
Operator Theory:
Advances and Applications, Vol. 153, 123–141
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1. Introduction

Notwithstanding the rising interest in the ergodic properties of infinite systems,
only a limited amount of results are available for non linear quantum evolutions.
This is particularly true if one wants to gain a knowledge of invariant states that
are not necessarily KMS states for the system. The latter problem is of interest
since, if there exist invariant non-KMS states which are stable with respect to
a wide class of perturbations, then their physical relevance could be comparable
with the one of the KMS states. Indeed, it is shown in [6], that this is the case for
an infinite chain with one defect, in which only one spring is subject to a small
anharmonic perturbation. More precisely, starting from the model studied in [4],
it was considered in proper units, the Hamiltonian

H(q, p) =
1
2

∑

i∈Z

p2
i +

1
2

(
1
M

− 1
)
p2
0 +

1
8

∑

i∈Z

(qi+1 − qi)2

+
∑

i∈Z

κ

2
q2i +

K

2
q20 + V (q0) , (1.1)

where the non linear part V is small and regular in some appropriate sense.
It is well-known (see, e.g., [3]) that the corresponding linear system (i.e., when

V ≡ 0) exhibits a multitude of quasi-free states invariant with respect to the free
dynamics α0

t , due to the integrable nature of the Hamiltonian. It is proven in [6]
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that, for such a class of perturbations V �= 0, the infinite dynamics αt associated
to (1.1) is well defined – on an appropriate C∗-algebra M and is described by a
uniformly convergent series with respect to the time.

Recall that for a dynamical system (A, γt, ϕ) with ϕ invariant for the dynam-
ics, forward mixing (or equivalently strong clustering) means that

lim
t→+∞ϕ(B∗γt(A)B) = ϕ(B∗B)ϕ(A) (1.2)

for each A,B ∈ A.1 Our definition of (forward) mixing slightly differs from the
standard one

lim
t→+∞ϕ(Bγt(A)) = ϕ(A)ϕ(B) , (1.3)

see, e.g., [9], see also [11] for very recent developments on ergodicity in quantum
setting. We adopt the former as it is more suitable for applications to quantum
mechanics (e.g., [8] where (1.2) is referred as the property of “return to equilib-
rium”).

It is expected that (1.2) is stronger than (1.3). However we have

Proposition 1.1. Property (1.2) implies (1.3). Conversely, if the dynamical system
(A, γt) is asymptotically abelian in norm, or if Ωϕ is cyclic for πϕ(A)′, then (1.2)
and (1.3) are equivalent, (πϕ,Hϕ,Ωϕ) being the GNS triplet of ϕ.

Proof. It is immediate to verify that (1.2) and (1.3) are equivalent if (A, γt) is
asymptotically abelian in norm.

As Ωϕ is cyclic for πϕ(A), (1.2) implies that, if Ψ ∈ Hϕ, then 〈Ψ, πϕ(γt(A))Ψ〉
−→ ‖Ψ‖2ϕ(A) which gives by polarization

ϕ(Bγt(A)) ≡ 〈πϕ(B∗)Ωϕ, πϕ(γt(A))Ωϕ〉

−→
(

1
4

∑

ω4=1

ω‖(πϕ(B∗) + ωI)Ωϕ‖2

)
ϕ(A) ≡ ϕ(A)ϕ(B) ,

that is (1.2) ⇒ (1.3).
Let Ωϕ be cyclic for πϕ(A)′. As Ωϕ is cyclic for πϕ(A), we get 〈Φ, UtΨ〉 −→

〈Φ,Ωϕ〉〈Ωϕ,Ψ〉, for each Φ,Ψ ∈ Hϕ, where Ut is the unitary implementation of γt
in the GNS representation. By applying this with Φ = T ∗πϕ(B)Ωϕ, Ψ = πϕ(A)Ωϕ
for T ∈ πϕ(A)′, we obtain 〈Ωϕ, πϕ(B∗)πϕ(γt(A))TΩϕ〉 −→ 〈Ωϕ, πϕ(B∗)TΩϕ〉ϕ(A).
As Ωϕ is cyclic also for πϕ(A)′, the last result is true for generic Ψ ∈ Hϕ instead
of TΩϕ. The assertion (1.3) ⇒ (1.2) when Ωϕ is also cyclic for πϕ(A)′ follows by
computing the last limit for Ψ = πϕ(B)Ωϕ. �

The results contained in [6] can be summarized as follows.

Theorem 1.2. Suppose that the potential V in (1.1) is sufficiently small and regular.
Then there exists a class of states on M, which is invariant and mixing w.r.t. the
linear dynamics α0

t , such that the following assertions hold true.

1The backward mixing is defined analogously.
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(i) To any state ω in the class mentioned above, it corresponds a unique state
ω∞ invariant w.r.t. the non linear dynamics αt, which is obtained as the
following pointwise limit

ω∞(A) = lim
t→±∞ω(αtA) .

(ii) The dynamical system (M, αt, ω∞) is mixing.

In the situation described above, the perturbed dynamical system (M,αt,ω∞)
exhibits the same strongly ergodic properties as the unperturbed system (M,α0

t ,ω).
Namely, there exists a non trivial class of states, non necessarily KMS, which are
“stable” for suitable perturbations of the dynamics.

