiards),
then one has (assuming for simplicity \™* = py ) that T can be chosen arbitrarily close
to \"2. At the moment it is unclear if such an estimate for the size of the meromorphic
extension is real or is an artifact of the method of proof.

Another result that can be easily obtained by the present method is the Central Limit
Theorem. Let f € C? with fi(f) = 0 and define S,,(f) := >.;—¢ f o T*. Then

(e =) = L2a(1)

where £, is the operator defined by £.h(p) := h(e */poT). Since £, depends analytically
on z, one can use standard perturbation theory to show that the leading eigenvalue is given
by 1 — 022, where o is the variance. Accordingly

2 022

lim fi(e V=) = lim (1 — —) =%

n—00 n—00 n

which is exactly the CLT. Other types of results (e.g. large deviations) can be approached
along similar lines (see [HH, [CG] for more details).
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6. PERTURBATION RESULTS

Recall from Section the set T', of maps T that satisfy the same assumptions as T
in Section 2 In this section we derive results for several classes of perturbations and prove

Theorems 2.13] and .18

6.1. Deterministic Perturbations.
Lemma 6.1. If two maps Ty, Ty € I'p, satisfy v(T1, 1) < € < &g, then for each h € B,
|Layh = L,hlw < Coe”[|R.

Proof. For € < gy, we may choose the set of approximate stable leaves ¥ so that TZ-_IE CcX
for i = 1,2. And similarly for the approximate unstable family F*“.
We first fix a leaf W € X and ¢ with |p|eipy < 1 and write

/ (ETl - ET2)hg0dm = / h|DT1|_lij1g0 o T1 - / h‘DTQ‘_lijQQO o TQ.
w wiw

7w

Away from singularities, T, 'W and T, 'W are e-close so we may partition 75 'W and T, 'W
as we did in Section [4.3]

Let N denote the € neighborhood of the union of the singularity curves of 7, ! and T} *.
Consider one component U; of W\N_. By assumption, we may choose functions FJZ defining
the curves T, 'U; such that ds(T;'U;, Ty 'U;) < e (If max{|T; 'U;|, | Ty 'U;|} > 26, we
further subdivide U; so that all components of T} 'U; and Ty 'U; have length between § and
20.)

Denote by V; the connected components of W N N and note that |V;| < Ce and that
there are at most L + 2 such pieces.

We estimate the integrals over the pieces T[lvj similarly to (4.10))

(6.1) Z/T_lv hIDT| ™ JwTyp o Tydm < C|[ls Y [Vi* A ™ < C|[h] £
i3 i Vi i,

We split up the integrals over the Tl-’lUj as follows,

> / W DTy |~  Jw Ty oo Ty dm — h| DTy~ Jw Ty o Ty dm
i U

-1
J T, Uj

5 JT T,

_1Uj

+y W f — |DTo| " JwTop o T)dm
5 /T

where f = [|DTy|"'JwTi p o Ty o Gpr o Gs. Note that do(|DTy|" ' JwTi @ o Ty, f) = 0 so
that the first term of (6.2)) can be estimated by

(6.3) >

J

/ h\DTI\lijlgooTl—/ ht| < Ce%llh]l.
7 U;

Ty 'U;
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We estimate the second term of (6.2) using the strong stable norm. We follow (4.19) to
estimate the C?-norm of the functions involved.

|f = |DTo| " w Top © Toleaprry,
< O|IDT| T JwTip o Th] o G — [|DTe| ™ JwThw 0 To] 0 Ggleas,,)
< ClpoTioGr —poTy0Grleus,))

+ C|(|DTy | JwTy) o Gp — (|DT| tJwTs) o Grglear,,).

