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Abstract. We study one-dimensional lattices of weakly coupled piecewise expand-
ing interval maps as dynamical systems. Since neither the local maps need to have
full branches nor the coupling map needs to be a homeomorphism of the infinite
dimensional state space, we cannot use symbolic dynamics or other techniques from
statistical mechanics. Instead we prove that the transfer operator of the infinite
dimensional system has a spectral gap on suitable Banach spaces generated by mea-
sures with marginals that have densities of bounded variation. This implies in par-
ticular exponential decay of correlations in time and space.

1 Introduction

Typical dynamical systems have a multitude of invariant probability mea-
sures. There are essentially two ways to characterize the “physically rele-
vant” ones among them: in the spirit of statistical mechanics one can look at
those measures which satisfy a variational principle with a potential of the
type “logarithm of the unstable Jacobian”. From a more dynamical persp-
ective one may look at those measures which are absolutely continuous w.r.t.
the natural volume measure m on the state space, or at those for which the
space averages of regular observables equal the corresponding time averages
for a set of initial conditions of positive m-measure. In many cases both ap-
proaches lead to the same result. In the case of coupled map lattices, which are
infinite-dimensional dynamical systems, one needs some extra care to apply
these ideas. For the statistical mechanics approach this is done in other chap-
ters of this book. Here we concentrate on the dynamical systems approach.
Let L be a finite or countable index set, e.g. L = Z or L = Z/dZ and let
I = [0,1]. We investigate time-discrete dynamics on the state space X = I'*,
composed of independent chaotic actions on each component I of X and
of some weak interaction between the components that does not destroy the
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chaotic character of the whole system. More specifically, let 7 be a piecewise C
map from I to I with singularities at (1,...,{n—1 € (0, 1) in the sense that 7 is
monotone and C? on each component of I\ {¢o = 0,(1,...,{n_1,{ny = 1}. We
assume that 7”7 /(7')? is bounded and that 7 satisfies the following combined
expansion and regularity assumption:

There is M € N such that xy; := inf |(7)’| > 2 and such that

7(0), 7" (GE), -, T (Cn 1), (D) € {Cs - Gt} (1)
form=0,...,M —1.

If inf |7'| > 2 this condition is trivially satisfied for M = 1. A simple but
prominent example of such a map with M > 1 is a symmetric mixing tent
map, i.e. a map 74(z) = s(1 — [z — 1|) with slope s € (v/2,2]. It satisfies (1)
with N = 2, Q:%,M:2andliM:52.1

Now a map Ty : X — X describing the uncoupled dynamics is defined by
(Tox); = 7(z;) (i€L) (2)

and coupled maps T, := @, o Ty are introduced using appropriate continuous
couplings &, : X — X close to the identity on X.2 One of the most widely
used couplings in numerical studies — which despite its simplicity resisted for
quite some time a rigorous mathematical treatment — is the diffusive nearest
neighbor coupling on Z or Z/dZ

(B.x); = %xi,l (1 )ay + %azm Gel). (3)

It is an example of a class of more general C?-couplings ®. whose C? dis-

tance to the identity @g is of order € and is controlled in terms of constants

ai,as > 0 — see Sect. 3.1 for details. We say that such a coupling has finite

coupling range if there is w > 0 such that 0,9, ; = 0 whenever |i — j| > w.
Our main result is:

Theorem 1.1. Let L = Z. Given a mizing® local map T as introduced above
and given aj,ag,w > 0, there exists €max > 0 such that for each (a1, a9)-
coupling ®. with coupling range w and each € € [0, emax| holds:

! An elementary discussion of the basic dynamical properties of these maps can be
found in [1]. For the mixing property see [2].

2 The regularity assumption in (1) seems unavoidable if a weakly coupled system
T is to behave like a small perturbation of Ty, because weak couplings affect each
individual map 7 like a small perturbation, and it is known that in the absence
of the above assumption arbitrarily small perturbations can change the dynamics
of 7 completely, see the examples in [3, 4, 5].

3 Under the assumptions made on 7 there exists at least one invariant probability
density for 7. We say that 7 is mizing, if no power of 7 has any other invariant
probability density. This will be discussed in some detail in Sect. 2.5.
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1. The coupled system T, has an invariant probability measure p. whose finite-
dimensional marginals are absolutely continuous w.r.t. Lebesgue measure
and have densities of bounded variation. It has finite entropy density, and
it is unique among all measures from this class for which the variation of
the marginals increases at most subexponentially with the dimension.

2. There are constants v,~',0 € (0,1) and C,C" > 0 such that for bounded
observables ¢, : X — R which depend only on coordinates xq41, ..., Ty,

‘/¢-(¢OT!’)due—/¢due/wdue

and

< CO Iy e [Ylleo  (4)

‘/¢-(¢00")due—/¢due/¢due‘ < O/ M=0-9) gl olitllco (5)

where o is the left shift on X = IZ.
3. The distance (in a suitable metric) between . and po is of order elne=1.

The proof of this theorem relies on a spectral analysis of the transfer operator
associated with T,. It combines results and ideas from [6, 7, 8, 9] and is
developed step by step in this chapter. The existence part and the finiteness
of the entropy density are proved in Theorem 4.1 in Sect. 4.4. Uniqueness of
e, the exponential decay of correlations, and the estimate on the distance
between p. and pg are derived in Sects. 4.7, 4.8, and 4.9 from Theorem 4.3,
which guarantees the existence of a spectral gap for the transfer operator of
T, on suitable Banach spaces. In Sect. 4.8 we also prove the following strong
law of large numbers (compare [10, Theorem 5.1]):

Corollary 1.1. In the situation of Theorem 1.1, let ¢ : X — R be a continu-
ous observable. Let f : I — R be any probability density of bounded variation,
and let (fm) be the corresponding probability measure on I. Then

lim %Zw(Tf(m)) = / Ydue  for (fm)’-a.e. x (6)

where (fm)? is the infinite product measure on X = I” with one-dimensional
factors (fm).

This result suggests the interpretation of p. as the unique physical (or observ-
able) measure of T..* It is supported by the stability of . under independent
random noise discussed (without proof) in Sect. 4.9.

4 For a discussion of physical measures and related notions in more general settings
see e.g. the contribution of L.A. Bunimovich in this volume.
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2 Dynamics at a Single Site

The dynamics at each single site of our system is modeled by a mixing piece-
wise expanding map. We will see that the dynamics of such maps are sta-
tistically stable in several respects: there is a unique stationary probability
density towards which each initial density converges under the action of the
dynamics (asymptotic stability), and neither this stationary density nor the
rate at which initial densities are attracted by it change much under small
perturbations of the map. Therefore we can expect that in weakly coupled
systems, where the mutual coupling between the single site maps can also be
interpreted as a kind of perturbation, the behavior of the system at single
sites does not change drastically under the influence of the coupling.

2.1 Piecewise Expanding Maps

We say that a map 7 : I — I is piecewise expanding (p.w.e.) if

e there are (i,...,{ny—1 € (0,1) which define subintervals I; = ({;—1,()
such that each 7|z, is monotone and uniformly C?, and
e there are M € N and kps > 2 such that [(7M)/| > kpr.5

Our assumptions imply that D,, := sup |(%,W)’| < oo for all m € N.

2.2 The Transfer Operator

As the derivatives of p.w.e. maps grow exponentially, the trajectory-wise dy-
namics are very sensitive to initial conditions. But at the same time this insta-
bility is responsible for good asymptotic properties of the transfer operator®
P, which describes the evolution of initial densities under the dynamics. This
operator associates to each measurable f : I — R the function P, f : I — R,

P =3 (Z)e0

=1

1) 7 (@) Loy (@) (7)

where 1,(7,) denotes the indicator function of the set 7(I;). By change of
variables it follows that for Lebesgue (m) integrable f : I — R and bounded
measurable ¢ : [ — R

/ P, f(x) () dz = / f(@) () d (8)
I I

® This means that |(7*)’(x)| > kar at all points 2 where this derivative is defined,
i.e. at all z such that 7'(z) € {Co,...,¢n} for i = 0,..., M — 1. In the sequel
all expressions involving derivatives of 7 should be read in this way. Note that it
suffices to have |(7™)'| > K, > 1 for some m € N and to choose M = km such
that &%, > 2.

6 also called Perron—Frobenius operator
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In particular, if f = f m-a.e., then also P, f = PTf m-a.e. so that P, can be
interpreted as an operator on L}, the space of equivalence classes of Lebesgue
integrable functions from I to R. As an operator on L}, P, is unambiguously
defined by (8). The following properties of P, are elementary consequences of
its definition (see e.g. [11, Sect. 4.2]):

P, is linear and positive. 9)
[; Prfdm= [, fdm and [,|P;f|dm < [,|f|dm for all f € L}. (10)

P.h = h if and only if y = hm is a 7-invariant measure, i.e. if
J fordu= [ fdpu for each bounded measurable f: I — R.

P o7, = Pr, Py, whenever the three operators are well defined. (12)

Remark 2.1. The “(pre-)dual” characterization of transfer operators by (8)
and its elementary consequences (9)—(12) are not special for 1D maps. They
are valid with exactly the same proofs in rather abstract settings, see e.g. [12,
Sect. 3.2]. Therefore we will use them in later sections where we study transfer
operators for systems of maps without recalling them in detail.