From the technical point of view, the results in [6] are based on a sort of
L1-asymptotic abelianess for the free dynamics, in accordance with the standard
technique used in perturbation theory, see, e.g., [9] and the literature cited therein.
Loosely speaking, it is shown that, calling {W (λek)}λ∈R the Weyl operators asso-
ciated to the variables of the kth particle, it holds true for each fixed j, k in the
chain, ∫

R+
‖ [W (ej), α0

tW (ek)]‖ dt < +∞ .

Of course, one can criticize [6] by saying that it is limited to a bounded
perturbation of a linear infinite system, and that such a small and local perturba-
tion cannot suffice to alter the statistical properties of an infinite system. In other
words, the allowed perturbations are unreasonably restricted from the physical
point of view. Accordingly, the stability of non-KMS states with respect to such
perturbations is really too limited to imply something about the realistic stability
of infinite states.

It is then natural to address the possibility to investigate a translation in-
variant perturbation, that is a locally small perturbation, but present at each site
of the chain. Of course, in such a case the perturbation would be unbounded. To
treat such a model with a perturbative approach in the spirit of [6], it would be
necessary to have a sort of L1 space-time asymptotic abelianess, that is

sup
k∈Z

[∑

j∈Z

∫

R+
‖ [W (ek), α0

tW (ej)] ‖ dt
]
< +∞ . (1.4)

Unfortunately, harmonic lattices, or harmonic lattices with finitely many de-
fects, do not seem to enjoy such strong ergodic properties. Nevertheless, there
exist translation invariant non linear dynamics for which (1.4) is satisfied. These
are related to the attempt to make sense of the dynamics associated to the formal
random Hamiltonian

H(q, p) =
1
2

∑

i∈Z

p2
i + κiq

2
i +

1
2

∑

|i−j|=1

(qi − qj)2 + V (qi − qj) , (1.5)
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where the κi are random variables on a common probability space satisfying cer-
tain reasonable properties.2 The model described by the Hamiltonian (1.5) can be
thought as an anharmonic chain with infinitely many random defects subjected to
neighbor interactions. The construction of such a dynamics is based on the pertur-
bation of a quasi-free dynamics given by Bogoliubov transformations acting on a
phase-space of a CCR algebra, defined by averaging the commutators with respect
to the random environment. One then considers quasi-free states ω determined by
the truncated quenched state. In such a context, it is proven in [7], the analogous
version of Theorem 1.2, see the next sections for further details.

A natural criticism to the above result is that to average and then quantize it
is not the same as to quantize and then average. In other words, it could be physi-
cally more relevant to study the dynamics associated to the (formal) Hamiltonian
(1.5) for each fixed realization of the spring constants {κi}i∈Z, and then average
with respect to the randomness. These two alternatives are better illustrated in
Section 2. Unfortunately, it is not clear how to define the infinite dynamics for
each spring configuration, since (1.4) does not hold pointwise. In addition, the
C∗-algebra in such a case would inevitably have a non trivial center, and this
also contributes to spoil the ergodic properties (again see Section 2 for more de-
tails). On such issues, no rigorous result relative to long-time behavior seems to
be available in literature.

In order to pursue the program related to the latter approach, some new
preliminary results on the long-time behavior can be obtained-limited to finite
systems and to linear dynamics. This is done in Section 4.

2. Disordered harmonic chain. Two alternative constructions

Let us describe more precisely how the model associated to the Hamiltonian (1.5)
can be investigated.

We start by considering the disordered system obtained by putting V = 0 in
(1.5). By disordered we mean that all the elastic constants {κi}i∈Z appearing in
(1.5), are random variables defined on a probability space (X,P ). Namely, let us
consider the infinite block matrix

A =
(

0 I
∆ −K 0

)
(2.1)

where ∆ is the discrete Laplacian given by (∆v)i = vi+1 + vi−1 − 2vi, and
K = K(ξ) is a random multiplication operator given, for generic ξ ∈ X , by
(K(ξ)v)i := κi(ξ)vi. The block matrix A(ξ) acts componentwise on the double
sequence {(qi, pi)}i∈Z. It is the generator of the linear flow at fixed environment
{κi(ξ)}i∈Z. We assume that all κi are identically equidistributed independent ran-
dom variables with law p supported in some interval [a, b] ⊂ R+. In such a way, we

2We have chosen the unity of measure such that the mass of all particles is equal to one, and the
Planck constant � = 1.
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get for the sample space, X ≡ [a, b]Z, and for the law, P ≡ ∏
i∈Z

p. To insure that
the results in the present section apply to non trivial cases, it suffices to assume
that

p( dx) = f(x) dx

with f ∈ D((a, b)); see [7], Section 3.
Such a system can be seen both as a collection of Hamiltonian systems, one

for each fixed environment (that is for almost all the realizations of the random
variables), as well as a single Hamiltonian system on an appropriate (huge) phase
space. Let us briefly discuss the second alternative. We start with a classical dis-
ordered one-dimensional chain described by the random Hamiltonian

Hξ(q, p) :=
1
2

n∑

i=1

p2
i + κi(ξ)q2i +

1
2

∑

|i−j|=1

(qi − qj)2

which takes into account the quadratic part of (1.5) and where, for simplicity, the
system is a finite one. Consider the infinite-dimensional symplectic space (V ,Ω)
consisting of an appropriate linear subspace V of measurable functions on X with
values in the phase-space R2n equipped with the symplectic form Ω given by

Ω((q, p), (Q,P )) :=
∫

X

σ((q(ξ), p(ξ)), (Q(ξ), P (ξ)))µ( dξ) . (2.2)

Here, σ is the canonical symplectic form on the phase-space R2n, and µ is
any measure on X in the measure-class determined by P .

