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Abstract. We study one-dimensional lattices of weakly coupled piecewise expand-
ing interval maps as dynamical systems. Since neither the local maps need to have
full branches nor the coupling map needs to be a homeomorphism of the infinite
dimensional state space, we cannot use symbolic dynamics or other techniques from
statistical mechanics. Instead we prove that the transfer operator of the infinite
dimensional system has a spectral gap on suitable Banach spaces generated by mea-
sures with marginals that have densities of bounded variation. This implies in par-
ticular exponential decay of correlations in time and space.

1 Introduction

Typical dynamical systems have a multitude of invariant probability mea-
sures. There are essentially two ways to characterize the “physically rele-
vant” ones among them: in the spirit of statistical mechanics one can look at
those measures which satisfy a variational principle with a potential of the
type “logarithm of the unstable Jacobian”. From a more dynamical persp-
ective one may look at those measures which are absolutely continuous w.r.t.
the natural volume measure m on the state space, or at those for which the
space averages of regular observables equal the corresponding time averages
for a set of initial conditions of positive m-measure. In many cases both ap-
proaches lead to the same result. In the case of coupled map lattices, which are
infinite-dimensional dynamical systems, one needs some extra care to apply
these ideas. For the statistical mechanics approach this is done in other chap-
ters of this book. Here we concentrate on the dynamical systems approach.

Let L be a finite or countable index set, e.g. L = Z or L = Z/dZ and let
I = [0, 1]. We investigate time-discrete dynamics on the state space X = IL,
composed of independent chaotic actions on each component I of X and
of some weak interaction between the components that does not destroy the
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chaotic character of the whole system. More specifically, let τ be a piecewise C2

map from I to I with singularities at ζ1, . . . , ζN−1 ∈ (0, 1) in the sense that τ is
monotone and C2 on each component of I \{ζ0 = 0, ζ1, . . . , ζN−1, ζN = 1}. We
assume that τ ′′/(τ ′)2 is bounded and that τ satisfies the following combined
expansion and regularity assumption:

There is M ∈ N such that κM := inf |(τM )′| > 2 and such that

τm(0), τm(ζ1±), . . . , τm(ζN−1±), τm(1) �∈ {ζ1, . . . , ζN−1}

for m = 0, . . . ,M − 1.

(1)

If inf |τ ′| > 2 this condition is trivially satisfied for M = 1. A simple but
prominent example of such a map with M > 1 is a symmetric mixing tent
map, i.e. a map τs(x) = s( 1

2 − |x −
1
2 |) with slope s ∈ (

√
2, 2]. It satisfies (1)

with N = 2, ζ1 = 1
2 , M = 2 and κM = s2.1

Now a map T0 : X → X describing the uncoupled dynamics is defined by

(T0x)i = τ(xi) (i ∈ L) (2)

and coupled maps Tε := Φε ◦ T0 are introduced using appropriate continuous
couplings Φε : X → X close to the identity on X.2 One of the most widely
used couplings in numerical studies – which despite its simplicity resisted for
quite some time a rigorous mathematical treatment – is the diffusive nearest
neighbor coupling on Z or Z/dZ

(Φεx)i =
ε

2
xi−1 + (1− ε)xi +

ε

2
xi+1 (i ∈ L) . (3)

It is an example of a class of more general C2-couplings Φε whose C2 dis-
tance to the identity Φ0 is of order ε and is controlled in terms of constants
a1, a2 > 0 – see Sect. 3.1 for details. We say that such a coupling has finite
coupling range if there is w > 0 such that ∂jΦε,i = 0 whenever |i− j| > w.

Our main result is:

Theorem 1.1. Let L = Z. Given a mixing3 local map τ as introduced above
and given a1, a2, w > 0, there exists εmax > 0 such that for each (a1, a2)-
coupling Φε with coupling range w and each ε ∈ [0, εmax] holds:
1 An elementary discussion of the basic dynamical properties of these maps can be

found in [1]. For the mixing property see [2].
2 The regularity assumption in (1) seems unavoidable if a weakly coupled system

Tε is to behave like a small perturbation of T0, because weak couplings affect each
individual map τ like a small perturbation, and it is known that in the absence
of the above assumption arbitrarily small perturbations can change the dynamics
of τ completely, see the examples in [3, 4, 5].

3 Under the assumptions made on τ there exists at least one invariant probability
density for τ . We say that τ is mixing, if no power of τ has any other invariant
probability density. This will be discussed in some detail in Sect. 2.5.
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1. The coupled system Tε has an invariant probability measure µε whose finite-
dimensional marginals are absolutely continuous w.r.t. Lebesgue measure
and have densities of bounded variation. It has finite entropy density, and
it is unique among all measures from this class for which the variation of
the marginals increases at most subexponentially with the dimension.

2. There are constants γ, γ′, θ ∈ (0, 1) and C,C ′ > 0 such that for bounded
observables φ, ψ : X → R which depend only on coordinates xa+1, . . . , xb,

∣
∣
∣
∣

∫

φ · (ψ ◦ Tn
ε ) dµε −

∫

φdµε

∫

ψ dµε

∣
∣
∣
∣ ≤ Cθ−(b−a) γn ‖φ‖C1‖ψ‖C0 (4)

and
∣
∣
∣
∣

∫

φ · (ψ ◦ σn) dµε −
∫

φdµε

∫

ψ dµε

∣
∣
∣
∣ ≤ C ′γ′|n|−(b−a) ‖φ‖C0‖ψ‖C0 (5)

where σ is the left shift on X = IZ.
3. The distance (in a suitable metric) between µε and µ0 is of order ε ln ε−1.

The proof of this theorem relies on a spectral analysis of the transfer operator
associated with Tε. It combines results and ideas from [6, 7, 8, 9] and is
developed step by step in this chapter. The existence part and the finiteness
of the entropy density are proved in Theorem 4.1 in Sect. 4.4. Uniqueness of
µε, the exponential decay of correlations, and the estimate on the distance
between µε and µ0 are derived in Sects. 4.7, 4.8, and 4.9 from Theorem 4.3,
which guarantees the existence of a spectral gap for the transfer operator of
Tε on suitable Banach spaces. In Sect. 4.8 we also prove the following strong
law of large numbers (compare [10, Theorem 5.1]):

Corollary 1.1. In the situation of Theorem 1.1, let ψ : X → R be a continu-
ous observable. Let f : I → R be any probability density of bounded variation,
and let (fm) be the corresponding probability measure on I. Then

lim
n→∞

1
n

n−1∑

k=0

ψ(T k
ε (x)) =

∫

ψ dµε for (fm)Z-a.e. x (6)

where (fm)Z is the infinite product measure on X = IZ with one-dimensional
factors (fm).

This result suggests the interpretation of µε as the unique physical (or observ-
able) measure of Tε.4 It is supported by the stability of µε under independent
random noise discussed (without proof) in Sect. 4.9.

4 For a discussion of physical measures and related notions in more general settings
see e.g. the contribution of L.A. Bunimovich in this volume.
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2 Dynamics at a Single Site

The dynamics at each single site of our system is modeled by a mixing piece-
wise expanding map. We will see that the dynamics of such maps are sta-
tistically stable in several respects: there is a unique stationary probability
density towards which each initial density converges under the action of the
dynamics (asymptotic stability), and neither this stationary density nor the
rate at which initial densities are attracted by it change much under small
perturbations of the map. Therefore we can expect that in weakly coupled
systems, where the mutual coupling between the single site maps can also be
interpreted as a kind of perturbation, the behavior of the system at single
sites does not change drastically under the influence of the coupling.

2.1 Piecewise Expanding Maps

We say that a map τ : I → I is piecewise expanding (p.w.e.) if

• there are ζ1, . . . , ζN−1 ∈ (0, 1) which define subintervals Ii = (ζi−1, ζi)
such that each τ |Ii

is monotone and uniformly C2, and
• there are M ∈ N and κM > 2 such that |(τM )′| ≥ κM .5

Our assumptions imply that Dm := sup |( 1
(τm)′ )

′| <∞ for all m ∈ N.

2.2 The Transfer Operator

As the derivatives of p.w.e. maps grow exponentially, the trajectory-wise dy-
namics are very sensitive to initial conditions. But at the same time this insta-
bility is responsible for good asymptotic properties of the transfer operator6

Pτ which describes the evolution of initial densities under the dynamics. This
operator associates to each measurable f : I → R the function Pτf : I → R,

Pτf(x) =
N∑

i=1

(
f

|τ ′|

)

◦ (τ |Ii
)−1(x) · 1τ(Ii)(x) (7)

where 1τ(Ii) denotes the indicator function of the set τ(Ii). By change of
variables it follows that for Lebesgue (m) integrable f : I → R and bounded
measurable ψ : I → R

∫

I

Pτf(x)ψ(x) dx =
∫

I

f(x)ψ(τ(x)) dx . (8)

5 This means that |(τM )′(x)| ≥ κM at all points x where this derivative is defined,
i.e. at all x such that τ i(x) �∈ {ζ0, . . . , ζN} for i = 0, . . . , M − 1. In the sequel
all expressions involving derivatives of τ should be read in this way. Note that it
suffices to have |(τm)′| > κm > 1 for some m ∈ N and to choose M = km such
that κk

m > 2.
6 also called Perron–Frobenius operator
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In particular, if f = f̃ m-a.e., then also Pτf = Pτ f̃ m-a.e. so that Pτ can be
interpreted as an operator on L1

I , the space of equivalence classes of Lebesgue
integrable functions from I to R. As an operator on L1

I , Pτ is unambiguously
defined by (8). The following properties of Pτ are elementary consequences of
its definition (see e.g. [11, Sect. 4.2]):

Pτ is linear and positive. (9)
∫

I
Pτf dm =

∫
I
f dm and

∫
I
|Pτf | dm ≤

∫
I
|f | dm for all f ∈ L1

I . (10)

Pτh = h if and only if µ = hm is a τ -invariant measure, i.e. if
∫
f ◦ τ dµ =

∫
f dµ for each bounded measurable f : I → R.

(11)

Pτ2◦τ1 = Pτ2Pτ1 whenever the three operators are well defined. (12)

Remark 2.1. The “(pre-)dual” characterization of transfer operators by (8)
and its elementary consequences (9)–(12) are not special for 1D maps. They
are valid with exactly the same proofs in rather abstract settings, see e.g. [12,
Sect. 3.2]. Therefore we will use them in later sections where we study transfer
operators for systems of maps without recalling them in detail.

2.3 Functions of Bounded Variation

In order to guarantee the existence of a unique invariant density and its as-
ymptotic stability one needs to study how Pτ acts on spaces of more regular
functions. The first space that comes to mind is probably C1(I), but as Pτf
may have discontinuities even if f has none (see the explicit formula (7) for
Pτf), this space is not invariant under Pτ . The next natural choice that pre-
serves as much of the flavor of C1(I) but allows for discontinuities is the space
BV (I) of functions of bounded variation.

The variation of a C1-function f : I → R can be defined as

V (f) =
∫ 1

0

|f ′(x)| dx . (13)

Approximating this integral by Riemann sums yields the more common ex-
pression

V (f) = sup

{
r∑

i=1

|f(ξi)− f(ξi−1)|
}

(14)

where the supremum extends over all finite partitions 0 ≤ ξ0 < ξ1 < . . . <
ξr ≤ 1 of [0, 1]. This expression is well-defined for any measurable f : I → R.
A third characterization follows from the first one in view of the integration
by parts formula: let

TI,0 = {ϕ ∈ C1(I) : |ϕ| ≤ 1, ϕ(0) = ϕ(1) = 0} (15)
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be a set of C1-test functions on I bounded by 1. Then

V (f) = sup
ϕ∈TI,0

∫ 1

0

f ′(x)ϕ(x) dx = sup
ϕ∈TI,0

∫ 1

0

f(x)ϕ′(x) dx . (16)

Just as the previous one this characterization can be used to define the vari-
ation of any function f ∈ L1

I (and not merely that of C1-functions). Indeed,
(14) leads to the definition

varI(f) = inf{V (f̃) : f̃ = f m-a.e.} (17)

and (16) extends immediately to

varI(f) = sup
ϕ∈TI,0

∫

I

f(x)ϕ′(x) dx . (18)

It is a little extra piece of work to show that the definitions given in (17) and
in (18) really coincide.7 In the sequel we will only use the definition via test
functions in (18). Note that

N∑

i=1

varĪi
(f) ≤ varI(f) . (19)

This follows because if ϕi ∈ TĪi,0 (i = 1, . . . , N), then ϕ : I → R, which is
(unambiguously!) defined by ϕ(x) = ϕi(x) if x ∈ Īi, belongs to TI,0. A direct
consequence of the definition of variation in (18) is

varI(f) ≤ lim inf
n→∞

varI(fn) (20)

whenever f, fn ∈ L1
I and limn→∞

∫
I
|f − fn| dm = 0. Here (and in the sequel)

we use
∫
|f | dm as a shorthand notation for

∫
|f(x)| dx. We denote

BV (I) = {f ∈ L1
I : varI(f) <∞} . (21)

All these considerations apply to any compact interval I, not just to I = [0, 1].
For technical reasons we will often prefer to work with the following variant

of the notion of variation. For any compact interval J , let

TJ = {ϕ ∈ C1(J) : |ϕ| ≤ 1} (22)

and define
VarJ(f) = sup

ϕ∈TJ

∫

J

f(x)ϕ′(x) dx . (23)

Here is a first observation on “Var”.
7 See e.g. [11, Theorem 2.3.12].
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Lemma 2.1. Let J = [a, b], and suppose that (a+ δ, b− δ) is a neighborhood
of I for some δ > 0. If f ∈ C1(J) with f(x) = 0 for x �∈ (a+ δ, b− δ), then

VarI(f) ≤
∫

J

|f ′| dm .