2.3 Functions of Bounded Variation

In order to guarantee the existence of a unique invariant density and its as-
ymptotic stability one needs to study how P, acts on spaces of more regular
functions. The first space that comes to mind is probably C*(I), but as P, f
may have discontinuities even if f has none (see the explicit formula (7) for
P, f), this space is not invariant under P,. The next natural choice that pre-
serves as much of the flavor of C''(I) but allows for discontinuities is the space
BV (I) of functions of bounded variation.
The variation of a C'-function f : I — R can be defined as

1
V(f) = / ()] dee | (13)

Approximating this integral by Riemann sums yields the more common ex-
pression

V(f) = sup { S I - f(@-l)} (14)
=1

where the supremum extends over all finite partitions 0 < £y < & < ... <
& <1 of [0,1]. This expression is well-defined for any measurable f : I — R.
A third characterization follows from the first one in view of the integration
by parts formula: let

Tio=f{p € C'(1) : ¢l < 1,(0) = p(1) = 0} (15)
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be a set of C''-test functions on I bounded by 1. Then

1
n=sw [ Feses= s [ wsoe. o

Just as the previous one this characterization can be used to define the vari-
ation of any function f € L} (and not merely that of C''-functions). Indeed,
(14) leads to the definition

var(f) = inf{V(f) : f = f m-ae.} (17)

and (16) extends immediately to

vary(f) = sup /f (18)

€710

It is a little extra piece of work to show that the definitions given in (17) and
in (18) really coincide.” In the sequel we will only use the definition via test
functions in (18). Note that

N
Zvarfi (f) < vary(f) . (19)

This follows because if ¢; € 77,5 (i = 1,...,N), then ¢ : I — R, which is
(unambiguously!) defined by p(x) = @;(x) if x € I;, belongs to 77 0. A direct
consequence of the definition of variation in (18) is

vary(f) < liminf vary(fy) (20)

n—oo

whenever f, f,, € L} and lim, o [, |f — fn|dm = 0. Here (and in the sequel)
we use [ |f|dm as a shorthand notation for [ |f(z)|dz. We denote

BV(I)={f € Ly : varf(f) < oo} . (21)

All these considerations apply to any compact interval I, not just to I = [0, 1].
For technical reasons we will often prefer to work with the following variant
of the notion of variation. For any compact interval J, let

Ty ={peC'(J):lp| <1} (22)
and define
Var;(f) = sup / flx (23)
p€Ty

Here is a first observation on “Var”.

" See e.g. [11, Theorem 2.3.12].
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Lemma 2.1. Let J = [a,b], and suppose that (a + 0,b — &) is a neighborhood
of I for some § > 0. If f € C1(J) with f(x) =0 for x & (a+ §,b— J), then

Var() < [ 17 dm.

Proof. Each ¢ € 77 can be extended to a function ¢ : J — R by linear
interpolation between the points (a|0) and (a+6§|p(0)) on the interval [a, a+ )
and between the points (b — d]p(1)) and (b|0) on the interval [b — 4, b], and
by the constant values ¢(0) and (1) on the intervals [a + 6,0] and [1,b — ¢]
respectively. In this way, ¢ is continuous, sup |¢| < 1, ¢(a) = @¢(b) = 0, and @
is differentiable except at possibly four points. Hence

b—45 b b b
I a+9d a a a

from which the lemma follows. O
The next lemma is a kind of tool-box for our work with “var” and “Var”.

Lemma 2.2. Let J = [a,b], f € L}, 9 € LY, c € R, and let p : J — R,
p(z) =c+ [} (&) dt.

(a) [; f¢dm < sup|g| Var,(f)

(b) Var;(fo) < sup || Var,(f) +esssup|¢@| [, [f]dm

(c) [, £ dm < sup, ye s [9(w) = @(v)| vars(f) + Z5=E [, f dm.

(4) TF pla) = p(b) = 0, then [, f¢dm < sup | var, (f).

(e) var;(f) < Var;(f) < 2vary(f) + ;2% |fdem|.

Before we prove this lemma, we discuss a number of consequences.

Corollary 2.1. [, |f|dm < 3|J| Var,(f).

Proof. Let ¢ = 1{y>0y — 1{s<0y- Then [;|f|dm = [, fodm < |J| Var,(f)
by Lemma 2.2a applied to ¢(z) = — fa(a+b)/2 o(&) dé + f; o) dE. 0

Remark 2.2. 1t is easy to check that Vary(.) and vary(.) are seminorms, i.e.
subadditive and positively homogeneous. Because of Corollary 2.1, || f|lpv =
Var;(f) defines indeed a norm on BV (I) = {f € L} : Var;(f) < oo}. It
is equivalent to the more common norm vary(f) + [, |f|dm on BV(I), see
Lemma 2.2e.

Corollary 2.2. Let ¢ : J — R and suppose that the interval J is partitioned
into subintervals Jy,...,Jr such that ¢|s, is continuously differentiable for
eachk=1,...,r. Let f € L}]. Then

[ etim < 2swlol (vans(r) 4 ot [1am) - 2
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Proof. We apply Lemma 2.2c to each interval Jy separately:
fe'dm <2 sup |yl <vaer(f) +— [ dm) :
A [Tkl S
Summing over k and observing (19) this yields (24). a
Proof of Lemma 2.2. Let € > 0, and fix s > 1 such that [i| ;. 4 |fldm <e.
There exists 1) € C(J) such that [, ¢ —|dm < £, sup || < esssup [¢] + 1,
and [, pdm = L@&dm. Hence

/f(¢—¢)dm§€esssup|¢—¢|+8/ ¢ —dldm<Ce  (25)
J J

where C' = 2 + 2esssup || 3
Let ¢(x) = c+ [ ¥(€) d¢. Then ¢ € C'(J) so that ¢ := ¢/ sup |¢| € T;.

Hence [, ¢/ dm < Var,;(f). As sup [¢)| < sup ||+ [, [t =] dm < sup|p|+e,
it follows from (25) that

/f@dmﬁ/fz//dm-l-Cc?S(SUP|<P|+5)VaTJ(f)+C€-
J J

As € > 0 is arbitrary, we conclude

/J fédm < suplg| Vars(f) (26)

which is part (a) of the lemma.
Now let ¢ € C'(J), [¢] < 1. Then (p)(z) = (o) (a)+ [, (¥+o1")(€) de,
so we may write (¢¢) = ¢y + @v’. Hence, in view of part (a),

/(fsa)w’dmz / £ (9) dm— / fb dm < sup || Vars(f)+esssup | / \fldm .
J J J J

This is part (b) of the lemma.

If p(a) = @(b) = 0, then also ¥(a) = 1(b) = 0 so that ¢ € T;0, and we
can estimate by var;(f) instead Var;(f) on the right hand side of (26). This
is part (d) of the lemma.

Next, for ¢ € T, let ¢(x) = §=2(p(x) — (b)) + F=2(p(z) — ¢(a)) =
[E(¢'(€) — 2W=2l)y ge. As G(a) = @(b) = 0 we can apply part (d) of the
lemma to ¢. So

/J / (s@’ - “"(b’j“"“) dm < sup @] var;(f) < 2 supl| var, (f) . (27)

b
As sup |@] < sup,, e [©(u) —@(v)], this proves part (c) of the lemma. Finally,

(27) also implies
/ fdm‘
J

and var;(f) < Var;(f) follows directly from the definition. This proves part
(e) of the lemma. O

2

Var;(f) = sup/fgo’dmﬁQvarJ(f)—Fi
w€T;JJ b—a
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2.4 The Lasota—Yorke Inequality

Coming back to the transfer operator P, we show next that P.(BV) C BV.
(Here and in the sequel we write BV instead of BV (I) and var(f) instead of
vary(f).) In fact, we prove much more — an inequality which was discovered in
this context by Lasota and Yorke [16]. In that paper, as well as in numerous
subsequent generalizations of this result, the proof is based on the “elemen-
tary” approach (14) to variation. Here we give a proof using test functions as
n (18).

Proposition 2.1 (Lasota—Yorke inequality). Let 7 : 1 — I be a p.w.e.
map as defined in Sect. 2.1. Let £ € N and recall that ry = inf |(7°)’| > 0 and
Dy, = sup|( T[),) | < oo. Let also Ey := 2/(k¢ min; |If]) where the I ’s are

monotonicity intervals of T° which are finitely many. Then, for f € L},

/ Pfldm < [ |fldm (28)

Var(PLf) < — Var(f) (D¢ + Ey) / |f] dm . (29)
Ke

Proof. Equation (28) is just a restatement of (10). We turn to (29). As 7¢ is
again a piecewise expanding map, it suffices to prove this estimate for £ = 1.

Let ¢ € 7T1. As (po 1) (2) = ¢'(1(z)) 7'(x) for all z € I\ {Co,..., (N}, we
have
 dm = Coryam = [ T
/IPTfsadm—/f(so ) dm /f Ay

/f (227 /f 0or) <T/>/dm. (30)

The second term is bounded by D; [; | f| dm. To the first term we apply Corol-
lary 2.2. As |7/| > kg, this yields (29) (for £ = 1). a

If one applies inequality (29) to Pff, P2¢f, P3*f. ... and observes (28), one
obtains by recurrence for each k € N

Ke

Var(Pf) < (2)kvar(f) + (D, +Ez>k§_§ (;) [islam.

As rp > 2 by assumption (see Sect. 2.1), it follows at once that

k
Var(PFM f) < (2> var(f)+(DM+EM)M’;1‘f2 /I|f|dm. (32)

Km

In order to extend this inequality to powers P/ which are not multiples of M
we decompose n = kM + p with 0 < p < M. Equation (31) yields
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Var(PFf) < (i) var(f) + (D1 + Eq) 2|é71 Y /|f|d (33)

and combining this with (32) we arrive at

|2 fl sy = Var(P2f) < Cra var(f) + Cs / |l dm (34)

where 0 < a := (Q/KM)ﬁ < 1 and C1,C5 are constants that depend on
7 only through M, k1, kpr, D1, Dyg, Ev, Epg. In particular, P, is a bounded
linear operator on (BV, ||.||pv)-

2.5 Compact Embedding and the Spectral Gap

The usefulness of the space BV is mainly due to the fact that it embeds com-
pactly into L}: the unit ball of BV is compact in L}, that is, each sequence
(fn)n of L} functions with bounded BV-norm has a subsequence which con-
verges (in L}-norm) to an element of BV. It follows directly that (BV,|.||zv)
is complete, i.e. BV is a Banach space.

In its simplest form this is known as Helly’s theorem. For the test func-
tion approach to variation that we follow here and that we will extend to
multivariate functions in Chap. 3 this is proved e.g. in [13, 14, 15].8

A first consequence is the existence of an invariant probability density of
bounded variation for the map 7: let f, := 237070 PF1. Then ||f,|pv <
%ZZ;& |P*1|| gy, and (34) implies sup,, || f.||pv < C2 < co. Hence there are
h € L,, and a subsequence (fy,); such that lim; .. [, |h — fn,|dm = 0. It
follows from the elementary properties (9-11) of P, that h is a probability
density and that the measure y = hm is 7-invariant. The bound ||| gy < Cy
follows from (20).