The equations of motion associated to the functional Hamiltonian

H(q, p) :=
∫

X

Hξ(q(ξ), p(ξ))µ( dξ) , (2.3)

read (q̇(ξ), ṗ(ξ)) = A(ξ)(q(ξ), p(ξ)) and determine a Hamiltonian flow T ∗
t . Such

a flow determines uniquely, almost everywhere, the time evolution at fixed envi-
ronment. In such a situation, the above points of view are essentially equivalent.
Moreover, in the second case it is natural to quantize the symplectic space (V ,Ω)
by specifying the measure in Formulae (2.2), (2.3) as the probability P describing
the randomness. In this way we have a genuine CCR-algebra: the commutation
function between (linear combinations of) fields and conjugate momenta is a mul-
tiple of the identity operator determined by the symplectic form (2.2). Such an
approach was firstly pursued in [7] in order to study the long-time behavior of an-
harmonic crystals in the setting of perturbation theory. The arising model exhibits
good strongly ergodic properties which are stable for a wide class of perturbations.

This approach differs from the natural procedure in the alternative point of
view: that is first quantize at fixed environment and then study the collection
of the resulting systems. The algebra of observables in this case can be taken to
be the “product” of the CCR-algebras corresponding to each fixed environment.3

3More precisely, the algebra of observables is modeled by a direct integral, see Section 4.
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This is a different algebra than the previous one. In fact, it has a non trivial center
and it is not a CCR.

To have a more concrete idea of the situation, consider the trivial case
in which the system consists of a one-dimensional harmonic oscillator with two
possible values of the spring. In this case, the largest possible V is isomorphic
to R4. For such a choice, the CCR in our quantization scheme (i.e., the ap-
proach followed in [7]) is naturally represented on the Hilbert space L2(R4).
The generated von Neumann algebra is B(L2(R4)), i.e., the algebra of all the
bounded operators on L2(R4). The alternative quantization scheme yields the al-
gebra B(L2(R2)) ⊕B(L2(R2)). The non trivial center consists of all the operators
with two diagonal blocks proportional to the identity. Notice that there is no canon-
ical way to compare these algebras, as well as the Hilbert spaces on which they
canonically act. However, both algebras contain a common remarkable subalgebra,
that is the algebra generated by the constant functions at time t = 0.

To insure strong ergodic properties in the case of the Hamiltonian (1.5), one
must choose V rather small, this is precisely what is done in [7], where V consists
of the smallest space containing the constant functions and invariant with respect
to the linear evolution. Further, only quasi-free states are considered. Such states
are defined on the Weyl operators as

ω(W (v)) = eE(− 1
2B(v,v)) , (2.4)

where B is a random two-point function which uniquely determines the quasi-free
state, and E denotes the average w.r.t. the randomness, see Formulae (3.6), (3.7).

On the contrary, in the environment-by-environment scheme, it is natural to
define the quenched, or eventually, the annealed states. For example, the quenched
state ωq and the annealed one ωa at inverse temperature β are defined as

ωq(A) = E

(
Tr(e−βHA)
Tr(e−βH)

)
, ωa(A) =

E(Tr(e−βHA))
E(Tr(e−βH))

,

when the r.h.s. are well defined. In the case at hand, the quenched state can be
defined in the environment-by-environment scheme as

ωq(W (v)) = E

(
e−

1
2B(v,v)

)
. (2.5)

Notice that the quenched state (2.5) is not quasi-free. To compare the two
states one must consider them on some common subalgebra, in our case the algebra
generated by the constant functions. On such a subalgebra, the states described
by (2.4) are the truncated functionals associated to the quenched states given in
(2.5), see, e.g., [3].4

Let us see in more detail what can be said in the two approaches just outlined.

4In addition, their two point functions coincide even at different times, that is

∂λ∂µω(W (λv)W (µTtw))
∣∣
λ=µ=0

= ∂λ∂µωq(W (λv)W (µTtw))
∣∣
λ=µ=0

.
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3. Disordered chains. The approach of [7]

In the present section, we report the main results of [7]. Consider the sequences
v = {vkm} where k = 1, 2 distinguishes the position from the momentum, and
m ∈ Z is the index relative to the site. Define then the norm

[]v[] :=
∑

m∈Z

eε|m|(|v1
m| + |v2

m|)

where ε > 0 is a fixed constant determined by the linear part of the Hamiltonian
(1.5). Let L2 := {v | []v[] < ∞}. The space L2 becomes in a natural way a phase-
space when it is equipped with the complex conjugation C, and the commutation
function

θ(u, v) =
〈
u,

(
0 iI

−iI 0

)
v

〉
, (3.1)

see, e.g., [1, 2]. Further, for each ξ ∈ X , let A(ξ) be the random operator (2.1)
on the phase-space (L2, C, θ). The associated one parameter group of Bogoliubov
automorphisms is given by

Tt(ξ)v := etA(ξ)∗v . (3.2)

The group Tt(ξ) is easily computed ([5], Formula (1.2)) obtaining

Tt(ξ) =
(

cos(H(ξ)1/2t) −H(ξ)1/2 sin(H(ξ)1/2t)
H(ξ)−1/2 sin(H(ξ)1/2t) cos(H(ξ)1/2t)

)
. (3.3)

As already mentioned, we will restrict our discussion to a rather small C∗-
algebra. We start by considering the constant functions v(ξ) = v, and the functions
Tt(ξ)v generated by the dynamics. We call the collection v := (v, t) of such func-
tions deterministic variables.