Proof. Each ϕ ∈ TI can be extended to a function ϕ̃ : J → R by linear
interpolation between the points (a|0) and (a+δ|ϕ(0)) on the interval [a, a+δ]
and between the points (b − δ|ϕ(1)) and (b|0) on the interval [b − δ, b], and
by the constant values ϕ(0) and ϕ(1) on the intervals [a + δ, 0] and [1, b − δ]
respectively. In this way, ϕ̃ is continuous, sup |ϕ̃| ≤ 1, ϕ̃(a) = ϕ̃(b) = 0, and ϕ̃
is differentiable except at possibly four points. Hence

∫

I

fϕ′ dm =
∫ b−δ

a+δ

fϕ̃′ dm =
∫ b

a

fϕ̃′ dm = −
∫ b

a

f ′ϕ̃ dm ≤
∫ b

a

|f ′| dm

from which the lemma follows. ��

The next lemma is a kind of tool-box for our work with “var” and “Var”.

Lemma 2.2. Let J = [a, b], f ∈ L1
J , ϕ̇ ∈ L∞

J , c ∈ R, and let ϕ : J → R,
ϕ(x) = c+

∫ x

a
ϕ̇(ξ) dξ.

(a)
∫

J
fϕ̇ dm ≤ sup |ϕ| VarJ(f)

(b) VarJ (fϕ) ≤ sup |ϕ| VarJ(f) + ess sup |ϕ̇|
∫

J
|f | dm

(c)
∫

J
fϕ̇ dm ≤ supu,v∈J |ϕ(u)− ϕ(v)| varJ(f) + ϕ(b)−ϕ(a)

b−a

∫
J
f dm.

(d) If ϕ(a) = ϕ(b) = 0, then
∫

J
fϕ̇ dm ≤ sup |ϕ| varJ(f).

(e) varJ(f) ≤ VarJ (f) ≤ 2 varJ(f) + 2
b−a

∣
∣
∫

J
f dm

∣
∣.

Before we prove this lemma, we discuss a number of consequences.

Corollary 2.1.
∫

J
|f | dm ≤ 1

2 |J | VarJ (f).

Proof. Let ϕ̇ = 1{f>0} − 1{f<0}. Then
∫

J
|f | dm =

∫
J
fϕ̇ dm ≤ 1

2 |J | VarJ (f)

by Lemma 2.2a applied to ϕ(x) = −
∫ (a+b)/2

a
ϕ̇(ξ) dξ +

∫ x

a
ϕ̇(ξ) dξ. ��

Remark 2.2. It is easy to check that VarI(.) and varI(.) are seminorms, i.e.
subadditive and positively homogeneous. Because of Corollary 2.1, ‖f‖BV =
VarI(f) defines indeed a norm on BV (I) = {f ∈ L1

I : VarI(f) < ∞}. It
is equivalent to the more common norm varI(f) +

∫
I
|f | dm on BV (I), see

Lemma 2.2e.

Corollary 2.2. Let ϕ : J → R and suppose that the interval J is partitioned
into subintervals J1, . . . , Jr such that ϕ|Jk

is continuously differentiable for
each k = 1, . . . , r. Let f ∈ L1

J . Then
∫

J

fϕ′ dm ≤ 2 sup |ϕ|
(

varJ(f) +
1

mink |Jk|

∫

J

|f | dm
)

. (24)
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Proof. We apply Lemma 2.2c to each interval Jk separately:
∫

Jk

fϕ′ dm ≤ 2 sup |ϕ|
(

varJk
(f) +

1
|Jk|

∫

Jk

|f | dm
)

.

Summing over k and observing (19) this yields (24). ��
Proof of Lemma 2.2. Let ε > 0, and fix s > 1 such that

∫
{|f |>s} |f | dm < ε.

There exists ψ̇ ∈ C(J) such that
∫

J
|ϕ̇− ψ̇| dm < ε

s , sup |ψ̇| ≤ ess sup |ϕ̇|+ 1,
and

∫
J
ϕ̇ dm =

∫
J
ψ̇ dm. Hence

∫

J

f(ϕ̇− ψ̇) dm ≤ ε ess sup |ϕ̇− ψ̇|+ s

∫

J

|ϕ̇− ψ̇| dm ≤ Cε (25)

where C = 2 + 2 ess sup |ϕ̇|.
Let ψ(x) = c+

∫ x

a
ψ̇(ξ) dξ. Then ψ ∈ C1(J) so that ψ̃ := ψ/ sup |ψ| ∈ TJ .

Hence
∫

J
fψ̃′ dm ≤ VarJ (f). As sup |ψ| ≤ sup |ϕ|+

∫
J
|ψ̇−ϕ̇| dm ≤ sup |ϕ|+ε,

it follows from (25) that
∫

J

fϕ̇ dm ≤
∫

J

fψ′ dm+ Cε ≤ (sup |ϕ|+ ε)VarJ(f) + Cε .

As ε > 0 is arbitrary, we conclude
∫

J

fϕ̇ dm ≤ sup |ϕ| VarJ (f) (26)

which is part (a) of the lemma.
Now let ψ ∈ C1(J), |ψ| ≤ 1. Then (ϕψ)(x) = (ϕψ)(a)+

∫ x

a
(ϕ̇ψ+ϕψ′)(ξ) dξ,

so we may write ˙(ϕψ) = ϕ̇ψ + ϕψ′. Hence, in view of part (a),
∫

J

(fϕ)ψ′ dm =

∫

J

f ˙(ϕψ) dm−
∫

J

fϕ̇ψ dm ≤ sup |ϕ| VarJ(f)+ess sup |ϕ̇|
∫

J

|f | dm .

This is part (b) of the lemma.
If ϕ(a) = ϕ(b) = 0, then also ψ(a) = ψ(b) = 0 so that ψ ∈ TJ,0, and we

can estimate by varJ(f) instead VarJ (f) on the right hand side of (26). This
is part (d) of the lemma.

Next, for ϕ ∈ TJ , let ϕ̃(x) = x−a
b−a (ϕ(x) − ϕ(b)) + b−x

b−a (ϕ(x) − ϕ(a)) =
∫ x

a
(ϕ′(ξ) − ϕ(b)−ϕ(a)

b−a ) dξ. As ϕ̃(a) = ϕ̃(b) = 0 we can apply part (d) of the
lemma to ϕ̃. So
∫

J

f

(

ϕ′ − ϕ(b)− ϕ(a)
b− a

)

dm ≤ sup |ϕ̃| varJ (f) ≤ 2 sup |ϕ| varJ(f) . (27)

As sup |ϕ̃| ≤ supu,v∈J |ϕ(u)−ϕ(v)|, this proves part (c) of the lemma. Finally,
(27) also implies

VarJ(f) = sup
ϕ∈TJ

∫

J

fϕ′ dm ≤ 2 varJ(f) +
2

b− a

∣
∣
∣
∣

∫

J

f dm

∣
∣
∣
∣

and varJ(f) ≤ VarJ (f) follows directly from the definition. This proves part
(e) of the lemma. ��
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2.4 The Lasota–Yorke Inequality

Coming back to the transfer operator Pτ we show next that Pτ (BV ) ⊆ BV .
(Here and in the sequel we write BV instead of BV (I) and var(f) instead of
varI(f).) In fact, we prove much more – an inequality which was discovered in
this context by Lasota and Yorke [16]. In that paper, as well as in numerous
subsequent generalizations of this result, the proof is based on the “elemen-
tary” approach (14) to variation. Here we give a proof using test functions as
in (18).

Proposition 2.1 (Lasota–Yorke inequality). Let τ : I → I be a p.w.e.
map as defined in Sect. 2.1. Let � ∈ N and recall that κ� := inf |(τ �)′| > 0 and
D� = sup |( 1

(τ�)′ )
′| < ∞. Let also E� := 2/(κ� mini |I�

i |) where the I�
i ’s are

monotonicity intervals of τ � which are finitely many. Then, for f ∈ L1
I ,

∫

I

|Pτf | dm ≤
∫

I

|f | dm (28)

Var(P �
τ f) ≤ 2

κ�
var(f) + (D� + E�)

∫

I

|f | dm . (29)

Proof. Equation (28) is just a restatement of (10). We turn to (29). As τ � is
again a piecewise expanding map, it suffices to prove this estimate for � = 1.
Let ϕ ∈ TI . As (ϕ ◦ τ)′(x) = ϕ′(τ(x)) τ ′(x) for all x ∈ I \ {ζ0, . . . , ζN}, we
have

∫

I

Pτf ϕ
′ dm =

∫

I

f (ϕ′ ◦ τ) dm =
∫

I

f
(ϕ ◦ τ)′
τ ′

dm

=
∫

I

f
(ϕ ◦ τ

τ ′

)′
dm−

∫

I

f (ϕ ◦ τ)
(

1
τ ′

)′
dm . (30)

The second term is bounded by D1

∫
I
|f | dm. To the first term we apply Corol-

lary 2.2. As |τ ′| ≥ κ1, this yields (29) (for � = 1). ��

If one applies inequality (29) to P �
τ f, P

2�
τ f, P 3�

τ f, . . . and observes (28), one
obtains by recurrence for each k ∈ N

Var(P k�
τ f) ≤

(
2
κ�

)k

var(f) + (D� + E�)
k−1∑

j=0

(
2
κ�

)j ∫

I

|f | dm . (31)

As κM > 2 by assumption (see Sect. 2.1), it follows at once that

Var(P kM
τ f) ≤

(
2
κM

)k

var(f) + (DM + EM )
κM

κM − 2

∫

I

|f | dm . (32)

In order to extend this inequality to powers Pn
τ which are not multiples of M

we decompose n = kM + p with 0 ≤ p < M . Equation (31) yields
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Var(P p
τ f) ≤

(
2
κ1

)p

var(f) + (D1 + E1)
(2/κ1)M + 1
|2/κ1 − 1|

∫

I

|f | dm (33)

and combining this with (32) we arrive at

‖Pn
τ f‖BV = Var(Pn

τ f) ≤ C1α
n var(f) + C2

∫

I

|f | dm (34)

where 0 < α := (2/κM )
1

M < 1 and C1, C2 are constants that depend on
τ only through M,κ1, κM ,D1,DM , E1, EM . In particular, Pτ is a bounded
linear operator on (BV , ‖.‖BV ).

2.5 Compact Embedding and the Spectral Gap

The usefulness of the space BV is mainly due to the fact that it embeds com-
pactly into L1

I : the unit ball of BV is compact in L1
I , that is, each sequence

(fn)n of L1
I functions with bounded BV -norm has a subsequence which con-

verges (in L1
I -norm) to an element of BV . It follows directly that (BV , ‖.‖BV )

is complete, i.e. BV is a Banach space.
In its simplest form this is known as Helly’s theorem. For the test func-

tion approach to variation that we follow here and that we will extend to
multivariate functions in Chap. 3 this is proved e.g. in [13, 14, 15].8

A first consequence is the existence of an invariant probability density of
bounded variation for the map τ : let fn := 1

n

∑n−1
k=0 P

k
τ 1. Then ‖fn‖BV ≤

1
n

∑n−1
k=0 ‖P k

τ 1‖BV , and (34) implies supn ‖fn‖BV ≤ C2 <∞. Hence there are
h ∈ L1

m and a subsequence (fnj
)j such that limj→∞

∫
I
|h − fnj

| dm = 0. It
follows from the elementary properties (9–11) of Pτ that h is a probability
density and that the measure µ = hm is τ -invariant. The bound ‖h‖BV ≤ C2

follows from (20).
But much more is true. The Lasota–Yorke inequality (29), together with

the compact embedding property of BV into L1
I , allows to apply the Ionescu-

Tulcea/Marinescu theorem [17]:

Theorem 2.1 (Quasi-compactness of Pτ). The operator Pτ : BV → BV
is quasi-compact, i.e. its canonical complexification has only finitely many
eigenvalues of modulus one which all have finite multiplicities, and the rest
of the spectrum is contained in a disc of radius ρ < 1 centered at 0. As
seen before, 1 is an eigenvalue of Pτ . (We will fix ρ such that the rest of the
spectrum is indeed contained in the interior of the disc of radius ρ.)9

8 It is a simple exercise to derive the compact embedding of BV into L1
I from

Lemma 2.2. Hint: Subdivide I into 2n intervals of length 2−n. For f ∈ BV
let fn =

∑2n

k=1 1Ik2n
∫

Ik
f dm. Let ϕ̇n = sign(f − fn). Then

∫
I
|f − fn| dm ≤

∑2n

k=1 2−n varIk(f − fn) ≤ 2−n varI(f) by Lemma 2.2c and (18).
9 More detailed accounts of this theorem can be found e.g. in [11, Chap. 7] and [18,

Sect. 3.2]. See also [19].
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From now on we assume that τ is mixing . That means that 1 is a simple
eigenvalue of Pτ and that there is no other eigenvalue of modulus one. For
p.w.e. maps this in fact equivalent to the usual notion of mixing in ergodic
theory, see e.g. [11, Corollary 7.2.1]. For mixing τ , (1−ρ) quantifies a spectral
gap, i.e. the simple eigenvalue 1 is separated from the moduli of all other
spectral value by (1− ρ) at least. We have indeed

Corollary 2.3 (Spectral gap of Pτ). If τ is mixing, then there is a constant
C3 > 0 such that

∫

I

|Pn
τ f | dm ≤ ‖Pn

τ f‖BV ≤ C3 ρ
n ‖f‖BV (35)

for all n ∈ N and all f ∈ BV with
∫

I
f dm = 0.10

Remark 2.3. Although we will not use it explicitly we note the following fact:
both constants ρ and C3 do not change much under small perturbations of τ
as long as τ and its perturbations satisfy a Lasota–Yorke inequality (34) with
the same constants α,C1, and C2; see [20].)

