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Abstract. We develop a quantum duality principle for coisotropic subgroups of a (formal)
Poisson group and its dual: namely, starting from a quantum coisotropic subgroup (for a
quantization of a given Poisson group) we provide functorial recipes to produce quantizations
of the dual coisotropic subgroup (in the dual formal Poisson group). By the natural link
between subgroups and homogeneous spaces, we argue a quantum duality principle for Poisson
homogeneous spaces which are Poisson quotients, i.e. have at least one zero-dimensional
symplectic leaf. As an application, we provide an explicit quantization of the homogeneous
S L, —space of Stokes matrices, with the Poisson structure given by Dubrovin and Ugaglia.

Introduction

The natural semiclassical counterpart of the study of quantum groups is the theory of
Poisson groups: indeed, Drinfeld himself introduced Poisson groups as the semiclassical
limits of quantum groups. Therefore, it should be no surprise to anyone, anymore, that
the geometry of quantum groups gain in clarity and comprehension when its connection
with Poisson geometry is more transparent. The same can be observed when referring to
homogeneous spaces.

In fact, in the study of Poisson homogeneous spaces, a special role is played by Poisson
quotients. These are those Poisson homogeneous spaces whose symplectic foliation has at
least one zero-dimensional leaf, so they can be thought of as pointed Poisson homogeneous
spaces, just like Poisson groups themselves are pointed by the identity element. When
looking at quantizations of a Poisson homogeneous space, one finds that the existence is
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guaranteed only if the space is a quotient (cf. [EK2]). Thus the notion of Poisson quotient
shows up naturally also from the point of view of quantization (see [Ci]).

Poisson quotients are a natural subclass of Poisson homogeneous G—spaces (G a Poisson
group), best adapted to the usual relation between homogeneous G—spaces and subgroups
of G': they correspond to coisotropic subgroups. The quantization process for a Poisson
G—quotient then corresponds to a like procedure for the attached coisotropic subgroup of
G. Also, when following an infinitesimal approach one deals with Lie subalgebras of the
Lie algebra g of G, and the coisotropy condition has its natural counterpart in this Lie
algebra setting; the quantization process then is to be carried on for the Lie subalgebra
corresponding to the initial homogeneous G—space.

When quantizing Poisson groups (or Lie bialgebras), a precious tool is the quantum
duality principle (QDP). Loosely speaking this guarantees that any quantized envelop-
ing algebra can be turned (roughly speaking) into a quantum function algebra for the
dual Poisson group; viceversa any quantum function algebra can be turned into a quan-
tization of the enveloping algebra of the dual Lie bialgebra. More precisely, let QUEA
and QFSHA respectively be the category of all quantized universal enveloping algebras
(QUEA) and the category of all quantized formal series Hopf algebras (QFSHA), in Drin-
feld’s sense. After its formulation by Drinfeld (see [Drl], §7) the QDP establishes a cate-
gory equivalence between QUEA and Q FSHA via two functors, (): QUEA — QFSHA
and ( )V:QFSHA — QUEA, such that, starting from a QUEA over a Lie bialgebra
(resp. from a QFSHA over a Poisson group) the functor ( )’ (resp. ()¥) gives a QFSHA
(resp. a QUEA) over the dual Poisson group (resp. the dual Lie bialgebra). In a nutshell,
Un(g) = Fu[[G*]] and F3[[G]]Y = Un(g*) for any Lie bialgebra g. So from a quantization
of any Poisson group this principle gets out a quantization of the dual Poisson group too.

In this paper we establish a similar quantum duality principle for (closed) coisotropic
subgroups of a Poisson group G, or equivalently for Poisson G—quotients, sticking to the for-
mal approach which is best suited for dealing with quantum groups a la Drinfeld. Namely,
given a Poisson group G assume quantizations Up(g) and Fj[[G]] of it are given; then any
formal coisotropic subgroup K of G has two possible algebraic descriptions via objects
related to U(g) or F[[G]], and similarly for the formal Poisson quotient G/K . Thus the
datum of K or equivalently of G / K is described algebraically in four possible ways: by
quantization of such a datum we mean a quantization of any one of these four objects.
Our “QDP” now is a series of functorial recipes to produce, out of a quantization of K or
G / K as before, a similar quantization of the so-called complementary dual of K , i.e. the
coisotropic subgroup K+ of G* whose tangent Lie bialgebra is just £ inside g*, or of the
associated Poisson G*—quotient, namely G* / K+.

We would better stress that, just like the QDP for quantum groups, ours is by no means
an existence result: instead, it can be thought of as a duplication result, in that it yields
a new quantization (for a complementary dual object) out of one given from scratch.

As an aside remark, let us comment on the fact that the more general problem of
quantizing coisotropic manifolds of a given Poisson manifold, in the context of deformation
quantization, has recently raised quite some interest (see [BGHHW,CF]).

As an example, in the last section we show how we can use this quantum duality
principle to derive new quantizations from known ones. The example is given by the
Poisson structure introduced on the space of Stokes matrices by Dubrovin (see [Du]) and
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Ugaglia (see [Ug]) in the framework of moduli spaces of semisimple Frobenius manifolds.
It was Boalch (cf. [Bo]) that first gave an interpretation of Dubrovin—Ugaglia brackets in
terms of Poisson-Lie groups. We will rather follow later work by Xu (see [Xu]) where it
was shown how Boalch construction may be equivalently interpreted as quotient Poisson
structure of the dual Poisson-Lie group G* of the standard SL, (k). In more detail the
Poisson space of Stokes matrices G* / H* is the dual Poisson space to the Poisson space
SLy(k)/SO, (k). It has to be noted that the embedding of SO, (k) in SL, (k) is known
to be coisotropic but not Poisson. Starting, then, from results obtained by Noumi in
[No| related to a quantum version of the embedding SO, (k) — SL, (k) we are able to
interpret them as an explicit quantization of the Dubrovin-Ugaglia structure. We provide
explicit computations for the case n = 3, and draw a sketch with the main guidelines for
the general case.

Finally, another, stronger formulation of our QDP for subgroups and homogeneous
spaces can be given in terms of quantum groups of global type, see [CG].

§ 1 The classical setting

In this section we introduce the notions of Poisson geometry we shall need in the follow-
ing: coisotropic subgroups and Poisson quotients, also called Poisson homogeneous spaces
of group type. Our aim is to stress their algebraic characterization.

1.1 Formal Poisson groups. As already explained, the setup of the paper is formal
geometry. Recall that a formal variety is uniquely characterized by a tangent or a cotangent
space (at its unique point), and is described by its “algebra of regular functions” — such
as F[[G]] below — which is a complete, topological local ring which can be realized as a
k—algebra of formal power series. Hereafter k is a field of zero characteristic.

Let g be a finite dimensional Lie algebra over k, and let U(g) be its universal enveloping
algebra (with the natural Hopf algebra structure). We denote by F[[G]] the algebra of
functions on the formal algebraic group G associated to g (which depends only on g itself);
this is a complete, topological Hopf algebra. One has F|[[G]] = U(g)" so that there is a
natural pairing of (topological) Hopf algebras — see below — between U(g) and F[[G]].

In general, if H, K are Hopf algebras (even topological) over a ring R, a pairing
(, ): HxK — R is called a Hopf pairing if <x,y1‘y2> = <A(x),y1 ®y2>, <.r1'.r2,y> =
<$1 Qx2, A(y)> ) <3§', 1> = 6(33) ) <17y> = G(y) ’ <S($)7y> = <.CE, S(y)> for all T,T1,T2 € Ha
Y, y1,y2 € K. Moreover, a pairing is called perfect if it is non-degenerate.

Now assume G is a formal Poisson (algebraic) group. Then g is a Lie bialgebra, U(g)
is a co-Poisson Hopf algebra, F[[G]] is a topological Poisson Hopf algebra, and the Hopf
pairing above respects these additional co-Poisson and Poisson structures. Furthermore,
the linear dual g* of g is a Lie bialgebra as well, so a dual formal Poisson group G* exists.

Notation: hereafter, the symbol < stands for “coideal”, <! for “unital subalgebra”,
< for “subcoalgebra”, <, for “Poisson subalgebra”, ﬁp for “Poisson coideal”, <,, for
“Hopf subalgebra”, <,, for “Hopf ideal”, and the subscript ¢ stands for “left”. Everything
has to be meant in topological sense if necessary.
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1.2 Subgroups and homogeneous G—spaces. A homogeneous left G—space M
corresponds to a closed subgroup K = K);, which we assume to be connected, of G such
that M = G / K . Actually, in formal geometry K may be replaced by ¢ := Lie(K) as
well. Then the whole geometrical setting established by the pair (K ,G/K ) is algebraically
encoded by any one of the following data:

(a) the set Z =7Z(K) =Z(¥) of all (formal) functions vanishing on K , that is to say
I ={peF[[G]]|¢(K)=0}: this is a Hopf ideal of F[[G]], in short Z <, F[[G]] ;

(b) the set of all left t-invariant functions, namely C = C(K) = C(¢) = F[[G]]" : this
is a unital subalgebra and left coideal of F[[G]], in short C <'<, F[[G]] ;

(c) the set T =73J(K)=73(¢) of all left-invariant differential operators on F[[G]] which
vanish on F[[G]], that is 7 = U(g) - ¢ (via standard identifications of the set of left-
invariant differential operators with U(g)): this is a left ideal and (two-sided) coideal of
U(g), in short J(¢) =3 <, <U(g);

(d) the universal enveloping algebra of ¢, denoted € = €(K) = €(¢) := U(¥) : this is
a Hopf subalgebra of U(g), ie. € <, U(g) .

In this way any formal subgroup K of GG, or the associated homogeneous G—space G / K,
is characterized — via £ and g — by any one of the following algebraic objects:

() T FIG] (b)) C<'S,FIG]  (¢) 39, 9U()  (d) €<, Ulg) (L1

Clearly (a) and (d) in (1.1) ideally focus on the subgroup K , whereas (b) and (¢) focus
more on the formal homogeneous G—space G / K . Nevertheless, these four algebraic data
are all equivalent to each other. To express this algebraically, we need some more notation.

For any Hopf algebra H , with counit €, and every submodule M C H, we set: MT :=
MnNKer(e) and H°M .= {ye H | (A(y)—y®1) € HQ M } (the set of M—coinvariants
of H). Letting A be the set of all subalgebras left coideals of H and K be the set of all
coideals left ideals of H , we have well-defined maps A — K, A+~ H-A" and K — A,
K — H®E (cf. [Ma], and references therein).

Then the above mentioned equivalence stems from the following relations, which starting
from any one of the four items in (1.1) allow one to reconstruct the remaining ones:

— (1) orthogonality relations — w.r.t. the natural pairing between F[[G]] and U(g) —
namely 7 = ¢+, ¢ =7+, linking (a) and (d), and C =3+, J = C*, linking (b) and (c);

— (2) subgroup-space correspondence, namely I = F[[G]]-Ct, C = F[[G]]*", linking
(a) and (b), and T = U(g) - €+, ¢ = U(g)”, linking (¢) and (d). Moreover, the maps
A — K and K — A considered above are inverse to each other in the formal setting.

1.3 Coisotropic subgroups and Poisson quotients. When G is a Poisson group,
a distinguished class of subgroups — the coisotropic ones — is of special interest.

