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Let G/K be a noncompact, rank-one, Riemannian symmetric space, and
let G© be the universal complexification of G. We prove that a holomor-
phically separable, G-equivariant Riemann domain over G*/KC is neces-
sarily univalent, provided that G is not a covering of SL(2, R). As a con-
sequence, one obtains a univalence result for holomorphically separable,
G x K -equivariant Riemann domains over G®. Here Gx K acts on G® by
left and right translations. The proof of such results involves a detailed
study of the G-invariant complex geometry of the quotient G¢/KC, includ-
ing a complete classification of all its Stein G-invariant subdomains.

1. Introduction

Let Y be a domain in a Stein manifold X. By a classical result of H. Rossi [1963],
the envelope of holomorphy of Y exists and can be realized as a Riemann domain
p: Y > X. In general it is a difficult problem to explicitly determine Y and to
establish whether p is injective, that is, whether the envelope of holomorphy Y is
univalent. However, in the presence of a large group of symmetries, some results
are known. For instance, let the vector group G = (R", 4) act on its universal
complexification G = (C", +) by left multiplication. Bochner’s tube theorem
characterizes the envelope of holomorphy of a G-invariant domain ¥ in G® as the
smallest, convex, G-invariant domain in G® containing Y. In particular it shows
that such envelope is univalent. An analogous statement holds true for G a compact
torus, that is, for envelopes of holomorphy of Reinhardt domains in (C*)".

Let G be a connected Lie group, and let Y be a complex G-manifold, that is,
a complex manifold endowed with a real-analytic action of G by holomorphic
transformations. A G-equivariant Riemann domain over G® is by definition a
G-equivariant local biholomorphism p : ¥ — G®. A motivation for determining
conditions under which p is injective in this more general context comes from
the theory of globalization of local actions. Namely, given a reduced complex
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space endowed with a holomorphic G-action, one can consider the induced local
G®-action. Tt turns out that the univalence of G-equivariant Riemann domains
over GC is a necessary condition for extending such a local action to a global one;
see [Palais 1957; Heinzner and Iannuzzi 1997; Casadio Tarabusi et al. 2000].

For a certain class of groups, including for example the product of a compact
and a simply connected nilpotent Lie group, univalence results were obtained for
arbitrary holomorphically separable, G-equivariant Riemann domains over G* by
Ceeuré and Loeb [1986]. Note that since G is Stein (see [Heinzner 1993]), holo-
morphic separability of Y is a necessary condition for p to be injective.

When G is a noncompact, real semisimple Lie group, univalence of holomorphi-
cally, separable G-equivariant Riemann domains over G® does not hold in general.
For G =SL(2, R), a Stein counterexample was pointed out to us by K. Oeljeklaus;
see Section 8. The image of this Riemann domain in G is also invariant under
right K-translations, and its construction is based on the existence of nontrivial
coverings of the K-orbits in G®. Here K is a maximal compact subgroup in G.
Observe also that SL(2, C)/SL(2, R) is simply connected. Thus this example gives
anegative answer to the question of whether the simple-connectivity of the quotient
G®/G is a sufficient condition for univalence of G-equivariant Riemann domains
over G©; see [Coeuré and Loeb 1986].

Let G be a connected, noncompact, real simple Lie group, and let K be a max-
imal compact subgroup of G. The group G is not necessarily embedded in G®,
but it is assumed to have finite center. Consider the action of the product group
G x K on G by left and right translations. One of the results of this paper is the
following theorem, Theorem 8.1.

Theorem. Let G/K be a noncompact, rank-one, Riemannian symmetric space. A
holomorphically separable, G x K -equivariant Riemann domain p : Y — G© is
univalent, provided that G is not a covering of SL(2, R).

Note that since Y embeds equivariantly into its envelope of holomorphy (see
Section 2), there is no loss of generality in assuming that Y is Stein. Then a
result of P. Heinzner [1991] implies that the categorical quotient Y // K is also
Stein. By performing categorical K -reduction on both ¥ and G®, one can associate
to p : ¥ — GO a Stein, G-equivariant Riemann domain ¢ : Y /K — G®/KC.
A suitable characterization of the univalence of g (see Proposition 3.1) implies
that p is univalent if ¢ is univalent. Then the above theorem is a consequence
of the following one, which is the main result of the paper; see Theorem 7.6 and
Remark 7.8.

Theorem. Let G/K be a noncompact, rank-one, Riemannian symmetric space. A
holomorphically separable, G-equivariant Riemann domain q : ¥ — G®/KC is
univalent, provided that G is not a covering of SL(2, R).
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The proof of this theorem is carried out as follows. First we show that, with few
exceptions, the map ¢ is injective on every G-orbit. For principal G-orbits this is
done by determining their topology. The result is then extended to the remaining
G-orbits by a general argument in Section 5. As a consequence there exists a
G-invariant domain in ¥ on which ¢ is injective.

Next we show that such domain can be enlarged to the whole X. This is done by
successively lifting to ¥ local slices for principal G-orbits in G®/KC. Since such
slices are one-dimensional and ¢ is injective on G-orbits, each lifting determines a
G-invariant domain in ¥ on which ¢ is injective. The main difficulty is in ensuring
monodromy around singular G-orbits. For this we combine a detailed description
of the G-orbit structure of G®/K* with the complex-geometric properties of cer-
tain non-Stein, G-invariant domains in G®/KC.

By the above univalence result, all Stein, G-equivariant Riemann domains over
G®/KC can be regarded as Stein, invariant domains in G®/K €. We carry out their
classification in Theorem 6.1. These results also provide examples of Kobayashi
hyperbolic domains whose envelopes of holomorphy are not Kobayashi hyperbolic;
see Example 7.9.

For G/K of arbitrary rank, recent investigations due to several authors have
indicated an interplay between the complex geometry of distinguished Stein, G-
invariant domains in G /K © and the harmonic analysis on the G-symmetric spaces
contained in G® /K C. see [Krotz and Stanton 2005; Fels et al. 2006] and refer-
ences therein. A better understanding of envelopes of holomorphy of G-invariant
domains in G®/K® might give new insights in this context. We hope the present
paper to be a first step for further investigations in higher rank.

The paper is organized as follows. In Section 2, we recall some basic notions
and results from geometric invariant theory. In Section 3, from a Stein G x K-
equivariant Riemann domain p : ¥ — G® we obtain a Stein, G-equivariant, Rie-
mann domain ¢ : ¥ J/ K — G%/KC. We also show that p is univalent if g is
univalent. In Section 4, we give a detailed description of the G-orbit structure of
G®/KC when G/K is a noncompact, rank-one, Riemannian symmetric space. We
also describe an explicit model for the space G®/KT in the cases G = SOy (n, 1)
and G =SU(n, 1). In Section 5, we show that, with few exceptions, a G-equivariant
Riemann domain g : ¥ — G®/KC is univalent on every G-orbit. In Section 6, we
carry out a complete classification of Stein, G-invariant domains in G¢/K €. When
G =SU(n, 1) some of these domains appear to be new. In Section 7, we prove the
univalence result for holomorphically separable, G-equivariant Riemann domains
over G®/KC. In Section 8, we obtain the result for holomorphically separable,
G x K -equivariant Riemann domains over G®. We also discuss some examples. In
the appendix, Section 9, we compute the Levi form of all nonclosed hypersurface
G-orbits in G®/K . The results of this computation are used in Sections 6 and 7.
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2. Preliminaries

Let G be a connected, real Lie group. A complex Lie group G® together with a Lie
group homomorphism ¢ : G — GU is called a universal complexification of G if, for
every Lie group homomorphism v from G to a complex Lie group H, there exists
a holomorphic homomorphism ¥ : G® — H such that ¥ = ¥C 0. A universal
complexification of G always exists and is unique up to biholomorphisms; see
[Hochschild 1965].

Assume that G is a connected, real semisimple Lie group. Denote by g the
Lie algebra of G and by g* := g @ ig its complexification. Then the universal
complexification of G is a complex semisimple Lie group G with Lie algebra g©.
If G is a real form of a simply connected complex semisimple Lie group G®,
then its universal complexification is G. Furthermore, if I is a central subgroup
of G, then the universal complexification of the quotient group G/ T is given by
G®/T. Note that every automorphism of G uniquely extends to a holomorphic
automorphism of its universal complexification G®.

Let K be a compact Lie group and X a Stein K -space, that is, a reduced Stein
space with a real-analytic action of K by holomorphic transformations. The cate-
gorical quotient X [/ K of X is defined by the equivalence relation in which x ~ y
if and only if f(x) = f(y) for every K-invariant holomorphic function f on X.
We recall some basic properties of the categorical quotient; see [Heinzner 1991].

Theorem 2.1. Let K be a compact Lie group and X a Stein K -space. Then

(i) the categorical quotient X /| K equipped with the algebra O(X)X of holo-
morphic K-invariant functions on X is a Stein space, and the projection
w: X — X //K is holomorphic; and

(ii) for every K -invariant holomorphic map ¥ from X to a complex space Y , there
exists a unique holomorphic map V¥ : X /| K — Y making the diagram

X "> X/K

| A

Y

commute.

If the K -action on X is the restriction of a K C-action, then the algebras of K -
invariant and of K C-invariant holomorphic functions on X coincide. In particular,
they induce the same equivalence relation on X and X /K = X // KC. In this
case, if all K C-orbits are closed, then X // K€ coincides with the usual orbit space
X/KC; see [Snow 1982, Theorem 3.8]. A K-action on a Stein space can always
be extended to a K ©-action, as shown by the following theorem.
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Theorem 2.2 [Heinzner 1991]. Let K be a compact Lie group and X a Stein K -
space. Then there exist a Stein K®-space X* and a K -equivariant holomorphic
embedding 1 : X — X* with the following properties:

(i) the map t is open, and K© - 1(X) = X*

(ii) for every K-equivariant holomorphic map ¢ from X into a complex KC-
space Z, there exists a unique K ©-equivariant holomorphic map ¢* : X* — Z

making the diagram
) (O

e

Z
commute,

(iii) the inclusion X — X* induces an isomorphism between the categorical quo-
tients X /| K and X* [/ K.

Observe that, since K©-1(X) = X*, if X is nonsingular, then X* is also nonsingular.
Let X be a complex manifold, and let G be a Lie group. A Riemann domain
over X is a complex manifold Y together with a locally biholomorphic map p :
Y — X. If both X and Y are G-manifolds and the map p is G-equivariant, then
we refer to p : ¥ — X as a G-equivariant Riemann domain. If X is Stein and Y
is holomorphlcally separable, then Y embeds as an open domain in its envelope
of holomorphy Y, and the map p extends to a local blholomorphlsm p: Y > X;
see [Rossi 1963]. Moreover the G-action on Y extends to Y , and the map p is
G-equivariant, that is, p : Y > Xisa Stein, G-equivariant Riemann domain.

A Riemann domain p : Y — X is called univalent if the map p is injective.
Assume X is Stein and Y is holomorphically separable. If p is univalent, then p
is also univalent. Aiming at univalence results for holomorphically separable Rie-
mann domains over GC, it is therefore not restrictive to start with Riemann domains
that are Stein.

3. From Riemann domains over G* to Riemann domains over G*/KC*

Let G be a connected, noncompact, real semisimple Lie group, let K C G be a
maximal compact subgroup, and let G* be the universal complexification of G.
Let G x K act on G© by left and right translations, that is,

(g, k)-z:=gzk™! for (g, k) € G x K and z € G©.

In this section, to every Stein, G x K -equivariant Riemann domain p : ¥ — G® we
associate a Stein, G-equivariant Riemann domain g : £ — G®/K®. We also show
that the univalence of ¢ implies that of p.
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Let X be a Stein K®-manifold and let p : ¥ — X be a Stein, K-equivariant
Riemann domain. By Theorem 2.2, there exist a Stein K €_manifold Y*, a K-
equivariant holomorphic open embedding ¢ : ¥ < Y*, and a K C-equivariant holo-
morphic map p* : Y* — X such that the diagram

yo_—t o yx

N

X

commutes. Since p is locally biholomorphic, p* is KC-equivariant, and Y* =
K€ .Y, one has that p* is locally biholomorphic as well, that is, it defines a Stein
K C-equivariant Riemann domain. By Theorem 2.2, the spaces Y* /K€ and Y J/ K
are biholomorphic. Therefore Theorem 2.1 implies there exists a holomorphic map
q:Y /K — X // K® making the diagram

Y* ——=Y*)KC=Y /K

‘e

X X/ KC®

commute. Here the horizontal arrows denote the categorical quotient maps.

Assume that all K ©-orbits in X are closed and all K C-isotropies are connected.
We claim that all K ©-orbits in Y* are closed as well. Suppose by contradiction that
there exists a nonclosed orbit K-y in Y*. Let K© -z be a lower dimensional orbit
in its closure; see [Snow 1982, Proposition 2.3]. Since p* is locally biholomorphic
and K C-equivariant, the orbit K© - p*(2) lies in the closure of K* - p*(y) and has
lower dimension. In particular such orbits are distinct. It follows that the orbit
KC. p*(y) is not closed, contradicting the assumption.

By the above claim, the categorical quotients X // K© and Y* // K© coincide
with the orbit spaces X/K® and Y*/KC, respectively. If we also assume that the
K C-orbits have connected isotropy subgroups, such orbit spaces are nonsingular
and the map g : Y /K — X/K© defines a Stein Riemann domain. We refer to it as
the Riemann domain induced by p : Y — X. Next we prove a general univalence
result for Stein, K -equivariant Riemann domains.

Proposition 3.1. Let X be a Stein K ©-manifold, all of whose K ©-orbits are closed
and have connected isotropy subgroups. Let p : Y — X be a Stein, K -equivariant
Riemann domain, and let p* : Y* — X be its extension to the K ©-globalization Y*
of Y.

(i) The induced Stein, Riemann domain q : Y || K — X/KC is univalent if and
only if p* : Y* — X is univalent.
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(i) Ifq : Y /K — X/KC is univalent, then p : Y — X is univalent.

Proof. (i) If p* is injective, then it maps distinct K “-orbits in Y* onto distinct
KC-orbits in X. As we already noticed, since all K©-orbits in X are closed, the
categorical quotients X /K and Y*//K® coincide with the orbit spaces X /K and
Y*/KC, respectively. It follows that the induced map Y*/K® — X /K is injective.
Moreover, by Theorem 2.2, the space ¥ // K can be identified with Y*//K®. As a
result the induced Riemann domain ¢ : ¥ J/ K — X/KC is univalent.

Conversely, assume that ¢ : ¥ /K — X/KC is univalent, that is, that the map
Y*/K® — X/KC is injective. By assumption, the K C-isotropy subgroups in X are
connected; thus p* is injective on every K -orbit in Y*. It follows that p*: Y* — X
is globally injective. This proves (i); statement (ii) is a direct consequence. Il

Remark 3.2. In general, under the assumptions of the above proposition, the uni-
valence of p : ¥ — X does not imply that of ¢ : ¥ // K — X/KC®. For instance,
let C* act on C x C* and on X := C* x C* by multiplication on the second factor.
Define p*: C x C* — X by (z, w) — (e*, w) and consider

Y ={(z,w)eCxC':Imz < |w| <27 +Imz}.

Then Y is a Stein S!-invariant subdomain of Y* = C x C* and the map p := p*|y
is injective. Nevertheless the induced map ¢ : Y //S! = C — X /C* = C*, given by
Z > €%, is not injective.

Consider now the case when X is the group G* endowed with the G x K -action
by left and right translations. Let p : ¥ — G© be a Stein, G x K -equivariant
Riemann domain. Note that the actions of G and K commute on G®. Thus they
also commute on Y, because p is equivariant and locally injective. Since the K-
action on GC is the restriction of a KC-action all of whose orbits are closed, the
spaces G© // K and G®/KC are biholomorphic.

By the universality property of the categorical quotient (see Theorem 2.1), the
G-actions on Y and on G® induce G-actions on Y // K and on G®/KC, respec-
tively. Moreover the induced Stein, Riemann domain ¢ : Y J K — G®/KC® is G-
equivariant. By applying Proposition 3.1 to this situation, we obtain the following.

Corollary 3.3. Let p: Y — G be a Stein, G x K -equivariant Riemann domain
over G, and letq:Y /K — G®/KC be the induced Stein, G -equivariant Riemann
domain over GC/KC. If q is univalent, then p is univalent.

4. G-orbit structure of G*/K*

Let G be a connected, noncompact, real simple Lie group, let K C G be a maximal
compact subgroup, and let GT be the universal complexification of G. Assume that
G is embedded in G®. The quotient G/K is a Riemannian symmetric space of the
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noncompact type. In this section we obtain a complete description of the G-orbit
structure of G®/K© in the case when G/K has rank one.

We recall some basic facts holding for G/K of arbitrary rank. Denote by o
the antiholomorphic involution of G® relative to G and by 7 : G®* — GT the
holomorphic extension of the Cartan involution 6 of G with respect to K. Note
that the fixed point set of 7 in G contains the complexification K€ of K. The
commuting composition o o7 = 7 oo is a Cartan involution of G€. Denote by U the
corresponding compact real form. The U-orbit of the base point eK* in G®/K*
is diffeomorphic to the compact dual symmetric space U/K, and is embedded in
G®/KFC transversally to G/K .