3 Finite Systems

As an intermediate step towards infinite coupled systems, this section deals
with finite coupled systems of d piecewise expanding maps described by a
transformation Tε on the d-dimensional unit cube. We will see below that –
for sufficiently small |ε| – the maps Tε are piecewise expanding and that one
can develop a spectral theory for their transfer operators PTε

in just the same
way as we did it for the 1D map τ in Chap. 2.

3.1 The Coupling

We recall the notation from the Introduction:

• L is a finite set of cardinality d > 0: it serves as the set of sites. For
notational convenience we work with L = {1, . . . , d} in this section without
interpreting L as a subset of the one-dimensional lattice Z.

• X = IL is the state space of the system: it is a d-dimensional cube.
• τ : I → I is a p.w.e. map as defined in Sect. 2.1.
10 In the spectral theoretic approach the constants C3 and ρ cannot be determined

easily from the “formula” for the map τ . For some maps explicit estimates for ρ
with C3 = 1 are derived in [21]. The proof, which is a refined version of the proof
of our Lemma 2.2c, bypasses spectral theory completely. In [22] (see also [23,
Sect. 8]) it is shown how to obtain explicit estimates on C3 and ρ using Birkhoff
cones. A rigorous numerical approach to estimate these constants is discussed in
[23].
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• T0 : X → X is the d-fold product of the map τ : (T0x)i = τ(xi) (i ∈ L).
• Φε : X → X (|ε| < ε0) is a family of coupling maps ε-close to the identity

in a C2 sense made precise below.
• Tε = Φε ◦ T0 : X → X are the maps describing the coupled systems.

The precise assumptions on Φε are: Φε(x) = x + Aε(x) is a (a1, a2)-
coupling, i.e. there are L × L matrices A′, A′′ with a1 = ‖A′‖1, a2 = ‖A′′‖1
(maximal column sum norm) such that for all i, j, k ∈ L

|(Aε)i| ≤ 2|ε|, |(DAε)ij | ≤ 2|ε|A′
ij , |∂k(DAε)ij | ≤ 2|ε|A′′

ij . (36)

Here ∂j denotes the partial derivative w.r.t. xj . The diffusive nearest neighbor
coupling (3) is an example of a (1, 0)-coupling.

Later we will need the following estimates on (DΦε)−1 derived from (36):

|((DΦε)−1)ij | ≤ ((E − 2|ε|A′)−1)ij where E is the identity matrix, (37)
d∑

i=1

|((DΦε)−1)ij | ≤
1

1− 2a1|ε|
,

d∑

i=1

|∂i((DΦε)−1)ij | ≤
2a2|ε|

(1− 2a1|ε|)2
. (38)

Observe first that (DΦε)−1 =
∑∞

n=0(−DAε)n and that (−DAε)n is dominated
coefficient-wise by |2ε|nA′n in view of (36). This yields (37). Let 1 = (1, . . . , 1)
and let ej be the j-th unit vector. We interpret both as matrices, which plays
a role when we evaluate their ‖.‖1-norms. Then

d∑

i=1

|((DΦε)
−1)ij | ≤

∞∑

n=0

|2ε|n1A′nej ≤
∞∑

n=0

|2ε|n‖1‖1‖A′‖n
1 ‖ej‖1 =

1

1 − 2a1|ε|
·

This is the first estimate in (38), and the second one is proved along the same
lines.

3.2 The Transfer Operator

Recall from Sect. 2.1 that we denote the intervals restricted to which the map
τ is C2 by I1, . . . , IN . Let Qd = {Ii1 × · · · × Iid

: i1, . . . , id ∈ {1, . . . , N}} be
the family of rectangular domains restricted to which the product map T0 is
C2. As in (7) we define the transfer operator PT0 of T0 acting on measurable
f : X → R by

PT0f(x) =
∑

Q∈Qd

f

|det(DT0)|
◦ (T0|Q)−1(x) · 1T0(Q)(x) . (39)

As in the one-dimensional case, PT0 can be interpreted as a positive linear
contraction on the space L1

X of equivalence classes of Lebesgue integrable
functions from X to R, unambiguously defined by
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∫

X

PT0f(x)ψ(x) dx =
∫

X

f(x)ψ(T0(x)) dx (40)

where dx is an abbreviation for dx1 . . . dxd.
In the same way we define a transfer operator PΦε

for the coupling map
Φε. Since Φε is injective, its explicit form is particularly simple:

PΦε
f(x) =

f

|det(DΦε)|
◦ Φ−1

ε (x) · 1Φε(X)(x) . (41)

In view of the elementary properties of general transfer operators discussed
in Remark 2.1, we have for the transfer operator PTε

of the coupled map
Tε = Φε ◦ T0

PTε
= PΦε

PT0 (42)

and both, PΦε
and PTε

, have a (pre)-dual characterization as linear L1
X oper-

ators analogous to (40).

3.3 Multivariate Functions of Bounded Variation

As in the 1D case we need a subspace of L1
X of more regular functions on

which the transfer operators just introduced have “good” spectral properties.
Multivariate functions of bounded variation turn out to be a suitable choice.

There are many equivalent ways to define the variation of a multivariate
function f : X → R, see e.g. [13, 14, 15]. The most intuitive one is perhaps to
define it just in terms of coordinate-wise one-dimensional variation of f . To
this end, and also for later use, we introduce the following notation: For i ∈
{1, . . . , d} we identify x and (xi,x �=i) where x �=i = (x1, . . . , xi−1, xi+1, . . . , xd).
Since we never permute coordinates, this will not lead to any confusion. We
also denote by X �=i the (d − 1)-dimensional cube {x �=i : x ∈ X} and by
fx�=i

: I → R, fx�=i
(x) = f(x,x �=i), the x �=i-section of f . Now we define for

f ∈ L1
X

Vari
X(f) =

∫

X�=i

VarI(fx �=i
) dx �=i, VarX(f) = max

i=1,...,d
Vari

X(f) . (43)

Observe that fx �=i
∈ L1

I for Lebesgue-a.e. x �=i ∈ X �=i by Fubini’s theorem.
So Var(fx �=i

) ∈ [0,∞] is well defined for Lebesgue-a.e. x �=i. That it depends
measurably on x �=i will be shown in Lemma 3.1b. We note the following
immediate consequences of Lemma 2.2e and Corollary 2.1:

Vari
X(1) = 2 and

∫

X

|f | dm ≤ 1
2

Vari
X(f) for each i = 1, . . . , d, (44)

where m denotes Lebesgue measure on X.



128 G. Keller and C. Liverani

Let
BV (X) = {f ∈ L1

X : VarX(f) <∞} (45)

be the space of functions of bounded variation on X, and note that VarX(.)
is a norm on BV (X).

The above definition of Vari
X(f) is equivalent to a more direct one gener-

alizing the test function approach (18) we used already in dimension one. Let

TX = {ϕ ∈ C1(X) : |ϕ| ≤ 1} . (46)

Proposition 3.1. For each measurable f : X → R and each i = 1, . . . , d,

Vari
X(f) = sup

ϕ∈TX

∫

X

f(x) ∂iϕ(x) dx . (47)

An immediate consequence is that

VarX(f) ≤ lim inf
n→∞

VarX(fn) (48)

whenever f, fn ∈ L1
X and limn→∞

∫
|f − fn| dm = 0.

The proof of this proposition requires smoothing of functions and test
functions by mollifiers: Let η : R → [0,∞) be a symmetric (at zero) C∞

function with
∫

R
η(t) dt = 1 and η(t) = 0 if |t| ≥ 1. For δ > 0 let ηδ(t) =

δ−1 η( t
δ ). The convolution of a function u : I → R with ηδ is defined by

(u ∗ ηδ)(x) =
∫

R
u(x − t)ηδ(t) dt, where u(x − t) is understood to be zero if

(x− t) �∈ I.

Lemma 3.1. Let fx�=i,δ = fx �=i
∗ ηδ.

(a) VarI(fx �=i
) = limδ→0 VarI(fx �=i,δ) for every x �=i ∈ X �=i.

(b) x �=i �→ VarI(fx �=i,δ) and x�=i �→ VarI(fx �=i
) are nonnegative measurable

functions. In particular, Vari
X(f) is well defined in (43).

(c)
∫

X �=i
VarI(fx �=i,δ) dx �=i ≤ supϕ∈TX

∫
X
f(x)∂iϕ(x) dx + o(δ).

Proof. (a) It is a rather classical result from real analysis [14, Theorem 1.6.1]
that for each x �=i ∈ X �=i

lim
δ→0

∫

I

|fx�=i,δ(xi)− fx�=i
(xi)| dxi = 0 . (49)

This implies at once that

VarI(fx �=i
) ≤ lim inf

δ→0
VarI(fx �=i,δ) . (50)

We turn to the reverse inequality. Let ϕ ∈ TI , ε > 0, and let ϕ̃ be any C1

extension of ϕ to all of R with |ϕ̃| ≤ 1 + ε. Then ϕ̃ ∗ ηδ|I ∈ (1 + ε) TI . So
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∫

I

fx�=i,δ(xi)ϕ′(xi) dxi =
∫

I

(fx �=i
∗ ηδ)(xi)ϕ̃′(xi) dxi

=
∫

I

fx�=i
(xi)(ϕ̃′ ∗ ηδ)(xi) dxi

=
∫

I

fx�=i
(xi)(ϕ̃ ∗ ηδ)′(xi) dxi ≤ VarI(fx �=i

) (51)

by definition in (23). Hence VarI(fx �=i,δ) ≤ VarI(fx �=i
).

(b) VarI(fx �=i,δ) =
∫

I
|f ′

x �=i,δ
| dm is a nonnegative measurable function of the

argument x �=i, and so is VarI(fx �=i
) in view of part (a) of this lemma.

(c) Let ψx �=i
(xi) = sign(f ′

x �=i,δ
(xi)), and let J = [−1, 2]. By Lemma 2.1,

VarI(fx �=i,δ) ≤
∫

J

|f ′
x�=i,δ

(xi)| dxi =
∫

J

(fx �=i
∗ ηδ)′(xi)ψx �=i

(xi) dxi . (52)

Let ε > 0. As (fx �=i
∗ηδ)′ is bounded and as |ψx �=i

| ≤ 1, there is ϕ ∈ C1(X �=i×
J) with |ϕ| ≤ 1 such that

∫

X�=i

∫

J

(fx �=i
∗ ηδ)′(xi)ψx �=i

(xi) dxidx�=i

≤ ε+
∫

X�=i

∫

J

(fx �=i
∗ ηδ)′(xi)ϕx �=i

(xi) dxidx �=i

= ε+
∫

X�=i

∫

J

fx�=i
(xi) (ϕx �=i

∗ ηδ)′(xi) dxidx�=i .

(53)

For the last identity observe that (fx�=i
∗ ηδ)(xi) = 0 if xi �∈ (−δ, 1 + δ). As

fx�=i
(xi) = 0 for xi �∈ I, the integral over J in the last expression can be

replaced by an integral over I. Define ϕ̃ : X → R by ϕ̃(x) = (ϕx �=i
∗ ηδ)(xi).

Clearly, ϕ ∈ TX , and combining (52) with (53) we obtain
∫

X�=i

VarI(fx �=i,δ) dx �=i ≤ ε+
∫

X

f(x)∂iϕ̃(x) dx .

As ε > 0 is arbitrary, this finishes the proof. ��
Proof of Proposition 3.1. Fix f and i and denote the expression on the
right hand side of (47) by V (f). Then V (f) ≤ vari

X(f) because, for ϕ ∈ TX ,
all ϕx�=i

(x �=i ∈ X �=i) belong to the set TI of univariate test functions, see
(22).

The reverse inequality follows at once from Lemma 3.1a, Fatou’s lemma,
and Lemma 3.1c. ��

3.4 The Lasota–Yorke Inequality

The Lasota–Yorke inequality (29) for iterates of one-dimensional p.w.e. maps
involves three constants on its right hand side which are determined by basic
properties of the map τ �:
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• κ� is the minimal slope of τ �, i.e. κ−1
� is an upper bound on the contraction

rate of each single inverse branch of τ �,
• D� is determined essentially by the second derivative of τ , and
• E� can be controlled in terms of the inverse of the minimal size of intervals

of monotonicity of τ �.11

The following proposition shows that these are also the quantities one needs
to control for a Lasota–Yorke type inequality for P �

Tε
.

