DUALITY FOR ACTION BIALGEBROIDS

SOPHIE CHEMLA, FABIO GAVARINI, AND NIELS KOWALZIG

ABSTRACT. We study the effect of linear duality on action bialgebroids (also known as smash
product or scalar extension bialgebroids) and, for those bearing a quantisation nature, the effect
of Drinfeld functors underlying the quantum duality principle. By means of various categorical
equivalences, it is shown that any braided commutative Yetter-Drinfeld algebra over any bialge-
broid is also a braided commutative Yetter-Drinfeld algebra over the respective dual bialgebroid.
This implies that the action bialgebroid of the dual exists, which is then proven to be isomorphic,
as a bialgebroid, to the dual of the initial action bialgebroid: in short, (linear) duality commutes
with the action bialgebroid construction. Similarly, for quantum groupoids to which the Drinfeld
duality functors apply and the quantum duality principle holds, these Drinfeld duality functors
are shown to commute with the action bialgebroid construction as well.
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INTRODUCTION

In the theory of (Lie) groupoids, a first important subclass is that of action groupoids,
that is, those that express a group action: in fact, one can see this as the first non-trivial
example that naturally extends the notion of groups to that of groupoids. The corresponding
infinitesimal notion is that of action Lie algebroid, that is, a Lie algebroid that arises from a
Lie algebra acting on some representation space, see, e.g., [Mac, CaLaPi].

In a purely algebraic language, groups correspond, loosely speaking, to (special subclasses
of) Hopf algebras, and groupoids to Hopf algebroids, or, more in general, to bialgebroids; in
particular, action groupoids correspond to the subclass of action bialgebroids, also known as
smash product bialgebroids, or still scalar extension bialgebroids, see, e.g., [BaSz, St, StSKk].

A special feature of the notion of Hopf algebra is its self-duality, in that the linear dual of
a (finitely generated) Hopf algebra is again a Hopf algebra (up to technicalities). This nice
behaviour extends to the more general notion of bialgebroids (and even Hopf algebroids) that
are also self-dual, up to an important caveat: indeed, the very notion of bialgebroid is two-
fold as one defines both left and right bialgebroids. Moreover, every bialgebroid (either left or
right) has two natural duals, a left and a right one; hence, both a left and a right linear duality
functor are defined and starting with left or right bialgebroids, this construction eventually
gives rise to four linear duality functors. Finally, these four duality functors switch chirality:
the dual of a left bialgebroid (U, A) is a right one, and vice versa.
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All this is well known [KadSz] and fully settled under some projectivity and finiteness
assumptions for (one of) the underlying A-module structure; if this fails to be, one still has
some control by considering notions such as topological bialgebroids, or the like, similar to
the Hopf algebra case. In fact, this is what happens with universal enveloping algebras VL
and jet bialgebroids JL, see [KoPo], associated to some Lie-Rinehart algebra (L, A): assuming
that L is finitely generated projective over the base algebra A, both VL and JL are not finitely
generated projective but they can still be seen as dual to each other, i.e., non-degenerately
paired via linear duality functors as above, up to some technicalities (including that JL is a
bialgebroid only in a suitable topological sense).

A second special type of duality arises when dealing with bialgebroids IV}, that are (formal)
quantisations of some VL or some .JL, for some Lie-Rinehart algebra (L, A) as above: one has
two functors W), — W,” and W), — W}, such that

— if W), is a quantisation of JL, then W)’ is a quantisation of V(L*),
— if W}, is a quantisation of VL, then W} is a quantisation of J(L*),

where L* = Homu (L, A) denotes the dual Lie-Rinehart algebra. This phenomenon, known
as quantum duality principle, sprouts from a key idea of Drinfeld for quantum groups, later
extended to quantum groupoids in [ChGa]. Note that, in this case, both functors preserve
chirality, in that if W}, is a left (resp. right) bialgebroid, then so are ;Y and W;.

In this paper, we investigate what happens with linear duality (in general) and Drinfeld
duality functors (in the quantum setup) when working with action bialgebroids.

First of all, an action bialgebroid has the form R#U, where (U, A) is a left bialgebroid and
R a braided commutative monoid in the category of Yetter-Drinfeld modules over U. Theorem
2.5 presents a couple of criteria in order to recognise those bialgebroids that are action bial-
gebroids. Starting from a right bialgebroid (V, B) and for a braided commutative monoid S
in a respective Yetter-Drinfeld category, a similar construction of an action bialgebroid of the
form V#5S applies. In Lemma 1.3 and Theorem 2.7, we prove (see the main text for details
and notation):

Theorem. Let (U, A) be a left bialgebroid such that .U is finitely generated A-projective and
let U, := Hom 4 (.U, A) be its left dual. Then, if R is a braided commutative monoid in ;YD v
it is also so in Y*YDy, and vice versa; in particular, there is an isomorphism

Homp(R#U, R) ~ U #R,

of right bialgebroids, which, if U is a right Hopf algebroid (over a left A-bialgebroid), is an
isomorphism of left Hopf algebroids (over right R-bialgebroids).

This expresses the fact that (linear) duality commutes with the action bialgebroid con-
struction. As for Drinfeld duality, we study the effect of the two Drinfeld functors (—)¥ and
(=)’ to quantum groupoids that are, in addition, action bialgebroids, say, F,#R; and R,#U},.
The outcome is formulated in Theorems 3.13 & 3.14, see again the main text for the men-
tioned technical details and notation:

Theorem.

(i) Let (Fy, Ap) be left quantum formal series bialgebroid and R, an h-topologically complete
k[[h]]-algebra that is a braided commutative monoid in p,YD™, and such that Ry, /hR;,
is commutative. Then, up to a technical assumption, Ry, is a braided commutative YD al-
gebra over F}Y as well, and there is a canonical isomorphism

Ry#F, ~ (Ry#Fp)"

of topological left bialgebroids over Ry,. In particular, Ry#F)’ is a left quantum universal
enveloping bialgebroid over Ry,

(i1) Let (U, Ap) be a left quantum universal enveloping bialgebroid and Rj, an h-topologically
complete k[[h]]-algebra that is a braided commutative monoid in ;,YDV", and such that
Ry /h Ry, is commutative. Then, up to a technical assumption, Ry, is a braided commutative
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YD algebra over Uj, as well, and there is a canonical isomorphism
Ry#U;, ~ (Rp#tUp)

of left bialgebroids over Ry,. In particular, R,#U, is a left quantum formal series bialge-
broid over Ry,

These statements, in turn, express the fact that Drinfeld functors commute with the action
bialgebroid construction as well. It is worth stressing that for proving (R,#Us)" ~ R,#U;,
we actually resort to a linear duality trick, relying on the previous results (suitably adapted
to the specific situation).

Some final words about the organisation of the paper. Section 1 presents some categorical
equivalences regarding Yetter-Drinfeld modules and linear duality in the realm of bialge-
broids. Section 2 focuses on action bialgebroids, extending the well-known construction from
[BrzMi] from Hopf algebras to (right) Hopf algebroids (over left bialgebroids), formulating a
right handed-version of this construction, presenting a characterisation of such action bial-
gebroids, and finally also the above mentioned results on the dual of action bialgebroids.
Section 3 is devoted to action bialgebroids in the quantum framework, namely the one set up
in [ChGal: in particular, building upon the results therein about Drinfeld functors and the
Quantum Duality Principle, we apply Drinfeld functors to action bialgebroids, thus finding
that those functors “commute” with the action bialgebroid construction. Finally, the appen-
dices list essentially all technical tools needed in the paper.

Notation. Let k£ be a commutative ring, possibly a field or of characteristic zero. As custom-
ary, unadorned tensor products or Homs refer to those over k. Sweedler notation subscripts
typically refer to left bialgebroids, superscripts to right bialgebroids, while left comodules are
indicated by round brackets, right comodules by square brackets. The three appendices give
a detailed account on all employed bialgebroid related notation.
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part of this work has been achieved, for hospitality and support via the CNRS; also partially
supported by the Swedish Research Council under grant no. 2021-06594 while in residence
at the Mittag-Leffler Institute in Djursholm, Sweden, during spring 2025.

1. CATEGORICAL (CO)MODULE EQUIVALENCES

This section contains a couple of categorical equivalences that will be needed to dualise
action bialgebroids in the next section. For all technical details and notation employed re-
garding bialgebroids, their duals, their modules and comodules, Yetter-Drinfeld modules, and
Hopf algebroids, see the three appendices A—C.

Lemma 1.1. Let (U, A) be a left bialgebroid and U, and U* its left and right dual as defined
in Appendix C.1.

(1) If (U, A) is left and right Hopf and if both U, and .U are right and left projective over A,
then there is a (strict) equivalence

U-Comod ~ Comod-U, (1.1)
which induces a (strict) equivalence
YYD ~ YDV

of monoidal categories.
(1) There are (strict) equivalences

Mod-U* ~ U-Comod, Comod-U ~ Mod-U,
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of monoidal categories, which under the assumptions of part (i) induce an equivalence
Mod-U* ~ Mod-U, (1.2)

of monoidal categories.
(tit) If U, resp. .U is finitely generated A-projective, then there is a (strict) equivalence

Comod-U* ~ U-Mod resp. U-Mod ~ U,-Comod,

of monoidal categories, and hence, if both projectivity assumptions on U are met, then one
has a (strict) equivalence
Comod-U* ~ U,-Comod (1.3)

of monoidal categories.

(iv) If U, is finitely generated A-projective, then by means of parts (i) & (ii), there is a (strict)
braided monoidal equivalence

YDU* ~ UYD

with respect to the right dual. If .U instead is finitely generated A-projective, then there
is a braided (strict) monoidal equivalence

UsYDy, ~yYDY

with respect to the left dual.
(v) Therefore, in case U is both left and right Hopf and also finitely generated A-projective in
both aforementioned senses, one has a (strict) equivalence

YDY: ~ UxYDy,
of braided monoidal categories.
Proof. We limit ourselves to investigate what is happening on the objects of the respective

categories and leave all aspects regarding the respective morphisms to the reader. Observe
that in all parts the functor that induces the claimed equivalence is the identity on objects.

(1) The equivalence of the comodule categories has been given in [ChGaKo, Thm. 4.1.1]: let
us only recall from loc. cit. that if U is left Hopf and U, right projective over A, as well as

m — Mg ®4 mp] a right U-coaction on a right A-module M, then
Av: M —>U®a M, m = M1 ®a m[o]s(m[1]+), (1.4)

defines a left U-coaction on M; while if U is right Hopf and .U projective over A, as well
as starting from a left coaction m +— m_;) ®4 m(g) on a left A-module M, then
prm: M —>M®aU, m— E(W(—l)m)m(o) &4 M(—1)1-1s

defines a right U-coaction on M.

Let us now assume that M € ; YDV is a left-right YD module in the sense of §A.3. If
(U, A) is both left and right Hopf, then M is a left-left YD module as well with respect to
the left U-coaction (1.4), that is, fulfils Eq. (A.3): indeed, one has,

(uym) (—1yue) ®a (uq) m)w)

= (u@ym)py-we) ®a (uaym)oe ((waympy )
= (e(uq)) »u@ym)p)-ues) ®A (e(ury) > uym)ore ((e(uqny) » w@ym)p)+)
= (e(u) > (uym)p) _ue) ®a (U(z)mmf((E(Wl)) > (uym)py)., )

Up+y(2)M

(
(u@ym) e tnm) e ®a (wym) e ((eem)punmuwe) ;)
( )[1]“[+](1)U[—]) Ups(3) ®a (Upsy(2)m)[o)€ (((“m() )[]“[+](1)U[—])+)
[

(
(
w
(Up@ympgues) U ®a (Upsaymio) 5( (ursy2)mpyu— )+)
= uemp g @) tie) ®4 (e mio) e (Uee e mp ey

T mp- ®a (ugymio))e (U@ M+ ti-i+)



(ii)

(7ii)

(iv)

DUALITY FOR ACTION BIALGEBROIDS 5

= uymp- ®a (ueyammio E(U(2> M+ )-)

( )
4 (ug@)amio))e (u@ym 2)1-)
A (1

a (ueympoy)e (u <e(u@)y))

(B.13)

= uy(mpy <)) ®a (“(2>[+1m[01)5(u<3> (mpy < e(ue)m),)
= umymp- ®a ()i (E(ueye)mo))e (uemp+)

= umymp- ®a (ue)ens(E(ue)e))mo)e (ueEmpu+)

uympi)- ®a (weymo))e (uempu+)

u(ympr)- ®a u) (mioe(mpy+))

(A,4MA.2)
(1.4)
= wmm-1) @4 U@)M(0);

where we used counitality and the character-like property of a bialgebroid counit in

the second, eleventh, and in the penultimate step, along with the Takeuchi property of

the bialgebroid coproduct. Hence, M also fulfils the defining Eq. (A.3) for left-left YD
modules. The opposite implication is left to the reader.