But much more is true. The Lasota—Yorke inequality (29), together with
the compact embedding property of BV into L}, allows to apply the Ionescu-
Tulcea/Marinescu theorem [17]:

Theorem 2.1 (Quasi-compactness of P.). The operator P, : BV — BV
is quasi-compact, i.e. its canonical complexification has only finitely many
eigenvalues of modulus one which all have finite multiplicities, and the rest
of the spectrum is contained in a disc of radius p < 1 centered at 0. As
seen before, 1 is an eigenvalue of Py. (We will fix p such that the rest of the
spectrum is indeed contained in the interior of the disc of radius p.)°

8 It is a simple exercise to derive the compact embedding of BV into L} from
Lemma 2.2. ﬁmt Subdivide I into 2" intervals of length 27". For f € BV
let fn = Zizl 17,27 fIk fdm. Let ¢ = sign(f — fn). Then fI |f — foldm <
Zill 27" vary, (f — fa) < 27" var;(f) by Lemma 2.2c and (18).

9 More detailed accounts of this theorem can be found e.g. in [11, Chap. 7] and [18,
Sect. 3.2]. See also [19].



A Spectral Gap for Coupled Interval Maps 125

From now on we assume that 7 is mizing. That means that 1 is a simple
eigenvalue of P, and that there is no other eigenvalue of modulus one. For
p-w.e. maps this in fact equivalent to the usual notion of mixing in ergodic
theory, see e.g. [11, Corollary 7.2.1]. For mixing 7, (1 — p) quantifies a spectral
gap, i.e. the simple eigenvalue 1 is separated from the moduli of all other
spectral value by (1 — p) at least. We have indeed

Corollary 2.3 (Spectral gap of P;). If T is mizing, then there is a constant
C3 > 0 such that

/I P dm < | P2 fllsv < Cs " [ fllsv (35)

for alln € N and all f € BV with [, f dm = 0.1°

Remark 2.3. Although we will not use it explicitly we note the following fact:
both constants p and C3 do not change much under small perturbations of 7
as long as 7 and its perturbations satisfy a Lasota—Yorke inequality (34) with
the same constants «, Cq, and Cy; see [20].)

3 Finite Systems

As an intermediate step towards infinite coupled systems, this section deals
with finite coupled systems of d piecewise expanding maps described by a
transformation 7, on the d-dimensional unit cube. We will see below that —
for sufficiently small |¢| — the maps T, are piecewise expanding and that one
can develop a spectral theory for their transfer operators Pr. in just the same
way as we did it for the 1D map 7 in Chap. 2.

3.1 The Coupling

We recall the notation from the Introduction:

e [ is a finite set of cardinality d > 0: it serves as the set of sites. For
notational convenience we work with L = {1,...,d} in this section without
interpreting L as a subset of the one-dimensional lattice Z.

e X = I is the state space of the system: it is a d-dimensional cube.

e 7:] — [is ap.w.e. map as defined in Sect. 2.1.

10 Tn the spectral theoretic approach the constants Cs and p cannot be determined
easily from the “formula” for the map 7. For some maps explicit estimates for p
with C3 = 1 are derived in [21]. The proof, which is a refined version of the proof
of our Lemma 2.2c, bypasses spectral theory completely. In [22] (see also [23,
Sect. 8]) it is shown how to obtain explicit estimates on C3 and p using Birkhoff
cones. A rigorous numerical approach to estimate these constants is discussed in
[23].
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e Ty : X — X is the d-fold product of the map 7: (Tox); = 7(z;) (i € L).

e . X — X (|e| <€) is a family of coupling maps e-close to the identity
in a C? sense made precise below.

o T.=¢.0Ty: X — X are the maps describing the coupled systems.

The precise assumptions on @, are: &.(x) = x + A(x) is a (a1,a2)-
coupling, i.e. there are L x L matrices A’, A” with a1 = ||A'||1, a2 = ||A" |1
(maximal column sum norm) such that for all ¢,j,k € L

[(Ae)il <2lel,  [(DA)i;| < 2lelA%;,  [0u(DA)y| < 2lelA"; . (36)

Here 0; denotes the partial derivative w.r.t. z;. The diffusive nearest neighbor
coupling (3) is an example of a (1, 0)-coupling.
Later we will need the following estimates on (D®,)~! derived from (36):

(DP) 1)) < ((E —2[e]A")™1)i; where E is the identity matrix, (37)

1 2as|e€|

d
D)l < g 2IADP) Nl € g e - (39)

i=1

Observe first that (D®.) ™' = > ((—~DA.)" and that (—DA,)" is dominated
coefficient-wise by |2¢|" A’ in view of (36). This yields (37). Let 1 = (1,...,1)
and let e; be the j-th unit vector. We interpret both as matrices, which plays
a role when we evaluate their [|.||;-norms. Then

d

- - n - 1
SN2 il < 3 (26" 1A e; < 37 [2e L] 1A' [ les =

i=1 n=0 n=0 — 2axle]

This is the first estimate in (38), and the second one is proved along the same
lines.

3.2 The Transfer Operator

Recall from Sect. 2.1 that we denote the intervals restricted to which the map
T is 02 by [1,...,[1\/'. Let Qd = {Iil Xoee XIid : il,...7id S {17,N}} be
the family of rectangular domains restricted to which the product map Tj is
C2. As in (7) we define the transfer operator Pr, of T acting on measurable
f: X —=Rby

Prfe) = 3 Tiory o) @ o). 69

As in the one-dimensional case, Pr, can be interpreted as a positive linear
contraction on the space LY of equivalence classes of Lebesgue integrable
functions from X to R, unambiguously defined by
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[ i@ v de = [ f@)oT@) da (40)
X X

where dx is an abbreviation for dz; ... dz4.
In the same way we define a transfer operator Pp_ for the coupling map
®.. Since P, is injective, its explicit form is particularly simple:

f

P d(®) = [qei(pay)

o (x) 1g,(x)(T) - (41)

In view of the elementary properties of general transfer operators discussed
in Remark 2.1, we have for the transfer operator Pr. of the coupled map
T.=®.0Ty

Pr, = Py_Pr, (42)

and both, Pp_and Pr,, have a (pre)-dual characterization as linear L} oper-
ators analogous to (40).

3.3 Multivariate Functions of Bounded Variation

As in the 1D case we need a subspace of L% of more regular functions on
which the transfer operators just introduced have “good” spectral properties.
Multivariate functions of bounded variation turn out to be a suitable choice.

There are many equivalent ways to define the variation of a multivariate
function f: X — R, see e.g. [13, 14, 15]. The most intuitive one is perhaps to
define it just in terms of coordinate-wise one-dimensional variation of f. To
this end, and also for later use, we introduce the following notation: For i €
{1,...,d} weidentify @ and (z;, ;) where ®4; = (T1,...,Ti—1, Tit1,...,Td)-
Since we never permute coordinates, this will not lead to any confusion. We
also denote by X.; the (d — 1)-dimensional cube {xx; : * € X} and by
fo, :1I — R, fo, () = f(x,2%), the T4;-section of f. Now we define for
feLlx

i=1,...,d

Varl (f) = /X Varr(fo, ) dzy, Varx(f)= max Vark(f).  (43)
#i

Observe that f,,, € L} for Lebesgue-a.e. ; € Xy; by Fubini’s theorem.
So Var(fz_,) € [0,00] is well defined for Lebesgue-a.e. ;. That it depends
measurably on x; will be shown in Lemma 3.1b. We note the following
immediate consequences of Lemma 2.2e and Corollary 2.1:

Vari (1) =2 and /\f|dm§%\/ar§((f) foreachi=1,...,d, (44)
X

where m denotes Lebesgue measure on X.
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Let
BV(X)={f € L% : Varx(f) < oo} (45)

be the space of functions of bounded variation on X, and note that Varx(.)
is a norm on BV (X).

The above definition of Var’y (f) is equivalent to a more direct one gener-
alizing the test function approach (18) we used already in dimension one. Let

Tx = {p € C1(X) : g <1}. (46)

Proposition 3.1. For each measurable f : X — R and eachi=1,...,d,

VarX = sup / f(x) 0ip(x (47)
@GTX

An immediate consequence is that

Varx (f) < liminf Varx (f,) (48)

n—oo

whenever f, f,, € L and lim,,_.o [ |f — f|dm = 0.

The proof of this proposition requires smoothing of functions and test
functions by mollifiers: Let n : R — [0,00) be a symmetric (at zero) C'*°
functlon with [, n(t)dt = 1 and n(t) = 0 if |[¢t| > 1. For § > 0 let n;(t) =
0~ n( ) The convolutzon of a function u : I — R with 7 is defined by
(uxns)(xz) = [pu(z — t)ns(t) dt, where u(x —t) is understood to be zero if

(x—1t) ¢ I
Lemma 3.1. Let fz,, 5 = fo, *

(a) Var(fz_,) = lims_.o Vars(fz_, s) for every T4, € X;.
(b) ©x; — Varr(fz,,s) and Tx; — Varr(fz,,) are nonnegative measurable

functions. In particular, Var’ (f) is well defined in (43).
(¢) Jx i Vari(fa,.s) dm2i < supger [y f(2)0ip(x) dz + 0(d).

Proof. (a) It is a rather classical result from real analysis [14, Theorem 1.6.1]
that for each w; € X,

hm / ‘fa#u xz fm¢ ($2)|dxz =0. (49)
This implies at once that
Vary(fz_,) < lirérg(r)lfVarI(fw#ﬁ) . (50)

We turn to the reverse inequality. Let ¢ € 77, € > 0, and let ¢ be any C*
extension of ¢ to all of R with |p| <1+ e. Then @ *ns|r € (1+¢)77. So



A Spectral Gap for Coupled Interval Maps 129
[ fosteds @ dsi = [ (fonems)(@)d @) doy
I I
= /f:c#i(xz‘)(@’ *n5) (i) dx;
I

- / Fo (5) (3 % 5 (1) s < Varr(fa,,) (51)

by definition in (23). Hence Var(fz_, s) < Varr(fe_,)-

(b) Varr(fz..s) = [, |fg’c#i76| dm is a nonnegative measurable function of the
argument x;, and so is Vary(fe_,) in view of part (a) of this lemma.

