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ABSTRACT. We study the effect of linear duality on action bialgebroids (also known as smash
product or scalar extension bialgebroids) and, for those bearing a quantisation nature, the effect
of Drinfeld functors underlying the quantum duality principle. By means of various categorical
equivalences, it is shown that any braided commutative Yetter-Drinfeld algebra over any bialge-
broid is also a braided commutative Yetter-Drinfeld algebra over the respective dual bialgebroid.
This implies that the action bialgebroid of the dual exists, which is then proven to be isomorphic,
as a bialgebroid, to the dual of the initial action bialgebroid: in short, (linear) duality commutes
with the action bialgebroid construction. Similarly, for quantum groupoids to which the Drinfeld
duality functors apply and the quantum duality principle holds, these Drinfeld duality functors
are shown to commute with the action bialgebroid construction as well.
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INTRODUCTION

In the theory of (Lie) groupoids, a first important subclass is that of action groupoids,
that is, those that express a group action: in fact, one can see this as the first non-trivial
example that naturally extends the notion of groups to that of groupoids. The corresponding
infinitesimal notion is that of action Lie algebroid, that is, a Lie algebroid that arises from a
Lie algebra acting on some representation space, see, e.g., [Mac, CaLaPi].

In a purely algebraic language, groups correspond, loosely speaking, to (special subclasses
of) Hopf algebras, and groupoids to Hopf algebroids, or, more in general, to bialgebroids; in
particular, action groupoids correspond to the subclass of action bialgebroids, also known as
smash product bialgebroids, or still scalar extension bialgebroids, see, e.g., [BáSz, St, StŠk].

A special feature of the notion of Hopf algebra is its self-duality, in that the linear dual of
a (finitely generated) Hopf algebra is again a Hopf algebra (up to technicalities). This nice
behaviour extends to the more general notion of bialgebroids (and even Hopf algebroids) that
are also self-dual, up to an important caveat: indeed, the very notion of bialgebroid is two-
fold as one defines both left and right bialgebroids. Moreover, every bialgebroid (either left or
right) has two natural duals, a left and a right one; hence, both a left and a right linear duality
functor are defined and starting with left or right bialgebroids, this construction eventually
gives rise to four linear duality functors. Finally, these four duality functors switch chirality:
the dual of a left bialgebroid pU,Aq is a right one, and vice versa.
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All this is well known [KadSz] and fully settled under some projectivity and finiteness
assumptions for (one of) the underlying A-module structure; if this fails to be, one still has
some control by considering notions such as topological bialgebroids, or the like, similar to
the Hopf algebra case. In fact, this is what happens with universal enveloping algebras VL
and jet bialgebroids JL, see [KoPo], associated to some Lie-Rinehart algebra pL,Aq: assuming
that L is finitely generated projective over the base algebra A, both VL and JL are not finitely
generated projective but they can still be seen as dual to each other, i.e., non-degenerately
paired via linear duality functors as above, up to some technicalities (including that JL is a
bialgebroid only in a suitable topological sense).

A second special type of duality arises when dealing with bialgebroidsWh that are (formal)
quantisations of some VL or some JL, for some Lie-Rinehart algebra pL,Aq as above: one has
two functors Wh ÑW_

h and Wh ÑW 1
h such that

– if Wh is a quantisation of JL, then W_
h is a quantisation of V pL˚q,

– if Wh is a quantisation of VL, then W 1
h is a quantisation of JpL˚q,

where L˚ “ HomApL,Aq denotes the dual Lie-Rinehart algebra. This phenomenon, known
as quantum duality principle, sprouts from a key idea of Drinfeld for quantum groups, later
extended to quantum groupoids in [ChGa]. Note that, in this case, both functors preserve
chirality, in that if Wh is a left (resp. right) bialgebroid, then so are W_

h and W 1
h.

In this paper, we investigate what happens with linear duality (in general) and Drinfeld
duality functors (in the quantum setup) when working with action bialgebroids.

First of all, an action bialgebroid has the form R#U , where pU,Aq is a left bialgebroid and
R a braided commutative monoid in the category of Yetter-Drinfeld modules over U . Theorem
2.5 presents a couple of criteria in order to recognise those bialgebroids that are action bial-
gebroids. Starting from a right bialgebroid pV,Bq and for a braided commutative monoid S
in a respective Yetter-Drinfeld category, a similar construction of an action bialgebroid of the
form V#S applies. In Lemma 1.3 and Theorem 2.7, we prove (see the main text for details
and notation):

Theorem. Let pU,Aq be a left bialgebroid such that ŻU is finitely generated A-projective and
let U˚ :“ HomApŻU ,Aq be its left dual. Then, if R is a braided commutative monoid in UYDU ,
it is also so in U˚YDU˚ and vice versa; in particular, there is an isomorphism

HomRpR#U,Rq » U˚#R,

of right bialgebroids, which, if U is a right Hopf algebroid (over a left A-bialgebroid), is an
isomorphism of left Hopf algebroids (over right R-bialgebroids).

This expresses the fact that (linear) duality commutes with the action bialgebroid con-
struction. As for Drinfeld duality, we study the effect of the two Drinfeld functors p´q_ and
p´q1 to quantum groupoids that are, in addition, action bialgebroids, say, Fh#Rh and Rh#Uh.
The outcome is formulated in Theorems 3.13 & 3.14, see again the main text for the men-
tioned technical details and notation:

Theorem.
(i) Let pFh, Ahq be left quantum formal series bialgebroid and Rh an h-topologically complete

krrhss-algebra that is a braided commutative monoid in Fh
YDFh , and such that Rh{hRh

is commutative. Then, up to a technical assumption, Rh is a braided commutative YD al-
gebra over F_h as well, and there is a canonical isomorphism

Rh#F_h » pRh#Fhq
_

of topological left bialgebroids over Rh. In particular, Rh#F_h is a left quantum universal
enveloping bialgebroid over Rh.

(ii) Let pUh, Ahq be a left quantum universal enveloping bialgebroid andRh an h-topologically
complete krrhss-algebra that is a braided commutative monoid in Uh

YDUh , and such that
Rh{hRh is commutative. Then, up to a technical assumption, Rh is a braided commutative
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YD algebra over U 1h as well, and there is a canonical isomorphism

Rh#U 1h » pRh#Uhq
1

of left bialgebroids over Rh. In particular, Rh#U 1h is a left quantum formal series bialge-
broid over Rh.

These statements, in turn, express the fact that Drinfeld functors commute with the action
bialgebroid construction as well. It is worth stressing that for proving pRh#Uhq

1 » Rh#U 1h
we actually resort to a linear duality trick, relying on the previous results (suitably adapted
to the specific situation).

Some final words about the organisation of the paper. Section 1 presents some categorical
equivalences regarding Yetter-Drinfeld modules and linear duality in the realm of bialge-
broids. Section 2 focuses on action bialgebroids, extending the well-known construction from
[BrzMi] from Hopf algebras to (right) Hopf algebroids (over left bialgebroids), formulating a
right handed-version of this construction, presenting a characterisation of such action bial-
gebroids, and finally also the above mentioned results on the dual of action bialgebroids.
Section 3 is devoted to action bialgebroids in the quantum framework, namely the one set up
in [ChGa]: in particular, building upon the results therein about Drinfeld functors and the
Quantum Duality Principle, we apply Drinfeld functors to action bialgebroids, thus finding
that those functors “commute” with the action bialgebroid construction. Finally, the appen-
dices list essentially all technical tools needed in the paper.

Notation. Let k be a commutative ring, possibly a field or of characteristic zero. As custom-
ary, unadorned tensor products or Homs refer to those over k. Sweedler notation subscripts
typically refer to left bialgebroids, superscripts to right bialgebroids, while left comodules are
indicated by round brackets, right comodules by square brackets. The three appendices give
a detailed account on all employed bialgebroid related notation.
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MatMod@TOV (CUP:E83C23000330006). Both F. G. and N. K. are members of the Gruppo
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part of this work has been achieved, for hospitality and support via the CNRS; also partially
supported by the Swedish Research Council under grant no. 2021-06594 while in residence
at the Mittag-Leffler Institute in Djursholm, Sweden, during spring 2025.

1. CATEGORICAL (CO)MODULE EQUIVALENCES

This section contains a couple of categorical equivalences that will be needed to dualise
action bialgebroids in the next section. For all technical details and notation employed re-
garding bialgebroids, their duals, their modules and comodules, Yetter-Drinfeld modules, and
Hopf algebroids, see the three appendices A–C.

Lemma 1.1. Let pU,Aq be a left bialgebroid and U˚ and U˚ its left and right dual as defined
in Appendix C.1.
(i) If pU,Aq is left and right Hopf and if both UŽ and ŻU are right and left projective over A,

then there is a (strict) equivalence

U -Comod » Comod-U, (1.1)

which induces a (strict) equivalence
U
UYD » UYDU

of monoidal categories.
(ii) There are (strict) equivalences

Mod-U˚ » U -Comod, Comod-U »Mod-U˚
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of monoidal categories, which under the assumptions of part (i) induce an equivalence

Mod-U˚ »Mod-U˚ (1.2)

of monoidal categories.
(iii) If UŽ resp. ŻU is finitely generated A-projective, then there is a (strict) equivalence

Comod-U˚ » U -Mod resp. U -Mod » U˚-Comod,

of monoidal categories, and hence, if both projectivity assumptions on U are met, then one
has a (strict) equivalence

Comod-U˚ » U˚-Comod (1.3)
of monoidal categories.

(iv) If UŽ is finitely generated A-projective, then by means of parts (i) & (ii), there is a (strict)
braided monoidal equivalence

YDU˚

U˚ »
U
UYD.

with respect to the right dual. If ŻU instead is finitely generated A-projective, then there
is a braided (strict) monoidal equivalence

U˚YDU˚ » UYDU

with respect to the left dual.
(v) Therefore, in case U is both left and right Hopf and also finitely generated A-projective in

both aforementioned senses, one has a (strict) equivalence

YDU˚

U˚ »
U˚YDU˚

of braided monoidal categories.

Proof. We limit ourselves to investigate what is happening on the objects of the respective
categories and leave all aspects regarding the respective morphisms to the reader. Observe
that in all parts the functor that induces the claimed equivalence is the identity on objects.
(i) The equivalence of the comodule categories has been given in [ChGaKo, Thm. 4.1.1]: let

us only recall from loc. cit. that if U is left Hopf and UŽ right projective over A, as well as
m ÞÑ mr0s bA mr1s a right U -coaction on a right A-module M , then

λM : M Ñ U bAM, m ÞÑ mr1s´ bA mr0sεpmr1s`q, (1.4)

defines a left U -coaction on M ; while if U is right Hopf and ŻU projective over A, as well
as starting from a left coaction m ÞÑ mp´1q bA mp0q on a left A-module M , then

ρM : M ÑM bA U, m ÞÑ εpmp´1qr`sqmp0q bA mp´1qr´s,

defines a right U -coaction on M .
Let us now assume that M P UYDU is a left-right YD module in the sense of §A.3. If

pU,Aq is both left and right Hopf, then M is a left-left YD module as well with respect to
the left U -coaction (1.4), that is, fulfils Eq. (A.3): indeed, one has,

pup1qmqp´1qup2q bA pup1qmqp0q
(1.4)
“ pup1qmqr1s´up2q bA pup1qmqr0sε

`

pup1qmqr1s`
˘

“ pεpup1qq Ż up2qmqr1s´up3q bA pεpup1qq Ż up2qmqr0sε
`

pεpup1qq Ż up2qmqr1s`
˘

(A.2)
“

`

εpup1qq § pup2qmqr1s
˘

´
up3q bA pup2qmqr0sε

`

`

εpup1qq § pup2qmqr1s
˘

`

˘

(B.16)
“

`

pup2qmqr1sup1qr`sup1qr´s
˘

´
up3q bA pup2qmqr0sε

`

`

pup2qmqr1sup1qr`sup1qr´s
˘

`

˘

(B.13)
“

`

pur`sp2qmqr1sur`sp1qur´s
˘

´
ur`sp3q bA pur`sp2qmqr0sε

`

`

pur`sp2qmqr1sur`sp1qur´s
˘

`

˘

(A.5)
“

`

ur`sp2qmr1sur´s
˘

´
ur`sp3q bA

`

ur`sp1qmr0s
˘

ε
`

`

ur`sp2qmr1sur´s
˘

`

˘

(B.6)
“ ur´s´mr1s´ur`sp2q´ur`sp3q bA

`

ur`sp1qmr0s
˘

ε
`

ur`sp2q`mr1s`ur´s`
˘

(B.3)
“ ur´s´mr1s´ bA

`

ur`sp1qmr0s
˘

ε
`

ur`sp2qmr1s`ur´s`
˘
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(B.21)
“ up1qmr1s´ bA

`

up2qr`sp1qmr0s
˘

ε
`

up2qr`sp2qmr1s`up2qr´s
˘

(B.13)
“ up1qmr1s´ bA

`

up2qr`smr0s
˘

ε
`

up3qmr1s`up2qr´s
˘

“ up1qmr1s´ bA
`

up2qr`smr0s
˘

ε
`

up3qmr1s` đ εpup2qr´sq
˘

(B.9)
“ up1q

`

mr1s đ εpup2qr´sq
˘

´
bA

`

up2qr`smr0s
˘

ε
`

up3q
`

mr1s đ εpup2qr´sq
˘

`

˘

(A.2)
“ up1qmr1s´ bA

`

up2qr`spεpup2qr´sqmr0sq
˘

ε
`

up3qmr1s`
˘

(A.4)
“ up1qmr1s´ bA

`

up2qr`sspεpup2qr´sqqmr0s
˘

ε
`

up3qmr1s`
˘

(B.17)
“ up1qmr1s´ bA

`

up2qmr0s
˘

ε
`

up3qmr1s`
˘

(A.4),(A.2)
“ up1qmr1s´ bA up2q

`

mr0sεpmr1s`q
˘

(1.4)
“ up1qmp´1q bA up2qmp0q,

where we used counitality and the character-like property of a bialgebroid counit in
the second, eleventh, and in the penultimate step, along with the Takeuchi property of
the bialgebroid coproduct. Hence, M also fulfils the defining Eq. (A.3) for left-left YD
modules. The opposite implication is left to the reader.