Proposition 3.2 (Lasota–Yorke inequality for finite coupled systems).
Let � ∈ N. For each α� >

2
κ�

and each C4,� > D� +E� there is ε1 ∈ (0, ε0] such
that for |ε| ≤ ε1

∫

X

|PTε
f | dm ≤

∫

X

|f | dm (54)

VarX(P �
Tε
f) ≤ α� VarX(f) + C4,�

∫

X

|f | dm . (55)

Given �, α� and C4,�, the choice of ε1 depends only on the constants a1, a2

which qualify Φε as a (a1, a2)-coupling, see (36).

Equation (54) follows again from (10), see also the remark thereafter. For (55)
we will give a complete proof only when � = 1. In this case it follows directly
from the following separate estimates for PT0 and PΦε

.

Lemma 3.2.

VarX(P �
T0
f) ≤ 2

κ�
VarX(f) + (D� + E�)

∫

X

|f | dm . (56)

Lemma 3.3.

VarX(PΦε
f) ≤ 1

1− 2a1|ε|
VarX(f) +

2a2|ε|
(1− 2a1|ε|)2

∫

X

|f | dm . (57)

Remark 3.1. As the Lasota–Yorke inequality in Proposition 3.2 is useful only
if κ� = inf |(τ �)′| > 2, the restriction to the case � = 1 means that we assume
inf |τ ′| > 2. This was the case dealt with in [6]. It was only in the unpublished
thesis [7] that the geometrically much more subtle case of general � was dealt
with.12

11 A closer look at the definition of E� in Proposition 2.1 reveals that one can
do better: It is essentially the minimal size of the images of the intervals of
monotonicity which determines E�.

12 The treatment of this case in [7] is based on an alternative proof of Lemma 3.2 as
given in [6, Lemma 3.1]. Instead of using the product structure of T �

0 it suffices
to use the fact that the domains restricted to which T �

0 is C2 and expanding
are direct products of intervals (on which τ � is monotone and C2). Let us call
this the rectangular domain property. (The proof of [6, Lemma 3.1] is rather
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Proof of Lemma 3.2. The map T0 = τ ×· · ·× τ is the d-fold direct product
of the p.w.e. map τ , so T �

0 = τ � × · · · × τ � is the d-fold direct product of the
p.w.e. map τ �. Therefore, without loss of generality, we may just treat the
case � = 1 in this lemma.

As VarX(f) = maxi=1,...,d Vari
X(f), it suffices to prove inequality (56) for

each Vari
X separately. We will make as complete use as possible of the product

structure of T0. For notational simplicity we will estimate Var1X(PT0f) only,
the other Vari

X(PT0f) are treated in just the same way.
We write T0 as T0 = S2 ◦ S1 where S1 = IdI × (τ × · · · × τ) and S2 =

τ × (IdI × · · · × IdI). Then PT0 = PS2PS1 , and we can do the estimate in two
steps.

We start by estimating Var1X(PS2f) for f ∈ L1
X . Because of the product

structure of S2, the operator PS2 acts formally like a tensor product operator
on L1

X . More precisely, (PS2f)x �=1(x1) = (Pτfx�=1)(x1). Hence

Var1X(PS2f) =
∫

X�=1

VarI((PS2f)x �=1) dx �=1 =
∫

X�=1

VarI(Pτfx�=1) dx �=1

≤ 2
κ1

∫

X�=1

VarI(fx �=1) dx �=1 + (D1 + E1)
∫

X�=1

∫

I

|fx �=1(x1)| dx1dx �=1

=
2
κ1

Var1X(f) + (D1 + E1)
∫

X

|f | dm .

Here we used the Lasota–Yorke inequality (29) for 1D maps from Proposi-
tion 2.1. Hence,

Var1X(PT0f) = Var1X(PS2(PS1f)) ≤ 2

κ1
Var1X(PS1f) + (D1 + E1)

∫

X

|PS1f | dm .

As
∫

X
|PS1f | dm ≤

∫
X
|f | dm (compare (10)), the proof of Lemma 3.2

will be finished by showing that Var1X(PS1f) ≤ Var1X(f): let ϕ ∈ TX . For
x�=1 ∈ X �=1 let ψx�=1(x1) = ϕ(S1(x1,x �=1)). Then ψx�=1 ∈ TI , and

straightforward analysis.) Now, if one passes to coupled systems, things change.
Although Tε = Φε ◦ T0 still possesses the rectangular domain property, this is no
longer true for powers T �

ε , 
 ≥ 2. In fact, already to make sure that, by passing
from T0 to Tε, no new domains occur one needs the full strength of the regularity
assumption (1). But with this assumption one can prove a geometrically much
finer result [7]:

There are constants ε̃ > 0 and c > 0, independent of the size of L, such that
for |ε| ≤ ε̃ and for each domain Zε on which T M

ε is C2 and expanding, there is
a diffeomorphism ΨZε between Zε and the corresponding rectangular domain Z0

of T M
0 which is C2 close to the identity in the sense of a (1, c)-coupling, see (36).

This allows to reduce variation estimates of functions f 1Zε to variation estimates
of functions f̃ 1Z0 , and the latter ones can be dealt with using [6, Lemma 3.1].
See also [24] for a more details.
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∫

X

PS1f(x)∂1ϕ(x) dx =
∫

X

f(x)∂1ϕ(S1(x)) dx

=
∫

X�=1

∫

I

fx �=1(x1)ψ′
x �=1

(x1) dx1dx �=1 ≤
∫

X�=1

VarI(fx�=1) dx �=1 = Var1X(f) .

Now Var1X(PS1f) ≤ Var1X(f) follows from Proposition 3.1. ��

Proof of Lemma 3.3. Let f ∈ L1
X , ϕ ∈ TX , and j ∈ {1, . . . , d}. Denote

(just for this proof) the matrix (DΦε)−1 by (bij). Then

(∂jϕ) ◦ Φε = (D(ϕ ◦ Φε)(DΦε)−1)j =
d∑

i=1

∂i(ϕ ◦ Φε) · bij

=
d∑

i=1

∂i(ϕ ◦ Φε · bij)−
d∑

i=1

ϕ ◦ Φε · ∂ibij .

(58)

Let ψij = ϕ ◦Φε · bij = ϕ ◦Φε · ((DΦε)−1)ij . As all functions ψij are in C1(X),
this implies

∫

X

PΦε
f(x) ∂jϕ(x) dx =

∫

X

f(x) ∂jϕ(Φεx) dx

≤
d∑

i=1

sup
x
|ψij(x)|VarX(f) +

d∑

i=1

sup
x
|∂ibij(x)|

∫

X

|f | dm .

(59)

The two suprema in this estimate are precisely controlled by our assumptions
(36) on Φε and their consequences (38): for j = 1, . . . , d,

d∑

i=1

sup
x
|ψij(x)| ≤

d∑

i=1

sup
x
|((DΦε)−1)ij(x)| ≤ 1

1− 2a1|ε|
d∑

i=1

sup
x
|∂ibij(x)| =

d∑

i=1

sup
x
|∂i((DΦε)−1)ij(x)| ≤ 2a2|ε|

(1− 2a1|ε|)2
·

As ϕ is an arbitrary test function in TX , this finishes the proof of Lemma 3.3.
��

3.5 Existence of Absolutely Continuous Invariant Measures

Having derived inequality (55) one can proceed as in the one-dimensional case:
as in Sect. 2.4 it follows that

VarX(Pn
Tε
f) ≤ 2C1 α

n VarX(f) + 2C2

∫

X

|f | dm (60)

for all f ∈ L1
X and all n ∈ N provided |ε| ≤ ε1. The constants are from (34),

and the additional factor 2 accounts for the passage from ε = 0 to |ε| ≤ ε1.
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(Indeed, there is nothing special with the factor 2. Any factor strictly larger
than 1 would do as well.)

In perfect analogy with the case of piecewise expanding maps of the inter-
val Proposition 3.2 immediately implies the existence of at least one absolutely
continuous invariant measure.

Theorem 3.1. Let Tε : X → X be a coupled map on X = IL as described in
Sect. 3.1. For each |ε| ≤ ε1 there exists a Tε-invariant probability measure µε

which belongs to BV (X).

Proof. As V arX(1) = 2 inequality (60) implies lim supn→∞ VarX(P �
Tε

1) ≤
2C2. Let hn = 1

n

∑n−1
k=0 P

k
Tε

1. Then also lim supn→∞ VarX(P k
Tε

1) ≤ 2C2. As
the space BV (X) embeds compactly into L1

X , see e.g. [13, Theorem 1.19] or
[14, Corollary 5.3.4], it follows that {hn} has accumulation points in L1 which
belong to BV and are the density of an invariant measure. ��

Although we will not use this observation explicitly, an argument of the same
type will guarantee the existence of an invariant measure with marginal den-
sities of bounded variation for the infinite coupled system in Chap. 4.

For sufficiently small |ε| the operator PTε
is again quasi-compact on the

Banach space BV (X), and one can show that it has a spectral gap if the
single site map τ is mixing.13 It is not possible, however, to obtain in this
way a useful d-dependent control over the constants C3 and ρ in the spectral
gap estimate (35). To achieve this we will apply a more recent technique in
Chap. 4. As a by-product we obtain the following d-dependent estimate on
the mixing rate for uncoupled systems: for f ∈ BV (X) with

∫
X
f dm = 0,

∫

X

|Pn
T0
f | dm ≤ (2 + C2)C3 d ρ

n VarX(f) (61)

with constants C2, C3, and ρ from (34) and Corollary 2.3. This is proved at
the end of Sect. 4.5.

4 Infinite Systems over L = Z

The first problem that comes to mind if one attempts to transfer the finite
system theory from Chap. 3 to the case L = Z is certainly: what is a class of
measures which can play the role that the absolutely continuous ones play in
the finite-dimensional case? These are not the measures absolutely continuous
w.r.t. the infinite product Lebesgue measure mZ on the “infinite-dimensional
unit cube” X = IZ. Just look at the uncoupled map T0: If µ = hm is an
invariant measure for the p.w.e. map τ , then its infinite product µZ should be
13 For the case when τ is a mixing tent map a proof is published in [25].
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the measure to look at. But µZ is absolutely continuous w.r.t. mZ if and only
if µ is the Lebesgue measure on I, i.e. if h = 1.14

So we are lead to look at measures whose finite-dimensional marginals
are absolutely continuous. We will introduce various norms on spaces of such
measures, derive Lasota–Yorke inequalities for the transfer operator of Tε on
such spaces and prove the existence of spectral gaps.

4.1 Classes of Measures and Distributions

Let us fix some notation:

• X = IZ, and M is the space of signed Borel measures on X.
• For Λ′ ⊂ Λ ⊂ Z, let πΛ : X → IΛ and πΛ

Λ′ : IΛ → IΛ′
be the canonical

coordinate projections.
• |Λ| is the cardinality of Λ.
• For ν ∈M and Λ ⊂ Z, let νπ−1

Λ be the projection of ν to IΛ, i.e. νπ−1
Λ (U) =

ν(π−1
Λ U) for measurable U ⊆ IΛ.

• I is the family of all intervals Λ = [a, b] ⊂ Z including the empty set.
• L1

Z
= {ν ∈M : νπ−1

Λ is absolutely continuous w.r.t. mΛ for all Λ ∈ I}.
• For ν ∈ L1

Z
and Λ ∈ I we denote by νΛ the density of νπ−1

Λ w.r.t. mΛ. If
Λ = ∅, then νΛ has the constant value ν(X).

• BVZ = {ν ∈ L1
Z

: VarIΛ(νΛ) <∞ for all Λ ∈ I}.
We define two scales of norms on L1

Z
and (subspaces of) BVZ.

Definition 4.1. For 0 < θ ≤ 1 and ν ∈ L1
Z

let

|ν|θ = sup
Λ∈I

θ|Λ|
∫

|νΛ| dm (62)

‖ν‖θ = sup
Λ∈I

θ|Λ| Var(νΛ) . (63)

(Here
∫
|νΛ| dm and Var(νΛ) are shorthand notations for

∫
IΛ |νΛ| dmΛ and

VarIΛ(νΛ), respectively.) Observe that |ν|θ ≤ 1
2‖ν‖θ in view of (44).

L1
θ and BVθ are now defined to be the completions of L1

Z
and of the space

{ν ∈ BVZ : ‖ν‖θ <∞}, w.r.t. the norms15 |.|θ and ‖.‖θ, respectively.
14 For a proof of this let ψ : I → R be any bounded measurable function. By the

law of large numbers 1
n

∑n−1
k=0 ψ(xk) converges to

∫
I
ψ dm for mZ-a.e. x and to

∫
I
ψ dµ for µZ-a.e. x. It follows that µZ is absolutely continuous w.r.t. mZ if and

only if these two integrals coincide for any such function ψ, i.e. if µ = m. We
note for later use that the same argument applies to any two stationary product
measures on IZ. In particular, two such measures are singular to each other if
they are not identical.

