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Preface

These are the notes of a PhD course the first named author gave in 2005/06 at Universita
di Roma “Tor Vergata”. The main subject of this course was the study of plurisubharmonic
functions and their properties. These are very important tools in complex analysis because
plurisubharmonic functions are pretty much related to holomorphic functions but much more
flexible to handle and to be constructed. However, these notes contain very few applications
of plurisubharmonic functions theory to complex analysis (for instance we included boundary
transversality properties of analytic discs as a consequence of Hopf’s lemma and a few relations
between the pluricomplex Green function and invariant distances).

The present material contains a first part about elementary properties of (pluri-)subharmonic
functions (chapters one, two and three), a second part (chapter four) about elementary prop-
erties of currents (especially positive currents) and a third part (chapter five) about maximal
plurisubharmonic functions and the Monge-Ampere operator. This latter part has been devel-
oped in details for smooth plurisubharmonic functions and only sketched for locally bounded
ones. Also, in this last chapter there are two sections about the pluricomplex Green function in
bounded domains.

The reader—if any—of these notes is assumed to have a basic knowledge of harmonic
functions, analysis and geometry.

The PhD course itself and, as consequence these notes, are mainly based on the wonderful
books by Klimek [16] and Demailly [9]. It may happen that some result is stated here in a more
general form than in those books and other material has been added from different sources.
Some proofs have been completely re-elaborated and might not be contained in the literature in
this form but of course we do not claim any original credit on this material.

We thank the participants of the course for their comments and questions which certainly
improved these notes. We also thank prof. Sandro Silva for the opportunity of publishing these
notes.
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CHAPTER 1

Subharmonic functions

1. The sub-mean property and the maximum principle

DEFINITION 1.1. Let  C R™ be a set. A function u : {2 — [—00, 00) is upper semicon-
tinuous if for all ¢ € R the set {z € 2 : u(z) < ¢} is open in €.

Notice that an upper semicontinuous function is measurable and is not allowed to assume
the value +oo (while it may assume the value —oo). It is easy to show that if X' C R is a
compact set and u : K — [—00, 00) is upper semicontinuous then it has a maximum on K, but
in general it may have no minimum (for instance let X' = [—1, 1| and define u(z) = log |z| for
x # 0 and u(0) = 0. Then w is upper semicontinuous on / but has no minimum).

Another useful property that we will use in the sequel is that if « is upper semicontinu-
ous on a compact set K then there exists a decreasing sequence {u;} C CY(K) such that
lim; o uj(z) = u(z) forall z € K.

Moreover, if K is a compact set, then || 5w 1s well defined (possibly = —oo) for all up-
per semicontinuous functions » in K, and according to Beppo Levi’s theorem on monotone
convergence, [, u = lim; .., [, u; with {u;} C C°(K) a sequence decreasing to u on K.

THEOREM 1.2. Let 2 C R™ be a connected domain (not necessarily bounded). Let u :
) — [—00, +00) be a non-constant upper semicontinuous function. Suppose that for all a € <)
there exists R(a) > 0 with the following property: for all balls B(a,r) of center a and radius
0 <r < R(a) withB(a,r) C Q it holds

1
(1.1) u(a) < B /B(w) u(z)dA(x).
Then for all z € ()

u(z) < sup u(w).
we

Moreover, if there exists Ry € (0, +00] such that R(a) > Rg for all a € Q thenu € Li., ().

loc

PROOF. Let o := sup,.q u(z). By hypothesis u does not assume the value +oc in €2, thus,
if a = 400 the statement is correct. We can assume then that o < +00. Let us define

Qy :={2€Q:u(z) > a}.