(c) Let thg, (2i) =sign(f,, s(x:)), and let J = [~1,2]. By Lemma 2.1,

x

Vars (fo.s) < /J Fo o) i = /J (Foe *06) (1) () i (52)

Let € > 0. As (fa, *1s)" is bounded and as [¢hg_,| < 1, there is ¢ € C (X, X
J) with |¢| < 1 such that

/ /(f:c# #15) (24) Yoy (24) dvida 24
X JJ
<ot [ [ G ) 9, (0) din (53)

=c+ / / Jau: () (0o, *ns) (1) degda;
Xy )

For the last identity observe that (fz_, * ns5)(z;) = 0 if 2; & (06,1 +9). As
Jau,(xi) = 0 for z; ¢ I, the integral over J in the last expression can be
replaced by an integral over I. Define ¢ : X — R by @(x) = (e, * 15)(2:).
Clearly, ¢ € Tx, and combining (52) with (53) we obtain

Var(fa,.) dmsi <=+ / F(@)0,5(x) da .
Xoti X

As e > 0 is arbitrary, this finishes the proof. O

Proof of Proposition 3.1. Fix f and ¢ and denote the expression on the
right hand side of (47) by V(f). Then V(f) < var’y(f) because, for ¢ € Tx,
all gz, (£ € Xz;) belong to the set 77 of univariate test functions, see
(22).

The reverse inequality follows at once from Lemma 3.1a, Fatou’s lemma,
and Lemma 3.1c. O

3.4 The Lasota—Yorke Inequality

The Lasota—Yorke inequality (29) for iterates of one-dimensional p.w.e. maps
involves three constants on its right hand side which are determined by basic
properties of the map 7¢:
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e ry is the minimal slope of 7¢, i.e. m[l is an upper bound on the contraction
rate of each single inverse branch of 7¢,

e Dy is determined essentially by the second derivative of 7, and

e F), can be controlled in terms of the inverse of the minimal size of intervals
of monotonicity of 7¢.11

The following proposition shows that these are also the quantities one needs
to control for a Lasota—Yorke type inequality for Pﬁ.

Proposition 3.2 (Lasota—Yorke inequality for finite coupled systems).
Let £ € N. For each oy > R% and each Cy ¢ > D¢+ Ey there is €1 € (0, €] such
that for |e| < e

[ \pnsiam < [ \ridm (54
b p's
Varx(Pq{Ef)SO{@V&YX(f)+C4’g/)(|f‘dm. (55)

Given £,ap and Cy g, the choice of €1 depends only on the constants aq,as
which qualify & as a (a1, as)-coupling, see (36).

Equation (54) follows again from (10), see also the remark thereafter. For (55)
we will give a complete proof only when ¢ = 1. In this case it follows directly
from the following separate estimates for Pr, and Pg._.

Lemma 3.2.
VarX(PT H< 7Varx(f)+(Dg+Eg)/ |f] dm . (56)
X
Lemma 3.3.

Varx (P, f) < Varx() + e [ fldm. 60

1
_172a1| | 2&1‘ |
Remark 3.1. As the Lasota—Yorke inequality in Proposition 3.2 is useful only
if K, = inf |(7)’| > 2, the restriction to the case £ = 1 means that we assume
inf |7/| > 2. This was the case dealt with in [6]. It was only in the unpublished
thesis [7] that the geometrically much more subtle case of general ¢ was dealt
with.!2

1A closer look at the definition of E,; in Proposition 2.1 reveals that one can
do better: It is essentially the minimal size of the images of the intervals of
monotonicity which determines FE,.

!2 The treatment of this case in [7] is based on an alternative proof of Lemma 3.2 as
given in [6, Lemma 3.1]. Instead of using the product structure of T¢ it suffices
to use the fact that the domains restricted to which Ty is C? and expanding
are direct products of intervals (on which 7° is monotone and C?). Let us call
this the rectangular domain property. (The proof of [6, Lemma 3.1] is rather
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Proof of Lemma 3.2. The map Ty = 7 X - - - X 7 is the d-fold direct product
of the p.w.e. map 7, so Té =7t % ... x 7t is the d-fold direct product of the
p.w.e. map 7¢. Therefore, without loss of generality, we may just treat the
case £ =1 in this lemma.

As Varx (f) = max;=1,.. 4 Vargf (f), it suffices to prove inequality (56) for
each Varég separately. We will make as complete use as possible of the product
structure of Ty. For notational simplicity we will estimate Var’ (Pr, f) only,
the other Var’y (Pr, f) are treated in just the same way.

We write Ty as Tp = Sz 051 where S; = Id; X (7 X -+ x 7) and Sy =
7 X (Idy x -+ x Idy). Then Pr, = Ps, Ps,, and we can do the estimate in two
steps.

We start by estimating Vary (Ps, f) for f € LY. Because of the product
structure of Sy, the operator Pg, acts formally like a tensor product operator
on L. More precisely, (Ps, f)z_, (1) = (Pr fo_,)(x1). Hence

Vark (Ps, f) = / Var;((Ps, fa,,) dwss = | Varr(Py fa,) de
X#l X;él
2
< 2 [ Nars(fa,,) dws + (Dy + By) / / s (1)) dirdae 1,
k1 Jx, Xy JI
2

= Fjlvar%((f)‘f‘(Dl +E1)/X|f\dm~

Here we used the Lasota—Yorke inequality (29) for 1D maps from Proposi-
tion 2.1. Hence,

Varﬁ((PTof) :Varg((Psz(P&f)) < %Va‘rk(Pslf) + (D1 +E1)/ |Ps, fldm .
X

As [ |Ps, fldm < [ |f|dm (compare (10)), the proof of Lemma 3.2
will be finished by showing that Vark (Ps, f) < Vark(f): let ¢ € Tx. For
1 € Xy let Vg, (71) = p(S1(21,2£1)). Then ¢, € 77, and

straightforward analysis.) Now, if one passes to coupled systems, things change.
Although T. = @, o T} still possesses the rectangular domain property, this is no
longer true for powers T, £ > 2. In fact, already to make sure that, by passing
from Ty to Te, no new domains occur one needs the full strength of the regularity
assumption (1). But with this assumption one can prove a geometrically much
finer result [7]:

There are constants € > 0 and ¢ > 0, independent of the size of L, such that
for |e|] < € and for each domain Z. on which TM is C? and expanding, there is
a diffeomorphism ¥z, between Z. and the corresponding rectangular domain Zj
of T which is C? close to the identity in the sense of a (1, ¢)-coupling, see (36).
This allows to reduce variation estimates of functions f 1z_ to variation estimates
of functions f1z,, and the latter ones can be dealt with using [6, Lemma 3.1].
See also [24] for a more details.
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/]DS1 61(,0 dw—/ f 81@(51( ))dm
— [ [ featan i, @) dniden < [ Var(fa,) doa = Vark(h).

Now Vary (Ps, f) < Vark (f) follows from Proposition 3.1. O

Proof of Lemma 3.3. Let f € LY, » € Tx, and j € {1,...,d}. Denote
(just for this proof) the matrix (D®,.)~! by (b;;). Then

d
(aj‘»@) o®. = (D(po ée)(D@e)_l)j = Zai(@ 0d,) - by
=1
4 J (58)
Z (pod- b2] Z@Oée'aibij'
i=1 =1

Let ¢;; = po®, - bjj = pod. - ((DP.)™1);;. As all functions 1;; are in C*(X),
this implies

[ Pot@ 0@ da = [ 1(@)0yp(0.0) do
X

U

(50)
<3 sup [ty ()| Varx (f +Zsup|abm ) / fldm. .

=1

The two suprema in this estimate are precisely controlled by our assumptions
(36) on @, and their consequences (38): for j =1,...,d,

d

d
1
;slipwm \<;sup| (DD.)~ )UMKW
- 2asle]
sup |0;b;; ()| = sup |9; ((D®. x)| < —==218

As @ is an arbitrary test function in 7y, this finishes the proof of Lemma 3.3.
O

3.5 Existence of Absolutely Continuous Invariant Measures

Having derived inequality (55) one can proceed as in the one-dimensional case:
as in Sect. 2.4 it follows that

Varx (P f) < 2C1 o” Varx (f) + 2Cs /X (| dm (60)

for all f € LY and all n € N provided |¢| < e;. The constants are from (34),
and the additional factor 2 accounts for the passage from € = 0 to |¢| < €.
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(Indeed, there is nothing special with the factor 2. Any factor strictly larger
than 1 would do as well.)

In perfect analogy with the case of piecewise expanding maps of the inter-
val Proposition 3.2 immediately implies the existence of at least one absolutely
continuous invariant measure.

Theorem 3.1. Let T, : X — X be a coupled map on X = I" as described in
Sect. 3.1. For each |e| < € there exists a Te-invariant probability measure i,
which belongs to BV (X).

Proof. As Varx(1l) = 2 inequality (60) implies limsup,,_, VarX(P%el) <
2C5. Let h,, = %ZZ;S leffl. Then also limsup,,_, . VarX(leffl) < 2C5. As
the space BV (X) embeds compactly into L%, see e.g. [13, Theorem 1.19] or
[14, Corollary 5.3.4], it follows that {h,,} has accumulation points in L' which
belong to BV and are the density of an invariant measure. a

Although we will not use this observation explicitly, an argument of the same
type will guarantee the existence of an invariant measure with marginal den-
sities of bounded variation for the infinite coupled system in Chap. 4.

For sufficiently small |e| the operator Pr. is again quasi-compact on the
Banach space BV (X), and one can show that it has a spectral gap if the
single site map 7 is mixing.'® It is not possible, however, to obtain in this
way a useful d-dependent control over the constants C's and p in the spectral
gap estimate (35). To achieve this we will apply a more recent technique in
Chap. 4. As a by-product we obtain the following d-dependent estimate on
the mixing rate for uncoupled systems: for f € BV (X) with fX fdm =0,

/X PR fldm < (2+ Co)Csd " Varx(f) (61)

with constants Cy, C3, and p from (34) and Corollary 2.3. This is proved at
the end of Sect. 4.5.