15 |.|θ and ‖.‖θ are obviously seminorms. To see that |.|θ is indeed a norm, suppose
that |ν|θ = 0 for some ν ∈ L1

Z. Then νΛ = 0 for all Λ ∈ I so that ν(ϕ) = 0 for
each ϕ ∈ C(X) which depends on only finitely many coordinates. As the space of
these functions is dense in C(X), this means that ν = 0 as a signed measure. As
|ν|θ ≤ ‖ν‖θ by (44), also ‖.‖θ is a norm.
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Example 4.1. Let f be a probability density on I and consider the infinite
stationary product measure ν with one-dimensional factors fm. Observe that
VarIΛ(f) ≥ 2 = VarIΛ(1) for all Λ by (44). Hence |ν|θ = 1 and ‖ν‖θ = VarI(f)
for all θ. In particular, ‖mZ‖θ = 2 for all θ.

In the following lemma we collect a few simple observations.

Lemma 4.1. (a) VarIΛ′ (νΛ′) ≤ VarIΛ(νΛ) for ν ∈ L1
Z

and Λ′ ⊂ Λ ∈ I.
(b) |ν|θ=1 = limn→∞

∫
|ν[−n,n]| dm and ‖ν‖θ=1 = limn→∞ Var(ν[−n,n]).

(c) |ν|θ ≤ |ν|θ=1 and ‖ν‖θ ≤ ‖ν‖θ=1 for all θ ∈ (0, 1] and all ν ∈ L1
Z
.

Proof. (a) Just observe that if ϕ ∈ TIΛ′ , then ϕ ◦ πΛ
Λ′ ∈ TIΛ , and for each

i ∈ Λ′

∫

νΛ′ ∂iϕdm
Λ′

=
∫

(νΛ′ ◦ πΛ
Λ′) ∂i(ϕ ◦ πΛ

Λ′) dmΛ =
∫

νΛ ∂i(ϕ ◦ πΛ
Λ′) dmΛ .

Now (b) follows from (a), and (c) is a direct consequence of the definitions. ��

As we are going to describe the quantitative dynamical properties of cou-
pled systems in terms of properties of transfer operators acting on the spaces
L1

θ and BVθ, it is worth to spend some effort to give more concrete models of
these spaces which are defined rather abstractly as completions.

Remark 4.1. L1
θ=1 = L1

Z

It is a little exercise in measure theory to see that, for ν ∈ L1
Z
, |ν|θ=1 =

supΛ∈I
∫
|νΛ| dm coincides with the total variation norm |ν|1 of the signed

measure ν.16 Hence L1
θ=1 is just the closed subspace L1

Z
of (M, |.|1).

Remark 4.2. BVθ=1 = {ν ∈ BVZ : supΛ∈I Var(νΛ) <∞}.

This means that in the definition of BVθ=1 the completion was not necessary.
The completeness of the space on the right hand side for the norm ‖.‖θ=1

follows easily from the completeness of the spaces (BV (IΛ),VarIΛ).17

Hence, for θ = 1, we have defined spaces of signed measures with additional
regularity properties, and we will show that our coupled Tε always has a unique
invariant measure that belongs to BVθ=1. But neither ‖.‖θ=1 nor |.|θ=1 is
suited to describe the convergence of measures Pn

Tε
ν to the invariant measure –

not even for ε = 0 – as the following example shows.
16 Each signed measure ν has a unique decomposition ν = ν+−ν− as a difference of

two finite positive measures which are singular to each other. The total variation
norm of ν is defined as |ν|1 = ν+(X) + ν−(X). For a proof that |ν|1 = |ν|θ=1 see
e.g. [6, Lemma 2.4].

17 Let (νn) be a Cauchy sequence in BVθ=1. As |.|θ=1 ≤ ‖.‖θ=1, it is a for-
tiori a Cauchy sequence in L1

θ=1. Let ν = L1
θ=1-limn→∞ νn, and let εn =

supk≥n ‖νk − νn‖θ. Let Λ ∈ I, ϕ ∈ TIΛ , and i ∈ Λ. Then
∫

(ν − νn)Λ ∂iϕ dm ≤
limk

∫
(ν − νk)Λ ∂iϕ dm + supk≥n

∫
(νk − νn)Λ ∂iϕ dm ≤ εn so that ‖ν − νn‖θ=1 =

supΛ∈I Var((ν − νn)Λ) ≤ εn → 0.
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Example 4.2. Let h be the unique invariant probability density of the local
p.w.e. map τ , and let µ be the infinite product measure (hm)Z. Recall from
Footnote 14 at the beginning of this chapter that any two stationary product
measures are singular to each other if they are not identical. Hence, as long
as Pn

τ 1 �= h, the measures mZ T−n
0 and µ are mutually singular, which means

that ‖mZ T−n
0 − µ‖θ=1 ≥ |mZ T−n

0 − µ|1 = 2.18

We conclude that the “θ = 1”-norms are unsuited to describe the conver-
gence of mZ T−n

0 to the invariant limit measure µ. For this purpose we will
use the norms |.|θ and ‖.‖θ with 0 < θ < 1. As long as this is all we want to do
with them we need not bother that the spaces L1

θ and BVθ for 0 < θ < 1 are
no longer spaces of signed measures. Note, however, that the positive elements
in L1

θ are finite measures on X.

Example 4.3. Here is an example of a Cauchy sequence in L1
θ whose limit can-

not be interpreted as a finite signed measure on X. Let f : I → R,
∫
f dm = 0,∫

|f | dm = 1. Denote by νk the infinite product signed measure with one-
dimensional factor measures fm at sites i = 1, . . . , k and m at all other sites.
Then |νk|1 = 1 and νkπ

−1
Λ = 0 if Λ ∩ {1, . . . , k} �= ∅.

For r ∈ (1, θ−1) let µn =
∑n

k=1 αkνk with coefficients |αk| ≤ r−1
r rk. Then

µnπ
−1
{1,...,d} =

∑d∧n
k=1 αkνk so that, for each Λ ∈ I which contains {1, . . . , d},

|µnπ
−1
Λ |1 ≤

∑d∧n
k=1 αk ≤ rd. Therefore |µn|θ = supΛ∈I θ

|Λ||µnπ
−1
Λ |1 ≤ 1. Simi-

larly one shows that, if l > n and Λ ⊇ {1, . . . , d}, then θ|Λ||(µn − µl)π−1
Λ |1 ≤

(θr)n, whence |µm − µl|θ ≤ (θr)n, and (µn)n is indeed a Cauchy sequence in
L1

θ. Now let p ∈ N such that rp > 2r
r−1 , and let αk = rk if k is an integer

multiple of p and αk = 0 otherwise. Then similar estimates show that the
total variation norm |µn|1 is at least r−1

r rn, so no “reasonable” limit of the
sequence (µn)n can be a finite signed measure.

4.2 The Infinite Coupled Map

From now on we consider exclusively the case L = Z. Our basic assumptions
on τ and Φε are the same as those made in Sect. 3.1, namely

• X = IZ is the state space of the system.
• τ : I → I is a p.w.e. map as defined in Sect. 2.1.
• T0 : X → X is the infinite product of the map τ : (T0x)i = τ(xi) (i ∈ Z).
• Φε : X → X (|ε| < ε0) is a family of coupling maps ε-close to the identity

in a C2 sense made precise by the notion of (a1, a2)-coupling in (36).
• Tε = Φε ◦ T0 : X → X are the maps describing the coupled systems.

We assume additionally

• The Φε have finite coupling range w > 0, i.e. ∂jΦε,i = 0 whenever |i−j| > w.
So A′

ij = A′′
ij = 0 when |i− j| > w for the matrices A′, A′′ introduced in

(36).
18 If ν ∈ M, then ν T−1

ε (U) = ν(T−1
ε U), so ν T−1

ε ∈ M.
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For a proof of the existence of a Tε-invariant measures in BVθ=1 (Sect. 4.4)
one knows how to work around this additional assumption, see [7], but we
need a finite coupling range for the proof of a spectral gap in Sect. 4.7. So
we make our life easier using this assumption throughout this chapter. The
diffusive nearest neighbor coupling (3), for example, has coupling range w = 1.

In order to reduce estimates on transformed measures νT−�
ε on the infinite

system to estimates on their finite-dimensional marginal densities (νT−�
ε )Λ, we

must relate projections onto different Λ to each other: there are no isolated
finite subsystems in infinite coupled systems. To be more specific, for Λ =
[a, b] ∈ I and � ∈ N let Λ(�) = [a− �w, b+ �w]. Denote ιΛ : IΛ → X the map
(ιΛ(x))i = xi if i ∈ Λ and (ιΛ(x))i = 0 otherwise19, and let

Tε,Λ = Φε,Λ ◦ T0,Λ where T0,Λ = πΛ ◦ T0 ◦ ιΛ, Φε,Λ = πΛ ◦ Φε ◦ ιΛ . (64)

Observe that T0,Λ is just the uncoupled map on IΛ and that Φε,Λ is a (a1, a2)-
coupling on the finite-dimensional space IΛ with the same constants a1, a2

as above. Hence all considerations of Chap. 3, in particular the Lasota–Yorke
inequality (55), apply to Tε,Λ. The important link between Tε and Tε,Λ is given
by

πΛ ◦ T �
ε = π

Λ(�)
Λ ◦ T �

ε,Λ(�) ◦ πΛ(�) for all Λ ∈ I and � ∈ N. (65)

This follows immediately from the finite coupling range property of Φε: no
influence of a coordinate xi with i ∈ L \ Λ(�) can propagate to Λ within �
steps of time.

4.3 The Transfer Operator and a Lasota–Yorke Inequality

We are going to define transfer operators PTε
on L1

θ in terms of the action of
Tε on the densities νΛ of the finite-dimensional projections of ν ∈ L1

Z
. Observe

that, for ν ∈ L1
Z

and ϕ : IΛ → R, (65) implies
∫

X

ϕ ◦ πΛ d(νT−�
ε ) =

∫

X

ϕ ◦ πΛ ◦ T �
ε dν

=
∫

IΛ(�)
(ϕ ◦ πΛ(�)

Λ ) ◦ T �
ε,Λ(�) · νΛ(�) dm

Λ(�) . (66)

This means that

(νT−�
ε )Λ =

(
(PT �

ε,Λ(�)
νΛ(�))mΛ(�)

)

Λ
=: (PT �

ε,Λ(�)
νΛ(�))Λ (67)

where we take the last term just as a short hand for the middle one. Hence,

|νT−�
ε |θ = sup

Λ∈I
θ|Λ|

∫

|(νT−�
ε )Λ| dm ≤ sup

Λ∈I
θ|Λ|

∫

|PT �
ε,Λ(�)

νΛ(�)| dm

≤ θ−2�w sup
Λ∈I

θ|Λ(�)|
∫

|νΛ(�)| dm ≤ θ−2�w |ν|θ . (68)

19 Any other measurable section from IΛ to X would do as well.
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In particular, ν �→ νT−1
ε is a linear operator on L1

Z
bounded w.r.t. the norm

|.|θ. Hence it extends to a bounded linear operator PTε
on L1

θ. That PTε
is

also a bounded linear operator on BVθ is an immediate consequence of the
following Lasota–Yorke type inequality.

Proposition 4.1 (Lasota–Yorke inequality). Let � ∈ N. For each α� >
2
κ�

and each C4,� > D� + E� there are ε1 ∈ (0, ε0] and θ1 ∈ (0, 1) such that for
|ε| ≤ ε1, θ ∈ [θ1, 1], and ν ∈ BVθ,

|P �
Tε
ν|θ ≤ θ−2w�|ν|θ (69)

‖P �
Tε
ν‖θ ≤ α� ‖ν‖θ + C4,� |ν|θ . (70)

Given �, α� and C4,�, the choice of θ1 depends only on the coupling range w,
that of ε1 only on the constants a1, a2 which qualify Φε as a (a1, a2)-coupling,
see (36).

Observe the difference between (69) and the corresponding inequality (54) for
finite systems, where PTε

is a contraction w.r.t. the weak norm.

Proof. Equation (69) is just a restatement of (68). We turn to (70). Let α̃� =
( 2

κ�
α�)1/2 and C̃4,� = ((D� +E�)C4,�)1/2. In view of (67), Lemma 4.1a and the

finite-dimensional Lasota–Yorke inequality (55), we have for each ν ∈ L1
Z

‖P �
Tε
ν‖θ = ‖νT−�

ε ‖θ = sup
Λ∈I

θ|Λ| Var((νT−�
ε )Λ)

= sup
Λ∈I

θ|Λ| Var
(
(PT �

ε,Λ(�)
νΛ(�))Λ

)

≤ θ−2w� sup
Λ∈I

θ|Λ(�)|
(

α̃� Var(νΛ(�)) + C̃4,�

∫

|νΛ(�)| dm
)

≤ θ−2w�α̃� ‖ν‖θ + θ−2w�C̃4,� |ν|θ
for |ε| ≤ ε1, where the choice of ε1 depends on �, α�, C4,�, a1, and a2, see
Proposition 3.2. Now choose θ1 such that θ−2w�

1 ≤ min{α�/α̃�, C4,�/C̃4,�}. ��
As in Sect. 2.4 it follows that there are constants C ′

1, C
′
2 > 0 such that

‖Pn
Tε
ν‖θ ≤ C ′

1 α
n ‖ν‖θ + C ′

2θ
−2wn |ν|θ ≤

(

C ′
1 +

1
2
C ′

2θ
−2wn

)

‖ν‖θ (71)

for all ν ∈ BVθ and all n ∈ N provided |ε| ≤ ε1 and θ ∈ [θ1, 1]. The constant α
can be any number in (( 2

κM
)1/M , 1). C ′

1, C
′
2, ε1, and θ1 will then be chosen as

indicated above and at the end of Sect. 2.4. (Recall that κM > 2 by assumption
(1).)

