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The sphere packing problem
in dimension 8

By MARYNA S. VIAZOVSKA

Abstract

In this paper we prove that no packing of unit balls in Euclidean space
R® has density greater than that of the Es-lattice packing.

1. Introduction

The sphere packing constant measures which portion of d-dimensional
FEuclidean space can be covered by nonoverlapping unit balls. More precisely,
let RY be the Euclidean vector space equipped with distance | - || and Lebesgue
measure Vol(-). For x € R? and r € R, we denote by Bg(x,r) the open ball
in R? with center z and radius r. Let X C R% be a discrete set of points such
that || — y|| > 2 for any distinct 2,y € X. Then the union

73 == U Bd(.%',l)

rzeX
is a sphere packing. If X is a lattice in R%, then we say that P is a lattice
sphere packing. The finite density of a packing P is defined as
Vol(P N By(0,r
Ap(r) o VOUP O By(0.7)
Vol(By(0,7))
We define the density of a packing P as the limit superior

, 1T >0.

Ap = limsup Ap(r).
T—>00

The number we want to know is the supremum over all possible packing den-
sities
Ag:= sup Ap,

PCR?
sphere packing

called the sphere packing constant.

For which dimensions do we know the exact value of Ay? Trivially, in
dimension 1 we have A; = 1. It has long been known that a best packing
in dimension 2 is the familiar hexagonal lattice packing, in which each disk
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is touching six others. The first proof of this result was given by A. Thue at
the beginning ot twentieth century [18]. However, his proof was considered
by some experts incomplete. A rigorous proof was given by L. Fejes Té6th
in 1940s [10]. The density of the hexagonal lattice packing is \/%, therefore
Ay = \/% ~ 0.90690. The packing problem in dimension 3 turned out to be
more difficult. Johannes Kepler conjectured in his essay “On the six-cornered
snowflake” (1611) that no arrangement of equally sized spheres filling space
has density greater than —X=. This density is attained by the face-centered
cubic packing and also by uncountably many nonlattice packings. The Kepler
conjecture was famously proven by T. Hales in 1998 [11], and therefore we
know that Ag = \/LTS ~ 0.74048. In 2015 Hales and his 21 coauthors published
a complete formal proof of the Kepler conjecture that can be verified by au-
tomated proof checking software. Before now, the exact values of the sphere
packing constants in all dimensions greater than 3 have been unknown. A list
of conjectural best packings in dimensions less than 10 can be found in [6].
Upper bounds for the sphere packing constants Ay as d < 36 are given in [4].
Surprisingly enough, these upper bounds and known lower bounds on Ay are
extremely close in dimensions d = 8 and d = 24.
The main result of this paper is the proof that

4

s
Ag = - ~ 0.25367.
87 384

This is the density of the Fg-lattice sphere packing. Recall that the Fg-lattice
Ag C R® is given by

1\ &

Ag =< (z;) € ZP U (Z—i-f) ZaziEO (mod 2) ¢ .

2 i=1
Up to isometry, Ag is the unique positive-definite, even, unimodular lattice of
rank 8. The name derives from the fact that it is the root lattice of the Eg root
system. The minimal distance between two points in Ag is v/2. The FEg-lattice

sphere packing is the packing of unit balls with centers at %Ag. Our main

result is

THEOREM 1. No packing of unit balls in Euclidean space R® has density
greater than that of the Fs-lattice packing.

Furthermore, our proof of Theorem 1 combined with arguments given in
[4, §8] implies that the Fg-lattice sphere packing is the unique periodic packing
of maximal density.

The paper is organized as follows. In Section 2 we explain the idea of the
proof of Theorem 1 and describe the methods we use. In Section 3 we give
a brief overview of the theory of modular forms. In Section 4 we construct
supplementary radial functions a, b : R® — iR, which are eigenfunctions of
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the Fourier transform and have double zeroes at almost all points of Ag. This
construction is crucial for our proof of Theorem 1. Finally, in Section 5 we
complete the proof.

2. Linear programming bounds

Our proof of Theorem 1 is based on linear programming bounds. This
technique was successfully applied to obtain upper bounds in a wide range of
discrete optimization problems such as error-correcting codes [7], equal weight
quadrature formulas [8], and spherical codes [13], [16]. In exceptional cases
linear programming bounds are optimal [5]. However, in general linear pro-
gramming bounds are not sharp, and it is an open question how big the errors
of such bounds can be. It is known [2] that the linear programming bounds for
the minimal number of points in an equal weight quadrature formula on the
sphere S¢ are asymptotically optimal up to a constant depending on d. Lin-
ear programming bounds can also be applied to the sphere packing problem.
Kabatiansky and Levenshtein [13] deduced upper bounds for sphere packing
from their results on spherical codes.