(ii) The first two equivalences of part (i) appear, e.g., in [ChGaKo, Prop. 4.2.1]. For later use,
we only recall from op. cit. that on a right U -comodule M , a right module structure over
the left dual U˚ is defined by:

mψ :“ mr0sxψ,mr1sy. (1.5)

The third equivalence follows from the previous two by combining them with part (i).
(iii) The first equivalence appears in [Ko, Lem. 4.6], the second equivalence follows analo-

gously. For later use, we only state that, if teju1ďjďn P U and teju1ďjďn P U˚ is a dual
basis, then by means of

m ÞÑ mp´1q bA m
p0q :“

ř

j e
j bA ejm,

resp. um :“ xmp´1q, uymp0q,
(1.6)

one assigns to any left U -action onM a left U˚-coaction onM , resp. to any left U˚-coaction
m ÞÑ mp´1q bA m

p0q on M a left U -action on M . As a result of both equivalences, if M is
a right U˚-comodule with coaction denoted m ÞÑ mr0s bA m

r1s, then

mp´1q bA m
p0q :“

ř

j e
j bA m

r0sxmr1s, ejy (1.7)

yields a left U˚-coaction, which establishes the equivalence (1.3). Observe that for this
no (left or right) Hopf structure is needed but see, however, Remark 1.2.

(iv) The first equivalence still appears in [Ko, Lem. 4.6]. The second one, in turn, is a mir-
rored version of the first with an analogous proof, which we nevertheless write down
here for future reference. To prove the Yetter-Drinfeld property,

xψp2qpmψp1qqp´1q, uy bA pmψ
p1qqp0q

(C.1)
“

@

pmψp1qqp´1q, up1q Ž xψp2q, up2qy
D

bA pmψ
p1qqp0q

(1.5)
“

@

pmr0sxψ
p1q,mr1syq

p´1q, up1q Ž xψp2q, up2qy
D

bA pmr0sxψ
p1q,mr1syq

p0q

(A.10)
“

@

mr0s
p´1q Ž xψp1q,mr1sy, up1q Ž xψp2q, up2qy

D

bA mr0s
p0q

(C.2)
“

@

mr0s
p´1q, up1q Ž

@

ψp2q, up2q đ xψp1q,mr1sy
D

D

bA mr0s
p0q

(C.5)
“

@

mr0s
p´1q, up1q Ž xψ, up2qmr1sy

D

bA mr0s
p0q

(A.10),(1.6)
“

ř

jxe
j , up1qy bA pejmr0sqxψ, up2qmr1sy

(C.6)
“ 1bA pup1qmr0sqxψ, up2qmr1sy

(A.5)
“ 1bA pup2qmqr0sxψ, pup2qmqr1sup1qy

(C.5)
“ 1bA pup2qmqr0s

@

ψp2q, pup2qmqr1s đ xψp1q, up1qy
D
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“ xψp1q, up1qy bA pup2qmqr0s
@

ψp2q, pup2qmqr1s
D

(1.5)
“ xψp1q, up1qy bA pup2qmqψ

p2q

(1.6)
“ xψp1q, up1qy bA pxm

p´1q, up2qym
p0qqψp2q

“
@

xmp´1q, up2qy Ż ψp1q, up1q
D

bA m
p0qψp2q

(C.2),(C.1)
“ xmp´1qψp1q, uy bA m

p0qψp2q,

which proves Eq. (A.11) for right-left YD modules over right bialgebroids, as desired.
(v) The proof of this part now follows directly from the preceding statements.
This concludes the proof of the lemma. �

Remark 1.2.
(i) The equivalence (1.2) can also be proven directly without the detour passing through

comodule categories by considering the maps S˚ and S˚ introduced in [ChGaKo, §4.2].
(ii) One might be tempted to think that the equivalence Comod-U˚ » U˚-Comod in (1.3) is

a simple consequence of a right bialgebroid version of the comodule equivalence (1.1) in
part (i) followed by the maps S˚ resp. S˚ just mentioned, which then necessarily requires
(left and right) Hopf structures, while the explicit formula (1.7) given in the proof shows
that this is not so. Indeed, if U is left and right Hopf, then both U˚ and U˚ are so as well
as indicated in §C.2, which leads to, for example, Comod-U˚ » U˚-Comod; passing then
from U˚-Comod to U˚-Comod by the map S˚ mentioned above, however, eliminates the
Hopf structure again in the explicit computation, and one reobtains, mildly surprisingly,
the simple explicit formula (1.7) that establishes the equivalence (1.3).

By the lemma just proven, we can perform the first step towards dualising action bialge-
broids.

Lemma 1.3. If R is a braided commutative monoid in UYDU , then it is also so in U˚YDU˚

and vice versa, provided that ŻU is finitely generated A-projective.

Proof. That an object R P UYDU is also an object in U˚YDU˚ follows from Lemma 1.1,
part (iv). We are left with proving that monoids both in U -Mod resp. Comod-U under the
equivalences from Lemma 1.1, part (ii), resp. part (i), turn into monoids in U˚-Comod resp.
Mod-U˚, and finally that the property of (braided) commutativity is preserved.

As for the first statement, assume that pR, ¨q be a monoid in U -Mod, which manifests
itself in Eqs. (A.6) & (A.7). Under the equivalence of Lemma 1.1, part (iii), by means of
Eq. (1.6), this defines a left U˚-coaction λR : R Ñ U˚ ˆA R on R. Pairing then the element
ř

j λRpr ¨ r
1q “ ej bA ejpr ¨ r

1q with any u P U in the first tensor factor, yields
ř

jxe
j , uy Ż ejpr ¨ r

1q “ upr ¨ r1q “ pup1qrq ¨ pup2qr
1q,

using Eq. (A.6). On the other hand, since the codomain U˚ ˆA R of the coaction λR is an
A-ring, it makes sense to write

λRprqλRpr
1q “

ř

j,kpe
j bA ejrqpe

k bA ekr
1q “

ř

j,k e
kej bA pejrq ¨ pekr

1q,

using the opposite product in U˚ as in Eq. (A.12). Pairing this with u P U yields
ř

j,kxe
kej , uy Ż

`

pejrq ¨ pekr
1q
˘

“
ř

j,k

@

ej , up1q Ž xek, up2qy
D

Ż pejrq ¨ pekr
1q

“
ř

k

`

pup1q Ž xek, up2qyqr
˘

¨
`

ekr
1
˘

“
ř

k

`

up1qr
˘

¨
`

pxek, up2qy Ż ekqr
1
˘

“ pup1qrq ¨ pup2qr
1q,

which is the same as above, and where we used the general property

ppu Ž aqrq ¨ pu1r1q “ ppurq Ž aq ¨ pu1r1q “ purq ¨ pa Ż pu1r1qq “ purq ¨ ppa Ż u1qr1q,
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for any u, u1 P U , r, r1 P R that originates from Eq. (A.7). Finally, from u1R “ εpuq Ż 1R one
directly obtains λp1Rq “ 1U˚ bA 1R. As a conclusion, R is a monoid in U˚-Comod if it is so in
U -Mod, and vice versa.

Next, assume that pR, ¨q is a monoid in Comod-U , that is, that Eqs. (A.8) hold. Then, with
respect to the right U˚-action (1.5), one has:

pr ¨ r1qψ “ pr ¨ r1qr0s
@

ψ, pr ¨ r1qr1s
D

“ prr0s ¨ r
1
r0sq

@

ψ, r1r1srr1s
D

“ prr0s ¨ r
1
r0sq

@

ψp2q, r1r1s đ xψp1q, rr1sy
D

“ prr0sxψ
p1q, rr1syqpr

1
r0sxψ

p2q, r1r1syq

“ prψp1qq ¨ pr1ψp2qq,

where we used the right U -comodule Takeuchi property (A.2) in step four. Moreover,

1R ψ “ 1r0sxψ, 1r1sy “ 1R đ xψ, 1U y “ 1R đ Bψ.

Hence, if R is a monoid in Comod-U , then it is also so in Mod-U˚ (and vice versa). Finally,
we have to show that braided commutativity (A.9) in UYDU implies an analogous property
in U˚YDU˚ . One understands that

r ¨ r1
(A.9)
“ r1r0s ¨ pr

1
r1srq

(1.6)
“ r1r0s ¨

`

xrp´1q, r1r1syr
p0q

˘

(A.7)
“

`

r1r0sxr
p´1q, r1r1sy

˘

¨ rp0q

(1.5)
“ pr1rp´1qq ¨ rp0q,

which is the braided commutativity for U˚YDU˚ , see Eq. (A.13). The reverse implications
follow by analogous arguments along the same lines. �

2. ACTION HOPF ALGEBROIDS AND THEIR DUALS

In this section, we shall discuss one of our main objects of study, that is, the construction of
new bialgebroids out of old ones by combining a smash product with a centre construction, or
more precisely, using monoids in the right weak centre of the monoidal category given by left
(resp. right) modules over a left (resp. right) bialgebroid. We will also discuss a recognition
theorem to understand when a bialgebroid bears such a structure.

2.1. Action bialgebroids and action Hopf algebroids. In this subsection, we will give a
straightforward generalisation to bialgebroids and even (right) Hopf algebroids of the origi-
nal result in [BrzMi, Thm. 4.1], where this was performed for Hopf algebras only as a starting
point. This is the content of the subsequent theorem.

Theorem 2.1. Let pU,Aq be a left bialgebroid and R a braided commutative Yetter-Drinfeld
algebra in UYDU . Then R#U is a left bialgebroid over R and a right Hopf algebroid if pU,Aq
already was a right Hopf algebroid.

Proof. First, let us fix the tensor product underlying R#U as R bA ŻU . The product structure
on this (seen either as a k-algebra or as an Ae-ring) is the customary smash product, i.e.,

pr bA uqpr
1 bA u

1q “ r ¨ pup1qr
1q bA up2qu

1, (2.1)

which is well defined by means of Eq. (A.4), the A-bilinearity of the coproduct, but in par-
ticular Eq. (A.7) that guarantees the well-definedness over the Sweedler presentation of the
coproduct in UŽ bA ŻU . Next, set source and target as

s : RÑ R#U, r ÞÑ r bA 1, t : RÑ R#U, r ÞÑ rr0s bA rr1s. (2.2)

The proof that their images commute in R#U is analogous (and hence omitted) to that in
[BrzMi, Thm. 4.1] using, in particular, the braided commutativity (A.9), but note that the
coaction is here, in contrast to loc. cit., over a bialgebroid and not merely over a bialgebra.
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These source and target maps, together with the multiplication (2.1), turn R#U into an Ae-
ring. Moreover, they define the codomain of the left coproduct to be (the Takeuchi subspace
of) the tensor product pR#UqŽ bR ŻpR#Uq in which we quotient by

`

prr0s bA rr1sqpr
1 bA u

1q
˘

bR pr
2 bA u

2q ´ pr1 bA u
1q bR pr ¨ r

2 bA u
2q. (2.3)

We can therefore set the (left) coproduct as

∆: r bA u ÞÑ pr bA up1qq bR p1bA up2qq, (2.4)

which is well-defined over the Sweedler presentation thanks to the fact that

r bA u Ž a “
`

pa1Rqr0s bA pa1Rqr1s
˘

pr bA uq “ tpaqpr bA uq

as well as 1bA a Ż u “ spaqp1bA uq. The appurtenant (left) counit simply reads

ε : R#U Ñ R, r bA u ÞÑ rεpuq. (2.5)

It is a straightforward check (which we skip) that the so-given structure maps turn R#U into
a left bialgebroid over R. More interesting, if pU,Aq is, in addition, a right Hopf algebroid
(over a left bialgebroid) in the sense of §B.1, then R#U turns itself into a right Hopf algebroid
as well: the translation map which induce the inverse of the Hopf-Galois map

pr bA uq bR pr
1 bA u

1q Ñ
`

pr bA uqp1qpr
1 bA u

1q
˘

bR pr bA uqp2q

is given by
α´1
r : r bA u ÞÑ prr0s bA ur`sq bR p1bA ur´srr1sq, (2.6)

and even here we omit the explicit check that Eqs. (B.11) & (B.12), which express the required
invertibility, are fulfilled as these follow directly from the respective property of U , along with
Eqs. (2.1), (2.2), as well as (2.3). �

Definition 2.2. A (left) bialgebroid of the form pR#U,Rq as above, where pU,Aq is itself a
(left) bialgebroid, will be called a (left) action bialgebroid, sometimes referred to as smash
product bialgebroid or still scalar extension bialgebroid.

Example 2.3. For a left bialgebroid pU,Aq such that ŻU is left A-projective, let

rU :“ ŻUđ bAe A “
 

u P U | a Ż u “ u đ a, @ a P A
(

,

that is, the subset of those elements in U that commute with the source map. This subset
is, in particular, an A-bimodule by means of the target map, which we denote, as always, by
§
rUŽ . Observe that rU is, in general, not a coring anymore, but at least a right U -comodule via

the map
ρ
rU : rU Ñ rUŽ bA ŻU , u ÞÑ ur0s bA ur1s :“ up1q bA up2q (2.7)

induced by the coproduct on U . Indeed, if u P rU , then

a Ż up1q bA up2q “ ρ
rU pa Ż uq “ ρ

rU pu đ aq “ up1q đ abA up2q,

and therefore up1q bA up2q P rU bA U by the assumed A-projectivity, while the necessary coas-
sociativity and counitality relations simply follow by those of the coproduct.

Let now U be a right Hopf algebroid (over a left bialgebroid). In contrast to U itself, rU
admits a left adjoint action

ã : U b rU Ñ rU, pw, uq ÞÑ wr`suwr´s (2.8)

of U on rU . This map is well-defined by mere construction, it is a left action on rU by using
Eqs. (B.10) & (B.15), and it descends to an Ae-balanced action ã : §Uđ bAe §

rUŽ Ñ rU denoted
by the same symbol, as seen from (B.18). It is a straightforward check now (which we omit)
that rU is a left-right YD module over U . Observe that if U is a Hopf algebra (with invertible
antipode), by rU “ U , this reduces to one of the customary ways of seeing a Hopf algebra as a
YD module over itself.
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The braided commutative monoid to consider in UYDU in the sense of §A.4 now rather is
rUop, equipped with its opposite multiplication as is immediately clear from the requirement
(A.8) of being a monoid in Comod-Uop. One has, for w P U and u, u1 P rU

pwp1quq ¨ pwp2qu
1q

(2.8)
“ pwp1qr`suwp1qr´sq ¨ pwp2qr`su

1wp2qr´sq

“ wp2qr`su
1wp2qr´swp1qr`suwp1qr´s

(B.13)
“ wr`sp2qr`su

1wr`sp2qr´swr`sp1quwr´s
(B.12)
“ wr`su

1uwr´s
(2.8)
“ w ã pu ¨ u1q,

which proves, for example, (A.6), and likewise

ur0s ¨ pur1su
1q

(2.8)
“ ur0s ¨ pur1sr`su

1ur1sr´sq
(2.7)
“ up2qr`su

1up2qr´sup1q
(B.12)
“ uu1 “ u1 ¨ u,

which proves (A.9). As an outcome, rUop#U is a left bialgebroid, and since U was already a
right Hopf algebroid, rUop#U is so as well by means of the translation map in (2.6). If one
considers a bialgebroid, in a certain sense, as a cogroupoid kind of object, the construction
rUop#U might be termed Weyl Hopf algebroid, in analogy to the classical Weyl groupoid G¸G
(as termed so in [HaMa, §6.4]), which will be further discussed in Example 3.18. In case the
bialgebroid pU,Aq “ pH, kq is actually a Hopf algebra over a field k, then the construction of
rUop#U reduces to the one of Hop#H presented in op. cit.