The first two equivalences of part (i) appear, e.g., in [ChGaKo, Prop. 4.2.1]. For later use,

we only recall from op. cit. that on a right U-comodule M, a right module structure over

the left dual U, is defined by:

mw = m[0]<1/),m[1]>. (15)

The third equivalence follows from the previous two by combining them with part (i).
The first equivalence appears in [Ko, Lem. 4.6], the second equivalence follows analo-
gously. For later use, we only state that, if {¢;}1<j<n, € U and {€’}1<j<n € Uy is a dual
basis, then by means of

m — m(fl) ®A m(o)

e )
2. ¢ ®ae;m (1.6)
resp. um = (mY wym ),

one assigns to any left U-action on M aleft U,-coaction on M, resp. to any left U,-coaction
m — m{=Y @4 m© on M aleft U-action on M. As a result of both equivalences, if M is
a right U*-comodule with coaction denoted m — ml% @4 m!l, then

mY ®a m(® = Zj e/ ®a m[0]<m[1]’ €j> (1.7)

yields a left U,-coaction, which establishes the equivalence (1.3). Observe that for this
no (left or right) Hopf structure is needed but see, however, Remark 1.2.

The first equivalence still appears in [Ko, Lem. 4.6]. The second one, in turn, is a mir-
rored version of the first with an analogous proof, which we nevertheless write down
here for future reference. To prove the Yetter-Drinfeld property,

<¢(2)(m¢(1))(_1)au> ®a (mw(l))(o)
= Lmy M) Y Jugy < B i) ©a (mp™)©)
2 L@, mp) Y uay < WP i) @a (mpg (@, mpg)©
2 (g Y @ @O mpp, uay < G ) @4 mig©
€2 <m =1 , U(1) < <¢(2) U(g) < @M m 1]>>> ®a m[o](O)
= LY uqy < @ uempg)) @a mig©
(12,06 e uy) ®a (ejmio)) Y, wymp)
= 1®a (uaymo))<y, u(2)m[1]>
1®a (u@ym)o) ¥, ( m)ju))
= 1®a (u@ym) <1/J m)[ « () JU(1)))
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= @ uay) ®a (ueym) @, (ugym)u;)
Z @ ua) ®a (ugym)y®
= <¢(1)’ u(1)> ®4 (<m(—1)7 u(2)>m(0))z/)(2)
= {UmD gy oW uy ) @4 mOy®
CRUD (D) 1y @ 4 m @@
which proves Eq. (A.11) for right-left YD modules over right bialgebroids, as desired.
(v) The proof of this part now follows directly from the preceding statements.

This concludes the proof of the lemma. O

Remark 1.2.

(i) The equivalence (1.2) can also be proven directly without the detour passing through
comodule categories by considering the maps S* and S, introduced in [ChGaKo, §4.2].

(i) One might be tempted to think that the equivalence Comod-U* ~ U,-Comod in (1.3) is
a simple consequence of a right bialgebroid version of the comodule equivalence (1.1) in
part (i) followed by the maps S* resp. S, just mentioned, which then necessarily requires
(left and right) Hopf structures, while the explicit formula (1.7) given in the proof shows
that this is not so. Indeed, if U is left and right Hopf, then both U* and U, are so as well
as indicated in §C.2, which leads to, for example, Comod-U* ~ U*-Comod; passing then
from U*-Comod to U,-Comod by the map S* mentioned above, however, eliminates the
Hopf structure again in the explicit computation, and one reobtains, mildly surprisingly,
the simple explicit formula (1.7) that establishes the equivalence (1.3).

By the lemma just proven, we can perform the first step towards dualising action bialge-
broids.

Lemma 1.3. If R is a braided commutative monoid in YDV, then it is also so in V*YD Uy
and vice versa, provided that .U is finitely generated A-projective.

Proof That an object R € yYDV is also an object in U*YD v, follows from Lemma 1.1,
part (iv). We are left with proving that monoids both in U-Mod resp. Comod-U under the
equivalences from Lemma 1.1, part (ii), resp. part (i), turn into monoids in U,-Comod resp.
Mod-U,, and finally that the property of (braided) commutativity is preserved.

As for the first statement, assume that (R,-) be a monoid in U-Mod, which manifests
itself in Eqs. (A.6) & (A.7). Under the equivalence of Lemma 1.1, part (iii), by means of
Eq. (1.6), this defines a left U,-coaction A\g: R — U; x4 R on R. Pairing then the element
2 AR(r 1) = el ®a ej(r-r') with any u € U in the first tensor factor, yields

2el wyei(rer’) = u(r-r') = (uqyr) - (ueyr’),

using Eq. (A.6). On the other hand, since the codomain U, x4 R of the coaction Ay is an
A-ring, it makes sense to write

AR(MAR(T) = 2, 1.(¢/ ®a e;r)(e” @4 exr’) = ik ekel @4 (e;r) - (exr’),
using the opposite product in U, as in Eq. (A.12). Pairing this with u € U yields
2xletel uy e ((egr) - (ent”)) = 255 (el uy < (¥, uia))) = (e5r) - (ext”)
= 2 ((wqy < (¥ ug))r) - (exr’)
= 2 (uyr) - (¥, u) »ex)r’)
= (u@yr) - (u)r’),
which is the same as above, and where we used the general property

((waa)r) - (W'r') = ((ur) < a)- (u'r") = (ur) - (a> (u'r") = (ur) - ((a>u)r),
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for any u,u € U, r,7’" € R that originates from Eq. (A.7). Finally, from ulp = ¢(u) » 1 one
directly obtains A\(1r) = 1y, ®a 1r. As a conclusion, R is a monoid in U,-Comod if it is so in
U-Mod, and vice versa.

Next, assume that (R, -) is a monoid in Comod-U, that is, that Egs. (A.8) hold. Then, with
respect to the right U,-action (1.5), one has:

(r-1")i = (r- 1), (r- 1))

= (r(o) * r{o)){¥: iy
= (7“[0] : 7'/[0])<¢(2)7 7"/[1] < <1/)(1)7 7"[1]>>
= (rio) @M, ) (Mo (0@ 7))

= (rpM) - (@),
where we used the right U-comodule Takeuchi property (A.2) in step four. Moreover,

IrY = L)Y, 1y = 1r « (P, 1y) = 1g « Y.
Hence, if R is a monoid in Comod-U, then it is also so in Mod-U, (and vice versa). Finally,
we have to show that braided commutativity (A.9) in ;YD implies an analogous property
in Y*YDy, . One understands that

(A9
r.r =

which is the braided commutativity for V*YD,, see Eq. (A.13). The reverse implications
follow by analogous arguments along the same lines. O

2. ACTION HOPF ALGEBROIDS AND THEIR DUALS

In this section, we shall discuss one of our main objects of study, that is, the construction of
new bialgebroids out of old ones by combining a smash product with a centre construction, or
more precisely, using monoids in the right weak centre of the monoidal category given by left
(resp. right) modules over a left (resp. right) bialgebroid. We will also discuss a recognition
theorem to understand when a bialgebroid bears such a structure.

2.1. Action bialgebroids and action Hopf algebroids. In this subsection, we will give a
straightforward generalisation to bialgebroids and even (right) Hopf algebroids of the origi-
nal result in [BrzMi, Thm. 4.1], where this was performed for Hopf algebras only as a starting
point. This is the content of the subsequent theorem.

Theorem 2.1. Let (U, A) be a left bialgebroid and R a braided commutative Yetter-Drinfeld
algebra in yYDV. Then R#U is a left bialgebroid over R and a right Hopf algebroid if (U, A)
already was a right Hopf algebroid.

Proof. First, let us fix the tensor product underlying R#U as R ® 4 ,U . The product structure
on this (seen either as a k-algebra or as an A°-ring) is the customary smash product, i.e.,
(r@au)(r' ®au) =7 (umyr') @a uey, (2.1)
which is well defined by means of Eq. (A.4), the A-bilinearity of the coproduct, but in par-
ticular Eq. (A.7) that guarantees the well-definedness over the Sweedler presentation of the
coproduct in U, ® 4 ,U . Next, set source and target as
SIRHR#U, r—r@a 1, L‘IR—’R#U, T’l—>1"[0] ®AT[1]- (22)

The proof that their images commute in R#U is analogous (and hence omitted) to that in
[BrzMi, Thm. 4.1] using, in particular, the braided commutativity (A.9), but note that the
coaction is here, in contrast to loc. cit., over a bialgebroid and not merely over a bialgebra.
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These source and target maps, together with the multiplication (2.1), turn R#U into an A®-
ring. Moreover, they define the codomain of the left coproduct to be (the Takeuchi subspace
of) the tensor product (R#U). ®g .(R#U) in which we quotient by

((ro) ®a ) (" ®@a ) Qr (" @au”) — (r' @au) ®r (r-r" ®au”). (2.3)
We can therefore set the (left) coproduct as
A:r@au— (r®auny) ®r (1®a u)), (2.4)

which is well-defined over the Sweedler presentation thanks to the fact that
r@au<a= ((alg)po) ®a (alr)p))(r@au) = t(a)(r ®4 u)
aswell as 1®4 a > u = s(a)(1 ®4 u). The appurtenant (left) counit simply reads
e: R#U - R, r®au— re(u). (2.5)

It is a straightforward check (which we skip) that the so-given structure maps turn R#U into
a left bialgebroid over R. More interesting, if (U, A) is, in addition, a right Hopf algebroid
(over a left bialgebroid) in the sense of §B.1, then R#U turns itself into a right Hopf algebroid
as well: the translation map which induce the inverse of the Hopf-Galois map

(r®au)Qr (r' @au) = (r@au)a)(r' ®av')) Qr (r @4 u))
is given by
ot r@au— () ®a up) ®r (1®4 uyrp), (2.6)
and even here we omit the explicit check that Egs. (B.11) & (B.12), which express the required

invertibility, are fulfilled as these follow directly from the respective property of U, along with
Egs. (2.1), (2.2), as well as (2.3). O

Definition 2.2. A (left) bialgebroid of the form (R#U, R) as above, where (U, A) is itself a
(left) bialgebroid, will be called a (left) action bialgebroid, sometimes referred to as smash
product bialgebroid or still scalar extension bialgebroid.

Example 2.3. For a left bialgebroid (U, A) such that .U is left A-projective, let
U:i= .U, ®pe A= {uEU|a|>u=u4a, VaeA},

that is, the subset of those elements in U that commute with the source map. This subset
is, in particular, an A-bimodule by means of the target map, which we denote, as always, by
»U. . Observe that U is, in general, not a coring anymore, but at least a right U-comodule via
the map

pﬁ: U — (]<1 ®A ,>U, u +— ’LL[O] ®A U[l] = U(l) ®A U(g) (27)
induced by the coproduct on U. Indeed, if u € U, then

arum) ®aue) = pylaru) =pylu<a) =un) «a®aup),

and therefore u 1) ®4 w2 € U®sU by the assumed A-projectivity, while the necessary coas-
sociativity and counitality relations simply follow by those of the coproduct.