A closed formal subgroup K of G with Lie algebra £ is called coisotropic if its defining
ideal Z () is a (topological) Poisson subalgebra of F[[G]]. The following are equivalent:

(C-i) K is a coisotropic formal subgroup of G ;
(C-ii) 6(€) C €A g, that is € is a Lie coideal of g;
(C-iii) €+ is a Lie subalgebra of g*

(see [Lu]). Clearly (C-ii) and (C-iii) characterize coisotropic subgroups in algebraic terms.
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As for homogeneous spaces, recall that a formal Poisson manifold (M,wys) is a Poisson
homogeneous G—space if there is a smooth homogeneous action ¢: G x M — M which is
a Poisson map with respect to the product Poisson structure.

In addition, (M,wys) is said to be of group type (after Drinfeld [Dr2]), or simply a
Poisson quotient, if there exists a coisotropic closed Lie subgroup Kj; of G such that
G/KM ~ M and the natural projection 7: G — G/KM ~ M is a Poisson map.

The following is a characterization of Poisson quotients (cf. [Za]):

(PQ-i) there exists o € M such that its stabilizer G, is coisotropic in G;

(PQ-ii) there exists zo € M such that ¢,,: G — M, g — ¢(g,x0), is a Poisson
map, that is M is a Poisson quotient;

(PQ-iii) there exists xg € M such that wy(zg) =0.

Remark: in Poisson geometry, the usual relationship between closed subgroups of G
and G-homogeneous spaces does not hold anymore. In fact, in the same conjugacy class
one can have Poisson subgroups, coisotropic subgroups and non-coisotropic subgroups. We
saw above that Poisson quotients correspond to Poisson homogeneous spaces in which at
least one of the stabilizers is coisotropic; many such examples can be found, for instance,
in [LW]. On the other hand many interesting Poisson homogeneous spaces are not of group
type, as it is the case for covariant (in particular invariant) symplectic structures.

Definition 1.4.

(a) If K is a formal coisotropic subgroup of G, we call complementary dual of K the
formal subgroup K+ of G* whose tangent Lie algebra is ¥~ (with G* as in §1.1).

(b) If M = G/KM is a formal Poisson G—quotient, with Kp; coisotropic, we call
complementary dual of M the formal Poisson G* —quotient M=+ := G*/KML .

1.5 Remarks: (a) The fact to be highlighted in the above definition is that a subset
£ of g is a Lie coideal if and only if € is a Lie subalgebra of g*. This is why we have dual
Poisson quotients. Even more, by (C-i,ii,7ii) in §1.3, the complementary dual subgroup to
a coisotropic subgroup is coisotropic too, and taking twice the complementary dual gives
back the initial subgroup. Similarly, the Poisson homogeneous space which is complemen-
tary dual to a Poisson homogeneous space of group type is in turn of group type as well,
and taking twice the complementary dual gives back the initial manifold. So Definition
1.4 makes sense, and the notion of complementary duality is self-dual, in both cases.

(¢) The notion of Poisson homogeneous G—spaces of group type was first introduced by
Drinfeld in [Dr2]: here the relation between such G—spaces and Lagrangian subalgebras of
Drinfeld’s double D(g) = g @ g* is also explained. This is further developed in [EL].

(d) We denote by coS(G) the set of all formal coisotropic subgroups of G, which is as
well described by the set of all Lie subalgebras, Lie coideals of g. This is a lattice w. r. t.
set-theoretical inclusion, hence it can (and will) also be thought of as a category. <

1.6 Algebraic characterization of coisotropic subgroups. Let K be a formal
coisotropic subgroup of GG. Taking J, C, Z and € as in §1.2, coisotropy corresponds to

() I<- Fl[G]l, () C<p FlG]l,  (¢)32,U(g),  (d) €2, U(g)

Thus a formal coisotropic subgroup of G is identified by any one of the algebraic objects

(0)T <R FI[G]], (b)C <<y < FIIG]], (¢)3 21, U(g), (d)€ <2, Ulg). (1.2)
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Note also that K being coisotropic reflects the fact that the distinguished point eK
(where e € G is the identity element) in the formal Poisson G-space G/K is a zero-
dimensional leaf. Then the algebra of regular functions on G / K, already realized as
F[[G]]¥, will be also denoted by F|[[G/K]]. Moreover, we can always choose a sys-
tem of parameters for G, say {jl,...,jk,jk+1,...,jn} such that k£ = dim(K), n =

dim(G), F[[G]™ = K[[jes1,---,4n]] (the topological subalgebra of F[[G]] generated by
{dr41,---,dn}) and Z(K) = (j41,- - -+ Jn) (the ideal of F[[G]] generated by {jrt1,...,Jn})-

§ 2 The quantum setting

This section is devoted to recall quantum groups and Drinfeld’s QDP for quantum
groups, to introduce our concept of quantization for coisotropic subgroups and Poisson
quotients, and to explain the basic idea of our QDP for the latters.

2.1 Topological k[[h]]|-modules and tensor structures. Let k[[A]] be the topolog-
ical ring of formal power series in the indeterminate h. If X is any k[[A]]-module, we set
Xp = X/hX =k ®ypn X, the specialization of X at h = 0, or semiclassical limit of X .

Let Ty be the category whose objects are all topological k[[A]]-modules which are
topologically free and whose morphisms are the k[[A]]-linear maps (which are automatically
continuous). It is a tensor category for the tensor product T; ® T, defined as the separated
hadic completion of the algebraic tensor product T ®ypy T2 (for all Ty, T € Ty ). We
denote by HA g the subcategory of Ty whose objects are all the Hopf algebras in 7 and
whose morphisms are all the Hopf algebra morphisms in 7, .

Let P be the category whose objects are all topological k[[A]]-modules isomorphic to

modules of the type ]k[[h]]E (with the Tikhonov product topology) for some set E, and
whose morphisms are the k[[%]]-linear continuous maps. It is a tensor category w.r.t. the
tensor product P; @ P, defined as the completion of the algebraic tensor product P; Ok[[A]]
P, w.r.t. the weak topology: thus P; = k[[A]]"" (i = 1, 2) yields P, @ P, = k[[1]]"* "
(for all P, P, € Pg). We call HAg the subcategory of Pg whose objects are all the
Hopf algebras in P and whose morphisms are all the Hopf algebra morphisms in Pg .

Definition 2.2. (¢f. [Dr1, § 7])

(a) We call QUEA any H € HAy such that Hy := H/hH s a co-Poisson Hopf
algebra isomorphic to U(g) for some finite dimensional Lie bialgebra g (over k); in this
case we write H = Uy(g), and say H is a quantization of U(g). We call QUEA the full
tensor subcategory of HAg whose objects are QUEA, relative to all possible g (see also
Remark 2.3 below).

(b) We call QFSHA any K € HAg such that Ko := K/hK is a topological Poisson
Hopf algebra isomorphic to F[[G]] for some finite dimensional formal Poisson group G
(over k); then we write H = F}[[G]], and say K is a quantization of F[[G]]. We call
QFSHA the full tensor subcategory of HAg whose objects are QFSHA, relative to all
possible G (see also Remark 2.3 below).

Remarks 2.3: If H € HAy issuch that Ho:= H / hH as a Hopf algebra is isomorphic
to U(g) for some Lie algebra g, then Hy = U(g) is also a co-Poisson Hopf algebra w.r.t. the
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Poisson cobracket ¢ defined as follows: if x € Hy and z’ € H gives x = 2’ + h H, then
§(z) :== (= (A(2') — A°P(2"))) + R H ® H ; then (by [Drl, §3, Theorem 2]) the restriction
of 6 makes g into a Lie bialgebra. Similarly, if K € HAg is such that Ko := K / hK
is a topological Poisson Hopf algebra isomorphic to F[[G]] for some formal group G then
Ky = FI[G]] is also a topological Poisson Hopf algebra w.r.t. the Poisson bracket { , }
defined as follows: if z, y € Ky and 2/, y € K give x =2’ + hK, y =y + h K, then
{z,y} = (" (a'y — y'a’)) + hK; then F[[G]] is (the algebra of regular functions on)
a Poisson formal group. These natural co-Poisson and Poisson structures are the ones
considered in Definition 2.2 above.

2.4 Drinfeld’s functors. Let H be a (topological) Hopf algebra over k[[A]]. For each
n € N, define A™: H — H®" by A :=¢, Al :=id,, and A" := (A@idg("*Q))oA"_l
if n > 2. For any ordered subset F = {iy,...,ix} C {1,...,n} with i; <--- <1y, define
the morphism j, : H®* — H®" by ju(a1® - ®ag) :=b ®---®b, with b; :=1
if i ¢ ¥ and b;, := a,, for 1 < m < k; then set Ap := ju o AF Ay := A" and
o= >, (—1)n_|EI|AE/ , 0p := €. The inverse formula Ag =) ;0w holds too. We
E'CE =
shall also use the notation dg := 0y, 0, := df1,2,....n} - Then we define

—{CLEH‘(S Eh”H®”Vn€N} (QH)

Note that the useful formula 6, = (idy — €)®" o A™ holds, for all n € N, . Since
H splits as H = K[[A]] - 1y ® Ju, and (id — €) projects H onto Jy := Ker(e), from
8, = (idy — €)®" 0 A" we get 8,(a) = (idy — €)*" (A™(a)) € J,&" forall a € H,n € N.

For later use, we recall that ([KT, Lemma 3.2]), if ® is any finite subset of N then

dp(ab) = > Ly—o On(a)dy (D) vV a,be H,

dp(ab —ba) = ZAUY:@ (6a(a) 6y (b) — 8y (b) 0a(a)) Va,be H, ®#0. (2.2)
ANY #£0
Now let I, := e 1 (Rk[[A]]); set H* :== > h "I, = (h_lfH)n = U (h_llH)n =
n>0 n>0 n>0

Dm0 BT (inside k((R)) ®gpy H ), and define
HY := h-adic completion of the k[[A]]-module H* .

By means of this constructions, the QDP says that any QUEA provides also a QFSHA
for the dual Poisson group, and any QFSHA yields also a QUEA for the dual Lie bialgebra:

Theorem 2.5. (“The quantum duality principle” [=QDP]; cf. Drinfel’d [Drl, §7]; see
also Etingof and Schiffman [ES, §10.2], or Gavarini [Gal], for a proof) The assignments
H — HY and H — H', respectively, define tensor functors QFSHA — QUEA and
QUEA — QFSHA, which are inverse to each other. Indeed, for all Up(g) € QUEA
and all F[|G ]] € QFSHA one has

w(0) [nUe) = FIGT, RG] [hRE)Y = U(e)

that is, if Un(g) is a quantization of U(g) then Ux(g) is a quantization of F[[G*]], and
if Fp[[G]] is a quantization of F[[G]] then F[[G*]]" is a quantization of U(g*). O

In addition, Drinfeld’s functors respect Hopf duality, in the sense of the following
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Proposition 2.6. (see Gavarini [Gal, Proposition 2.2]) Let Uy € QUEA, Fy, € QFSHA
and let m: Uy x Fr, — K[[h]] be a perfect Hopf pairing whose specialization at h = 0 is
perfect as well. Then m induces — by restriction on l.h.s. and scalar extension on r.h.s. — a
perfect Hopf pairing Uy’ x F,Y — K[[R]] whose specialization at h = 0 is again perfect too. O]

2.7 Quantum subgroups and quantum homogeneous spaces. From now on,
let G be a formal Poisson group, g := Lie(G) its tangent Lie bialgebra. We assume
a quantization of G is given, in the sense that a QFSHA F}[[G]] quantizing F[[G]] and
a QUEA Ujy(g) quantizing U(g) are given such that, in addition, Fy[[G]] =& Ux(g)" =
Homyn) (Un(g), k[[1]]) as topological Hopf algebras; the latter requirement is equivalent
to fix a perfect Hopf algebra pairing between F[[G]] and Ux(g) whose specialization at
h =0 be perfect too. Note that this assumption is not restrictive: by [EK1], a QUEA Up(g)
as required always exists, and then Fj[[G]] can be simply taken to be Fy[[G]] = Ux(g)”,
by definition. Finally, as a matter of notation we denote by 7p,: F;[[G]] — F[[G]] and
7, Un(g) — U(g) the specialization maps, and we set Fj, := Fy[[G]], Uy := Un(g) .