Remark 4.1. (i) For every triple (G, K, G®) as above, the manifold G /K Cis
simply connected. To see this, denote by G® and U C GC the universal coverings
of G* and U, respectively. Let G be the real form of G relative to the lifting of
o to GC. The group G is connected (see [Steinberg 1968]) and is a finite covering
of G. Hence G =G /', where T' is a finite central subgroup of G. Similarly K =
K /T, where K is a maximal compact subgroup of G. One has G® = GC/ T (see
Section 2) and consequently U = U /I'. As a consequence there are isomorphisms

U/K=U/T/K/T=U/K.

Since K is connected, the quotient U / K is simply connected. Moreover U/K is
a topological retract of G®/K . Hence the claim follows.

(ii) From different triples (G, K, G©®) as above associated with the same Riemann-
ian symmetric space, one obtains the same complexification G®/K®. Indeed the
map 5‘5/1/{\‘D — GY/KC, given by gl?@ > gI'KC, defines a biholomorphism.
Moreover the center of G acts trivially on G®/K®. As a consequence, different
triples (G, K, G®) yield the same G-orbit structure of G®/K® and G-equivariantly
diffeomorphic orbits.

Closed G-orbits of maximal dimension form an open dense subset of G*/K®
and come in a finite number of orbit types. We refer to them as principal G-orbits.
They have real codimension equal to the rank of G/ K. Singular orbits are closed
G-orbits that are not principal.

The G-orbit structure of G/ K is closely related to the G x K ©-orbit structure
of G®. Then, slices for the closed G-orbits in GE/KC can be obtained by apply-
ing Matsuki’s results [1997, Section 4] on double coset decompositions of groups
arising from two involutions.

Let € @ p be the Cartan decomposition of g with respect to K, and let a be a
maximal abelian subspace of p. Following Matsuki, we denote by o :=expiaK®
the image of the compact torus expia in G¢/K®. The set s is a slice for all
closed G-orbits intersecting the compact dual symmetric space U/K in G¢/K®.
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It is called the fundamental Cartan subset. The remaining slices for closed G-
orbits in G€/K® are of the form € := expic -z, where ¢ is an abelian semisimple
subalgebra of g of the same dimension as a and z € o is a base point sitting on a
singular closed G-orbit. Such sets € are called standard Cartan subsets.

By [Geatti 2006], every standard Cartan subset € admits a base point z with the
following properties:

o there exists a subgroup G’ € G (possibly G’ is equal to G) such that the
isotropy subgroup of z in G’ coincides with the isotropy subgroup G, of z
in G;

« the quotient G’/ G is a pseudo-Riemannian symmetric space of the same rank
as G/K;

« the slice representation of G, at z is equivalent to the isotropy representation
of G'/G,.

More precisely, let g’ = g, @ q’ be the decomposition of the Lie algebra of G’
corresponding to the symmetric space G’/ G, (when G' =G, g=g,®q). Denote
by T(G - 7). the tangent space of the orbit G - z at z and by N, a complementary
subspace of T(G -z). in T(G®/KC®).. Then N, = ¢’ and the slice representation
at z is equivalent to the Adjoint representation of G, on q’. Moreover, both a and
¢ are maximal abelian subalgebras in ¢'.

Consider the twisted bundle G x . q’ defined as the orbit space of G x q’ under
the action of G, given by h-(g, X) :=(gh~', Adj, X). The group G acts on G xG.q
by g -[g, X] :=[gg, X]. By Luna’s slice theorem [1975, Proposition 1.2], there
exists an open Adg -invariant neighborhood V of 0 in q’ such that the map

4-1) G xg. V— G*/KE, [g, X1+ gexpiX -z

is a G-equivariant diffeomorphism onto an open G-invariant neighborhood of z
in G© /K C. Nonclosed G-orbits in G x ¢,V correspond to nonclosed Adg -orbits
in V. The standard Cartan subset € in G®/KC is the image of the set {¢} x ¢ via
the above map.

Let us now assume that G/K has rank one. Then the G-orbit space of G&/K®
can be completely determined. Let A, be the restricted root system of g with
respect to a, and let

0="2Zg0) P ¢*  with Zy(a) = Ze(a) @ a,

a€Aq

be the corresponding root decomposition. Here Zgy(a) and Z¢(a) denote the cen-
tralizers of a in g and €, respectively. Let I" be the lattice in a given by the kernel of
the map a — U/K defined by X — exp(i X)K. Since the symmetric space U/K
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is simply connected (see Remark 4.1), the lattice I" is given by

r= @ Zimh,,

a€Aq

where h, € a is uniquely determined by a(h,) = 2; see [Helgason 1978, Theo-
rem 8.5, page 322]. Denote by Wk (a) the Weyl group of a, and let the semidirect
product Wi (a) X I' act on a by (k, y) - A := Ad;y A + y. Denote by ag a funda-
mental domain for this action, and define sy := expiagK®. Then every closed
G-orbit through the fundamental Cartan subset & intersects g in a single point;
see [Matsuki 1997, Theorem 3].

Let z € Ay be a base point for a standard Cartan subset 6. By [Geatti 2006] and
by the local linearization (4-1), the G-orbit structure of G/K € in a neighborhood
of z is modeled on the orbit structure of the tangent space of a rank-one, pseudo-
Riemannian symmetric space under the isotropy representation. It can be described
as follows.

Remark 4.2. Let G/H arank-one, pseudo-Riemannian symmetric space. Assume
that the group H is connected. Let g = k) @ q be the corresponding Lie algebra
decomposition and g N €@ g N p the Cartan decomposition of q. The isotropy rep-
resentation of G/H is equivalent to the Adjoint representation of H on g. Denote
by B both the Killing form of g and its restriction to q \ {0}. The signature of B
on q is given by (s™, s7), with

sT:=dim(gNyp) and s~ :=dim(qN¥).

For r € R, denote by B, the level hypersurface {B =r} in q\ {0}. In diagonalized
form one has B, = {x12+- . -+xS2+ —yl2 - —ysz_ =r}. Since G/K has rank one,
every Adg-orbit in g\ {0} is a hypersurface. Thus, by the connectedness of H and
the Adg-invariance of B, such an orbit coincides with a connected component of
some B,. We distinguish four cases.

(a) Assume st = s~ = 1. For every r # 0, the level set B, consists of two
connected components. They intersect either a = qMNp or ¢ = gN ¥ in opposite
points, depending on whether » > 0 or » < 0. The nilcone By consists of four
nonclosed Adg-orbits.

(b) Assume s > 1 and s~ = 1. For r > 0, the level set B, consists of a single
component intersecting ¢ N p in a sphere. Thus, for every nonzero vector
A € qNp and every t > 0, the points A and —t A belong to the same Ady-
orbit. If r < O the level set B, consists of two connected components, which
intersect ¢ = qN¢€ in opposite points. The nilcone By consists of two nonclosed
Ady-orbits.
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(c) AssumesT™ =1ands™ > 1. If r > 0, the level set B, consists of two connected
components, which intersect a = q N p in opposite points. If r < 0, the level
set B, intersects q M ¢ in a sphere. Thus for every nonzero vector C € qN ¢
and every s > 0, the points sC and —sC belong to the same Adg-orbit. The
nilcone B consists of two nonclosed Adg-orbits.

(d) Assume st > 1 and s~ > 1. For every r # 0 the level set B, consists of a
single connected component. It intersects either g Np or q N € in a sphere,
depending on whether r > 0 or r < 0. Thus for every nonzero vector A € qNp
and every ¢t > 0, the points tA and —rA belong to the same Adg-orbit. A
similar statement holds true for points sC and —sC, with C a nonzero vector
in gN¢€and s > 0. The nilcone By consists of a unique nonclosed Adg-orbit.

In order to give further details, we recall the classification of rank-one, Rie-
mannian symmetric spaces of the noncompact type. For each space M, we list its
real dimension, its standard presentation G /K, and the dimensions of the restricted
roots spaces of g; see [Wolf 1984, page 294] and [Helgason 1978, page 532].

M dimM G/K dimg®  dimg*

H'(R) n SOy (n, 1)/SO(n), n>2 n—1 0

H"(C) 2n SU(n, 1)/U(n), n>2 2n—1) 1

H'"(H)  4n Sp(n, 1)/Sp(n) x Sp(1), n>2 4(n—1) 3

H?*(Cay) 16 F}/Spin(9) 8 7
Table 4.0

Remark. The two-dimensional symmetric space SOg(2, 1)/SO(2) can alternately
be identified with SU(1, 1)/U(1) or SL(2, R)/SO(2), and the symmetric space
SOy (3, 1)/SO(3) can be identified with SL(2, C)/SU(2).

4.1. The reduced case. Assume that the restricted root system of g is reduced,
that is, it consists of two roots {+«}. This is the case of the spaces H"(R) in
Table 4.0. A fundamental domain for the action of Wk (a) X I" on a is given by
ap = {A €a:0 < a(A) < r}, and there are three singular orbits intersecting
Ao :=expiagK®. Their base points are given by Zj= ng(D for j =1,2,3. Here
gj =expiA; and the elements A; € ay satisfy the conditions

(4-2) a(Ap) =0, a(A2) =m/2, a(A3) =,

respectively. The G-orbits through z; and z3 are diffeomorphic to the symmetric
space G/K and are embedded in G¢/K as totally real submanifolds of maximal
dimension. Moreover, the G-orbit through z; is a rank-one, pseudo-Riemannian
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symmetric space G/H with involution 7, = Ad,, o 7 0 Ad,;!. The space G/H is
embedded in G®/KC as a closed, totally real submanifold of maximal dimension;
see [Geatti 2002, Lemma 2.11 and Remark 2.13]. A standard Cartan subset starting
at zo is given by € = expic - zp, where ¢ = R(X + 6(X)) and X is a nonzero
vector in g%. In the next lemma we determine the G-orbit structure of G®/KC® in
a neighborhood of z,. Fix a generator C of c.

Lemma 4.3. Assume that the restricted root system of g is reduced. Let 7, € g be
the base point of the Cartan subset 6.

(1) If dim G/K > 2, then the orbit G - z» is simply connected. In particular, the
isotropy subgroup H of 7z, in G is connected.

(i1) For every s > 0, the points exp(isC) - zo and exp(—isC) - zp lie on the same
G-orbit in G/ K if and only if dim g* > 1.

(iii) If dim g* > 1, there are two nonclosed G-orbits in G /K containing G - z,
in their closure. If dim g* = 1, such orbits are four.

Proof. (i) Using the hyperquadric model (see Example 4.4), one can verify that
the orbit of z, is diffeomorphic to SOg(n, 1)/SOg(n—1, 1). In particular, it is
topologically equivalent to a sphere of dimension n — 1 and is simply connected
for n > 2. In that case, the isotropy subgroup H is connected, since G is connected
by assumption. When n =2, the orbit G/H is not simply connected. The isotropy
subgroup of z; is either connected (when G = SOg(2, 1)) or its quotient by the
ineffectivity subgroup is connected (when G is a nontrivial covering of SOg(2, 1)).

As aresult, (ii) and (iii) follow from Remark 4.2, provided that dim(qNp) =1
and dim(q N €) = dim g*. To show this, define gla] := g* & g~“. Then g[x] is a
f-stable subspace of g of dimension equal to 2dim g*. Let gla] = gla]e ® gla],
be its Cartan decomposition. The components g[o]e and gla], are generated by
vectors of the form

X+4+60(X) and X -—6(X),
respectively, where X ranges through the elements of a basis of g“. In particular,

dim g[a]e =dim g[a], = dim g*. Consider the decomposition g = Z¢(a) @adgla],
and note that 7,, = Adg, 0T 0 Adg2—1 = Adgg 06. Since Adexpia, = exp(ad(iAy)),

one has 7;, = Id on Z¢(a) and 7;, = —Id on a. Since a(Az) = 7/2, one has
7, = —0 on gla]. It follows that q := Fix(—1;,, 9) = a @ gla]e. In particular,
dim(qNp) =dima =1 and dim(q N &) = dim gl ] = dim g%, as wished. O

From the above discussion and Table 4.0, it follows that in the reduced case
the G-orbit space of G¢/K® can be described by the following diagrams. For
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G/K =S50¢(2, 1)/SO(2), the diagram is

4 (1)
Wi e e W)
(4-3) z1 L1y 22 43(13)  z3
Wy o ‘ e W3
£4(14)

For G/K =S0Oq(n, 1)/SO(n) with n > 2, the diagram is

|
6(12)
(4'4) Wi e | o W)

21 ) oz () z3

Set I} = I; = (0, 1). For j = 1, 3, the maps ¢, : [; — G/KC, defined by
4-5) £1(t) :=exp(—itAy)-zo and {3(t) :=exp(itAr) - 22,
parametrize the principal G-orbits through {y. One has

Ao = 21Ul (I1) Uzo ULl3(13) Uzs.
Set I = 14 = (0, 00). For j =2,4, the maps £; : I; — GC/KC, defined by
(4-6) Ur(s) :=exp(isC)-zo and {L4(s) :=exp(—isC) - z2,

parametrize the principal closed G-orbits through the standard Cartan subset € and
€ = {r(Ip) Uzp Uly(ls). The points wy, wy, wz, and wy represent the nonclosed
G-orbits containing the singular orbit G - z; in their closure.

Example 4.4. The complex hyperquadric. Let G = SOqg(n, 1), with n > 2, and
let G = SO(n, 1, C) be its universal complexification. By definition G® is the
subgroup of SL(n + 1, C) leaving invariant the quadratic form of signature (n, 1).
The space G®/KC® can be identified with the GC-orbit through (0, ..., 1) that
coincides with the n-dimensional complex hyperquadric

ME={G1, ... &) eCT g 4o 8 —E7 = 1)
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Fix the elements

o0 0. 000
Ay=| ¢ Lo and C= Yy ¢
0... 0 =2 0...0-20
0o a0 0...2 00
0...0 00

in g as generators of a and ¢, respectively. Then points on the singular orbits in
MC satisfying conditions (4-2) are given by

721=(0,...,0,1), 22=1(0,...,0,i,0), z3=1(0,...,0,=1).

The G-orbit of z, is diffeomorphic to the pseudo-Riemannian symmetric space
G/H =S0¢(n, 1)/SO¢(n — 1, 1). For t € (0, 1), the slices £, and ¢3 are given by
£1(#)=(,...,0,isin(m@(l —1)/2), cos(w(l —1)/2)),
£3()=(,...,0,isin(m@(141)/2),cos(w(l+1¢)/2)).

For s > 0, the slices £, and ¢4 are given by

£r(s)=1(0,...,0, sinh2s,icosh2s,0),
£4(s) = (0, ...,0, —sinh2s, i cosh2s, 0).

The slice representation at z, is equivalent to the linear action of SOg(n—1, 1)
on R". When n = 2, we can choose representatives of the four nonclosed hyper-
surface G-orbits containing G - z; in their closure to be

w]=(_1,i,_1), w2=(1’i7_1)9 w3:(15l’ 1)7 w4=(_17i’ 1)

When n > 2, the slice representation identifies £, and ¢4 and representatives of
the two nonclosed hypersurface G-orbits containing G - z; in their closure are for
example

wy=(=1,0,...,0,i,—1) and wr=(1,0,...,0,i,—1).

4.2. The nonreduced case. Assume that the restricted root system of g is nonre-
duced, that is, it consists of four roots {#«a, +2a}. This is the case of H"(C),
H"(H) and H?(Cay) in Table 4.0. Then ap = {A € a:0 < a(A) < n/2}is a
fundamental domain for the action of Wg (a) x I in a, and there are three singular
orbits intersecting #o. Their base points are given by z; = g; K Cfor j=1,2,3.
Here g; =expiA; and the elements A; € ag satisfy the conditions

(4-7) a(Ap) =0, a(Az) =7 /4, a(A3) =m/2,
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respectively. The G-orbit through z; is diffeomorphic to the symmetric space G/ K,
and the one through z3 is diffeomorphic to a rank-one, pseudo-Riemannian sym-
metric space G/H. Both orbits are embedded in G&/KC as totally real subman-
ifolds of maximal dimension; see [Geatti 2002, Lemma 2.11 and Remark 2.13].
The orbit of z; is a homogeneous space G/H', with H' := G, and dimG/H' >
dim G/K; see [Geatti 2002, Lemma 2.14 and Remark 2.15]. Set G’ := Z(;(gg),
where Zg (g%) denotes the centralizer of gg' in G. Then H’ is contained in G’
and G'/H’ is a rank-one, pseudo-Riemannian symmetric space with involution
Tz, = Adg, ot 0 Ad, 1. Moreover, the slice representation at z; is equivalent to the
isotropy representation of G’/ H’; see [Geatti 2006]. The standard Cartan subset
starting at z, is given by €’ =expic’-z5, where ¢ =R(X+6 (X)) and X is a nonzero
vector in g?*. If Z¢(a) ® a ® gt @ g=* is the restricted root decomposition of g,
then the Lie algebra of G’ is given by

(4-8) g = Ze(a) ®ad® gt

Moreover, if §’ @ q' is the t,-decomposition of g’, then ¢’ is a maximal abelian
subalgebra in q'. Fix a generator C’ of ¢

Lemma 4.5. Assume that the restricted root system of g is nonreduced. Let 7, €
be the base point of the Cartan subset ¢’.