Example 2.4. Let pU,Aq be a right Hopf algebroid (over a left bialgebroid) such that ŻU is
finitely generated projective over A. Then it is known, see §C.2, that the left dual pU˚, Aq is
a left Hopf algebroid (over a right A-bialgebroid), with explicit expression of the translation
map given by

ψr´s bA ψ
r`s :“

ř

j e
j bA pej äψq

for ψ P U˚, where puäψqpu1q :“ εpur`s đ φpur´su1qq for u, u1 P U , and teju1ďjďn P U , teju1ďjďn P
U˚ is a dual basis. This allows to mimic the construction from the preceding Example 2.3 in
a right bialgebroid manner for U˚, that is, one defines

rU˚ :“ ŻpU˚qđ bAe A “
 

ψ P U˚ | a Ż ψ “ ψ đ a, @ a P A
(

,

on which there is an adjoint right U˚-action

ã: rU˚ b U˚ Ñ rU˚, pψ̃, ψq ÞÑ ψr´sψ̃ψr`s.

It is then again (and omitted again) a direct check that this right action along with the left
coaction induced from the coproduct ∆r on U˚ as in Eq. (C.3), analogous to the considerations
above, endow rU˚ with the structure of a right-left YD module, and, more interesting, even a
braided commutative monoid in U˚YDU˚ .

Combining the second equivalence in part (iv) of Lemma 1.1 with Lemma 1.3, we obtain
that rU˚ is a braided commutative monoid in UYDU , and therefore rU˚#U is a right Hopf
algebroid (over a left bialgebroid), which might once more be termed Weyl Hopf algebroid.
Again, in case the bialgebroid pU,Aq “ pH, kq is actually a Hopf algebra over a field k, then
the construction of rU˚#U reduces to the one of pHopq˚#H presented in [HaMa, §6.4].

2.2. Recognising action bialgebroids. A natural question is when or if a given bialge-
broid can be singled out as being isomorphic to an action bialgebroid. This is the content of
the following theorem which permits to distinguish these:

Theorem 2.5. A left bialgebroid pU,B, s, t,∆, εq is an action left bialgebroid if and only if:
(i) there is a left bialgebroid pW,Aq along with a morphism pF, fq : pW,Aq Ñ pU,Bq of left

bialgebroids;
(ii) there is a leftB-linear rightW -coaction ρU : U Ñ UŽf bAW on U in the sense of ρU pbŻuq “

b Ż ρU puq, satisfying, in addition,

pU bB F q ˝ ρU “ ∆, (2.9)
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where the map U bB F is the composition U bAW ã−Ñ U bB pBf bAW q
UbBξ−−−−Ñ U bB U ,

with ξ as in (2.10) right below.
(iii) the map F : W Ñ U is colinear.
If all of the above holds, one has an isomorphism

ξ : Bf bAW Ñ U, bbA w ÞÑ b Ż F pwq (2.10)

of left B-modules, with inverse u ÞÑ εpur0sqbA ur1s. Finally, B becomes a braided commutative
monoid in WYDW so that ξ induces an isomorphism pB#W,Bq Ñ pU,Bq of left bialgebroids.

Proof. For ease of notation, the structure maps s, t,∆, ε of U will not have a subscript, while
those of W do. Moreover, UŽf indicates U seen as a right A-module by means of t ˝ f “ F ˝ tW
multiplied from the left. It is easy to see that ξ from (2.10) is an isomorphism (of left B-
modules and actually of left bialgebroids as shown later on): to start with, ξ ˝ ξ´1 “ idU is
an elementary check using (2.9), while using the assumed colinearity F pwqr0s bA F pwqr1s “
F pwp1qqbAwp2q of F along with the left B-linearity pbŻuqr0sbA pbŻuqr1s “ bŻur0sbA ur1s of ρU ,
we compute

pξ´1 ˝ ξqpbbA wq “ ε
`

`

b Ż F pwq
˘

r0s

˘

bA
`

b Ż F pwq
˘

r1s

“ ε
`

b Ż F pwqr0s
˘

bA F pwqr1s

“ b ε
`

F pwp1qq
˘

bA wp2q “ bf
`

εW pwp1qq
˘

bA wp2q “ bbA w,

on Bf b ŻW , using left B-linearity of ε in the third step and ε˝F “ f ˝εW in the fourth. Next,
the base algebra B of U becomes a left W -module by means of the counit of U ,

wb :“ ε
`

F pwq đ b
˘

P B. (2.11)

Combining this with the forgetful functor W -Mod Ñ Ae-Mod, using F ˝ sW “ s ˝ f and
F ˝ tW “ t ˝ f , one obtains:

a Ż b Ž a1 “ ε
`

F psW paqtW pa
1qq đ b

˘

“ fpaqbfpa1q. (2.12)

So equipped, B evidently becomes a left W -module algebra as follows directly from F be-
ing a coring morphism. Moreover, the injectivity of the source map s : B Ñ U induces an
isomorphism

B » spBq » U coW :“ tu P U | ρU puq “ ubA 1W u, (2.13)

where the second isomorphism holds thanks to the property F p1W q “ 1U along with Eq. (2.9).
If we now equip Bf bA ŻW with a smash product structure as in (2.1) with respect to the

left W -action (2.11), then ξ can be promoted to an isomorphism

ξ : B#W Ñ U, bbA w ÞÑ b Ż F pwq

of algebras as easily seen: indeed, on one hand, one has, using (2.1),

ξ
`

pbbA wqpb
1 bA w

1q
˘

“ ξ
`

bεpF pwp1qq đ b1q bA wp2qw
1
˘

“
`

bεpF pwp1qq đ b1q
˘

Ż F pwp2qw
1q,

while

ξpbbA wqξpb
1 bA w

1q “ spbqF pwqspb1qF pw1q “ spbqsε
`

F pwqp1q đ b1
˘

F pwqp2qF pw
1q

“
`

bεpF pwp1qq đ b1q
˘

Ż F pwp2qw
1q,

using the fact that F is a morphism of rings and corings. Next, we want to prove that on B
(seen as right A-module via f as above) a right W -coaction can be defined. To this end, let us
consider the element

br0s bA br1s :“ ξ´1ptpbqq (2.14)

that is, tpbq “ br0s Ż F pbr1sq, and show in the following that

ρB : B Ñ Bf bA ŻW , b ÞÑ br0s bA br1s
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is a right W -coaction on B, indeed. Let us first prove that the left A-action defined below on
B, and which will play the rôle of the induced action on B as a right comodule, coincides with
the action via f :

ab :“ br0sf
`

εW pbr1s đ aq
˘

“ br0sε
`

F pbr1s đ aq
˘

“ br0sε
`

F pbr1sq đ fpaq
˘

“ ε
`

br0s Ż F pbr1sq đ fpaq
˘

“ ε
`

tpbqspfpaqq
˘

“ fpaqb.

(2.15)

With this, it is a straightforward check that ρB is A-bilinear:

ρBpaba
1q “ ρB

`

fpaqbfpa1q
˘

“ ξ´1
`

tpfpaqbfpa1qq
˘

“ ξ´1
`

F ptW pa
1qq
˘

ξ´1pbq ξ´1
`

F ptW paqq
˘

“ p1bA tW pa
1qqpbr0s bA br1sqp1bA tW paqq

“ br0s bA tW pa
1qbr1stW paq

since ξ is a ring morphism, using the multiplication (2.1) in B#W , and which expresses the
A-bilinearity of the right coaction, see Eq. (A.2). From this it also follows that

br0s bA br1ssW paq “ pbr0s bA br1sqp1bA sW paqq “ fpaqbr0s bA br1s

by applying the isomorphism ξ to it and using the fact that source and target in U commute;
this expresses the Takeuchi property ρBpbq P Bf ˆA ŻW from (A.2) again. As for coassociativ-
ity of ρB , applying the coproduct in U to both sides of the equation tpbq “ br0s Ż F pbr1sq yields,
by standard left bialgebroid identities, on its left hand side

1U bB tpbq “ 1U bB br0s Ż F pbr1sq “ tpbr0sq bB F pbr1sq “ br0sr0s Ż F pbr0sr1sq bB F pbr1sq,

and on its right hand side

br0s Ż F pbr1sqp1q bB F pbr1sqp2q “ br0s Ż F pbr1sp1qq bB F pbr1sp2qq,

by the fact that F is, in particular, a morphism of corings. Therefore,

br0sr0s Ż F pbr0sr1sq bB F pbr1sq “ br0s Ż F pbr1sp1qq bB F pbr1sp2qq.

Hence, if ξbBF were injective, the coassociativity br0sr0sbAbr0sr1sbAbr1s “ br0sbAbr1sp1qbAbr1sp2q
followed: indeed, the map ξ bB F is defined via the commutative diagram

pB bAW q bAW U bB U

pB bAW q bB pB bAW q U bB U,

ξbBF

»

ξbBξ

where the right B-action on BbAW is given by left multiplication with ξ´1
`

tpbq
˘

, one under-
stands that, as above, ξ bB F essentially amounts to the map ξ bB ξ, which is injective.

As a next step, counitality, that is, br0sfpεW pbr1sqq “ b, then follows immediately from

t
`

br0sfpεW pbr1sqq
˘

“ t
`

fpεW pbr1sqq
˘

tpbr0sq

“ br0sr0s Ż F pbr0sr1sq Ž f
`

εW pbr1sq
˘

“ br0s Ż F
`

br1sp1q Ž εW pbr1sp2qq
˘

“ br0s Ż F pbr1sq

“ tpbq,

by the fact that source and target commute and then using the injectivity of t. Next, let us
show that B is braided commutative in the sense of Eq. (A.9) with respect to the braiding
induced by the right W -coaction (2.14). Using spb1qtpbq “ tpbqspb1q again, we see that

ξ´1
`

spb1qtpbq
˘

“ ξ´1
`

spb1qspbr0sqF pbr1sq
˘

“ ξ´1
`

spb1br0sqF pbr1sq
˘

“ b1br0s bA br1s,

while

ξ´1
`

tpbqspb1q
˘

“ ξ´1
`

spbr0sqF pbr1sqspb
1q
˘

“ pbr0s#br1sqpb
1 bA 1W q “ br0spbr1sb

1q bA br2s.
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By applying BbA ε on both equations, one concludes, by using the middle of the base algebra
action properties in (A.7) for module algebras (as mentioned above), the braided commuta-
tivity b1b “ br0spbr1sb

1q. From this, braided commutativity follows in a similar way that B is a
W op-comodule algebra: since the target map is an anti ring morphism, one has

pbb1qr0s bA pbb
1qr1s “ ξ´1

`

tpbb1q
˘

“ ξ´1ptpb1qqξ´1ptpbqq

“ pb1r0s bA b
1
r1sqpbr0s bA br1sq “ b1r0spb

1
r1sbr0sq bA b

1
r2sbr1s “ br0sb

1
r0s bA b

1
r1sbr1s.

Finally, let us check that B is a left-right YD module over W . That the two A-bimodule
structures on B induced by the left W -action resp. right W -coaction coincide follows directly
from Eqs. (2.12) & (2.15). As for the compatibility (A.5) between action and coaction, let us
apply ξ to the left hand side of Eq. (A.5):

ξ
`

wp1qbr0s bA wp2qbr1s
˘

“ pwp1qbr0sq Ż F
`

wp2qbr1s
˘

“ ε
`

F pwp1qq đ br0s
˘

Ż F pwp2qqF pbr1sq

“ ε
`

`

F pwq đ br0s
˘

p1q

˘

Ż
`

F pwq đ br0s
˘

p2q
F pbr1sq

“ F pwqspbr0sqF pbr1sq

“ F pwqtpbq.

Doing the same with respect to the right hand side in (A.5), we obtain:

ξ
`

pwp2qbqr0s bA pwp2qbqr1swp1q
˘

“ pwp2qbqr0s Ż F
`

pwp2qbqr1swp1q
˘

“ pwp2qbqr0s Ż F
`

pwp2qbqr1s
˘

F pwp1qq

“ tpwp2qbqF pwp1qq

“ t
`

εpF pwqp2q đ bq
˘

F pwqp1q

“ F pwqtpbq

by the Takeuchi property and counitality in the last step; this is the same as above, as
desired. To sum up, B is a braided commutative monoid in WYDW , and therefore B#W
becomes a left bialgebroid according to the construction §2.1. It remains to show that ξ is an
isomorphism of left bialgebroids. That it is so for the ring structure was shown above, and
that it also intertwines all remaining bialgebroid structure maps is a straightforward check,
the details of which we omit.

The opposite implication, that is, starting from U “ B#W , for B a braided commutative
monoid in WYDW , is rather obvious: define ρU :“ BbA∆W and F : w ÞÑ 1BbAw. Then, using
Eq. (2.1), the relation (2.9) holds, F is clearly right W -colinear, and U is a right W -comodule
algebra by coassociativity. �

2.3. Right action bialgebroids. In order to deal with duals later on, we need a construc-
tion analogous to the above left action bialgebroids in §2.1 starting from right bialgebroids
as the dual of a left bialgebroid is a right bialgebroid, cf. §C.1. Hence, let pV,B, s, t,∆, Bq be
a right bialgebroid, and pR, ¨q a braided commutative monoid in VYDV as detailed in §A.7.
To avoid order flipping operations, let us take V bB R :“ Vđ bB R as the underlying tensor
product for the right action bialgebroid V#R in this order that we are going to construct by
equipping it with the following operations: its multiplication (as a k-algebra) is given by

pv bB rqpṽ bB r
1q :“ vṽp1q bB prṽ

p2qq ¨ r1, (2.16)

where the right V -action on R is simply denoted by juxtaposition RbV Ñ R, pr, vq ÞÑ rv, and
where superscript Sweedler notation refers to right bialgebroid structure maps as mentioned
on page 3. We turn V#R into a Be-ring by setting

s : RÑ V#R, r ÞÑ 1bB r, t : RÑ V#R, r ÞÑ rp´1q bB r
p0q, (2.17)
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for the source and target map, which also allow to set up the codomain of the coproduct;
which, in turn, is given by

V bB RÑ pV bB Rqđ bR §pV bB Rq , v bB r ÞÑ pvp1q bB 1q bR pv
p2q bB rq, (2.18)

whereas for the right counit one takes:

V bB RÑ R, v bB r ÞÑ Bpvqr.