Let K be a formal subgroup of G, and ¢ := Lie(K). As quantization of K and/or
of G / K, we mean a quantization of any one of the four algebraic objects Z, C, J and &€
associated to them in §1.2, that is either of the following:

(a) a left ideal, coideal I <y < Fj[[G]] such that I /hZ; = 7, (Zn) = T
(b) a subalgebra, left coideal Cj <' <, F1[[G]] such that Ch/hch >~ 1 (Ch) = C
(¢) a left ideal, coideal Jp <y I Ux(g) such that jh/hjﬁ = 1y, (Jp) = 3T
(d) a subalgebra, left coideal €, <' <, Ux(g) such that €;/h€; = mp, (€;) = €

(2.3)

In (2.3) the constraint In/hIy = 7, (Ih) = 7 means the following. By construction
Ip—— FR[[G]] —— Fy[[G /ﬁ Fi[[G]] = F[[G]], and the composed map Z, —— F[[G]]

factors through Zp/hZy; then we ask that the induced map Z/hZ;, — F[[G]] be a
bijection onto 7, (Z1), and that the latter do coincide with Z; of course this bijection
will also respects all Hopf operations, because 7, does. Similarly for the other conditions.

The existence of any of such objects is a separate problem, which we shall not tackle.
However, the four existence problems are in fact equivalent, in that as one solves any one
of them, a solution follows for the remaining ones. Indeed, much like in §1.2, one has:

— (a) <= (d) and (b) < (c): if T exists as in (a), then € := I~ enjoys the
properties in (d); conversely, if € exists as in (d), then Zj := ¢, enjoys the properties
in (a) (hereafter orthogonality is meant w.r.t. the fixed Hopf pairing between F}[[G]] and
Ur(g) ). The equivalence (b) <= (c¢) follows from a like orthogonality argument.

— (a) <= (b) and (c) <= (d): if Ty exists as in (a), then Cj := ;%" is an object
like in (b); on the other hand, if Cs as in (b) is given, then Zj, := F[[G]]-C; enjoys all prop-
erties in (a) (notation of §1.2). The equivalence (¢)<=- (d) stems from a like argument.

From now on, we assume from scratch that quantizations Zp, , Cr,, 35 and J5 as in (2.3)
be given, and that they be linked by the like of relations (1)—(2) in §1.2, namely

(i) Tn=Cy, Ch=TIp" (ii) Jh_cfﬁ, Cr =T

2.4
(iii) In=Fn-Cy , Ch=F" (i) In=Up ¢, €=U 24)
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In fact, one of the objects is enough to have all the others, in such a way that the
previous assumption holds. Indeed, if coS := coS(G) let Yy (coS) := {Yh(JE)}E ceos fOT
all Y € {Z,C,3,€}. The equivalences (a) <= (d), (b) < (c), (a) < (b) and (c) <=
(d) seen above are given by bijective maps Ih(coS) — (’:5(005) , Ch(coS) — jh(COS) ,
Ih(coS) —> Ch(coS) and 35(008) —> Q:h(COS) respectively. Altogether these maps
form a square, which happens to be commutative. This follows from the fact that each

of these maps, or their inverse, is of type Xp — X, Ap — HpA} or Ky — H,‘;OKH

co +
(see §1.2): since the general relations X C (XEL)L and Ap C H, (FnAw) hold, and these

co + .
inclusions turn to identities at & = 0, one gets X = (X,%)L and A, = H, (HnAy) , which

are the key steps to prove (easily) that the square of maps is commutative, as claimed.
Note also that the sets Ih(coS), (‘2;1(008), Ch(coS) and Jh(coS) are again lattices
w.r.t. set theoretical inclusion, so they can (and will) be thought of as categories as well.

Remarks 2.8: (a) Let X € {Z,C,J,¢} and Sy € {F,[[G]],Un(g)} . Since mg, (Xn) =
Xh/(Xh N hSh) , the property Xh/hXh = 7g, (Xn) = X is equivalent to X Nh Sy =

h X}, . Therefore our quantum objects can also be characterized, instead of by (2.3), by

(CL) Iy <y ﬁ Fh[[G]] , InN ﬁFhHG” = hl, , Iﬁ/hIﬁ =1

(b) Cx Sl ﬁé Fh[[GH , ChﬂﬁFhHG“ = hCy , Ch/hCh =C (2 3),
(C) In < 4 Uh(g) , JhﬂhUh(g) = hJy , jh/hjh =7 ’
(d) (% Sl <, Uh(g) , QﬁhﬂhUh(g) = hC, , Q:h/he:h =C

along with conditions (2.4). In any case, next Lemma proves that the formal subgroup of
G obtained as specialization of a quantum formal subgroup is always coisotropic (much
like specializing a quantum group one gets a Poisson group).

(b) If a quadruple (Ih, Cn, Jn, th) is given which enjoys all properties in the first
and the second column of (2.3)’, then one easily checks that the four specialized objects
T := Ih‘h:07 C = Ch|h:0’ J = jﬁ{h:o and € := th‘h:o verify relations (1) and (2)
in §1.2, thus they define one single pair (coisotropic subgroup, Poisson quotient), and the
quadruple (Ih, Cn,In, (’Zh) then yields a quantization of the latter in the sense of §2.7.

(¢) The existence of quantizations for a given formal coisotropic subgroup is an open
question, in general. However, Etingof and Kahzdan provided a positive answer for the
special subclass of those formal coisotropic subgroups K which are also Poisson subgroups
(which infinitesimally amounts to € := Lie(K) being a Lie subbialgebra); see [EK2, §2.2].
Several other examples of quantizations exist in literature for scattered cases of special
coisotropic subgroups of interest: we shall deal with one of them in §6. <

Lemma 2.9. Let K be a formal subgroup of G, and assume a quantization Iy, Cp, Jp or
Cr of Z, C, J or € respectively be given as in §2.7. Then K 1is coisotropic.

Proof. Assume Zj exists. Let f,g € Z, and let ¢,y € Z, with 7p, (@) = f, 7p, () =
g. Then by definition {f,g} = 7p, (A [p,7]). But [p,7] € In N L FL[G] = hI; by
assumption, hence h™1[p,v] € Iy, thus {f, g} = 7p, (h_l[go,'y]) € 7r, (Zn) = Z, which
means that 7 is closed for the Poisson bracket. Thus (see §1.6) K is coisotropic. The
proof is entirely similar when dealing with Cj, J; or €. 0O
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2.10 General program. Starting from the setup of §1.2, we will move along the scheme

(a) T (SFIGN) 2 T (SRICN) 2 T (CRIGY) 2 1" (S(BlIG)Y), = Uls"))
(b) ¢ (SFIGY) e (RGN 2 o (SEalG]]Y) 2 e (S (FllG))y= U (g"))
(c) 3 (CU@) > 3 (S Un(e) 2 3 (S Un(e)') -2 3 (< (Un(e)), = FIIGT)
(@) € (CU() > € (S Unle) 2 € (CUne)) 2 € (€ (Unl)), = FIGT))

In the frame above, the arrows (1) are quantizations, as in §2.7, and the arrows (3)
are specializations at i = 0. The middle arrows (2) instead are suitable “adaptations” of
Drinfeld’s functors to the quantizations of K or of G / K in left hand side: roughly, one
takes the suitable Drinfeld’s functor on F [[G]], resp. on U(g), and restricts it — in some
sense — to the subobject Z or C, resp. J or €. The points to show then are the following:

First: each one of the right-hand-side objects above is one of the four algebraic objects

which describe a (closed formal) subgroup of G*: namely, the correspondence is
(a) == (¢), (b)) == (d), (¢)== (o), (d) == (b).

Second: all the formal subgroups of G* associated to the four objects so obtained are
coisotropic.

Third: the four formal subgroups of G* in (b) do coincide.

Fourth: if we start from K € coS(G), then the formal coisotropic subgroup of G*
obtained above is K+ (cf. Definition 1.4(a)).

§ 3 Drinfeld-like functors on quantum subgroups and Poisson quotients

In this section and next one we introduce Drinfeld-like functors for quantum coisotropic
subgroups and Poisson quotients. In particular, we start with Z, Cs, J5 and €4 as in
§2.7, hence enjoying (2.3), or equivalently (2.3)", and (2.4), with Fj, and U, as in §2.7. We
begin moving step (2) in §2.10, with a definition whose meaning is (roughly) to “restrict”
Drinfeld’s functors from quantum groups to quantum subgroups or Poisson quotients:

Definition 3.1. (Drinfeld-like functors for subgroups) Keeping notation of §2.4, we define:

(a) Ip" =S A I Ty = 0 R T,

(b) Ch = Cp+ o b (ChnI)" = K[[A)] -1+ 300 B (Chn )"

(c) Ty = {xejh n(cc)6hnzgzlUh®(s_1)®3h®Uh®("_s),Vn€N+} :
(d) ¢ = {a:eeih‘5n(x)6h"Uh®(”_1)®€h, Vn€N+}

3.2 Remark: The following inclusion relations hold, directly by definitions:
(i) In" DIp, (i) Cy 2Cp, (iii) T C T (iv) € C¢.
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Moreover, definitions and assumptions in (2.3)" imply that Z, = I NFy, Ch = Cp’ NFy,,

Jn =TJ,NU," and €, = €,NU; : thus we are just “restricting” Drinfeld’s functors. <
We can now state the QDP for formal coisotropic subgroups and Poisson quotients:

Theorem 3.3. (“QDP for Coisotropic Subgroups and Poisson Quotients”)
(a) Definition 3.1 provides category equivalences

()" Ti(coS(G)) i>3’;~L(cof>'(G*)) : () Cr(coS(Q)) i>€h(coS(G*)) )
() Ir(coS(G)) i>I;»L(coS(G”‘)) , ( )ﬁ: Cr(coS(G)) ich(coS(G*)) )
along with the similar ones with G and G* interchanged, such that ( )! o() = ideos(c

() o () =idesay, and () o () =idepss ()"0 ()' =idwsic, and so on.
(b) (QDP) For any K € coS(G), we have
Z(e)) mod hF[[G]]” = J(¢Y),  C(&)Y mod hFR[[G]]" = €(et),
J(8); mod hUx(g) = I(¢4), (¢), mod AUs(g) = C(&+).
In short, the quadruple (Z(e),", C(e)y, 3(),, €(8),) is a quantization of the quadruple
< (eh),e(eh), Z(et),C()) w.r.t. the quantization (Fh[[G]]v, Un(g)') of (U(g"), F[[G*]]).