4 Infinite Systems over L = Z

The first problem that comes to mind if one attempts to transfer the finite
system theory from Chap. 3 to the case L = Z is certainly: what is a class of
measures which can play the role that the absolutely continuous ones play in
the finite-dimensional case? These are not the measures absolutely continuous
w.r.t. the infinite product Lebesgue measure m” on the “infinite-dimensional
unit cube” X = IZ. Just look at the uncoupled map Tp: If 4 = hm is an
invariant measure for the p.w.e. map 7, then its infinite product p% should be

13 For the case when T is a mixing tent map a proof is published in [25].
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the measure to look at. But u? is absolutely continuous w.r.t. m? if and only
if 1 is the Lebesgue measure on I, i.e. if h = 1.14

So we are lead to look at measures whose finite-dimensional marginals
are absolutely continuous. We will introduce various norms on spaces of such
measures, derive Lasota—Yorke inequalities for the transfer operator of T, on
such spaces and prove the existence of spectral gaps.

4.1 Classes of Measures and Distributions

Let us fix some notation:

e X =I% and M is the space of signed Borel measures on X.

e For A' C ACZ let my: X — I" and 74, : I* — I be the canonical
coordinate projections.

|4] is the cardinality of A.

Forv e Mand A C Z, let mr;ll be the projection of v to I, i.e. mr;ll(U) =
V(?TZIU) for measurable U C T4,

T is the family of all intervals A = [a,b] C Z including the empty set.

L} ={v e M :vry' is absolutely continuous w.r.t. m* for all A € T}.
For v € L} and A € T we denote by v, the density of V7T711 w.r.t. mA. If
A =0, then v, has the constant value v(X).

e BVz ={veLl:Varja(vy) < oo for all A € T}.

We define two scales of norms on L} and (subspaces of) BVy.

Definition 4.1. For 0 <6 <1 and v € L% let

1o = sup 614 / 1] dm (62)
lv|le = sup glAl Var(v,) . (63)
AET

(Here [ |va|dm and Var(va) are shorthand notations for [, |va|dm® and
Varya(va), respectively.) Observe that |v|g < 3|v|le in view of (44).

L} and BVy are now defined to be the completions of L}, and of the space
{v e BVyz: ||v|lg < oo}, w.r.t. the norms'® |.|g and ||.|s, respectively.

1 For a proof of this let ¢ : I — R be any bounded measurable function. By the

law of large numbers + ZZ;& 1(xx) converges to sz/)dm for mZ-a.e.  and to

J ;¥ du for ul-a.e. x. It follows that uZ is absolutely continuous w.r.t. m? if and
only if these two integrals coincide for any such function 9, i.e. if p = m. We
note for later use that the same argument applies to any two stationary product
measures on IZ. In particular, two such measures are singular to each other if
they are not identical.

|.lo and |.||¢ are obviously seminorms. To see that |.|¢ is indeed a norm, suppose
that |v|s = 0 for some v € L}. Then v4 = 0 for all A € T so that v(¢) = 0 for
each ¢ € C(X) which depends on only finitely many coordinates. As the space of
these functions is dense in C'(X), this means that v = 0 as a signed measure. As
lvlo < ||v]lo by (44), also ||.||e is a norm.

15
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Ezxample 4.1. Let f be a probability density on I and consider the infinite
stationary product measure v with one-dimensional factors fm. Observe that
Varya(f) > 2 = Varya(1) for all A by (44). Hence |v|g = 1 and ||v||p = Var;(f)
for all 0. In particular, |[m?%||g = 2 for all 6.

In the following lemma we collect a few simple observations.

Lemma 4.1. (a) Varja (va) < Varpa(vy) forv e Ly and A/ Cc A€ Z.
(b) |v|o=1 = limy, 0 f |V[,n’n]‘ dm and ||v]jo=1 = lim, 0o Var(u[,nm]).
(c) v|lg < |v]|o=1 and ||v|e < |[v|lo=1 for all 8 € (0,1] and all v € L}.

Proof. (a) Just observe that if ¢ € T;a, then ¢ o 74, € T7a, and for each
e

/I/A/ dipdm? = /(Z/A/ o)) di(p ol dm” = /Z/A di(poml)dm” .

Now (b) follows from (a), and (c) is a direct consequence of the definitions. O

As we are going to describe the quantitative dynamical properties of cou-
pled systems in terms of properties of transfer operators acting on the spaces
Lé and BVjy, it is worth to spend some effort to give more concrete models of
these spaces which are defined rather abstractly as completions.

Remark 4.1. Lj_, = L},

It is a little exercise in measure theory to see that, for v € L}, |v|p=1 =
sup scz J [va| dm coincides with the total variation norm |v]; of the signed
measure v.'% Hence Lj_, is just the closed subspace L of (M, |.]1).

Remark 4.2. BVg—1 = {v € BVy : sup o7 Var(ra) < co}.

This means that in the definition of BVy—; the completion was not necessary.
The completeness of the space on the right hand side for the norm |.||g=1
follows easily from the completeness of the spaces (BV (I1), Varya).l7

Hence, for 8 = 1, we have defined spaces of signed measures with additional
regularity properties, and we will show that our coupled T, always has a unique
invariant measure that belongs to BVy—;. But neither ||.||g=1 nor |.|s=1 is
suited to describe the convergence of measures Pr. v to the invariant measure —
not even for e = 0 — as the following example shows.

16 Bach signed measure v has a unique decomposition v = v+ —v~ as a difference of

two finite positive measures which are singular to each other. The total variation
norm of v is defined as |v|; = v (X) 4+ v~ (X). For a proof that |v|1 = |v|e=1 see
e.g. [6, Lemma 2.4].

Let (vn) be a Cauchy sequence in BVy—i. As |.Jo=1 < |.]lo=1, it is a for-
tiori a Cauchy sequence in Lj_;. Let v = Lj_,-lim, o0 vn, and let &, =
Supgs, |vk — vnllo. Let A € I, ¢ € T;a, and i € A. Then [(v — vy)a 8ipdm <
limy, j(u —Uk)A Ospdm + supgs, f(uk —vn)a Oipdm < &, so that [V —vplle=1 =
sup ez Var((v — vn)a) < en — 0.

17
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Ezxample 4.2. Let h be the unique invariant probability density of the local
p.w.e. map 7, and let p be the infinite product measure (hm)%. Recall from
Footnote 14 at the beginning of this chapter that any two stationary product
measures are singular to each other if they are not identical. Hence, as long
as P"1 # h, the measures m” Ty ™ and p are mutually singular, which means
that [m® Ty " — pillo—s > [m? Ty ™ — pily = 2,19

We conclude that the “f = 1”-norms are unsuited to describe the conver-
gence of m?T;™ to the invariant limit measure . For this purpose we will
use the norms |.|g and ||.||p with 0 < # < 1. As long as this is all we want to do
with them we need not bother that the spaces Lj and BVy for 0 < 6 < 1 are
no longer spaces of signed measures. Note, however, that the positive elements
in Lj are finite measures on X.

Ezxample 4.3. Here is an example of a Cauchy sequence in Lé whose limit can-
not be interpreted as a finite signed measure on X. Let f : I — R, [ fdm =0,
J Ifldm = 1. Denote by v the infinite product signed measure with one-
dimensional factor measures fm at sites i = 1,...,k and m at all other sites.
Then |vg|; = 1 and vpm ' =0 if AN{L,... k} #0.

For r € (1,071) let pu,, = > _, ayvy, with coefficients |ay| < ”%17"’“. Then
,unﬂ'{_lly___’d} = ZZS{ ayvg so that, for each A € T which contains {1,...,d},

Iyt < ZZS{ o, < 7% Therefore |p,]g = sup 1oz 0|7ty < 1. Simi-

larly one shows that, if I > n and A D {1,...,d}, then 01|y, — )7 |1 <
(0r)™, whence | — il < (6r)™, and (un ), is indeed a Cauchy sequence in
Lj. Now let p € N such that 77 > f_rl, and let ap = r* if k is an integer
multiple of p and aj = 0 otherwise. Then similar estimates show that the
total variation norm |u,|1 is at least ’”er”, so no “reasonable” limit of the
sequence (fin,), can be a finite signed measure.

4.2 The Infinite Coupled Map

From now on we consider exclusively the case L = Z. Our basic assumptions
on 7 and &, are the same as those made in Sect. 3.1, namely

X = I” is the state space of the system.

7:1 — 1 is ap.w.e. map as defined in Sect. 2.1.

Ty : X — X is the infinite product of the map 7: (Tox); = 7(z;) (i € Z).
b, : X — X (|e] < ¢) is a family of coupling maps e-close to the identity
in a C? sense made precise by the notion of (ay, az)-coupling in (36).

o T.=¢.0Ty: X — X are the maps describing the coupled systems.

We assume additionally

e The @, have finite coupling range w > 0, i.e. 0;P.; = 0 whenever |i—j| > w.
So A';; = A”;; = 0 when |i — j| > w for the matrices A’, A” introduced in
(36).

BIfy e M, then v T, Y(U) = v(T, 'U), so v T, t € M.
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For a proof of the existence of a T.-invariant measures in BVp—; (Sect. 4.4)
one knows how to work around this additional assumption, see [7], but we
need a finite coupling range for the proof of a spectral gap in Sect. 4.7. So
we make our life easier using this assumption throughout this chapter. The
diffusive nearest neighbor coupling (3), for example, has coupling range w = 1.