The space D(L), spanned of all deterministic variables, is a phase-space in a
natural way, if one defines as C the usual complex conjugation on functions, and
the “commutation function” θ as

θ(u,v) :=
∫

X

θ(u(ξ),v(ξ))P ( dξ) . (3.4)

If v = (v, τ), the map (3.2) again defines a one parameter group of Bogoliubov
automorphisms Tt on all of D(L) by

Ttv(ξ) := Tt+τ (ξ)v . (3.5)

To define a state, we consider fiberwise the two-point function

BF (u, v) =
〈
u(ξ),

(
F (H(ξ)) i

2I
− i

2I H(ξ)F (H(ξ))

)
v(ξ)

〉
, (3.6)

where F is a suitable bounded Borel function on the common spectrum (see,
e.g., [10]) of almost all H(ξ).5 The two-point function BF on the phase-space

5One must assume F (x) > 0, and xF (x)2 ≥ 1
4

in order to insure that the form be positive

defined.
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(D(L),C,θ) is given by

BF (u,v) =
∫

X

BF (u(ξ),v(ξ))P (dξ) . (3.7)

The corresponding quasi-free state ω on the Weyl algebra associated to the
real part of (D(L),C,θ) is obtained by

ω(W (u)) = e−
1
2BF (u,u) .

Note that ω is invariant for the one parameter group of Bogoliubov automor-
phisms (3.5). The commutation rule (3.4) translates on the Weyl operators as

W (u)W (v) = e−
1
2 θ(u,v)W (u + v) .

Let W be the C∗-algebra generated by all the Weyl operators associated to
the GNS representation of the quasi-free state ω which is kept fixed during the
analysis.

While the C∗-algebra W is large enough to accommodate the linear dynamics,
it cannot be invariant under the non linear time evolution. On the other hand, W′′

is most likely too large for our purposes, and the dynamics on it may very well
have poor ergodic properties. This problem can be solved by enlarging W enough
to accommodate the non linear dynamics, but not as much as to spoil its ergodic
properties.

Let M be the collection of all the triples m = (m,h, µ), where m ∈ N,
h : Rm → D(L) and µ is an appropriate measure on Rm, see [7], Section 6 for
more details. For each m ∈M define

W (m) =
∫

Rm

W (h(x))µ(dx) ,

where the integrals are meant w.r.t the weak (or, equivalently strong) operator
topology of B(H), H being the Hilbert space of the GNS representation of the
state under consideration. Next, we consider the linear set of operators

M := span {W (m) | m ∈M} .
It is easy to check that M is a ∗-subalgebra of W′′. Define M as the C∗-

algebra generated by M. Notice that W ⊂ M ⊂ W′′. Denoting again by ω and
α0
t the natural extensions of the state and the linear dynamics to all of M, it is

shown in [7] that the resulting dynamical system (M, α0
t , ω) is mixing.

In order to treat the non linear part V in (1.5), we consider perturbations as-
sociated to functions given by the (inverse) Fourier transform of “good” measures.
Namely,

V (x) :=
∫

Rd

eiλ·xν(dλ)

of a complex bounded Borel measure ν on R satisfying certain boundedness prop-
erties. The corresponding perturbation is obtained by an integral in the weak
operator topology of B(H); see [7], Section 5 for further details. Let the dynamics
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{αΛN
t }ΛN⊂Z restricted to an increasing sequence of finite boxes {ΛN} be defined

by the Dyson expansion (see, e.g., [3, 9]).
The main results of [7] are summarized in the following

Theorem 3.1. There exists a one parameter group of automorphisms {αt}t∈R of
M such that, for each A ∈ M, the following pointwise norm-limit holds true

αtA = lim
ΛN↑Z

αΛN
t A .

In addition, the σ(M∗,M)-limit

lim
t→±∞α∗

tω =: ω∞

exists and defines an invariant state which is mixing for the dynamics αt.

The proof of the above theorem is based on a uniform control in time of the
power series defining the dynamics (see [6, 7]). In turns, this depends on the fact
that the linear dynamics satisfies a kind of space-time asymptotic abelianess (1.4).

In conclusion, the model constructed in [7] and briefly outlined here, exhibits
good strongly ergodic properties which are stable for a wide class of infinitely
extended perturbations of the dynamics.

4. Disordered chains. The quenched approach

As already mentioned, there are serious technical problems to develop, in the case
described in this section, a program similar to that of the previous one. To clearly
illustrate the situation, we will limit ourselves to the study of finite linear systems.
Although such results are limited, they are the first necessary step in order to
understand ergodic properties exhibited by disordered systems. Further, they set
the stage for the possible subsequent steps:
(1) take the thermodynamic limit,
(2) consider non linear perturbations.