§ 4 First properties of Drinfeld-like functors

We shall now study the properties of the images of Drinfeld-like functors for general A .
The main result is — Proposition 4.4 — that they are quantizations of some (unique) pair
(coisotropic subgroup, Poisson quotient), in the sense of §2.7, for the Poisson group G*.

Lemma 4.1. The following relations hold (w.r.t. the perfect Hopf pairing between Uy' and
Fy' given by Proposition 2.6 for the orthogonality relations (i)-(ii)):

B =) o= @) ) o=@t ol = (@)
(i) T =F () 67 = (BT ) ol =Ud (@) el = (00)

Proof. Let I = I, be the ideal of F} considered in §2.4, and take y, ..., y,—1 € I; then
(yi, 1) = e(y;) € B-K[[A]], forall i =1,...,n— 1. Given y, € I and ~ € €', consider

<i17jly¢, 7> = < éynA”(v)> = < Rui. X 5@(v)> = X ’n}< é@lc ,5\p(7)>~

i=1 i=1  WC{l,..,n} wC{l,...

Now consider any summand in the last term in the formula above. Let (V| =1t (t <n):
then ( @ vi,0uw(7)) = ( ®icw ¥i,0:(7)) - [1;¢w(vj, 1), by definition of dy . Thanks to
the previous analysis, we have [,y (y;,1) € A" *k[[A]], hence

( Qicwtis 5:1)) € ( Qicqtis h X0, Un® "V ) € HH k(1]
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because y € € ; therefore (I17_,yi, v) € hk[[A]]. And even more, the rightmost tensor
factor in each summand dy () always belongs to €; (as also 1 € € ), whereas y,, € Z, =

¢ therefore (I v v) = <®?:1y¢ : Z\pg{1,...,n}5\l'(7)> = 0. This means that
7, C (&))", ¢ C ()" (4.1)

Now take Kk € (IBY)L C (Fhv)* = Uy’ (using Proposition 2.6 for the last equality).
Since x € Uy, we have §, (k) € A" Uh®" for all n € N, and moreover from k € (Ihy)l
it follows that k4 := h~"d, (k) enjoys <I®(”*1) ®In, /i+> =0, so that

N L _ _
Ky € <I®(”’1)®Ih> = e s U2 RI R UL R U + UV BT,

In addition, 6§, (k) € J®n  where J = Ju, = Ker(e: U, — K|[[h]]), hence §,(r) €
h"™ Up, Bnp gln _pn g0 ; this together with the above formula yields
~ 1 ~ ~
I€+€<I®(n71)®1’h> ﬂJ‘gn:( > Uh®T®IL®Uh®S®Uﬁ>ﬂJ®n+
r4+s=n—2

+(UPOIEL ) = 5 P ()8R BT+ P (30 T) =
r+s=n—2

— JP0-1 g (I,# N J) - Je-1 g (% N J) CUR D3¢,

where in the third equality we used the fact that I+ = 0; the last equality then follows from
(2.4)(i). Thus k4 € U2 "D @ ¢, hence on(k) € A" U2 =D& e, for all n € N: so
k € €' . We conclude that (Ihy)L c ey , which together with (4.1) gives ¢ = (Ihy)L )

By Proposition 2.6 the specialization at h = 0 of the pairing between Uy’ and Fj’ is

1
perfect too. From this we can easily argue that 7' = ((IHY)L> mod % Fy’, whence
1
I = ((IhY)L> follows at once by h—adic completeness. But then starting from Qﬁ;; =
L a1 yyL\* a1 e )
(Ih ) , hence ((’Zh) = <(Ih ) ) , we finally get ((’:h) =7y", thus (i) is proved.
The proof of (i) is similar. First of all, by (2.4)(ii) and definitions it is clear that

I C(eV)”, ey < (34). (4.2)

Now notice that Cp’ 2 Cp, so (C;:Lv)L C ChL = Jp, due to (2.4)(7i); thus (C;:Lv)l C J5.
Second, pick n € (Chv)L ( C Uh’). Then 6,(n) € hnUh®" for all n € Ny, and from
n € (Chv)L we get that ny := h~"d,(n) enjoys <(Ch N ])®n, n+> =0, so that

1 ~ ~
e (@nn®) = ¥ uba@n)yaunt

r4+s=n—1
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Moreover §,(n) € J®" hence on(n) € A" Uh®” N J8n = pnj®n g Ny € J®n and
ne € ((Cn m)®">L N7 = (Sriemna U8 (N T) B0 N8 =
= it OB (G I ) BTO
Now (ChNI)" NJ=Cy"NJ=3,nJC3T, thanks to (2.4)(ii). The upshot is
M+ € D rismni T & (InnNJu)® Jos C > rtseno1 U223, 8U,2°

whence we get d,(n) € A" > U;-L@r R TIr ® Uy Bs forall n e N, . Since in addition

n € Jy, for we proved that (Chv)L C T, we argue that n € 35 . The final outcome is
(C;—Lv)L C 3, , which together with (4.2) implies Ty = (Chv)L, q.e.d.

r+s=n—1

L
With like arguments as for part (i) one proves that ((CHV)L> = C and then argue

i
that (Jh!) = Cp’; this ends the proof of claim (9) too. Finally, (#i) and (iv) are
straightforward consequence of relations (%ii) and (i) in (2.4) and of definitions. [

Lemma 4.2.
(a) Tp" <o F’ (b) Cn <'Fy’ (¢) Tn < Uy’ (d) ¢ <'Uy/;

(e) In" < Fy’ (f) Cx <, FpY (9) T QU (h) €n <, Uy

Proof. The statements on the first line are proved directly, and imply those on the second
line via the orthogonality relations of Lemma 4.1.

Claim (a) is straightforward, and (b) follows directly from definitions. To prove (c),
let @ € Uy and b € J5: by definition of J4 , from J, <y Uy and from (2.1) we get
Su(ab) € A" U2 V83, 80,2 ) so ab € 3y ; thus I <, Uy'. Recall that
Uy’ is commutative modulo A, and AU} € Jh!: then 3h! <, Uy’ implies Jh! < Uy
(a two-sided ideal), thus proving (¢). Lastly, to prove (d), remark that 1 € &€, and
6,(1) =0 forall n € N, so 1 € €. Let 2,y € € and n € N; by (2.1) we have
on(zy) = 2 Auv={1,.n} Oa(z) 0y (y). Each of the factors d5(z) belongs to a module

B U, @ M-D& X where the last tensor factor is either X = &, (ifneA)or X ={1} C
¢y (if n ¢ A), and similarly for dy (y); but AUY ={1,...,n} implies |[A|+|Y| > n, and
summing up 4§, (zy) € h”Uh® (=D& ¢, whence xy € ¢;'. Thus ¢ <1Uy, qed. O

Remark: in the previous proof one might also prove the required properties for only
one of the objects involved, say J, for instance: then the properties of all others objects
will follow from relations (i)—(iv) in Lemma 4.1.

Lemma 4.3.
(a) IhYﬂ hFh\/ = hIﬁY, (b) ChvﬂhFhv = hChv,

(¢) I NhUY = h3y, (d) ¢y N hUY = hey .
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Proof. We start proving claim (¢). Let n € 35 NhUy = k3 . Then
Su(n) € H ((zgle,ﬁ (=D § 3, & U2 <H>) NhUR® ”) (4.3)

for all n € N, . Now, for n € N we have (Zﬁleh® =1 &7, U <"—8>) NAULE™ =
S U2 R (’JhﬂhUh> U2 and since Jn(hEUn = hJp by (2.3), from

(4.3) we conclude that d,(n) € hnHZZ:th@(S_l) BIBURT ) forall n e N,
which in turn means n € hjh!, g.e.d. The converse inclusion Jh! NAU; D hjh! is
trivially true. The same arguments prove (d) as well.

As for (a) and (b), we can give a rather concrete description of the objects involved,
starting from Fj,’. Let I := I, asin §2.4, J := Ker(e: F, — K[[A]]), and JY :=

h-'J C FyY. Then J mod hF, = J, := Ker(e: F[[G]] — k), and JG/JG2 = g
Let {y1,...,yn}, with n := dim(G), be a k-basis of JG/JGZ, and pull it back to a

subset {ji,...,jn} of J. Then {FL“Q'jg mod A Fy’ | ee N" } (with j€:=]]r_, jsg(i) ,
and similarly hereafter) is a k-basis of Fy’ and, setting j := h~!j, for all s, the set
{5/,..., 37} isak-basis of t:=JY mod hFy . Moreover, since j, j, — ju j. € hJ (for
v €{1,...,n}) we have j, j, — ju ju =AY o, Csjs+h*y1 + A7y for some ¢, € k[[A]],
v € J and 7y, € J?, whence [jl\f,j,\f} =)y =gy iy =21 ¢sjd mod hFy’, thus
t:=JY mod hF;’ is a Lie subalgebra of Fy” : indeed, FyY = U(t) as Hopf algebras.
Now for the second step. The specialization map 7: Fy' — Fy" = U(t) restricts
to n:JY — t ;= JVmod hF}’ = J\//Jv N(hE) = JV/(J + JYJp), because
JV N (hEY) = JYNh .2 = J + JVJ, . Moreover, multiplication by h~! yields a

k[[A]]-module isomorphism p: J—JY. Let p: Jo —» JG/JG2 = g* be the natural
projection map, and v: g* — J; a section of p. The specialization map 7: F — Fj

restricts to 7't J —» J/(Jﬂ hFy) = Jh/th = Js: we fix a section 7v: Jg — J of
7’. Then the composition map o :=nopuoyorv: g* — t is a well-defined Lie bialgebra
isomorphism, independent of the choice of v and . In fact, one has (see [Gal]|) Fy[[G]] =
(k[[j1,---,7n]])[[A]] and Un(g) = (k[57,..., 5y ])[[#] as topological k[[h]]-modules.

For our purposes we need a special choice of the k-basis {y1,...,yn} of g* = Jg / JZ.
Namely, letting k := dim(K), we fix a system of parameters {j1, ..., jk, jk+1s---,Jn} for
F[[G]] like in the end of §1.6: then in particular ({ji41,...,4n} mod J2) mod & is a
k—basis of g* / £* = ¢, the cotangent space of G / K at the point eK .