It is a direct check (which we omit) analogous to the left case that the resulting object be-
comes a right bialgebroid over R. Again, this right bialgebroid can be promoted to a left Hopf
algebroid (over a right bialgebroid this time) by means of the following translation map:

β´1
` : V bB R Ñ pV bB Rqđ bR ŻpV bB Rq ,

v bB r ÞÑ prp´1qvr´s bB 1q bR pv
r`s bB r

p0qq.
(2.19)

Reassuming these considerations, we can state:

Proposition 2.6. Let pV,Bq be a right bialgebroid and R a braided commutative monoid in
VYDV . Then V#R is a right bialgebroid over R and it is, in addition, a left Hopf algebroid if
pV,Bq was a left Hopf algebroid.

The typical situation to which we would like to apply this result appears in the context of
duals of left (action) bialgebroids as discussed next.

2.4. Duals of action bialgebroids. Let pU,Aq be a left bialgebroid, let ŻU be finitely gen-
erated projective as a left A-module, and let teju1ďjďn P U, teju1ďjďn P U˚ be a dual basis for
the left dual U˚ “ HomApŻU ,Aq, see §C.1 in the appendix for detailed information. To deal
with the dual of R#U as a left R-bialgebroid, consider, to begin with, the map

η : HomRpRbA U,Rq Ñ U˚đ bA R, f ÞÑ
ř

j e
j bA fp1R bA ejq, (2.20)

which is easily seen to be an isomorphism of k-modules. As a matter of fact, it is much more:

Theorem 2.7. Let pU,Aq be a left bialgebroid such that ŻU is finitely generated A-projective.
Then the map η induces an isomorphism of right bialgebroids

HomRpR#U,Rq » U˚#R, (2.21)

which, if U is a right Hopf algebroid (over a left A-bialgebroid), is therefore an isomorphism
of left Hopf algebroids (over right R-bialgebroids).

An analogous statement can be made with respect to the right dual U˚, which we are not
going to spell out.

Proof. By the general theory, see Appendix C.1, the left hand side in (2.21) is a right R-
bialgebroid since it is the dual over the base ring of a left bialgebroid; that the right hand
side is also a right R-bialgebroid follows from Proposition 2.6 along with Lemma 1.3.

Hence, let us show that the map η from (2.20) is not only a map of R-bimodules between
§HomRpR#U,Rqđ and §pU˚#Rqđ with respect to the notation from (A.1) but also both a ring
map as well as a coring map. As for being a map of R-bimodules, consider first:

ηpf đ rq
(2.20)
“

ř

j e
j bA pf đ rqp1R bA ejq

(C.2)
“

ř

j e
j bA fp1R bA ejq ¨ r

(2.16)
“

`
ř

j e
j bA fp1R bA ejq

˘

p1U˚ bA rq

(2.17)
“ ηpfq đ r,

for r P R, while

ηpr § fq
(2.20)
“

ř

j e
j bA pr § fqp1R bA ejq

(C.2)
“

ř

j e
j bA f

`

p1R bA ejq đ r
˘

(2.2)
“

ř

j e
j bA f

`

p1R bA ejqpr bA 1U q
˘
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(2.1)
“

ř

j e
j bA fpejp1qr bA ejp2qq

(1.6)
“

ř

j e
j bA f

`

xrp´1q, ejp1qy r
p0q bA ejp2q

˘

(C.6)
“

ř

j,k e
j bA f

`

xrp´1q, ejp1qy r
p0qxek, ejp2qy bA ek

˘

(A.10)
“

ř

j,k e
j bA f

`@

xek, ejp2qy Ż rp´1q, ejp1q
D

rp0q bA ek
˘

(C.2)
“

ř

j,k e
j bA f

`@

rp´1q, ejp1q Ž xek, ejp2qy
D

rp0q bA ek
˘

(C.1)
“

ř

j,k e
j bA f

`

xekrp´1q, ejy r
p0q bA ek

˘

“
ř

j,k e
j đ xekrp´1q, ejy bA fpr

p0q bA ekq

(C.7)
“

ř

k e
krp´1q bA fpr

p0q bA ekq

“
ř

k e
krp´1q bA r

p0q ¨ fp1R bA ekq
(A.13)
“

ř

k e
krp´2q bA

`

fp1R bA ekq r
p´1q

˘

¨ rp0q

(2.16)
“

`
ř

k e
k bA fp1R bA ekq

˘

prp´1q bA r
p0qq

(2.17)
“ r § ηpfq.

Therefore, η is a morphism of R-bimodules, as desired. As for η being a ring map, let f, g P
HomRpR#U,Rq “ HomRpR bA U,Rq. The right bialgebroid multiplication of the left dual of
the left bialgebroid R#U is given in (C.1), and hence for u P U , one has

ηpfgqpuq
(2.20)
“

ř

jxe
j , uy

`

pfgqp1R bA ejq
˘

(C.1)
“

ř

jxe
j , uy g

`

p1R bA ejqp1q Ž f
`

p1R bA ejqp2q
˘˘

(2.4)
“

ř

jxe
j , uy g

`

t
`

fp1R bA ejp2qq
˘

p1R bA ejp1qq
˘

(2.2),(2.1)
“

ř

jxe
j , uy g

`

fp1R bA ejp2qqr0s bA fp1R bA ejp2qqr1sejp1q
˘

“
ř

j g
`

xej , uy fp1R bA ejp2qqr0s bA fp1R bA ejp2qqr1sejp1q

˘

(A.2)
“

ř

j g
`

fp1R bA ejp2qqr0s bA fp1R bA ejp2qqr1sspxe
j , uyqejp1q

˘

(C.6)
“ g

`

fp1R bA up2qqr0s bA fp1R bA up2qqr1sup1q
˘

.

On the other hand,
`

ηpfqηpgq
˘

puq
(2.20)
“

ř

j,k

`

`

ej bA fp1R bA ejq
˘`

ek bA gp1R bA ekq
˘

˘

puq

(2.16)
“

ř

j,kxe
jek

p1q
, uy

`

`

fp1R bA ejqe
kp2q

˘

¨ gp1R bA ekq
˘

(1.5)
“

ř

j,kxe
jek

p1q
, uy

`

`

fp1R bA ejqr0sxe
kp2q, fp1R bA ejqr1sy

˘

¨ gp1R bA ekq
˘

(C.1)
“

ř

j,k

@

ek
p1q
, up1q Ž xej , up2qy

D

`

`

fp1R bA ejqr0s xe
kp2q, fp1R bA ejqr1sy

˘

¨ gp1R bA ekq
˘

(A.7)
“

ř

j,k

`

@

ek
p1q
, up1q Ž xej , up2qy

D `

fp1R bA ejqr0s xe
kp2q, fp1R bA ejqr1sy

˘

˘

¨ gp1R bA ekq

(A.2)
“

ř

j,k

`

fp1R bA ejqr0s

A

ek
p2q
, fp1R bA ejqr1s đ

@

ek
p1q
, up1q Ž xej , up2qy

D

E

˘

¨ gp1R bA ekq

(C.5)
“

ř

j,k

`

fp1R bA ejqr0s
@

ek, fp1R bA ejqr1stpxe
j , up2qyqup1q

D˘

¨ gp1R bA ekq

(A.2)
“

ř

j,k

`

`

xej , up2qy fp1R bA ejq
˘

r0s

@

ek,
`

xej , up2qy fp1R bA ejq
˘

r1s
up1q

D

˘

¨ gp1R bA ekq

“
ř

k

`

fp1R bA up2qqr0s xe
k, fp1R bA up2qqr1sup1qy

˘

¨ gp1R bA ekq
(A.7)
“ fp1R bA up2qqr0s ¨ gp1R bA fp1R bA up2qqr1sq

“ g
`

fp1R bA up2qqr0s bA fp1R bA up2qqr1s
˘

.
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Hence, ηpfgq “ ηpfqηpgq, and so η is an isomorphism of Re-rings. As for being an R-coring
morphism, consider first, similar to (C.4), the following isomorphism:

pU˚ bA Rqđ bR §pU˚ bA Rq Ñ HomApUđ bA ŻU ,Rq,

pψ bA rq bR pψ̃ bA r
1
q ÞÑ

 

ubA u
1
ÞÑ

@

ψ̃rp´1q, u đ xψ, u1y
D

prp0q ¨ r1q
(

,
(2.22)

based on the observation that
pψ bA rq bR pψ̃ bA r

1q “ pψ bA 1Rq bR
`

ψ̃rp´2q bA pr
1rp´1qq ¨ rp0q

˘

“ pψ bA 1Rq bR pψ̃r
p´1q bA r

p0q ¨ r1q,

using the tensor product over R by means of the target map (2.17), the product (2.16), as well
as the braided commutativity (A.13). This isomorphism induces a nondegenerate pairing,
and we can write

@

pψ bA rq bR pψ̃ bA r
1q, ubA u

1
D

(2.22),(A.7)
“

@

ψ̃rp´1q, u đ xψ, u1y
D

rp0q ¨ r1

(C.1)
“

@

rp´1q, pup1q đ xψ, u1yq Ž xψ̃, up2qy
D

rp0q ¨ r1

(C.2)
“

@

xψ̃, up2qy Ż rp´1q, up1q đ xψ, u1y
D

rp0q ¨ r1

(A.10)
“

@

rp´1q, up1q đ xψ, u1y
D

rp0q ¨ xψ̃, up2qy r
1

(1.6)
“

`

pup1q đ xψ, u1yqr
˘

¨ xψ̃, up2qy r
1, (2.23)

where in the last equation an element of U acts on r from the left. Observe that parq¨r1 “ parq¨
r1 and praq¨r1 “ r¨par1q as in (A.7), which permits to avoid writing a couple of parentheses both
above and below. If ∆r, by abuse of notation, denotes both the (right bialgebroid) coproduct in
HomRpR#U,Rq as well as in U˚#R, we compute for f P HomRpR#U,Rq “ HomRpRbA U,Rq:

@

pη bR ηq ˝∆rf, ubA u
1
D

“
@

ηf p1q bR ηf
p2q, ubA u

1
D

(2.20)
“

ř

i,j

@`

ej bA f
p1qp1R bA ejq

˘

bR
`

ei bA f
p2qp1R bA eiq

˘

, ubA u
1
D

(2.23)
“

ř

i,j

`

pup1q đ xej , u1yqf p1qp1R bA ejq
˘

¨ xei, up2qyf
p2qp1R bA eiq

“
`

up1qf
p1qp1R bA u

1q
˘

¨ f p2qp1R bA up2qq

“ f p2q
`

`

up1qf
p1qp1R bA u

1q
˘

bA up2q
˘

,

where we used A-linearity and R-linearity in the last two steps. On the other hand,
@

∆rpηfq, ubA u
1
D (2.18)

“
ř

j

@`

ej
p1q
bA 1R

˘

bR
`

ej
p2q
bA fp1R bA ejq

˘

, ubA u
1
D

(2.23)
“

ř

j

`

pup1q đ xej
p1q
, u1yq1R

˘

¨ xej
p2q
, up2qy fp1R bA ejq

(A.6)
“

ř

j ε
`

up1q đ xej
p1q
, u1y

˘

xej
p2q
, up2qy fp1R bA ejq

“
ř

j f
`

1R bA
@

ej
p2q
, u đ xej

p1q
, u1y

D

ej
˘

(C.5)
“

ř

j f
`

1R bA xe
j , uu1y ej

˘

“ fp1R bA uu
1q

(2.1)
“ f

`

p1R bA uqpp1R bA u
1q
˘

(C.5)
“ f p2q

`

p1R bA uq đ f p1qp1bA u
1q
˘

(2.2)
“ f p2q

`

`

1R bA u
˘`

f p1qp1bA u
1q bA 1U

˘

˘

(2.1)
“ f p2q

`

`

up1qf
p1qp1R bA u

1q
˘

bA up2q
˘

,

where we used left A-linearity twice in step four, and the coproduct on the dual of the left
bialgebroid R#U analogous to (C.5) in step eight. This is now the same as above and there-
fore η is a map of R-corings, as claimed.
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Finally, to show that η is also an isomorphism of left Hopf algebroids (over underlying
right R-bialgebroids), this follows automatically by the very definition of a left Hopf alge-
broid: according to Eq. (B.22), this amounts to the invertibility of the map β`, which only
uses the product and the coproduct, which already have been shown to be compatible with
η. Nevertheless, although redundant, a direct proof can be given which we consider to be
instructive as it uses the explicit expression of the translation map (C.8) for the dual, that is,
the fact that the dual of a right Hopf algebroid (over a left bialgebroid) is a left Hopf algebroid
(over a right bialgebroid). In this spirit, consider, analogous to (2.22), the isomorphism:

pU˚ bA Rqđ bR ŻpU˚ bA Rq Ñ HomApUŽ bA ŻU ,Rq,

pψ bA rq bR pψ̃ bA r
1
q ÞÑ

 

ubA v ÞÑ
@

ψ̃p1q, u Ž xψ, u1y
D`

prψ̃p2qq ¨ r1
˘(

,
(2.24)

based here on the observation that
pψ bA rq bR pψ̃ bA r

1q “ pψ bA 1Rq bR
`

p1bA rqpψ̃ bA r
1q
˘

“ pψ bA 1Rq bR
`

ψ̃p1q bA prψ̃
p2qq ¨ r1

˘

,

using the tensor product over R by means of the source map (2.17) and the product (2.16).
This isomorphism induces again a nondegenerate pairing, and this time we can write

@

pψ bA rq bR pψ̃ bA r
1q, ubA u

1
D

(2.24),(A.7)
“

@

ψ̃p1q, u Ž xψ, u1y
D

prψ̃p2qq ¨ r1

(1.5)
“

@

ψ̃p1q, u Ž xψ, u1y
D`

rr0s
@

ψ̃p2q, rr1s
D˘

¨ r1

(A.7),(A.2)
“

`

rr0s
@

ψ̃p2q, rr1s đ
@

ψ̃p1q, u Ž xψ, u1y
DD

˘

¨ r1

(C.1)
“

`

rr0s
@

ψ̃, rr1spu Ž xψ, u1yq
D

˘

¨ r1

(A.7)
“

`

rr0s
@

ψ̃, rr1su Ž xψ, u1y
D

˘

¨ r1. (2.25)