(i) The isotropy subgroup H' of 7o in G is connected.

(ii) For everyt > 0, the points exp(itC’) - 7o and exp(—itC') - z5 sit on the same
G-orbit if and only if dim g°* > 1.

(iii) Ifdim g*® > 1, there are two nonclosed G-orbits in G /K containing G - z»
in their closure. If dim g** = 1, such orbits are four.

Proof. (i) The group H' is connected if and only if H'N K is connected. Note that
G =Zg (gg) is -stable, since so is G and 9(gg) = g2_4. Therefore H' N K is the
common fixed point subgroup of the two involutions 7, and 6 of G’. As a result,
H'NK =Zg (g%). Now regard z, as a point on the compact dual symmetric space
U/K endowed with the K-action by left translations. Denote by K, the isotropy
subgroup of z; in K. On the one hand, K,, = Zg (g%). On the other hand, since
the isotropy subalgebra &, is given by €N Ad,, (), one sees that £;, has minimal
dimension and coincides with Zg¢(a) if and only if «(A;) # mm form € Z. By
(4-7), it follows that K, is principal and consequently is equal to Zg (a). Finally
Zk (a) is connected for all rank-one, Riemannian symmetric spaces of dimension
greater than two; see [Knapp 1996] or Lemma 5.1 for a direct proof. In conclusion,
H' NK = Zk(g3) = K;, = Zg (a), which implies (i).

Parts (ii) and (iii) follow by applying Remark 4.2 to the symmetric space G’/ H’,
provided that dimg’ Np = 1 and dimq’ N € = dim g>®. In order to show this,
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define g[2a] := g>* @ g~>*. Then g[2«] is O-stable subspace of g of dimension
equal to 2 dim gZ“. Let g[2a] = g[2a]e ® g[2a];, be its Cartan decomposition. The
components g[2a]e and g[2a],, are generated by vectors of the form X +6(X) and
X —0(X), respectively, where X ranges through the elements of a basis of g°*. In
particular dim g[2«]¢ = dim g[2a], = dim gza. One sees that

7, =1d on Z¢(a), 7, =—Id ona, 7, = —0 on g[2a].

Consequently q’ := Fix(—1;,,¢) = a ® g[2«]¢, and dim(q’ N p) = dima = 1.
Similarly, dim(q’ N €) = dim g[2«]¢ = dim g°*, as wished. O

By [Geatti 2002, Lemma 2.11 and Remark 2.13], the G-orbit of z3 is a rank-one,
pseudo-Riemannian symmetric space G/H with involution 7;; = Ad,, o7 0 Ad,;!.
The space G/H is embedded in G®/K® as a closed, totally real submanifold
of maximal dimension. The standard Cartan subset that starts at z3 is given by
€ =expic-z3, where c=R(X+6(X)) and X is a nonzero vector in g*. If g=HDq
is the 7,,-decomposition of g, then ¢ is a maximal abelian subalgebra in ¢q. Fix a
generator C of c.

Lemma 4.6. Assume that the restricted root system of g is nonreduced. Let 73 € sy
be the base point of the Cartan subset €.

(i) The orbit G - z3 is simply connected. In particular the isotropy subgroup H of
z3 in G is connected.

(ii) For every t > 0, the points exp(itC) - z3 and exp(—itC) - z3 sit on the same
G-orbit in G /K.

(iii) There is precisely one nonclosed G-orbit in G¢/K® containing G - z3 in its
closure.

Proof. (i) Since by assumption G is connected, we prove that H is connected by
showing that the orbit G - z3 is simply connected. To do this, Remark 4.1 says it
suffices to choose G as in the standard presentation in Table 4.0. Let G =SU(n, 1).
By direct computations (see Example 4.7) one finds G -z3 =SU(n, 1)/U(n—1, 1).
This quotient is topologically equivalent to the complex projective space CP"~!.
In particular, it is simply connected.

Consider then G =Sp(n, 1) or G = F;. In both cases the group G is simply con-
nected. Since H is the fixed point subgroup of an involution of G, it is connected
[Steinberg 1968]. It follows that the quotient is simply connected.

Parts (ii) and (iii) follow from Remark 4.2, provided that dim(qNp) =1+ g«
and dim(q N &) = dimg®. In order to show this, define gle] := g* & g~ and
g[2a] := g%>* @ g~>*. Then both g[a] and g[2«] are #-stable subspaces of g of
dimension equal to dim g and 2 dim g°*, respectively. Let g[a]e, glodp, gl2a]e,
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and g[2a],, be the components of the respective Cartan decompositions. The same
arguments as in the proof of Lemmas 4.3 and 4.5 show that

dim g[a]e = dimgla], =dimg® and dim g[2«]¢ = dim g[2«¢], = dim g2,
Moreover, one sees that
7, =Idon Zg(a), 1,,=—Idona, 7t,=—0ongla], 7,,=0o0ng2x].

Since
9= Ze(a) ®adgla] ® gl2a],

it follows that q := Fix(—1,,, g) = a® gla]e ® g[2a],. In particular, dim(qNp) =
1 4 dim g?® and dim(q N €) = dim g°, as claimed. O

As a consequence of the above lemmas and Table 4.0, in the nonreduced case
the G-orbit space of G®/KC can be represented by the following diagrams. For
G/K =SU(n, 1)/U(n) with n > 2, the diagram is

| |

£r(1) 45(1s)
Wi e eWy Wse
(4-9) 2.1 £1(1) 2.2 £3(13) Z.3
Wy o ‘ o W3
£4(14)

|

If G/K = Sp(n, 1)/Sp(n) x Sp(1) for n > 2, or if G/K = F; /Spin(9), then the
diagram is

| |

12100)) 45(15)
(4'10) Wi e e Wy W5 e

21 £i(1h) 22 43(13) 23

Set Iy = I3 = (0, 1). For j =1, 3, define ¢; : I; - G®/K® by
4-11) £1(t) =exp(—itAy)-zo and {£3(t) =exp(itAs) - z2.
The slices £ and €3 parametrize the principal G-orbits through sy and

Ao =z1 UL (1) Uzp ULl3([3) Uzs.
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Set I =14 = (0, 00). For j =2,4,define £; : I; — GC/KC by
(4-12) Or(s) =exp(sC’)-zo and L4(s) = exp(—sC’) - z5.

The slices ¢, and ¢4 parametrize the principal G-orbits through the Cartan subset
@’ with base point z; and €’ = €5(1) U z U £4(1y). Finally, set Is = (0, 00), and
define ¢5: Is — G*/KT by

(4-13) £5(s) =exp(sC) - z3.

The slice ¢5 parametrizes the principal G-orbits through the standard Cartan sub-
set € with base point z3. The points wy, ..., wy represent the nonclosed orbits
containing G - zp in their closure. The point ws represents the nonclosed orbit
containing G - z3 in its closure.

Example 4.7. A model in the nonreduced case. Let G = SU(n, 1), with n > 2,
be the subgroup of SL(n + 1, C) leaving invariant the hermitian form (z, w), | =
W1 + ...+ ZpWy — Zngp1Wny1 in C'FL. Denote by o the conjugation of G© =
SL(n+1, C) relative to G, namely o (g) = I,,,l’g_l I,.1. Denote by P" the complex
projective space endowed with the opposite complex structure, that is, the one
for which the map P" — P", [z] > [Z] is holomorphic. The group G® acts
holomorphically on P" x pr by g - ([z], [w]) := ([g - z]. [o (g) - w]).
Under this action, P" x P consists of two orbits: a closed one given by

{([2], [w]) € P" x P": (2, w), 1 =0}

and an open one given by its complement. The quotient G®/K® can be identified
with the open orbit

MC:=GC-([0:--~:0:1],[0:-~-:O:1])=ﬂ3’”x@”\{(z,w)n,1=0}.

Fix the elements

0... 0 0 0...0 0 0.0 00
Az: : : : , C/: , C = ) ) . i
0... 0 /4 0...i 0 0...0-10
0. a0 0oL 0.1 00

in g as generators of a, ¢’ and ¢, respectively. Then points on the singular orbits
in MC satisfying conditions (4-7) are given by
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The G-orbit of z; is diffeomorphic to the homogeneous space G/H’, where H' =
U(n — 1) x SO(1, 1). The group G’ is isomorphic to U(n — 1) x SU(1, 1), and
the quotient G'/H’ is diffeomorphic to the two-dimensional rank-one, pseudo-
Riemannian symmetric space SU(1, 1)/SO(1, 1). The G-orbit of z3 is diffeomor-
phic to the pseudo-Riemannian symmetric space SU(n, 1)/SU(n—1, 1). The slices
£ and {3 are given by

b(s)=((0:...:ie e’ ],[0:...:—ie’: e °]),
ba(s)=([0:...:ie*: e °,[0:...: —ie " :€°]),

with s > 0. The slice representation at z, is equivalent to the standard action of
SO(1, 1) on R2. So there are four nonclosed G-orbits containing G - z; in their
closure. We can choose representatives of such orbits to be

wi=0:...:0:1,[0:...:—i:1]), wr=(0:...:0:1],[0:...:1:0)]),
w3={0:...:1:0,[0:...:—i:1]), we=(0:...:0:1],[0:...:0:1]).

givenby ws=((0:...:1:—i:1],[0:...:1:i:1]).

Remark 4.8. When G = SU(1, 1), the restricted root system of g is reduced. The
quotient G®/K® can be identified with P! x P!\ {(z, w);; = 0}, and the G-
orbit space can be described as above, except for the fact that the slice £5 and
the point ws must be omitted. Moreover the G-orbit through z3 is diffeomor-
phic to the symmetric space G/K. Note that SU(1, 1)©/U(1)® is biholomorphic
to SOp(2, DHE / SO(2)C. Thus it can also be identified with the two-dimensional
hyperquadric described in Example 4.4.

5. Univalence on G-orbits in G*/K*

Let G be a connected, noncompact, real simple Lie group, let K C G be a maximal
compact subgroup, and let G* be the universal complexification of G. Assume that
G is embedded in G®. Consider a G-equivariant Riemann domain

q:X— GC/KC.

The main goal of this section is to prove that ¢ is injective on G-orbits if G/K
is a rank-one, Riemannian symmetric space of dimension greater than three. We
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first prove the result for principal G-orbits, and later we extend it to all G-orbits
by a general argument. In most cases, the injectivity of ¢ on principal G-orbits
follows from their simple connectedness. The cases dim G/K = 2, 3 are discussed
separately.

Recall that by Remark 4.1(ii), different triples (G, K, GC) associated with the
same Riemannian symmetric space G/K yield G-equivariantly diffeomorphic or-
bits in G€/KC. Let sdy, €’ and € be the standard Cartan subsets in GE/KC. Let
H be the isotropy subgroup of the base point of ¢, and let H' be the isotropy
subgroup of the base point of 6’; see Lemmas 4.3, 4.5 and 4.6. By [Geatti 2002,
Propositions 3.4 and 3.15], the principal orbits intersecting d(, ¢ and 6’ have
isotropy type Zk (a), Zy(c) and Z g (), respectively.

Lemma 5.1. Principal G-orbits of isotropy type Zg(a) are simply connected if
and only if dimG/K > 2.

Proof. An orbit G/Zg (a) is topologically equivalent to K/Zg (a). Consider the
isotropy representation of K on p. The nonzero K-orbits in p are diffeomorphic
to K/Zg(a). Since G/K has rank one, they are also diffeomorphic to spheres of
dimension dim(G/K) — 1. Hence the statement follows. l

Remark 5.2. When G = SOy (2, 1), the isotropy subgroup Zx (a) is trivial. There-
fore principal orbits of type G/Zk (a) are diffeomorphic to SOy(2, 1) and topolog-
ically equivalent to SO(2). In particular, they are not simply connected.

Lemma 5.3. Principal G-orbits of isotropy type Zy (¢) are simply connected, ex-
cept when G is one of the groups SO¢(2, 1), SO¢(3, 1) or SU(2, 1).

Proof. An orbit G/Zg(¢) is topologically equivalent to K/Zxng(c). We prove
the lemma by discussing each case separately. Let G = SOqy(n, 1). Using the
hyperquadric model given in Example 4.4, one checks that

H=SO¢g(n—1,1), Zy()=SO¢(n—2,1), K/Zpyng(c)=SO(n)/SO(n—2).

In particular, K /Zgnpg (c) is diffeomorphic to a Stiefel manifold, which is simply
connected for n > 3.

Consider next the case G = SU(n, 1), with n > 3. Direct computations on the
model in Example 4.7 show that

H=U@mn-1,1),
Zknu(c) =U(m —2) x U(1),
K/Zkng(c) =U(n)/(Un —2) x U(D)).

Since, for n > 3, the embedding U(n — 2) — U(n) induces an epimorphism of
fundamental groups, so does the embedding U(n — 2) x U(1) — U(n). As a
consequence, K /Zkng (c) is simply connected.
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Finally, consider G = Sp(n, 1) or G = F}’. Note that in both cases K is simply
connected. Therefore K/Zgnpy (¢) is simply connected provided that Zgng (c) is
connected. In order to show that this, consider the compact, rank-one, symmetric
space K /K N H and the corresponding isotropy representation of K N H on £€Ng.
The nonzero K N H-orbits in €N g are of type K N H/Zkny(¢) and are diffeo-
morphic to spheres of dimension dim(¢ M q) — 1. Since dim(fNgq) = dimg* > 2
(see Table 4.0), they are simply connected. By Lemma 4.3 or Lemma 4.6, the
group H and likewise its maximal compact subgroup K N H are connected. Then
the exact homotopy sequence of the quotient K N H/Zkng (c), implies that the
group Zgng(c) is connected, as wished. O

Remark 5.4. When G =SOy(2, 1), direct computations using the model described
in Example 4.4 show that the isotropy subgroup Zg (c) is trivial. Therefore prin-
cipal orbits of type G/Zy(¢) are diffeomorphic to SOy(2, 1) and topologically
equivalent to SO(2). In particular, they are not simply connected.

Similarly, when G = SOy (3, 1) the isotropy subgroup Zp(c) is isomorphic to
SOp(1, 1), which is connected. Therefore principal orbits of type

G/Zp(c) =S0Op(3,1)/SOp(1, 1)

are topologically equivalent to SO(3) and are not simply connected.

When G =SU(2, 1), direct computations using the model described in Example
4.7 show that the isotropy subgroup Zxng(c) is isomorphic to S(U(1) x U(1)),
which is connected. Principal orbits of type G/Z (¢) are topologically equivalent
to K/Zgnp(c) =U(2)/U(1) = SO(3). Hence they are not simply connected.

Note that in all the above cases, despite the fact that the orbits are not simply
connected, the corresponding isotropy subgroups are connected.

Lemma 5.5. All principal G-orbits of type Zy (¢') are simply connected.

Proof. An orbit of type G/Z(¢') is topologically equivalent to K /Zynx (¢/). We
prove the latter quotient is simply connected by discussing each case separately.

Consider first G =SU(n, 1). Direct computations using the model constructed in
Example 4.7 show that Zyng (¢') =U(n — 1). Hence the quotient K /Z gk (¢/) =
U(n)/U(n — 1) is diffeomorphic to the sphere §2=1 In particular, it is simply
connected for all n > 2.

Nextlet G =Sp(n, 1) or G = F;. Both G and K are simply connected. So the
quotient K /Z i (¢) is simply connected provided that Zp/ng (¢') is connected.
In order to show this, denote by K’ the maximal compact subgroup of G’; see
Section 4.2. Since H' is contained in G, the groups H' N K and H' N K’ coincide
and are both connected by Lemma 4.5. Consider the compact, rank-one, symmetric
space K'/(K'NH') C G'/H'. The nonzero orbits of the isotropy representation
of KN H'  on ¥ Ngq are of type K' N H'/Zgnp(¢') and are diffeomorphic to
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spheres of dimension equal to dim g>* — 1. Since dim g>* > 2 (see Table 4.0),
they are simply connected. Since H' N K’ is connected, it follows from the exact
homotopy sequence of the quotient K'NH'/Z gng(¢) that the groups Zg/np(¢')
and Zgnp'(¢') are also connected. It follows that the quotients K /Z g (¢') and
G/Zpynk (¢') are simply connected, as desired. O

Lemma 5.6. Let g : ¥ — Z be a G-equivariant Riemann domain. Assume that
every z in Z admits an arbitrary small neighborhood V and a sequence {z,}
converging to z with the property that both the isotropy subgroups G, and the
intersections G - z,, NV are connected. Then q is injective on every G-orbit of Z.