By construction (Z+J2) N Span ({j1,...,jx}) = {0} and p(T) = (Z+J5°) mod J.* =
Span ({yk+1,...,yn}) = ¢+ . Thus we choose this set {yl,...,yk,yk+1,...,yn} as the
basis of Jg / & = g to start with. Then Z; identifies with the left ideal of Fj[[G]] =

(k[[j1,---,7n]])[[F] generated by {jk+1,--.,jn}, which is the set of all formal power series
in {j1,...,Jn,h} such that in each monomial with non-zero coefficient at least one out
of jk41, ..., jn does occur with non-zero exponent. Similarly, Z;" identifies with the left
ideal of Up(g) = (k[jY,...,47])[[1]] generated by {jV.,...,J, }, which is the set of all

formal power series in h with coefficients in k[jy,...,5Y] such that in each monomial in
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the j,Y’s with non-zero coefficient at least one out of j,’ FRTRR 7 occurs with non-zero
exponent. But then it’s clear — thanks to (2.3) — that Zn" N hF3[G]" C hZ;". The
converse inclusion Z" N hFh[G]v D hZ," is obvious. Similarly one proves (b). O

Altogether, Lemmas 4.1-4.3 yield the main result of this section, namely

Proposition 4.4. 7", (‘l;{', Cy and Ji are quantizations of a pair (coisotropic subgroup,
Poisson quotient), in the sense of §2.7, for the dual Poisson group G*. [

Next result instead shows that the construction by Drinfeld-like functors is involutive:
Proposition 4.5. The following identities hold:

! 9 ~ 1Y ~ v

(IﬁY) = Iﬁ ’ (Cﬁ,v) = Ch ’ (Jﬁ') = Jn , (Q:f;:l)

Proof. From the very definitions we get

(3

~

5n(Ih) - ZZ:lJF;?(Sil)éIﬁéJFr@("*s) C Z:Zl (hs—l(Fh\/)®(s—1)>®

@ <hIhY> @ (hn—s(Fh\/)® (n—5)> — K. Zn (Fhv)® (s—1) @IBY @ (Fhv)® (n—s)

s=1
for all n € Ny, which means exactly that (IHY)! D I . Similarly, we have also ¢, (Ch) C
Te D&y (i (E)° V)8 (hey) = e ()P TVBCY forall ne N,
which means exactly that (Chv)(1 DO Cp. On the other hand, by definitions JinJ =
(T4 N Jr)+ 01 (IW N Tg,) = 61(I8 N JTk) € h(3s0 Js,), whichimplies (34)" C Ty .
Similarly, €;'NJp, = €(€' N Jg,) + 01(€5 N JR,) = 61(€' N Jr,) C - (€40 Jg,)
yields ((’:;—? )v C ¢ . Thus all identities in the claim are half proved.

. . ! 9
To prove the reverse inclusions (Ihv) C 75 and (Chv) C Cp one can resume the proof

of Proposition 3.2 in [Gal], which shows that (Fh\/)/ C Fy: in fact, the same arguments
apply almost untouched with Cj, instead of F}, and also (with minimal changes) with Z

instead of F} . The outcome is (Ihy)! C 75 and (Chv )ﬁ C Cp, whence identities hold.
To finish with, by Proposition 4.4 we can apply twice Lemma 4.1 and get (Qﬁ;—? )v =
1 1
(@)') " and (3)" = (7)) - As (Z) = Tn and (C)"= Cu, weget (&))" =
Ty~ and (Jh! )Y = ChL; but then (2.4) eventually yields (fo? )v: ¢, and (Jh! )Y =7J,. O

Remark: like for Lemma 4.2, in the previous proof we might prove only one of the
identities in the claim, e.g. that for Z : all others then follow via (i)—(iv) in Lemma 4.1.

§ 5 Specialization at h =10

We shall now look at semiclassical limits of the images of Drinfeld-like functors. The
result — Proposition 5.2 — will be (KL, G*/Kl) , in the sense that this will be the pair

(coisotropic subgroup, Poisson quotient) mentioned in Proposition 4.4.



16 NICOLA CICCOLI, FABIO GAVARINI

Lemma 5.1. Let S(G*) be the set of formal subgroups of the formal Poisson group G* .
(a) To" 1 QF[[G]]Y = U(g*), whence o' = U(g*)-l for some Lie subalgebra | < g*;
(b) C& < Fol[G]] = U(g*), whence Cy =U(h) for some Lie subalgebra b < g* ;
(¢) 3¢ < Uo(g) = F[[G*]], whence To =ZI(I') for some I' € S(G*);

(d) €' <19, Up(g) = FI[G*]], whence €,'=F[[G*]|® for some O € S(G*);

(e) Let H € S(G*) be the formal subgroup of G* with Lie(H) =Y, and let L € S(G*)
be the one with Lie(L)=1. Then = H =L=06.

(f) the formal subgroup I' = H = L =6 in (e) is coisotropic in G*.

Proof. Statements (a) and (d) follow trivially from Lemma 4.2; the same also implies part
of (b) and (¢), in that Jg is a bialgebra ideal of Uy(g)’ and Cy is a subbialgebra of Fy[[G]]"
Now, Fy[[G]]" = U(g*), and a subbialgebra of any universal enveloping algebra (such as
U(g*)) is automatically a Hopf subalgebra: thus Cy’ is a Hopf subalgebra. On the other
hand, the orthogonality relations of Lemma 5.1 (%) imply that Jo is a Hopf ideal too.
Claim (e) follows directly from Proposition 4.4 and from Remark 2.8(b).
Finally (f) follows from Proposition 4.4 and Lemma 2.9. O

Proposition 5.2. The coisotropic subgroup I' = H = L = © of Proposition 5.1 coincide
with K+ € coS(G*) (cf. Definition 1.4). In other words, | = coincides with ¢+ ( C g*) .

Proof. We resume the construction made for the proof of Lemma 4.3, with same notation.
In particular we fix a special subset {j1,...,jk, Jk+1,---,Jn} of Js enjoying the properties
mentioned there, and call {y1,..., Yk, Yk+1,---,Yn} its image in g* = JG/JG2 )

The same kind of analysis carried on in the proof of Lemma 4.3 to prove that o: g*=t
shows that the unital subalgebra Cy := Cp mod hFy’ is generated by n(Ch N JV) =
(won)(ChnJ) = (copom)(ChnJ) = o(pCNJs)) = a(p((rst,---sn))) = ff( ).
where (jxi1,...,Jn) is the ideal of C generated by {jri1,...,jn}. Therefore Cy = U(h)
is generated by £+, whose elements are primitive, so belong to h: then h =&+, qe.d. O

Corollary 5.3. Z(K),, C(K)Y, 3(K); and €(K), all provide quantizations, w.r.t.
(U;{, Fhv) , of the formal coisotropic subgroup K+ and the formal Poisson quotient G*/Kl.

Proof. The claim follows from Proposition 4.4, Lemma 5.1 and Proposition 5.2. [J

Patching together all previous results, we can finally prove Theorem 3.3:

Proof of Theorem 3.3. Corollary 5.3 proves that the functors in (a) are well-defined on
objects, and it is trivially clear that they are inclusion-preserving, so they do are functors.
Proposition 4.5 proves the rest of claim (a), in particular that these functors are in fact
equivalences. In addition, Corollary 5.3 also proves claim (b). O

§ 6 Example: the Stokes matrices as Poisson homogeneous SL, —space

6.1 The Poisson homogeneous SL, —space of Stokes matrices. Let G = SL,, (k)
endowed with the standard Poisson-Lie structure. We denote by 0 the Cartan subalgebra of
diagonal matrices in sl,, (k). With by (resp. b_) we denote the Borel subalgebra of upper



QUANTUM DUALITY FOR COISOTROPIC SUBGROUPS AND POISSON QUOTIENTS 17

(resp. lower) triangular matrices in sl,,; then B, and B_ will be the corresponding Borel
subgroups in SL, . It is well known that at the infinitesimal level the dual Lie bialgebra
can be identified with g* = {(X,Y) € by @ b_ ‘X‘a = _Y‘a}’ so that the simply
connected dual Poisson group is G* = B, x B_, the pairs of upper and lower triangular
matrices such that the restrictions on the diagonal are mutually inverse.

By construction, the algebra F[G*] = F[By x B_] is generated by matrix coefficients
z;; (1 <4 < j < n) for the over-diagonal part of By, y;; (1 > 4 > j > 1) for the
under-diagonal part of B_, and z; (1 <1i < n) for the diagonal part of B .

Let H = SO, (k) —— SL,(k) be the standard embedding. The corresponding Lie
algebra is h = so, (k). Its orthogonal in g*, for the pairing given by the Killing form,
is pt = {(b, —bt) €ebLdb_ : b‘a = 0} and can be integrated to H+ = {(B,C’) €
B, x B_ ‘BC’t = Id}, which is a coisotropic subgroup of G*. We are then in the
situation described in §1. The spaces SL, / SO, and SL, / H~+ are a complementary
dual pair of Poisson homogeneous spaces: the former can be identified with the space
of symmetric matrices and the latter with the space U of Stokes matrices, i.e. upper
triangular unipotent (n x n)-matrices. By construction the function algebra F [Uﬂ[ } =

F[G*/HL] = F[G*]HL is generated by elements z; ;, for all 1 <7 < j <n, which may
be realized as the matrix coefficient functions on Stokes matrices.

The Poisson structure on Ul was first found by Dubrovin in the n = 3 case (see [Du])
and then by Ugaglia (cf. [Ug]) for generic n > 3 in a completely different setting: it
naturally arises in the study of moduli spaces of semisimple Frobenius manifolds. Later, in
[Bo,Xu], it was shown how U, with such structure is a Poisson homogeneous space of the
Poisson-Lie group By * B_, dual to the standard SL,,, as just explained. More explicitly,
from [Xu] one can argue the following

Proposition 6.2. Let ¥ : B, x B —— B, B_, ¥(B,C) := (C',B") and let
Ht+ = {g € By xB_ ‘ P(g) =gt } . Then H* is a coisotropic subgroup of B, « B_ and
Ut = (By «B_)/H* with its quotient Poisson structure. [

6.3 Towards quantization of Stokes matrices. In the present section we look for
quantizations of U} : the first step is to switch to the associated formal homogeneous space.
Actually, the function algebra Fh[[G* / H ﬂ] = Fh[[UrJ{ H is nothing but the algebra of
formal power series in the matrix coefficient functions, say x;; (1 <i<j<n),on U;.

Now we look for a quantization Fy[[U,7]] of F[[U,7]] with the above Poisson structure:
we shall find it applying Theorem 3.3. As our purpose is to obtain a quantum algebra of
functions on the homogeneous space, an object of type (b) in the list (2.3), we start with an
object of type (d) in the same list. This means that as a starting point we need a subalgebra
and left coideal inside Uj(sl,,) quantizing the standard embedding of so,, . This has been
already obtained in [No, §2.3] (see also the works of Klimyk et al., e.g [GIK] and references
therein): we recall hereafter its definition in the formal setup. We begin fixing notation
for Ux(gl,,), a quantum analogue of U(gl,), and its Hopf subalgebra Up(sl,,):

Definition 6.4. We call Ux(gl,,) the topological, h—adically complete, associative unital
k[[h]]-algebra with generators f;, £;, e; (i=1,....,n—1;j=1,...,n) and relations

Uifi—fil; = 0ix1,5—0i5) fi, Lil="0Lpl;, liei—eil;j= (8;—0bit15)ei V i,j,k
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t+1_t—1 ) ]
ex i — fiew = 5k,zw Vkl, ee =eie, fifi=[fifi V|i—j[>1

ete;—(g+q eejeiteje; =0, fifi—(a+a ) fififitfiff=0V]i—j|=1

where hereafter we use notation q := exp(h), ¢~ = exp (hX) and t; = ¢“t (Vi)
It has a structure of topological Hopf k|[[h]]-algebra uniquely given by

Alf;) = fiot;'+10 fi S(f;) = —fits e(f;)) =0 v i
All) = 4;©1+14;, S(;) = —¢;, €l;)) =0 VY
Ale;)) = e, @1+t ®e;, S(e;) = —ti_1 e, e(e;) =0 Y 4

6.5 Quantum root vectors and L—operators in Ux(gl,). We recall the notion
of L—operators, first introduced in [FRT]: these are elements ij € Un(gl,,) (with 4,7 =
1,...,n), which are defined as follows. Set [z,y]|, := xy—ayx (for all z, y, a ), and define

Eiiy1:=¢;, E;j:= [Ei,kaEk,j]q ;o Fiyii=fi, Fyi= [Fj,kyFk,i}q_1 Vi<k<j

(where ¢ :=exp(h) again). These are quantum root vectors in Up(gl,,), in that the coset
of E;; (resp. Fj;,;) modulo hUg(gl,) in Uh(g[n)/hUh(g[n) =~ U(gl,,) is the elementary

matrix e; ; (resp. e;;) for all ¢ < j.
The L—operators are obtained by twisting and rescaling the above quantum root vectors,

Liy=q" =g Li=+-¢")g"Fi, Lj;=0 (i < j)
Lig=q"=g", Lj=-(-a")Eug", Lj=0 (i > )
and satisfy the remarkable formulas A(L; ) = S L A /\]) LOLE (ivi) ) e(ij) = 0i;j -

When suitably normalized, the L-— operators are again g—analogues of the elementary
matrices of gl,,: namely, the coset of (g — q_l)_lLZj (resp. (q — q_l)_lL;i) modulo

hUp(gl,,) in the semiclassical limit Uh(g[n)/h Un(gl,) = U(gl,) is e;; (resp. e; ;) for all

1 < j. Moreover, the elements Eli = (q — q_l)&’jflLjE for 1#7 together with the /;’s
form a set of generators for Up(gl,,). Set also AT := (Ai ) i1 for any A € {L, L }.