Let now U be a right Hopf algebroid (over a left bialgebroid). In contrast to U itself, U
admits a left adjoint action

> U®U —U, (w, u) — W uw, (2.8)

of U on U. This map is well-defined by mere construction, it is a left action on U by using
Egs. (B.10) & (B.15), and it descends to an A°-balanced action > : ,U, ® g .ﬁq — U denoted
by the same symbol, as seen from (B.18). It is a straightforward check now (which we omit)
that U is a left-right YD module over U. Observe that if U is a Hopf algebra (with invertible
antipode), by U = U, this reduces to one of the customary ways of seeing a Hopf algebra as a
YD module over itself.
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N The braided commutative monoid to consider in ; YDV in the sense of §A.4 now rather is
U°P, equipped with its opposite multiplication as is immediately clear from the requirement

(A.8) of being a monoid in Comod-U°P. One has, for w € U and u,u’ € U

2.8) /

= (wa)muwa)) - (Weymw'we)-)
= w(2)[+]U/w(2)[—]w(1)[+]uw(1)[—]

(Béi?)

(wayu) - (wizyu')

!

Wi1(2)[+1 W Wi41(2) (-1 Wi+](1) YW
I

= WU uw-

= w> (u-u),

which proves, for example, (A.6), and likewise
7\ (2.8) / 2.7 / (B.12) ’ ’
upo) + (upye) = o) - (upynv'up o) = vy ue) ) = w =,

which proves (A.9). As an outcome, ZNIOP#U is a left bialgebroid, and since U was already a
right Hopf algebroid, U°P#U is so as well by means of the translation map in (2.6). If one
considers a bialgebroid, in a certain sense, as a cogroupoid kind of object, the construction
U°P#U might be termed Weyl Hopf algebroid, in analogy to the classical Weyl groupoid G x G
(as termed so in [HaMa, §6.4]), which will be further discussed in Example 3.18. In case the
bialgebroid (U, A) = (H, k) is actually a Hopf algebra over a field k, then the construction of
U °P£U reduces to the one of H°P#H presented in op. cit.

Example 2.4. Let (U, A) be a right Hopf algebroid (over a left bialgebroid) such that .U is
finitely generated projective over A. Then it is known, see §C.2, that the left dual (U,, A) is
a left Hopf algebroid (over a right A-bialgebroid), with explicit expression of the translation
map given by
P @AY =3¢ ®a (5> )

for ¢ € Uy, where (u>» ) (v) := e(upyy « ¢(uru’)) for u, v’ € U, and {e;}1<j<n € U, {€/}1<j<n €
U, is a dual basis. This allows to mimic the construction from the preceding Example 2.3 in
a right bialgebroid manner for U,, that is, one defines

U = o(Us)e @ac A= {pe Uy |avip =paa, Vae A},
on which there is an adjoint right U.-action
<: [7* ® U* - ﬁv>l<7 (1;7 w) = ¢[7]1;w[+]'
It is then again (and omitted again) a direct check that this right action along with the left
coaction inducgd from the coproduct A, on U, asin Eq. (C.3), analogous to the considerations
above, endow U, with the structure of a right-left YD module, and, more interesting, even a
braided commutative monoid in V*YD .

Combining the second equivalence in part (iv) of Lemma 1.1 with Lemma 1.3, we obtain
that U, is a braided commutative monoid in ; YDV, and therefore U,#U is a right Hopf
algebroid (over a left bialgebroid), which might once more be termed Weyl Hopf algebroid.
Again, in case the bialgebroid (U, A) = (H, k) is actually a Hopf algebra over a field k, then
the construction of U,#U reduces to the one of (H°?)*#H presented in [HaMa, §6.4].

2.2. Recognising action bialgebroids. A natural question is when or if a given bialge-
broid can be singled out as being isomorphic to an action bialgebroid. This is the content of
the following theorem which permits to distinguish these:

Theorem 2.5. A left bialgebroid (U, B, s,t,A,¢) is an action left bialgebroid if and only if:
(i) there is a left bialgebroid (W, A) along with a morphism (F, f): (W, A) — (U, B) of left
bialgebroids;
(i1) there is a left B-linear right W-coaction py: U — U,y @ AW on U in the sense of py (bru) =
b > pu(u), satisfying, in addition,

(U@B F)OpU = A, (29)
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where the map U ®p F is the composition U @4 W — U ®p (By @4 W) U®st, U®gU,
with & as in (2.10) right below.
(iit) the map F: W — U is colinear.

If all of the above holds, one has an isomorphism

E:Br@aW -U, b®swr—beF(w) (2.10)
of left B-modules, with inverse u — &(ufo]) ®4 up1). Finally, B becomes a braided commutative
monoid in wYDY so that ¢ induces an isomorphism (B#W, B) — (U, B) of left bialgebroids.

Proof. For ease of notation, the structure maps s, ¢, A, e of U will not have a subscript, while
those of W do. Moreover, U. y indicates U seen as a right A-module by means of to f = Foty
multiplied from the left. It is easy to see that & from (2.10) is an isomorphism (of left B-
modules and actually of left bialgebroids as shown later on): to start with, £ o £71 = idy is
an elementary check using (2.9), while using the assumed colinearity F(w)jo ®4 F(w)pn =
F(w(l)) R4 w(z) of F along with the left B-linearity (b DU)[O] ®a (b Du)[l] =b > U] @A U[1] of py,
we compute

(€0 &)b®aw) = ((b> Flw))yy) ®a (b> F(w),
=e(bv F(w)[g) ®a F(w)p
be(F(wn))) ®awe) = bf (ew (w())) ®a w) = b®aw,

on By®.W, using left B-linearity of ¢ in the third step and e o F' = foey in the fourth. Next,
the base algebra B of U becomes a left W-module by means of the counit of U,

wb 1= 5(F(w)<b) € B. (2.11)

Combining this with the forgetful functor W-Mod — A°-Mod, using F o syy = so f and
Foty =to f, one obtains:

avbad =e(F(sw(a)tw(a))«b) = fla)bf(a). (2.12)

So equipped, B evidently becomes a left W -module algebra as follows directly from F be-
ing a coring morphism. Moreover, the injectivity of the source map s: B — U induces an
isomorphism

B~s(B)~U®Y :={uelU|py(u) =u®aslw}, (2.13)

where the second isomorphism holds thanks to the property F(1y ) = 1y along with Eq. (2.9).
If we now equip B ®4 W with a smash product structure as in (2.1) with respect to the
left W-action (2.11), then £ can be promoted to an isomorphism

& B#HW - U, b®aw—breF(w)
of algebras as easily seen: indeed, on one hand, one has, using (2.1),
E((b@aw) (V' ®aw')) = E(be(Fway) « V) ®a wyw') = (be(F(w)) «V)) » Flwew),
while
ED@a w)EW @4 w') = s(b)F(w)s(V)F(w') = s(b)se (F(w) ) + B ) F (w) o F(w')
= (be(F(wqy) «b')) » F(wew'),

using the fact that F' is a morphism of rings and corings. Next, we want to prove that on B
(seen as right A-module via f as above) a right W-coaction can be defined. To this end, let us
consider the element

blo) ®a by 1= & (#(b)) (2.14)
that is, t(b) = bjo] > F'(b[17), and show in the following that

pp: B — Bf®a.W, b b ®a by
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is a right W-coaction on B, indeed. Let us first prove that the left A-action defined below on
B, and which will play the role of the induced action on B as a right comodule, coincides with
the action via f:

ab := bjoy f (ew (b « @) = boje (F(bpy « @) = boje (F(bpp) « f(a))
= &(bpoy » F(bpyy) « f(a)) = (t(b)s(f(a))) ©2.15)
= f(a)b.
With this, it is a straightforward check that pp is A-bilinear:
pi(aba’) = pis (F(@)bf (a)) = €71 (t(f(a)bS (a')))

= N F(tw(a))) €71 (0) € (Ftw ()
= (1®a tW(al))(b[o] ®a b)) (1 @4 tw(a))
= bjo] ®a tw (a")bpytw (a)

since £ is a ring morphism, using the multiplication (2.1) in B#W, and which expresses the
A-bilinearity of the right coaction, see Eq. (A.2). From this it also follows that

bio) ®a bpiysw(a) = (bjo) ®a bpp) (1 ®a sw(a)) = f(a)bj; ®a by
by applying the isomorphism £ to it and using the fact that source and target in U commute;
this expresses the Takeuchi property pg(b) € By x 4 ,W from (A.2) again. As for coassociativ-
ity of pp, applying the coproduct in U to both sides of the equation ¢(b) = byo; > F'(b}y)) yields,
by standard left bialgebroid identities, on its left hand side
1y ®ptb) =1y ®p b[O] > F(b[l]) = t(b[o]) ®B F(b[l]) = b[O][ 0] © F( ) ®B F(b[1 ),

and on its right hand side

bro) > F'(bpy) ) ®5 F(bpy)(2) = bjoy » F'(bpyn)) @ F(bpy2)),
by the fact that F'is, in particular, a morphism of corings. Therefore,

biojpo] > F(bpojpay) ®s F(bpay) = bpoy » F(buyny) @5 F(bpaj2))-

Hence, if {®p I were injective, the coassociativity bjo)j0)®.4b[0j[1]®ab[1] = b[o}®@ab[1)(1)®ab[1](2)
followed: indeed, the map £ ® F is defined via the commutative diagram

(BRAW) @4 W $osl U®pU

5 H

(BRAW)®5 (BOAW) —22° L UepU,

where the right B-action on B®4 W is given by left multiplication with ¢! (t(b)), one under-
stands that, as above, £ ®p F' essentially amounts to the map £ ® &, which is injective.
As a next step, counitality, that is, bjo; f(ew (bf17)) = b, then follows immediately from

t(boy f(ew (b)) = t(f (ew (b)) t(bpop)
= bjojjo) > F'(bjojay) < f (ew (bay))

= bjg > F (b1 < ew (b))
= bjoy > F'(bp1)
= t(b),

by the fact that source and target commute and then using the injectivity of ¢. Next, let us
show that B is braided commutative in the sense of Eq. (A.9) with respect to the braiding
induced by the right W-coaction (2.14). Using s(¥')t(b) = t(b)s(d’) again, we see that

1 (s(0)t(b)) = € (5(b)s(bjo)) F(bpay)) = & (s(b'byo)) F(bp1y)) = b'bjo) ®a by

while

T (D)s()) = € (s(bjoy) F(bpay)s(b)) = (bpoj#bay) (b ®a 1w) = bjoj(br11b') ®a bya)-
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By applying B® 4 € on both equations, one concludes, by using the middle of the base algebra
action properties in (A.7) for module algebras (as mentioned above), the braided commuta-
tivity b'0 = bjo)(b[170"). From this, braided commutativity follows in a similar way that B is a
WeP-comodule algebra: since the target map is an anti ring morphism, one has

(b')j0) @a (B0 ) 1y = €71 ((bD')) = €7 (¢(b)EH(¢(D))
= (bjg) ®a b{1)) (bjo} ®a b)) = by (b[11010)) ®a b2)bpa] = blojbio; ®a bf1jbp)
Finally, let us check that B is a left-right YD module over W. That the two A-bimodule
structures on B induced by the left W-action resp. right W-coaction coincide follows directly

from Eqgs. (2.12) & (2.15). As for the compatibility (A.5) between action and coaction, let us
apply £ to the left hand side of Eq. (A.5):

&(waybpo) ®a wizybpy) = (waybp 01) DF(w(z )

= &(F(w)) < bpoy) » Fwz) F(bpy)

= e((F(w) « b)) ))>(F(w)<b[0])(2)F(b[1])
= F(w )(b[O])F(b[])

= F(w)t(b).