In 2003 Cohn and Elkies [4] developed linear programming bounds that
apply directly to sphere packings. Using their new method they improved the
previously known upper bounds for the sphere packing constant in dimensions
from 4 to 36. The most striking results obtained by this technique are upper
bounds for dimensions 8 and 24. For example, their upper bound for Ag was
only 1.000001 times greater than the lower bound, which is given by the density
of the Eg sphere packing. This bound can be improved even further by more
extensive computer computations.

We explain the Cohn—Elkies linear programming bounds in more detail.
To this end we recall a few definitions from Fourier analysis. The Fourier
transform of an L' function f : R% — C is defined as

FHW = F@) = [ fa)emordn, yere,

R4

where z -y = ||| + 3|lyll* — 3llz — y||* is the standard scalar product in
RY. A C™ function f : R — C is called a Schwartz function if it tends to
zero as ||z|| — oo faster then any inverse power of ||z||, and the same holds
for all partial derivatives of f. The set of all Schwartz functions is called the
Schwartz space. The Fourier transform is an automorphism of this space. We
will also need the following wider class of functions. We say that a function
f: R — C is admissible if there is a constant & > 0 such that | f(z)| and | f(z)|
are bounded above by a constant times (1 + |z|)~%79. The following theorem
is the key result of [4]:
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THEOREM 2 (Cohn, Elkies [4]). Suppose that f : R? — R is an admissible
function, is not identically zero, and satisfies

(1) f(@) <0 for ||lz| = 1
and
(2) f(z) >0 for all x € R

Then the density of d-dimensional sphere packings is bounded above by
d
2 1
LS ::{m)JWﬂBd(Qf).
f0) 290(5+1)  £(0) 2

Without loss of generality we can assume that a function f in Theorem 2

is radial; i.e., its value at each point depends only on the distance between the
point and the origin [4, p. 695]. For a radial function fo : R — R, we will
denote by fo(r) the common value of fy on vectors of length r. Henceforth we
assume d = 8. The Poisson summation formula implies

> ofw=2" 3 J

fe%/\g ZE\/§A8

Hence, if a function f satisfies conditions (1) and (2), then

OB

£(0)
We say that an admissible function f : R® — R is optimal if it satisfies (1), (2)
and f(0)/f(0) = 2*.

The main step in our proof of Theorem 1 is the explicit construction of

an optimal function. It will be convenient for us to scale this function by /2.

THEOREM 3. There exists a radial Schwartz function g : R® — R that
satisfies

3) 9(x) <0 for |[z] > V2,
(4) G(z) >0 for all z € RE,
() 9(0) =g(0) =

Moreover, the values g(x) and G(z) do not vanish for all vectors x with ||z||? ¢
o

Theorem 2 applied to the optimal function f(z) = g(v/2z) immediately
implies Theorem 1. Additionally, the function g satisfies the conclusions of
[4, Conj. 8.1]. This implies the uniqueness of the densest periodic sphere pack-
ing in R®.

Let us briefly explain our strategy for the proof of Theorem 3. First, we
observe that conditions (3)—(5) imply additional properties of the function g.
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Suppose that there exists a Schwartz function g such that conditions (3)—(5)
hold. The Poisson summation formula states

(6) > 9= ().

LEAS leAg

Since ||£|| > v/2 for all £ € Ag\{0}, conditions (3) and (5) imply
(7) > 9(0) < g(0)=1.

leAg

On the other hand, conditions (4) and (5) imply
(8) > 9(6) > g(0) = 1.

LeAg
Therefore, we deduce that g(¢) = g(¢) = 0 for all £ € Ag\{0}. Moreover, the
first derivatives d%g(r) and d%g(r) also vanish at all Ag-lattice points of length
bigger than /2. We will say that ¢ and § have double zeroes at these points.
This property gives us a hint on constructing the function g explicitly.

In Section 5 a function ¢ satisfying (3)—(5) is given in a closed form.
Namely, it is defined as an integral transform (Laplace transform) of a modular
form of a certain kind. The next section is a brief introduction to the theory
of modular forms.

3. Modular forms

Let H be the upper half-plane {z € C | Im (z) > 0}. The modular group
I'(1) := PSLy(Z) acts on H by linear fractional transformations

(85) 2=

Let N be a positive integer. The level N principal congruence subgroup
of I'(1) is

az+b
cz+d

P(N):={(24) eTM)|(24) = () mod N}.

A subgroup I' C I'(1) is called a congruence subgroup if I'(N) C T' for some
N € N. An important example of a congruence subgroup is

Do(N) :={(2}) €eT(1)] ¢c=0mod N}.