In order to reduce estimates on transformed measures v7.¢ on the infinite
system to estimates on their finite-dimensional marginal densities (V1) 4, we
must relate projections onto different A to each other: there are no isolated
finite subsystems in infinite coupled systems. To be more specific, for A =
[a,b] € T and £ € N let A({) = [a — fw,b + fw]. Denote ¢4 : [* — X the map
(ta(x)); = m; if i € A and (1a(x)); = 0 otherwise!®, and let

Tea =P p0Tpa where Ty o =mp0Tpory, Pep=mp0Pcoiy. (64)

Observe that Tp 4 is just the uncoupled map on T4 and that D, 4 is a (a1, a2)-
coupling on the finite-dimensional space I with the same constants a;, as
as above. Hence all considerations of Chap. 3, in particular the Lasota—Yorke
inequality (55), apply to T 4. The important link between T, and T, 4 is given
by
0 _ AW e

mao T, =my o1, yyomaw forall A€T and £€N. (65)
This follows immediately from the finite coupling range property of @.: no
influence of a coordinate z; with ¢ € L\ A({) can propagate to A within ¢
steps of time.

4.3 The Transfer Operator and a Lasota—Yorke Inequality

We are going to define transfer operators Pr, on L} in terms of the action of
T. on the densities v of the finite-dimensional projections of v € L}. Observe
that, for v € L} and ¢ : I* — R, (65) implies

/(pOﬁAd(VT;e):/(pOﬂ'AOdeI/
b's b's

A2
— /W) (pomi Yo Tt sy - vagydm™® . (66)
This means that

(VT;Z)A:((PTZ VA(@)mA“))A:: (Pre  vaw)a (67)

€, A(L) €, A(L)

where we take the last term just as a short hand for the middle one. Hence,
VT *|g = sup 6!l / |(vT=%) ol dm < sup 6!/l / |Pre — vawyldm
AeT AeT A0

< 20w ill];%m/l(e)l / Wy dm < 072 vy . (68)
€

19 Any other measurable section from I to X would do as well.
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In particular, v — vT ! is a linear operator on L} bounded w.r.t. the norm
|.lo. Hence it extends to a bounded linear operator Pr, on Lj. That Pr, is
also a bounded linear operator on BVy is an immediate consequence of the
following Lasota—Yorke type inequality.

Proposition 4.1 (Lasota—Yorke inequality). Let{ € N. For each oy > ’%
and each Cyy > D¢ + E; there are €1 € (0,€] and 61 € (0,1) such that for
le| < €1, 0 €[01,1], and v € BVy,

|Prvlo <6072 vl (69)
I1Pfvlle < o llvllo + Caelvlo - (70)

Given €, ay and Cy, the choice of 61 depends only on the coupling range w,
that of €1 only on the constants a1, as which qualify P, as a (a1, az)-coupling,
see (36).

Observe the difference between (69) and the corresponding inequality (54) for
finite systems, where Pr, is a contraction w.r.t. the weak norm.

Proof. Equation (69) is just a restatement of (68). We turn to (70). Let &, =
(K%ag)l/Q and Cy ¢ = ((Dg+ Ep)Cyr)'/?. In view of (67), Lemma 4.1a and the

finite-dimensional Lasota—Yorke inequality (55), we have for each v € L}

1PEvllo = VI llg = sup 81 Var (T ) 4)
A€T

- 4]
s 04V (P, o))

< 92wt jugg\/l(fﬂ (d@ Var(VA(g)) + 6'4,g / ‘VA(5)| dm)
S

<072y |vllo + 072 Cyi v

for |e| < €1, where the choice of ¢ depends on ¢, ap,Cyp,a1, and ag, see
Proposition 3.2. Now choose 6; such that 91_2“’6 < min{ay/é&¢, Csp/Car}. O

As in Sect. 2.4 it follows that there are constants C, C% > 0 such that

1Pz v

1
o= Cam ol + 0302wl < (54 503> ) ol (7)

for all v € BVp and all n € N provided |e| < €1 and 6 € [#1, 1]. The constant «
can be any number in ((%M)l/M, 1). C1,C4, €1, and 67 will then be chosen as
indicated above and at the end of Sect. 2.4. (Recall that xkj; > 2 by assumption

(1).)
4.4 Existence of Invariant Measures with Absolutely Continuous
Finite-Dimensional Marginals

In this section we prove the existence of (at least) one probability measure in
BVy—1 which is invariant under 7.
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Theorem 4.1. Let T, : X — X be a coupled map on X = I% as described in
Sect. 4.2. For each |e| < € there exists a Te-invariant probability measure .
which belongs to BVp—1. Indeed, ||pcllo=1 < C4.

Proof. Let v = m”%. As |v|p=1 = 1 and [|v|e=1 = 2 (see Example 4.1), we
have limsup,, ., [|Pf, v|lo=1 < C5 by (71). Let v, = %ZZ;& P} v. Then also
limsup,, , ||[¥nllo=1 < C4. This implies that limsup,,_, . Varya((vn)a) < C4
for each A € Z. As BV a embeds compactly into L7, (see Sect. 3.4), there
is a subsequence of ((vn)A)n>0 which converges in L7, to some probability
density hy € L} 4. By a diagonal procedure one even finds such a subsequence
for which this convergence holds for all A € Z. Observe that the family of
densities hy, A € Z, is consistent in the sense that for any A’ C A holds
(ham™)(74)~" = ham?, because all the (1,)4 have the same property.
Hence, by Kolmogorov’s theorem, there is a probability measure p. € M such
that gyt = ham? for all A € Z. As limy oo [ |(1e)a — (¥n)a| dm? = 0, the
estimate Varja ((e)4) < liminf, o Varya((v,)a) < C4 follows from (48).
Hence || pcllo=1 < C%.
It remains to show that p. is Te-invariant:

T = pelo=1 = lim v T = valom
n—oo
.1 —
< lim —(|JvT "|g=1 + |v]o=1) = 0.
n—oo N

a

Corollary 4.1 (Finite entropy density). The T.-invariant measures fi.
from Theorem 4.1 have an entropy density bounded by In(C%/2). Indeed, for
each v € BVy_y and each A € T we have [vplnvydm < |A| In (%”l/Hg:l).

Proof. Let A = [a,b], A’ =[a,b—1]. Then

dm

va
/ valnvgdm = v anA/dm—l—/ vy ln
IA A IA 1%

S/ var anA/dm—l—ln/ v YA dm (72)
A IA 120/

by Jensen’s inequality, and

v
/ va A dm < / sup ((VA)a:#b (acb)) dx s,
IA A

VA’ Ty

1 1 L
< 5/ Vary (V4)z,) dxsy < §Var1A(1/A) = 5”1/”9:1 - (1)
e

Applying the same estimate to smaller and smaller boxes one arrives at

1
/ valnvygdm < |A] In <||1/||9_1> . (74)
JA 2
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4.5 Uniqueness and a Spectral Gap — the Uncoupled Case

The compact embedding of BV;a into L} 4 for each A € 7 which we used in
the last section does by no means imply a compact embedding of BVjy into
L}, which would be needed in order to prove the quasi-compactness of Pr,
on BVy. In fact, we have already seen in Example 4.2 that one cannot expect
this operator to be quasi-compact on BVy—; — even when € = 0, and one can
argue (differently) that quasi-compactness fails also for 6 € (0,1).

So we will give a more direct proof that lim, .. || Pfv — pello = 0 (with
exponential speed) whenever § € [f1,1) and v is a probability measure in
BVy. Observe that this implies in particular the uniqueness of the invariant
te, even in BVy. (See the proof of Corollary 4.4 for details of this argument.)
We start with the uncoupled case € = 0 in this section. The proof is made up
such that it can be extended to the coupled case in the next section.

Theorem 4.2 (Spectral gap). Letv € L}, and assume that vy = v(X) = 0.
Then

Cs
1-46

where Cg = C{(C] + 3C%) +2C4C3 and p = max{a, p}*/? € (0,1) are con-
stants derived from (35) and (71).

1P, vllo < p" vl (75)

The proof relies on the following lemma, a variant of which was used for
the first time in [8].

Lemma 4.2. Let A', A € T, A = [a,b], A" = [a,b— 1], and let S : J AL g
T2\ e measurable. Suppose that there is some A € T such that the maps

(S(x))j, j € A, depend only on coordinates i € A. Consider the map
XS IE = 12 v (1(x), S(T28)). Then

[ PEsaldm < (2 €y o Vi) + [ |(PLsv)alam (76)

with constants Co, Cs, and p from (34) and Corollary 2.5.

Proof. Let A € I. As [, |(PL, gv)aldm = supy, [y 1 d(PE, gv) where the
supremum extends over all continuous ¢ : X — R that depend only on coor-
dinates x; with ¢ € A and satisfy |¢)| < 1, we start by estimating the integrals
under the supremum. Given such a test function 1, let

Ty 1
v(x) = / W(r'(€), 8 (@ ) dE — / hEW(T(E), S () dE (TT)
0 0
where h is the unique invariant density of the p.w.e. map 7, see Sect. 2.5.
Then
WY (x) = o (1 x S)(x) —Po(rxS)(x) (78)
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where 1 (z) = fol h(§)Y (€, 1) d€. Observe that 1) depends only on coordi-
nates z; with i € A’. In particular ¢» does in fact not depend on ;. Further-
more, ¥ depends only on x; and on coordinates z; with i € A. Hence

/wd(Pszu):/wo(TxS)edl/:/8b¥7dy+/z/;o(TxS)édy
b X X b
:/ a,,wmdm+/ Y (P gv)ar dm
14 74
< sup V(@) Varla(v) + [ [(Phosvluldm  (79)
T 1

and we must estimate sup,, |¥(x)|:

1
V(x) = /0 Pl — 2 W) () (&, S (2))) dE < Csp"||1(0,,] — w0 hl| BY
(80)

by inequality (35). As ||h||py < Cb, (76) follows now from (79) and (80). O

Proof of Theorem 4.2. Let A=A =[a,b] € Z, A’ = [a,b— 1], and denote
by S the uncoupled map on I\, Then Ty = 7 x S, and Lemma 4.2 implies

/A |(P7€~01/)A\ dm < (24 Cs) Cs ot Varja(va) + /A |(P%Ou)Az|dm . (81)
I v

Multiplying this inequality by 64 and taking suprema over all A € 7 this
yields
|Pr,vle < (24 C2) Cs p||vlo + 6 | P, vl (82)

where one has to keep in mind that (P%0 v)p = v(Ty*X) = v(X) = 0. Hence

2+ C9)C
( ) SpEH

¢
|PT0V‘9 S 1—6

UH@ . (83)
We combine this with the Lasota—Yorke type estimate (71) for the special case
w = 0: for all k£, ¢ € N,