Doing the same with respect to the right hand side in (A.5), we obtain:

E((wez)b)jo) ®a (wzyb)pw)) = (b)) » F((weyb)jwa)
(w@)b)[o F((we)b)) Flway)
= t(w(2)b) F(w())
(( (w)(2) < b)) F(w) 1)
F(w)t(b)

by the Takeuchi property and counitality in the last step; this is the same as above, as
desired. To sum up, B is a braided commutative monoid in ' YD", and therefore B#W
becomes a left bialgebroid according to the construction §2.1. It remains to show that ¢ is an
isomorphism of left bialgebroids. That it is so for the ring structure was shown above, and
that it also intertwines all remaining bialgebroid structure maps is a straightforward check,
the details of which we omit.

The opposite implication, that is, starting from U = B#W, for B a braided commutative
monoid in YD YW, is rather obvious: define pu = B®aAw and F': w — 15®4w. Then, using
Eq. (2.1), the relation (2.9) holds, F is clearly right WW-colinear, and U is a right W-comodule
algebra by coassociativity. O

2.3. Right action bialgebroids. In order to deal with duals later on, we need a construc-
tion analogous to the above left action bialgebroids in §2.1 starting from right bialgebroids
as the dual of a left bialgebroid is a right bialgebroid, c¢f §C.1. Hence, let (V, B, s,t, A, ) be
a right bialgebroid, and (R, -) a braided commutative monoid in VYD as detailed in §A.7.
To avoid order flipping operations, let us take V ®p R := V, ®p R as the underlying tensor
product for the right action bialgebroid V#R in this order that we are going to construct by
equipping it with the following operations: its multiplication (as a k-algebra) is given by

(wRpr)(E®s ) = v @p (ro?) -1, (2.16)

where the right V-action on R is simply denoted by juxtaposition RQV — R, (r,v) — rv, and
where superscript Sweedler notation refers to right bialgebroid structure maps as mentioned
on page 3. We turn V#R into a B®-ring by setting

s:R—>V#R, r—1Q®pr, t: R —> V#R, r D @p r© (2.17)
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for the source and target map, which also allow to set up the codomain of the coproduct;
which, in turn, is given by
Ve R— (Vs R).®r,(V®pR), v®pr— (v ®p1)®r v ®sr7), (2.18)
whereas for the right counit one takes:
V&R —> R, v®pr— ov)r.

It is a direct check (which we omit) analogous to the left case that the resulting object be-
comes a right bialgebroid over R. Again, this right bialgebroid can be promoted to a left Hopf
algebroid (over a right bialgebroid this time) by means of the following translation map:

B VesR — (VRsR).®r.(V®sR),
vpr — (Y ®p1)®g (v @p ).
Reassuming these considerations, we can state:

(2.19)

Proposition 2.6. Let (V, B) be a right bialgebroid and R a braided commutative monoid in
VYDy. Then V#R is a right bialgebroid over R and it is, in addition, a left Hopf algebroid if
(V, B) was a left Hopf algebroid.

The typical situation to which we would like to apply this result appears in the context of
duals of left (action) bialgebroids as discussed next.

2.4. Duals of action bialgebroids. Let (U, A) be a left bialgebroid, let .U be finitely gen-
erated projective as a left A-module, and let {e;}1<;j<n € U, {€/}1<j<n € Ux be a dual basis for
the left dual U, = Homa (.U, A), see §C.1 in the appendix for detailed information. To deal
with the dual of R#U as a left R-bialgebroid, consider, to begin with, the map

n: Homg(R®aU,R) = U ®a R, [ 3,6’ ®a f(1r®a ¢), (2.20)
which is easily seen to be an isomorphism of k-modules. As a matter of fact, it is much more:
Theorem 2.7. Let (U, A) be a left bialgebroid such that .U is finitely generated A-projective.
Then the map 7 induces an isomorphism of right bialgebroids

Homp(R#U, R) ~ Uy #R, (2.21)

which, if U is a right Hopf algebroid (over a left A-bialgebroid), is therefore an isomorphism
of left Hopf algebroids (over right R-bialgebroids).

An analogous statement can be made with respect to the right dual U*, which we are not
going to spell out.

Proof. By the general theory, see Appendix C.1, the left hand side in (2.21) is a right R-
bialgebroid since it is the dual over the base ring of a left bialgebroid; that the right hand
side is also a right R-bialgebroid follows from Proposition 2.6 along with Lemma 1.3.

Hence, let us show that the map 7 from (2.20) is not only a map of R-bimodules between
vHomp(R#U, R), and ,(U;#R), with respect to the notation from (A.1) but also both a ring
map as well as a coring map. As for being a map of R-bimodules, consider first:

n(fer) = Y. el @a(far)(1r®ae;)

= Y e ®af(1r®ac)) T
(X, ¢/ ®a f(1lr®a¢)))(lu, ®ar)
o) e

216)

for r € R, while

nref) = Y6 @a(rr f(1lr®ae;)

(C.2)

= X0/ ®a f(lr®acej)«r)

(2.2)

= ,¢®a f(1r®a€;)(r®aly))
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@1

2 € ®a flejqyr®acejy)

= 3¢ @Af(<7~(—1),ej(1)>7a(o) ®a ej(Q))

= Y€ ®@af(CrY, ej(1)>7”(0)<€ka €(2)) ®4 er)
N e ®a F({LEF i) 2 Y e )0 1O @4 k)
< Zj,k e/ ®a f(<7’(71)7 €)@ (e, 6j(2)>> 0 @, ek)
= e € ®a f(eFr e @4 ey)

= ke EFrtD ey ®a f(r® @a ep)
D5t @4 S0 @a cr)

= 2 efrtV@ar® . f(1r®a ex)

@l Zk ekr(=2) @ 4 (f(lR QA €x) r(*l)) . (0)

L (EheF @a fLr®aer)(rCY @4 @)
L),

Therefore, 1 is a morphism of R-bimodules, as desired. As for n being a ring map, let f,g €
Hompg(R#U, R) = Homg(R ®4 U, R). The right bialgebroid multiplication of the left dual of
the left bialgebroid R#U is given in (C.1), and hence for v € U, one has

n(fg)(w) = Yl w ((f9)(1r ®aey))
= Y wg((lr®aes)y < [(Ir®a€)))
LN wyg(H(f(Ir®a ejp)) (1 ®a )

T B W g(F(1r ®a €5 0))io) ®a F(1R ®a €505 1))
= 2 9(<€jau>f(1R ®4 €j(2))10) ®a f(1r ®a ej(2)>ﬂ]6j(1)>
LD 9<f(1R ®4 €j(9))[0) ®a f(1r ®a €j(q))1s((e’, u>)ej(1)>
C g(f(1r ®a )0 ®a f(Lr ®a u)pjuw)-
On the other hand,
(n(f)n(g))(w)

D5 (6 ®a FR®a e)) (e ®A 9(1r ®a ex))) (u)
L3 (D 0 (FLr®a e)et®) - g(1r ®a o))
@ Zj,k<€j€k(1),u> ((F(1r®aej)o)e “®, f(1r ®a eﬂ)[1]>) 9(lr @ cr))
Q3 Y gy (@ ue)) (F1r ®a e)io) 5P F(1r ®a ) - 9(1r ®a e)
Y (Y gy < e, “(2)>> (F(Lr ®a €)o7 (*" 7f(1R ®a¢)))  9(1n ®a ex)
Sy (PR @4 e (P, £1n @ e« (V ugy = (0, ue)) ) - g(1r @ er)
= Nk (fOr®a e (e¥, f(1r®a ¢j) (e, u))uqy)) - 9(1r ®a ex)
S (€69 ) PR ®a ) gy e, (€67, uy) F(Lr @ €))) gty ) - 9(1r @ ex)
= 2 (fAr®a uw)po e, fF(1r ®a u@)mua))) - 9(1r ®a ex)
= f(Ir®au@)o - 9(1r®a f(1r ®a u@))[1])
= g(f(1R®A u(2))j0] ®a f(1r ®a u(2))[1])'

j:k

f
f
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Hence, n(fg) = n(f)n(g), and so n is an isomorphism of R°-rings. As for being an R-coring
morphism, consider first, similar to (C.4), the following isomorphism:

(Ug ®4 R)« ®r »(U*~®A R) — Homa(U.®a EU’ R),
(Y @ar)®r (Y @ar) > {u@av — GrY u« P, uH)(r® 1)},

based on the observation that
(Y @ar)®r (YW ®a1") = (Y ®a1r) ®r (Yr™2 @4 (r'r71) - 1)
= (¢ ®a 1r) ®r (YrV @ar® 1),

using the tensor product over R by means of the target map (2.17), the product (2.16), as well
as the braided commutativity (A.13). This isomorphism induces a nondegenerate pairing,
and we can write

(2.22)

(Y ®a1)®r (P ®ar),u@au’)
@22, <d~}r(—1)’ w< (i, u’>> 0y

€1 <r(71)7 (U(l) « <¢aul>) 4 <1z,u(2)>> 70

= (B T gy <, u))y @

Y uay <@ ) gy

= (g < W))W, (2.23)
where in the last equation an element of U acts on r from the left. Observe that (ar)-r’ = (ar)-
r" and (ra)-r’" = r-(ar’) as in (A.7), which permits to avoid writing a couple of parentheses both

above and below. If A, by abuse of notation, denotes both the (right bialgebroid) coproduct in
Hompg(R#U, R) as well as in U,#R, we compute for f € Homg(R#U, R) = Homg(R®4 U, R):

{(n®rn) oA fiu®au’)
— <nf(1) ®r 77f(2)a u®a Ul>
= B (@@ fV(1r®ac))) Or (¢ ®a P (1r®ae:)), u@au’)
@29 2 () « (€, W) fD(1g ®a €))) - (€', u(2)>f(2)(1R ®a i)
= (@ fPUr@aw)) [P (1r®aue)
= SO (ua) SV (1R ®a ) ®au)),
where we used A-linearity and R-linearity in the last two steps. On the other hand,
(Ar(f)u@ady = 2 <(€j(1) ®a 1r) ®r (ej(Q) ®a f(lr®ae))), u@av’)
Y (g << ) 1R) (P u) F1r ®ae)
20 e(uqy (& )P um) f(lr ®a )
= 3, f(1r@a (P ueed )y e))
© 5 {(inon el ues)
= [f(lp®a uu')
YL f(1r@aw)((1r@au)))
= fe (1 ®au)« FY®a u)
2O ((1r@aw) (fV1 @A) @4 10))
EL O ((uu)f(l)(lR ®au')) ®a “(2>)’

where we used left A-linearity twice in step four, and the coproduct on the dual of the left
bialgebroid R#U analogous to (C.5) in step eight. This is now the same as above and there-
fore 7 is a map of R-corings, as claimed.
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Finally, to show that 7 is also an isomorphism of left Hopf algebroids (over underlying
right R-bialgebroids), this follows automatically by the very definition of a left Hopf alge-
broid: according to Eq. (B.22), this amounts to the invertibility of the map 5,, which only
uses the product and the coproduct, which already have been shown to be compatible with
7. Nevertheless, although redundant, a direct proof can be given which we consider to be
instructive as it uses the explicit expression of the translation map (C.8) for the dual, that is,
the fact that the dual of a right Hopf algebroid (over a left bialgebroid) is a left Hopf algebroid
(over a right bialgebroid). In this spirit, consider, analogous to (2.22), the isomorphism:

(Usy ®4 R)« ®r »(Usx ®4 R) — Homa(U.®a .U, R),
¥®ar)®r (P ®ar) = {u@av— PV ua P, u))((rd®) 1)},
based here on the observation that
(Y @ar)®r (YW ®a7") = (Y ®a1r) ®r (1@ 7)Y ®a1’))
= (Y ®a 1r) ®r (P ®a (rp?) 1),

using the tensor product over R by means of the source map (2.17) and the product (2.16).
This isomorphism induces again a nondegenerate pairing, and this time we can write