Let z € H, k € Z, and (%) € SLy(Z). The automorphy factor of weight
k is defined as

Jn(z (2§)) = (cz+d)™".

The automorphy factor satisfies the chain rule

Je(z,m72) = Jr(2,72)Jk (22, 71)-
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Let F' be a function on H and v € PSLy(Z). Then the slash operator acts on
F by
(Flev)(2) = jr(z, ) F(72)-
The chain rule implies
Flivyz = (Fley)lere-

A (holomorphic) modular form of integer weight k and congruence sub-
group I' is a holomorphic function f : H — C such that
(1) flgy = f for all v € T; and
(2) for each av € I'(1), the function f|ia has Fourier expansion

Flre(z) = i cf (a, i) Mg

for some n, € N and Fourier coefficients cf(a, m) € C.

Let My(T") be the space of modular forms of weight &k for the congruence
subgroup I'. A key fact in the theory of modular forms is that the spaces
M. (T') are finite dimensional.

We consider several examples of modular forms. For an even integer k > 4,
we define the weight k FEisenstein series as

1
9 Ep(2) = —~ d)=*.
. I

Since the sum converges absolutely, it is easy to see that Ej € M(T'(1)). The
Eisenstein series possesses the Fourier expansion

2 > :
10 Erz) =14+ —— op_1(n)e? .
(10) )= 1+ g 2ok )
where o _1(n) = > g d*=1. In particular, we have

oo
Ey(2) = 14240 ) o3(n)e”™,

n=1

oo
Eg(2) =1-504 > o5(n)e”™.
n=1

The infinite sum (9) does not converge absolutely for £ = 2. On the other
hand, the expression (10) converges to a holomorphic function on the upper
half-plane, and therefore we set

(11) Ey(z):=1—24 i o1(n)e’mnz,
n=1

This function is not modular, but it satisfies

(12) 22 By (_71) — By(n) - 21

m™ Z
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The proof of this identity can be found in [19, §2.3]. The weight two Eisenstein
series Ey is an example of a quasimodular form [19, §5.1].

Another example of modular forms we consider are theta functions
[19, §3.1]. We define three theta functions (so-called “Thetanullwerte”) as

900(2) — Z efrian’

neZ

001(2) — Z(_l)n eﬂ'iTLQZ’
nez

HIO(Z) _ Z e7ri(n+%)2z'
nez

The group I'(1) is generated by the elements 7= (1) and S = ( % {). These
elements act on the fourth powers of the theta functions in the following way

-1
(13) z7% 05 (7) = —0o(2),
-1
(14) 204 () = —2),
z
-1
(15) 20l () = —6h(2),
z
and
(16) O0(z +1) = 01 (2),
(17) 051 (2 + 1) = 050 (2),
(18) O10(2 +1) = —01(2).
Moreover, these three theta functions satisfy the Jacobi identity
(19) 001 + 010 = Yoo

The theta functions 63, 03,, and 0}, belong to My(I'(2)).
A weakly-holomorphic modular form of integer weight k and congruence
subgroup I' is a holomorphic function f :H — C such that

(1) fley = f for all v € T
(2) for each av € I'(1), the function f|ia has Fourier expansion

oo

fla(z) = 3 e <a, nﬁ) e

n=ng o
for some ng € Z and n,, € N.

For an m-periodic holomorphic function f and n € %Z, we will denote the
n-th Fourier coefficient of f by c¢(n) so that

[ =% e,

1
nEEZ
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We denote the space of weakly-holomorphic modular forms of weight k& and
group I' by M}(T"). The spaces M} (T") are infinite dimensional. Probably the
most famous weakly-holomorphic modular form is the elliptic j-invariant
1728 E}
T E-E
This function belongs to M} (I'(1)) and has the Fourier expansion
§(2) = ¢~ 1 + 744 + 196884 q + 21493760 ¢*

+ 864299970 ¢ + 20245856256 ¢* + O(q°),

where ¢ = ¢?™*. Using a simple computer algebra system such as PARI GP or
Mathematica one can compute the first hundred terms of this Fourier expansion
within a few seconds. An important question is to find an asymptotic formula
for ¢j(n), the n-th Fourier coefficient of j. Using the Hardy-Ramanujan circle
method [17, pp. 460-461] or the nonholomorphic Poincaré series [15], one can
show that

(20) cj(n) = D <47T];/ﬁ> n € Z>o,

where .
Ap(n)= > e m PR pp! = —1(mod k),

h mod k
(h,k)=1

and I,(x) denotes the modified Bessel function of the first kind defined as
in [1, §9.6]. A similar convergent asymptotic expansion holds for the Fourier
coefficients of any weakly holomorphic modular form [12, pp. 660-662], 3,
Props. 1.10 and 1.12]. Such a convergent expansion implies effective estimates
for the Fourier coefficients.