Since w is upper semicontinuous then 2, is closed in 2 and by the very definition of « the set
(2, coincides with the set {z € Q : u(z) = a}. The theorem will follow if we can prove that

7



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

8 1. SUBHARMONIC FUNCTIONS

Q, is empty. In order to do that, we show that if {2, were not empty then it would be open as
well, which, by connectedness of (2, would imply v = « against our hypothesis that « is not
constant. Let assume then that there exists a € €2,. Let B(a,r) C €2 be an open ball relatively
compact in 2, 7 < R(a). We want to show that B(a,r) C 2,. If this is not the case then there
exists b € B(a,r) such that u(b) < « and, since u is upper semicontinuous, there exists an open
set K C B(a,r) such that b € K and u(x) < « for all z € K. Then

1
= {Ba) /BW) ule)d(z)

_ —V(B(la, 5 /B RCCCE /K u(:z:)d)\(yc)}
< m /B RCLCE /K ozd)\(x)]

: m _/IB(a,r)\K M)+ /K d)\(x)} -

that is, & < «, a contradiction. Then B(a, ) C €2, and this latter set is open.

Now assume that R(a) > Ry for all @ € . Since u is upper semicontinuous, on each
compact subset K CC (2 it has a maximum. Moreover, if u(a) > —oo and B(a, p) with
R(a) > p > 0is relatively compact in €2, then by (1.1) it follows that u € L'(B(a,r)) for all
r < p. Therefore the set W = {z € Q : 3U 3 z,u € L{ (U)} of points where u is locally
integrable, is a non-empty open subset of (2. To show that u € L () it is enough to prove that
W is closed in . Let x, € OW N Q. The condition that R(a) > R, for all a € 2 guarantees
that there exists a point a € W with u(a) > —oo and a number r > 0, r < R(a), such that
U = B(a,r) is relatively compact in 2 and zy € B(a,r). Let ¢ = max, . u(z). Thenu—c <0
in U. Therefore for all compact subsets KX C B(a,r)

00 < v(B(a,1))(u(a) — 0) g/ fu(z) — ddA(z) S/[u(m)—c]d)\(x) <0.

B(a,r) K

a = u(a)

Hence v € L'(K) for all K CC B(a,r) and in particular z, € W showing that W is closed in
Qand u € L (). O

loc

REMARK 1.3. The condition on the existence of Ry, > 0 which uniformly bounds R(a)
from below for each a €  is actually not necessary for the conclusion that u € Li ().

loc

However this will be a consequence of the equivalence between (3) and (4) in Theorem 2.2.

REMARK 1.4. The previous proof shows that Theorem 1.2 holds if one substitutes the balls
B(a, ) in (1.1) with any other basis of open sets.

REMARK 1.5. Let  C R™ be a connected domain and let u : Q@ — [—00,00) be an
upper semicontinuous function, u Z —oo. Define the function @ : 2 — [—00, 00| as follows:
t(x) := u(z) for zr € Q and u(y) := limsup u(z) for y € 0N If u(y) < +oo for all y € 9N

Qox—y
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then @ is upper semicontinuous. In this case we say that @ is an upper semicontinuous extension
of u to (2. Notice that u is the minimal upper semicontinuous extension of u to {2, namely, if v
is another semicontinuous extension of « then @ < wv.

COROLLARY 1.6. Let Q C R™ be a connected bounded domain. Let u : {2 — [—00,400)
be a non-constant upper semicontinuous function which satisfies the sub-mean property (1.1).

For y € 0N) define u(y) := limsup u(z). Then for all x € <)
Qozx—y

u(z) < sup u(y).
yeoN

In particular, if u extends upper semicontinously on Q (namely, if u(y) < oo for all y € 0%)
then u(z) < maxyean u(y) for all z € Q.

2. Definition and first properties
Let harm(€2) be the space of harmonic functions on a domain 2 C R™.

DEFINITION 2.1. Let Q C R™ be a connected domain. A function u : Q@ — [—00, 00) is
called a subharmonic function, u € subh(Q) if

(1) u # —oo.

(2) w 1s upper semicontinuous.