6.6 Quantization of U(sl,). Forall i =1,...,n—1, let h; := {; — {; 1. Given
Ur(gl,,) as above, we define Uy(sl,,) as the closed topological subalgebra of Up(gl,,) gen-
erated by {f;,hi,e; }1:1,...n—1 . From the presentation of Ux(gl,,) in Definition 6.4 one
argues a presentation of Uy (sl,) as well: in particular, this shows that Uy (sl,,) is a Hopf
subalgebra of Up(gl,,); moreover, by construction we have a quantum analogue of the
classical embedding sl,,— gl,, . Note also that, for any i, j, we have L 5 & Un(slyn). It
is also immediate to check that our Hopf algebra Up(sl,,) coincides with Drlnfeld s one.
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6.7 Quantization of U(so,). Following an idea of Noumi, Klimyk et al., we de-
fine Up(s0,,) as a subalgebra of Ux(sl,). We call Up(so,,) the closed topological k|[[h]]-
subalgebra of Uy (gl,,) generated by the matrix entries of K := (E_)t JLT = (L‘)t JL*,
where J is the (n x n) diagonal matrix diag (q"‘l, cesq, 1) . Explicit computations give

Kij = >t qn_k(q_q_l) lLI;,i Li,j = > i qn_kLl;,i Lk+,j = D ke qn_kLI;,i L:,j
for the matrix entries of K, which is upper triangular with J onto the diagonal. Note
that we have (g — q_l)éi’j_lL;iL;rj € Un(sl,) for all i, k, j, hence Up(s0,) C Up(sl,,)
as well. This yields quantum aﬂalogﬁes of the classical embeddings so,, — sl,,— gl,, .
Moreover, w.r.t. the Lie bialgebra structure on g inherited by its quantization Ux(gl,,)
one has that so,, is also a Lie coideal of gl,, , hence correspondingly SO,, is a coisotropic
subgroup of GL,, . Note that we have fixed Noumi’s parameters a; to be a; = ¢"~7 (for
all 7). With respect to the coproduct, Ux(so,,) is a right coideal both of Uy(sl,,) and of
Ur(gl,). Thus € := Ux(so,) and Ux(g) := Up(sl,,) do realize the situation of (2.3—(d))
— the specialization result Uy (s0,,)] o= Ul(s0,) being explained in [No] — but for having
a right instead than left coideal. However, by left-right symmetry our analysis remains
unchanged. So € := Up(s0,) is a quantum subgroup for the quantum group Ux(gl,,) .

We now apply the functor ( )ﬁ: €y (coS(SLy)) i>Ch(coc5(B+ x B_)) of Theorem
3.3 to get a quantization F[[U,[]] := Un(s0,)" of F[[SOx]] = F[[U}]]. We explain
in detail the case of n = 3, and then basing on that we will give a sketch of the general
situation. Note that the over-diagonal entries of the matrix K will provide — passing from
Un(s0,) to Fp[[U]] := Un(s0,) and eventually to the semiclassical limit of the latter
— algebra generators of F’ HU,J[ H, namely the matrix coefficients of Stokes matrices.

Warning: Noumi’s definition of Up(so,) is in [No, §2.4] (mutatis mutandis). It is
explained there that one can take as algebra generators of U, (s0,,) the entries of either one
of four different matrices, given in formula (2.18) in [loc. cit.]. Among these, we choose
Ky = (L‘)tQJ_1 Lt where J is given above and @ is the (n x n) diagonal matrix

n—1

diag (q yeey (s 1) = J?, sothat QJ~! = .J. We also need to rescale such generators,

and eventually take K := (q — q_l)_l K, as above for the purpose of specialization.

6.8 The algebras Uy (gl,,)" and Ux(sl,)". As F[[U]]] := Uh(son)ﬁ is a subalgebra
of Up(gl,)" and Up(sl,)", we do need a clear description of these objects.

By definition, the topological Hopf algebra Uy (gl,,) is @Q—graded, @ being the root lattice
of gl,,, with 9(f;) = —a;, d(h;) =0, 0(e;) := +a; where «; is the i—th simple root of
g[n’ for all 7. AISO, 8(Fm) = G(AL) = — Zigkﬁj Qp =: —Q4 4 and 8(Em) = (9(AJ_’1) =
+ ek 0k = +aiy, forall i < j and A € {L,L}. It follows that Us(gl,)® is
Q%% graded as a topological algebra, and the like for Uh(ﬁ[n)®d (for all d € N).

The formulas for the coproduct of L-operators in §6.5 can be iterated, yielding for L*

(d>2)

d(7+) _ I\ (@—=1=64 k =0k ko ——0ky_1.5) T T+ ~y
A (LZ’J) o ZI; (q_q ) ' v - Li,k1®Lk17kz®“.®Lkd—l7]‘

where I} :={ki,... . ka—1|i <hki <ks <---<kg1 <j} for i <j, and similarly

T— N (d=1=8; oy —Ohy kg — =0k, 1) T — ~_ ~
Ad(Li,j) = Zloj(q_q 1) k1 ~Okq ko ki1 Li,k1®Lk1,k2®”'®L

ka—1,j
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where I, := {kl,...,kzd_l |z’2 ki > ko> > kg1 Zj} for ¢ > j. In particular,
Te e1\®T  Te €1\ ®s
ANLS;) = Yogamea(07) ®L5; @ (g57) 7 + R (hereafter e € {+,})

where R is a topological sum of homogeneous terms in Uh(g[n)w whose degree in Q99 is
of type (01,...,04), each Oy being a positive or negative root (according to € = — or
€ = + ) of height less than that of «; ;. Finally, for all i =1,...,n we have

AMR) =3 og 118" @by @19 vV deN; .
Now let ® (resp. ®_) be the set of positive (resp. negative) roots of gl,,, and fix any

total ordering < on @, . Set also Lg = Liij for each root a = Fa; ;. The well-known
quantum PBW theorem (adapted to the present case) ensures that

~ + Y
S = {Haecp_( L) Il Moo (L) ™ | M mi N € NVa,i}
is a topological k[[%]]-basis of Up(gl,,); hereafter the products over positive or negative

roots are made w.r.t. the fixed total ordering.
Given M € S we set |[M| ==Y o A+ m+ > acd, Ao the sum of all

exponents occurring in M . Since A? is a graded algebra morphism, the previous formulas
imply that for each PBW-like monomial M in S we have, for all d > ‘M! ,

)

( +

Ad(M) = Li—al (21 R ® Li_al _afloq R ® Li_aNC(l) L ® L—l—aNC_ 7o¢N ®
@ 9211) ®® hlefﬁl) ®® hn—lel(zln)_l ® @ hn_1 9(77 f)®
o (M) fan)

® Y1 ® -"®¢d—|M| + T

where a1 s <X --- 2 ay (with N = ( )) are the positive roots of gl, , each one of the

n?

C(_kcir’s, the 0,(;)’8, the CJ(QT’S and the 1,’s is a suitable monomial in the gjﬂ’s, and finally T’
is a sum of homogeneous terms whose degrees are different from the degree of the previous
summand. From this and e(Lii-) =0=¢€(lg) (for all k and all i # j) we argue

()

sa(M) =L, ¢ o ® Ltmgfal oLt ¢ ®---oLlf,,
©h0)) @ ®h 9(’“) @ @ he 19(1) ®® hn,le(”"—l)@g

(Pen)g

(6.1)
- W 7 Mad o Lo T oW 7 Aay)

® +a1c+041 Q- ® +C¥1C+ ® ® +OtNC+CYN Q- ® +O¢N<+ ®
QW1 —1)® @ (Ya—my —1) + P

where P := (id — e)®d (T) is again a sum of homogeneous terms whose degrees are different
from that of the previous summand (which is homogeneous too). In the latter each tensor
factor belongs to Up(gl,,) \ hUx(gl,,), whilst (v — 1) € hUp(gl,,) \ h? Un(gl,,) for all k:
the outcome is J4(M) € R~ IMI UL (gl,) \ RETIMIFL U (gl,) for all d > , whence

M = MM € Uy(gl,) \ RUx(gl,) ¥V MES.
From this we eventually get S := {Mv )./\/l € S} C Up(gl,,)", thus also the k[[%]]-span

of S is contained in Un(gl,) . In fact, the previous analysis also allows to revert this last
result, thus proving the following
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Claim: S is a topological k[[h]]-basis of Un(gl,)" .

Indeed, let n € Ux(gl,)" and take an expansion 7 = > mes cm M of 1 of minimal
length as a linear combination over k[[A]] of elements of S. Let’s call M%® the first
summand in right-hand-side of (6.1): then our analysis gives

3a(n) = X pes M Ia(M) = X yegem (MP® +P) = 30 4, cu M + R
where py := max {|/\/l|} mes and R_ is a sum of homogeneous terms whose degrees
are different from the degrees of any summand in Z| M=ps M ME® | Therefore d4(n) €
hUn(gl,) (as 1 € Un(gl,)") forces also 35\ _, . cmm M*® € B Up(gl,,) . Again by a

simple degree argument we get > c M MEE € pdU(gl,) for all 3 € Q. Using

|M|=
6(/\/l)/\ﬁ
linear independence of monomials in the L2’s with different exponents (consequence of the

quantum PBW theorem) we get also > cp ME® € hd Uy(gl,) where S,,, is the set of
MES,.,

all monomials M with |M| = py and fixed exponents AX . Again by quantum PBW, this
happens if and only if > ey M € AP+ Up(gl,,), which in turn implies cpg € h#+ k][[A]]
MES,.,
for all M involved; so this last sum can be written as ny = > cpqy M = > M )
MES,., MES,.,
which belongs to the topological k[[i]]-span of S, with ¢u = i +cpq € Kk[[A]]. But
then also 7’ :=n —ny € Up(gl,)’, and 7’ has less non-zero coefficients in its expansion
w.r.t. the topological k[[h]]-basis S. Iterating this argument, we eventually find that n
belongs to the topological k[[A]]-span of S, q.e.d.
Note that each M € S is a monomial in the elements ﬁk := h{; and the hL

h (q q 1) L$ o, hence these are topological algebra generators for Uh(g[n) . Further—

more, since h7' (¢ — ¢™!) is an invertible element of k[[A]] , we have also that Uy (gl,,)" is
generated, as a unital k[[h]]—algebra, by the L ;’s and the s (for all i, §, k).