4.4 Existence of Invariant Measures with Absolutely Continuous
Finite-Dimensional Marginals

In this section we prove the existence of (at least) one probability measure in
BVθ=1 which is invariant under Tε.
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Theorem 4.1. Let Tε : X → X be a coupled map on X = IZ as described in
Sect. 4.2. For each |ε| ≤ ε1 there exists a Tε-invariant probability measure µε

which belongs to BVθ=1. Indeed, ‖µε‖θ=1 ≤ C ′
2.

Proof. Let ν = mZ. As |ν|θ=1 = 1 and ‖ν‖θ=1 = 2 (see Example 4.1), we
have lim supn→∞ ‖P �

Tε
ν‖θ=1 ≤ C ′

2 by (71). Let νn = 1
n

∑n−1
k=0 P

k
Tε
ν. Then also

lim supn→∞ ‖νn‖θ=1 ≤ C ′
2. This implies that lim supn→∞ VarIΛ((νn)Λ) ≤ C ′

2

for each Λ ∈ I. As BVIΛ embeds compactly into L1
IΛ (see Sect. 3.4), there

is a subsequence of ((νn)Λ)n>0 which converges in L1
IΛ to some probability

density hΛ ∈ L1
IΛ . By a diagonal procedure one even finds such a subsequence

for which this convergence holds for all Λ ∈ I. Observe that the family of
densities hΛ, Λ ∈ I, is consistent in the sense that for any Λ′ ⊂ Λ holds
(hΛm

Λ)(πΛ
Λ′)−1 = hΛ′mΛ′

, because all the (νn)Λ have the same property.
Hence, by Kolmogorov’s theorem, there is a probability measure µε ∈M such
that µεπ

−1
Λ = hΛm

Λ for all Λ ∈ I. As limn→∞
∫
|(µε)Λ− (νn)Λ| dmΛ = 0, the

estimate VarIΛ((µε)Λ) ≤ lim infn→∞ VarIΛ((νn)Λ) ≤ C ′
2 follows from (48).

Hence ‖µε‖θ=1 ≤ C ′
2.

It remains to show that µε is Tε-invariant:

|µεT
−1
ε − µε|θ=1 = lim

n→∞
|νnT

−1
ε − νn|θ=1

≤ lim
n→∞

1
n

(|νT−n
ε |θ=1 + |ν|θ=1) = 0 .

��

Corollary 4.1 (Finite entropy density). The Tε-invariant measures µε

from Theorem 4.1 have an entropy density bounded by ln(C ′
2/2). Indeed, for

each ν ∈ BV θ=1 and each Λ ∈ I we have
∫
νΛ ln νΛ dm ≤ |Λ| ln

(
1
2‖ν‖θ=1

)
.

Proof. Let Λ = [a, b], Λ′ = [a, b− 1]. Then
∫

IΛ

νΛ ln νΛ dm =
∫

IΛ′
νΛ′ ln νΛ′dm+

∫

IΛ

νΛ ln
νΛ

νΛ′
dm

≤
∫

IΛ′
νΛ′ ln νΛ′dm+ ln

∫

IΛ

νΛ
νΛ

νΛ′
dm (72)

by Jensen’s inequality, and
∫

IΛ

νΛ
νΛ

νΛ′
dm ≤

∫

IΛ′
sup
xb

(
(νΛ)x �=b

(xb)
)
dx�=b

≤ 1
2

∫

IΛ′
VarI

(
(νΛ)x �=b

)
dx �=b ≤

1
2

VarIΛ(νΛ) ≤ 1
2
‖ν‖θ=1 . (73)

Applying the same estimate to smaller and smaller boxes one arrives at
∫

IΛ

νΛ ln νΛ dm ≤ |Λ| ln
(

1
2
‖ν‖θ=1

)

. (74)



140 G. Keller and C. Liverani

4.5 Uniqueness and a Spectral Gap – the Uncoupled Case

The compact embedding of BVIΛ into L1
IΛ for each Λ ∈ I which we used in

the last section does by no means imply a compact embedding of BVθ into
L1

θ, which would be needed in order to prove the quasi-compactness of PT0

on BVθ. In fact, we have already seen in Example 4.2 that one cannot expect
this operator to be quasi-compact on BVθ=1 – even when ε = 0, and one can
argue (differently) that quasi-compactness fails also for θ ∈ (0, 1).

So we will give a more direct proof that limn→∞ ‖Pn
Tε
ν − µε‖θ = 0 (with

exponential speed) whenever θ ∈ [θ1, 1) and ν is a probability measure in
BVθ. Observe that this implies in particular the uniqueness of the invariant
µε, even in BVθ. (See the proof of Corollary 4.4 for details of this argument.)
We start with the uncoupled case ε = 0 in this section. The proof is made up
such that it can be extended to the coupled case in the next section.

Theorem 4.2 (Spectral gap). Let ν ∈ L1
θ, and assume that ν∅ = ν(X) = 0.

Then
‖Pn

T0
ν‖θ ≤

C6

1− θ
ρ̂n ‖ν‖θ (75)

where C6 = C ′
1(C

′
1 + 1

2C
′
2) + 2C ′

2C3 and ρ̂ = max{α, ρ}1/2 ∈ (0, 1) are con-
stants derived from (35) and (71).

The proof relies on the following lemma, a variant of which was used for
the first time in [8].

Lemma 4.2. Let Λ′, Λ ∈ I, Λ = [a, b], Λ′ = [a, b − 1], and let S : IZ\{b} →
IZ\{b} be measurable. Suppose that there is some Λ̃ ∈ I such that the maps
(S(x �=b))j, j ∈ Λ′, depend only on coordinates i ∈ Λ̃. Consider the map
τ × S : IZ → IZ, x �→ (τ(xb), S(x �=b)). Then
∫

IΛ

|(P �
τ×Sν)Λ| dm ≤ (2 + C2)C3 ρ

� Varb
IΛ̃(νΛ̃) +

∫

IΛ′
|(P �

τ×Sν)Λ′ | dm (76)

with constants C2, C3, and ρ from (34) and Corollary 2.3.

Proof. Let Λ ∈ I. As
∫

IΛ |(P �
τ×Sν)Λ| dm = supψ

∫
X
ψ d(P �

τ×Sν) where the
supremum extends over all continuous ψ : X → R that depend only on coor-
dinates xi with i ∈ Λ and satisfy |ψ| ≤ 1, we start by estimating the integrals
under the supremum. Given such a test function ψ, let

Ψ(x) =
∫ xb

0

ψ(τ �(ξ), S�(x �=b)) dξ − xb

∫ 1

0

h(ξ)ψ(τ �(ξ), S�(x �=b)) dξ (77)

where h is the unique invariant density of the p.w.e. map τ , see Sect. 2.5.
Then

∂bΨ(x) = ψ ◦ (τ × S)�(x)− ψ̄ ◦ (τ × S)�(x) (78)
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where ψ̄(x) =
∫ 1

0
h(ξ)ψ(ξ,x �=b) dξ. Observe that ψ̄ depends only on coordi-

nates xi with i ∈ Λ′. In particular ψ̄ does in fact not depend on xb. Further-
more, Ψ depends only on xb and on coordinates xi with i ∈ Λ̃. Hence

∫

X

ψ d(P �
τ×Sν) =

∫

X

ψ ◦ (τ × S)� dν =
∫

X

∂bΨ dν +
∫

X

ψ̄ ◦ (τ × S)� dν

=
∫

IΛ̃

∂bΨ νΛ̃ dm+
∫

IΛ′
ψ̄ (P �

τ×Sν)Λ′ dm

≤ sup
x
|Ψ(x)| Varb

IΛ̃(νΛ̃) +
∫

IΛ′
|(P �

τ×Sν)Λ′ | dm (79)

and we must estimate supx |Ψ(x)|:

Ψ(x) =
∫ 1

0

P �
τ (1[0,xb] − xb h)(ξ)ψ(ξ, S�(x �=b))) dξ ≤ C3ρ

�‖1[0,xb] − xb h‖BV

(80)

by inequality (35). As ‖h‖BV ≤ C2, (76) follows now from (79) and (80). ��

Proof of Theorem 4.2. Let Λ = Λ̃ = [a, b] ∈ I, Λ′ = [a, b− 1], and denote
by S the uncoupled map on IZ\{b}. Then T0 = τ ×S, and Lemma 4.2 implies

∫

IΛ

|(P �
T0
ν)Λ| dm ≤ (2 + C2)C3 ρ

� VarIΛ(νΛ) +
∫

IΛ′
|(P �

T0
ν)Λ′ | dm . (81)

Multiplying this inequality by θΛ and taking suprema over all Λ ∈ I this
yields

|P �
T0
ν|θ ≤ (2 + C2)C3 ρ

�‖ν‖θ + θ |P �
T0
ν|θ (82)

where one has to keep in mind that (P �
T0
ν)∅ = ν(T−�

0 X) = ν(X) = 0. Hence

|P �
T0
ν|θ ≤

(2 + C2)C3

1− θ
ρ� ‖ν‖θ . (83)

We combine this with the Lasota–Yorke type estimate (71) for the special case
w = 0: for all k, � ∈ N,

‖P k+�
T0

ν‖θ ≤ C ′
1α

k‖P �
T0
ν‖θ + C ′

2|P �
T0
ν|θ

≤ C ′
1α

k(C ′
1 +

1
2
C ′

2)‖ν‖θ + C ′
2

(2 + C2)C3

1− θ
ρ� ‖ν‖θ . (84)

With k, l = [n
2 ](+1) and ρ̂ = max{ρ1/2, α1/2} this yields (75). ��

Proof of Equation (61). For j = 1, . . . , d let Xj = I{1,...,j}. Let
f ∈ BV (Xd) and define fj : Xj → R, fj(x1:j) =

∫
f(x) dxj+1 . . . dxd. Then

VarXj
(fj) ≤ VarXd

(fd) for all j = 1, . . . , d, and if
∫
f dm = 0, a repeated

application of (82) to any measure ν with ν{1,...,d} = f yields
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∫

Xd

|P �
T0f | dm ≤ (2 + C2)C3 ρ�

d∑

j=1

VarXj (fj) ≤ (2 + C2)C3 
 ρ� VarXd(f) . (85)

��
The previous inequality implies in particular that finite uncoupled systems

have a unique absolutely continuous invariant probability measure. Indeed,
the existence of a PT0-invariant probability density h0 ∈ BV (X) is proved
in Theorem 3.1. (Observe that h0(x) = h(x1) . . . h(xd) where h is the unique
invariant density for the single site map τ .) Suppose there is another PT0-
invariant probability density h′0 ∈ L1

X . As C1(X) is dense in L1
X there is, for

each δ > 0, some fδ ∈ C1(X) ⊂ BV (X) with
∫

X
|h′0 − fδ| dm < δ. Then (85)

implies, for each � > 0,
∫

|h0 − h′0| dm ≤
∫

|P �
T0

(h0 − fδ)| dm+
∫

|P �
T0

(f0 − h′0)| dm

≤ (2 + C2)C3 � ρ
� VarXd

(f) +
∫

|f0 − h′0| dm .

In the limit �→∞ this yields
∫
|h0 − h′0| dm ≤ δ. This proves the claim.

Corollary 4.2. The infinite uncoupled system has a unique invariant proba-
bility measure with absolutely continuous finite-dimensional marginals. (This
would not be true for coupled systems as shown by the examples in [26]. See
also the chapter by E. Jarvenpää in this book.)

Proof. If ν is a T0-invariant probability measure with absolutely continuous
finite-dimensional marginal densities νΛ, then these densities are invariant
for the uncoupled system on IΛ. By the previous observation, νπ−1

Λ is there-
fore the product measure µΛ, where µ is the unique absolutely continuous
τ -invariant probability measure. Hence ν = µZ by Kolmogorov’s theorem. ��

4.6 A Perturbation Result and a Decoupling Estimate

For our treatment of infinite coupled systems we need a procedure to “decou-
ple” a given site b from all other sites. Technically this boils down to compare
a coupling Φε with a modified one. Following [9] we provide such an estimate
in this section.

Proposition 4.2. Let F, F̃ : X → X be two Lipschitz maps20 with Lipschitz
constant L > 0 that are close in the following sense: There are constants
K0,K1,K2 > 0 such that
20 F : X → X is a “Lipschitz map”, if all Fi(x) are Lipschitz w.r.t. each coordinate

xj with uniformly bounded Lipschitz constants. This means in particular that all
partial derivatives of all Fi exist Lebesgue-a.e., are uniformly bounded and that
Fi(x + sek) − Fi(x) =

∫ s

0
∂kFi(x + ξek)dξ.
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(i)
∑

i∈Z
supx |F̃i(x)− Fi(x)| ≤ K0,

(ii)
∑

i∈Z
supj∈Z supx |∂jF̃i(x)− ∂jFi(x)| ≤ K1, and

(iii) sup{Var(PFt,Λ
f) : 0 ≤ t ≤ 1, Λ ∈ I, f ∈ BV (IΛ),VarIΛ(f) ≤ 1} ≤ K2

where Ft,Λ = πΛ ◦
(
tF̃ + (1− t)F

)
◦ ιΛ, compare (64).