The first term can be bounded using an estimate analogous to (4.20)) and Lemma . The
second term can be bounded using Lemma and the fact that [Ty — Thle2 < € on Uj.
Putting these estimates together, we conclude that |f — |DTy| ' JyTap o Thlcae < Cel™4 s0
we may estimate the second term of by

/ Wf = |DTo| " JwThp o Tr) < Ce' ™A,
Ty 'U;
Putting this estimate together with (6.1)) and (6.3)), we have
(6.4) ‘/ L hpdm —/ £T2h<pdm‘ < C(||h||se® + |R)lue® + ||h||lse'79) < CbE7||n).
W W

Taking the supremum over all W € ¥ and ¢ € C*(W) yields the lemma. O

Lemma implies |||L7, — Lrp,||] < C&” whenever (T}, T3) < e. Since both T and Ty
satisfy the Lasota-Yorke inequalities (2.7)-(2.9), we may apply the results of [KL] to our
operator L : B — B,,.

6.2. Smooth Random Perturbations. Recall the transfer operator £, , associated with
the random process defined in Section [2.3] For the remainder of this section, we fix constants
A, i, pi and D, such that and are satisfied for all T € X..

The following is a generalization of Lemma [6.1] which shows that the transfer operator
associated with the random perturbation is also close to L1 in the sense of [KLJ].

Lemma 6.2. |||£,, — Lr||| < CyAE”.
Proof. Let h, p € C{(M), |p|cr <1, and W € . Then using (6.4) of Lemma [6.1]

’/ £1/,gh§0dm—/£Thg0dm’ =
w w

< [ G lllgte o) < A,
Q

/Q /W(ETwh(“") — Lrh(@)) p(x) g(w, T, ) dmdy

O

We next prove uniform Lasota-Yorke estimates for the operator £, ,. First, we need to
introduce some notation. Let @,, = (wq,...,wy,) € Q". We define 1, =T, o--- o1, and
similarly DTy, = 117_, DT, (T5,_, ).
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Lemma 6.3. Let A(v,g) < e. For e sufficiently small, there ezists 5o > 0 and a constant
C = Cy,a, such that for all h € B, 6 <y andn >0, L, , satisfies

L) 0l < CD"|hly ,
L0 g0l < Cmax{p, u{}" Dallh]|s + CsDn|hlw ,
1£5ghlle < CXTDy||hllu + C(Dy + Lo A™" =) |l

Proof. The proofs follow from those of Section 4] except that we have the added function
g(w, ). Notice that

Ly h(z) = / ho T3 DTy, (T51)| T 19(w;, T, o Yoo T ) dv™(w,).

Estimating the strong stable norm. For any W € ¥, we define the connected pieces
W, of T. gnIW inductively just as we did for T7"W in Section . Following the estimates of
Section we write

/ vl dm = / Z{/ hg,| DT, |~ Jw T, I%_, g(wj, T, @) dm(x)

(6.5)
L / poTs, / WDT, | T Ton gy, T, 1) dmi(z) b (@)
(Wil Jw, W, ! ’
where @, = po T, — le\ fw @ o T . We fix @, and deﬁne Go, (r) = }_ g(wj, T, _, ).
To estimate the first sum in , we note that (4.6) implies
|§01|0‘1 (W) < C|<]WTwn CO(Wy) |W|_a'
Then, using (4.7]), we estimate

Z/ h@|DTan|_1JWTwnGwn dm
i Wi
(6.6) < Zcuhus!mm DT, | ™ I T, losws [@ilcaan |G, lonawy
< ZCIIhH (Wil |1 DT, |~ Iw T, | eow | Tw T, ooy W1~ G, les
The only addltlonal term here is |G, [caw,), Which we now show is bounded independently

of n and W;.

Sublemma 6.4. Let W; € ¥ be a smooth component of T;'W. There exists a constant
C > 0, independent of W, n and w,, such that

’H?:Lq(wj? ijfl.) ‘Cl(Wi) < CH?:lg(wju ij—lm)
for any x € W;.