1PE e < Cra®|| Pryvllo + Col P, vls

2+ Cy) C
@A gy (a0

< Cla" (G} + 5Ch)wls + 4
With &, 1 = [2](+1) and p = max{p'/2, a!/2} this yields (75). O
Proof of Equation (61). For j = 1,...,d let X; = I{hJ} TLet
f € BV(Xy) and define f; : X; — R, fj(z1;) = [ f(x)dzjs1...dzg. Then
Varx, (f;) < Varx,(fq) for all j = 1,...,d, and if [ fdm = 0, a repeated
application of (82) to any measure v with vy gy = f yields
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d
[P fldm < 24+ C)Capt 3 Varx, (1) < (24 Co)Ca €' Varx, (). (89)
Xa

=1

O
The previous inequality implies in particular that finite uncoupled systems
have a unique absolutely continuous invariant probability measure. Indeed,
the existence of a Pr,-invariant probability density hg € BV (X) is proved
in Theorem 3.1. (Observe that hg(x) = h(z1)...h(xq) where h is the unique
invariant density for the single site map 7.) Suppose there is another Pr -
invariant probability density h{ € L% . As C1(X) is dense in L% there is, for
each § > 0, some f5 € C*(X) C BV(X) with [ |h{ — fs|dm < &. Then (85)
implies, for each ¢ > 0,

/|ho— '0|dms/|P§~O<ho—fa>|dm+/\Pfio<fo—hg>|dm
< (24 Cy)C3 0 p" Vaer(f)+/|fo—h6|dm.

In the limit £ — oo this yields [ |ho — h{|dm < §. This proves the claim.

Corollary 4.2. The infinite uncoupled system has a unique tnvariant proba-
bility measure with absolutely continuous finite-dimensional marginals. (This
would not be true for coupled systems as shown by the examples in [26]. See
also the chapter by E. Jarvenpdd in this book.)

Proof. If v is a Ty-invariant probability measure with absolutely continuous
finite-dimensional marginal densities v,, then these densities are invariant
for the uncoupled system on I4. By the previous observation, mr/_ll is there-
fore the product measure pu?, where y is the unique absolutely continuous
T-invariant probability measure. Hence v = % by Kolmogorov’s theorem. 0O

4.6 A Perturbation Result and a Decoupling Estimate

For our treatment of infinite coupled systems we need a procedure to “decou-
ple” a given site b from all other sites. Technically this boils down to compare
a coupling @, with a modified one. Following [9] we provide such an estimate
in this section.

Proposition 4.2. Let F, F : X — X be two Lipschitz maps®°® with Lipschitz
constant L > 0 that are close in the following sense: There are constants
Ko, K1, Ko > 0 such that

20 F: X — X is a “Lipschitz map”, if all F}(z) are Lipschitz w.r.t. each coordinate
x; with uniformly bounded Lipschitz constants. This means in particular that all
partial derivatives of all F; exist Lebesgue-a.e., are uniformly bounded and that
Fi(x + sex) — Fi(z) = fos O F;i(z + Eey)dE.
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(i) Tiez5up, | Fi(@) — Fi()] < Ko,
(ii) > ez SUp,jc7, SUP,, |0;Fi(x) — 0;Fi(x)| < K1, and
(iii) sup{Var(Pp, ,f) : 0 < t <1, A € I,f € BV(I*), Varja(f) <1} < K

where Fy g =my 0 (tﬁ +(1- t)F) o, compare (64).
Assume also that 9;F; = 0 and 9;F; = 0 if [i — j| > w. Then
1
/ |(Pﬁl/)/1 — (PFV)A| dm < Ko (KO + 2K1> VarIA(1)(VA(1)) (86)
X

for A€ T and v € L.

Proof. The maps Fy (1) : A — 1AM are Lipschitz with Lipschitz constant
L, and for any ¢ € C*(I*') with || < 1,

/)(woﬂAd(Pﬁ‘V)_/)(QZJOWAd(PFV) :/X(woﬂ-Aoﬁ‘_woﬂ.AoF)dV
- /1A<1> (WomaoF o —omsoF o) vaqdm
1
0

B / / 7@ © 7le1(1)(Ft7/1(1)(a3))) dtvya () de

14(1)

0
/ Z (/I/m) Oip(m (Ft A(1) ( ) &FLA(I)J(:C) VA(l)(;c) dsc) dt

0 jea

' )
- / Z (/ Oitha () (PFM@ (8Ft,A(1),i VA(1)>) (w)dw) dt
0 jep W14 t

where 4 = ¢ o lel(l). As ¢ € CY(I?") is an arbitrary test function with
sup |[¢| < 1, this implies

1
9]
/A |(Prv)a — (Prv)aldm < / > Var,aq (PFM(U (aFt,A(w VA<1))) dt
I

0 jea

< K, ZVMM(U ((F1,a0) — Foa)i vay) - (88)
iEA

(87)

Next recall that the variation of multivariate functions is defined as the
maximum of the variations over individual coordinates, see (43). Hence
Lemma 2.2b, which provides an estimate for the variation of a product of
functions of one variable, carries over to the present setting, and we conclude
(observing also (44))

1
/IA |(PFZ/)A — (Ppv)aldm < Ko (Ko + §K1) VarIA(l)(VA(l)) . (89)

O
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The estimate from this proposition does not allow to compare directly @,
and ¢ = Id: for any finite lattice L the right hand side of (86) would grow like
|L| — because the constants Ky and K; are supposed to bound sums over all
lattice sites. On the infinite lattice the right hand side of (86) is thus infinite.
Therefore we apply Proposition 4.2 “site by site” and evaluate (86) by aid of
the next lemma.

Let A € Z and b € A. In order to decouple site b from all other sites we
introduce the following notation: let iy, : I — I” be the map (5p(x)); = x; if
i #band (5p(x)), = 0. Then define ., T, : IZ — 17,

T ifi=»5
(Pe(tp(x))); ifi#Db

Our task is to show that the passage from @, to @, p, leads to an error (in the
sense of Proposition 4.2) of order |e| independent of the size of A (depending
heavily on ¢, though!). Denote by Ej, the Z x Z matrix with (Ep);; = 1 if
i=j#band (Ep);; =0 otherwise.

Lemma 4.3. Let §. be a (a1, az)-coupling.

(@) 3 ie7,5UPg [(Pep ()i — (Pe())i| < 2[e](ar +1).

(b) > ez 5UP ez 5UPg [05(Pep ()i — 0j(Pe())i| < 2[€](2a1 + az).

(c) Al Fy :=tP.p + (1 —t)P. (0 <t < 1) are (a1, az)-couplings and satisfy

assumption (i) in Proposition 4.2 for Ko = W, and Ky < 2 as

and Tep=PepoTp. (90)

(Pep(@))i = {

long as |e| < min{%, ﬁ}
Proof. The following estimate yields (a):
> sup|(@ep(®@)); — (Pe())il
icz *
< sup [z, — (Be(@))p| + D sup [(DPc(a))i;] sup |(()); — 5
z i#b jez * z
<2l (14> A | <2/f(1+ar) -
i#b
For (b) observe first that
—ajAE)i ifi="bor ] =b
(8j¢e,i) oLy — ajq)e,i if 4 7é b and j 75 b.

The difference (0;P. ;) o &y — 0;P.,; can be bounded by sup,, |0y(9;Pe;) ()|
sup,, |0;(0pPe;) ()| < 2|e|A”;p. Hence

(0j(Pep — Pe))i = {

D sup |(9;(Bep — )il < 2le| (Z sup(A’ — By A'Ey) i + Z(EbA"Eb)ib>

icz JEL icz I€L =
S 2|€|(2@1 + a2) .
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We turn to (c): That all F; (and hence also all F; 4) are (a1, az)-couplings
is a trivial observation. The Ks-bound then follows from Lemma 3.3. O

Combining Proposition 4.2 and Lemma 4.3 we obtain

Corollary 4.3. Let &, be a (a1, az)-coupling, A € I, and b € A. Then
/ ((Po,, — Po)v)aldm < || (8ar + 2az + 4) Varjaco (vacy)  (91)
X

forv € L}, as long as |e| < min{i, %}

4.7 Uniqueness and a Spectral Gap — the Coupled Case

We are going to follow essentially the same strategy as in the proof of Theo-
rem 4.2. To this end we decouple the dynamics at a site b € A = [a, b] from
all other sites. As a result we obtain an estimate like (81) with an additional
error term. Finally we use the Lasota—Yorke inequality to control this error
term.

Recall that €; € (0,¢0] and 8; € (0,1) were determined in Proposition 4.1
and p = max{p,a}'/? < 1 in Theorem 4.2.

Theorem 4.3 (Spectral gap). Let v € (p,1). There is 03 € [61,1) such
that for each 0 € [02,1) there exist Cyp > 0 and €y € (0,€1] such that

1Pz vlle < Cov™ [[vo (92)

for all |e| < €y, all v € L} with vy = v(X) =0, and all n € N.
In particular, if m?* denotes the product Lebesque measure on X, then

IPEm® — pello < Cya™ := (24 C3)Co ™ - (93)
Before we prove this theorem, we note the following corollary.

Corollary 4.4 (Uniqueness). Let 0 € [02,1) and |e| < €g. There is a unique
T.-invariant probability measure p. in BVy, and u. belongs in fact to BVy—1.

Proof. The existence of u. € BVy—1 was proved in Theorem 4.1. For the
uniqueness assume that g, € BVy is also T-invariant. Let v = p — fi.. Then
Theorem 4.3 applies to v, and as Pr.v = v, it follows that v = 0.