In the semiclassical limit Uy (gl ,,)’ ‘h—oz HGLnH = F[[B§ « B¢]] = F[[bS «b%]],

the above generators specialize to matrix coefficients onto b x b¢ ; hereafter BY is the
Borel subgroup in GL,, of upper/lower triangular matrices and bS = Lie(Bi') , s0o B %
B¢ is the Poisson group dual to GL,;, and we identify B{ % Bf = b « b¢ (everything
is very similar to the case of SL,). Namely, for every i < j the coset modulo iUy (gl,,)
of each L;Tj is the matrix coefficient e; ; onto (bi , O) = b$, and the coset of each L;,

is the matrix coefficient e;; onto (0 bG) = b9 ; also, for each k the coset of Zk modulo
hUh(g[n)' is €Lk BC

+
kind of relation occurs between the cosets modulo iUy (gl,,)" of Lki’ . and of £y, for all k.

As for Up(sl,), for all i < j we have that ﬁﬂ = (¢g—q ") Fj;i = g; ILJr and

El-,j =—(¢—q¢ ") Ei; = —L;; g belong to Un(gl,) N Un(sln) = Un(sl,)’, as Well as
?Lk =h(ly—lry1) = Zk Zk—i—l (for all k). Indeed, with the same analysis as above — up to
the obvious, minimal changes — one proves also that Uy (sl,,) is generated as a topological
unital k[[h]]—algebra, by the F i’s, the E; i.;s (for all i < j) and the hi’s (for all k).

= e, kl‘ . Finally, as Lik— gk = exp(hﬁk) = eXP(Zk) the same
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In addition, Up(sl,,)" has k[[/z]]-basis the set of rescaled PBW-like monomials (in the
above generators) analogue to the set S considered above which is a basis for Ux(gl,,)’ .

FI[SL:]] = FI[By+B-]] = Fl[o.b_]]
|h=0 - 61';1 €i7j‘b+ ) Ei,j}hzo = €5, € |b, (for all

Z<]) and ’fvlk‘h:(): ekvk‘b+ _€k+1vk+1‘b+ (for all k=1,...,n— 1).

Finally, under specialization Up(sl,,)’ . =
=0

the above generators specialize as Fj ;

6.9 Quantum Stokes matrices: n = 3. According to the general recipe in §6.7,
the generators of ‘H = Up(so3) are

Kip = ¢ (B —qT]'Ey) Koz = q(Fo—qT; 'Es)
Kis = ¢ (Fs1—(¢—q ") Ty By = Ty T, B )
(cf. §6.7) where T+ :=tf! (s =1,2). From this one can directly prove that
(K12, Kas], = —¢* K13 . (6.2)

Using the relations between the elements 6, in [No, §2.4] — namely, formulas (2.23) therein
— and remarking that K2 =¢q0;, Ko3 = 02, one can derive also

[K1,3,K1,2] = — ¢ Ky , [K2,37K1,3:| = —qKi2 . (6.3)

Indeed, the case n = 3 is especially interesting because, using renormalized generators
K12 = q 5/2K12 K13 = q 4/2K13 and K23 = q 3/2K23 one has for Uh(503) a
cyclically invariant presentation (see [HKP] and references therein, and Remark 6.11(b)
too). However, this special feature has no general counterpart for n # 3.

The following PBW-like theorem holds for Uy (so3), as a direct consequence of defini-
tions and formulas (6.2-6.3):

Claim: Up(sos) is a topologically free k[[h]]—module, with topological k[[h]]-basis the
set of ordered monomials {Kl‘fz Klb,3 Kgs ‘ a,b,c € N} . A similar basis is the one with

lN(m instead of K; ; everywhere.

Theorem 6.10. FEHU;H = Uh(ﬁﬂg)ﬁ is the topological, h—adically complete, unital
k[[A]] - algebra with generators

kio=q 2 (q—q¢ ) Kia, keg=q¢ ' (¢q—q¢ " )Kas, kiz:=q*(¢g—q ") K3

and relations )
k172 k‘273 = q k273 k1,2 —q (q —q ) k173

koskis = qkiskas — (q—q ") ki (6.4)
kiskio = qkiokis — (q— q ") ko
with the right coideal structure given by
A(k12) = 1®kig + k1@t A(kzz) = 1®kas + ko @15
Akiz) = 1®kis + kis®t; 'ty + (¢ N k12@ fot7' — ¢ H(g—q ") ko @t 5 ler .

Moreover, Fy[[US]] == Uh(sog)ﬁ is a free k[[h]]-module, a Kk[[h]]-basis being the set of
ordered monomials Bg := {kﬁQ klb’g kg 3 ’ a,b,ce N}.
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Proof. The relations (6.4) among the k; ;’s clearly spring out of formulas (6.2)—(6.3), whilst
the formulas for the right coideal structure directly come out of the very definitions. The
key point of the proof instead is to show that these elements do generate Uy (503)ﬁ .

From the above formulas for A, a straightforward computation proves that (V d € N)

0a(k12) = k12 ® (tl_l - 1)®(d_1) ) 0q(kas) = ko ® (t2_1 - 1)®(d_1)

Salkrs) = ks (t45 " — 1)V 4
F i (@—a ko (7 -1 @ fotit @ (75— 1) +
Y hea s @ g —a ) ks (5 - 1) @ty e (75— 1)
As kij, (tyt = 1), (7't — 1) € hUnp(so3) \ h* Us(so3), we have kio,kogz, kis €

U;»L(sog)ﬁ \ h Uh(sog)ﬁ , so the subalgebra generated by these elements lies in Uh(ﬁﬂg)ﬁ :
We shall now prove that Bs is a topological k[[A]]-basis of Uh(ﬁﬂg)ﬁ ; this in turn will
imply that this algebra is generated by ki, k23 and ki 3. First, the Claim in §6.9
implies that B3 is a linearly independent set inside Uh(503>ﬁ : then now we prove that it
spans Uh(sog)ﬁ over Kk[[A]]. The formulas for A on the k; ;’s give also, for all d € N,

Ad(K1,2) = Y 12K (tfl)@)s, Ad(Kz,s) = Y 12K (t2_1)®5
r+s=d—1 r+s=d—1
AlKiz) = ¥ 190 Kizo (i) +
r+s=d—1
+ Y 1T eKee ()T ede () +
r+p+s=d—2

+ Z 197 ®K2’3 Q (t2—1)®p ® B® (t1—1t2—1)®s
r+p+s=d—2

with A := L;:?) gl_l = (q—qil)fg tl_l, B :=q tgs Ly,=-— qil(q—qfl) tl_lt2_1€1 € Uﬁ(5[n)/.
In particular, this implies that Sq42p4c(Kf% K3 Ks3) =30, Ci1®Cs 2@ - @C; at2b4c
(for some index set I ) where each tensor factor C; ; is a product of type

Cij = t1" 5" Dy - t;™t5" - Dy v -+ 6T Dyt M (ke NG)

with Ng, Vg € N and DS € {KLQ ,K173 ,Kg’g ,A,B } U {(tl_Tth_Tz — 1) ‘Tl,Tg € N+} . In
particular — cf. also (6.4) — there is a first summand of type

a—1 b—1 c—1
a,b,c — —(a+7r),—r —(a — s —(a — c— b
(pl’b’ = <®t1 pK1,2)®(®t1 (ot )t2 )®(®t1 ( +b)t2 o+ )K273>® (tl ( +b)t2 o+ 1)_1)®
p=0 r=0 s=0

Define the length of K%y K{3 K53 € Bg as [( K" K3 Ks3) := a+2b+c, and let
H,, be the k[[A]]-span of all monomials in B3 of length at most n. This defines an algebra
filtration {Hp,}nen of Un(so03); the formulas for the coproduct of the k; ;’s show that this
is a comodule algebra filtration, i.e. an algebra filtration such that A(Hn) C H,RUx(sls)
for all n. A similar filtration is also induced onto each tensor power Uy (s03)®" (1 € N).

Any 7 € Up(sos) expands uniquely as 7 = > ab.ceN Xabe Kils KPy K5y for some
Xabe € Kk[[R]], by the Claim of §6.9. Set p := min {a +2b+c ’ Xabe 7 O}, and look
at d,(n) = Za,b,cEN Xa,be " Op (Kfo K1b,3 K20,3) € h* Up(so3) ® Uh(5[3)®(u_1) . By degree
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arguments — w.r.t. the filtration {H,, }nen of Up(s03) given above — we see that d,(n) €
h* Up(so3) ® Uh(5[3)®(“_1) forces also

> Xabe 0u(Kily K3 Kfy) € h* Un(sos) @ Un(sls)** 0 (6.5)
a+2b+c=pu
By the analysis above, each 6, (K" K{3Kys3) in (6.5) is equal to 4" (defined

above) plus other terms which are linearly independent of ®%¢ modulo % Ug(sl,)*" .

Furthermore, all these @‘f’b’c’s, for different triples (a,b,c) € N?, are linearly independent
inside Uh(sln)®“ , by construction. As an outcome, we have that (6.5) implies

Xape - PUVC € BF Up(sos) ® Up(sls)®HY Va+2b+e=p.

Since @(f’b’c € hP Up(s03) ® Uh(5[3)®(“_1) by construction, we argue Xq.p. € h4T0TCk[[A]]
forall a+2b+c=p, so that

Xa,b,e Ki' K11773 Ky € k[[R]] - ks klb’s kys C k[[A]]-span of B3 YVa+2b+c=pu.

But then n_ = > xape K K23 Kfs € Un(sos)' by our previous results, hence
a+2b+c=p ’ ’ ’
also )
N> =nN—nN- = > Xabe: Kﬁz K1b,3 K2C,3 € Un(s03) .
a+2b+c>p

Now we can apply the same arguments to 7. instead of 7: iterating this procedure
(involving monomials in the Kj;;’s whose length grows up), we eventually find that 7
belongs to the topological k[[A]]-span of B3, q.e.d. O

6.11 Remarks: (a) in §6.8 we saw that Up(sl,)  is generated by the L-operators,
hence its semiclassical limit F[[G*]] is generated by their cosets, which are simply half
the matrix coefficients generating F[[G*]] (see §6.1). Then by the very construction

and our concrete description of Uh<503>ﬁ we get that the generators k;; specialize, in

Uh(sog,)ﬁ’h = F[[U;H , right to the generators of F[[U;H (cf. §6.1). In particular,
=0

the corresponding limit Poisson bracket can therefore be verified to be equal to that in

[Ug] and in [Xu] (the latter taken from [Du]), up to normalizations: e.g., the isomorphism
between our presentation of F [ [U; H and Xu’s one is given by

k1alpo 2 F1slpo =Y k2,3lpg @

(notation of [Xu], §1, formula (2)), and this is easily seen to preserve the Poisson bracket.