Assume also that ∂jFi = 0 and ∂jF̃i = 0 if |i− j| > w. Then
∫

X

|(PF̃ ν)Λ − (PF ν)Λ| dm ≤ K2

(

K0 +
1
2
K1

)

VarIΛ(1)(νΛ(1)) (86)

for Λ ∈ I and ν ∈ L1
Z
.

Proof. The maps Ft,Λ(1) : IΛ(1) → IΛ(1) are Lipschitz with Lipschitz constant
L, and for any ψ ∈ C1(IΛ) with |ψ| ≤ 1,
∫

X

ψ ◦ πΛ d(PF̃ ν)−
∫

X

ψ ◦ πΛ d(PF ν) =
∫

X

(ψ ◦ πΛ ◦ F̃ − ψ ◦ πΛ ◦ F ) dν

=
∫

IΛ(1)
(ψ ◦ πΛ ◦ F̃ ◦ ιΛ(1) − ψ ◦ πΛ ◦ F ◦ ιΛ(1)) νΛ(1) dm

=
∫

IΛ(1)

∫ 1

0

∂

∂t
(ψ ◦ πΛ(1)

Λ (Ft,Λ(1)(x))) dt νΛ(1)(x) dx

=
∫ 1

0

∑

i∈Λ

(∫

IΛ(1)
∂iψ(πΛ(1)

Λ (Ft,Λ(1)(x)))
∂

∂t
Ft,Λ(1),i(x) νΛ(1)(x) dx

)

dt

=
∫ 1

0

∑

i∈Λ

(∫

IΛ(1)
∂iψΛ(x)

(

PFt,Λ(1)

(
∂

∂t
Ft,Λ(1),i νΛ(1)

))

(x) dx
)

dt

(87)

where ψΛ := ψ ◦ πΛ(1)
Λ . As ψ ∈ C1(IΛ) is an arbitrary test function with

sup |ψ| ≤ 1, this implies
∫

IΛ

|(PF̃ ν)Λ − (PF ν)Λ| dm ≤
∫ 1

0

∑

i∈Λ

VarIΛ(1)

(

PFt,Λ(1)

(
∂

∂t
Ft,Λ(1),i νΛ(1)

))

dt

≤ K2

∑

i∈Λ

VarIΛ(1)

(
(F1,Λ(1) − F0,Λ(1))i νΛ(1)

)
. (88)

Next recall that the variation of multivariate functions is defined as the
maximum of the variations over individual coordinates, see (43). Hence
Lemma 2.2b, which provides an estimate for the variation of a product of
functions of one variable, carries over to the present setting, and we conclude
(observing also (44))

∫

IΛ

|(PF̃ ν)Λ − (PF ν)Λ| dm ≤ K2 (K0 +
1
2
K1) VarIΛ(1)(νΛ(1)) . (89)

��
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The estimate from this proposition does not allow to compare directly Φε

and Φ0 = Id: for any finite lattice L the right hand side of (86) would grow like
|L| – because the constants K0 and K1 are supposed to bound sums over all
lattice sites. On the infinite lattice the right hand side of (86) is thus infinite.
Therefore we apply Proposition 4.2 “site by site” and evaluate (86) by aid of
the next lemma.

Let Λ ∈ I and b ∈ Λ. In order to decouple site b from all other sites we
introduce the following notation: let ῑb : IZ → IZ be the map (ῑb(x))i = xi if
i �= b and (ῑb(x))b = 0. Then define Φε,b, Tε,b : IZ → IZ,

(Φε,b(x))i =

{
xb if i = b

(Φε(ῑb(x)))i if i �= b
and Tε,b = Φε,b ◦ T0 . (90)

Our task is to show that the passage from Φε to Φε,b leads to an error (in the
sense of Proposition 4.2) of order |ε| independent of the size of Λ (depending
heavily on �, though!). Denote by Eb the Z × Z matrix with (Eb)ij = 1 if
i = j �= b and (Eb)ij = 0 otherwise.

Lemma 4.3. Let Φε be a (a1, a2)-coupling.

(a)
∑

i∈Z
supx |(Φε,b(x))i − (Φε(x))i| ≤ 2|ε|(a1 + 1).

(b)
∑

i∈Z
supj∈Z supx |∂j(Φε,b(x))i − ∂j(Φε(x))i| ≤ 2|ε|(2a1 + a2).

(c) All Ft := tΦε,b + (1 − t)Φε (0 ≤ t ≤ 1) are (a1, a2)-couplings and satisfy
assumption (iii) in Proposition 4.2 for K2 = 1−2a1|ε|+a2|ε|

(1−2a1|ε|)2 , and K2 ≤ 2 as
long as |ε| ≤ min{ 1

6a1
, 2

9a2
}.

Proof. The following estimate yields (a):
∑

i∈Z

sup
x
|(Φε,b(x))i − (Φε(x))i|

≤ sup
x
|xb − (Φε(x))b|+

∑

i�=b

∑

j∈Z

sup
x
|(DΦε(x))ij | sup

x
|(ῑb(x))j − xj |

≤ 2|ε|



1 +
∑

i�=b

A′
ib



 ≤ 2|ε| (1 + a1) ·

For (b) observe first that

(∂j(Φε,b − Φε))i =

{
−∂jAε,i if i = b or j = b

(∂jΦε,i) ◦ ῑb − ∂jΦε,i if i �= b and j �= b .

The difference (∂jΦε,i) ◦ ῑb − ∂jΦε,i can be bounded by supx |∂b(∂jΦε,i)(x)| =
supx |∂j(∂bΦε,i)(x)| ≤ 2|ε|A′′

ib. Hence

∑

i∈Z

sup
j∈Z

|(∂j(Φε,b − Φε))i| ≤ 2|ε|
(
∑

i∈Z

sup
j∈Z

(A′ − EbA
′Eb)ij +

∑

i∈Z

(EbA
′′Eb)ib

)

≤ 2|ε|(2a1 + a2) ·
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We turn to (c): That all Ft (and hence also all Ft,Λ) are (a1, a2)-couplings
is a trivial observation. The K2-bound then follows from Lemma 3.3. ��

Combining Proposition 4.2 and Lemma 4.3 we obtain

Corollary 4.3. Let Φε be a (a1, a2)-coupling, Λ ∈ I, and b ∈ Λ. Then
∫

X

|((PΦε,b
− PΦε

)ν)Λ| dm ≤ |ε| (8a1 + 2a2 + 4) VarIΛ(1)(νΛ(1)) (91)

for ν ∈ L1
Z
, as long as |ε| ≤ min{ 1

6a1
, 2

9a2
}.

4.7 Uniqueness and a Spectral Gap – the Coupled Case

We are going to follow essentially the same strategy as in the proof of Theo-
rem 4.2. To this end we decouple the dynamics at a site b ∈ Λ = [a, b] from
all other sites. As a result we obtain an estimate like (81) with an additional
error term. Finally we use the Lasota–Yorke inequality to control this error
term.

Recall that ε1 ∈ (0, ε0] and θ1 ∈ (0, 1) were determined in Proposition 4.1
and ρ̂ = max{ρ, α}1/2 < 1 in Theorem 4.2.

Theorem 4.3 (Spectral gap). Let γ ∈ (ρ̂, 1). There is θ2 ∈ [θ1, 1) such
that for each θ ∈ [θ2, 1) there exist Cθ > 0 and εθ ∈ (0, ε1] such that

‖Pn
Tε
ν‖θ ≤ Cθ γ

n ‖ν‖θ (92)

for all |ε| ≤ εθ, all ν ∈ L1
θ with ν∅ = ν(X) = 0, and all n ∈ N.

In particular, if mZ denotes the product Lebesgue measure on X, then

‖Pn
Tε
mZ − µε‖θ ≤ C ′

θ γ
n := (2 + C ′

2)Cθ γ
n . (93)

Before we prove this theorem, we note the following corollary.

Corollary 4.4 (Uniqueness). Let θ ∈ [θ2, 1) and |ε| ≤ εθ. There is a unique
Tε-invariant probability measure µε in BVθ, and µε belongs in fact to BVθ=1.

Proof. The existence of µε ∈ BVθ=1 was proved in Theorem 4.1. For the
uniqueness assume that µ̃ε ∈ BVθ is also Tε-invariant. Let ν = µε − µ̃ε. Then
Theorem 4.3 applies to ν, and as PTε

ν = ν, it follows that ν = 0.

Proof of Theorem 4.3. Let Λ = [a, b]. The proof consists of three steps.
In view of Corollary 4.3 we may first replace P �

Tε
ν by P �

Tε,b
ν at the expense

of an error of size O(�|ε|). Then we can profit from the product structure of
Tε,b (the site b is completely decoupled now!) and reduce estimates on the box
Λ to estimates on the smaller box Λ′ = [a, b − 1] as we did it in the proof of
Theorem 4.2. Finally we must show that it is indeed sufficient to do all this
for a large but fixed �.
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To begin with,
∣
∣
∣
∣

∫

IΛ

|(P �
Tε,b

ν)Λ| dm−
∫

IΛ

|(P �
Tε
ν)Λ| dm

∣
∣
∣
∣ ≤

∫

IΛ

|(P �
Tε,b

ν − P �
Tε
ν)Λ| dm

≤
�−1∑

i=0

∫

IΛ

∣
∣
∣
(
P i

Tε,b
(PTε,b

− PTε
)P �−i−1

Tε
ν
)

Λ

∣
∣
∣ dm

≤
�−1∑

i=0

∫

IΛ(i)
|((PΦε,b

− PΦε
)PT0P

�−i−1
Tε

ν)Λ(i)| dm

≤ |ε|(8a1 + 2a2 + 4)
�−1∑

i=0

VarIΛ(i+1)((PT0P
�−i−1
Tε

ν)Λ(i+1))

≤ |ε|(8a1 + 2a2 + 4)
�−1∑

i=0

θ−|Λ(i+1)|‖PT0P
�−i−1
Tε

ν‖θ

≤ � θ−|Λ(�)||ε|(8a1 + 2a2 + 4) · (C ′
1 +

1
2
C2)‖ν‖θ =: � θ−|Λ(�)||ε|C7 ‖ν‖θ

(94)

where we used Corollary 4.3 and (71).
Exactly the same reasoning yields
∣
∣
∣
∣

∫

IΛ′
|(P �

Tε,b
ν)Λ′ | dm−

∫

IΛ′
|(P �

Tε
ν)Λ′ | dm

∣
∣
∣
∣ ≤ � θ−|Λ(�)||ε|C7 ‖ν‖θ . (95)

In the next step we will profit from the decoupling: as Tε,b : X → X is the
direct product τ ×S of τ with a map S : IZ\{b} → IZ\{b} for which (S(x �=b))j ,
j ∈ Λ′ depends only on coordinates from Λ̃ = [a − �w, b + �w], we can apply
Lemma 4.2 again and obtain
∫

IΛ

|(P �
Tε,b

ν)Λ| dm ≤ (2 + C2)C3 ρ
� VarIΛ̃(νΛ̃) +

∫

IΛ′
|(P �

Tε,b
ν)Λ′ | dm . (96)

Before we put together (94)–(96) we let γ̃ = (ρ̂γ)1/2. Then ρ̂ < γ̃ < γ and
ρ̂/γ̃ = γ̃/γ < 1. So we can fix θ2 ∈ [θ1, 1) ∩ ((γ̃/γ)1/w, 1), and for θ ∈ [θ2, 1)
we can first choose �θ such that

(2 + C2)C3ρ
�θ ≤ (1 − θ)γ̃2�θ θ2�θw and

(

C′
1

(

C′
1 +

1

2
C′

2

)

+ C′
2

)

(γ̃θ−w
2 )2�θ ≤ γ2�θ

(97)

and then εθ ∈ (0, ε1] so small that 2�θθ−2�θwεθC7 ≤ (1− θ)γ̃2�θ . Then

θ|Λ|
∫

IΛ

|(P �θ

Tε
ν)Λ| dm

≤ (1− θ)γ̃2�θ

(
‖ν‖θ + θ|Λ̃| VarIΛ̃(νΛ̃)

)
+ θ|Λ|

∫

IΛ′
|(P �θ

Sε
f)Λ′ | dm (98)

for |ε| ≤ εθ. Taking the supremum over all Λ ∈ I this yields, as in (82),
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|P �θ

Tε
ν|θ ≤ (1− θ)γ̃2�θ‖ν‖θ + θ |P �θ

Tε
ν|θ . (99)

Now the proof of the proposition can be finished along the lines of the proof
of Theorem 4.2: invoking the Lasota–Yorke type estimates (69) and (71) one
obtains the exponential estimate

‖P 2�θ

Tε
ν‖θ ≤ C ′

1α
�θ‖P �θ

Tε
ν‖θ + C ′

2θ
−2w�θ |P �θ

Tε
ν|θ

≤
(

C ′
1γ̃

2�θ (C ′
1 +

1
2
C ′

2θ
−2w�θ ) + C ′

2θ
−2w�θ γ̃2�θ

)

‖ν‖θ

≤ γ2�θ ‖ν‖θ . (100)

This yields ‖Pn
Tε
ν‖θ ≤ γn‖ν‖θ for even multiples n = 2k�θ of �θ, valid for

|ε| ≤ εθ. For general n = 2k�θ + j with 0 ≤ j < 2�θ one uses (71) to conclude
that ‖Pn

Tε
ν‖θ ≤ (C ′

1+C
′
2θ

−2w�θ )‖P 2k�θ

Tε
ν‖θ ≤

(
(C ′

1 + C ′
2θ

−2w�θ )γ−2�θ
)
γn‖ν‖θ.