In order to investigate the long-time behavior of the disordered harmonic
chain, we start again with the Hamiltonian

H(q, p) :=
1
2

n∑

i=1

p2
i + kiq

2
i +

1
2

n−1∑

i=1

(qi+1 − qi)2

describing the finite system of particles allocated to the sites 1, 2, . . . , n on the
line, with free boundary conditions. The i-particle is subjected to the elastic force
described by the elastic constant ki, and a harmonic uniform nearest neighbor
interaction. The infinitesimal generator of the Hamilton flow is given as usual by
the truncation of the matrix (2.1).

In order to introduce the disorder, we fix a normalized L1 function h on the
hypercube Q := [a, b]n with 0 < a < b < +∞, and define on the hypercube

dµh(k) := h(k) dnk .
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As already mentioned, to construct the appropriate C∗-algebra of observ-
ables, we consider the direct integral

∫ ⊕
Q

Γ(Cn) dµh(k) where Γ(Cn) is the Fock
space for the n-dimensional CCR. Define A as the C∗-algebra generated by

{∫ ⊕

Q

W (u(k)) dµh(k) , u ∈ L2
R

(
Q, dµh; C2n

)}
,

where W (u(k)) is the Weyl operator associated to u(k) ∈ R2n acting on Γ(Cn).
With an abuse of language, we call also

W (u) :=
∫ ⊕

Q

W (u(k)) dµh(k)

a Weyl operator.
It is easy to check that the Weyl operators satisfy the commutation relation

W (u)W (v) =
(∫ ⊕

Q

e−
1
2 θ(u(k),v(k))Ik dµh(k)

)
W (u+ v) (4.1)

where θ is given in (3.1), and Ik is the identity operator acting on Γ(Cn) relative
to the fibre k.

On the C∗-algebra A, it is naturally acting the one parameter group of au-
tomorphisms {αt}t∈R, described on the Weyl operators by

αtW (u) = W (Ttu)

where Tt are made of Bogoliubov automorphisms acting fiberwise as
(
Ttu

)
(k) := Tt(k)u(k) ,

and Tt(k) is given by (3.3).
Consider a two-point function BF as in (3.6) based on the function F which

we suppose to be continuous. For each environment k, consider the state ϕk given
fiberwise by

ϕk(W (u(k))) := e−
1
2BF (u(k),u(k)) . (4.2)

The state ϕ, defined on the Weyl operators by

ϕ(W (u)) :=
∫

Q

ϕk(W (u(k)) dµh(k) , (4.3)

is uniquely extended on all of A. By construction, such a state is invariant w.r.t.
the dynamics.

Let B ∈ A such that ϕ(B∗B) > 0, be fixed. As usual, one can consider the
state

ϕB :=
ϕ(B∗ · B)
ϕ(B∗B)

(4.4)

where ϕ is given in (4.3). Of course, in general ϕB will not be an invariant state,
yet it is meaningful to ask if it has or not an asymptotic limit.
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Theorem 4.1. The pointwise limit

lim
t→+∞ϕB(αt(A)) =: ϕB,∞(A)

exists and defines an invariant state on A.6

Proof. By compactness, the net {ϕ(B∗αt( · )B)}t∈R has weak*-cluster points. The
assertion will follow by showing that there is only one cluster point. By a standard
approximation argument, it suffices to investigate the three-point function I(t) :=
ϕ(W (u)W (Ttv)W (w)) where u, v, w are generic elements of L2

(
Q, dµh; R2n

)
. By

the commutation rule (4.1), we compute

I(t) =
∫

Q

e−
1
2

{
θ(u,w)+θ(u−w,Ttv)

}
e−

1
2BF (u+Ttv+w,u+Ttv+w) dµh .

Notice that the first exponent is purely imaginary, and the second one is
negative. Further, the one parameter group

Tt : L2
(
Q, dµh; C2n

) 
→ L2
(
Q, dµh; C2n

)

is equibounded. Hence, for each fixed ε > 0, we can choose smooth functions hε,
uε, vε, wε, Fε such that for every t ∈ R, we have |I(t) − Iε(t)| < ε. Here, Iε is
the corresponding function constructed as above by using the mentioned list of
smooth functions. We obtain

|I(t) − I(t′)| < |I(t) − Iε(t)| + |Iε(t) − Iε(t′)| + |Iε(t′) − I(t′)|
< 2ε+ |Iε(t) − Iε(t′)| .

Namely, the above 3ε-trick allows us to reduce ourselves to the case when all
the involved functions are smooth.

We write

I(t) =
∫

Q

h(k)e−
1
2E(k)e−

1
2E(k,t) dnk

where

E(k) := θ(u(k), w(k)) +BF (u(k) + w(k), u(k) + w(k)) +BF (v(k), v(k))

E(k, t) := θ(u(k) − w(k), Tt(k)v(k)) + 2BF (u(k) + w(k), Tt(k)v(k)) .

After some computations, we obtain

E(k, t) =
n∑

l=1

(
cos(

√
λl(k) t)

∑

σ=1,2

〈ξσ(k) + 2ησ(k)|el(k)〉〈el(k)|vσ(k)〉

+ sin(
√
λl(k) t)

∑

σ=1,2

〈ξ̂σ(k) + 2η̂σ(k)|el(k)〉〈el(k)|vσ(k)〉
)

6The analogous limit at −∞ exists as well, and defines another (in general different) invariant
state on A.