(W ®ar)®r (Y ®a1"),u@au)
22047 <7/~’(1)7U 4 <1/J,u'>>(m/~1(2)) ot
=W s ) (g (P )
N R RO ITRRCURTO) Y R
= (o (e @ u))
= (T[o]@;, ruyu < Y, u/>>) . (2.25)
With this, let us compute for f € Homg(R#U, R) = Homg(R®a4 U, R):
{n®rn)o B (f),u@av’)
= fP@rafM u@an’)
L5 (8 T U ®a ) B (¢ O £(11 @ ), 11
N T (1R ®a ) TN (1R ®a ) pyua (e, u)) - fU (1R ®a €:)
T 1R @) ST (IR @4 T (LR @4 W) pyw),
= 1 ®a ) ®a (1R ®a W) pjw),
A (1 ®au) < T (1r@a ),
where we also used R-linearity in the last two steps. On the other hand,
Brtmf),u®@au’)
LN B (¢ ®a Flr®ae))) u@a )
= Y {(f(lr®a ;) Ve @4 1) ®r (/' @4 fF(1Lr®a€) ), u@au')
@.25) <eJ Jua(f(1p®ae;) et Yy f(lp®a ;)@
@ Z.<ej[ Lua el u(yy a {f(lr®a ¢) N u 2)>>> f(lr®a €;)0
DY <eﬂ «(f(1r®a 6])( D), wa el u)) - f(1r @a ;)
3 < uaded ™ ufy )y - (LR ®a )T, ulp ) f(1r ®a ¢) )
S VTGRSR Can “(1)>> (ufe) [ (Lr ®@a ¢5)
D ) ) (S B )
= N> w - (ulg f1r®a )

(2.24)

3
g
5
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= ]E(U(I)H < <e u (1)[- ]u>) ( Uiy )f(lR ®a €j))

2 (Ul << upw) - (uf, 0y f(1r ®a ¢;))
1 f(lr ®a u{_ju)
" F((MR®a ) (1r ®aw))

ER#U( 1r®@au) i« f(Ir®av) (1 ®aw))

< (lr®av)> ) (1 ®a u)
(€10 (<fH, 1r®a u’> > f[”)(lR ®a u)
@ f[”((lR Qau)< f1r®a u’))7

which is the same as above, and by which one concludes the proof that 7 is also a morphism
of Hopf structures in the sense explained above. O

Il
<

= u

(2.5&26)

3. QUANTUM DUALITY FOR QUANTUM ACTION GROUPOIDS

In this section, we are going to deal with topological left (or right) bialgebroids, with re-
spect to some suitable adic topologies. The main objects of interest are the so-called quantum
groupoids, forming two special categories (roughly, quantisations of Lie groupoids and of Lie-
Rinehart algebras) that are treated to some extent in [ChGa]. In particular, these behave
well with respect to linear duality (which yields antiequivalences between categories of the
two kinds); also, they feature a special phenomenon, known as quantum duality principle,
which establishes equivalences between these categories via the so-called Drinfeld functors.
In the present section, we shall show how Drinfeld functors apply to quantum groupoids that
are also action bialgebroids (by applying our previous results on linear duality), finding that
Drinfeld functors commute with the action bialgebroid construction.

3.1. Quantum groupoids and the Quantum Duality Principle. In this subsection, we
introduce the notion of quantum groupoids: these are special quantum bialgebroids, that is,
(topological) bialgebroids which, for a Lie-Rinehart algebra (L, A), are formal deformations
of the universal enveloping algebra VL as a left A-bialgebroid or its A-linear dual JL, the jet
space, as a right A-bialgebroid. Afterwards, we will recall linear duality and the quantum
duality principle for these quantum groupoids; all necessary details can be found in [ChGal].

Definition 3.1.

(1) A left quantum universal enveloping bialgebroid is given by a topological left bialgebroid
(Un, Ap, sn,th, Ap, ep) over a topological k[[h]]-algebra A, with respect to the h-adic topol-
ogy such that:

(a) Ay, ~ A[[h]] as topological k[[h]]-modules such that A;,/hA; ~ A as k-algebras, for
some commutative k-algebra A;

(b) U, ~ VL[[h]] as topological k[[h]]-modules with respect to the h-adic topology for
some finitely generated projective Lie-Rinehart algebra (L, A);

(¢) (Un/hUp, Ap/hAy) ~ (VL[[A]]/RVL[[R]], A) as left bialgebroids over A;

(d) the coproduct Aj takes values in the completion

Uhq;Athh = {Ziui®u26U}m ®A;L DUh |Zia>ui®u; :Ziui®u;‘a}

of the Takeuchi product, where U,.® 4, »Un denotes the h-adic completion of the
tensor product Uy« ®4,, .Up .
In such a setting, we call U, a quantisation or a quantum deformation of VL, a situation
we denote by V,, L := Uj,.

(1) A right quantum formal series bialgebroid is given by a topological right bialgebroid
(Eh, Ap, Sk, th, An, 0) over a topological k[[h]]-algebra A, with respect to the h-adic topol-
ogy such that:

(a) same condition as (a) in (i) above, for some commutative k-algebra A;
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(b) F}, ~ JL[[Rh]] as topological k[[h]]-modules with respect to the h-adic topology for
some finitely generated projective Lie-Rinehart algebra (L, A);
(c) the topology of F}, is the Ij,-adic one, where

In:={feFu|on(f)ehFy},

and F}, is I-adically complete;
(d) (Fn/hFy, Ap/hAy) ~ (JL[[R]], hJL[[R]]) as right bialgebroids over A;
(e) the coproduct Aj takes values in the completion

FreXa,»F = {Zifi®fi/th<®Ah F | Yiar fi®fl =%, fi® fl<a}

of the Takeuchi product, where Fj,, &)Ah »Fj, denotes the completion of Fj. ®a4, .Fh
with respect to the topology defined by the filtration {3, _. I} ®a, I}}.
In such a setting, we call F}, a quantisation or a quantum deformation of JL, a situation
that we denote by J, L := Fj,.

In a parallel way, one can easily formulate the respective definitions for right quantum
universal enveloping bialgebroids resp. left quantum formal series bialgebroid.

Clearly, quantum bialgebroids of all four types form obvious categories when defining mor-
phisms as is done for (topological) bialgebroids in general: for some fixed k[[h]]-algebra A},
these four categories will be denoted by £QU*" rQU#* ¢QF*", and rQF*", respectively.
See [ChGa, §4.1] for further details.

Remark 3.2. The definition above makes sense also if one drops the finite-projectiveness
assumption; nevertheless, all results we are interested in (starting from those concerning
linear duality) only work well if that assumption is included.

Remark 3.3. It is worth stressing that if any (left or right) quantum universal enveloping
bialgebroid V}, L is given, then (L, A) inherits from that a Lie cobracket which turns it into
a Lie-Rinehart bialgebra. Similarly, if any (right or left) quantum formal series bialgebroid
JrL is given, then it induces on (L, A) a Lie cobracket which makes it into a Lie-Rinehart
bialgebra. Note that the assumption of L being finite projective here ensures that the A-
linear dual L* is a Lie-Rinehart bialgebra as well; on the other hand, it is also necessary in
order to have a well defined bialgebroid structure on JL, see [ChGa, §4.1] again.

3.2. Linear duality beyond projective finiteness. If (U, A) is a left bialgebroid such
that .U is finitely generated A-projective, then its left dual U, = Homu (.U, A) is a right
A-bialgebroid, see Appendix C.1. As follows from (C.7), this is again finitely generated pro-
jective over A for the right A-module structure U,,. Therefore, one can dualise again, and
similar considerations hold for the right dual U* or when starting from a right bialgebroid.
Dualising twice, the final outcome is (canonically isomorphic to) the original bialgebroid U,
for example, *(U,) = U, and likewise for all other choices.

More interesting, the finite-projectiveness assumption can be relaxed: if, for example, .U
is just a direct limit of some directed system of finitely generated projective A-modules, that
is, if it is ind-finitely generated projective, then U, admits a canonical structure of a right
bialgebroid over A, given by the same construction as in the finite case, with the difference
that U, is a topological bialgebroid whose underlying topology is the weak one, and accord-
ingly the coproduct now takes values in a suitable Takeuchi product of U, with itself. In
particular, U, is an inverse limit of finite projectives, that is, it is pro-finitely generated pro-
jective, and therefore one can consider its (left and right) continuous dual, denoted . (U.)
and *(U,), where continuous refers, as hinted at, to the weak topology on U, and the trivial
topology on A. This is tailored in such a way that, for example, *(U.) = U, that is, linear
dualisation composed with continuous dualisation, yields the identity functor. Similar con-
siderations can be made with respect to the right dual U*. In this section, we will apply
these ideas to left or right quantum universal bialgebroids and left or right quantum formal
series bialgebroids.
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Let (L, A) be a Lie Rinehart algebra and let us always assume that L is a finitely generated
projective A-module. A quantum universal enveloping bialgebroid V}, L, endowed with the h-
adic topology, is a topological bialgebroid. From the fact that VL is inv-finite projective (over
A), one deduces that any quantisation V}, L is inv-finite projective as well (over Ay). On the
other hand, let J, L be a right quantum formal series bialgebroid with counit denoted by 0},
and set [, := 8,:1 (hAp). The weak topology on J, L is the Ij,-adic topology. Similarly, since JL
is pro-finite projective (over A), any quantisation Jj L is pro-finite projective as well (over Ap).
The same remarks hold for left quantum formal series bialgebroids.

Denote by *(—), «(—), (—)*, and (—). the respective subspaces of *(—), «(—), (—)*, and (),
consisting of maps that are continuous when J;, L is endowed with the I;, ;-adic topology and
Ay, is endowed with the h-adic topology. Considering linear duality, we can state [ChGa, §5]:

Theorem 3.4. Left and right duals yield well-defined contravariant functors

(=)x: £QU — rQF™r, *(=) : rQFAr - eQUA,
(—)*: £QUM — rQF*", (=) : TQFY - QU
«(=) : QU - LQF™, (-)*: LQF*" — rQUA",
*(=) : QUM — LQF*", (=).: LQFA"  pQUAS,

that are pairwise inverse to each other, which yield pairs of antiequivalences of categories.

On the other hand, Drinfeld functors also provide equivalences between quantum univer-
sal enveloping bialgebroids and quantum formal series bialgebroids whose properties are
summarised in the quantum duality principle, which we shall recall now, see [ChGa, §6.1].

Definition 3.5. Let (F},, Ay, s, th, An, 0n) be a right quantum formal series bialgebroid, let
Jy, :=ker 0, and I, := 6,:1(hAh) = Jp + hF),. We define F}’ to be the h-adic completion of

(Fh)x = F) + Z h_"J;LL = F} + Z h_nl;;’ < A((h)) ®Ah Fy,.

neN4 neN 4

A parallel definition applies to left quantum formal series bialgebroids.
The main result about the previous definition is the following:

Proposition 3.6. With the above assumptions, F,’ is a right (resp. left) quantum universal
enveloping bialgebroid. This constructions extends to morphisms such that one obtains two
different functors

(=)V: rQFY — rQU  and  (=)V:LQF*" — £QU™ ",
denoted the same way, and referred to as (first) Drinfeld functors.
These, in turn, permit to introduce the second (type of) Drinfeld functor, see [ChGa, §6.2]:
Definition 3.7. The functors
(—): QU - £QF*  and  (-): QU™ — rQF™*",
given by

and, respectively,
(=) == ()xo (=)o (=) = ()" o (=) ox(-),
again both denoted the same way, will be referred to as (second) Drinfeld functors.

Remark 3.8. As a byproduct of the previous definition, Drinfeld functors happen to be dual
to each other, in the following sense. If F}, € rQF*" and U, € £QU*" are linked by U}, = *F},
and Fj = Uy,, then for their values under Drinfeld functors we have a similar duality rela-
tionship U, = *(F;’) and F},’ = (U},)., see loc. cit. for further details.

To sum up, Drinfeld functors connect the categories of quantum groupoids of either type
(in a covariant way, in contrast to contravariance from linear duality). Their properties are
even stronger, culminating in the quantum duality principle for quantum groupoids, that is:
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Theorem 3.9 (Quantum duality principle for quantum groupoids). If F}, € rQF*" is a quan-
tisation of JL for a Lie-Rinehart algebra (L, A), with L finitely generated projective as a left
A-module, then Fy € rQF*" is a quantisation of V(L*)°P, where L* = Homu (L, A) is the
A-linear dual of L. On the other hand, if U, € rQU?" is a quantisation of VL°P, then
Ul € rQF*" is a quantisation of J(L*).