Proof. Assume by contradiction that the map ¢ is not injective on the G-orbit
through some ¢ in X. Then there exists h € G with h-{ # ¢ suchthatg(h-¢) =¢q().
Since ¢ is locally injective, one can choose an open neighborhood V of z := ¢ (¢)
in Z as in the assumption, and open neighborhoods W, and W), of { and h-¢ in X,
such that W "W)., = & and the restrictions g|W; : W — V and g|W,.c : Wy.p — V
are bijective. Then there exists a sequence {z,} in Z, converging to z, with the
property that both the isotropy subgroups G, and the intersections G - z, NV are
connected.

Consider the sequence {¢, := (q|W§)_1 (zn)} in W,. Since {¢,} converges to ¢
for n large enough, the points 4 - §, lie in Wj,... Therefore their images g(h - ¢,) =
h-q(¢,) =h-z, liein V. Since both G,, and G - z, NV are connected, the
set Q, :={g € G:g-z, € V} is connected. Note that both ¢ and /& belong to
2,,. Hence there exists a continuous path y : [0, 1] — 2, with y(0) = e and
y (1) = h. By the G-equivariance of ¢, both paths ¢ — (q|W§)_1(y(t) - Z,) and
t—= y()- ¢, in X are liftings of ¢t — y (¢) - z,,, with initial point ¢,. On the other
hand, (qlW;)_l(y(l) -2,) € W, while y (1) - £, € W), giving a contradiction. [J

As a consequence of these lemmas, we obtain the main result of this section.

Proposition 5.7. Let G be a connected, noncompact, real simple Lie group such
that the Riemannian symmetric space G /K has rank one. Assume that G is embed-
ded in its universal complexification G® and is different from the groups SL(2, R)
and Spin(3, 1). Let g : & — G¢/K® be a G-equivariant Riemann domain. Then
q is injective on every G-orbit.

Proof. We begin by proving the following claim.

Claim. The isotropy subgroups of all principal G-orbits are connected.

Proof of the claim. Since G is connected, the isotropy subgroups of simply
connected orbits are necessarily connected. Hence by Lemmas 5.1-5.5 we only
need to discuss the isotropy types Zg (a) when G has Lie algebra sog(2, 1) and the
isotropy types Z g (¢) when G has Lie algebra so¢(2, 1), s0¢(3, 1) and su(2, 1).
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Let g = s0(2,1). When G = SOq(2, 1) the isotropy subgroups of all principal
G-orbits are connected, by Remarks 5.2 and 5.4. Observe that SOy(2, 1) is cen-
terless and that SL(2, R) is a double covering of SOy(2, 1). Since the universal
complexification of SL(2, R) is SL(2, C), which is simply connected, no covering
of SOg(2, 1) other than SL(2, R) admits an embedding into its universal complex-
ification. Hence the claim follows for every group G # SL(2, R) that has Lie
algebra so0(2, 1) and embeds in its universal complexification.

Let g = s0(3,1). When G = SOg(3, 1) the isotropy subgroup Zg(c) is con-
nected, by Remark 5.4. Note that SOg(3, 1) is centerless and Spin(3, 1) is the
only nontrivial covering of SOy (3, 1) that embeds in its universal complexifica-
tion. Hence the claim follows for every group G # Spin(3, 1) that has Lie algebra
50(3, 1) and embeds in its universal complexification.

Finally, let g = su(2, 1). When G = SU(2, 1), the isotropy subgroup Zy (c) is
connected, by Remark 5.4. Thus the same holds true for every connected real Lie
group covered by SU(2, 1). Since no covering group of SU(2, 1) admits an em-
bedding in its universal complexification, the claim holds true for every G that has
Lie algebra su(2, 1) and embeds in its universal complexification. This concludes
the proof of the claim.

In order to complete the proof of the proposition, recall that the union of prin-
cipal G-orbits forms an open dense subset of G®/K®. Hence, by the above claim
every point in G®/KT can be approximated by points with connected isotropy
subgroups. Due to this fact and the description of the slice representation at closed
G-orbits (see Remark 4.2 and the diagrams in Section 4), all assumptions of Lemma
5.6 are met and the statement follows. |

Remark 5.8. When G =SL(2, R), the isotropy subgroups of all principal G-orbits
in G© /K C consist of the central elements {£/,}. As we shall see in Example 7.7,
in this case there exist Stein, G-equivariant Riemann domains that are not injective
on G-orbits. Similarly, one can construct G-equivariant Riemann domains that are
not injective on G-orbits in the case G = Spin(3, 1). However, by Theorem 7.6
such Riemann domains cannot be Stein.

6. G-invariant Stein domains in G*/K®

Let G/K be a noncompact, rank-one, Riemannian symmetric space. In this section
we exhibit a complete classification of Stein G-invariant domains in G®/KC. The
main ingredient is the computation of the Levi form of hypersurface G-orbits in
G®/KC, which is carried out in [Geatti 2002] and in the appendix, Section 9. Most
of the Stein domains in our list are known. However, for G = SU(n, 1) we present
some examples which appear to be new. By working out an explicit model of
G®/KC, we show that they are all biholomorphic to B" x C".
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The classification result is stated for the standard presentations of G/K given in
Table 4.0. This is no loss of generality, since by Remark 4.1 the G-orbit structure
of G®/KC as well as the CR-structure and topology of G-orbits do not depend on
the presentation of the symmetric space G/K.

Retain the notation used in diagrams (4-3), (4-4), (4-9), and (4-10). Consider

the G-invariant domains in G® /K C defined, for0 <a <1 and 0 < b < o0, by
6-1) Di(a) =G - (z1 UL ((a, D)), Dy(a) =G - (z3U €3((a, 1)),
S1(b) = G - £r((b, 00)), $2(b) = G - £4((b, 00)),

Theorem 6.1. Let G/K be a noncompact, rank-one, Riemannian symmetric space.
All Stein G-invariant domains in G/ K© are given by the following table.

G= SOp(2,1) SO¢(n,1) SU®@m,1) Sp(n,1), n>2

Domain n>3 n>?2 Ff
Di(a), O0<a<1 Stein Stein Stein Stein
Ds(a), O<a<1 Stein Stein no no
S1(b), 0<b<oo Stein no no no
S>(b), 0<b<oo Stein no no no
Di(O)UG-w US1(0) Stein no Stein no
Di(0)UG-wsUS>(0) Stein no Stein no
D (0)UG -wyUS1(0) Stein no no no
Dy (0)UG -w3US>(0) Stein no no no
Table 6.0

Remark. The domains D{(0) and D,(0) are known as Akhiezer—Gindikin do-
mains. They were introduced in [Akhiezer and Gindikin 1990] for G/K of arbi-
trary rank. In the two-dimensional case, the domains S1(0) and S, (0) are related to
the causal structure of the symmetric space G/H = SOy(2, 1)/SO(1, 1). Domains
of this type were studied in [Neeb 1999].

Proof. We first show that all the domains listed in the above table are Stein. The
Akhiezer—Gindikin domain D (0) is Stein by [Burns et al. 2003]. For 0 <a < 1, the
domains D (a) are G-invariant subdomains of D;(0) containing the minimal orbit
G -z1 = G/K. Their Steinness follows for example from the nonlinear convexity
theorem in [Gindikin and Kré6tz 2002].

When G = SOq(n, 1), with n > 2, the domain D;(0) and its subdomains D;(a)
for 0 < a < 1 are Stein since they are biholomorphic to D (0) and D;(a), respec-
tively. One such biholomorphism is given for example by the map

G%/K® - G°/K®, gK®r> g3gKC,
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where g3 = expiAs, with a(A3) = 7/2; see (4-2). Note that g3 € SO(n, 1) \
{SOg(n, 1)}; therefore g3G = Gg3. As a result, the above map exchanges the
singular orbits G - z; and G - z3 and maps G - £;(a) onto G - {3(a), for 0 <a < 1.

When G = SO (2, 1), the domains S;(0) and S,(0) and their subdomains S (b)
and S, (b) for 0 < b < 0o were shown to be Stein in [Neeb 1999].

The last four domains in the list contain in their interior one of the nonclosed
orbits G - w; for some i = 1,...,4. Their boundary consists of two nonclosed
G-orbits and the singular orbit in their closure. All of them are Stein if G =
SOy(2, 1)=SU(1, 1)/{x1L,}. Only D;(0)UG-w;US;(0) and D (0)UG-w4US,(0)
are Stein when G = SU(n, 1) with n > 1. These facts are proved in Example 6.3
by constructing explicit models of such domains.

To complete the classification, it remains to show that no G-invariant domains
in G /K C are Stein other than the ones listed in Table 6.0. When G = SOy (2, 1) &
SU(, 1)/{£1d} and G = SU(n, 1) with n > 2, this is proved in Example 6.3.

In all other cases, namely SOq(n, 1) with n > 1, Sp(n, 1), and F}, this follows
from the description of the G-orbit space of G®/K* given in diagrams (4-4), (4-9),
(4-10) and from the computation of the Levi form of the hypersurface G-orbits in
G®/KC. Indeed, by [Geatti 2002, Propositions 5.6 and 5.21], all principal orbits
have indefinite Levi form, except for the ones intersecting the slice ¢; (the domain
D (a) is Stein) and, only when the restricted root system of g is reduced, the slice £3
(the domain D;(a) is Stein for G = SOg(n, 1)). Moreover, by Remarks 9.10 and
9.18, the Levi form of the nonclosed hypersurface orbits G - wy and G - ws is
indefinite. Since the boundary of a Stein domain cannot have indefinite Levi form,
the theorem follows. Il

Let us illustrate the result of Theorem 6.1 on the model of G®/K© described in
Example 4.4. The Stein, G-invariant domains are studied by means of an appro-
priate G-invariant function on G¢/KC.

Example 6.2. Let G = SOy (n, 1). By Example 4.4, the quotient G®/K® can be
identified with M := {€ e C"*! : “;‘12 4+ —I—";‘,% — énzﬂ = —1}. Assume n > 2.
Consider the G-invariant function f : M® — R defined by

FEL - Ea) =8P+ 6 — & P — L

For every 0 < a < 1, the G-invariant domains D;(a) and D;(a) coincide with the
two connected components of the set {§ € M . f(&) <r}forsome -2 <r < 0.
Every such domain is bounded by a single G-orbit on which the Levi form of f is
positive definite. Hence it is Stein.

The G-invariant domains D;(0) and D,(0) coincide with the two connected
components of the set {§ e M c. f (&) < 0}. They are bounded by the nonsmooth
hypersurfaces 0D (0) = G - (zp U w;) and dD,(0) = G - (z2 U wy), respectively.



300 LAURA GEATTI AND ANDREA TANNUZZI

At all smooth points of d D;(0) and 0 D;(0), the Levi form of f has n — 2 positive
eigenvalues and one zero eigenvalue. This is consistent with the fact that D (0) and
D»(0) are Stein. The Levi form of f is indefinite on all remaining hypersurface
G-orbits. Thus there are no other Stein G-invariant domains in MC. O

Next we determine all Stein, G-invariant domains in G®/K® in the case G =
SU(n, 1) by using the model of G®/K* described in Example 4.7 and Remark 4.8.
This settles the missing cases in the proof of Theorem 6.1.

Example 6.3. Let G =SU(xn, 1) with n > 1. By Example 4.7, the quotient G*/K©
can be identified with M© := P" x P" \ {{z, w)n,1 = 0}. Consider the G-invariant
function f : M® — R defined by

(2, Dn,1{w, win1
{2, w)n1|?

(6-2) fz] [w) = —

Consider first the case G = SU(1, 1).

By computing the Levi form of f on the G-orbits in the level set { f = r} with
r < 0, one shows that the domains Dj(a) and D,(a) are Stein for all 0 < a < 1.
Similarly one shows that S;(b) and S,(b) are Stein for every b > 0. One can also
verify that the Levi form of f on all nonclosed hypersurface orbits G-wy, ..., G-wa
is identically zero. This is consistent with the fact that the domains D{(0), D(0),
S1(0) and S,(0) are Stein. We claim that the domains

Wi1:=D1(0)UG-w; US(0), Wi2:=D1(0)UG -wq U S>(0),
W21 :=D2(0)UG -wyUS1(0), W2 :=D1(0)UG - w3 U S2(0)

are Stein as well. By evaluating the hermitian forms (z, z),,1 and (w, w), | on the
slices described in Example 4.7 and Remark 4.8, one sees that such domains can
be characterized as follows:

Wii1={{z,w)1,1 #0and (z, z)1,1 <0},
Wi2={{z, w)1,1 #0 and (w, w);,; <0},
Wr1={(z, w)1,1 #0and (w, w); | > 0},
W22 ={{z, w11 #0 and (z, z)1,1 > 0}.

As a consequence, the maps defined by

AxXC—- Wi, vy (u:1],[v:1+uv]),
CxA— Wi (v ([u:1l+uv], [v:1]),
AxC— Wy, W)= ([1+uv:ul,[1:0]),
CxA—=> W @uv)y—I[l:ul,[1+uv:v])
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are biholomorphisms. Here A denotes the unit disk in C. In particular the domains
Wi.1, ..., Wa are Stein, as claimed.

Other G-domains in M that are possibly Stein can only be obtained as arbitrary
unions of domains Wy ; for k,/ = 1,2. We claim that such unions are not Stein.
For instance, let us show that W; 1 U W, 1 is not Stein. Consider the Stein local
chart

$:C* > P ' xP', u,v) (u:1],[1:0]).
Since the preimage

¢_1(W1,1 UWa1)={(u,v) € C? : u # v and either |u| < 1 or |v] < 1}

is not Stein, the domain W; ; U W5 ; is not Stein either. An analogous argument
applies to the remaining cases.

Now consider the case G = SU(n, 1) with n > 1.

Using the G-invariant function f, one can prove that the domains D (a) are
Stein for a > 0. One can also verify that D;(0) coincides with a connected com-
ponent of the set {z € M® | f(z) < 0} and that on the smooth part of its boundary
dD1(0) =G (w1 UzoUwy), the Levi form of f has nonnegative eigenvalues. This
is consistent with the fact that D;(0) is Stein.

Moreover, the Levi form of f is indefinite on the principal G-orbits through the
slices £, £3, £4, and ¢5 and on the nonclosed hypersurface orbit G - ws. On the
other hand, the Levi form of f is definite on the nonclosed hypersurface orbits
G - wy and G - w3. As a result, the only other G-invariant domains in M C that are
possibly Stein are

Wi1:=Di(OOUG -wiUS1(0), Wi2:=D1(0)UG-wsUS(0), Wi 1UW,.

First we show that W; ; and W), are indeed Stein. By evaluating (z, z),,1 and
(w, w),.1 on the slices described in Example 4.7, one sees that such domains can
be characterized as follows:

Wia = {(z], [w]) € P" x P": (z, w),.1 # 0 and (z, 2)».1 < O},
Wio = {([z], [w]) € P" x P": (z, w),.1 #0 and (w, w), ; <O0}.

As a consequence the maps

B" xC"— Wi, @)= (u:1],[v:1+u01 4 +ityv,]),
C'"xB"—> Wia, W, v)> ([u:l4+ujvi+---Fuyv,l,[v:1])

are biholomorphisms. Here B” denotes the unit ball in C*. In particular W, ; and
W1 2 are Stein, as claimed.
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Next we show the domain 2 := W 1 U Wj 2 with 0Q = G - (wp Uz U ws) is
not Stein. Assume by contradiction that Q is Stein. Let ¢’ be the abelian subal-
gebra generating the Cartan subset €’ (see Example 4.7). Let T = exp ¢’ be the
corresponding compact torus in G. Consider the T-action on €2 and the induced
local holomorphic 7C-action. By the globalization theorem in [Heinzner 1991,
Section 6.6], the domain £2 embeds in its TC—globalization Q* as a T-invariant,
orbit-convex subset. By definition, this means that the intersection of €2 with an
expic-orbit in Q* is connected.

Every TC-orbit through the slice £; is contained in . Indeed in M one can
verify that

exp(isC’) - £1(t) = ([0 soetising (=) e cos (1 —1)],

Thus for fixed 0 < ¢ < 1, the function R — R defined by s — f(exp(isC’) - £1(¢))
is given by

(¥ sin® Z(1 —1) —e > cos” Z(1 — 1)) (e > sin® Z(1 — 1) — > cos® Z(1 — 1))

and vanishes exactly twice, namely on G-w; and on G-w4. Therefore exp(ic')-£;(t)
never crosses the boundary of Q and consequently the complex orbit 7€ - £, (¢) is
entirely contained in €2, as claimed. Moreover, for every fixed s > 0, one has

lim exp(isC’)-£;(1/n) = £y(s) € Q,
n—oo
lim exp(—isC’)-£1(1/n) = £4(s) € Q.
n—oo

Then the orbit-convexity of Q in Q* implies that the sequence {£(1/n)}, has
a limit point in . On the other hand, in G¢/KC one has lim, £,(1/n) = z»,
which is not in €2. This yields a contradiction and proves that €2 is not Stein. The
classification of all Stein G-invariant domains in M® is now complete.

We conclude this section with a remark which is a consequence of Theorem 6.1
and is often used in the sequel.