134 F. Fidaleo and C. Liverani

where

ξ(k) :=
(

0 iI
−iI 0

)
(u(k) − w(k)) ,

ξ̂(k) :=
(−iH(k)−1/2 0

0 −iH(k)1/2

)
(u(k) − w(k)) ,

η(k) :=
(
F (H(k)) 0

0 H(k)F (H(k))

)
(u(k) + w(k)) ,

η̂(k) :=
(

0 H(k)1/2F (H(k))
−H(k)1/2F (H(k)) 0

)
(u(k) + w(k)) ,

{λl(k)}nl=1 and {el(k)}nl=1 being the finite sequences of the eigenvalues and the
corresponding eigenvectors of the matrix H(k).

Notice that we have for such a matrix,

H(k) =





(k1 + 2) −1 0 · · · ·
−1 (k2 + 2) −1 0 · · ·
· · · · · · ·
· 0 −1 (kl + 2) −1 0 ·
· · · · · · ·
· · · 0 −1 (kn−1 + 2) −1
· · · · 0 −1 (kn + 2)





.

This is exactly the situation described in Appendix A. Namely, the eigenvalues
of H(k) are the n distinct roots of the orthogonal polynomial Pn(k + 2, x) corre-
sponding to the parameters (k1 + 2, . . . , kn + 2). The functions

ω(k) := (
√
λ1(k), . . . ,

√
λn(k)) (4.5)

are, locally, smooth functions of (k1, . . . , kn). Further, as the eigenvalues (λ1(k),
. . . , λn(k)) are strictly positive under our assumptions, there exists local inverses
for ω(k) apart from a closed null-set N ⊂ Rn, see Proposition A.3.

Let now {Om}∞m=1 be an open covering of the (open) set
◦
Q \N of full

Lebesgue measure, together with a partition of unity {ψm}∞m=1 subordinate to
the mentioned covering, such that for each m, the function (4.5) admits the in-
verse Km in Om. We have

I(t) =
∞∑

m=1

∫

Km(supp(ψm))

ψm(Km(ω))h(Km(ω))

× e−
1
2E(Km(ω))e−

1
2E(Km(ω),t)

∣∣ det ∂ωKm(ω)
∣∣dnω

where the last series is summable, uniformly in t ∈ R; see, e.g., [12], Theorem 3.12.
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As E(k) and E(k, t) are smooth functions,7 we can apply Proposition B.1
after exchanging the sum with the limit. This leads to the assertion. �

Notice that, taking into account (B.1), the limit of the three-point function
limt→+∞ ϕ(W (u)W (Ttv)W (w)), can be explicitly computed.

The above theorem differs substantially from the mixing property (1.2). In
fact, mixing would imply ϕB,∞ = ϕ. It is not hard to show that this is generically
impossible. This is a consequence of the abundance of invariant states and shows
that the asymptotic state depends on the initial conditions. However, Theorem 4.1
tells us that the disordered chain exhibit a “good” long-time behavior, contrary
to the usual chain (non disordered) where the dynamics is quasi-periodic.

Equally well, one can consider the “quenched” state ϕB associated to an
element B as above. It is given in a natural way on the Weyl operators by

ϕB(W (u)) :=
∫

Q

ϕk(B(k)∗W (u(k))B(k))
ϕk(B(k)∗B(k))

dµh(k) , (4.6)

where ϕk is given in (4.2), and {B(k)}k∈Q is the measurable decomposition of B
which always exists; see, e.g., [14], Section IV.8.

Suppose that the measurable function k 
→ ϕk(B(k)∗B(k)) is essentially
bounded from below by a constant δ > 0. Define fiberwise the operator B̃ as

B̃(k) := ϕk(B(k)∗B(k))−1/2B(k) .

Clearly, B̃ belongs to A. In addition, ϕB = ϕB̃, that is most of the states
described in (4.6) are particular cases of those defined in (4.4).

Appendix A. Note on orthogonal polynomials

Consider a sequence {an}n∈N of real numbers, together with the associated se-
quence of polynomials uniquely defined by

P−1(x) := 0 , P0(x) := 1 ,

Pj(x) := (x− aj)Pj−1(x) − Pj−2(x) . (A.1)

It is well known that the Pn are the orthogonal polynomials associated to
some probability measure on the real line. Hence, the Pn have n distinct roots
with nice separation properties, see, e.g., [13].

Consider, for each n ∈ N, the finite sequence of parameters a := (a1, . . . , an),
together with the corresponding polynomial Pn. Let P̄nj be the polynomial con-
structed by the relations (A.1) using the parameters (an−j+1, . . . , an). To simplify

7This follows as, for all k nearby k̄,

|el(k)〉〈el(k)| =
1

2πi

∮

γ
(zI − H(k))−1 dz

where γ is a sufficiently small fixed circle surrounding counterclockwise the eigenvalue λl(k̄)
corresponding to the one-dimensional projector |el(k̄)〉〈el(k̄)|.
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notations, we omit for the moment to make explicit the dependence of the poly-
nomials on the parameters.

Lemma A.1. The relation

Qnj (x) := ∂ajPn(x) = −P̄nn−j(x)Pj−1(x)

holds true for each n ∈ N, (a1, . . . , an) ∈ Rn and x ∈ R.

