
Some other polynomial-time reductions
proving NP-completeness is fun







Reduction from: 3-SAT

3-SAT
input: a Boolean formula consisting of 3-literal clauses over n 
variables
goal: does there exist a satisfying assignment (making all clauses 
true)?

3-SAT is  NP-complete

yes instance:  x1 = true, x2 = true, x3 = false, x4 = false

idea:
given a 3-SAT instance we build a level/instance of Super Mario that is 
solvable if and only if the formula is satisfiable
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Peg Solitaire

goal: find a sequence of moves from an 
initial configuration to a target one



Peg Solitaire



Not so very long ago there became widespread 
an excellent kind of game, called Solitaire, where I 
play on my own, but as if with a friend as witness 
and referee to see that I play correctly. A board is 
filled with stones set in holes, which are to be 
removed in turn, but none (except the first, which 
may be chosen for removal at will) can be 
removed unless you are able to jump another 
stone across it into an adjacent empty place, 
when it is captured as in Draughts. He who 
removes all the stones right to the end according 
to this rule, wins; […]. This game can more 
elegantly be played backwards […]Thus we can 
either fill the board, or, what would be more 
clever, shape a predetermined figure from the 
stones; perhaps a triangle, a quadrilateral, an 
octagon, or some other, if this be possible; but 
such a task is by no means always possible: and 
this itself would be a valuable art, to foresee 
what can be achieved; and to have some way, 
particularly geometrical, of determining this. 

Gottfried Wilhelm 
von Leibniz
(1646-1716)
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Peg Solitaire

NP-complete to 
decide whether the 

board can be cleared
[Uehara&Iwata,90]
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Reduction from:
Hamiltonian Cycle in planar directed graphs with degree 3

input: a directed planar graph G where each vertex has degree 
exactly 3
goal: does G has a directed Hamiltonian cycle?

G 

It is  NP-complete

it can be drawn in a plane in such 
a way that no edges cross each other



Only 2 types of vertices:

u

2-in 1-out 
degree vertex

v

1-in 2-out 
degree vertex



1-in 2-out degree vertex gadget

from x

v

to v to v’

from x

to v’to v



2-in 1-out degree vertex gadget

u

from u from u’

to x

from u’from u

to x



wire/edge gadgets



G 

Connecting the gadgets

additional 
peg
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G 

Connecting the gadgets

additional 
peg

claim:
you can clear the board if and only if G has a Hamiltonian cycle



claim:
you can clear the board if and only if G has a Hamiltonian cycle

proof

()

if there is a Hamiltonian cycle C:
- first delete/clear the edges that do not belong to C
- clear the remaining pegs by going through C



2-in 1-out degree vertex gadget: intended behavior 
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from u from u’
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to x

“deleting” 
this edge
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1-in 2-out degree vertex gadget: the intended behavior 

from x
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claim:
you can clear the board if and only if G has a Hamiltonian cycle

proof

()

if there is a Hamiltonian cycle C:
- first delete/clear the edges that do not belong to C
- clear the remaining pegs by going through C

()

intuitively: if you want to clear the board you must play the 
gadgets in the intended way (otherwise you loose)

Play the reduction here:
https://www.isnphard.com/g/peg-solitaire/



Tetris
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Tetris

Russian cosmonaut Aleksandr Serebrov became the first 
person to play a videogame in space when he packed a 
Game Boy and his personal copy of Tetris (Nintendo, 
1989) for his trip to the MIR Space Station in 1993.



3-Partition problem

• Input: a collection A of n positive integers a1 … an

• question: is it possible to partition A in n/3 collections A1 … An/3 of 
equal sum, i.e.

෍

𝑎 ∈𝐴1

𝑎 = ⋯ = ෍

𝑎 ∈𝐴𝑛
3

𝑎 =
σ𝑎 ∈𝐴 𝑎

𝑛
3

= 𝑡

• Fact 1: 3-Partition is NP-complete, even if t/4 < ai < t/2.
• Obs.: if we assume t/4 < ai < t/2 we have |Ai| = 3, for each Ai

• Fact 2: 3-Partition is strong NP-hard, i.e. it is NP-complete even if 
every ai is polynomially bounded in n (n: the number of numbers).



input: an initial 
configuration of the 
board, and the entire 
(offline) sequence of the 
pieces 
goal: can you clear all the 
board?



3-Partition to Tetris



n/3 buckets

3-Partition to Tetris



n/3 buckets

t + 3 notches

3-Partition to Tetris



ai gadget

initiator filler (ai times) terminator

3-Partition to Tetris
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. .
 .

ai = 3

terminator

exactly ai + 1 
notches are used

3-Partition to Tetris



. .
 .

ai = 3

terminator

exactly ai + 1 
notches are used

Since each |Ak| = 3 and 
sum(Ak) = t then we 
need t + 3 notches.

3-Partition to Tetris



A1 A2 A3 An/3. . 
.

A solution A1 … An/3 exists iff 
we can feel all the n/3 buckets 
in this way

3-Partition to Tetris



A1 A2 A3 An/3. . .

A solution A1 … An/3 exists iff 
we can feel all the n/3 buckets 
in this way

final pieces

3-Partition to Tetris



A1 A2 A3 An/3. . 
.

First two line disappear



A1 A2 A3 An/3. . 
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A1 A2 A3 An/3. . 
.

3-Partition to Tetris



A1 A2 A3 An/3. . .

Continue until the entire board is clean…

3-Partition to Tetris



Forced moves - initiator

If you try to position blocks in a different 
way into a bucket

3-Partition to Tetris



Forced moves – filler (first piece)

3-Partition to Tetris



Forced moves – filler (second piece)

If you try to position blocks in a different 
way into a bucket

3-Partition to Tetris



Forced moves – filler (third piece)

If you try to position blocks in a different 
way into a bucket

3-Partition to Tetris



If you try to break a element gadget

3-Partition to Tetris



MIT course (video lectures available):
https://courses.csail.mit.edu/6.892/spring19/



compendium on hardness for games and puzzles:
https://www.isnphard.com/i/




	Slide 1: Some other polynomial-time reductions proving NP-completeness is fun
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62: Tetris
	Slide 63: Tetris
	Slide 64: Tetris
	Slide 65: 3-Partition problem
	Slide 66
	Slide 67: 3-Partition to Tetris
	Slide 68
	Slide 69: 3-Partition to Tetris
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95