Remark 6.4. Let D be a domain in G®/K® with smooth boundary 9 D. It is well
known that if D is not pseudoconvex at z € 9D, then no holomorphic function on
D diverges in the vicinity of z. Let £: I — G®/KC be a slice for principal G-orbits
in G®/KC. By the classification of Stein, G-invariant domains in G*/K® given
in Theorem 6.1, the following facts hold.

(i) Assume that the Levi form of the orbits parametrized by ¢ is definite. Let
(c,d) C I be an interval with 0 < ¢ < d and d € I. Then no holomorphic
function on the invariant domain G - £((c, d)) diverges in the vicinity of the
boundary orbit G - £(d) (for instance, if / = (0, 1) and / =/}, then the domain
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D (d) is strictly pseudoconvex at every point of the boundary orbit G - £;(d).
Thus the domain G - £ ((c, d)) is not pseudoconvex at any point of G - £(d)).

(i1) Assume that the Levi form of the orbits parametrized by £ is indefinite. Let
(c,d) C I be an interval with ¢ € I. Then no holomorphic function on the
invariant domain G - £((c, d)) diverges in the vicinity of the boundary orbit
G - £(c). Similarly, if d € I, then no holomorphic function diverges in the
vicinity of G - £(d).

7. Univalence over G*/K®

Let G be a connected, noncompact, real simple Lie group, let K C G be a maximal
compact subgroup, and let G be the universal complexification of G. Assume
that the center I of G is finite and that G is not a covering of SL(2, R). In this
section, we show that a holomorphically separable, G-equivariant Riemann domain
g : ¥ — GY/KC is necessarily univalent if the rank of G/K is equal to one; see
Theorem 7.6 and Remark 7.8.

In most cases the map g is injective on every G-orbit; see Section 5. So we are
reduced to prove the injectivity of g over the global slices for the G-action defined
by diagrams (4-3), (4-4), (4-9), and (4-10). Recall that the slices parametrizing
principal G-orbits are diffeomorphic to open intervals of R and that a local diffeo-
morphism of a one-dimensional smooth manifold into the real line R is necessarily
injective. As a consequence, g is injective on every connected component of X
over a domain in G®/K® consisting of principal orbits.

However, in order to ensure monodromy around the singular orbit G -z, (see the
diagrams in Section 4), it is necessary to combine the uniqueness property of path
liftings for Riemann domains with the complex geometry of the G-invariant do-
mains in G®/KC. Before proving the main result of this section, some preliminary
lemmas are needed.

Let £: 1 — G®/KC be one of the slices for principal G-orbits defined in (4-5),
(4-6), (4-11), (4-12) and (4-13). Define

(7-1) I’\ — {(0, 11 if1=(0,1),

I if I =R>9,

Recall that I = (0, 1) only when £ = £; or £ = ¢3. In those cases extend ¢ to
I = (0, 1] by defining

0,(1):=eK® and €3(1) :=exp(iA3)KC.

We refer to £ : I — G© /K€ as an extended slice. Note that the images of the
extended slices £, and £3 include the points z; and z3, respectively.
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Letg: ¥ — G®/KC be a G-equivariant Riemann domain, and let £: [ — G®/K €

be an extended slice. A local lifting of £ is a smooth path £ : J — ¥ defined on
a nonempty interval J open in I, and satisfying the condition ¢ o {=tfonlJ. A
local lifting {:J — ¥ is maximal if it cannot be extended to a larger interval J'
with J ¢ J' C .
Lemma 7.1. Assume that G is embedded in its universal complexification G and
is different from SL(2, R) and Spin(3,1). Let g : ¥ — G®/KC be a Stein, G-
equivariant Riemann domain, and let £ © J — ¥ be a maximal local lifting of an
extended slice £ : [ — G®/KC.

(1) if the Levi form of the principal orbits parametrized by € is definite, then the
invariant domain G - £(J) in G(]:/K(D is Stein; see Theorem 6.1.

(i1) If the Levi form of the principal orbits parametrized by £ is indefinite, then J
coincides with 1.

Proof. (1) Consider first the case [ =R ( see diagram (4-3), Example 6.3 and
Remark 4.8 ). By Theorem 6.1, we need to show that J = (b, +00) for some
b > 0. Assume by contradiction that J = (b,d) with 0 < b < d < oco. Since
the lifting ¢(J) is a one-dimensional real-analytic submanifold of X, the local
diffeomorphism ¢|€(J) is injective. By Proposition 5.7, the map ¢ is injective
on every G-orbit. Therefore the restriction ¢ |G - Z(J) G- Z(J) — G-4(J)is a
biholomorphism.

By the maximality of ¢, when n grows, the sequence {€(d—1/n)}, leaves every
given compact subset in X. Since X is Stein, there exists a holomorphic function
f € 0() such that lim,_, 0| f (£(d — 1/n))| = co.

On the other hand, the push-forward of f by q|G -£(J) defines a holomorphic
function in O(G - £(J)) that diverges in the vicinity of the boundary orbit G - £(d).
This contradicts Remark 6.4(ii), implying that J is of the form (b, 00), as claimed.

Consider now the case [ = (0, 1]. This only occurs for £ = £, or, when the
restricted root system of g is reduced, for £ = ¢3; see the diagrams in Section 4 and
[Geatti 2002, Proposition 5.6]. By Theorem 6.1, we need to show that J = (a, 1]
for some a > 0. Assume by contradiction that J = (a, d) with0 <a <d <1. The
argument used in the previous case shows that J = (a, 1) and that there exists a
holomorphic function f € 0(X) such that lim,,_, | f (Z(l —1/n))| = o0. Moreover,
the push-forward of f by ¢|G Az (J) defines a holomorphic function f_ e0(G-£(J)),
which diverges in the vicinity of the boundary orbit G - £(1). On the other hand,
such an orbit is a totally real submanifold of G - £((a, 1]). Thus f extends to a
holomorphic function on G - £((a, 1]). This yields a contradiction, implying that
J = (a, 1], as desired.

(ii) Assume first that / = R>°. Then Remark 6.4(ii) and an argument analogous to
the proof of (i) show that J = I. Consider then the case I/ = (0, 1]. This only occurs
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when the restricted root system of g is nonreduced and £ = ¢3; see the diagrams
in Section 4 and [Geatti 2002, Proposition 5.6]. An argument like the proof of (i)
shows that if a lifting 573 :J — ¥ is maximal, then either J = (0, 1] or J = (0, 1).

To prove that J = (0, 1], suppose by contradiction that J = (0, 1). Consider a
sequence {z,} in G-£3(J) that converges to a point on the boundary orbit G- ws, say
ws. Since the Levi form of G - ws is indefinite (see Remark 9.10), no holomorphic
function on G - ¢3(J) diverges on {z,}. Note that the restriction

glG-03(J):G-l3(J) = G- t3(])

is a biholomorphism. Hence no holomorphic function of G - Z3(J) diverges on
the sequence {¢,} in X defined by ¢, := (¢|G - £73(J))_1(z,,). By the Steinness of
Y., there exists a subsequence of {¢,} converging to a point 55 in X. Since g is
continuous, one has g(ns) = ws.

By the G-equivariance of ¢, the description of the slice representation at z3 given
in Remark 4.2, and Proposition 5.7, there exists a G-invariant neighborhood V of ns
in ¥ on which q is injective. Its image g (V) intersects the slice £5 in €5((0, €)) for
some € > 0. By statement (i) of this lemma, the local lifting s — (q|V)_1 (L5(s)),
with s € (0, €), extends to a lifting 575 : fs — X of ¢5. Note that g maps the
G-invariant domain W := G - (£73(J YUns U 575(f5)) in X biholomorphically onto
the domain g(W) = G - (¢3(J) U ws U £5(I5)) in G¢/KC. Since G - £3(1) is a
totally real submanifold of g(W) U G - £3(1) (see [Geatti 2002, Lemma 2.11 and
Remark 2.13]), every holomorphic function on ¢g(W) extends to a holomorphic
function on g(W) U G - £3(1). As a consequence, no holomorphic function on W
can diverge on the sequence {473(1 —1/n)}, in X.

On the other hand, by the maximality of 573, the sequence {57 (1 —-1/n)}, leaves
every given compact subset in X as n grows. Since X is Stein, there exists a
holomorphic function f € 0(X) such that lim,,_, |f(£73(b — 1/n))| = oco. This
yields a contradiction, implying that J necessarily coincides with (0, 1]. U

Let £, and €3 be the slices parametrizing the principal orbits through the funda-
mental Cartan subset sd. Denote by € = expic - z» the standard Cartan subspace
with base point z,, and define €* := € \ {zo}. Recall that in the reduced case,
¢ = R(X + 6(X)) for some nonzero vector X € g%, and zp = exp(iAz)KC with
a®(Az) = 7 /2. In the nonreduced case, ¢ = R(X + 6 (X)) for some nonzero vector
Xe gz"‘, and zp = exp(iAg)KC with @ (Ay) = /4. In both cases, exp ¢ is a compact,
one-dimensional, real torus in G, which we denote by 7. Both T and its universal
complexification 7€ = C* act on G®/KC by left translations.

In the next proposition, we single out two distinguished G-invariant domains 2
and Q' in G®/KC containing all T -orbits through the slices ¢;(I;) and £3(13),
respectively.
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Lemma 7.2. Let G/K be a noncompact, rank-one, Riemannian symmetric space.
Consider the domain in G® /K defined by

Q:=G-(1(I))Uw Uwg UET).

Then for every point z € £1(I,), the complex orbit T® - z is contained in Q.
Similarly, define

Q=G (U3(1)Uwy Uwz UeG™).
Then for every point z € £3(13), the complex orbit T® - 7 is contained in <.

Proof. We first assume that G = SOg(2, 1) and prove the statement by using the
model M© of G®/KC® constructed in Example 4.4. Let C be the generator of ¢
chosen there. Then, for s € R and ¢ € (0, 1), one has

exp(isC) - £1(t) = (sinh(2s) sin 5 (1 — 1), i cosh(2s) sin (1 — 1), cos (1 —1)).

Since z, = (0, i, 0) and the entries of the matrix group G are real, from the above
expression one easily verifies that expic-£,(/;) N G - zo = &. Consider then the
G-invariant function f(z) =|z; 124|222 —|z3]*>— 1 defined on M®. The function f
vanishes on the real hypersurface G- (z; Uj’:l w;), is negative on the sets G-£;(/;)
for j =1, 3, and is positive on the sets G - £;(I;) for j =2, 4. Moreover, for every
fixed 79 € (0, 1), one sees that

f(exp(isC) - £(ty)) = (sinh® 2s + cosh? 2s) sin® Z (1 — 1p) — cos® Z(1 —1p) — 1

is strictly increasing as |s| — oco. Thus it vanishes exactly twice. As a consequence,
the path exp(isC) - £; (to) crosses the hypersurface f~'(0)\ {G - zo} exactly twice,
namely on the orbits G - w; and G - w,. It follows that exp(isC) - £1(fg) € 2, for
every s € R. Thus the 7C-orbit through £, (1) is entirely contained in €2, as stated.
An analogous argument proves the statement for the higher dimensional hyper-
quadrics. By Remark 4.1(ii), this settles the case when g has a reduced restricted
root system.

Consider now the case when the restricted root system of g is nonreduced. We
prove the statement by reducing to the two-dimensional case. Set §:=s0(2, 1) and
fix a basis in g of the form {X G(X) A= [0 (5(\) 5(\]} where X is a root vector
in g% and a(A) = /2. Define C = X +6(X). Choose a root vector X € g°* and
normalize the triple {X, 8(X), A = [6(X), X]} in g so that «(A) = /4. Such a
triple generates a three-dimensional 6-stable subalgebra of g isomorphic to g. In
partlcular there exists an injective Lie algebra homomorphism ¢, : g —>g mappmg
X A and 9(X) into X, A, and 0(X) respectively. Clearly ¢, maps C= X+9(X)
into C = X +6(X) as well. Let K= SO(2) be the maximal compact subgroup of
G :=S0y (2, 1), and let Ebeits Lie algebra. Note that tand € are generated by C and
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C, respectively. One can check that the C-linear extension §© — g* of ¢, induces

a Lie group morphism ¢ : G€ — G mapping K to KC. As a consequence, one

obtains a holomorphic map (denoted by the same symbol) ¢ : G¢ / K€ GC /KC.
Let  be the domain

Q=G (,(I)) Uty Uly(Ir) Utdg U Ly(ly))

in G© / K, for which the statement has been proved above. We claim that w(@) C
2. The map ¢ is “equivariant” with respect to the action of G, that is p(g-x) =
©(g) - p(x) for every g € G and x € 66/1/(\“:. By the definition of ¢,, one has
(p(exp(itﬁ)) =exp(itA) and (p(exp(ita)) =exp(itC). It follows that

o () =6,  ¢G)=z2. @@ =%

We finish proving the claim by showing that ¢(w;) € G - w; and ¢(W4) € G - wy
(possibly the orbit G - w4 and G - w; coincide). By (4-1), there is a commutative
diagram

~ ~ @
G XGEZVZ —G XGQVQ

| |

G¢/KC —¥ - GC/kC.

The vertical arrows correspond to the equivariant embeddings given in (4-1), and
the map ¢ is defined by [g, 5(\] — [p(8), (p*(ff\)]. Since @, is an injective homo-
morphism, ¢(w;) does not lie on the singular orbit G - z5. Indeed in the twisted
bundle G Xa,, V, such an orbit corresponds to the set {[g, 0] : g € G}. On the other

hand, ¢ (1) € G - £1(I}) N G - £,(12). Therefore the image ¢(w;) necessarily lies
on the orbit G - w;. Similarly one proves that ¢ (w4) € G - wy4. In conclusion, Qis
mapped by ¢ into €2, as claimed.

Note that exp Coe() = @ (exp .0 1(11)), and recall that in the 2-dimensional
case we already showed that exp ¢* - 61l C Q. Then, by the above claim, one
has T® - ¢,(z) C  for every z € £,(I}), as required. The statement regarding the
domain " follows from similar arguments. O

Lemma 7.3. Assume that G is embedded in its universal complexification G© and
is different from the groups SL(2, R) and Spin(3, 1). Let g : & — G®/KC® be a
Stein, G-equivariant Riemann domain.

(1) Let 571 : [y = X be a lifting of the slice £1. Assume that the closure of G -571 ()
in X contains points 11 and 14 mapped by q into the nonclosed orbits G - w
and G - wy, respectively (possibly the orbits G - w; and G - w4 coincide). Then
the singular orbit G - z, is contained in q(X).
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(i1) Let 573 : [z — X be a lifting of the slice €3. Assume that the closure of G -23(13)
in ¥ contains points 1y and 13 mapped by q into the nonclosed orbits G - w»
and G - w3, respectively (possibly the orbits G - wy and G - w3 coincide). Then
the singular orbit G - z5 is contained in q(X).

Proof. (i) We begin by showing that ¥ contains an open G-invariant set that is
biholomorphic to the domain Q = G - (¢1(1;) Uw; Uwyg U€*) of Lemma 7.2. By
the G-equivariance of ¢, by the description of the slice representation at z, given
in Remark 4.2, and by Proposition 5.7, there exists a G-invariant neighborhood
V of n; in ¥ on which ¢ is injective. Its image g(V) intersects the slice £, in
£>((0, €)) for some € > 0. By Lemma 7.1(i), the map s — (g|V)~!(£2(s)), with
s € (0, €), extends to a lifting £5 : I, — % of £5. A similar argument yields a 11ft1ng
E4 Iy — X of £4. Since g is injective on the set 21 (I))Uny UZZ(IZ) Ung U£4(I4)
as well as on every G-orbit (see Proposition 5.7), it is injective on the G-invariant
subdomain of ¥ given by

W =G - (£1(I)) Un Ula(ly) Ung U ly(1y)).

Note that g(W) = €. In particular W is biholomorphic to €2, as claimed.

Let € =expic-z; be the standard Cartan subset in G*/K© starting at z,. Recall
that T := expc is a compact torus in G. By Heinzner’s globalization theorem
[1991, Section 6.6], the space = can be embedded in its TC-globalization X* as
a T-invariant, orbit-convex domain. By definition, this means that the intersection
of ¥ with an expic-orbit in X* is necessarily connected.

Consider now the induced local 7'C-orbit of a point ¢ € £;(1) in . Since g|W
is biholomorphic and G-equivariant by Lemma 7.2, such an orbit is in fact global.
Let C be a generator of the abelian subalgebra c. For every fixed s > 0, one has

lim exp(isC) Ay (1/n) =Ly(s) e W,
lim exp(—isC) 01(1/n) = lu(s) € W.

By the orbit-convexity of ¥ in its 7C-globalization, the sequence {€1(1/n)}n
converges to a point £, € X. By the continuity of g, one has g(¢2) = z,. Therefore
72 € g(X), as required.

Part (ii) is proved by showing that ¥ contains an open subset biholomorphic to
the domain ' of Lemma 7.2 and arguing as in the previous case. O

Let G be a connected Lie group and G—>G=G /" acovering of G. If X is a
G-manifold, it can be regarded as a G-manifold by letting I" act trivially on it.