Proof of Theorem 4.3. Let A = [a,b]. The proof consists of three steps.
In view of Corollary 4.3 we may first replace Pﬁl/ by Pfiﬁ ,v at the expense
of an error of size O({|e|). Then we can profit from the product structure of
Te (the site b is completely decoupled now!) and reduce estimates on the box
A to estimates on the smaller box A’ = [a,b — 1] as we did it in the proof of
Theorem 4.2. Finally we must show that it is indeed sufficient to do all this
for a large but fixed ¢.
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To begin with,

/ (Pl )al dim / (Pfgwdm\s [ 1Ph v~ Phvyalam
IA ES IA

A

/ — Py, )Pr, Pr. ') oy dm
A(i)

=0 - (94)

< | |(8a1 + 2a- +4 ZV&I‘IA(H»U((PTOPZ i-1 )A(i+1))

M \

(Pr,, — PTC)PTE{FIV)A‘ dm

| AN
& s
)—A O

l—
< |e|(8ay + 2az + 4) Z o~ AEEDN P PE
1=0

1
< L6711 ON¢|(8ay + 2a9 +4) - (O] + 3C)Ivlle = =1 Ol 7 vl

where we used Corollary 4.3 and (71).
Exactly the same reasoning yields

[ ol [ (Pl an| < 0720 c . 05)
14 ' 14

In the next step we will profit from the decoupling: as T : X — X is the
direct product 7 x S of 7 with a map S : I“M?F — [2\MP} for which (S(z));,
j € A’ depends only on coordinates from A = [a — fw, b+ fw], we can apply
Lemma 4.2 again and obtain

/ |(Ph v)aldm < (24 Cy) Cs pt Varl,,(l/A)—l—/ |(P£bu)/y|dm. (96)

I
Before we put together (94)—(96) we let 4 = (py)'/2. Then p < ¥ < v and

p/7 =7/ < 1. So we can fix 0y € [01,1) N ((7/7)Y/*,1), and for 6 € [0,1)
we can first choose ¢y such that

(2 + CQ)CSpée S (1 _ 9)&259922910 and (Ci (Ci + %Cé) + Cé) (,-3/02—117)229 S 72[9
(97)
and then €y € (0, €] so small that 20y~ 2" eyC7 < (1 — §)7%%. Then

o [ \(Pirv)aldm
14 ©
< (1= 057 (Ilvllo + 0 Var 4 () ) + 014 / A@g ) aldm (98)

for |e| < €. Taking the supremum over all A € 7 this yields, as in (82),
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PPl < (1—6)7% 0|Py
|Privle < (L= 0)y"|lvllo + 0 |Prlvlo - (99)

Now the proof of the proposition can be finished along the lines of the proof
of Theorem 4.2: invoking the Lasota—Yorke type estimates (69) and (71) one
obtains the exponential estimate

1Py < Cla® | PEvg + Cy0 2" | PEv]g
1
< (C{’?Q% (Ci + 50&9_27”[9) + C£9—2w€95’2€9> ||V||0
< V%’ v]le - (100)

This yields || P} v|e < 7"|[v|lp for even multiples n = 2kfy of £y, valid for
le| < eg. For general n = 2kly + j with 0 < j < 2¢y one uses (71) to conclude
that [ P vl < (C+Cy0~200n)[ P20yl < ((C) + Ch~200)y200) 47 .
This is (92). O

4.8 Exponential Decay of Correlations

Lemma 4.4 (Exponential decay in time). Let ¢,¢ : X — R be bounded
observables that depend only on coordinates in intervals Ay and Ay, respec-

tively. Let € and 6 be as in Theorem 4.3, and let i be a probability measure
from BVg—1. Then

‘/qﬁon!‘dﬂ/(bdﬁ-/wdue

For [i = p. this is slightly stronger than (4) of Theorem 1.1.

< Cof™ " llo=1 lI8llcn [lloo -
(101)

Proof. Tt suffices to restrict to the case where [¢dfi = 0. Let v = ¢ji. Then
v(X) = [ ¢di= 0 so that

’/‘b'WTSdﬂ' S/I% (PR v)a,| 9 dm < |l co 67110

< [llgo 0741 Coy™ [vllo < (¢l o 071 Coy™|[v[lo=1
(102)

Prve

by Theorem 4.3 and Lemma 4.1c when |e] < €.
It remains to bound ||v||¢=1: Remembering Lemma 4.1b it suffices to con-
sider boxes A € Z which include A4. Let ¢ € T74. Then

[ osevaam= [ aito)indm~ [ poonadm
IA IA IA

< ||¢llco Var(fia) + ||3i¢||00/|ﬂ/1|dm < lallo=1 lI¢llcr - (103)

Hence ||v|lg=1 < ||®||c||ft]|lo=1. This finishes the proof of (101). O
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Lemma 4.5 (Exponential decay in space). Let ¢,1 : X — R be bounded
observables that depend only on coordinates in the interval A. Let v and 0 be
as in Theorem 4.3, and let 0 be sufficiently close to 1 that v := 'yﬁQ*l <1
(recall that w is the coupling range). Then, for |e| < eq,

‘/qﬁ-(woo")due—/wue/wdue

where o is the left shift on X = I~.

<™ M glloo[¢llco (104)

Proof. We may assume that [ ¢ du. = 0. Let Y =1oo™ As ¢ and ¥ depend
on variables at distance |n|—|A| at least, it follows that ¢oT* and 1oT* depend
on disjoint sets of variables for k = [%] Accordingly, by Theorem 4.3,

\ [o-wooman TGy 07 ]| o 4o

<|[obargn?)

= | [T o) dm?| + i 67 g cn [0 co
[ oran

= | [ saekm?) \ [datPhm®)| + cit o1 e

< 2Cp* 07 g o 14l co - (105)

- / (60 TF) dim® iy 071 gl ol o

As Ay = fyﬁ 6=, (104) follows immediately. O

4.9 pe as Unique Physical Measure

The invariant measure e has some properties which qualify it as the unique
physical (or observable) measure: it governs a strong law of large numbers
(Corollary 1.1), and it is stable under small independent random perturba-
tions. Below we prove the first assertion, and we formulate precisely what we
mean by the second one (without providing a proof, though).

Proof of Corollary 1.1 (Strong law of large numbers): Let f : I — R
be a probability density of bounded variation and let v = (fm)Z the infinite
product measure of the probability measure with density f. Then v € BVy_1,
and indeed ||v|p=1 = Var;(f) < oo by Example 4.1. Let 1) be a C! observable
that depends only on finitely many coordinates. (It clearly suffices to prove
the corollary for such observables, because each continuous observable can be
uniformly approximated by them.) In view of [10, Theorem 5.1] it suffices to
prove the two following properties:2!

2! Given (106) and (107), the proof of the law of large numbers is easy. We more
or less copy it from [10]. Let Sn(z) = 7=, (¥(TFz)— [+ oTFdv). Then
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lim /onf dv = /wdus (106)

k—oo

sup Z

k>0]—0

< Chy <00.

/onﬂ onk)de/ongdu/onekdu

(107)
Equation (106) is contained in the special case i = v and ¢ = 1 of (101).
Equation (107) follows also from (101): first replace ¢ by ¢ — [ du., i.e.
assume that [ ¢ du. = 0. Then apply (101) with i = Pfﬁeu and £ =|j — k| to
show that

oo

>

=0

and finally apply (101) with i@ = v and ¢ = 1 to show that

/onz)(onf)du

Z /onng/onede SWHCUZ /onede SC(;’,¢<OO'
§=0 =0

For both of these estimates one uses the fact that sup,, || P} v]lg—1 < oo, see
(71).

Remark 4.3. Here is another reason why p. should be considered as the unique
observable invariant measure: it is stable under independent random pertur-
bations. More precisely, consider a smooth family (S,,)wer of C? maps from
I — I, Sy =1d;. Let (vs)s>0 be a family of probability measures on R with
C! densities supported on [, 6], and consider the random process defined
by the Markov operator??

f(nS Y dv < 5nCoy = LCy w by (107), so that the subsequence (7zSj2)k>1
is Lt -summable In partlcular, =z 18,2 — 0 v-a.e.. To show the a.e.-convergence
of the full sequence, let m, = [\/n]>. The bound m,, < n < m,, + 2/n ensures
2o — 1 and |Sn — Sm, | < 24/n]|9]|co. Hence
1 —
75',” e @ 75177,” + S nSmn

— 0 almost surely as n — oo
n n mp

and lim, —oo £ 3020 ¥(TF2) = [ 1) dpe for v-a.e. = follows from (106).

To convince oneself that this is quite a general way to write down random pertur-
bations consider the case in which the S, are defined on the circle I = R/Z
by S.(z) = z 4+ w and where v5(dw) = 6 'q(§ 'w)dw. Then, for measures
u(dz) = h(z) d,

22

Pusu(p) = // z+w)h(z)d  q(6 ' w) da dw
= /1 e(y) (/Rh(y—w)é_lqw_lw)dw) dy (108)
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Ppte) = [ [ oo S dudus(e). (109)

We will consider independent random perturbations of this type at each site,
that is

Pysp(p) == /Z/@ 0 (®iezSw,) dpt ®icz dvs(wi) . (110)
RZ J T
Define now P 5 := P, sPr.. One can show the following (actually, this is a
nice exercise for the reader):

e P, s has a unique invariant probability measure pes, and this measure
belongs to BV y_1.

o |ltes — pello < Copd(Ind=1)2, in particular lims_q pe s = pe in the weak
topology.

We finish by proving assertion 3 of Theorem 1.1.

Lemma 4.6. There exist 0, € (0,1) such that, for each 0 € [0.,1) and € €
(0,€g] (where €q is as in Theorem 4.3), there exists Cy > 0 such that

o — pello < Cf elne? . (111)
Proof. By a repeated application of Corollary 4.3, for each A € 7 and each
probability measure v € BVy_1,

o4 / |(Pr,v — Pr.v)aldm < D" e 0" M| A||v]g=1 < De|v|p—
A

for some constants D', D > 0. Thus, observing that |Pr,|e = 1,

n—1

| P o — Pipole < Y [(Pr, — Pr) PR pole < nCy'e
k=0

for a suitable constant Cj” > 0. Hence, in view of (92) and Theorem 4.1,

e — tole < |pe — Pr: puolo + | Prpo — Pr. prole < Cg' (Y™ + ne)

and (111) follows by choosing n proportional to Ine~!. O
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