Proof. The proof is by induction over n. For n = 1 we have

∂a1P1(x) = ∂a1(x− a1) = −1 = −P̄ 1
0 (x)P0(x) .

Let us suppose the lemma true for n, then

∂an+1Pn+1(x) = −Pn(x) = −P̄n+1
0 (x)Pn(x),

∂anPn+1(x) = (x− an+1)∂anPn(x) = −(x− an+1)P̄n0 (x)Pn−1(x)

= −P̄n+1
1 (x)Pn−1(x) .

For j < n we obtain

∂ajPn+1(x) = (x− an+1)∂ajPn(x) − ∂ajPn−1(x)

= −(x− an+1)P̄nn−j(x)Pj−1(x) + P̄n−1
n−j−1(x)Pj−1(x)

= −P̄n+1
n+1−j(x)Pj−1(x) ,

which concludes the proof. �

Note that Lemma A.1 implies that the Qnj are all polynomials of degree n−1
in x. We can thus set

Qnj (x) =:
n−1∑

k=0

αnj,kx
k (A.2)

where the coefficients depends on the parameters a. Define the n × n matrix An
as that having the coefficients appearing in the r.h.s. of (A.2). Consider, for a
finite sequence λ := (λ1, . . . , λn) of unknowns, the n×n matrix Λ ≡ Λ(a, λ) whose
entries are given by

[Λ(a, λ)]i,j := ∂ajPn(λi) .

Lemma A.2. The following holds true.

det Λ = det
(
An

)
det

(
1 λi . . . λn−1

i

)
. (A.3)

Moreover, the polynomial det Λ is not identically zero.

Proof. Let Pn be the set of permutations of {0, . . . , n− 1}. Then, by the multilin-
earity of the determinant, we get

detΛ =
∑

σ∈Pn

n∏

j=1

αnj,σ(j−1) det
(
λ
σ(i−1)
i

)

and the first half follows by reordering the determinants in the r.h.s..
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As we have for the Vandermonde determinant,

det
(
1 λi . . . λn−1

i

)
=
∏n

i,j=1
i>j

(λi − λj) ,

we obtain that detΛ ≡ 0 is equivalent to detAn ≡ 0. To rule out this last possi-
bility, it suffices to show that it is different from zero for a specific choice of the
parameters a. We compute it for ai = 0 for each i < n, and an = 1. Let us call
P̂ , Q̂ and α̂ the polynomials and coefficients corresponding to parameters ai = 0
for all i.

Clearly, P̄ ij (x) = P̂j(x) for all i < n, while

P̄nj (x) = (x− 1)P̂j−1(x) − P̂j−2(x) = P̂j(x) − P̂j−1(x) .

Hence, for j < n,

Qnj (x) = −P̂n−j(x)P̂j−1(x) − P̂n−j−1(x)P̂j−1(x) = Q̂nj (x) − Q̂n−1
j (x) .

Next, notice that P̂j is even for j even and odd for j odd. Thus Q̂nj is even
for n odd and vice versa. This means that the non zero coefficients αnk,j and αn−1

k,j

fall in different columns. In addition, for j < n− 1,

Q̂nj (x) = −xP̂n−j−1(x)P̂j−1(x) + P̂n−j−2(x)Pj−1(x)

= xQ̂n−1
j (x) − Q̂n−2

j (x) .

Let us see what the above equations means in terms of the coefficients α̂. For
j < n− 1 we have

α̂nj,0 = −α̂n−2
j,0 ,

α̂nj,k = α̂n−1
j,k−1 − α̂n−2

j,k , k = 1, . . . , n− 3 ,

α̂nj,n−2 = α̂n−1
j,n−3 ,

α̂nj,n−1 = α̂n−1
j,n−2 .

(A.4)

The above considerations imply that An has the following form

An =





α̂n1,0 − α̂n−1
1,0 . . . α̂n1,n−2 − α̂n−1

1,n−2 α̂n1,n−1
...

...
...
...

...
...

α̂nn−1,0 − α̂n−1
n−1,0 . . . α̂nn−1,n−2 − α̂n−1

n−1,n−2 α̂nn−1,n−1

α̂nn,0 . . . α̂nn,n−2 1



 .

We restrict ourselves to the even case, the other one being similar.

An =





−α̂n−1
1,0 α̂n1,1 −α̂n1,2 . . . −α̂n−1

1,n−2 α̂n1,n−1
...

...
...

...
...
...

...
...

−α̂n−1
n−1,0 α̂nn−1,1 −α̂nn−1,2 . . . −α̂n−1

n−1,n−2 α̂nn−1,n−1

0 α̂nn,1 0 . . . 0 1



 .

Now, we construct a new matrix by keeping the columns with k = 2l and
substituting the columns with k = 2l+ 1 with the sum of the same column 2l+ 1
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and the previous column 2l. Clearly, the new matrix has the same determinant
as the original one. Keeping in mind (A.4), and developing the determinant w.r.t.
the last column (which has all zeroes but in the last entry), it yields

| detAn| =

∣∣∣∣∣∣∣∣∣

det





α̂n−1
1,0 α̂n−2

1,1 α̂n−1
1,2 . . . α̂n−2

1,n−3 α̂n−1
1,n−2

...
...

...
...
...
...

...
...