With this, let us compute for f P HomRpR#U,Rq “ HomRpRbA U,Rq:
@

pη bR ηq ˝ β
´1
` pfq, ubA u

1
D

“
@

ηf r´s bR ηf
r`s, ubA u

1
D

(2.20)
“

ř

i,j

@`

ej bA f
r´sp1R bA ejq

˘

bR
`

ei bA f
r`sp1R bA eiq

˘

, ubA u
1
D

(2.25)
“

ř

i,j f
r´sp1R bA ejqr0s

@

ei, f r´sp1R bA ejqr1su Ž xej , u1y
D

¨ f r`sp1R bA eiq

(A.2),(A.6)
“ f r´sp1R bA u

1qr0s ¨ f
r`s
p1R bA f

r´s
p1R bA u

1qr1suq,

“ f r`spf r´sp1R bA u
1qr0s bA f

r´s
p1R bA u

1qr1suq,
(2.2),(2.1)
“ f r`s

`

p1R bA uq Ž f r´sp1R bA u
1q
˘

,

where we also used R-linearity in the last two steps. On the other hand,
@

β´1
` pηfq, ubA u

1
D

(2.20)
“

ř

j

@

β´1
`

`

ej bA fp1R bA ejq
˘

, ubA u
1
D

(2.19)
“

ř

j

@`

fp1R bA ejq
p´1qej

r´s

bA 1R
˘

bR
`

ej
r`s

bA fp1R bA ejq
p0q

˘

, ubA u
1
D

(2.25)
“

ř

j

@

ej
r`s

, u Ž xfp1R bA ejq
p´1qej

r´s

, u1y
D

¨ fp1R bA ejq
p0q

(C.1)
“

ř

j

@

ej
r`s

, u Ž
@

ej
r´s

, u1
p1q Ž xfp1R bA ejq

p´1q, u1
p2qy

D

D

¨ fp1R bA ejq
p0q

(B.24)
“

ř

j

@

ej
r`s

đ xfp1R bA ejq
p´1q, u1

p2qy, u Ž xej
r´s

, u1
p1qy

D

¨ fp1R bA ejq
p0q

(C.2),(A.7)
“

ř

j

@

ej
r`s

, u Ž xej
r´s

, u1
p1qy

D

¨
`

xfp1R bA ejq
p´1q, u1

p2qyfp1R bA ejq
p0q

˘

(1.6)
“

ř

j

@

ej
r`s

, u Ž xej
r´s

, u1
p1qy

D

¨
`

u1
p2qfp1R bA ejq

˘

(C.2)
“

ř

j

@

xej
r´s

, u1
p1qy Ż ej

r`s

, u
D

¨
`

u1
p2qfp1R bA ejq

˘

(C.10)
“

ř

jxu
1
p1qäej , uy ¨

`

u1
p2qfp1R bA ejq

˘
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(C.9)
“

ř

j ε
`

u1
p1qr`s đ xej , u1

p1qr´suy
˘

¨
`

u1
p2qfp1R bA ejq

˘

(B.13)
“

ř

j ε
`

u1
r`sp1q đ xej , u1r´suy

˘

¨
`

u1
r`sp2qfp1R bA ejq

˘

“ u1r`sfp1R bA u
1
r´suq

(2.1)
“ u1r`sf

`

p1R bA u
1
r´sqp1R bA uq

˘

(2.5),(2.6)
“ εR#U

`

p1R bA u
1qr`s đ f

`

p1R bA u
1qr´sp1R bA uq

˘

(C.9)
“

`

p1R bA u
1qäf

˘

p1R bA uq
(C.10)
“

`

xf r´s, 1R bA u
1y Ż f r`s

˘

p1R bA uq
(C.2)
“ f r`s

`

p1R bA uq Ž f r´sp1R bA u
1q
˘

,

which is the same as above, and by which one concludes the proof that η is also a morphism
of Hopf structures in the sense explained above. �

3. QUANTUM DUALITY FOR QUANTUM ACTION GROUPOIDS

In this section, we are going to deal with topological left (or right) bialgebroids, with re-
spect to some suitable adic topologies. The main objects of interest are the so-called quantum
groupoids, forming two special categories (roughly, quantisations of Lie groupoids and of Lie-
Rinehart algebras) that are treated to some extent in [ChGa]. In particular, these behave
well with respect to linear duality (which yields antiequivalences between categories of the
two kinds); also, they feature a special phenomenon, known as quantum duality principle,
which establishes equivalences between these categories via the so-called Drinfeld functors.
In the present section, we shall show how Drinfeld functors apply to quantum groupoids that
are also action bialgebroids (by applying our previous results on linear duality), finding that
Drinfeld functors commute with the action bialgebroid construction.

3.1. Quantum groupoids and the Quantum Duality Principle. In this subsection, we
introduce the notion of quantum groupoids: these are special quantum bialgebroids, that is,
(topological) bialgebroids which, for a Lie-Rinehart algebra pL,Aq, are formal deformations
of the universal enveloping algebra VL as a left A-bialgebroid or its A-linear dual JL, the jet
space, as a right A-bialgebroid. Afterwards, we will recall linear duality and the quantum
duality principle for these quantum groupoids; all necessary details can be found in [ChGa].

Definition 3.1.
(i) A left quantum universal enveloping bialgebroid is given by a topological left bialgebroid

pUh, Ah, sh, th,∆h, εhq over a topological krrhss-algebra Ah with respect to the h-adic topol-
ogy such that:
(a) Ah » Arrhss as topological krrhss-modules such that Ah{hAh » A as k-algebras, for

some commutative k-algebra A;
(b) Uh » VLrrhss as topological krrhss-modules with respect to the h-adic topology for

some finitely generated projective Lie-Rinehart algebra pL,Aq;
(c)

`

Uh{hUh, Ah{hAh
˘

»
`

VLrrhss{hVLrrhss, A
˘

as left bialgebroids over A;
(d) the coproduct ∆h takes values in the completion

UhŽ
pˆAhŻUh :“

 
ř

i ui b u
1
i P UhŽ

pbAh ŻUh |
ř

i a § ui b u
1
i “

ř

i ui b u
1
i đ a

(

of the Takeuchi product, where UhŽ
pbAhŻUh denotes the h-adic completion of the

tensor product UhŽ bAh ŻUh .
In such a setting, we call Uh a quantisation or a quantum deformation of VL, a situation
we denote by VhL :“ Uh.

(ii) A right quantum formal series bialgebroid is given by a topological right bialgebroid
pFh, Ah, sh, th,∆h, Bhq over a topological krrhss-algebra Ah with respect to the h-adic topol-
ogy such that:
(a) same condition as (a) in (i) above, for some commutative k-algebra A;
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(b) Fh » JLrrhss as topological krrhss-modules with respect to the h-adic topology for
some finitely generated projective Lie-Rinehart algebra pL,Aq;

(c) the topology of Fh is the Ih-adic one, where

Ih :“ t f P Fh | Bhpfq P hFh u,

and Fh is Ih-adically complete;
(d)

`

Fh{hFh, Ah{hAh
˘

»
`

JLrrhss, hJLrrhss
˘

as right bialgebroids over A;
(e) the coproduct ∆h takes values in the completion

Fhđ
rˆAh§Fh :“

 
ř

i fi b f
1
i P Fhđ

rbAh §Fh |
ř

i a Ż fi b f
1
i “

ř

i fi b f
1
i Ž a

(

of the Takeuchi product, where Fhđ
rbAh§Fh denotes the completion of Fhđ bAh §Fh

with respect to the topology defined by the filtration
 
ř

p`q“n I
p
h bAh

Iqh
(

.
In such a setting, we call Fh a quantisation or a quantum deformation of JL, a situation
that we denote by JhL :“ Fh.

In a parallel way, one can easily formulate the respective definitions for right quantum
universal enveloping bialgebroids resp. left quantum formal series bialgebroid.

Clearly, quantum bialgebroids of all four types form obvious categories when defining mor-
phisms as is done for (topological) bialgebroids in general: for some fixed krrhss-algebra Ah,
these four categories will be denoted by `QUAh , rQUAh , `QFAh , and rQFAh , respectively.
See [ChGa, §4.1] for further details.

Remark 3.2. The definition above makes sense also if one drops the finite-projectiveness
assumption; nevertheless, all results we are interested in (starting from those concerning
linear duality) only work well if that assumption is included.

Remark 3.3. It is worth stressing that if any (left or right) quantum universal enveloping
bialgebroid VhL is given, then pL,Aq inherits from that a Lie cobracket which turns it into
a Lie-Rinehart bialgebra. Similarly, if any (right or left) quantum formal series bialgebroid
JhL is given, then it induces on pL,Aq a Lie cobracket which makes it into a Lie-Rinehart
bialgebra. Note that the assumption of L being finite projective here ensures that the A-
linear dual L˚ is a Lie-Rinehart bialgebra as well; on the other hand, it is also necessary in
order to have a well defined bialgebroid structure on JL, see [ChGa, §4.1] again.

3.2. Linear duality beyond projective finiteness. If pU,Aq is a left bialgebroid such
that ŻU is finitely generated A-projective, then its left dual U˚ “ HomApŻU ,Aq is a right
A-bialgebroid, see Appendix C.1. As follows from (C.7), this is again finitely generated pro-
jective over A for the right A-module structure U˚đ. Therefore, one can dualise again, and
similar considerations hold for the right dual U˚ or when starting from a right bialgebroid.
Dualising twice, the final outcome is (canonically isomorphic to) the original bialgebroid U ,
for example, ˚pU˚q “ U , and likewise for all other choices.

More interesting, the finite-projectiveness assumption can be relaxed: if, for example, ŻU
is just a direct limit of some directed system of finitely generated projective A-modules, that
is, if it is ind-finitely generated projective, then U˚ admits a canonical structure of a right
bialgebroid over A, given by the same construction as in the finite case, with the difference
that U˚ is a topological bialgebroid whose underlying topology is the weak one, and accord-
ingly the coproduct now takes values in a suitable Takeuchi product of U˚ with itself. In
particular, U˚ is an inverse limit of finite projectives, that is, it is pro-finitely generated pro-
jective, and therefore one can consider its (left and right) continuous dual, denoted ‹pU˚q
and ‹pU˚q, where continuous refers, as hinted at, to the weak topology on U˚ and the trivial
topology on A. This is tailored in such a way that, for example, ‹pU˚q “ U , that is, linear
dualisation composed with continuous dualisation, yields the identity functor. Similar con-
siderations can be made with respect to the right dual U˚. In this section, we will apply
these ideas to left or right quantum universal bialgebroids and left or right quantum formal
series bialgebroids.
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Let pL,Aq be a Lie Rinehart algebra and let us always assume that L is a finitely generated
projective A-module. A quantum universal enveloping bialgebroid VhL, endowed with the h-
adic topology, is a topological bialgebroid. From the fact that VL is inv-finite projective (over
A), one deduces that any quantisation VhL is inv-finite projective as well (over Ah). On the
other hand, let JhL be a right quantum formal series bialgebroid with counit denoted by Bh,
and set Ih :“ B´1

h phAhq. The weak topology on JhL is the Ih-adic topology. Similarly, since JL
is pro-finite projective (over A), any quantisation JhL is pro-finite projective as well (over Ah).
The same remarks hold for left quantum formal series bialgebroids.

Denote by ‹p´q, ‹p´q, p´q‹, and p´q‹ the respective subspaces of ˚p´q, ˚p´q, p´q˚, and p´q˚,
consisting of maps that are continuous when JhL is endowed with the IJhL-adic topology and
Ah is endowed with the h-adic topology. Considering linear duality, we can state [ChGa, §5]:

Theorem 3.4. Left and right duals yield well-defined contravariant functors

p´q˚ : `QUAh Ñ rQFAh , ‹p´q : rQFAh Ñ `QUAh ,

p´q˚ : `QUAh Ñ rQFAh , ‹p´q : rQFAh Ñ `QUAh ,

˚p´q : rQUAh Ñ `QFAh , p´q‹ : `QFAh Ñ rQUAh ,
˚p´q : rQUAh Ñ `QFAh , p´q‹ : `QFAh Ñ rQUAh ,

that are pairwise inverse to each other, which yield pairs of antiequivalences of categories.

On the other hand, Drinfeld functors also provide equivalences between quantum univer-
sal enveloping bialgebroids and quantum formal series bialgebroids whose properties are
summarised in the quantum duality principle, which we shall recall now, see [ChGa, §6.1].

Definition 3.5. Let pFh, Ah, sh, th,∆h, Bhq be a right quantum formal series bialgebroid, let
Jh :“ ker Bh and Ih :“ B´1

h phAhq “ Jh ` hFh. We define F_h to be the h-adic completion of

pFhq
ˆ :“ Fh `

ř

nPN`

h´nJnh “ Fh `
ř

nPN`

h´nInh Ď Apphqq bAh
Fh.

A parallel definition applies to left quantum formal series bialgebroids.

The main result about the previous definition is the following:

Proposition 3.6. With the above assumptions, F_h is a right (resp. left) quantum universal
enveloping bialgebroid. This constructions extends to morphisms such that one obtains two
different functors

p´q_ : rQFAh Ñ rQUAh and p´q_ : `QFAh Ñ `QUAh ,

denoted the same way, and referred to as (first) Drinfeld functors.

These, in turn, permit to introduce the second (type of) Drinfeld functor, see [ChGa, §6.2]:

Definition 3.7. The functors

p´q1 : `QUAh Ñ `QFAh and p´q1 : rQUAh Ñ rQFAh ,

given by
p´q1 :“ ˚p´q ˝ p´q

_ ˝ p´q˚ “ ˚p´q ˝ p´q_ ˝ p´q˚,

and, respectively,
p´q1 :“ p´q˚ ˝ p´q

_ ˝ ˚p´q “ p´q˚ ˝ p´q_ ˝ ˚p´q,

again both denoted the same way, will be referred to as (second) Drinfeld functors.

Remark 3.8. As a byproduct of the previous definition, Drinfeld functors happen to be dual
to each other, in the following sense. If Fh P rQFAh and Uh P `QUAh are linked by Uh “ ‹Fh
and Fh “ Uh˚, then for their values under Drinfeld functors we have a similar duality rela-
tionship U 1h “

˚pF_h q and F_h “ pU
1
hq‹, see loc. cit. for further details.

