Exercise 3.
(a) Let f be a meromorphic function on C. Then f = g/h where g and h are entire functions.

(b) Let f be a meromorphic function on the Riemann sphere. Then f is rational, that is f = g/h where g
and h are polynomials.

Sol.: (a) Let f be a meromorphic function on C. The set of poles of f is a discrete subset of C, possibly
infinite. By Weierstrass’ factorization theorem, there exists an entire function h € O(C) with zeros on
the poles of f, with the same order. Namely, if {a;}; are the poles of f, each with order m;, then there
exist integers p; so that the infinite product

h(z) = 2" H Epj(aij)mj

converges to an entire function with the assigned zeros. Now the function g := h- f is an entire function
and f = g/h is a quotient of entire functions.

Let’s check that g is entire. Let a be a pole of f of order m. Locally around a
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and h(z) = (z — a)™x(2), with x(z) # 0 holomorphic. Then locally around a one has h(z)f(z) =
X(2)(a_p + a_my12z + ... holomorphic.

(b) Let f be a meromorphic function on S? = C U co. Since S? is compact, the poles of f are finitely
many.

- If the point oo is not a pole of f, then there exists a polynomial g with zeros on the poles of f with
the same order. It follows that ¢ - f is holomorphic on S2, and therefore constant. In this case f = ¢/g,
with ¢ € C.

- If the point oo is a pole of f, then there exists a polynomial h with zeros on the poles of f different
from oo, with the same order. Then g = h - f is a holomorpohic function on C = S%\ {oc}, with a pole
at co. Hence g is a polynomial and f = g/h is rational.



Exercise 4. Show that ) -, ﬁ defines a meromorphic function on C. Determine its poles, their
orders and their residues.

Sol.: Denote f,(z) = ﬁ Then for n > 1, the function f,, is meromorphic on C with poles of order 1
at z = £n.

Fix a R > 0. Then for all n > R, the functions f,, are holomorphic on D(0, R). Moreover, the estimate
|22 —n?| >n®— R? forall 2| <R,

implies that the series of holomorphic functions
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converges uniformly on the closed disk D(0, R) and
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defines a meromorphic function therein. By taking R bigger and bigger, we can conclude that the series

S>> | =1 defines a meromorphic function f on C.
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Since the poles of the functions f, are pairwise disjoint, the poles of f are Z \ {0} and the residue of f
at a pole is given by

1
Resy(n) = Resy,(n) = lim(z = n)fa(2) = 5—. 0 >0
and 1
Res¢(—n) = Resy, (—n) = lim (2 +n)fn,(2) = ——, n>0.

z—=—n Qn’