This is (92). ��

4.8 Exponential Decay of Correlations

Lemma 4.4 (Exponential decay in time). Let φ, ψ : X → R be bounded
observables that depend only on coordinates in intervals Λφ and Λψ, respec-
tively. Let ε and θ be as in Theorem 4.3, and let µ̃ be a probability measure
from BV θ=1. Then
∣
∣
∣
∣

∫

φ · ψ ◦ Tn
ε dµ̃−

∫

φdµ̃ ·
∫

ψ dµε

∣
∣
∣
∣ ≤ Cθθ

−|Λψ| γn‖µ̃‖θ=1 ‖φ‖C1‖ψ‖C0 .

(101)
For µ̃ = µε this is slightly stronger than (4) of Theorem 1.1.

Proof. It suffices to restrict to the case where
∫
φdµ̃ = 0. Let ν = φµ̃. Then

ν(X) =
∫
φdµ̃ = 0 so that

∣
∣
∣
∣

∫

φ · ψ ◦ Tn
ε dµ̃

∣
∣
∣
∣ ≤

∫

IΛψ

|(Pn
Tε
ν)Λψ

|ψ dm ≤ ‖ψ‖C0 θ−|Λψ|‖Pn
Tε
ν‖θ

≤ ‖ψ‖C0 θ−|Λψ|Cθγ
n‖ν‖θ ≤ ‖ψ‖C0 θ−|Λψ|Cθγ

n‖ν‖θ=1

(102)

by Theorem 4.3 and Lemma 4.1c when |ε| ≤ εθ.
It remains to bound ‖ν‖θ=1: Remembering Lemma 4.1b it suffices to con-

sider boxes Λ ∈ I which include Λφ. Let ϕ ∈ TIΛ . Then
∫

IΛ

∂iϕνΛ dm =
∫

IΛ

∂i(ϕφ) µ̃Λ dm−
∫

IΛ

ϕ∂iφ µ̃Λ dm

≤ ‖φ‖C0 Var(µ̃Λ) + ‖∂iφ‖C0

∫

|µ̃Λ| dm ≤ ‖µ̃‖θ=1 ‖φ‖C1 . (103)

Hence ‖ν‖θ=1 ≤ ‖φ‖C1‖µ̃‖θ=1. This finishes the proof of (101). ��
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Lemma 4.5 (Exponential decay in space). Let φ, ψ : X → R be bounded
observables that depend only on coordinates in the interval Λ. Let γ and θ be
as in Theorem 4.3, and let θ be sufficiently close to 1 that γ′ := γ

1
2w θ−1 < 1

(recall that w is the coupling range). Then, for |ε| ≤ εθ,
∣
∣
∣
∣

∫

φ · (ψ ◦ σn) dµε −
∫

φdµε

∫

ψ dµε

∣
∣
∣
∣ ≤ C ′γ′

|n|−|Λ| ‖φ‖C0‖ψ‖C0 (104)

where σ is the left shift on X = IZ.

Proof. We may assume that
∫
φdµε = 0. Let ψ̃ = ψ ◦ σn. As φ and ψ̃ depend

on variables at distance |n|−|Λ| at least, it follows that φ◦T k
ε and ψ̃◦T k

ε depend
on disjoint sets of variables for k = [ |n|−|Λ|

2w ]. Accordingly, by Theorem 4.3,
∣
∣
∣
∣

∫

φ · (ψ ◦ σn) dµε

∣
∣
∣
∣ ≤

∣
∣
∣
∣

∫

φ ψ̃ d(P k
Tε
mZ)

∣
∣
∣
∣ + C ′

θγ
k θ−|Λ|−|n| ‖φ‖C0‖ψ‖C0

=
∣
∣
∣
∣

∫

(φ ◦ T k
ε )(ψ̃ ◦ T k

ε ) dmZ

∣
∣
∣
∣ + C ′

θγ
k θ−|Λ|−|n| ‖φ‖C0‖ψ‖C0

=
∣
∣
∣
∣

∫

(φ ◦ T k
ε ) dmZ

∣
∣
∣
∣ ·

∣
∣
∣
∣

∫

(ψ̃ ◦ T k
ε ) dmZ

∣
∣
∣
∣ + C ′

θγ
k θ−|Λ|−|n| ‖φ‖C0‖ψ‖C0

=
∣
∣
∣
∣

∫

φd(P k
Tε
mZ)

∣
∣
∣
∣ ·

∣
∣
∣
∣

∫

ψ̃ d(P k
Tε
mZ)

∣
∣
∣
∣ + C ′

θγ
k θ−|Λ|−|n| ‖φ‖C0‖ψ‖C0

≤ 2C ′
θγ

k θ−|Λ|−|n| ‖φ‖C0‖ψ‖C0 . (105)

As γ′ = γ
1

2w θ−1, (104) follows immediately. ��

4.9 µε as Unique Physical Measure

The invariant measure µε has some properties which qualify it as the unique
physical (or observable) measure: it governs a strong law of large numbers
(Corollary 1.1), and it is stable under small independent random perturba-
tions. Below we prove the first assertion, and we formulate precisely what we
mean by the second one (without providing a proof, though).

Proof of Corollary 1.1 (Strong law of large numbers): Let f : I → R

be a probability density of bounded variation and let ν = (fm)Z the infinite
product measure of the probability measure with density f . Then ν ∈ BV θ=1,
and indeed ‖ν‖θ=1 = VarI(f) <∞ by Example 4.1. Let ψ be a C1 observable
that depends only on finitely many coordinates. (It clearly suffices to prove
the corollary for such observables, because each continuous observable can be
uniformly approximated by them.) In view of [10, Theorem 5.1] it suffices to
prove the two following properties:21

21 Given (106) and (107), the proof of the law of large numbers is easy. We more
or less copy it from [10]. Let Sn(x) =

∑n−1
k=0

(
ψ(T k

ε x) −
∫

ψ ◦ T k
ε dν

)
. Then
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lim
k→∞

∫

ψ ◦ T k
ε dν =

∫

ψ dµε (106)

sup
k>0

∞∑

j=0

∣
∣
∣
∣

∫

(ψ ◦ T j
ε )(ψ ◦ T k

ε ) dν −
∫

ψ ◦ T j
ε dν

∫

ψ ◦ T k
ε dν

∣
∣
∣
∣ ≤ Cθ,ψ <∞ .

(107)
Equation (106) is contained in the special case µ̃ = ν and φ = 1 of (101).
Equation (107) follows also from (101): first replace ψ by ψ −

∫
ψ dµε, i.e.

assume that
∫
ψ dµε = 0. Then apply (101) with µ̃ = P �

Tε
ν and � = |j − k| to

show that ∞∑

j=0

∣
∣
∣
∣

∫

(ψ ◦ T j
ε )(ψ ◦ T k

ε ) dν
∣
∣
∣
∣ ≤ C ′

θ,ψ <∞

and finally apply (101) with µ̃ = ν and φ = 1 to show that

∞∑

j=0

∣
∣
∣
∣

∫

ψ ◦ T j
ε dν

∫

ψ ◦ T k
ε dν

∣
∣
∣
∣ ≤ ‖ψ‖C0

∞∑

j=0

∣
∣
∣
∣

∫

ψ ◦ T k
ε dν

∣
∣
∣
∣ ≤ C ′′

θ,ψ <∞ .

For both of these estimates one uses the fact that supk ‖P k
Tε
ν‖θ=1 < ∞, see

(71).

Remark 4.3. Here is another reason why µε should be considered as the unique
observable invariant measure: it is stable under independent random pertur-
bations. More precisely, consider a smooth family (Sω)ω∈R of C2 maps from
I → I, S0 = IdI . Let (νδ)δ>0 be a family of probability measures on R with
C1 densities supported on [−δ, δ], and consider the random process defined
by the Markov operator22

∫
( 1

n
Sn)2 dν ≤ 1

n2 nCθ,ψ = 1
n
Cθ,ψ by (107), so that the subsequence ( 1

k2 Sk2)k≥1

is L1
ν-summable. In particular, 1

k2 Sk2 → 0 ν-a.e.. To show the a.e.-convergence
of the full sequence, let mn = [

√
n]2. The bound mn ≤ n ≤ mn + 2

√
n ensures

mn
n

→ 1 and |Sn − Smn | ≤ 2
√

n‖ψ‖C0 . Hence

1

n
Sn =

mn

n

1

mn
Smn +

Sn − Smn

n
→ 0 almost surely as n → ∞

and limn→∞
1
n

∑n−1
k=0 ψ(T k

ε x) =
∫

ψ dµε for ν-a.e. x follows from (106).
22 To convince oneself that this is quite a general way to write down random pertur-

bations consider the case in which the Sω are defined on the circle I = R/Z

by Sω(x) = x + ω and where νδ(dω) = δ−1q(δ−1ω) dω. Then, for measures
µ(dx) = h(x) dx,

P̃νδ µ(ϕ) =

∫

R

∫

I

ϕ(x + ω)h(x)δ−1q(δ−1ω) dx dω

=

∫

I

ϕ(y)

(∫

R

h(y − ω)δ−1q(δ−1ω) dω

)

dy (108)
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P̃νδ
µ(ϕ) :=

∫

R

∫

I

ϕ ◦ Sω dµ dνδ(ω) . (109)

We will consider independent random perturbations of this type at each site,
that is

Pνδ
µ(ϕ) :=

∫

RZ

∫

I

ϕ ◦ (⊗i∈ZSωi
) dµ ⊗i∈Z dνδ(ωi) . (110)

Define now Pε,δ := Pν,δPTε
. One can show the following (actually, this is a

nice exercise for the reader):

• Pε,δ has a unique invariant probability measure µε,δ, and this measure
belongs to BV θ=1.

• ‖µε,δ − µε‖θ ≤ Cθ δ (ln δ−1)2, in particular limδ→0 µε,δ = µε in the weak
topology.

We finish by proving assertion 3 of Theorem 1.1.

Lemma 4.6. There exist θ∗ ∈ (0, 1) such that, for each θ ∈ [θ∗, 1) and ε ∈
(0, εθ] (where εθ is as in Theorem 4.3), there exists C ′′

θ > 0 such that

‖µ0 − µε‖θ ≤ C ′′
θ ε ln ε−1 . (111)

Proof. By a repeated application of Corollary 4.3, for each Λ ∈ I and each
probability measure ν ∈ BVθ=1,

θ|Λ|
∫

IΛ

|(PT0ν − PTε
ν)Λ| dm ≤ D′ ε θ|Λ||Λ| |ν|θ=1 ≤ D ε |ν|θ=1

for some constants D′,D > 0. Thus, observing that |PT0 |θ = 1,

|Pn
T0
µ0 − Pn

Tε
µ0|θ ≤

n−1∑

k=0

|(PT0 − PTε
)Pn−k−1

Tε
µ0|θ ≤ nC ′′′

θ ε

for a suitable constant C ′′′
θ > 0. Hence, in view of (92) and Theorem 4.1,

|µε − µ0|θ ≤ |µε − Pn
Tε
µ0|θ + |Pn

T0
µ0 − Pn

Tε
µ0|θ ≤ C ′′′′

θ (γn + nε)

and (111) follows by choosing n proportional to ln ε−1. ��
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Boston 1984).
14. W.P. Ziemer: Weakly Differentiable Functions (Springer Verlag, New York

1989).
15. L.E. Evans, R.F. Gariepy: Measure Theory and fine Properties of Functions

(CRC Press, Boca Raton 1992).
16. A. Lasota, J.A. Yorke: Transactions Amer. Math. Soc. 186, 481–488 (1973).
17. C. Ionescu-Tulcea, G. Marinescu: Ann. of Math (2) 52, 140–147 (1950).
18. V. Baladi: Positive Transfer Operators and Decay of Correlations (Advanced

Series in Nonlinear Dynamics, Vol 16, World Scientific, Singapore 2000).
19. H. Hennion: Proceedings of the American Mathematical Society 118, 627–634

(1993).
20. G. Keller, C. Liverani: Ann. Mat. Sc. Norm. Pisa 28, 141–152 (1999).
21. G. Keller: Int. J. Bif. Chaos 9, 1777–1783 (1999).
22. C. Liverani: J. Stat. Physics 78, 1111–1129 (1995).
23. C. Liverani: Nonlinearity 14, 463–490 (2001).
24. G. Keller: Coupled map lattices via transfer operators on functions of bounded

variation. In: Stochastic and Spatial Structures of Dynamical Systems, ed. by S.J.
van Strien, S.M. Verduyn Lunel (North Holland, Amsterdam 1996) pp 71–80.

25. G. Keller: Proc. Steklov Inst. Math. 216, 315–321 (1996).
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