For a comprehensive introduction to the theory of modular forms, we refer
the reader to [19] and [9)].

4. Fourier eigenfunctions with double zeroes at lattice points

In this section we construct two radial Schwartz functions a,b : R® — iR
such that

(21) F(a) =a,

(22) F(b) = -0,

which double zeroes at all Ag-vectors of length greater than /2. Recall that
each vector of Ag has length v/2n for some n € N>¢. We define a and b so that
their values are purely imaginary because this simplifies some of our compu-

tations. We will show in Section 5 that an appropriate linear combination of
functions a and b satisfies conditions (3)—(5).
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First, we will define the function a. To this end we consider the following
weakly holomorphic modular forms:

—1728 E4 Fg
23 =
( ) Y2 Eg — E.g )
1728 E7
24 =
( ) P-4 Ei) _ Eg

The modular form E$ — E2 does not vanish in the upper half-plane, hence ¢_
and ¢_4 have no poles in H. Analogously to (20), the Fourier coefficients of
p_9 and p_4 satisfy

il N A 4
) o) =200 S A 1 (V) ez = 2
k=1
We define
(26) G4 = p_a,
(27) G2 =94 Fo+ p_o,
(28) b0 :=p_4 B3 +2p_o By + j — 1728.

The function ¢g(z) is not modular; however, the identity (12) implies the
following transformation rule:

-1 127 1 36 1
(29) %o (7) = ¢o(2) — 71 2 b2(z) — 22 P_4(2).
Moreover, we have
(30) ¢—2 = =3 D(p-4) + 3p—2,
(31) po =12D%*(p_4) — 36 D(p_o) + 245 — 17856,

where Df(z) = %ﬂdiz (z). These identities combined with (20) and (25) give
the asymptotic formula for the Fourier coefficients c4_, (1), cy_,(n), and cgy(n).
The first several terms of the corresponding Fourier expansions are

(32)  ¢_4(2) = ¢ + 504 + 73764 ¢ + 2695040 ¢* + 54755730 ¢ + O(q*),
(33)  ¢_a(2) = 720 4 203040 ¢ + 9417600 ¢>

+ 223473600 ¢° + 3566782080 ¢* + O(¢°),
(34) $o(z) = 518400 ¢ + 31104000 ¢° + 870912000 ¢>

+ 15697152000 ¢* + O(¢°),
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where ¢ = €™, For x € R8, we define
(35)

/gbo +1) (2 4+ 1)2 milel? zdz+/¢0 - 1) (2 — 1)2 emilleli= g

9 / go (=) 22emillel’ gz 4 2 / do(2)em 1= g,

We observe that the contour integrals in (35) converge absolutely and uniformly
for x € R8. Indeed, ¢o(2) = O(e~?™%) as Im (z) — oo. Therefore, a(z) is well
defined. Now we prove that a satisfies condition (21).

PROPOSITION 1. The function a defined by (35) belongs to the Schwartz
space and satisfies

Proof. First, we prove that a is a Schwartz function. From (20), (25), and
(31) we deduce that the Fourier coefficients of ¢g satisfy

|cp (1) < 2eY™V € Zug.
Thus, there exists a positive constant C' such that
1
|po(2)| < C e~ 2rm= for Imz > 3

We estimate the first summand in the right-hand side of (35). For r € R>,
we have

1 —1/(i+1)
— 1 2 mirlz _
(T n 1) (z+1)%e dz '

/ ¢0(Z)Z_4 e7rir2(—1/z—1) dz

< / e 2mt =3/t gy < /6_2” o=t gy — Cs rK1(2\/§7T ),
1/2

where C and Cy are some positive constants and K, (x) is the modified Bessel
function of the second kind defined as in [1, §9.6]. This estimate also holds for
the second and third summand in (35). For the last summand, we have

/¢0 7TZ’I“ Zdz

Therefore, we arrive at

Tr(r +2)

<C/—27rt —m“tdt 03 2+2

m(r?42)

la(r)] <4CQTK1(2\[7TT)+203ﬁ.
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It is easy to see that the left-hand side of this inequality decays faster than
any inverse power of r. Analogous estimates can be obtained for all derivatives
dk
dia(T)~

Now we show that a is an eigenfunction of the Fourier transform. We
recall that the Fourier transform of a Gaussian function is