To sum up, Drinfeld functors connect the categories of quantum groupoids of either type
(in a covariant way, in contrast to contravariance from linear duality). Their properties are
even stronger, culminating in the quantum duality principle for quantum groupoids, that is:
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Theorem 3.9 (Quantum duality principle for quantum groupoids). If Fh P rQFAh is a quan-
tisation of JL for a Lie-Rinehart algebra pL,Aq, with L finitely generated projective as a left
A-module, then F_h P rQFAh is a quantisation of V pL˚qop, where L˚ “ HomApL,Aq is the
A-linear dual of L. On the other hand, if Uh P rQUAh is a quantisation of VLop, then
U 1h P rQFAh is a quantisation of JpL˚q.

Analogous statements apply to Drinfeld functors for left quantum groupoids.

Remark 3.10. In Theorem 3.9 above, the dual L˚ is endowed with a canonical structure of
a Lie-Rinehart algebra over A such that pL,L˚q becomes a Lie-Rinehart bialgebra; hence, it
makes sense to speak of V pL˚q and JpL˚q, see [ChGa, §2.2] for further details.

3.3. Action bialgebroids constructed from quantum bialgebroids. In this section, we
will make precise the action bialgebroid construction in the setting of quantum universal en-
veloping resp. formal series bialgebroids, and generalise some of our preceding results. For
a right quantum formal series bialgebroid JhL, there exists a unique left quantum universal
enveloping bialgebroid VhL such that JhL “ VhL˚ and VhL “ ‹pJhLq. Denote by Bh as before
the counit of JhL and set Ih :“ B´1

h phAhq as well as Jh :“ Ker pBhq. We will make use of the
completed tensor product with respect to the h-adic topology and denote it by pbAh

. Further-
more, denote by tV nLunPN the usual filtration of VL. We will construct finitely generated
Ah-submodules V nh L of VhL such that
‚ V nh L{hV

n
h L » V nL as left A-modules;

‚ VhL “ lim−ÑV nh L;
‚ pV ihLqpV

j
hLq Ă V i`jh L.

First, remark that JhL “ lim
Ð− JnhL{J

n`1
h and set V nh L :“ ‹

`

JnhL{J
n`1
h

˘

. One has

V nh L :“
 

uh P VhL | xuh, ψhy “ 0 @ψh P J n`1
h

(

.

Then V nh L is a quantization of V nL and

VhL “ lim−ÑV nh L.

Let us study now the properties of JhL{J n`1
h and V nh L:

‚ J n`1
h is a right pUhq˚-module, and hence it is a right Uh-comodule; therefore, JhL{J n`1

h

inherits a right Uh-comodule structure;
‚ ∆pJ n`1

h q Ď
À

i`j“n`1 J i
h
rbAh

J j
h , and hence ∆ induces a map, still denoted

∆: JhL{J n`1
h Ñ

À

i`j“n`1

JhL{J i
h
rbAh

JhL{J j
h .

Taking the dual ‹p´q, we obtain a partial product map

V ihL pb V jhLÑ V i`jh L.

Let now Rh be an element of VhLYDVhL; then Rh is a right JhL-module. Moreover, the partial
left action of V ihL on Rh gives rise to a partial left coaction of JhL{J i on Rh because any map
V ihL pbAh

Rh Ñ Rh can be seen as a map

Rh Ñ HomAh
pV ihL,Rhq “ pV

i
hLq˚ pbAh

Rh.

On the other hand, any map Rh pbAh
VhLÑ Rh can be seen as a map

Rh Ñ HomAh

`

lim−ÑV nh L,Rh
˘

“ lim
Ð−pV

n
h Lq˚ pbAh

Rh “ lim
Ð−pJhL{J

n`1
h q pbAh

Rh.

Thus, any left VhL-module defines a left JhL-comodule. More precisely, any partial left V nL-
module defines a partial left JhL{J n`1

h -comodule.
Next, we have to check that Rh is an object in pVhLq˚YDpVhLq˚ : for that we mimic the

proof of Lemma 1.1 (iv) reasoning with u P V nh L and ψ P JhL{J n`1
h , and using the properties

of Jh{J n`1
h and V nh L. If Rh is a braided commutative monoid in VhLYDVhL, then it is also

a braided commutative monoid in pVhLq˚YDpVhLq˚ , with pVhLq˚ “ JhL. Indeed, the proof
of Lemma 1.3 works again in our situation if we make the computation in V nh L, with the
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latter being a finitely generated projective Ah-module. Then, one can perform the action
bialgebroid construction of Rh p#VhL, respectively of JhL p#Rh, and Theorem 2.7 applies to
this topological action bialgebroid context. We need to check that the morphism

pVhLq˚ r#Rh Ñ HomAh

`

Rh p#VhL,Rh
˘

, ψ rbAh
r ÞÑ

 

r1 pbAh
u ÞÑ r1 ¨ pxψ, uy Ż rq

(

of right bialgebroids over Rh is an isomorphism. For this, as V nh L is a finitely generated Ah-
module, one easily sees that the analogous morphism is an isomorphism when replacing VhL
by V nh L, and we conclude by taking the projective limit.

3.4. Drinfeld functors on action quantum groupoids. Returning to our study of action
bialgebroids, we focus now on those of quantum type, with the purpose of examining the
effect of applying Drinfeld functors to this special type of quantum groupoids. In a nutshell,
the outcome will be the following:

Drinfeld functors commute with the action bialgebroid construction.

In order to achieve such a statement, let us state a technical result first:

Lemma 3.11. Let pU,Aq be a left bialgebroid andR a braided commutative monoid in UYDU .
Then in R#U we have, for all r P R and u P U ,

pr bA 1U qp1R bA uq “ p1R bA uqpr bA 1U q ðñ ker ε ¨R “ 0,

where here on the right hand side ¨ denotes the left U -action on R. A similar statement can be
made when talking about right bialgebroids.

Proof. Note that because of the splittings spAq ‘ ker ε “ U “ tpAq ‘ ker ε, every u P U can be
uniquely written as u “ tεpuq`ut and u “ sεpuq`us, where ut :“ u´ tεpuq and us :“ u´sεpuq
such that us, ut P ker ε. One has:

pr bA 1U qp1R bA uq ´ p1R bA uqpr bA 1U q
(2.1)
“ r bA u´ up1qr bA up2q

(A.4)
“ rεpup1qq bA up2q ´ up1qr bA up2q

“ ´utp1qr bA up2q

“ ´utp1qr bA
`

up2q ´ sεpup2qq
˘

´ utp1qr bA sεpup2qq

“ ´utp1qr bA u
s
p2q ´ u

tr bA 1U .

Hence, when the left hand side of this identity is zero, its right hand side is so was well,
but on the right hand side the second summand belongs to ker ε ¨ R bA 1U , the first one to
ker ε ¨RbAker ε. Since U “ 1U‘ker ε, this implies that the single summands are already zero,
and from the second one deduces, in particular, that utr “ 0. Since ut is the generic element
in ker ε as u ranges through all of U , the claim follows. �

Adapting the proof, the previous statement holds true for topological bialgebroids such as
quantum universal enveloping bialgebroids:

Corollary 3.12. Let Ah and Rh be two h-topologically complete krrhss-algebras, let pFh, Ahq
be a (possibly topological) left bialgebroid, and Rh a braided commutative monoid in Fh

YDFh .
Then in Rh#Fh we have for all r P Rh and f P Fh:

pr bAh
1Fh
qp1Rh

bAh
fq “ p1Rh

bAh
fqpr bAh

1Fh
q modh ðñ ker εh ¨Rh P hRh.

A similar statement can be made when talking about right bialgebroids.

The key consequence we are interested in is the following:

Theorem 3.13. Let pFh, Ahq P `QFAh be a left quantum formal series bialgebroid and Rh
an h-topologically complete krrhss-algebra that is a braided commutative monoid in Fh

YDFh ,
and such that Rh{hRh is commutative. Moreover, assume that

fr “ 0 modh
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for all f P ker εh Ď Fh and r P Rh. Then Rh is a braided commutative YD algebra over F_h as
well, for which the F_h -coaction ρ_Rh

has the additional property

ρ_Rh
prq “ r bAh

1Uh
modh

for all r P Rh, and there exists a canonical isomorphism

Rh#F_h
»

−−Ñ pRh#Fhq
_

of (topological) left bialgebroids over Rh that is uniquely determined by

r bAh
ph´1fq ÞÑ h´1pr bAh

fq

for all r P Rh and all f P ker εh. In particular, Rh#F_h is a left quantum universal enveloping
bialgebroid over Rh whose semiclassical limit is R#V pL˚q if the semiclassical limit of Fh is
JL and that of Rh is R; hence, Rh#F_h is a quantisation of R#V pL˚q.

Proof. With respect to the counit εh of Fh, let us again write Ih “ ε´1
h phAhq, and note as

above that Ih “ hFh` ker εh. Recall furthermore that F_h “
yFˆh , where the latter denotes the

h-adic completion of Fˆh , see Definition 3.5. The right Fh-coaction on Rh clearly coextends to
a right F_h -coaction. If the left Fh-action on Rh also extends to a left action by F_h , then these
coaction and action will obviously be compatible (as the original ones were) so as to turn Rh
into a braided commutative YD algebra over F_h , as expected. Hence, it is enough to prove
that the Fh-action on Rh does extend to an action by F_h .

Since F_h is (topologically) generated by h´1Ih “ Fh ` h´1 ker εh, it is enough to show
that we can extend the action of Fh on Rh to elements of h´1 ker εh. Now, this amounts to
ph´1 ker εhq ¨Rh Ď Rh, which is equivalent to pker εhq ¨Rh Ď hRh, which is true by assumption.

Next, let us abbreviate Fh :“ Rh#Fh. As before, F_h “
yFˆh is the h-adic completion of Fˆh ,

where as above

Fˆh “ spRhq `
ř

ną0
ph´1IFh

qn “ Rh bAh
Fh `

ř

ną0
ph´1 ker εFh

qn

with IFh
“ ε´1

Fh

`

h´1Rh
˘

“ hFh`ker εFh
. Note also that, by the very definition of the counit for

Fh, we have ker εFh
“ kerpidRh

bAh
εhq Ě Rh bAh

ker εh. Then observe that for any r, r1 P Rh
and f, f 1 P ker εh, one has

pr#fqpr1#f 1q “ r ¨ pfp1qr
1q#fp2qf

1 P
`

hRh bAh
ker εh `Rh bAh

pker εhq
2
˘

since ∆pfq P ∆pker εhq Ď pker εhbAh
Fh`FhbAh

ker εhq and Corollary 3.12 applies. This yields

pker εFh
q2 “ pRh bAh

ker εhq ¨ pRh bAh
ker εhq Ď hRh bAh

ker εh `Rh bAh
pker εhq

2,

and then by iteration

pker εFh
qn Ď

n
ř

s“0
hn´sRh bAh

pker εhq
s “ Rh b I

n
Fh

for all n P N`, while the converse inclusion is obvious. Therefore, we obtain

Fˆh “ Rh bAh
Fh `

ř

ną0
ph´1 ker εFh

qn “ Rh bAh
Fh `Rh bAh

ř

ną0
h´nInFh

“ Rh bAh
Fˆh ,

whence F_h “ RhpbAh
F_h as krrhss-modules as in the last claim, and which extends to the

bialgebroid structures. As a last step, denoting by ρRh
the right Fh-coaction on Rh, one has

ρRh
prq “ rr0s bAh

rr1s “ r bAh
1` rr0s bAh

`

rr1s ´ sεhprr1sq
˘

with rr0s bAh

`

rr1s ´ sεhprr1sq
˘

P Rh bAh
ker εh. Then, denoting by ρ_Rh

the right F_h -coaction
on Rh induced by ρRh

, we have

ρ_Rh
prq “ r bAh

1` h
`

h´1
`

rr0s bAh

`

rr1s ´ sεhprr1sq
˘˘

˘

with rr0s bAh
h´1

`

rr1s ´ sεhprr1sq
˘

P Rh bAh
h´1 ker εh Ď Rh bAh

h´1Ih, and therefore we
eventually end up with ρ_Rh

prq “ r bAh
1 modh.
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Finally, the last statement about Rh#F_h being a quantisation of R#V pL˚q follows at once
from the above along with Theorem 3.9. �

Needless to say, a similar statement can be made when starting from right quantum bial-
gebroids. The dual result, concerning the Drinfeld functor p´q1, reads as follows:

Theorem 3.14. Let pUh, Ahq P `QUAh be a left quantum universal enveloping bialgebroid
and Rh an h-topologically complete krrhss-algebra that is a braided commutative monoid in
Uh
YDUh , and such that Rh{hRh is commutative. Moreover, assume that

ρRh
prq “ r bAh

1Uh
modh

with respect to the right Uh-coaction ρRh
on Rh. Then Rh is a braided commutative YD algebra

over U 1h for which the U 1h-action on Rh has the property

ur “ 0 modh

for all u P ker εU 1h and r P Rh. Furthermore, there exists a canonical isomorphism

Rh#U 1h
»

−−Ñ pRh#Uhq
1

of left bialgebroids over Rh, given by r bAh
u ÞÑ r bAh

u for all r P Rh and u P U 1h. In par-
ticular, Rh#U 1h is a left quantum formal series bialgebroid over Rh whose semiclassical limit
is R#JpL˚q if the semiclassical limit of Uh is VL and that of Rh is R, hence, Rh#U 1h is a
quantisation of R#JpL˚q.

Proof. That Rh is a braided commutative YD algebra over U 1h if it so over Uh follows from
the very definition of p´q1 along with Theorem 3.13 and (a right dual version of) Lemma 1.3,
after adapting the latter to the present setup of the topological bialgebroid Uh which is not
finite projective as an Ah-module but rather a direct limit of finite projective submodules,
that is, ind-projective (cf. §3.2). The claimed isomorphism then follows via a chain of duality
isomorphism. More precisely,

pRh#Uhq
1 “
−−Ñ

˚

`

`

pRh#Uhq
˚
˘_
˘

»
−−Ñ ˚

`

pU˚h#Rhq
_
˘

»
−−Ñ ˚

`

pU˚h q
_#Rh

˘ »
−−Ñ Rh#˚

`

pU˚h q
_
˘ “
−−Ñ Rh#U 1h,

where the first and the last arrow are just the definitions, the second arrow is the isomor-
phism from Theorem 2.7 once suitably adapted to the present case of an ind-projective bial-
gebroid Uh (as explained in §3.3), the third arrow is the isomorphism from Theorem 3.13
right above, and the fourth one is the isomorphism arising from a right bialgebroid version
of Theorem 2.7 again. More in detail, we are applying the right (quantum) bialgebroid ver-
sion of Theorem 3.13 to Fh :“ U˚h . In this case, the condition rf “ 0 modh for the (right)
action of all U˚h on Rh is fulfilled because of the following chain of identities:

rf “ rr0sxrr1s, fy ”pmod hq rx1Uh
, fy ”pmod hq rBpfq,

where B denotes the right counit of U˚h , analogous to Eq. (C.3). This implies rf “ 0 modh for
all f P ker B and r P Rh.