Analogous statements apply to Drinfeld functors for left quantum groupoids.

Remark 3.10. In Theorem 3.9 above, the dual L* is endowed with a canonical structure of
a Lie-Rinehart algebra over A such that (L, L*) becomes a Lie-Rinehart bialgebra; hence, it
makes sense to speak of V(L*) and J(L*), see [ChGa, §2.2] for further details.

3.3. Action bialgebroids constructed from quantum bialgebroids. In this section, we
will make precise the action bialgebroid construction in the setting of quantum universal en-
veloping resp. formal series bialgebroids, and generalise some of our preceding results. For
a right quantum formal series bialgebroid .J, L, there exists a unique left quantum universal
enveloping bialgebroid V}, L such that J, L = V,,L, and V},L = *(JhL). Denote by 0;, as before
the counit of J;, L and set Z, := 6;1(hAh) as well as J;, := Ker (0),). We will make use of the
completed tensor product with respect to the h-adic topology and denote it by ®4, . Further-
more, denote by {V"L},cn the usual filtration of VL. We will construct finitely generated
Ap-submodules V" L of V}, L such that
Vi'L/hV"L ~ V"L as left A-modules;

o VuL=lmVpL;

o (VFL)(V/L)c VL.
First, remark that J, L = lim JP'L/7;*"" and set V'L := *(JpL/J;*"). One has

Vit L = {up, € V, L | Cup,bp)y = 0 Vb € T}
Then V;"L is a quantization of V"L and
ViL = lim V;" L.
Let us study now the properties of .J,L/ 7" and V" L:
e J*!isaright (U,),-module, and hence it is a right Uj,-comodule; therefore, J;, L/ 7"
inherits a right U,-comodule structure;
o A(TMhc @it jenir Ty, ®a4,Jj , and hence A induces a map, still denoted
A WL)T > @D JWL)Ti ®a, JnL) T
i+j=n+1
Taking the dual *(—), we obtain a partial product map
VIL®V/L — V; L.
Let now Ry, be an element of v, L YDY"L: then R, is a right J;, L-module. Moreover, the partial

left action of V'L on R, gives rise to a partial left coaction of J,L/J® on R, because any map
VhiL ®Ah Rj, — Ry, can be seen as a map
Ry, — Homa, (ViL, Ry) = (ViL)4 ®a, R
On the other hand, any map R, ® 4, Vol — R}, can be seen as a map
Ry, — Homy, (lim V'L, Ry) = Um (V' L)y ®a, Ry = im(J,L/J'+") ®a, Ri.
Thus, any left V}, L-module defines a left J;, L-comodule. More precisely, any partial left V" L-
module defines a partial left .J, L/ 7, "' -comodule.

Next, we have to check that R), is an object in (V+L)*xYD y, 1), : for that we mimic the
proof of Lemma 1.1 (iv) reasoning with u € V;’L and ¢ € JhL/j,:“rl , and using the properties
of Jp, /j,?+1 and V;*L. If R;, is a braided commutative monoid in v, LYDY"L then it is also
a braided commutative monoid in (V+L)*YD,y, 1., with (V,,L), = J,L. Indeed, the proof
of Lemma 1.3 works again in our situation if we make the computation in V;*L, with the



DUALITY FOR ACTION BIALGEBROIDS 21

latter being a finitely generated projective Aj-module. Then, one can perform the action
bialgebroid construction of R;, # V}, L, respectively of J, L # Ry, and Theorem 2.7 applies to
this topological action bialgebroid context. We need to check that the morphism

(VaL)y # Ry, — Hom, (Rn 4V L, Ry), % ®a,r = {r' ®@a,u— 1" ((p,uyer)}

of right bialgebroids over Rj, is an isomorphism. For this, as V;" L is a finitely generated Aj-
module, one easily sees that the analogous morphism is an isomorphism when replacing V;, L
by V;*L, and we conclude by taking the projective limit.

3.4. Drinfeld functors on action quantum groupoids. Returning to our study of action
bialgebroids, we focus now on those of quantum type, with the purpose of examining the
effect of applying Drinfeld functors to this special type of quantum groupoids. In a nutshell,
the outcome will be the following:

Drinfeld functors commute with the action bialgebroid construction.
In order to achieve such a statement, let us state a technical result first:

Lemma 3.11. Let (U, A) be a left bialgebroid and R a braided commutative monoid in ;YDVY.
Then in R#U we have, for all r € Rand v € U,

(r®sly)(lp®au) = (lp®au)(r®a ly) < kere- R =0,

where here on the right hand side - denotes the left U-action on R. A similar statement can be
made when talking about right bialgebroids.

Proof. Note that because of the splittings s(A) @ kere = U = t(A) @ kere, every u € U can be
uniquely written as u = te(u) +u' and u = se(u) + u®, where u' := v —te(u) and u® := u— se(u)
such that u®, u? € kere. One has:

1)

(r@®aly)lp®@au) — (1p®@aw)(r®aly) £ r®au—un)r®auz
= re(uq)) ®a uge) — uayr ®@a ug)
= _UE1)T ®a u(2)

= —ufl)r ®a (u(2) — ss(u(Q))) — ufl)r ®a SE(U(2))

—ufl)r ®a uf2) —ulr®y 1y.

Hence, when the left hand side of this identity is zero, its right hand side is so was well,
but on the right hand side the second summand belongs to kere - R ®4 1y, the first one to
kere- R®akere. Since U = 1y @ker ¢, this implies that the single summands are already zero,
and from the second one deduces, in particular, that u‘r = 0. Since u! is the generic element
in ker ¢ as u ranges through all of U, the claim follows. O

Adapting the proof, the previous statement holds true for topological bialgebroids such as
quantum universal enveloping bialgebroids:

Corollary 3.12. Let A;, and R;, be two h-topologically complete k[[h]]-algebras, let (Fy, Ay,)
be a (possibly topological) left bialgebroid, and R), a braided commutative monoid in YD Fn,
Then in R,#F), we have for all r € R, and f € Fj:

(r®a, 1r, )(1r, ®a, [) = (g, ®a, f)(r®a, 1p,) modh < kerey - Ry € hRy.

A similar statement can be made when talking about right bialgebroids.
The key consequence we are interested in is the following:

Theorem 3.13. Let (Fj,, Ay) € LQF*" be a left quantum formal series bialgebroid and R,
an h-topologically complete k[[h]]-algebra that is a braided commutative monoid in YD,
and such that Ry/hRy, is commutative. Moreover, assume that

fr=0 modh



22 SOPHIE CHEMLA, FABIO GAVARINI, AND NIELS KOWALZIG

for all f € kere, € Fj, and r € Ry. Then Ry, is a braided commutative YD algebra over F;’ as
well, for which the F)’-coaction p}, has the additional property
PR, (r) =r®a, ly, modh
for all r € Ry, and there exists a canonical isomorphism
Ry#Fy — (Ru#tFn)”
of (topological) left bialgebroids over Ry, that is uniquely determined by
r®a, (W) = h7H(r®a, f)

for all r € Ry and all f € kerey,. In particular, R,#F,’ is a left quantum universal enveloping
bialgebroid over Rj, whose semiclassical limit is R#V (L*) if the semiclassical limit of Fy, is
JL and that of Ry, is R; hence, Ry#F)’ is a quantisation of R#V (L*).

Proof. With respect to the counit ¢, of I}, let us again write I;, = sgl(hAh), and note as

above that I), = hFj}, + kerej,. Recall furthermore that )’ = F,*, where the latter denotes the
h-adic completion of F,*, see Definition 3.5. The right F},-coaction on Rj, clearly coextends to
aright F;’-coaction. If the left F},-action on Ry, also extends to a left action by F)’, then these
coaction and action will obviously be compatible (as the original ones were) so as to turn R,
into a braided commutative YD algebra over F)’, as expected. Hence, it is enough to prove
that the F},-action on Rj, does extend to an action by F,’.

Since F}’ is (topologically) generated by h='I, = Fj, + h~'kerey, it is enough to show
that we can extend the action of F), on R}, to elements of h~!kere;,. Now, this amounts to
(h~Ykerep)- R, © Ry, which is equivalent to (kere) - R, € hRj,, which is true by assumption.

Next, let us abbreviate 7, := R;,#F},. As before, ;Y = F,* is the h-adic completion of 7",
where as above

Fr =s(By) + X (h'Ix,)" = Ry ®a, Fn + 3 (h ' kereg,)"

n>0 n>0

with I, = s}i (h™'Ry) = hFj, +kerez,. Note also that, by the very definition of the counit for
Fn, we have kerer, = ker(idg, ®a, €n) 2 Rn ®a, kerep,. Then observe that for any r,+' € Ry,
and f, /' € ker ey, one has

(r# N #f) =r- (foyr ) #fe) f € (th ®a, kerep, + Ry, ®4, (ker €h>2)
since A(f) € A(kerey,) € (kere, ®a, Fr+ Fr,®a, kere,) and Corollary 3.12 applies. This yields
(kerey:h)2 = (Rh ®a, kereh) . (Rh ®a, keI‘é‘h) C hRp, ®a, kerep + Ry, ®a,, (kersh)Z,
and then by iteration
(kerer, )" S 2 h"° Ry ®a, (kerep)® = R, @ I,
s=0

for all n € N*, while the converse inclusion is obvious. Therefore, we obtain

Fr = Rn®a, Fn + X (h'kerer,)” = Ry ®a, Fi + R ®a, X h"Ip = Ry®a, F,

n>0 n>0

whence 7)Y = R,®a, F)Y as k[[h]]-modules as in the last claim, and which extends to the
bialgebroid structures. As a last step, denoting by pr, the right Fj-coaction on Rj, one has

PR, (1) = 10) ®a, T = 7 ®a, 1+ 1(0) ®a,, (rpy — senlr))

with r(g) ®a, (rpi) — sen(rpy)) € Ri ®a, kerey,. Then, denoting by py, the right F}-coaction
on Ry induced by pg, , we have

Pk () = 1@, 1+ h(h ™ (rig) ®a, (rpy) — s2a(ry))))

with (0] ®Ah h71<7’[1] — SEh(T’[l])) € Ry, ®Ah ht kere, < Ry ®Ah hilfh, and therefore we
eventually end up with py, (r) = ®4, 1 modh.
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Finally, the last statement about R, #F},’ being a quantisation of R#V (L*) follows at once
from the above along with Theorem 3.9. O

Needless to say, a similar statement can be made when starting from right quantum bial-
gebroids. The dual result, concerning the Drinfeld functor (—)’, reads as follows:

Theorem 3.14. Let (U, Ap) € QU™ be a left quantum universal enveloping bialgebroid
and Ry, an h-topologically complete k[[h]]-algebra that is a braided commutative monoid in
v, YD Ur and such that R, /hR}, is commutative. Moreover, assume that

PRy, (T) =7 ®a, th mod

with respect to the right Uy-coaction pg, on Ry,. Then Ry, is a braided commutative YD algebra
over Uj, for which the Uj -action on Ry, has the property

ur =0 modh

for all uw € kereyy; and r € Ry,. Furthermore, there exists a canonical isomorphism
v

Ry #U;, — (Ry#Uy)

of left bialgebroids over Ry, given by r ®a, v — 1 ®a, u for all r € R, and u € U;. In par-
ticular, R, #U, is a left quantum formal series bialgebroid over R;, whose semiclassical limit
is R#J(L*) if the semiclassical limit of Uy, is VL and that of R, is R, hence, R,#Uj is a
quantisation of R#J(L*).