(36) F(emilelPz) () = 54 millvl (),

Next, we exchange the contour integration with respect to the z variable and
Fourier transform with respect to the x variable in (35). This can be done since
the corresponding double integral converges absolutely. In this way we obtain

/¢>0 +1)(2+1) 4 emill* (5D g
+/¢0 1 (2 — 1)% 24 emilbI? () g

_ 2/(;50 (;1) 22 2_4 e7riHy||2 (%1) dz + 2 / ¢0(Z)Z_4 e””ﬂ“%%) &e.
z
0 %

Now we make a change of variables w = _71 We obtain
2
/¢0 1- - > <;1 n 1) w2 emilvlZw g,
w
2
4 / 6o (1— i) (T 1) w?emilvle u
w

0
—2 / o (w)e™ I gy 4 2 / 0 (%) w? emillPw g,

Since ¢ is 1-periodic, we have
i ) i )
ay) = LY (4 )2 emillul? 2 / (;) 1)2 emillyl? =
Y) /¢0(Z_1)(Z )7e det [ dol ;7 ) (= +1)e dz
1 -1

+2 / do(z)em VI = g — 2/¢0 <7) 22 emillyl®z g,
z
i 0

=a(y).
This finishes the proof of the proposition. O
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Next, we check that a has double zeroes at all Ag-lattice points of length
greater then v/2.

PROPOSITION 2. For r > /2, we can express a(r) in the following form:

(37) a(r) = —4sin(rr?/2)? /<l50 (_71) 22 ™7 gy,
0

Proof. We denote the right-hand side of (37) by d(r). It is easy to see
that d(r) is well defined. Indeed, from the transformation formula (29) and
the expansions (34)-(32), we obtain

o0 (_—tl) =0(e /" ast—0,
i

%o (;tl) =0t 2e?™) ast — oo.
i

Hence, the integral (37) converges absolutely for r» > /2. We can write

100—1 100
_ —1 2 mir?z - (i) 2 mwir?z
d(r) = /¢0(Z+1>(z+1)e dz 2/(;50 . ‘e dz
1 0
i00+1
+ / %o (%) (z—1)? e’ 7 gz
Z —

1

From (29) we deduce that if 7 > v/2, then

-1 ,
%o (—) 2™ 50 asIm (z2) > o0
z

Therefore, we can deform the paths of integration and rewrite

+1

_ 2/¢0 (;) 22 eﬂ"iTQZdZ —9 / (Zs() (;) 22 eﬂiTQZdz
z Z
0 1

/ —1 o 1\2 mir?z T < —1 ) _1\2 mir?z
+1/¢o(z_1)(z 1)%e dz+/¢o por (z—1)%e dz.

d(r) = j¢0 <z—|—11> (z + 1)26m'r22dz + 70(;50 (;71) (z+1)2 RICEPN
1 /
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Now from (29) we find

o () -z () 7+ () -0
= ¢o(z + 1) (2 +1)? = 2¢9(2)2> + ¢p(z — 1)(z — 1)?
124

s

36

(p2(z+1)(2+1) = 2¢0_2(2)z + d_2(2 = 1)(2 — 1))
= (p—a(z+1) = 2¢0_4(2) + ¢_4(2 — 1))
= 2¢0(2)-

Thus, we obtain

i 1 4 i 1 '
d(r) = /qﬁo (m) (z+1)> ey — 2/<z50 <7) 222 gy
-1 0

n / oo () (e - 1P e dz 4 0 /oo¢() dz = a(r).
1 i

This finishes the proof. ([

Finally, we find another convenient integral representation for a and com-
pute values of a(r) at r = 0 and r = /2.

PrRoPOSITION 3. For r > 0, we have

(38)

4 18144
a(r) = 4i sin(ﬂr2/2)2< 36 8640 8

3 (r2 — 2) e + w3 2

oo
i\ 36 8640 18144
+/<t2¢o (%) - — - —; )e‘”Qtdt).
0

2 T T

The integral converges absolutely for all r € R>.

Proof. Suppose that r > v/2. Then by Proposition 2,
oo
a(r) = 4i sin(wr2/2)? / Soli /D)t e dt.
0

From (34)—(29) we obtain

4 18144
(39)  ¢oli/t)? = i‘jeam _ 8640, 18 o) ast o oo
s T T
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For r > \/i we have

(@)
36 8640 18144 2 36 8640 18144
40 (7 27t = > —7r tdt — _ )
(40) / 72 ¢ + T + 2 )€ m(r2 —2) a3t g2

0

Therefore, the identity (38) holds for 7 > /2.