(b) the claim and proof of Theorem 6.10 show that one could take as generators for
Uh(503)ﬁ simply the (q — qil) K; ;’s. However, our choice of normalization (dividing
out such generators by suitable powers of ¢) lead us to better looking relations, such as
(6.4). Indeed, this can still be improved, taking new generators %1,2 = ¢ /2 kio =
(¢ — q_l)f?l,z , E1,3 = ki3 = (¢ — q_l)l}l,?) and Ez,:a = q V2 kas = (q— q_l)f?zs
(see §6.9):these enjoy the relations %1,2 E273 = qEQ,g ELQ — (q — q_l) %1’3, Eg,g El,g =
qkiskes — (¢ —aq ') ko, kiskio = qkiokiz — (¢ — ¢ ') ka3, which are totally
symmetric with respect to cyclic permutations of the indices. Nevertheless, this special
feature — like for Up(s03) — has no general counterpart for n #3. <
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6.12 The general case. Let us now move to the general case n > 3. The generators
K; ; (i < j) are defined in §6.7; like in the Claim in §6.9, we have a PBW-like theorem for
Ur(s0,): namely, the set of all ordered monomials (w.r.t. any fixed total order of the set
of pairs {(i,7) |i < j }) in the K; ;’s is a topological k[[i]]-basis of Up(s0,,) .

Straightforward computations yield

6a(Kij) = > Kiys, ® (id—e€)(Ly, 4, Lt )@@ (id—e)(Ly, ;LT )
I

81,82 tg—2,1 " Sq—2,]

where the set of indices is [ = {z <tgo < - <ty <851 << 549-9 gj}; it is worth
pointing out that, while the L—operators ij and L; ; do not belong to Ur(sl,) but only

to Un(gl,,), the products L; , . LF . = do belong to Us(sl,). From this one gets easily
8a(Kij) € R Un(s0,) @ Up(sl,,)® Y (i<j,deN)

whence k; ; 1= (q — q_l) K; ;€ Uh(son)ﬁ \ hUh(son)(1 follows at once.

Indeed, with much the same analysis as in §§6.9-10 one can prove that in fact the k; ;s
(for i < j) form a complete set of generators for the algebra Uy (50,1)<1 , and that the set of
ordered monomials in these generators is a topological k[[%]]-basis for Un(s0,)" . Finding
the relations between the k; ;’s then will provide an explicit presentation of the algebra
Uh(son)(1 , hence a quantization Fh[[Uf{H = Uh(sonf1 of FHUTJ{H with the Poisson struc-
ture given in [Ug], the analogue of Remark 6.11(a) holding true in the general case too.

§ 7 Generalizations

7.1 Quantum duality with half quantizations. In the present work we take from
scratch the datum of a pair of mutually dual quantum groups, namely (Fy[[G]], Un(g))
(cf. §2.7). In the proofs, this assumption is exploited to apply orthogonality arguments,
for which all these are necessary (a single quantum groups would not be enough).

However, this is only a matter of choice. Indeed, our quantum duality principle deals
with quantum subgroups which are contained either in F[[G]] or in Up(g), and we might
prove every step in our discussion using only the single quantum group which is concerned,
and only one quantum subgroup (such as Zj, or Cp, etc.) at the time, by a direct method
which use no orthogonality arguments. To give a sample, we re-prove part of Lemma 4.2:

Claim: let T, and Cyy be as in Lemma 4.2. Then T, A Fy[[G]]Y and Cp < Fi[[G]]" .
Proof. By definition 7" is the left ideal of F3[[G]]" generated by h~'Zj, hence it is
enough to show that A(Fh[[G]]V -hZ,) C Fi[[G])Y @ In" + I ® F3[[G]] . Since Tj
is a coideal of F3[[G]] (see §2.6), we have A(Fu([G]]" - h™'T;) C (Fu[[G]]Y @ Fu[[G]]Y) -
(Fu[[G)) ® h™ Ty, + b7 Ty @ FR[[G]]) € Fl[G))Y ® Zn' + I @ Fi[[G]]", q.e.d.

The case of Cp is entirely similar. [J

7.2 Quantum duality with global quantizations. In this paper we use quantum
groups in the sense of Definition 2.2; in literature, these are sometimes called local quan-
tizations. Instead, one can consider global quantizations: quantum groups like Jimbo’s,
Lusztig’s, etc. The latter ones differ from the former in two respects:
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—1) they are standard (rather than topological) Hopf algebras;
—2) they may be defined over any ring R, the role of & being played by a suitable
element of that ring (the most common example is R = k[q, q_l] and h=q—1).

The first point implies that the semiclassical limit of a quantum group of this type
is either U(g), for some Lie bialgebra g, or F[G], the algebra of regular functions on
some Poisson algebraic group G. The latter is a geometrical object of global type, thus
a quantum group specializing to it carries richer information than a QFSHA. The second
point implies that one can consider different specializations, namely one for each point of
the spectrum of the ground ring R : so this setting is richer from an arithmetical viewpoint.

Now, the present work might be written equally well in terms of global quantum groups
and their specializations. The only care is to start with algebraic Poisson groups and alge-
braic Poisson homogeneous spaces, instead of formal ones. Then one defines Drinfeld-like
functors in a perfectly similar manner; the key fact is that the quantum duality principle
has a global version (see [Ga2]) in which the recipe given in §3 to define Drinfeld-like
functors do make sense, up to a few technical details, in the global framework as well.
In addition, one can also extend our quantum duality principle for coisotropic subgroups
(and Poisson quotients) to all closed subgroups (and all homogeneous spaces): the out-
come then is that applying the so-extended Drinfeld’s functors to any closed subgroup (or
homogeneous space) one always gets a coisotropic subgroup (or a Poisson quotient) of the
dual Poisson group, and this is again characterized in terms of involutivity (see [CG]).

7.3 x—structures and quantum duality for real subgroups and homogeneous
spaces. If one is interested in quantizations of real subgroups and real homogeneous
spaces, then sx—structures must be considered on the quantum group Hopf algebras one
starts from. It is then possible to perform all our construction in this setting, and to
formulate and prove a version of the QDP for real quantum subgroups and quantum
homogeneous spaces too, both in the formal and in the global setting; see [CG] for details.

REFERENCES

[BGHHW] M. Bordemann, G. Ginot, G. Halbout, H.-C. Herbig, S. Waldmann, Star-répresentation sur
des sous-varietés coisotropes, preprint (2003); electronic version on arXiv: math.QA/0309321.

[Bo] P. Boalch, Stokes matrices, Poisson-Lie groups and Frobenius manifolds, Invent. Math. 146
(2001), 479-506.

[CF] A. Cattaneo, G. Felder, Coisotropic submanifolds in Poisson geometry, branes and Poisson
o—models, Lett. Math. Phys. 69 (2004), 157-175.

[CG] N. Ciccoli, F. Gavarini, A global quantum duality principle for subgroups and homogeneous
spaces, preprint (2003).

[Ci] N. Ciccoli, Quantization of coisotropic subgroups, Lett. Math. Phys. 42 (1997), 123-138.

[Drl] V. G. Drinfel’d, Quantum groups, Proc. Intern. Congress of Math. (Berkeley, 1986), 1987,
pp- 798-820.

[Dr2] V. G. Drinfel’d, On Poisson homogeneous spaces of Poisson-Lie groups, Theoret. and Math.

Phys. 95 (1993), 524-525.



QUANTUM DUALITY FOR COISOTROPIC SUBGROUPS AND POISSON QUOTIENTS 27

[Du] B. Dubrovin, Geometry of 2d topological field theories, in: Integrable Systems and Quantum
Groups (Montecatini Terme, 1993), 120-348, Lecture Notes in Mathematics 1620, Springer,
Berlin, 1996.

[EK1] P. Etingof, D. Kazhdan, Quantization of Lie bialgebras, I, Selecta Math. (N.S.) 2 (1996), 1-41.

[EK2] P. Etingof, D. Kazhdan, Quantization of Poisson algebraic groups and Poisson homogeneous
spaces, Symétries quantiques (Les Houches, 1995), North-Holland, Amsterdam, 1998, pp. 935—
946.

[EL] S. Evens, J.-H. Lu, On the variety of Lagrangian subalgebras. I, Ann. Sci. Ecole Norm. Sup.
(N.S.) 34 (2001), 631-668.

[ES] P. Etingof, O. Schiffman, Lectures on Quantum Groups, International Press, Cambridge, 1998.

[FRT] L. D. Faddeev, N. Yu. Reshetikhin, L. A. Takhtajan, Quantization of Lie groups and Lie
algebras, Leningrad Math. J. 1 (1990), 193-225.

[Gal] F. Gavarini, The quantum duality principle, Annales de I'Institut Fourier 52 (2002), 809-834.

[Ga2] , The global quantum duality principle: theory, examples, and applications, preprint

math.QA /0303019 (2003).

[GIK] A. M. Gavrilik, N. Z. Torgov, A. U. Klimyk, Nonstandard deformation U (son) : the imbedding
Ug(son) C Uq(sln) and representations, Symmetries in Science X, B. Gruber, M. Ramek (eds.),
Plenum Press, New York, 1998, pp. 121-133.

[HKP] M. Havlicek, A. U. Klimyk, S. Posta, Representations of the cyclically symmetric q—deformed
algebra soq(3), Jour. Math. Phys. 40 (1999), 2135-2161.

[KT] C. Kassel, V. Turaev, Biquantization of Lie bialgebras, Pac. Jour. Math. 195 (2000), 297-369.

[Lu] J. H. Lu, Multiplicative and affine Poisson structures on Lie groups, Ph.D. thesis University
of California, Berkeley (1990).

[LW] J. H. Lu, A. Weinstein, Poisson-Lie groups, dressing transformations and Bruhat decomposi-
tions, J. Diff. Geom. 31 (1990), 501-526.

[Ma)] A. Masuoka, Quotient theory of Hopf algebras, in: Advances in Hopf algebras, Lecture Notes
in Pure and Appl. Math. 158 (1994), 107-133.

[No] M. Noumi, Macdonald’s Symmetric Polynomials as Zonal Spherical Functions on Some Quan-
tum Homogeneous Spaces, Adv. Math. 123 (1996), 16-77.

[Ug] M. Ugaglia, On a Poisson structure on the space of Stokes matrices, International Mathematics
Research Notices 9 (1999), 473-493.

[Xu] P. Xu, Dirac submanifolds and Poisson involutions, Ann. Sci. Ecole Norm. Sup. (3) 36 (2003),
403-430.

[Za] S. Zakrzewski, Poisson homogeneous spaces, in: J. Lukierski, Z. Popowicz, J. Sobczyk (eds.),

Quantum groups (Karpacz, 1994), PWN, Warszaw, 1995, 629-639.

Nicola Ciccoli
Universita degli Studi di Perugia ]| Dipartimento di Matematica
Via Vanvitelli 1, 1-06123 Perugia | ITALY, e-mail: ciccoli@dipmat.unipg.it

Fabio Gavarini
Universita degli Studi di Roma \Tor Vergata” | Dipartimento di Matematica
Via della Ricerca Scientifica 1, 1-00133 Roma | ITALY, e-mail: gavarini@mat.uniromaZ2.it



