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Flow network

A flow network is a tuple G = (V, E, s, t, c).

・Digraph (V, E) with source s ∈ V and sink t ∈ V.

・Capacity c(e) ≥ 0 for each e ∈ E.

Intuition.  Material flowing through a transportation network;

material originates at source and is sent to sink.
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A and t ∈ B.

Def.  Its capacity is the sum of the capacities of the edges from A to B. 
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A and t ∈ B.

Def.  Its capacity is the sum of the capacities of the edges from A to B. 
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One more example
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A and t ∈ B.

Def.  Its capacity is the sum of the capacities of the edges from A to B. 

Min-cut problem.  Find a cut of minimum capacity. 
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Maximum-flow problem

Def.  An st-flow (flow) f is a function that satisfies:

・For each e ∈ E : [capacity]

・For each v ∈ V – {s, t} : [flow conservation]
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Maximum-flow problem

Def.  An st-flow (flow) f is a function that satisfies:

・For each e ∈ E : [capacity]

・For each v ∈ V – {s, t} : [flow conservation]

Def.  The value of a flow f is:
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Maximum-flow problem

Def.  An st-flow (flow) f is a function that satisfies:

・For each e ∈ E : [capacity]

・For each v ∈ V – {s, t} : [flow conservation]

Def.  The value of a flow f is:

Max-flow problem.  Find a flow of maximum value.
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Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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+ 2 = 10

Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.

15

0 / 6

0 / 4

0 / 10 8

0 / 2

8 / 100 / 9

2 —

2

—

10

—

flow network G and flow f

s t



Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P where each edge has f (e) < c(e).

・Augment flow along path P.

・Repeat until you get stuck.
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Q.  Why does the greedy algorithm fail?

A.  Once greedy algorithm increases flow on an edge, it never decreases it.

Ex.  Consider flow network G .

・The unique max flow f * 
has f *(v, w) = 0.

・Greedy algorithm could choose s→v→w→t as first path.

Bottom line.  Need some mechanism to “undo” a bad decision.

Why the greedy algorithm fails
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Residual network

Original edge.  e = (u, v)  ∈ E.

・Flow f (e).

・Capacity c(e).

Reverse edge. e
reverse

= (v, u).

・“Undo” flow sent.

Residual capacity.

Residual network.  Gf = (V, Ef , s, t, cf ).

・Ef = {e : f (e) <  c(e)}  ∪ {e : f (e
reverse

)  >  0}.

・Key property:  f ′ is a flow in Gf iff f + f ′ is a flow in G.
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Residual network: an example
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Augmenting path

Def. An augmenting path is a simple s↝t path in the residual network Gf .

Def. The bottleneck capacity of an augmenting path P is the minimum

residual capacity of any edge in P.

Key property.  Let f be a flow and let P be an augmenting path in Gf .

Then, after calling f ′ ← AUGMENT( f, c, P), the resulting f ′ is a flow and

val( f ′) = val( f ) + bottleneck(Gf, P).
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AUGMENT( f, c, P)
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

δ ← bottleneck capacity of augmenting path P.

FOREACH edge e ∈ P :

IF (e ∈ E)  f (e)  ←  f (e) +  δ.

ELSE f (ereverse) ← f (ereverse)  – δ.

RETURN f.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________



Ford–Fulkerson algorithm

Ford–Fulkerson augmenting path algorithm.

・Start with f (e) = 0 for each edge e ∈ E.

・Find an s↝t path P in the residual network G f .

・Augment flow along path P.

・Repeat until you get stuck.
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FORD–FULKERSON(G)
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ ________________________________________________________________________________________________________________________________________________

_

FOREACH edge e ∈ E :  f (e) ← 0.

G f ← residual network of G with respect to flow f.

WHILE (there exists an s↝t path P in G f )

f ← AUGMENT( f, c, P).

Update G f.

RETURN f.

augmenting path



Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo

26

4

residual network Gf

10

s t

0 / 2 0 / 6

8 / 10

0 / 4

0 / 9

network G and flow f

0 / 10 8

8

9
s

2

2 —

2

— + 2 = 10

6

10

—

2
t



Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Relationship between flows and cuts

Flow value lemma. Let f be any flow and let (A, B) be any cut. Then,

the value of the flow f equals the net flow across the cut (A, B). 
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Relationship between flows and cuts

Flow value lemma. Let f be any flow and let (A, B) be any cut. Then,

the value of the flow f equals the net flow across the cut (A, B). 
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Relationship between flows and cuts

Flow value lemma. Let f be any flow and let (A, B) be any cut. Then,

the value of the flow f equals the net flow across the cut (A, B). 
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Relationship between flows and cuts

Flow value lemma. Let f be any flow and let (A, B) be any cut. Then,

the value of the flow f equals the net flow across the cut (A, B). 