Proof. The proof follows the usual distortion estimates along stable leaves. For any =, y € W,

7, g(w;, T, )
log == - < a”g(wj, Nerwoyd(Te,_ . T, y)
Hn 19(0037ij 1y) Z J j—1 j—1

IA

Z Aa7'Cpl7 d(z,y) =1 cod(z,y),

J=1
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using property (iii) of g. The distortion bound yields the lemma with C' = ¢qe®. O
The sublemma allows us to estimate using (4.7)).
(6.7) 2:/h@W%ARMEAMJWSQWHM$WQW%ﬂ“%)
i Wi

where x, is some point in Ti}W.
We estimate the second term of (6.5)) in a similar way according to (4.8)). Each time, we
replace |Gy, |cs or |Gz, |1 according to Sublemma [6.4]

1
> / ¢ oTs dm / h|DTs, | JwTs, G, dm

< (CHhHspn + CéDn‘h‘w)H;'lzlg(wﬁ ngill'*)
Combining this estimate with 7 we have

[ Lo dm < (CORLDaE + 57 + CoDu g, T, )
W

Now integrating this expression over 2", we integrate one w; at a time starting with w,.
Note that [, g(wn, T, ,@.)dv(w,) = 1 by assumption on g since Ty, x, is independent of
wy. Similarly, each factor in Gy, integrates to 1 so that

€2 bl < CRIL(Du" + ) + 5Dl

which is the Lasota-Yorke inequality for the strong stable norm.
The inequalities for the strong unstable norm and for the weak norm follow almost iden-
tically, always using Sublemma [6.4] O

6.3. Hyperbolic Systems with Holes. We adopt the notation and conditions introduced
in Section 2.5l The first lemma shows that we can make the operators £ and Ly arbitrarily
close by controlling the “diameter” r of the hole along elements of ¥ and the number P of
connected components of the hole that a leaf can intersect at time 1.

Lemma 6.5. Let H be a hole satisfying assumption (H1). There exists C' > 0 depending

only on T such that
£ = Lulll < CPre.

Proof. Let h € C'(M), W € ¥ and ¢ € C'(W) with |¢|crw) < 1. Recall that M' € M\H
is the set of points which remains in M until at least time 1. Let 1,0y denote the indicator

function of M\ M"*.

/(E—EH)hgodm = / LA ppmrh) @ dm
W W

_ / b o TIDT| wT dm < 3 [R]L Wil 0 Tleagis,
T1WnM\M?! 5

(3

where W; are the connected components of T-21W N M\M! ie. the pieces of T~'W which
are in the hole at time 0 or 1. We recall from the estimates of Section [4] that |¢ o T'[¢q () <

|p|caqwy. Also, the distortion bound (A1) implies |Jy T||W;i| < C|TW;|. We then have

DT Iw T |eopyiry

/ (L= Lu)h  dm < Clh]ls Y |TWi|* < C|lh]lsPre,
w i
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which completes the proof of the lemma. O

The next proposition proves uniform Lasota-Yorke estimates for £y which are independent
of H satisfying assumptions (H1) and (H2). Once it is proven, we may use it in combination
with Lemma to invoke the results of [KL] and conclude that the spectra of £ and Ly
are close if r is small. This proves Theorem [2.18]

Proposition 6.6. Let H be a hole satisfying assumptions (H1) and (H2) of Section[2.5 and

let py == %\Zf < 1. Choose < «/2. There exists dg > 0, depending only on P, such that

forallh € B, 0§ <y andn >0, Ly satisfies

(6.8) |L%hw < CDylhly ,

(6.9) L5 < Cmax{py, pf }"Dylhlls + CsDnlhlw

6.10) 4kl < CXPD Al + C(Du+ (Ly + POA ") A]

Proof. Our estimates follow closely those of Section [4 so to avoid repetition we indicate
only where the presence of the holes requires us to modify those estimates. First notice that
Lemmas 3.1 and hold for the map with holes with p; in place of p. This is because the

definition of the elements W} of W, and their tree-like structure remains unchanged. The

number of connected components of T-"W may be greater, but the growth of the number
of short pieces is controlled by assumption (H2). Summing up to most recent long ancestors
as we did in the proof of Lemma [3.1| and using (H2), we see that equation ({3.1)) becomes
D WRFIDT T Iw T oy < ClIDTH T T oy W07
i€Jn(WF)