Finally, let us check that the additional property

ur “ 0 modh (3.1)

is fulfilled for all u P ker ε1 and r P Rh, where ε1 :“ εU 1h . Abbreviating ε :“ εUh
, recall

that the left bialgebroid Uh splits, as a left Ah-module, into ŻUh “ spAhq ‘ ker ε. Simi-
larly, the right bialgebroid U˚h splits, as a right Ah-module, into U˚h Ž

“ trpAhq ‘ ker B. With
respect to the natural pairing x¨, ¨y : U˚h ˆ Uh Ñ Ah as described in (C.2), the very defini-
tion U 1h :“ ˚ppU

˚
h q
_q implies xpU˚h q

_, U 1hy Ď Ah, and therefore xh´1 ker B, U 1hy Ď Ah, which,
in turn, means xker B, U 1hy Ď hAh. Now look at ker ε1 “ U 1h X ker ε. On the one hand, we
have xker B, ker ε1y Ď hAh by the previous analysis; on the other hand, the definitions give
x1U˚h

, ker εy “ 0, hence x1U˚h , ker ε1y “ 0 as well. This together with the splitting of U˚h Ž
as

above leads to the conclusion that xU˚h , ker ε1y Ď hAh, hence ker ε1 Ď hp‹pU
˚
h qq “ hUh. The

outcome is ker ε1 Ď hUh, which obviously implies (3.1).
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At last, the final part of the statement, that is, the one about Rh#U 1h being a quantisation
of R#JpL˚q, follows from the above together with Theorem 3.9. �

Again, starting from right quantum universal enveloping bialgebroids yields an analogous
result. To conclude, let us sum up the content of Theorems 3.13 & 3.14 in a unified and
concise statement; to this end, let us introduce the following subcategories first:

Definition 3.15. Let Rh be any h-topologically complete krrhss-algebra such that Rh{hRh is
commutative. We denote by:

(i) Ah-`QFRh the subcategory of `QFRh whose objects are quantum groupoids of the form
Rh#Fh for some Fh P `QFAh such that Rh is a braided commutative monoid in Fh

YDFh ;
(ii) Ah-`QURh the subcategory of `QURh whose objects are quantum groupoids of the form

Rh#Uh for some Uh P `QUAh such thatRh is a braided commutative monoid in Uh
YDUh .

Objects in these categories will be referred to as (left) action quantum groupoids.

As always, a similar definition applies when replacing left by right everywhere. Our reca-
pitulatory statement then reads as follows:

Theorem 3.16. Let Rh be any h-topologically complete krrhss-algebra such that Rh{hRh is
commutative. Then the two Drinfeld functors p´q_ : `QFRh Ñ `QURh and p´q1 : `QURh Ñ

`QFRh restrict to functors

p´q_ : Ah-`QFRh Ñ Ah-`QURh , p´q1 : Ah-`QURh Ñ Ah-`QFRh ,

which are isomorphisms (between categories) that are inverse to each other. A parallel, right-
handed statement holds true as well.

Remark 3.17. Directly by construction and/or from our results above, one sees that Rh#Hh,
resp. Hh#Rh, is a left, resp. right, quantum groupoid over Rh, that is, a quantum universal
enveloping or formal series bialgebroid if Hh is so. More precisely, every action quantum
groupoid is a “quantum action groupoid”, in the following sense: with assumptions as in Def-
inition 3.15 above, if Hh is a quantisation of the (classical) bialgebroid H over A :“ Ah{hAh,
then R :“ Rh{hRh is a braided commutative YD algebra for H, and Rh#Hh, resp. Hh#Rh, is
a quantisation of the (classical) action bialgebroid R#H, resp. H#R.

Examples 3.18.
(i) Let Fh :“ FhrrGss be a quantum formal series Hopf algebra over a Poisson (algebraic or

Lie) group G; hence, it is a particular type of (left and right) quantum formal series bial-
gebroid, cf. [ChGa] and references therein. As every Hopf algebra is a braided commuta-
tive YD algebra over itself (either by means of the adjoint action and the coproduct or by
the product and the coadjoint coaction), one obtains an action bialgebroid pFh#Fh, Fhq
whose semiclassical limit is F rrGss#F rrGss “ F rrG˙Gss: therefore, we can see Fh#Fh as
a quantisation of the action groupoid G ˙ G; this action bialgebroid pFh#Fh, Fhq whose
underlying algebra structure is that of the Heisenberg double, could be termed Weyl Hopf
algebroid, see Example 2.3, while the underlying action groupoid G˙G is the symplectic
double of G (see, for instance, [Lu1, Lu2]).

Now, let us apply Theorem 3.13 to the action quantum groupoid Fh#Fh: the outcome is
that pFh#Fhq

_ “ Fh#F_h “ Fh#Uh, where Uh “ Uhpg
˚q :“ F_h , is a new action quantum

groupoid (actually, a left quantum universal enveloping bialgebroid) whose semiclassical
limit is a (left) action bialgebroid of the form F rrGss#Upg˚q “ V pG¸g˚q, with respect to a
well-defined structure of braided commutative YD algebra over Upg˚q on F rrGss. In short,
pFh#Fhq

_ “ Fh#F_h is a quantisation of the action Lie-Rinehart algebra F rrGss ¸ g˚, or
also (in an infinitesimal sense) of the action groupoid G¸G˚.

(ii) Let Uh :“ Uhpgq be a quantum universal enveloping algebra over the Lie bialgebra g, so it
is a particular type of (left and right) quantum universal enveloping bialgebroid, cf. again
[ChGa]. Note that Uh is a direct limit of a directed system of finite projective (left and
right) Ah-modules: then the definition/construction of left and right dual bialgebroids



DUALITY FOR ACTION BIALGEBROIDS 25

can be repeated for Uh (as explained in §3.2, also taking into account that we are now in
the simpler context of (topological) Hopf algebras rather than bialgebroids) so that the
dual Fh “ FhrrGss :“

`

Uhpgq
˘˚
“

`

Uhpgq
˘

˚
is a quantum formal series Hopf algebra over

the (formal) group G associated to g, in the sense of [ChGa]; note that, in this case, right
and left duals coincide. In addition (again because Uh is a direct limit of finite projective
Ah-modules), we have an identification Uh “ F ‹h (a suitable topological dual) and, in
addition, also the proof of Lemma 1.3 adapts to the present setup. Therefore, by part
(i), we first consider Fh as a braided commutative YD algebra over itself and consider
the left (action) bialgebroid pFh#Fh, Fhq; second, applying Lemma 1.3, we find that Fh
is also a braided commutative YD algebra over Uh. This, in turn, leads us to introduce
the right (action) bialgebroid pUh#Fh, Fhq whose semiclassical limit is Upgq#F rrGss “
V
`

g˙F rrGss
˘

: therefore, we can see Uh#Fh as a quantisation of the symplectic groupoid
G˙G, or rather of the associated (tangent) action right Lie-Rinehart algebra g˙ F rrGss
over the base algebra F rrGss.

Now, let us apply (the right-handed version of) Theorem 3.14 to the action quan-
tum groupoid Uh#Fh. Writing FhrrG

˚ss :“ U 1h, the outcome now is that pUh#Fhq
1 “

U 1h#Fh “ FhrrG
˚ss#Fh is a new action quantum groupoid (actually, a right quantum

formal series bialgebroid) whose semiclassical limit is a (right) action bialgebroid of the
form F rrG˚ss#F rrGss “ F rrG ¸ G˚ss, with respect to a well-defined structure of braided
commutative YD algebra over F rrG˚ss on F rrGss. In short, pUh#Fhq

1 “ U 1h#Fh is a quan-
tisation of the action groupoid G¸G˚.

(iii) Comparing the constructions in parts (i) & (ii) above, if we take Fh and Uh dual to each
other, that is, Fh “ U˚h and Uh “ F ‹h , then the two action bialgebroids Fh#Fh and Uh#Fh
are connected via Lemma 1.3: in particular, they are dual to each other again. But then,
by Lemma 1.3, Theorem 3.13, and Theorem 3.14, we find that also the action bialgebroids
pFh#Fhq

_ “ Fh#F_h and pUh#Fhq
1 “ U 1h#Fh are dual to each other. Therefore, the

same happens with their semiclassical limits F rrGss#F rrG˚ss and Upg˚q#F rrGss. The
outcome is that the mutually dual quantum action groupoids Fh#F_h and U 1h#Fh provide
mutually dual quantisations of a common, underlying geometrical datum, the action
groupoid G¸G˚.

(iv) From a different point of view, it is explained in [Lu1, Lu2] that all quantum action
bialgebroids presented in (i), (ii), and (iii) above can be seen as providing a quantisation
of the dressing action of G˚ on G and of G on G˚.

APPENDIX A. COMODULES AND YD MODULES OVER BIALGEBROIDS

The next few sections lists a multitude of technical details needed in the main text. With
the exception of §C.2, all of this is standard material (or can be more or less directly deduced
from such), and can be found anywhere in the bialgebroid literature.

As for the categories U -Mod and Mod-U of left resp. right modules over a left bialgebroid
pU,A, s, t,∆, εq, although the first one is monoidal and the second one is not, in both cases one
has a forgetful functor U -Mod Ñ Ae-Mod resp. Mod-U Ñ Ae-Mod with respect to which
we denote

a Żm Ž b :“ spaqtpbqm, b § n đ a :“ nspaqtpbq (A.1)
for a, b P A, m P U -Mod, and n PMod-U .

A.1. A right comodule over a left bialgebroid pU,Aq is a pair pM,ρM q of a right A-module and
a right A-linear U -coaction ρM : M ÑM bA ŻU , which induces a left A-action with respect to
which the coaction becomes linear as well and corestricts to the Takeuchi subspace M ˆA U :

ρM pama
1q “ mr0s bA a §mr1s Ž a1, amr0s bA mr1s “ mr0s bA mr1s đ a, (A.2)

where am :“ mr0sεpmr1s đ aq is the induced left A-action and ρM pmq “: mr0s bA mr1s, us-
ing a Sweedler square bracket subscript notation. The respective category is denoted by
Comod-U , while the category U -Comod of left U -comodules is defined along analogous lines.
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A.2. A left-left Yetter Drinfeld (YD) moduleM over a left bialgebroid pU,Aq is at the same time
a left U -module U bM Ñ M, pu,mq ÞÑ um and a left U -comodule λM : M Ñ UŽ bAM, m ÞÑ

mp´1qbAmp0q such that the forgetful functors U -ModÑ Ae-Mod and U -ComodÑ Ae-Mod
coincide on M , that is,

a Żm Ž a1 “ ama1

for a, a1 P A and m PM , and, in particular, such that for all u P U and m PM

up1qmp´1q bA up2qmp0q “ pup1qmqp´1qup2q bA pup1qmqp0q (A.3)

holds, the corresponding category of which is braided monoidal (see below) with respect to
bA, unit object given by the base algebra A, and denoted by U

UYD. There is a monoidal equiv-
alence between this category and the (left weak) monoidal centre of the category U -Mod.

A.3. Likewise, a left-right Yetter Drinfeld module M over a left bialgebroid pU,Aq is at the
same time a left U -module UbM ÑM, pu,mq ÞÑ um and a right U -comodule ρM : M ÑMbA
ŻU , m ÞÑ mr0s bA mr1s such that the forgetful functors U -ModÑ Ae-Mod and Comod-U Ñ
Ae-Mod coincide on it, i.e.,

a Żm Ž a1 “ ama1 (A.4)

for a, a1 P A and m PM , and such that for all u P U and m PM

up1qmr0s bA up2qmr1s “ pup2qmqr0s bA pup2qmqr1sup1q (A.5)

holds , the corresponding category of which is braided monoidal (see below) with respect to
bA, unit object given by the base algebra A, and denoted by UYDU . This time, there is
a monoidal equivalence between this category and the (right weak) monoidal centre of the
category U -Mod.

A.4. A monoid in UYDU for a left bialgebroid pU,Aq is a left-right YD module R P UYDU ,
which is also a monoid in U -Mod, meaning not only

upr ¨ r1q “ pup1qrq ¨ pup2qr
1q, u1R “ εpuq Ż 1R, (A.6)

but also

apr ¨ r1q “ parq ¨ r1, pr ¨ r1qa “ r ¨ pr1aq, praq ¨ r1 “ r ¨ par1q (A.7)

for the left and right A-actions on R. Moreover, it is a monoid in Comod-Uop, that is,

pr ¨ r1qr0s bA pr ¨ r
1qr1s “ rr0s ¨ r

1
r0s bA r

1
r1srr1s, 1r0s bA 1r1s “ 1R bA 1U . (A.8)

Finally, a monoid in UYDU is called braided commutative if

r ¨ r1 “ r1r0s ¨ pr
1
r1srq (A.9)

for r, r1 P R is fulfilled.

A.5. Given a right B-bialgebroid pV,B, s, t,∆, Bq, recall that a left V -comodule is a pair
pM,λM q of a left B-module and a left B-linear left V -coaction λM : M Ñ Vđ bB M induc-
ing a right B-action such that the coaction becomes linear as well and corestricts to VđˆBM :

λM pbmb
1q “ b §mp´1q Ž b1 bB m

p0q, mp´1q bB m
p0qb “ b Żmp´1q bB m

p0q, (A.10)

where mb :“ Bpb § mp´1qqmp0q is the right B-action, and where we employed the Sweedler
superscript notation λM pmq “ mp´1q bB mp0q. Denote by V -Comod the category of left V -
comodules, while Comod-V denotes the category of right V -comodules.
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A.6. In a similar spirit as for left bialgebroids, one can define right-right and right-left YD
modules for right bialgebroids, see below, but not left-right or left-left ones. For example,
a right-left Yetter Drinfeld module M over a right bialgebroid pV,Bq is at the same time a
right V -module M b V Ñ M, pm, vq ÞÑ mv and a left V -comodule λM : M Ñ Vđ bB M , m ÞÑ

mp´1qbBm
p0q such that the forgetful functors U -ModÑMod-Be and Comod-U ÑMod-Be

coincide on M , that is,
b §m đ b1 “ bmb1

for b, b1 P B and m PM , plus the compatibility

mp´1qvp1q bB m
p0qvp2q “ vp2qpmvp1qqp´1q bB pmv

p1qqp0q (A.11)

between action and coaction. Similar comments to what was said in §A.2 & §A.3 apply, and a
similar definition can be made for right-right Yetter-Drinfeld modules over right bialgebroids.