Pf.
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Weak duality. Let f be any flow and (A, B) be any cut. Then, val( f ) ≤ cap(A, B).

Pf.

Relationship between flows and cuts
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Certificate of optimality

Corollary. Let f be a flow and let (A, B) be any cut.

If val( f ) = cap(A, B), then f is a max flow and (A, B) is a min cut.

Pf.

・For any flow f ′:  val( f ′)  ≤  cap(A, B) = val( f ).

・For any cut (A′, B′):  cap(A′, B′)  ≥ val( f ) = cap(A, B).  
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

Augmenting path theorem. A flow f is a max flow iff no augmenting paths.

Pf. The following three conditions are equivalent for any flow f :

i. There exists a cut (A, B) such that cap(A, B)  =  val( f ).

ii.  f is a max flow.

iii. There is no augmenting path with respect to f.

[ i ⇒ ii ]

・This is the weak duality corollary.  

39
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.

Augmenting path theorem. A flow f is a max flow iff no augmenting paths.

Pf. The following three conditions are equivalent for any flow f :

i. There exists a cut (A, B) such that cap(A, B)  =  val( f ).

ii.  f is a max flow.

iii. There is no augmenting path with respect to f.

[ ii ⇒ iii ]   We prove contrapositive:  ¬ iii ⇒ ¬ ii.

・Suppose that there is an augmenting path with respect to f.

・Can improve flow f by sending flow along this path.

・Thus,  f is not a max flow.   
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[ iii ⇒ i ] 

・Let f be a flow with no augmenting paths.

・Let A = set of nodes reachable from s in residual network Gf.

・By definition of A:  s ∈ A.

・By definition of flow f:  t ∉ A.

Max-flow min-cut theorem
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Theorem.  Given any max flow f , can compute a min cut (A, B) in O(m) time.

Pf.  Let A = set of nodes reachable from s in residual network G f .  

Computing a minimum cut from a maximum flow
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Analysis of Ford–Fulkerson algorithm (for integral capacities)

Assumption.  Every edge capacity c(e) is an integer between 1 and C.

Integrality invariant.  Throughout Ford–Fulkerson, every edge flow f (e)

and residual capacity cf (e) is an integer.

Pf.  By induction on the number of augmenting paths.  

Theorem.  Ford–Fulkerson terminates after at most val( f *)  ≤  n C

augmenting paths, where f * is a max flow.

Pf.  Each augmentation increases the value of the flow by at least 1.   

Corollary.  The running time of Ford–Fulkerson is O(m val( f *))=O(m n C).

Pf.  Can use either BFS or DFS to find an augmenting path in O(m) time.   

Integrality theorem.  There exists an integral max flow f *
.

Pf.  Since Ford–Fulkerson terminates, theorem follows from integrality 

invariant (and augmenting path theorem).  
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Ford–Fulkerson:  exponential example

Q.  Is generic Ford–Fulkerson algorithm poly-time in input size?

A.   No. It is pseudo-polynomial.

If max capacity is C, then algorithm can take ≥ C iterations.

・s→v→w→t

・s→w→v→t

・s→v→w→t

・s→w→v→t

・…

・s→v→w→t

・s→w→v→t
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Choosing good augmenting paths

Use care when selecting augmenting paths.

・Some choices lead to exponential algorithms.

・Clever choices lead to polynomial algorithms.

Pathology.  When edge capacities can be irrational, no guarantee

that Ford–Fulkerson terminates (or converges to a maximum flow)!

Goal.  Choose augmenting paths so that:

・Can find augmenting paths efficiently.

・Few iterations.
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Choosing good augmenting paths

Choose augmenting paths with:

・Sufficiently large bottleneck capacity.

・Fewest edges.
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Capacity-scaling algorithm

Overview.  Choosing augmenting paths with “large” bottleneck capacity.

・Maintain scaling parameter Δ.