Proof. That Ry, is a braided commutative YD algebra over Uj if it so over U, follows from
the very definition of (—)’ along with Theorem 3.13 and (a right dual version of) Lemma 1.3,
after adapting the latter to the present setup of the topological bialgebroid U; which is not
finite projective as an Aj,-module but rather a direct limit of finite projective submodules,
that is, ind-projective (cf §3.2). The claimed isomorphism then follows via a chain of duality
isomorphism. More precisely,

(Ru#tUn) — , ((Ra#Un)*)") == L ((UF#Rn)Y)
(O #R) = R (UF)") = RiU,
where the first and the last arrow are just the definitions, the second arrow is the isomor-
phism from Theorem 2.7 once suitably adapted to the present case of an ind-projective bial-
gebroid Uj, (as explained in §3.3), the third arrow is the isomorphism from Theorem 3.13
right above, and the fourth one is the isomorphism arising from a right bialgebroid version
of Theorem 2.7 again. More in detail, we are applying the right (quantum) bialgebroid ver-

sion of Theorem 3.13 to F}, := U}*. In this case, the condition rf = 0 modh for the (right)
action of all U} on R}, is fulfilled because of the following chain of identities:

rf = 1101<1115 ) =mod n) T{1Uy, > f) =(mod 1) 7(f),
where ¢ denotes the right counit of U, analogous to Eq. (C.3). This implies f = 0 mod h for
all fekerd and r € Ry,.
Finally, let us check that the additional property

ur =0 modh 3.1)

is fulfilled for all u € kere’ and r € Ry, where ¢’ := cy;. Abbreviating ¢ := ¢y, recall
that the left bialgebroid U,, splits, as a left A,-module, into .U, = s(Ap) @ kere. Simi-
larly, the right bialgebroid U splits, as a right A;-module, into U = t"(A}) @ ker 0. With
respect to the natural pairing (-,-): U¥ x U, — Aj, as described in (C.2), the very defini-
tion U, := .((UF)") implies {((U})",U}) < Ap, and therefore (h='kero,U;) < Ay, which,
in turn, means <(ker0,U;,) < hA,. Now look at kere’ = Uj, n kere. On the one hand, we
have (ker 0,kere’) < hAj, by the previous analysis; on the other hand, the definitions give
<1U;§,ker ey = 0, hence <1U}T,ker e’y = 0 as well. This together with the splitting of U;*_ as
above leads to the conclusion that (U}, kere’) < hAj, hence kere’ < h(.(Ujf)) = hUy. The
outcome is ker e/ < hUj, which obviously implies (3.1).
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At last, the final part of the statement, that is, the one about R, #U; being a quantisation
of R#.J(L*), follows from the above together with Theorem 3.9. O

Again, starting from right quantum universal enveloping bialgebroids yields an analogous
result. To conclude, let us sum up the content of Theorems 3.13 & 3.14 in a unified and
concise statement; to this end, let us introduce the following subcategories first:

Definition 3.15. Let R, be any h-topologically complete k[[h]]-algebra such that R, /hR), is
commutative. We denote by:

(i) Ap-¢QFT* the subcategory of £QF®" whose objects are quantum groupoids of the form
Ry, #F), for some F}, € £QF*" such that R}, is a braided commutative monoid in YD Fh,
(i) Ap-£QUT" the subcategory of £QU™" whose objects are quantum groupoids of the form
R, #U}, for some U, € EQUA*‘ such that R}, is a braided commutative monoid in ¢/, YD Un,

Objects in these categories will be referred to as (left) action quantum groupoids.

As always, a similar definition applies when replacing left by right everywhere. Our reca-
pitulatory statement then reads as follows:

Theorem 3.16. Let R;, be any h-topologically complete k[[h]]-algebra such that Ry /hR}, is
commutative. Then the two Drinfeld functors (—)" : £QFT" — QU™ and (-)': £QU —
LQF " restrict to functors

(=) : Ap-LQFRn — A, -2QUP", (=)': Ap-LQUR» — A} -LQFFr

which are isomorphisms (between categories) that are inverse to each other. A parallel, right-
handed statement holds true as well.

Remark 3.17. Directly by construction and/or from our results above, one sees that R, #Hj,
resp. H,# Ry, is a left, resp. right, quantum groupoid over R;,, that is, a quantum universal
enveloping or formal series bialgebroid if H; is so. More precisely, every action quantum
groupoid is a “quantum action groupoid”, in the following sense: with assumptions as in Def-
inition 3.15 above, if H}, is a quantisation of the (classical) bialgebroid H over A := A}, /hA},
then R := R;,/hRy, is a braided commutative YD algebra for H, and Ry #H}, resp. Hp#Ry, is
a quantisation of the (classical) action bialgebroid R#H, resp. H#R.

Examples 3.18.

(i) Let Fy, := F[[G]] be a quantum formal series Hopf algebra over a Poisson (algebraic or
Lie) group G; hence, it is a particular type of (left and right) quantum formal series bial-
gebroid, ¢f [ChGa] and references therein. As every Hopf algebra is a braided commuta-
tive YD algebra over itself (either by means of the adjoint action and the coproduct or by
the product and the coadjoint coaction), one obtains an action bialgebroid (Fj,#F}, Fr)
whose semiclassical limit is F[[G]|#F[[G]] = F|[G x G]]: therefore, we can see F),#F}, as
a quantisation of the action groupoid G x G; this action bialgebroid (Fj,#F}, F;,) whose
underlying algebra structure is that of the Heisenberg double, could be termed Weyl Hopf
algebroid, see Example 2.3, while the underlying action groupoid G x G is the symplectic
double of G (see, for instance, [Lul, Lu2]).

Now, let us apply Theorem 3.13 to the action quantum groupoid F},# F},: the outcome is
that (Fp#F),)Y = Fp#F, = F,#Up, where Uy, = Uy (g*) := F}’, is a new action quantum
groupoid (actually, a left quantum universal enveloping bialgebroid) whose semiclassical
limit is a (left) action bialgebroid of the form F[[G]]#U(g*) = V(G x g*), with respect to a
well-defined structure of braided commutative YD algebra over U(g*) on F[[G]]. In short,
(Fn#tFy)Y = Fyp#F)’ is a quantisation of the action Lie-Rinehart algebra F[[G]] % g*, or
also (in an infinitesimal sense) of the action groupoid G x G*.

(it) Let Uy, := Up(g) be a quantum universal enveloping algebra over the Lie bialgebra g, so it
is a particular type of (left and right) quantum universal enveloping bialgebroid, cf. again
[ChGa]. Note that Uy, is a direct limit of a directed system of finite projective (left and
right) Aj,-modules: then the definition/construction of left and right dual bialgebroids
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can be repeated for U}, (as explained in §3.2, also taking into account that we are now in
the simpler context of (topological) Hopf algebras rather than bialgebroids) so that the
dual F}, = F,[[G]] := (Un(g))" = (Un(g)), is a quantum formal series Hopf algebra over
the (formal) group G associated to g, in the sense of [ChGa]; note that, in this case, right
and left duals coincide. In addition (again because U, is a direct limit of finite projective
Ap-modules), we have an identification U;, = F} (a suitable topological dual) and, in
addition, also the proof of Lemma 1.3 adapts to the present setup. Therefore, by part
(i), we first consider F}, as a braided commutative YD algebra over itself and consider
the left (action) bialgebroid (F}#F), F},); second, applying Lemma 1.3, we find that Fj,
is also a braided commutative YD algebra over U,. This, in turn, leads us to introduce
the right (action) bialgebroid (U,#F},, Fi,) whose semiclassical limit is U(g)#F[[G]] =
V(g x F[[G]]): therefore, we can see U, #F), as a quantisation of the symplectic groupoid
G x G, or rather of the associated (tangent) action right Lie-Rinehart algebra g x F[[G]]
over the base algebra F[[G]].

Now, let us apply (the right-handed version of) Theorem 3.14 to the action quan-
tum groupoid U,#F}. Writing Fj,[[G*]] := U;, the outcome now is that (Un,#F) =
U,#F, = F[[G*]]#F} is a new action quantum groupoid (actually, a right quantum
formal series bialgebroid) whose semiclassical limit is a (right) action bialgebroid of the
form F[[G*]|#F[[G]] = F[[G » G*]], with respect to a well-defined structure of braided
commutative YD algebra over F[[G*]] on F[[G]]. In short, (U,#F})" = Uj#F}, is a quan-
tisation of the action groupoid G x G*.

(iii) Comparing the constructions in parts (i) & (ii) above, if we take F} and U, dual to each
other, that is, F, = U} and U, = F}}, then the two action bialgebroids F},#Fj, and U, #F},
are connected via Lemma 1.3: in particular, they are dual to each other again. But then,
by Lemma 1.3, Theorem 3.13, and Theorem 3.14, we find that also the action bialgebroids
(Fn#Fy)Y = Fp#Fy and (Up#Fy) = Up#F), are dual to each other. Therefore, the
same happens with their semiclassical limits F[[G]|#F[[G*]] and U(g*)#F[[G]]. The
outcome is that the mutually dual quantum action groupoids F,,#F)’ and U; #F}, provide
mutually dual quantisations of a common, underlying geometrical datum, the action
groupoid G x G*.

(iv) From a different point of view, it is explained in [Lul, Lu2] that all quantum action
bialgebroids presented in (i), (ii), and (iii) above can be seen as providing a quantisation
of the dressing action of G* on G and of G on G*.

APPENDIX A. COMODULES AND YD MODULES OVER BIALGEBROIDS

The next few sections lists a multitude of technical details needed in the main text. With
the exception of §C.2, all of this is standard material (or can be more or less directly deduced
from such), and can be found anywhere in the bialgebroid literature.

As for the categories U-Mod and Mod-U of left resp. right modules over a left bialgebroid
(U, A, s,t, A €), although the first one is monoidal and the second one is not, in both cases one
has a forgetful functor U-Mod — A°-Mod resp. Mod-U — A°-Mod with respect to which
we denote

av>mab:=s(a)t(b)m, brn<a:=ns(a)t(d) (A1)

for a,b e A, m € U-Mod, and n € Mod-U.

A.1. Aright comodule over a left bialgebroid (U, A) is a pair (M, py) of a right A-module and
aright A-linear U-coaction py;: M — M ® 4 .U, which induces a left A-action with respect to
which the coaction becomes linear as well and corestricts to the Takeuchi subspace M x 4 U:

pu(ama’) = mio ®a a»mpyaa’,  amp®a mpy = mp) ®a mp « a, (A.2)

where am := mygje(mp] « a) is the induced left A-action and pys(m) =: mg ®4 mp], us-
ing a Sweedler square bracket subscript notation. The respective category is denoted by
Comod-U, while the category U-Comod of left U-comodules is defined along analogous lines.
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A.2. Aleft-left Yetter Drinfeld (YD) module M over a left bialgebroid (U, A) is at the same time
aleft U-module U @ M — M, (u,m) — wm and a left U-comodule \y;: M — U, ®4 M, m —
m(—1) ®a m(g) such that the forgetful functors U-Mod — A°-Mod and U-Comod — A°-Mod
coincide on M, that is,

avrm<a =amad

for a,a’ € A and m € M, and, in particular, such that for all w € U and m € M
u()m(—1) ®a ugym(o) = (u)m)-1)uz) ®a (u@ym) ) (A.3)

holds, the corresponding category of which is braided monoidal (see below) with respect to
®4, unit object given by the base algebra A, and denoted by &, YD. There is a monoidal equiv-
alence between this category and the (left weak) monoidal centre of the category U-Mod.

A.3. Likewise, a left-right Yetter Drinfeld module M over a left bialgebroid (U, A) is at the
same time a left U-module UQ M — M, (u, m) — um and a right U-comodule pp;: M - M®4
U, m — myo] ®4 myy] such that the forgetful functors U-Mod — A°-Mod and Comod-U —
A°-Mod coincide on it, i.e.,

a>m<a =amad (A.4)
for a,a’ € A and m € M, and such that for allu e U and m € M
u(ymio] ®a u@ympy = (wm)po) ®a (wem)pyua) (A.5)

holds , the corresponding category of which is braided monoidal (see below) with respect to
®4, unit object given by the base algebra A, and denoted by ;YDY. This time, there is
a monoidal equivalence between this category and the (right weak) monoidal centre of the
category U-Mod.