Lemma 7.4. Let G be a connected, real Lie group, and let G—>G=0G /T bea
finite covering of G. Let X be a complex G-manifold with the property that every
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Stein, G-equivariant Riemann domain over X is univalent. Let q : ¥ — X be a
Stein, G-equivariant Riemann domain. Then

(1) the image q(X) is biholomorphic to the quotient ¥/ ', and q : ¥ — q(X) can
be identified with the quotient map;

(i) g isa é-equivariant covering.
In particular, q(X) is Stein.

Proof. (1) Since I' is a finite subgroup of G, the quotient X/ I" can be regarded
as the categorical quotient of ¥ with respect to I'. Then X /I" is a Stein space,
and the quotient map 7 : ¥ — X /I is holomorphic; see Theorem 2.1. Moreover,
since ¢ is I'-invariant, there exists a G-equivariant holomorphicmap §: X/ — X
making the diagram

¥y ——">3%/T

VA

X

commute. Since ¢ = ¢ o 7 is locally biholomorphic, then 7 is also locally bi-
holomorphic. In particular, X /T is a manifold and ¢ : ¥/ — X is a Stein,
G-equivariant Riemann domain. By the assumption on X, the map g is injective,
implying (i).

(i) Without loss of generality, one may assume that I" acts effectively on X.
Then the statement follows by showing that I" acts freely on . Assume by con-
tradiction that this is not the case. Then there exists y € I' whose fixed point set
Fix(y) :={¢ € X : y - ¢ = ¢} is not empty. Since Fix(y) is a proper analytic
subset of X, it has no interior point. In particular there exist a { € Fix(y) and a
sequence {¢,}, in the complement of Fix(y) in X such that ¢, — ¢. Note that by
the continuity of y,onehas y - ¢, — y - ¢ =¢.

Let U be an open neighborhood of ¢ on which 7 is injective. Then, for n large
enough, both ¢, and y - ¢, lie in U. Since I" acts trivially on X/ T, it follows
that 7(¢,) =y - w(&y) = w(y - &,). On the other hand since ¢, ¢ Fix(y), one has
y - &n # &, This gives the desired contradiction. O

Recall the following consequence of the uniqueness of path-liftings on Riemann
domains, which will be often used in the proof of the main theorem of this section.

Lemma 7.5. Let g : ¥ — Z be a Riemann domain, and let W be a domain of ¥
such that the restriction q|W : W — Z is bijective. Then W = X.

Next comes the main result of this section.
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Theorem 7.6. Let G/K be a noncompact, rank-one, Riemannian symmetric space.
Assume that G is a connected, simple, real Lie group that is embedded in its uni-
versal complexification G and is different from SL(2, R). Then a holomorphically
separable, G-equivariant Riemann domain q : ¥ — G®/KC is univalent.

Proof. Recall that ¥ admits a G-equivariant holomorphic embedding into its en-
velope of holomorphy. Thus we may assume that ¥ is Stein; see Section 2. We
prove the theorem in the case when the G-orbit diagram of G®/KC® is of type
(4-9), namely, for g = su(n, 1). In all remaining cases but G = Spin(3, 1), which
is discussed separately, the statement follows from the same arguments with fewer
steps.

So we first assume that G is different from Spin(3, 1) and divide the proof in
three subcases, depending on the image of ¥ in G®/KC. Finally we discuss the
case G = Spin(3, 1).

Case (1): The image q(X) contains the singular orbit G - z;. We begin by proving
that there exists a G-invariant domain V' C X with the properties that g is injective
on V and

4
aV)=G- () | J(e;upuw)uz).
j=1

The extended slices £ : i = G®/K?C are defined in (7-1). Let ¢, be an element
in q_l (z2), and let U be an open neighborhood of ¢, in £ on which the restriction
q|U is injective. Since the map g is open, the image g(U) intersects the slices
for principal orbits starting at z; in the sets £;((0, €)) for j =1, ..., 4 and some
€ > 0. The image g (U) also intersects all nonclosed G-orbits containing G - z; in
their closures. By Lemma 7.1, each extended slice £; admits a lifting l je I ;=X
such that Ej(t) = (qu)*lﬁj(t) for t € (0,¢€). For j = 1,...,4, choose points
n; € (qlU Y (G -w ;). Consider then the open G-invariant set in X given by

4
ve=6-(Li) U (EUHUn)UG).

Since g is injective on each lifted slice £ ;j and on all G-orbits (see Proposition 5.7),
it is injective on V as well. Hence V is the open G-invariant domain in ¥ with the
required properties.

Consider a sequence {z,} in G - £3(J) that converges to a point on the boundary
orbit G - ws. Recall that the Levi form of G - ws is indefinite; see Remark 9.10.
Then, by arguing as in the proof of Lemma 7.1(ii), the domain V can be enlarged to
an invariant domain W in X with the properties that the restriction ¢ |W is injective
and g(W) = G®/K®. By Lemma 7.5, one has W = X, and the theorem follows.
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Case (ii): The image q(X) does not contain the orbit G - 7, but contains a non-
closed G-orbit. Assume for example that w; € ¢(X), and let ; € ¢~ '(w;). By
the G-equivariance of ¢, by the description of the slice representation at z, given
in Remark 4.2, and by Proposition 5.7, there exists a G-invariant neighborhood V
of n; in ¥ on which ¢ is injective. Its image g (V') intersects the slices £ and €»
in the sets £1((0, €)) and €>((0, €)) for some € > 0. Arguing as in the previous
case, one can construct a G-invariant domain V C X with the properties that g is
injective on V and g(V) = G - (¢, (1) Uw, Uty (D).

If V = X (this is possible by Theorem 6.1), then the map ¢ is injective, as
desired. If V # X, then there exists a point 1 in the closure of V in X that is
mapped by ¢ into one of the nonclosed orbits G - w, or G - wy. Assume that g(n)
lies in G - w4. Then by Lemma 7.3(i), the image ¢ (X) necessarily contains G - z5,
contradicting the current assumption.

If g(n) € G - wy, then by iterating the procedure of lifting slices and orbits we
can enlarge V to an invariant domain W in £ on which ¢ is injective and such that

g(W) =G - (¢, (I)) Uw U Ly(Iy) Uwa U L3(13)).

In particular, W is biholomorphic to g(W), which is not Stein by Theorem 6.1.
Hence W is a proper subset of X, and there exists a point 1 in the closure of W in X
whose image ¢ (n) lies either in G-w3 or in G-w4. In both cases, Lemma 7.3 implies
that ¢(X) contains G - zp, contradicting the current assumption. In conclusion, if
q(X) does not contain the singular orbit G - z» but contains the nonclosed orbit
G - wy, then ¢q is injective. For the other nonclosed G-orbits, the theorem can be
proved by arguing in a similar way.

Case (ii1): The image q(X) contains no nonclosed G-orbits. This assumption
implies that the image g (X¥) contains none of the singular orbits lying in the closure
of a nonclosed G-orbit. More precisely, g(X) contains neither G - z» nor G - z3.
Note that the hypersurfaces G - (z2 Uj‘:l w;) and G - (z3 Uws) disconnect G°® /K c
Therefore there exists a slice £ = £; forsome j=1, ..., 5suchthatg(X)=G-£(J)
for some interval J C I that is open in [. Define M := q_l(E(J )). One has that
Y. = G - M. Moreover, since ¢ is injective on G-orbits (see Proposition 5.7) and
every orbit in g(X) intersects £(J) in a single point, every G-orbit in X intersects
M in a single point as well. As a consequence, the surjective map I[1: X — M
given by £ = G - ¢ N M is well defined.

Claim. The map IT is continuous.

Proof of the claim. Let N be an open set in M. We prove the claim by showing
that for every m € N and ¢ € TT~!(m), there exists an open neighborhood of ¢ in
¥ which is contained in TI~!(N). By construction, ¢ = g - m for some g € G. Let
V be an open neighborhood of m in ¥ on which ¢ is injective. Choose an open
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interval J' C J such that g(m) € £(J') C ¢g(V). Note that g(m) either sits on a
principal G-orbit or on the singular orbit G - z; = G /K. Let £(J’) be the lifting of
£(J') via the restriction ¢|V. By shrinking J’ if necessary, one can find an open
neighborhood U of the identity in G such that U - £(J’) is open and contained
in g(V). This fact is clear if g(m) lies on a principal G-orbit; see diagram (4-9).
If g(m) lies on the singular orbit G - z, it follows from the equivariant embedding
(4-1) at z; and the compactness of the isotropy subgroup G, = K.

As aresult, U-£(J") = (¢|V)~'(U - £(J")) is an open neighborhood of m in £,
and gU -E(J’) is an open neighborhood of ¢ contained in IT~!(N). Hence IT~'(N)
is open in X, as wished (one can show that M = X /G and that IT can be identified
with the quotient map).

By the above claim, M is connected and is a one-dimensional real-analytic
submanifold of X. It follows that g is injective on M. Moreover M and g(M)
are slices for the G-action in ¥ and ¢g(X), respectively. Since ¢ is injective on
G-orbits, it is injective on X implying the theorem.

Case (iv): The group G is Spin(3, 1). Assume by contradiction that ¢ : ¥ —
G®/KC is not univalent. Recall that the center of G acts trivially on G®/K® and
that by Cases (i)—(iii), the statement holds true for the group SOy (3, 1). Then
Lemma 7.4 applies to show that the restriction of g to every G-orbit is a double
covering and the image ¢(X) is Stein. On the other hand, by Theorem 6.1, all
Stein G-invariant domains in G¢/K® contain a singular orbit diffeomorphic to
G/K. Since G/K is simply connected, this gives a contradiction. This proves the
theorem. g

When G = SL(2, R), noninjective, Stein G-equivariant Riemann domains over
G®/KC do exist. Next we construct one such Riemann domain explicitly. It turns
out that such an example is essentially the only possible one. Indeed by Lemma 7.4,
if g : ¥ — G®/KC® is a Stein, G-equivariant Riemann domain that is not univalent,
then the center I' = {41} acts freely on X. Moreover, g is a G-equivariant covering
onto its image ¢ (X) that turns out to be Stein. It follows that the restriction of ¢ to
every G-orbit is a double covering. Thus the singular orbits G -z; and G - z3, which
are simply connected, cannot lie in ¢g(X). Then, by Theorem 6.1, the image g (%)
coincides with a domain S;(b) for some i = 1,2 and b > 0. For every S; (D) there
is exactly one G-equivariant double covering. In the example below, we carry out
its construction for g(X) = S1(0).

Example 7.7. Let G = SL(2, R). Consider the Stein domain S;(0) in G®/K®
defined in (6-1). Let

0 R0~ G‘D/KC and £o(s) :=exp(isC)zn
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be the slice map defined in (4-6). The isotropy subgroup in G of every point £5(s)
coincides with {£1,}; see Remarks 5.4 and 4.1. It follows that S; (0) := G - £,(R>?)
is topologically equivalent to SO (2, 1) x R>?. Define ¥ := G x R>. Since G is
a double covering of SOy (2, 1), the map

q:%—> 810), (g,5) > gla(s)

defines a double covering of S1(0). As a consequence, with the complex structure
pulled back from S (0), the manifold X is Stein; see [Stein 1956]. Also the map g
is a holomorphic covering. In other words, ¢ : ¥ — §1(0) defines a nonunivalent
Stein, G-equivariant Riemann domain over G¢/K®. O

Remark 7.8. By the results of Lemma 7.4, one can show that Theorem 7.6 also
holds for G not embedded in G®, provided that the center I of G is finite and G
is not a covering of SL(2, R) (see Case (iv) in the proof of Theorem 7.6). If G is
a covering of SL(2, R), a construction similar to the one in Example 7.7 yields a
nonunivalent, Stein G-equivariant Riemann domain over G*/KC. O

As an application of Theorem 7.6 and the classification of all Stein G-invariant
domains in G®/KC given in Section 6, we now exhibit a family of Kobayashi
hyperbolic G-invariant subdomains of SU(1, 1)®/U(1)® whose envelopes of holo-
morphy are not Kobayashi hyperbolic.

Example 7.9. Let G =SU(l, 1), and let W | := D;(0)UG-w; US;(0) be the Stein
G-invariant domain defined in Example 6.3. Recall that Wy ; is biholomorphic to
A x C via the map

F:AXxC— Wy, @,v)— ([u:1],[v:1+4+uv]).
Consider its invariant subdomains given by
D.:=Di(0)UG-wiUG-£,(0,c) for0 < c < 0.

Denote by f the pull-back via F of the G-invariant function f defined in (6-2).
Then
Flu,v) === luP)(1+uv — ),

and D. is biholomorphic to a sublevel set Bgr = { f < R} in A x C for some
R > 0. Consider the holomorphic projection  : Bg — A onto the first factor. An
easy computation shows that, for u € A, the preimage 7 ~'(u) is a disk in C of
center (Reu, —Imu)/(1 — |u|?) and radius (1 4+ R)/(1 — |u|?)?. It follows that for
every u € A there exists a neighborhood U of u such that 7! (U) is Kobayashi
hyperbolic. Then, by [Kobayashi 1998, Theorem 3.2.14], the domains B, and D,
are Kobayashi hyperbolic as well.

Finally from Theorem 7.6 and Theorem 6.1, it follows that the envelope of
holomorphy of D, is given by W . In particular, it is not Kobayashi hyperbolic.
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8. Univalence over G©

Let G be a connected, noncompact, real simple Lie group, let K C G be a maximal
compact subgroup, and let G© be its universal complexification. In this section we
prove a univalence result for G x K -equivariant Riemann domains over G© when
the symmetric space G/K has rank one. We also discuss some examples.

Theorem 8.1. Let G/K be a noncompact, rank-one, Riemannian symmetric space.
Assume that G is a connected, simple, real Lie group that has finite center and is
not a covering of SL(2, R). Then a holomorphically separable, G X K -equivariant
Riemann domain p : Y — GC is univalent.

Proof. Recall that Y admits a G x K -equivariant holomorphic embedding into its
envelope of holomorphy. Thus we may assume that Y is Stein (see Section 2).
Consider the induced Stein, G-equivariant Riemann domain ¢ : ¥ /K — G®/KC*
constructed in Section 3. By Theorem 7.6 and Remark 7.8 the map ¢ is injective.
Then, by Corollary 3.3 the Riemann domain p : ¥ — G is univalent, as wished.

d

When G is either SL(2, R) or a nontrivial covering of SL(2, R), a construction
similar to the one in Example 7.7 yields examples of nonunivalent, Stein, G X K -
equivariant Riemann domains over G°.

Example 8.2. Let G = SL(2, R), and let S;(0) be the Stein, G-invariant domain
in G /K C defined in (6-1). As we observed in Example 7.7, the domain S (0)
is diffeomorphic to SOy(2, 1) x R*?. Define Q := 7~'(5(0)), where 7 : G* —
G®/KFC is the canonical projection. Since 7 is holomorphic and both §;(0) and G*
are Stein, the domain € is Stein as well. Consider the slice ¢, : R*° — G¢/KC
(see (4-6)) and its lifting to G® defined by Zz(s) ;= exp(isC)exp(iAy). Define
Y := G x R™% x K€, Note that the map

piY —>Q, (g 5k glh(s)k!

is a double covering. With the complex structure pulled back from €2, the mani-
fold Y is Stein; see [Stein 1956]. Also, the map p is holomorphic. Let G x K act
onY by (I, h)-(g,s,k):=(g,s, hk) and on Q by left and right translations. Then
p defines a nonunivalent, Stein, G x K -equivariant Riemann domain over G.

Let G = K x N be the product of a compact Lie group and a simply connected
nilpotent Lie group. Then a holomorphically separable, G-equivariant Riemann
domain over G® is necessarily univalent; see [Coeuré and Loeb 1986; Iannuzzi
1999; Casadio Tarabusi et al. 2000]. The above example shows that an analogous
statement does not hold for a semisimple Lie group G. Next we exhibit a dif-
ferent counterexample for G = SOg(2, 1), a group that meets the assumptions of
Theorem 8.1. Such an example was pointed out to us by K. Oeljeklaus. We are not
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aware of similar constructions in higher dimension. That is, if the dimension of
G /K is greater than two, univalence of holomorphically separable, G-equivariant
Riemann domains over G seems to be an open question.

Example 8.3. Let G = SO (2, 1). Then G® = SO(2, 1, C) and K€ = SO(2, C).
Let S;(0) be the G-invariant Stein domain in G© /K C defined in (6-1), and let
Q =71(5,(0)), where 7 : G — G(C/K(D is the canonical projection. As we
already observed in Example 8.2, the domain €2 is a Stein, G-invariant domain in
G which is diffeomorphic to G x R*% x K©. Denote by K the universal covering
of K€ and by ¥ : K€ — K°C the covering homomorphism. Let ¥ := G x R x K€,
and let G act on Y by left translations. Consider the slice £, : R*? — G®/KC (see
(4-6)) and its lifting to G© given by Eg(s) := exp(isC)exp(iAy). Define a G-
equivariant covering of 2 by

p Y —>Q, (g 5k ghs)yk™).