・Let Gf (Δ) be the part of the residual network containing

only those edges with capacity ≥  Δ.

・Any augmenting path in Gf (Δ) has bottleneck capacity ≥  Δ.
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Capacity-scaling algorithm
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CAPACITY-SCALING(G)
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ __________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

FOREACH edge e ∈ E :  f (e) ← 0.

Δ  ← largest power of 2  ≤  C.

WHILE (Δ  ≥  1)

Gf (Δ) ← Δ-residual network of G with respect to flow f .

WHILE (there exists an s↝t path P in Gf (Δ))

f ← AUGMENT( f, c, P).

Update Gf (Δ).

Δ ← Δ / 2.

RETURN f.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ __________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Δ-scaling phase



Capacity-scaling algorithm:  analysis of running time (sketch)

It can be proved the following:

Lemma 1.  There are 1 + ⎣log2 C⎦ scaling phases.

Lemma 2.  There are ≤ 2m augmentations per scaling phase.

total number of augmentations: O(m log C)

Theorem.  The capacity-scaling algorithm takes O(m2 log C) time.
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Shortest augmenting path

Q.  How to choose next augmenting path in Ford–Fulkerson?

A.  Pick one that uses the fewest edges.
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SHORTEST-AUGMENTING-PATH(G)
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ _________________________________________________________________________________________________________________________________________________

FOREACH e ∈ E :  f (e) ← 0.

Gf ← residual network of G with respect to flow f.

WHILE (there exists an s↝t path in Gf )

P ← BREADTH-FIRST-SEARCH(Gf ).

f ← AUGMENT( f, c, P).

Update Gf.

RETURN f.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ _________________________________________________________________________________________________________________________________________________

can find via BFS



Shortest augmenting path:  running time

It can be proved the following:

Lemma 1.  The total number of augmentations is at most m n.

Theorem.  The shortest-augmenting-path algorithm takes O(m
2

n) time.
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Augmenting-path algorithms:  summary

62

year method # augmentations running time

1955 augmenting path n C O(m n C)

1972 fattest path m log (mC) O(m
2

log n log (mC))

1972 capacity scaling m log C O(m
2

log C)

1985 improved capacity scaling m log C O(m n log C)

1970 shortest augmenting path m n O(m
2

n)

1970 level graph m n O(m n
2

)

1983 dynamic trees m n O(m n log n )

augmenting-path algorithms with m edges, n nodes, and integer capacities between 1 and C

fat paths

shortest paths



Maximum-flow algorithms:  theory highlights

63

year method worst case discovered by

1951 simplex O(m n
2

C) Dantzig

1955 augmenting paths O(m n C) Ford–Fulkerson

1970 shortest augmenting paths O(m n
2
) Edmonds–Karp, Dinitz

1974 blocking flows O(n
3
) Karzanov

1983 dynamic trees O(m n log n) Sleator–Tarjan

1985 improved capacity scaling O(m n log C) Gabow

1988 push–relabel O(m n log (n
2

/ m)) Goldberg–Tarjan

1998 binary blocking flows O(m
3/2

log (n
2

/ m) log C) Goldberg–Rao

2013 compact networks O(m n) Orlin

2014 interior-point methods Õ(m n
1/2

log C) Lee–Sidford

2016 electrical flows Õ(m
10/7

C
1/7

) Ma ̨dry

20xx

max-flow algorithms with m edges, n nodes, and integer capacities between 1 and C



Maximum-flow algorithms:  theory highlights

64

year method worst case discovered by

1951 simplex O(m n
2

C) Dantzig

1955 augmenting paths O(m n C) Ford–Fulkerson

1970 shortest augmenting paths O(m n
2
) Edmonds–Karp, Dinitz

1974 blocking flows O(n
3
) Karzanov

1983 dynamic trees O(m n log n) Sleator–Tarjan

1985 improved capacity scaling O(m n log C) Gabow

1988 push–relabel O(m n log (n
2

/ m)) Goldberg–Tarjan

1998 binary blocking flows O(m
3/2

log (n
2

/ m) log C) Goldberg–Rao

2013 compact networks O(m n) Orlin

2014 interior-point methods Õ(m n
1/2

log C) Lee–Sidford

2016 electrical flows Õ(m
10/7

C
1/7

) Ma ̨dry

20xx

max-flow algorithms with m edges, n nodes, and integer capacities between 1 and C
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