Geo IV 2025/26, Analisi Complessa, esercizi 5.

1.

Automorphisms of A.

(a) Show that every automorphism of the unit disc A extends injectively to a neighbourhood
of its closure A and admits at least a fixed point in A.

(b) Show that if f has a fixed point in A, then it is necessarily unique.

. Define D(0,7) = {z € C : |z] <r}. Let f:D(0,1) — C be a holomorphic function such

that |f(z)| = 1 for all z € 9D(0,1). Show that if f is nonconstant, then there exists an
automorphism g of D(0,1) such that fo g(0)=0.

Let f: A — A be a holomorphic function with a zero of order m at 0. Show that for all
z € A one has |f(2)] < |2|™.

Verify that the Cayley transform is a biholomorphism between the unit disc A and the upper
half plane H™.

Show that the stripe S, := {2z € C : 0 < Imz < r}, with r > 0, is biholomorphic to H*
(and therefore to A). Determine an explicit biholomorphism f:S; — A.

Determine whether there exists a nonconstant holomorphic function f:C — C whose image
f(C) has empty intersection with the border A of the unit disc A.

Determine whether there exists a nonconstant holomorphic function f:C — C whose image
f(C) has empty intersection with the real line R.

Laurent series and isolated singularities, Riemann extension theorem,
Casorati-Weierstrass theorem, automorphisms of the plane, residue theorem.
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Let f, g:C — C be holomorphic functions with g(z) # 0, for every z € C. Assume that
|f(2)] < |g(z)|, for every z € C. Show that there exists a constant ¢ € C such that f(z) = cg(z)
(cf. Exercise 17 in sheet 0). Show that the assumption “g(z) # 0, for every z € C” can be
replaced with “g not identically zero”.

(a) Let f be a bounded holomorphic function defined on C\ {0, i, 1 + i} or on C\ Z. Show
that f is constant.
(b) Is it true that f is constant when it is bounded on C\ ({1/n : n € N}U{0})?

Show that the functions
sin z e”—1 cosh z—1
z z z

are entire, i.e. they extend holomorphically to C.

Let f : C — C be an entire function.

(a) Show that if f has a zero of order n in zy, then 1/f has a pole of order n in zy.

(b) Let zy be a singularity (removable, polar, essential) of f. Determine the corresponding
type of singularity of 1/f.

Let zy be a pole of f. Recall that for every M >> 0 there exists ¢ > 0 such that
f(D*(20,€)) C {lz| > M}.
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Show that, given € > 0, there exists M >> 0 such that {|z| > M} C f(D*(zo,¢)).
(Justify your answer and mention all the results you used.)

Determine and classify all the singularities of the following functions:

1

1 0 n,n 1/z,—1/22 sin 2 sin z 1
tanz, 5 . ,2"2", zel/ze=1/%" —=, "%, 3 —COSZ.

Let g(z) := e'/* — €?/%. Determine g(C \ {0}).
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Let f(2) = Determine the Laurent serie of f around zy = i.

Let f be a holomorphic function on D*(0,r), for 0 < r < +o00. Assume that zop = 0 is a pole
of f of order m. Then the Laurent serie of f around zq is given by

f(2) = Eosman?™s  an = g™ t™(0),  where g(2) = 2™ f(2).

Let 1(2) = ey
(i) Show that z; =1 is a pole of f of order 3.
(ii) Determine all the coefficients of the principal part of the Laurent series of f around z.
(iii) Show that zo = —2 is a pole of f of order 2.
(iv) Determine all the coefficients of the principal part of the Laurent series of f around zs.

Let v2(0) = €¥, where 6 € [0,27], and v1(6) = 3¢, where 0 € [0,2r]. Compute
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Compute the residues of the following functions at the singular points:
3/22 23 23 23 2° cos 2 1
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Show that the function defined by Y - | —L= is holomorphic on C\ {0}. Compute its integral
on y(0) = €', for 6 € [0,27].

Compute

Use the “sector method” to compute
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See Sarason, Example 3, p.126.