On the other hand, from the definition (35) we see that a(r) is analytic in
some neighborhood of [0, 00). The asymptotic expansion (39) implies that the
right-hand side of (38) is also analytic in some neighborhood of [0, c0). Hence,
the identity (38) holds on the whole interval [0, 00). This finishes the proof of
the proposition. O

From the identity (38) we see that the values a(r) are in iR for all r € R>.
In particular,

PROPOSITION 4. We have

(41) B e U Y i 7T2v/2

m m

Proof. These identities follow immediately from the previous proposition.
O

Now we construct function b. To this end we consider the modular form

4 4
(42) ho= 128700 L 001
O

It is easy to see that h € M',(To(2)). Indeed, first we check that h|_oy = h
for all v € T'9(2). Since the group I'¢(2) is generated by elements (3 9) and
(1), it suffices to check that h is invariant under their action. This follows
immediately from (13)—(18) and (42). Next we analyze the poles of h. It is
known [14, Ch. I, Lemma 4.1] that 619 has no zeros in the upper-half plane
and hence h has poles only at the cusps. At the cusp ioco, this modular form
has the Fourier expansion

h(z) = q' +16 — 132q + 640¢> — 2550¢* + O(q").

Let I =(§9), T=(}1), and S = (97') be elements of I'(1). We define the
following three functions:

(43) Wy = h — h|_5ST,

(44) Y7 = Yr| T,
(45) Ys = 1r|-2S.
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More explicitly, we have

4 4 4 p4

(46) b = 128@ + 128%,
010 900

03 + 604 000 + 010

(47) p =128 00 4+ 128 0 ,
0o 061

050 + 01 0t — 0
(48) g = —128 % — 128 1098 ol
01 00

The Fourier expansions of these functions are

(49) Y1(z) = ¢~ + 144 — 5120¢"/? + 705249 — 6266884/
+ 4265600¢> + O(¢°/?),

(50) Yr(2) = ¢~ + 144 + 512042 4 70524¢ + 6266884/
+ 42656004 + O(¢*/?),

(51) Yg(z) = —10240¢"/? — 1253376¢°/% — 48328704¢°/2

— 105907814442 + O(¢°/?).

For z € R®, define

(52) b(x) = / br(2)em eIz g 4 / br(2) eI g

) / br(z)emle gz o / ws(z)emilel®z gz,
0 i

Now we prove that b satisfies condition (22).

PROPOSITION 5. The function b defined by (52) belongs to the Schwartz
space and satisfies

Proof. Here, we repeat the arguments used in the proof of Proposition 1.
First we show that b is a Schwartz function. We have

141

/,l/}T(z)eﬂ'iTQZ dz = / wl(z)eﬂ'iﬂ(zfl) dz
-1 0

—1/(i4+1) 1 —1/(i+1)
_ / o (;) 6772'7“2(71/z71) 220y = / 7/15(75)274 e7r'ir2(71/z71) dz.
z

100 100
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There exists a positive constant C' such that

1
ls(2)] < Ce™ ™™= for Imz > 7

Thus, as in the proof of Proposition 1, we estimate the first summand in the
left-hand side of (52):

/ wT(z)em’"QZ dz

-1

S ClTKl(Q’/TT).

We combine this inequality with analogous estimates for the other three sum-
mands and obtain
€—7r(7'2+1)
b(r)| < Cor K1(2nr) + C3 ———
b(r)| < Car Ka(2m) + Cs
Here 4, (9, and C3 are some positive constants. Similar estimates hold for
all derivatives ;%b(r).

Now we prove that b is an eigenfunction of the Fourier transform. We use
identity (36) and interchange contour integration in z and Fourier transform
in . Thus we obtain

Fb /¢T =4 omillz|2( )d2+/¢T 4 omillel?(Fh) g,

_2/% L4 millzl (32 gy _ o /ws 4 emillzlP(Z) g,

We make the change of variables w = _71 and arrive at
i i
z) = /wT <;1> w? emillel?e g o /wT (i) w2 emillzl?w g,
w w
1 -1

7 0
i / br () w? emile e gy — 2 / vs () w? el g,
100 1

Now we observe that the definitions (43)—(45) imply
Yr|-2S = —yr,

¢I|*25 = ?l)S,
Pg|—28 = r.
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Therefore, we arrive at

F(b)(z) = /—wT(z)e””x”QZ dz+/_¢T(z)eﬂille2z d»
1 -1

+2 / 1/)5(2)6“”35”22 dz + 2 /wj(z)em”xl‘% dw.
i 0

Now from (52) we see that
F(b)(z) = —b(x). O

Now we regard the radial function b as a function on R>q. We check that b
has double roots at Ag-points.