With the complex structure pulled back from €2, the manifold Y is Stein; see
[Stein 1956]. Also the map p is holomorphic. In particular p : Y — € defines a
nonunivalent, Stein, G-equivariant Riemann domain over G©.

Remark. One can show that €2 is a holomorphically trivial C*-bundle over S;(0).
Thus it is biholomorphic to §;(0) x C*, and consequently Y is biholomorphic to
S1(0) x C. After identifying S;(0) with SO, (2, 1) x R>0, one sees that the map
SO,(2,1) x R0 — G€© given by (g, s) — gfz(s) defines a global C*°-section of
the holomorphic C*-bundle 7 |g : € — §1(0). Hence such bundle is differentiably
trivial and, by the Oka principle, is also holomorphically trivial [Grauert 1958], as
claimed. For completeness, we explicitly construct a trivialization on the model of
G®/KFC discussed in Example 4.7 and Remark 4.8.

Let G = SU(1, 1) and identify G®/K® with P! x P\ {(z, w);.; = 0}. Note
that S1(0) corresponds to the subset {([1 : u],[v : 1]) : u,v € A, u # v}; see
Example 6.3. Let D be the diagonal in A x A. Then the injective holomorphic
map

AxA\D — P'xP'\ {(z,w)1.1 =0}, (u,v)r ([1:u],[5:1])
identifies A x A\ D with S$;(0). The map

1 1/(u—v)

C
AXA\D— G-, (u,v)r—)(v w/( —v)

) =: M(u,v)

defines a global holomorphic section of the C*-bundle 7 |g : 2 — S;(0), since one
has M(u,v)-([0:1],[0:1]) = ([1: u], [v: 1]). As a consequence the map

(AXA)\DxC"—Q, (u,v,)) —> M(u,v)diag(r™", 1)
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defines a biholomorphism from S1(0) x C* onto €.

9. Appendix: The Levi form of nonclosed hypersurface orbits

In this section we outline the computation of the Levi form of nonclosed hyper-
surface G-orbits in G®/K®. We used the results in Section 6 to complete the
classification of Stein G-invariant domains in G®/K®. Recall that every real
hypersurface S in a complex manifold inherits a CR-structure of hypersurface
type. Let J denote the complex structure of the ambient manifold. For every
x € S, the tangent space to S at x decomposes as TSy = TcSy @ NS, where
TcS, =TS, NJ(TS,) is a complex subspace of T Sy, called the complex tangent
space, and N Sy is a one-dimensional real subspace. Denote by TS =TcS@® NS
the tangent bundle of S. The subbundle (7¢$)® c T ST of the complexified tangent
bundle 7 S® decomposes as HS®AS, where HS and AS denote its (1, 0) and (0, 1)
components, respectively. Let Z be a tangent vector in T¢S, and Z an arbitrary
extension of Z to a local section of T¢S. Then the vector fields

YNZ-iJZ) and 1(Z+iJ2)

define local sections of the bundles H S and AS, respectively. The Levi form of S
at z is the hermitian form L, : ¢Sy x Te Sy — (T'S,)/(TeS,)® defined by

L.(Z,W,):= 2_1[2_ iJZ,W+iJW], mod (TeS)C.

In the hypersurface case, (7'S,)*/(TcS,)C is a one-dimensional complex vector
space. When Z varies in T¢ Sy, the image of the quadratic form L,(Z, Z,) is
contained in its real part, which can be identified with NS, = R. We say that the
Levi form of S is definite if {L,(Z, Z)} is a halfline in N S, that it is indefinite if
{L,(Z, Z)} coincides with N Sy, and that it is identically zero if {L,(Z, Z)} = {0};
for more details, see [Boggess 1991].

9.1. Nonclosed orbits with a totally real singular orbit in their closure. We first
consider nonclosed G-orbits that contain in their closure the orbit of a point z =
expiAK® e s, satisfying the condition a(A) = 7/2, with « a simple restricted
root; see (4-2) and (4-7). The singular orbit G - z is diffeomorphic to a rank-
one, pseudo-Riemannian symmetric space G/H, embedded in G®/K as a totally
real submanifold of maximal dimension. Let (g = h & q, t;) be the corresponding
symmetric algebra. Nonclosed G-orbits in G/ K containing G - z in their closure
are in one-to-one correspondence with the nilpotent Adg-orbits in q; see (4-1) and
Remark 4.2.

Let X be an element in ¢, and let x = expiX - z be the corresponding point
in G®/KC. Denote by S the G-orbit of x. Denote by 7 : G® — G¢/KC the



UNIVALENCE OF EQUIVARIANT RIEMANN DOMAINS OVER SYMMETRIC SPACES 317

canonical projection and by m, its differential. Then the tangent space to S at x is
generated by the vector fields induced on G®/K® by the one-parameter subgroups
in G, via the map

_ * . C (D) * . i
(9-1) .g— T(GE/KD),, Xi> X*:= (n*)x(dtL:Oexth).

Observe that T(G®/K®), = q© and T(G®/K "), = Ad, q©. Hence the vector X*
is the Ad, qC-component of X in the decomposition g* = Ad, h® @ Ad, q°.

To explicitly determine base points for such nonclosed orbits and their tangent
spaces, we decompose g by an appropriate restricted root system. Fix a maxi-
mal abelian subalgebra b C h N p. Because g is of real rank one, dimb = 1 and
Z4(b) =b® Ze(b). Let Ay be the restricted root system of g with respect to b,
and let g = g° ® g ® g™ and g° = Z,(b) be the corresponding restricted root
decomposition. Every root space g” is 7,-stable. For every u € ApU{0}, we indicate
by g’; and gf{ the intersections of g# with h and g, respectively. In particular, we
have a combined decomposition

+2A

(9-2) g=bh®q, whereh=g), @g; Do, Gband q=g), Doy Doy

Here gm and g° ane denote the mtersectlons of Z¢(b) with h and g, respectively.
Note that, by the real rank one condition, g° ane coincides with gq If the restricted
roots system Ay is reduced, then gt = {0}

Lemma 9.1. Let g be a simple real Lie algebra of real rank one with reduced
restricted root system (that is, g = so(n, 1)). Then the following facts hold:

(i) dimgy* = 1.
(i) g}, 0y 1=95 and [g7", g;]=g).

Proof. Observe that 0g; = g;*. Hence gq[A] := g} @ g is a 6-stable subspace of
q and dim g4[A] N p = dim gé. Since gg C tand dimp N g =1 (see the proof of
Lemma 4.3(ii), statement (i) holds. Statement (ii) can be verified directly. O

Lemma 9.2. Let g be a real simple Lie algebra of real rank one with nonreduced
restricted root system (that is, g = su(n, 1), sp(n, 1), or §;). Then the following
facts hold:

(i) The root spaces g=** are contained in Y. Therefore gﬂ)‘ {0}.
(i) dim gi*
(iii) Fix X0 € gq and denote by (g )o a complement of RXO in gq, denote by (gcI )o
a complement of RO X in 94" ot Then

LX) dheel = @0 X0 0" 1= g5 [X7.9,71= (5,o.
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Proof. Real rank one Lie algebras with a nonreduced restricted root system are
equal-rank. Hence the root system A of g*, with respect to a maximally split
Cartan subalgebra of g extending b, has a real root. Since dim g is odd, the
restriction of such a root to b coincides with the restricted root 2A; see [Helgason
1978, page 584]. Further, by [Geatti 2002, Remark 2.13], the subalgebra b is a
noncompact real form of Ad, £* = €* with respect to the conjugation o 7, | Ad, €C.
Precisely, if g = su(n, 1), sp(n, 1), or f;, then b is given by u(n — 1, 1) @ u(1),
sp(n — 1, 1) @ sp(1), or so(8, 1), respectively. Since f is equal-rank, the root
spaces g¥2* have nontrivial intersection with fj. Statements (i) and (ii) then follow
by looking at the dimensions of the restricted root spaces of ) and g; (see [Helgason
1978, page 532]). Statement (iii) can be verified directly. Il

Reference points for nonclosed G-orbits. Let € =expic-z be the standard Cartan
subset in GC/K@ with base point z. Recall that ¢ = R(X 4 6(X)), where X is a
nonzero vector in g* (here g* is a restricted root space with respect to the adjoint
action of a C p, as in Section 4). Normalize the triple {X, 6(X), A :=[0(X), X]}
so that «(A) =2. Define B:= X —0(X) and b :=R(X —60(X)). One easily verifies
that b is a maximal abelian subalgebra in fh N p. If the restricted root system Ay, is
reduced, then

(9-3) X)=1(A—(X+6X)) and X°, =1(A+(X+6X))

are generators of the one-dimensional spaces gg‘ and gq_k, respectively. They satisfy
the relations

(B, x1=2x), [B,x°1=-2x°,, [x).X%1=B, 60X)=-X,.

The vectors X g, x° =X 2 and —X _,, are a complete set of representatives of the
nilpotent Ady-orbits in q. The corresponding points in G®/ K,

xo=expiX)-z, x1=expiX°, -z, yo=exp(—iX))-z, yi=exp(—iX",) -z

lie on nonclosed G-orbits containing the singular orbit G - z in their closures. In the
orbit diagram (4-3), the G-orbits of xg, x|, yo, ¥1 are represented by ws, wr, wy,
wy, respectively. If dim G/K > 2, the points xg and x; lie on the same G-orbit and
likewise the points yg and y;; see diagram (4-4). When the restricted root system
Ap is nonreduced, all points x = expi X, -z with X, € gﬁl and y = expiX_; -z
with X_, € gq_A lie on the same G-orbit. They are represented by ws in the orbit
diagrams (4-9) and (4-10).

Remark 9.3. When the restricted root system Ay, is reduced, the points x¢ and x;
lie on the boundary of the Stein domain D,(0). The points yy and y; lie on the
boundary of the Stein domain D;(0); see (6-1).
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The tangent space to the G-orbit of x¢. Denote by S the G-orbit of the point
xo =expiX) -z with X € g}. In the next lemma, we determine the generators of
the tangent space to S at xo, namely, the vectors X* € TS, for X ranging in the
root spaces gt for u € Ap; see (9-2).

Lemma 9.4. We have the following table.

X gt X* if X egh

Y2, Q%A 0

v, g O

X, g Ady X

B b iA(B) Ady, X}

Wo  gpne  —i Adg X7, Wol

Zo g Ady Zo

Yoo gyt =i Ady (XD, Y]

X 0" Adg X5 — 3 Adg [X9, XD, X 411

Yoo gy7 =i Ady[X), Yool + £ Ady [X9, XY, [XY, Yoo, 111

Proof. All rows are obtained by combining the formula Adexp;x ¥ = expad;x ¥
with the bracket relations among root vectors. We omit the computations, which
are long but straightforward. O

Fix QX(A’ € gq_A, and denote by (g;)‘)o a complementary subspace to RQXS in
gq_’\. By Lemma 9.2(iii) and Lemma 9.4, the tangent space to S at xg is given by
TSy, =TSy, ® NSy,, where

(9-4) TSy, =Ady (89 DAdy, (g) " DAdy, (9,15 and NS, =RAd,, 6X).
Note that if Ay is reduced, one has (gq_k)o = {0} by Lemma 9.1().

Remark 9.5. There exists a basis of g such that the above decomposition of TSy,
is orthogonal with respect to the Killing form B of g®. If the restricted root system
Ay is nonreduced, one can construct it starting from a basis of g&/s® consisting of
root vectors with respect to a maximally split Cartan subalgebra s of g extending b.
In the reduced case, this is immediate by Lemma 9.1(1).

The Levi form of the G-orbit of xy. The same arguments used in [Geatti 2002,
Section 4] yield the following formulas for the Levi form of § at xo. Let Z and W
be vectors in T¢Sy,. Then

(9-5) Ly (Z, W)=%[<->*lfw, Z]—%[(-)flw, Z] mod (TeSy,)",
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where (-)~!JW and (-)~'W are arbitrary elements in the preimages of J W and W
by the map defined in (9-1). In the next lemma we compute the Levi form of §
at xg. Fix FSA = Ad,, QX(A) as a generator of N'S,,.

Lemma 9.6. (i) Let X _; € (g;")o. Set F_; := Ady, X ;. Then
Ly(F_y, F_3)=—1% Ady[[X), X1, X_3]= pF?, mod (T Sx,)", where p>0.

(i1) Let Zy € gg. Write Zy = [Xg, Y_, ] for some Y_; € ga’\ (see Lemma 9.2), and
set Fy := Ady, Zo. Then

L., (Fo, Fo) = —% Ady[Y_;., Zol =nF°, mod (TcSy)", wheren <0.

(ili) Let X;, € g, and set Fy, := Ady, X. Then Ly, (Fy, F;) =0.

(iv) Let X € (9,0 and Zo € g). Set F_; :=Ady, X and Fo:= Ady, Zo. Then
Ly (Foy., Fo) =0.

(V) Let X_; € (g5)0 and X € g} Set F_; := Ady, X_; and F; := Ady, X;.
Then Ly (F_,, F)) = aFEA, where a € C.

(vi) Let X, € g} and Zy € g Set F) := Ady, X, and Fy := Ady, Zo. Then
LX()(FOv F)\) =0.

Proof. By way of example, we prove the first two statements. The remaining ones
follow similarly, and the details are omitted.

(i) Let F_; = Ad,, X_,. In order to compute the brackets (9-5), we invert the
relations in Lemma 9.4 and decompose the results in g& = Ad,, ht @ Ad,, q®.
Write X_; = [Xg, Y_5,] for some Y_»; € g%k; see Lemma 9.2. Then

()T Foy ==Yy +gadio (Vo)
= — Ady Y3 +i Ady, adyo (Y-23) + 5 Ady, ad3e (Y1)
— & Ady adyo (Y-2;) + § Ady, adye (Y1)

and
()7 oy = adyo(Yop) + 5 ad}o (Yo2)
A
= Ady, adyo(Y-2,) — i Ady, adig(Y_g,\) + £ Ady, ad e (Vo).
By formulas (9-5), we obtain
Lay(F-3, F-3) = —5 Ady,[ad}o (Y-21). adyo (Y-21)]

= —LAd [[X). X230, X231 mod (TeSy)C.
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To complete the proof of the statement, set F S = Ady, X g, and note that due to
Remark 9.5, the component pFE/\ of the above brackets in NSy, is given by

B(Ly(F_, F_3), FY) = pB(F°,, F).

Since B(FEA, F/{)) = B(XQA, QXEA) is negative, the real number p has the same
sign as
B(X3, X 31, X1, X)) = —=B(X3, X 41, [X3, X_,D).

By Lemmas 9.1 and 9.2, the brackets [Xg, X_;]liein &, so
B([X), X 1. [X3, X 1)

is nonpositive. It follows that p > 0, as claimed.
(i1) Write Zy = [XY,Y_,] for some Y_, € ggk; see Lemmas 9.1 and 9.2. By
computations similar to the above ones, we have

()" Fy==Y_5 = = Ady, Yo +i Ady, adyo (Y-3) + 5 Ady, adig(Y_A),
(- )_ Fo=2yp=Ad,, Zo—i Ad,, ang(Zo)
and
Ly (Fo, Fo) = = Ady[Y_s, [XY, Y311 = =1 Ady[Y-s, Zo] mod TcSy,)".

To complete the proof of (ii), observe that n = B(L(Fy, Fo), F\)/B(F°,, F))
has the same sign as B([Y_y, [XY, Y_;11, X)) = B([X?, Y_;1, [XY, Y_,1). Since
[Xg, Y_,] lies in £, the above expression is nonpositive and n < 0, as claimed. [J

Proposition 9.7. Let S be the G-orbit of the point xog = expi Xg -z

If the restricted root system Ay is reduced, then the Levi form of the orbit S is
definite provided that dim G /K > 2. It is identically zero if dim G/ K = 2.

If the restricted root system Ay is nonreduced, then the Levi form of the orbit S
is indefinite.

Proof. 1f the restricted root system Ay is reduced, then only (ii), (iii), and (iv) of
Lemma 9.6 apply. By Lemma 9.6(ii), for every Fy € Ady, (go)C the real numbers
B(L(Fy, Fy), F O) all have the same sign. In other words, the restriction of the Levi
form to Ad,, (gO)C C Tc Sy, is either definite or identically zero. It is identically zero
when angA) gy gg is the zero-map. This happens if and only if g = s((2, R)
and dim G/K = 2.

If the restricted root system Ay is nonreduced, then dim G/K > 2. In this case,
the restriction of the Levi form to Ady, (gO)C C Tc Sy, 1s definite. Also, by Lemma
9.6(1) and Lemma 9.2(iii), the restriction of the Levi form to Ad,, (g NC ¢ Tc Sy, is
definite with opposite sign. As a result, the Levi form of § is mdeﬁmte. O
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The Levi form of the G-orbit y). By the same methods, one can compute the
tangent space and the Levi form of the G-orbit S of the point yg = exp(—i X 2) - Z.
As we already remarked, the orbits G - xo and G - yy are distinct only when the
restricted root system of g is reduced. So we focus on this case. For the tangent
space to § at yo, one has T'S,, = Tc Sy, ® N Sy,, where

Te Sy, = Ady, (@)© ® Ady, (g)° and NSy, =RAd,, 0X).