A.7. In an analogous spirit, a monoid in VYDV for a right bialgebroid pV,Bq is, first of all, a
right-left YD module R P VYDV which is, second, a monoid in Mod-V , that is,

pr ¨ r1qv “ prvp1qq ¨ pr1vp2qq, 1Rv “ 1R đ Bpvq,

which implies
bpr ¨ r1qb1 “ pbrq ¨ pr1b1q, prbq ¨ r1 “ r ¨ pbr1q

for the left and right B-actions on R and b, b1 P B. Third, it is also a monoid in V op-Comod:

pr ¨ r1qp´1q bB pr ¨ r
1qp0q “ r̃p´1qrp´1q bB r

p0q ¨ r̃p0q, 1p´1q bB 1p0q “ 1V bB 1R. (A.12)

A monoid in VYDV is called braided commutative if

r ¨ r1 “ pr1rp´1qq ¨ rp0q, (A.13)

for r, r1 P R is fulfilled.

APPENDIX B. LEFT AND RIGHT AND RIGHT AND LEFT HOPF ALGEBROIDS

B.1. Left and right Hopf algebroids over left bialgebroids. For a left bialgebroid pU,Aq,
consider the maps

α` : §U bAop UŽ Ñ UŽ bA ŻU, ubAop u1 ÞÑ up1q bA up2qu
1,

αr : Uđ bAŻU Ñ UŽ bA ŻU, ubA u
1 ÞÑ up1qu

1 bA up2q,

of left U -modules. Then pU,Aq is called (a) left Hopf (algebroid) if α` is invertible and (a) right
Hopf (algebroid) if this is the case for αr. Abbreviating in a Sweedler spirit

u` bAop u´ :“ α´1
` pubA 1q,

ur`s bA ur´s :“ α´1
r p1bA uq,

with implicit summation, one has

u` bAop u´ P U ˆAop U, (B.1)
u`p1q bA u`p2qu´ “ ubA 1 P UŽbAŻU, (B.2)

up1q` bAop up1q´up2q “ ubAop 1 P §UbAopUŽ, (B.3)
u`p1q bA u`p2q bAop u´ “ up1q bA up2q` bAop up2q´, (B.4)
u` bAop u´p1q bA u´p2q “ u`` bAop u´ bA u`´, (B.5)

puvq` bAop puvq´ “ u`v` bAop v´u´, (B.6)
u`u´ “ spεpuqq, (B.7)

εpu´q § u` “ u, (B.8)
pspaqtpa1qq` bAop pspaqtpa1qq´ “ spaq bAop spa1q (B.9)

for the left Hopf structure [Sch], where in (B.1) the Takeuchi-Sweedler product

UˆAopU :“
 
ř

iui b u
1
i P §U bAop UŽ |

ř

iui Ž ab u1i “
ř

iui b a § u1i, @a P A
(

,
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is meant. If the left bialgebroid pU,Aq is right Hopf, one analogously verifies

ur`s bA ur´s P U ˆA U, (B.10)
ur`sp1qur´s bA ur`sp2q “ 1bA u P UŽbAŻU, (B.11)
up2qr`s bA up2qr´sup1q “ ubA 1 P UđbAŻU , (B.12)

ur`sp1q bA ur´s bA ur`sp2q “ up1qr`s bA up1qr´s bA up2q, (B.13)
ur`sr`s bA ur`sr´s bA ur´s “ ur`s bA ur´sp1q bA ur´sp2q, (B.14)

puvqr`s bA puvqr´s “ ur`svr`s bA vr´sur´s, (B.15)
ur`sur´s “ tpεpuqq, (B.16)

ur`s đ εpur´sq “ u, (B.17)
pspaqtpa1qqr`s bA pspaqtpa

1qqr´s “ tpa1q bA tpaq, (B.18)

see [BöSz, Prop. 4.2], where in (B.10) we denoted

U ˆA U :“
 
ř

iui b vi P Uđ bAŻU |
ř

ia Ż ui b vi “
ř

iui b vi đ a, @a P A
(

.

For a left bialgebroid pU,Aq that is both left and right Hopf, one even has the mixed relations

u`r`s bAop u´ bA u`r´s “ ur`s` bAop ur`s´ bA ur´s, (B.19)
u` bAop u´r`s bA u´r´s “ up1q` bAop up1q´ bA up2q, (B.20)
ur`s bA ur´s` bAop ur´s´ “ up2qr`s bA up2qr´s bAop up1q, (B.21)

as proven in [ChGaKo, Lem. 2.3.4].

B.2. Left Hopf algebroids over right bialgebroids. Of course, the notion of (left or right)
Hopf algebroid also exist if the underlying bialgebroid is a right instead of a left one. Since
we are going to deal with the dual of left bialgebroids (which are right bialgebroids), we will
need (at least one of) these concepts as well: we say that the right bialgebroid pV,Bq is a left
Hopf algebroid if the Hopf-Galois map

β` : Vđ bB ŻV Ñ Vđ bB §U , v1 bB v ÞÑ vp1q bB v
1vp2q, (B.22)

is bijective. Again, we define the corresponding translation map by

vr´s bB v
r`s :“ β´1

` pv bB 1q. (B.23)

As a side comment, in case B “ k is central in V , the map β` is invertible if and only if V is
a Hopf algebra, and one has vr´s b vr`s “ S´1pvp2qq b vp1q.

Remark B.1. This latter definition might now lead to slight confusion in terminology as
saying “left/right Hopf algebroid” does not specify whether the underlying bialgebroid is left
or right, whereas “left/right Hopf algebroid over a left/right bialgebroid” or the like unfortu-
nately appears somewhat clumsy. We still want to stress that interchanging left and right
here is more than a pure exercise in chirality yoga: this determines the monoidality of the
respective category of modules.

Let pV,Bq be a left Hopf algebroid over an underlying right bialgebroid. The following
identities are true with respect to β´1

` pv bB 1q from (B.23):

vr´s bB v
r`s

P V ˆB V, (B.24)
vr`sp1q bB v

r´svr`sp2q “ v bB 1 P Vđ bB §V, (B.25)
vp2qvp1qr´s bB v

p1qr`s “ 1bB v P Vđ bB ŻV , (B.26)
vp1q bB v

p2qr´s bB v
p2qr`s “ vr`sp1q bB v

r´s
bB v

r`sp2q, (B.27)
vr´sp1q bB v

r´sp2q bB v
r`s

“ vr´s bB v
r`sr´s

bB v
r`sr`s, (B.28)

pvwqr´s bB pvwq
r`s

“ wr´svr´s bBop vr`swr`s, (B.29)
vr´svr`s “ trpBpvqq, (B.30)

vr`s đ Bpvr´sq “ v, (B.31)
psrpbqtrpb1qqr´s bB ps

rpbqtrpb1qqr`s “ trpbq bB t
rpb1q, (B.32)
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where in (B.24) we mean the Sweedler-Takeuchi product

V ˆB V :“
 
ř

ivi b wi P V bB V |
ř

ib Ż vi b wi “
ř

ivi b wi đ b, @b P B
(

.

APPENDIX C. DUALS OF BIALGEBROIDS

C.1. Left and right duals. In this section, we mainly recall how the left dual

U˚ :“ HomApŻU ,AA q

for a left bialgebroid pU,Aq becomes a right bialgebroid if the left A-module ŻU is finitely
generated projective over A. In longer expressions, we will frequently write xψ, uy to mean
ψpuq for ψ P U˚ and u P U , as this increases readability (at least in our opinion). A discussion
similar to what follows also holds for the right dual

U˚ :“ HomAoppUŽ, AAq,

the details of which are found, e.g., in [Ko, §2.4]. Starting from a right bialgebroid pV,Bq
leads in an analogous way to two duals denoted ˚V and ˚V ; see, for example, [ChGa, §3.4].

More in detail, dualising a left bialgebroid pU,A, s`, t`,∆`, εq gives a right bialgebroid
pU˚, A, s

r, tr,∆r, Bq over the same base algebra if ŻU is assumed to be a finitely generated
left A-module via the source map. To begin with, the product is given by

pψψ1qpuq :“ xψ1, up1q Ž xψ, up2qyy, (C.1)

where u P U , ψ,ψ1 P U˚, which induces an Ae-ring structure by defining source and target:

sr : AÑ U˚, a ÞÑ εpp¨q Ž aq “ εp¨qa, tr : AÑ U˚, a ÞÑ εpa § p¨qq.

Denoting as in (A.1) for every (left or right) bialgebroid the four A-actions on U˚ by

a Ż ψ Ž b “ srpaqtrpbqψ, a § ψ đ b “ ψtrpaqsrpbq

for ψ P U˚, a, b P A, one obtains the identities

xψ, a Ż uy “ axψ, uy, xψ, u Ž ay “ xa Ż ψ, uy, xψ, a § uy “ xψ Ž a, uy,
xψ, u đ ay “ xa § ψ, uy, xψ đ a, uy “ xψ, uya,

(C.2)

hence a left Ae-pairing. The A-coring structure on pU˚, Aq, in turn, is given by

∆r : U˚ Ñ HomApUđ bA ŻU ,Aq, ψ ÞÑ tubA u
1 ÞÑ ψpuu1qu,

B : U˚ Ñ A, ψ ÞÑ ψp1Uq.
(C.3)

In case ŻU is finitely generated A-projective and therefore U˚đ as well (see below), then

U˚đ bA §U˚ Ñ HomApUđ bA ŻU ,Aq, ψ bA ψ
1 ÞÑ tubA v ÞÑ xψ1, u đ xψ, u1yyu, (C.4)

is an isomorphism and the map ∆r : ψ ÞÑ ψp1q bA ψ
p2q above defines a right (as opposed to

left) coproduct, i.e.,
xψp2q, u đ xψp1q, u1yy “ xψ, uu1y, (C.5)

and the map B above is a (right) counit such that the coproduct ∆r becomes counital. Choos-
ing a dual basis teju1ďjďn P U, teju1ďjďn P U˚, one writes

u “
ř

jxe
j , uy Ż ej , (C.6)

and from there, using (C.2),

xψ, uy “
ř

jxψ, xe
j , uy Ż ejy “

ř

jxe
j , uyxψ, ejy “

ř

jxe
j đ xψ, ejy, uy,

and therefore
ψ “

ř

j e
j đ xψ, ejy. (C.7)

Hence, as claimed above, if ŻU is finitely generated A-projective, then U˚đ is so as well.
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C.2. Duals as right/left Hopf algebroids. If the left bialgebroid pU,Aq is a left Hopf al-
gebroid, then the right bialgebroid given by the right dual pU˚, Aq is a right Hopf alge-
broid, and if the left bialgebroid pU,Aq is a right Hopf algebroid, then the right bialgebroid
given by the left dual pU˚, Aq is a left Hopf algebroid, as explicitly proven in [Ko, §3]: if
teiu1ďiďn P U, te

iu1ďiďn P U
˚ is a dual basis for the right dual of U , then the translation map

reads
φ´ bAop φ` :“

ř

i e
i bAop pei 3 φq

for φ P U˚, where
pu3 φqpu1q :“ εpφpu´u

1q § u`q.

If, on the other hand, teju1ďjďn P U, teju1ďjďn P U˚ is a dual basis for the left dual of U , then
on U˚ one obtains the translation map as

ψr´s bA ψ
r`s :“

ř

j e
j bA pej äψq (C.8)

for ψ P U˚, where
puäψqpu1q :“ εpur`s đ φpur´su

1qq. (C.9)
As in [Ko, Lem. 3.3], it is a direct check that

xψr´s, uy Ż ψr`s “ uäψ. (C.10)

Finally, recall the map S˚ : U˚ Ñ U˚ from [ChGaKo, Eq. (5.1)]; one has, using (B.21),

puäS˚φqpu1q “ pu1 3 φqpuq

for φ P U˚, which appears somehow curious.
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[BrzMi] T. Brzeziński and G. Militaru, Bialgebroids, Â-bialgebras and duality, J. Algebra 251 (2002), no. 1, 279–
294.

[CaLaPi] J. Casas, M. Ladra, and T. Pirashvili, Crossed modules for Lie-Rinehart algebras, J. Algebra 274 (2004),
no. 1, 192–201.

[ChGa] S. Chemla and F. Gavarini, Duality functors for quantum groupoids, J. Noncomm. Geom. 9 (2015), no. 2,
287–358.

[ChGaKo] S. Chemla, F. Gavarini, and N. Kowalzig, Duality features of left Hopf algebroids, Algebr. Represent.
Theory 19 (2016), no. 4, 913–941.

[Dr] V. Drinfeld, Quantum groups, Proc. Intern. Congress of Math. (Berkeley, 1986), 1987, pp. 798–820.
[HaMa] X. Han and S. Majid, Bisections and cocycles on Hopf algebroids, preprint (2023), arXiv:2305.12465.
[KadSz] L. Kadison and K. Szlachányi, Bialgebroid actions on depth two extensions and duality, Adv. Math. 179

(2003), no. 1, 75–121.
[Ko] N. Kowalzig, When Ext is a Batalin-Vilkovisky algebra, J. Noncomm. Geom. 12 (2018), no. 3, 1081–1131.
[KoPo] N. Kowalzig and H. Posthuma, The cyclic theory of Hopf algebroids, J. Noncomm. Geom. 5 (2011), no. 3,

423–476.
[Lu1] J.-H. Lu, Moment maps at the quantum level, Comm. Math. Phys. 157 (1993), no. 2, 389–404.
[Lu2] , Hopf algebroids and quantum groupoids, Internat. J. Math. 7 (1996), no. 1, 47–70.
[Mac] K. Mackenzie, Lie Groupoids and Lie Algebroids in Differential Geometry, London Math. Soc. Lect. Note

Series 124. Cambridge University Press, Cambridge, 1987.
[Sch] P. Schauenburg, Duals and doubles of quantum groupoids (ˆR-Hopf algebras), New trends in Hopf algebra

theory (La Falda, 1999), Contemp. Math., vol. 267, Amer. Math. Soc., Providence, RI, 2000, pp. 273–299.
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