α̂n−1
n−2,0 α̂n−2

n−2,1 α̂n−1
n−2,2 . . . α̂n−2

n−2,n−3 α̂n−1
n−1,n−1

α̂n−1
n−1,0 0 α̂n−1

n−1,2 . . . 0 1





∣∣∣∣∣∣∣∣∣

= | detAn−1| .
By the same arguments for the odd case, we conclude that | detAn| =

| detAn−1| for each n, which means by induction, | detAn| = 1 for each n as
detA2 = 1. �

Consider the polynomial Pn ≡ Pn(a, x) in the unknown x, constructed by
(A.1) relatively to the parameters a ≡ (a1, . . . , an). A trivial application of the
Implicit Function Theorem tells us that the n distinct roots

λ(a) := (λ1(a), . . . , λn(a)) (A.5)

of Pn(a, x) depends smoothly on the parameters a.8 In other words, defining

F (a, λ) := (Pn(a, λ1), . . . , Pn(a, λn)) ,

the equation
F (a, λ) = 0

defines at least locally, the n distinct roots λ(a) as smooth functions of the pa-
rameters a. It is crucial for our aims to ask for local invertibility of the function
(A.5).

Proposition A.3. Apart from a negligible set in the parameters a, the map a ∈
R
n 
→ λ(a) ∈ R

n defines a local diffeomorphism.

Proof. For the cases under consideration, we have for the Jacobian matrix

∂λ

∂a
=
(
∂F

∂λ
(a, λ(a))

)−1
∂F

∂a
(a, λ(a)) ,

at least locally. Hence, it is sufficient to investigate the function (α, λ) ∈ R2n 
→
det ∂F∂a (a, λ) ≡ detΛ(a, λ) ∈ R under the conditions λi �= λj , i �= j, see Footnote 8.
Taking into account Lemma A.2, the last determinant factorizes into two pieces,
where the first one depends only on the parameters, and the second one never
vanishes in our context. Further, it is also shown in Lemma A.2, that such a
determinant is not identically zero. The negligible set we are looking for is precisely
the locus of zeroes of the non trivial polynomial detAn in (A.3), which is well
known to be negligible w.r.t. the n-dimensional Lebesgue measure. �

8This easily follows from the fact that Pn(a, x) has n distinct roots which means that
∂xPn(a, x)

∣∣
x=λi(a)

�= 0 , i = 1, . . . , n.
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Appendix B. A convergence property

Consider a real-valuedC1 function h supported into (0, L)n, sequences {ai}i=1,...,n,
{bi}i=1,...,n of complex-valued C1 functions on R

n, and finally a holomorphic func-
tion f : C 
→ C.

Proposition B.1. Under the above conditions, we have

lim
t→+∞

∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sinωit+ bi(ω) cosωit

))
(B.1)

=
∫

[0,L]n
dnω h(ω)

1
(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi + bi(ω) cosxi

))
.

Proof. Taking into account the support of h, we can write
∣∣∣∣
∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sinωit+ bi(ω) cosωit

))

−
∫

[0,L]n
dnω h(ω)

1
(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi + bi(ω) cosxi

))∣∣∣∣

≤

[
tL
2π

]
∑

j1,...,jn=0

∫

Qj

dnω
∣∣∣∣h(ω) − h

(2π
t
j
)∣∣∣∣

∣∣∣∣f
( n∑

i=1

(
ai(ω) sinωit+ bi(ω) cosωit

))∣∣∣∣

+

[
tL
2π

]
∑

j1,...,jn=0

∣∣∣∣h
(2π
t
j
)∣∣∣∣
∫

Qj

dnω
∣∣∣∣f
( n∑

i=1

(
ai(ω) sinωit+ bi(ω) cosωit

))

−f
( n∑

i=1

(
ai
(2π
t
j
)
sinωit+ bi

(2π
t
j
)
cosωit

))∣∣∣∣

+
∣∣∣∣

[
tL
2π

]
∑

j1,...,jn=0

[(2π
t

)n
h
(2π
t
j
) 1
(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi+bi(ω) cosxi

))

−
∫

Qj

dnω h(ω)
1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi + bi(ω) cosxi

))]∣∣∣∣

where Qj is the (small) hypercube of side 2π
t constructed starting from the point(

2π
t j1,...,

2π
t jn

)
. Here, we made the change of variables (x1,...,xn)=(tω1,...,tωn)

in the last piece.
We majorize the first two pieces by

2π‖ dh‖∞‖f‖∞
√
nLn

1
t

2π‖h‖∞‖f ′‖∞
[ n∑

i=1

(‖ dai‖∞ + ‖ dbi‖∞
)]√

nLn
1
t
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respectively, where ‖ ‖∞ is the supremum norm on suitable compact sets. In order
to estimate the last piece, we note that the first part is precisely the Riemann
sums of the second part. Analogously, it is majorized by

2π‖ dG‖∞
√
nLn

1
t

where G is the smooth function given by

G(ω) :=
h(ω)
(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi + bi(ω) cosxi

))
.

Collecting together all pieces, we conclude that
∣∣∣∣
∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sinωit+ bi(ω) cosωit

))

−
∫

[0,L]n
dnω h(ω)

1
(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sinxi + bi(ω) cosxi

))∣∣∣∣

=O
(

1
t

)

which leads to the assertion. �
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