Fix Fg)\ = Ad,, QXQ as a generator of NSy . For the Levi form, one has the
following results.

Lemma 9.8. (i) Let Zy € gg. Write Zy = [X?, Y_,], for some Y_; € ga’\ (see
Lemma 9.2), and set Fy := Ady, Zo. Then

Ly, (Fo, Fo) = £ Ady,[Y_s, Zol =sF°, mod (TcS,,)", wheres > 0.

(ii) Let X € gi, and set F; := Ady, X,. Then Ly,(F;, F;) =0.

(ii1) Let Zy € gg and X, € gz. Set Fy := Ady, Zy and F; := Ad,, X,. Then
L}’()(F()’ F)\.) =0.

Proposition 9.9. Ler S be the G-orbit of the point yy.
If the restricted root system Ay is reduced, then the Levi form of the orbit S is
definite provided that dim G /K > 2. It is identically zero if dim G/ K = 2.

Remark 9.10. By Propositions 9.7 and 9.9, if the restricted root system Ap is
reduced, then the Levi form of the orbits represented by w; and w; in diagram (4-4)
is definite. This is consistent with the fact that these orbits lie in the boundary of the
Stein domains D;(0) and D, (0), respectively; see Theorem 6.1. If dimG/K =2,
all orbits represented by wy, ..., wy in diagram (4-3) are Levi flat. We refer to
Example 6.3 for a classification of G-invariant Stein domains bounded by such
orbits. If the restricted root system Ay is nonreduced, then the Levi form of the orbit
represented by ws in diagrams (4-9) and (4-10) is indefinite. As a consequence,
this orbit cannot lie in the boundary of a Stein G-invariant domain in G®/K°C.

9.2. Nonclosed orbits with a CR singular orbit in their closure. We consider now
nonclosed G-orbits containing in their closure the orbit of a point z = gK* =
expiAK® e s, satisfying the condition a(A) = /4, with « a simple restricted
root; see (4-7). In this case the singular orbit G - z has dimension greater than
dim G/K. Recall from Section 4.2 that the isotropy subgroup H' of z in G is
contained in G’ := Zg(g*) and that G’/ H' is diffeomorphic to a rank-one, pseudo-
Riemannian symmetric space, totally real in G¢/K®. Let (g = b’ @ ¢, 7,) be the
associated symmetric algebra. Nonclosed G-orbits in G®/K® containing G - z in
their closure are in one-to-one correspondence with the nilpotent Adg/-orbits in ¢';
see (4-1) and Remark 4.2.
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To explicitly determine reference points for such nonclosed orbits and their
tangent spaces, we decompose g and g’ by an appropriate restricted root system.
Let 6’ = expic - z be the standard Cartan subset with base point z. Recall that
¢ =R(X+6(X)), where X is a nonzero vector in gz"‘. In particular, ¢’ is contained
in g’; see (4-8). Define b’ = R(X —6(X)). Then b’ is a maximal abelian subalgebra
in h’ Np and the restricted root decompositions of g with respect to b’ is given by

In order to determine how the above root decomposition restricts to the subalge-
bra g’, observe that in general g’ is not simple, but is the direct sum of a copy of
so(m, 1) with m =dim g>*+1 (even) and a compact subalgebra [ entirely contained
in f, that is,

g =[dso(m,1) and b§ =I[®so(m—1,1).

Observe also that all real rank one Lie algebras with a nonreduced restricted root
system are equal-rank. Hence the root system A of g* with respect to a maximally
split Cartan subalgebra of g extending b’ contains a real root. Since g?* is odd-
dimensional (see Table 4.0), the restriction of this real root to b’ coincides the
restricted root 2A; see [Helgason 1978, page 584]. Since g’ has a reduced restricted
root system (see (4-8)) and because so(m, 1) with m even is equal-rank, we have
g’ Ng* # {0}. It follows that the restricted root decomposition of g’ with respect
to b’ is given by

(9-6) g =Zeb) Db @ gt

Let

g=bheqd. withh =gy ®g”" @ and ¢ =gy @9,

be the combined decomposition of g’. Note that g’ has real rank one as well.
Therefore g, C £ and an analogue of Lemma 9.1 holds for g'. Set g[A]:=g* ® g~
and gla] :=g*“ @ g~ ¢ (here « is a restricted root in A, as in Section 4).

Lemma 9.11. The following facts hold:

(i) dim 935” =1
(i) g7 051 = oY and [, g1 = g3
(iii) the decomposition g = ¢ @ gla] is ady-stable. In particular gla] = g[A].

Proof. Statement (i) follows from the fact that dimgq' Np = 1 (see the proof of
Lemma 4.5(ii), while (ii) can be checked directly.
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To prove (iii), note that ady g’ C g’. Moreover, ady (g* ® g~%) C (g* D g~ %).
By (4-8) and (9-6) it follows that the decomposition g = g’ @ g[a] is ady-stable
and glo] = g[A]. O

Reference points for nonclosed G-orbits. Reference points for nonclosed orbits
containing G - z in their closures can be obtained by applying the methods of the
previous section to the symmetric space G’/ H'; see (9-3). In this case take X € g,
60X and A :=[6X, X], normalized so that 2a(A) = 2. Then

(9-7) X% =3(A—(X+6X)) and X°,, = 1A+ (X+6X))
are generators of gﬁ,k and g;u , respectively, and the points

xo:expng,\~z, X1 ZCXPiX(le‘Zs
yo =exp(—iX5,) -z, yi=exp(=iX%,,)-z

lie on nonclosed G-orbits in G®/K® containing the singular orbit G - z in their
closures. If the orbit diagram is of type (4-9), there are four such orbits, represented
by w3, wo, wy and wy, respectively. If the orbit diagram is of type (4-10), the points
xo and x| lie on the same G-orbit, represented by w,. Similarly, the points yp and y;
lie on the same G-orbit represented by w;. The G-orbits of yy and y; lie on the
boundary of the Stein domain D;(0); see Theorem 6.1.

The tangent space to the G-orbit of x¢. Denote by S the G-orbit of the point
xo=expiX gx -z. To compute the tangent space T'Sy,, observe that at the point z

9-8) T(G-2),=q®V, and T(G“/K"),=Ad p"=@@ "oV,

where ¢ = T (G’ - z); and V, = Ad, g[oz]“p: is a complex subspace of g[a]®; see
[Geatti 2002, Proposition 3.2]. It follows that

(9-9) TSy, C Ady,(q) ® Ad,, V..

To determine generators for 7'Sy,, fix a maximally split Cartan subalgebra s of g
extending b’ and entirely contained in h’ (one can check that in all cases under
consideration b’ has the same rank as g and such a Cartan subalgebra indeed exists).

Let
" =s"P’
BeA

be the corresponding root decomposition of g*, and let {Zg}pen be a complex
basis of g©/s® consisting of root vectors Zg € g?. Choose compatible orderings
of Ay and A (that is, a root 8 € A is positive if its restriction to b’ is). Fix A € Ay
(either a positive or a negative short restricted root), and denote by A, the set of
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roots in A that, when restricted to b’, are equal to A. The set A, consists of pairs
of complex roots

2 2 1 g oA
B Bis - Bm> Bms where m = 5 dimg”,

all with the same real part, equal to 1. For ;, Bi € A;., choose root vectors Z g € gfi
and 0 Zg, € g¥. Then the vectors defined as

X! =Zp+0Zs and Y] =—i(Zg —0Zg) fori=1,...,m,
belong to g and form a basis of the restricted root space g*.
Lemma 9.12. The following facts hold:

(i) Foralli=1,...,m,onehas t,Zg = —Zg, andithi = Yi.

(i1) For everyi =1,...,m, the brackets [Xi, ieri] lie in gﬁ,x. For at least one
index i, such brackets are nonzero.

(iii) Foralli,j=1,...,m withi # j, the brackets [ X", itZX{] have no compo-
nents in gﬁ?‘.

Proof. (i) Since the Cartan subalgebra s lies in b/, it is pointwise fixed by 7,. As a
consequence, all root spaces g# with 8 € A are z.-stable. The inclusion V, C Ad, p©
(see (9-8)) implies that 7,Zg, = —Zg, fori =1,...,m. Since o1, = —7,0 on
V. C gla]®, one has irZXa = Y;, as desired.

(i1) By the definitions of X i and Y/, one has

(X, it X{)=[XL, Y] 1=2i[Zs,0Zs] € g**.
By (i) and the fact that 1,0 = —o't; on g[k]c = g[(x]C, one also has

TZ(2i[Z/3i, O'ZﬂJ) = —2l'[Z,3i, O'Zﬁi].

This implies that [X!,it. X i] lies in gﬁf\, as claimed. To prove the second part

(ii), consider the set A, consisting of the roots in A that, when restricted to b/,
coincide with 2. Since A,; contains a real root in A and such a root is not simple
(see Satake diagrams in [Helgason 1978, page 532]), there exist 8, B € A, such
that 8 + B = 2. This shows that at least one of the brackets [X lx it X i] has a
nonzero component in g>*.

(iii) Let B;, B; be roots in Ay, with B; # pi, B:. If either B; + B or B; + B; is
a root in A, then it is a root in Ay, with nonzero imaginary part. Since the root
spaces relative to the real root in A,;, are contained in (gﬁ,k)C and dim(g%lf\)“: =1
(see Lemma 9.2), root spaces relative to the remaining roots in A, are necessarily

contained in (9,2]3‘)@. Hence the statement follows. U
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For A € A, fix bases of g* and g=* of the form
(9-10)  X),itX},..., X" it, X" and X', it.x',, ... X", it. X",
respectively. Fori, j =1, ..., m, define
wi =L Ady (X} — . X)) and vji=1Ady(X), — . X)).
In the next lemma, we compute the images of the vectors in (9-10) under the map
*:9— TS,, defined in (9-1). We omit the straightforward proof.
Lemma 9.13. The images of the vectors in (9-10) under the map (9-1) are
(i) (X))* =w;
(i) (. Xi)* =—iw;
(iii) (Xik)* =v; —iw', where w' = Ade[XgA, Xix]; and
(iv) (it,X’,)* = —ivj —iw", where w" = Ad, [XY,, it,X,].

Let W);g be the complex subspace of Wy, spanned by the vectors {wy, ..., wy},
and let w5 be the one spanned by {vy, ..., v,}. By (9-9), the results of Section
9.1 applied to the symmetric space G'/H’ and Lemma 9.13, the tangent space to
S at xp is given by T'S,, = TcSx, & N Sy,, where

9-11)  TeSey=Tc(G - x0)x, @ WS @ W, and NS, =RAd,, 0X;.
Fix Fgm = Ady, t9XgA as a generator of N.Sy,.
Lemma 9.14. The following facts hold.

(1) The decomposition of Tc Sy, given in (9-11) is orthogonal with respect to the
Levi form.

(i) Let W € W, Then L,(W, W) =0.
(iii) Let W € W,. Then Ly, (W, W) =bF°,,, withb > 0.
(iv) Let Z € Te(G' - x0)xy. Then Ly(Z, Z) =nF°,,, withn <0.

Proof. (i) Let Z € Tc(G'-x¢)x, and W € W,,,. To show that L(Z, W)=L(W, Z)=0,
observe that both (-)~'JZ and (-)~'Z belong to g’ = h’ ® ¢’ and can be written

()7 Z = Ady, Xo+ Ady, Xo1 + Ady, X 5.,
(1)7'Z = Ady, Yo+ Ady, Yo +Ady, Yoos,

according to the ady-root decomposition of g’ given in (9-6). Similarly, by (9-8),
the vector W € Wg ® W;; = Ad,, Ad, g[)»]g can be written as

W = Ad,, Ad; P, +i Ad,, Ad; Q.
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where
Ad, P, =U, +iV_;, —0U, +i6V_, and Ad,Q,=U,+iV , —0U;+i0V’,,

with U, , U € g and V_,, V’ € g_ . One can verify that none of the brackets in
(9-5) has a component in Ade g 2% and L x(Z, W) =0, as required.
Let w; € W and v; € W Then modulo (T@SXO)C the Levi form is given by

2L (wi, v)) = =L Adg lit. X, (X7, —.X7 )1 — £ Ady [X], (X7, —7.X7 ).

In particular, Ly, (w;, v;) =0forall i, j =1, ..., m. This proves (i).
In the same way, one shows L(w;, w;) =0 for all w;, w; € W;g, proving (ii).
(iii) Similar calculations and Lemma 9.12(iii) imply that L (v;, v;) = 0 for all
vi,v; € W, withi # j. Wheni = j, one has

Ly (i, v) = Ady [X',, it X", 1= Ady i[Z_p,0Z_p]1=bi F°,, forb; €R.

In order to prove that b; > 0 observe that, by Lemma 9.11(iii), one can write
X! L= X! + X', for appropriate X', € g* and X’ € g™ Since z =expiAKC,
with A € a and «(A) = /4, one also has it, X A_GX’ —6X" , and

(X0 it X0 ) = (X 0X0) = [X, 0X1, D) — (X 60X, 1+ [XL,. 0XD).

—a?

which lies in a @ Z¢(a). By [Geatti 2002, Lemma 5.1(i)], the first two terms of the
above sum can be written as

[X.,0X 1=B(X,,0X)A, and [#X',, 00X ,)]=BX'

—a

0X" )Aqg,

—a

where A, is an element in a satisfying the condition «(A,) > 0. By the nor-
malization of the reference points chosen in (9-7), one has XY 2 = ng. Hence
Ly, (vi, v;) =b; Ady, 0x9 5, for some real number b; >0, as claimed. This concludes
the proof of (iii).

(iv) Recall that the symmetric space G’/ H' has a reduced restricted root system
and that the Lie algebra g’ is given by (9-6). Then the Levi form on T¢ (G’ - x¢)x,
can be computed by the methods of Section 9.1. By (9-4), one has

Te(G' - x0)xy = Ady, (g0)" ® Adyy (92" and  N(G' - x0)y, = RAdy, 6X?,,.
Let Fyp € Ady, (gal )C and [, € Ad,, (g”‘)@ Then by Lemma 9.6 one has
Ly (Fy, F2;) =Ly (Fo, F3)=0 and L, (Fy, Fo)=nF°,, where n<0. O

The next proposition is a direct consequence of Lemmas 9.12 and 9.14.

Proposition 9.15. Let S be the G-orbit of xg. The Levi form of S at xq is indefinite
ifg=sp(n, 1) or g =1}. It is definite if g = su(n, 1).
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Proof. By Lemma 9.12 and Lemma 9.14(iii) the Levi form Ly, is definite on W, .
If g = su(n, 1), then dimG'/H’ = 1, and the Levi form is identically zero on
Tc(G' - x0)x,- As aresult, in this case the Levi form L,, is definite.

If g=sp(n,1) or g =f}, then dimG'/H’ > 2, and the Levi form L, on
Tc(G' - x0)x, is definite of sign opposite to that on W, ; see Proposition 9.7 and
Lemma 9.14. As aresult, Ly, is indefinite, as claimed. O

The Levi form of the G-orbit of yo. By the same methods, one can compute the
tangent space and the Levi form of the G-orbit S of the point yp =expi(—X gx) -Z.
The tangent space to S at yg is given by TSy, = Tc Sy, @ N Sy,, where

(9-12) TSy, =Te(G' - y0)y, ® W, @ W, and NSy, =RAd,, 0X9,.
Fix F°,, := Ady, 0X), as a generator of NSy,
Lemma 9.16. The following facts hold.

(1) The decomposition of TcSy, given in (9-12) is orthogonal with respect to the
Levi form.

(ii) Let W € W,b. Then L, (W, W) =0.
(iii) Let W € Wy,. Then Ly, (W, W) =bF°, , with b > 0.
(iv) Let Z € Te(G' - yo)y,. Then Ly, (Z, Z) = pF°,,, with p > 0.

Proof. The proof is like the proof of Lemma 9.14. One can check that the Levi
form is not identically zero on W and has the same signature as on W, . Part (iv)
follows from Lemma 9.8. U

Proposition 9.17. Let S be the G-orbit of yo. The Levi form of S at yy is definite.

Proof. The proposition follows from Lemma 9.16 and the fact that the Levi form
Ly, on W is not identically zero. O

Remark 9.18. If the restricted root system Ap is nonreduced, then Proposition
9.17 says that the Levi form of the orbits represented by w; and w4 in diagrams
(4-9) and (4-10) is definite. This is consistent with the fact that these orbits lie in
the boundary of the Stein domain D;(0); see Theorem 6.1. When g = su(n, 1),
by Proposition 9.15, the same is true for the Levi form of the orbits represented
by w; and w3 in diagram (4-9). We refer to Example 6.3 for a classification of
the G-invariant Stein domains in G®/K* bounded by these orbits. Proposition
9.15 also says that the Levi form of the orbit represented by w» in diagram (4-10)
is indefinite. Hence this orbit cannot lie in the boundary of a Stein G-invariant
domain in G®/KC.
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