A.4. A monoid in ;yYDV for a left bialgebroid (U, A) is a left-right YD module R € ; YDV,
which is also a monoid in U-Mod, meaning not only
u(r-r') = (uqyr) - (u@r’), ulp = e(u) »1g, (A.6)
but also
a(r-r') = (ar) -1, (r-ra=r-(ra), (ra)-r" =r-(ar’) (A.7)
for the left and right A-actions on R. Moreover, it is a monoid in Comod-U*°P, that is,
(r- ")) ®a (r- 7)) = 7o) oy ®a T[T Loy ®a 1) = 1r®a 1u. (A.8)
Finally, a monoid in YDV is called braided commutative if
rer’ =7y (rgr) (A.9)

for r,7" € R is fulfilled.

A.5. Given a right B-bialgebroid (V,B,s,t,A,?d), recall that a left V-comodule is a pair
(M, Apr) of a left B-module and a left B-linear left V-coaction A\y;: M — V., ®p M induc-
ing a right B-action such that the coaction becomes linear as well and corestricts to V, x g M:

A (bmb') =b» mEY o @ m®, mEY @ m 9 =bemY @ m©, (A.10)

where mb := d(b » m=)m( is the right B-action, and where we employed the Sweedler
superscript notation \y;(m) = m(~Y ®p m®. Denote by V-Comod the category of left V-
comodules, while Comod-V denotes the category of right V-comodules.
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A.6. In a similar spirit as for left bialgebroids, one can define right-right and right-left YD
modules for right bialgebroids, see below, but not left-right or left-left ones. For example,
a right-left Yetter Drinfeld module M over a right bialgebroid (V, B) is at the same time a
right V-module M ® V. — M, (m,v) — mv and a left V-comodule \y;: M — V, ®p M, m —
mY @z m such that the forgetful functors U-Mod — Mod-B¢ and Comod-U — Mod-B°®
coincide on M, that is,
brm<b =bmb

for b,/ € B and m € M, plus the compatibility

m M @5 m© 4 = v (M) @y (myM)© (A.11)
between action and coaction. Similar comments to what was said in §A.2 & §A.3 apply, and a
similar definition can be made for right-right Yetter-Drinfeld modules over right bialgebroids.

A.7. In an analogous spirit, a monoid in VYD for a right bialgebroid (V, B) is, first of all, a
right-left YD module R € VYD which is, second, a monoid in Mod-V, that is,

(r-rw = (ro®) . (ro®), 1rv = 1 <« d(v),
which implies
b(r - = (br) - (r'V), (rb) -7 =r-(br')

for the left and right B-actions on R and b, b’ € B. Third, it is also a monoid in V°P-Comod:

(r- 7«')(—1) Qp (r- 7"/)(0) =D @p (0L 7O) 1D 2519 =1, ®p 15. (A.12)
A monoid in VYD is called braided commutative if

rer’ = (D)) (A.13)

for r,r’ € R is fulfilled.

APPENDIX B. LEFT AND RIGHT AND RIGHT AND LEFT HOPF ALGEBROIDS

B.1. Left and right Hopf algebroids over left bialgebroids. For a left bialgebroid (U, A4),
consider the maps

ap: U@®aow Ui — Us®@aU  uQpor ! = up)®a upt,
ar: U ®aU — U, Qa.U, u®au = umu ®a up),
of left U-modules. Then (U, A) is called (a) left Hopf (algebroid) if «, is invertible and (a) right
Hopf (algebroid) if this is the case for «,.. Abbreviating in a Sweedler spirit

Uy Rpop U_ = a[l(u ®a 1),
Ups) @4 U o (1®a ),

with implicit summation, one has

Uy ®paop U € U X gop U, (B.1)
Up)y@atupu— = u®al €eli®a.U, (B.2)

U1y @aoe uy—U@) = U®ar 1 €,URa»Us, (B.3)

Ug(1) ®A Up(2) @ace U = U1y ®a U2)4+ Dace U2)—, (B.4)

Ut & Aop U_(1) ®a U_(2) = Uty R a0 U— R4 Uy, (B.5)
(W) 4 ®aep (WV)— = ULV; ®p0p V_U_, (B.6)

uru_ = s(e(u)), (B.7)

e(u_)ruy = u, (B.8)

(s(a)t(a’))y ®aor (s(a)t(a"))- = s(a)®aor s(a’) (B.9)

for the left Hopf structure [Sch], where in (B.1) the Takeuchi-Sweedler product
UXpgop U = {21%@“; €U Quor U | Dui< a®@uy = >,u; @avug, Yae A},
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is meant. If the left bialgebroid (U, A) is right Hopf, one analogously verifies

U ®au; € UxyU, (B.10)

U)U- a2y = 1®au € li®asU, (B.11)

Uy A Uy u) = u®al €li®asU, (B.12)

Urpy(1) ®a U A Upyg2) = U4 @A U1y a4 U(a), (B.13)
U @A U1 @A) = Uy ®a U ®A Ur_y(2)s (B.14)
(W) @4 (u0)-) = UV ®a VU, (B.15)

upu-y = t(e(u)), (B.16)

uy<e(uy) = wu, (B.17)

(5(a)t(a)) 1 ®a (@K@ = ta) ®ata), (B.18)

see [B6Sz, Prop. 4.2], where in (B.10) we denoted
UxaU:= {Zﬂi@%‘ elU.®aU | X0 u; @v; = Y,u; @ < a, VaeA}.
For a left bialgebroid (U, A) that is both left and right Hopf, one even has the mixed relations

(4] ®aor U @A U] = Upgt Daor Upy— 4 U, (B.19)
Uy @por U @A U] = Uy Daor U1)— @A U2), (B.20)
U] @A U4 Raer U—1— = U2)+) @A U(2)—) ®acr U(1), (B.21)

as proven in [ChGaKo, Lem. 2.3.4].

B.2. Left Hopf algebroids over right bialgebroids. Of course, the notion of (left or right)
Hopf algebroid also exist if the underlying bialgebroid is a right instead of a left one. Since
we are going to deal with the dual of left bialgebroids (which are right bialgebroids), we will
need (at least one of) these concepts as well: we say that the right bialgebroid (V| B) is a left
Hopf algebroid if the Hopf-Galois map

Be:Ve®p .V - Ve®p,U, v®pgv— v @vv?, (B.22)
is bijective. Again, we define the corresponding translation map by
v @p o =B (v 1). (B.23)

As a side comment, in case B = k is central in V, the map 3, is invertible if and only if V is
a Hopf algebra, and one has v!"! @ v'*! = S~ (v(2)) ® v(1).

Remark B.1. This latter definition might now lead to slight confusion in terminology as
saying “left/right Hopf algebroid” does not specify whether the underlying bialgebroid is left
or right, whereas “left/right Hopf algebroid over a left/right bialgebroid” or the like unfortu-
nately appears somewhat clumsy. We still want to stress that interchanging left and right
here is more than a pure exercise in chirality yoga: this determines the monoidality of the
respective category of modules.

Let (V, B) be a left Hopf algebroid over an underlying right bialgebroid. The following
identities are true with respect to 3, ! (v ®p 1) from (B.23):

v epo™ e VxpgV, (B.24)

VD @p o ME = v@pl eV.®sp,Y, (B.25)
vy @ v“) = 1®B v eVi®p.V (B.26)

vV @p v @p v = M) @p il @p yH1(2) (B.27)
VD @p o@D @p o = W @p oI @p oI, (B.28)
(vw)~' @5 (Uw)m = W @por vl (B.29)
ol = 7 (0(v)), (B.30)

<) = v, (B.31)

(s"(®)t" ()" ®s (s ()tr(b'))+ = t"(b)®@p t"(V), (B.32)
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where in (B.24) we mean the Sweedler-Takeuchi product

V xgV = {Zin-@wieV@BV | b v @w; = Y,v; @w; < b, VbeB}.

APPENDIX C. DUALS OF BIALGEBROIDS
C.1. Left and right duals. In this section, we mainly recall how the left dual
Uy :=Homa (LU, 4A)

for a left bialgebroid (U, A) becomes a right bialgebroid if the left A-module .U is finitely
generated projective over A. In longer expressions, we will frequently write (¢, u) to mean
¥ (u) for ¢ € U, and u € U, as this increases readability (at least in our opinion). A discussion
similar to what follows also holds for the right dual

U* = HOIHAOp(Uq,AA);

the details of which are found, e.g., in [Ko, §2.4]. Starting from a right bialgebroid (V, B)
leads in an analogous way to two duals denoted .V and *V; see, for example, [ChGa, §3.4].

More in detail, dualising a left bialgebroid (U, 4, s%,t‘,A,,¢) gives a right bialgebroid
(U, A, 87,17, A, 0) over the same base algebra if .U is assumed to be a finitely generated
left A-module via the source map. To begin with, the product is given by

(Y (u) = &' upy < B ug))), (C.1)
where u € U, 1,1’ € Uy, which induces an A¢-ring structure by defining source and target:
st A—> Uy, a—e((-)ca) =¢()a, t": A—> Uy, a—celar ().
Denoting as in (A.1) for every (left or right) bialgebroid the four A-actions on U, by
avpab=s"(a)t"(b)p, arp«b=1t"(a)s"(b)
for ¢ € Uy, a,b € A, one obtains the identities

<w7abu> = a<w’u>> <1/}>’U’<]a> = <abw’u>7 <waa’u> = <’(/}<la’7u>7 (C.2)
<1/)7U‘a> = <a’¢’u>7 <'¢)<a’7u> = <T/)7U>a7 '

hence a left A°-pairing. The A-coring structure on (U, 4), in turn, is given by

A, Uy > Homa (U ®4 .U, A), - {u®au — Pp(uu)},

0 :Ux > A, P P(1ly). (C.3)

In case .U is finitely generated A-projective and therefore U, as well (see below), then
Use @4, Uyp — HOInA(U< X4 DU,A), P ®a 7/}, — {u av— <7j/,u < <¢,U/>>}a (C4)

is an isomorphism and the map A,: ¢ — 1Y) ®,4 /(? above defines a right (as opposed to
left) coproduct, i.e.,

WP u W 'Yy = @b, uy, (C.5)

and the map ¢ above is a (right) counit such that the coproduct A, becomes counital. Choos-
ing a dual basis {e;}1<j<n € U, {¢'}1<;j<n € Uy, one writes

u =3, uyvej, (C.6)
and from there, using (C.2),
Wy = X< <60 wy v eg) = 3 (e up(p, e5) = 3 (e « (s e5),u),
and therefore
=3¢ «(Y,e)). (C.7)

Hence, as claimed above, if .U is finitely generated A-projective, then U, is so as well.
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C.2. Duals as right/left Hopf algebroids. If the left bialgebroid (U, A) is a left Hopf al-
gebroid, then the right bialgebroid given by the right dual (U*, A) is a right Hopf alge-
broid, and if the left bialgebroid (U, A) is a right Hopf algebroid, then the right bialgebroid
given by the left dual (U, A) is a left Hopf algebroid, as explicitly proven in [Ko, §3]: if
{ei}1<i<n € U, {€'}1<i<n € U* is a dual basis for the right dual of U, then the translation map
reads

" Quor T = 2 &' @aor (i > @)
for ¢ € U*, where

(e 9)(t) i= e((u_u') vy ).

If, on the other hand, {e;}1<j<n € U, {¢7}1<j<n € Uy is a dual basis for the left dual of U, then
on U, one obtains the translation map as

P @4y =3¢ ®a (5> ) (C.8)
for ¢ € Uy, where
(> ) (') == e(us <« luiyu')). (C.9
As in [Ko, Lem. 3.3], it is a direct check that
@ uy et = uah. (C.10)

Finally, recall the map S*: U* — U, from [ChGaKo, Eq. (5.1)]; one has, using (B.21),
(u»S*P)(u) = (u' & ¢)(u)

for ¢ € U*, which appears somehow curious.
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