PROPOSITION 6. For r > /2, the function b(r) can be expressed as

(53) b(r) = —4sin(nr?/2)? /wj(z)e”iTQZ dz.
0

Proof. We denote the right-hand side of (53) by ¢(r). First, we check that
c(r) is well defined. We have

Yr(it) = O(t? e ™) ast — 0,
Yr(it) = O(e*™) as t — oo.

Therefore, the integral (53) converges for r > /2. Then we rewrite it in the
following way:
100—1 100-+1

C(T) = / Q[)I(Z + 1)€Wirzzdz -2 / Q[)I(z)emrzz dz + / 'QZ}I(Z _ 1)67rir2zdz‘
0

-1 1

From the Fourier expansion (49) we know that v¢;(z) = e 2™ + O(1) as
Im (z) — oo. By assumption, 7> > 2. Hence we can deform the path of
integration and write

00—1 i ico
(54) / %(z + 1)€7rir2 “dz = / ¢T(z)e7rz‘r2 Zdy + / ¢T(Z)e7rir2 z dz,
100+1 i oo
(55) / Yr(z — 1)€MT2 “dz = /wT(z)@“iT2 2 dy + /wT(Z')emr2 4y,

1
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We have

(56) co(r) = /¢T(Z)e7m2 “dz+ /wT(z)eW2 “dz—2 / ¢I(Z)em'r2 2 ds

+2 [ () - w2
Next, we check that the functions ¢y, v, and g satisfy the following
identity:
(57) Yr + s =Y.
Indeed, from definitions (43)—(45), we get
Ur + s = (h—h|25T)| 2T + (h — h| 25T)| 25
= h|_oT — h|_2ST? 4 h|_9S — h|_oSTS.
Note that ST2S belongs to I'g(2). Thus, since h € M' ,T9(2) we get
Y + g = h|_oT — h|_2STS.
Now we observe that 7' and ST'S(ST)~! are also in I'g(2). Therefore,
Y + g = h|_oT — h|_2STS = h — h|_2ST = 9y.
Combining (56) and (57) we find

c(r) = /¢T(2)6mr2zdz + _/le(Z)emTQZdz _ 2/¢I(Z)emr2zdz

_Q/wS(Z)GMTQZdZ
= b(r). O

At the end of this section we find another integral representation of b(r)
for » € R>g and compute special values of b.

PROPOSITION 7. For r > 0, we have

(58)
. 144 1
b(r) = 4i sin(7r?/2)? < 29 +

I (8

(i) — 144 — 2™ et )
(wi(it) ) )

The integral converges absolutely for all r € R>.
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Proof. The proof is analogous to the proof of Proposition 3. First, suppose
that 7 > v/2. Then, by Proposition 6,

b(r) = 4i sin(mr?/2)2 / Dr(it)e ™ dt.
0

From (49) we obtain

(59) Yr(it) = *™ 4144 + O(e™™) ast — oo.
For r > /2, we have
I 27t —mr2t 1 144
144 dt = .
o 0/(6 " )6 7r(7“2—2)+7T7‘2

Therefore, the identity (38) holds for 7 > /2.

On the other hand, from the definition (52) we see that b(r) is analytic in
some neighborhood of [0, 00). The asymptotic expansion (59) implies that the
right-hand side of (58) is also analytic in some neighborhood of [0, c0). Hence,
the identity (58) holds on the whole interval [0, 00). This finishes the proof of
the proposition. O

We see from (58) that b(r) € iR for all » € R>0. Another immediate
corollary of this proposition is

PRrROPOSITION 8. We have
(61) b0)=0  b(V2)=0 V(V2)=2V2mi.
5. Proof of Theorem 3
Finally, we are ready to prove Theorem 3.
THEOREM 4. The function
T 1
= —D
9@) = 5504 + 5305 °@)

satisfies conditions (3)—(5). Moreover, the values g(x) and g(x) do not vanish
for all vectors x with ||z||?> ¢ 2Zo.

Proof. First, we prove that (3) holds. By Propositions 2 and 6 we know
that for r > /2,
sin(mr? /2)?

(62) g(r) A(t)e ™t dt,

. v
2160

where
A(t) = ~260(i/t) — oy (it).

s
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—80001

-160001

Figure 1. Plot of the functions A(t), Aéz) (t) = — 30854042 e T/t

and AD (1) = — T3 (27t 4 86105 _ 23338

Our goal is to show that A(t) < 0 for ¢ € (0,00). The function A(t) is
plotted in Figure 1. We observe that we can compute the values of A(t) for
t € (0,00) with any given precision. Indeed, from identities (29) and (45) we
obtain the following two presentations for A(t):

A(t) = ~260(i/0) + 5 £ Ys(if1),

36

A(t) = ~Po(it) + = tga(it) — g b-a(it) — o wr(it).

