
The Prime Number Theorem

The Prime Number Theorem says that the
probability that an integer n ≫ 0 is prime is
approximately

1

ln(n)
.

The logarithm ln(n) measures the size of n: it is
roughly the number of digits of n.



The prime numbers get sparser as their size
increases.

On the other hand the function 1/ ln(x) decreases
rather slowly.

Figure: The function 1/ ln(x)



Consequence:

Prime numbers of all sizes are plentiful.



If n ∼ 1020, then

1

ln(n)
∼ 0, 022

In the interval

[1020 − 500, 1020 + 500]

by the PNT one expects about 22 prime numbers.

In reality: there are 26 of them.

Below is the list.





If n ∼ 1040, then

1

ln(n)
∼ 0, 010

In the interval

[1040 − 500, 1040 + 500]

by the PNT one expects about 11 prime numbers.

In reality: there are 16 of them.

Below is the list.





If n ∼ 1060, then

1

ln(n)
∼ 0, 007

In the interval

[1060 − 500, 1060 + 500]

by the PNT one expects about 7 prime numbers.

In reality: there are 12 of them.

Below is the list





Try yourself to list the primes in the interval

[n −M , n +M]

by choosing n and M and gluing the function

P(n,M)=for(k=-M,M, if(isprime(n+k),print(n+k ),))

into PARI/GP.



Example

Figure: The primes in the interval [53− 20, 53 + 20]


