Exercises Lattices and sphere packings 2 Urgench, June 28, 2024

1.

2.

Compute the Hermite constant in dimension 1 and 2.
Let L be an integral lattice in R™. For a sublattice A C L, define
At ={zeL:{(x,y)=0forallycAl.

(a) Let v € L be a vector of length 1. Put A = Zv. Show that L = A © A+,
(b) Let A C L be a unimodular sublattice. Show that L = A & A+.

Let L be a unimodular integral lattice of dimension n < 4.

(a) Prove that the ball of radius v/2 centered in the origin of R™ contains a non-zero
vector v € L.

(b) Prove that L contains a vector length 1.

(c) Prove that L is isomorphic to Z".

Let L be an integral lattice generated by vectors of length 1. Prove it is isomorphic
to Z".

Let ¢ C C be a line with slope between —1 and +1. Show fg e~ dy = 1.

For m,n > 1 put o (n) = >_,, d™. For even k > 2 let Ejy denote the Eisenstein
series of weight k.

(a) Show that E4 =1+4240) -, 03(n)¢" and Es =1+480) " -, 07(n)q"™.

(b) Show that E? = Ex.

(c) Show that o7(n) —o3(n) =120%_,_,. ,, 03(m)os(n —m) for all n > 1.