For an integer n > 0, let A(()n) and A(()g) be the functions such that

(63) A(t) = Al (@) + 02 e ™/t ast — 0,
(64) Alt) = AWE) + Ot e ™) ast — oo.

For each n > 0, we can compute these functions from the Fourier expansions
(32)—(34), (49), and (51). For example, from (32)—(34) and (49) we compute

72 23328 184320 5194368 22560768
6 _ 27t —mt —27t —3nt
/4g(?(t) = ——;;5'6 — 7r2 + 7T2 (& — “‘;;5“"6 + ““;;5“‘* e
- 2505823040 . 8699126672 ot
™ ™
» (8640 | 2436480 5, 113011200 6*4”)
™ s T

— 2 (518400 e~ 1 31104000 6*4”) .
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From (32)—(34) and (51) we compute

363640 45121536
e/ - 518400 e H/t — = eI
™ ™
ampe 1739833344 )
e .
™

A(()ﬁ) (t) _ t2 ( _
— 31104000 €

Moreover, from the convergent asymptotic expansion for the Fourier coeffi-
cients of a weakly holomorphic modular form [3, Prop. 1.12], we find that the
n-th Fourier coefficient ¢y, (n) of ¢ satisfies

1
(65) ey, (n)] < etV ne §Z>O~

Similar inequalities hold for the Fourier coefficients of ¥g, ¢g, ¢—_2, and ¢_4:

(66) |lcyg (n)] < 2647“/5, n e %Z>o,
(67) |coo ()] < 24TV, n € Zo,
(68) s, ()] <™V ne T,
(69) lcg_, (n)] < etV n € Zso.

Therefore, we can estimate the error terms in the asymptotic expansions (63)
and (64) of A(t)

m 36\ — _
‘A(t) _Aé )(t)’ < (t2 + ﬁ) Z 9p2V2mVn i/t

n=m

12
A@) - A )] < (t2 + i 36) Z 9e2V2mv/n o=t
For an integer m > 0, we set

R(()m) <t2 n 36) Z 9p2V2m/n e—wn/tj

2

12 36 o

n=m

Using interval arithmetic we check that
B 0| < |4 @) for te (0,1,
[RO@)| < |aQ@)| for te1,00),

AP @) <0 for ¢ € (0,1],
A9 @)y <0 for t € [1,00).

Thus, we see that A(t) < 0 for ¢ € (0,00). Then identity (62) implies (3).



1012 MARYNA S. VIAZOVSKA

Next, we prove (4). By Propositions 3 and 7 we know that for » > 0,

(70) §(r) = 515

sin(7r2 /2)? /B _”T2t dt,
0
2, . 36 )
B(t) = ~oi/t) + =5 i it).
This function can also be written as
2, /. 36 o )
B(t) = —t“¢o(i/t) — = t*1g(i/t),
) 12 ) 36 ) 36 )
B(t) = —t%¢o(it) + — td_o(it) — — B_a(it) + — Yy (it).

Our aim is to prove that B(t) > 0 for ¢t € (0,00). A plot of B(t) is given in
Figure 2. For n > 0, let Bén) and Bég) be the functions such that

(()") (t)+ Ot e ™) ast — 0,
M) +0@?e™™)  ast — oco.

=
I
o

B(t)=B

4000

20001

Figure 2. Plot of the functions B(t), B(()2) (t) = %iig"mﬂ e T/t

and BY )( t) = 8640t . 237?228.
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We find
12960 184320 __, 116640 _ 22560768
Bc(g) (t) E— - _ p wt p e 2wt — e 3t
56540160 _, , 869916672 . ,
— ¢ - ¢
T T
(8640 2436480 _,_, 113011200 _47#)
+t + e +——e
s 7T s
— t%(518400 2™ 4 31104000 e~ 4™?)
and
368640
B () =+ (72 e~ ™" — 518400 e 27/t
Y

45121
L4 2536 n—

s

1 44
7398233 o /t) .

™

— 31104000 e~ 47/t 4
The estimates (65)—(69) imply that
|B(t) - B ()| < Ry () fort € (0,1]

and
‘B(t) - ng)(t)‘ < RO®#) fort e [1,00).

Using interval arithmetic, we verify that

‘Réﬁ)(t)‘ < ‘Bgﬁ)(t)‘ for ¢ € (0,1],

(RO < |BO®)| for tell,o0),
B >0 for t € (0,1],
BO (1) >0 for ¢ e [1,00).

Now identity (70) implies (4).
Finally, property (5) readily follows from Propositions 4 and 8. This
finishes the proof of Theorems 4 and 3. O
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