The proof of expressions analogous to equations (3.2)-(3.4]) is now identical to the proof of
Lemma 3.1l We conclude that

(6.11) S WPEIDT | I T eoqwny < CDy6* W™ + CIW |9}

7

Estimating the weak norm. For any h € C'(M), W € ¥ and ¢ € CY(W) with |¢|ciw) <
1, we have

/EZhgpdm = > / A DT~  Jy T o o T" dm
w Wi;EWn Wi

< Clhlw Y DT JwT coqwry < CDylhly
Wi eWn,

where in the last inequality we have used (6.11)) with ¢ = 0. This proves (6.8).

Estimating the strong stable norm. As in Section , we define @, = poT™ — ﬁ S, ¢o
T™. Equation (4.7)) remains unchanged,

S [ DT T B dm < LD
i YW
The estimate for equation (4.8)) is modified slightly according to ((6.11]),

1
Z—/ ¢oT"dm/ h|DT™| 7L JwT™ dm < C||h|sp% + Cs5Dplhlw.

%
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Combining these two estimates, we see that
I1L%h]ls < ClR|s(Dppl + pF) + CsDn|hlw,
which proves .

Estimating the strong unstable norm. Given two admissible leaves W' and W? satis-
fying ds,(W?, W?) < ¢, we partition them into long pieces U JZ and short pieces V}' as in Sec-
tion (4.3 where for each j, the pieces U} and U} are paired up so that dg(T~"U},T~"U}) <
CA"e. The introduction of the hole only increases the number of unpaired pieces Vj': if
part of T="W! has fallen in the hole while the corresponding part of 7-"WW? has not, then
a piece V;2 C W? is created. We estimate the size of V;? using assumption (H1).

Suppose the part of W' corresponding to V;? falls in the hole at time ¢ < n. If the
boundary of the hole at that point is strictly convex with curvature greater than B, then
IT-“V2| < C/z and so |V}2] < C'y/z as well. On the other hand, if the boundary of the hole
is transverse to the stable cone, then the estimate improves to |T~‘V2| < Ce. Notice also
that there can be at most L, + P, + 2 pieces V}.

Using this bound on the V}, becomes,

Z/ _h|DT”|—lij”SOZ. oT"dm < CHhHs § :|sz|a| |DTn|—1(JWTn)1_a|CO
(6.12) ok ST ik
< Oga/Q”h”s( ))\ n —om

The estimates on the paired pieces U]Zf do not change so putting together equation ((6.12))

with (4.14) and (4.22)), and using the fact that a/2 > (3, we have
1Lkl < CAT Dallh]lu + ClIAl(Da + (Lo + B) A" 7).

This completes the proof of (6.10)). O

APPENDIX A. DISTORTION BOUNDS

The following are distortion bounds used in deriving the Lasota-Yorke estimates which are
standard for uniformly hyperbolic C?> maps. For any n € N and z,y € K € K,, the following
estimates hold.

DT ()] o
- D 1] < Cmax{ate, ). T, T )
W 1] < Cmxlde )T T )

In particular, these bounds imply that ||[DT"|!|cew,) < C||DT"| ! eoow,;) and similarly
| JwT™ | caw,y < ClIwT™|cow,) for any 0 < g < 1.

Note that for reT "W, |DT”( )| = Co(x) JwT"(x)J, T"(x) where J,T™ is the Jacobian
of T™ in the unstable direction and Cy(z) is a number which depends on the angle between
the unstable direction and T~"W at the point x. Since the family of admissible leaves W is
uniformly transversal to the unstable direction, there exists a constant ¢y > 0, independent
of W, such that |Cy| > ¢. Thus for all n > 0,

(A.2) |IDT™ |7 Jw T < A"
wherever |DT™| is defined.
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