(3) For all open set G CC Q and all v € harm(G) N C°(G) such that u(y) < v(y) for all
y € G it follows that u(z) < v(x) forall z € G.

By the very definition, subh(£2) is a cone in the space of all real functions on 2.

THEOREM 2.2. Let Q) C R™ be a domain. Let u : Q) — [—00,00) be an upper semicontin-
uous function, u  —oo. The following are equivalent:

(1) For all open ball B(a,r) relatively compact in S it follows

1
2.1 < d .
D ) S ST gy O
(2) For all open ball B(a,r) relatively compact in S it follows
1
(22) U(CL) < W /B(a,r) u(:c)d)\(a:)

(3) For all a € < there exists R(a) > 0 such that for all 0 < r < R(a) and open balls
B(a,r) relatively compact in <) it follows

1
(2.3) u(a) < “Bar) /B(ayr) u(z)d\(x).

(4) u € subh(£2).
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PROOF. (1) implies (2) by integration on r and Fubini’s theorem. Obviously (2) implies (3).

Assume (3) holds. Let G CC €2 be open and v € harm(G) N C°(G) be such that u < v
on OG. Then u — v has the sub-mean property and, by Theorem 1.6 it satisfies the maximum
principle in G. Thus © — v has maximum on JG and then © —v < 0 in G proving that (4) holds.

Finally, assume (4) holds and let B(a,r) be an open ball relatively compact in 2. Since
0B(a,r) is compact and u is upper semicontinuous on 0B(a,r), there exist a decreasing se-
quence {u;} C C°9B(a,r)) such that lim; . u;j(x) — wu(z) for all z € IB(a,r). Let
U; € harm(B(a,7)) N C°(B(a,r)) be such that U; = u; on dB(a,r). Since u € subh(f)
and u < U; on 0B(a,r) then u < U; in B(a, r) for all j. Therefore for all j

1
) U0 = oy | wi0det0)

Thus, by Beppo Levi’s theorem on monotone convergence

: 1 _
U(a) S JlLIgo W /BIB(a,r) uj(g)do-(g) B

1 : B 1
1(0B(a,r)) /@B(a,r) Jlgglo 4;(0)do(¢) = w(0B(a,r)) /BB(G,T) u(C)do (<)
and (1) holds. 0

REMARK 2.3. By the equivalence between (2) and (3) in Theorem 2.2 it follows that if
u: Q) — [—00, +00) is a non-constant upper semicontinuous function which satisfies (1.1) then
actually R(a) = +oo forall a € Q2 and then u € Li. ().

COROLLARY 2.4. Let Q) C R™ be a connected domain and let {S);} C R™ be a sequence
of connected domains such that Qy, C Q41 and |, QU = Q. For each k, let wj, € subh(§2,) be
such that ug(x) > w1 (x) for all x € Qy and for all k (that is, {uy} is a decreasing sequence).
Let u(x) := limy_, ug(x) for x € Q. Then either u = —00 or u € subh(f2).

PROOF. Assume that u # —oo. First of all, for ¢ € R and k£ € N the set {z € Q) : u(z) >
c} = Nepfz € Qs 1 us(x) > ¢} is closed in 2, and thus u is upper semicontinuous in €2;, for
all £ which implies that u is upper semicontinuous in 2. Next, according to Theorem 2.2 we
just need to prove that u satisfies the sub-mean property. Let a € €2 and let B(a, r) be an open
ball relatively compact in ). Then, since the u;’s are subharmonic by Beppo Levi’s theorem
one has

u(a) = lim ug(a) < lim ;/ u(x)d\(z) = ;/ u(z)d(z)

k—o0 - koo V(B(CL, T)) B(a,r) V(B(aa ’I“)) B(a,r) 7

as wished. U

Another important consequence of Theorem 2.2 is that subharmonicity is a local property:

PROPOSITION 2.5. Let 2 C R™ be a connected domain. Then a function u € subh(Q) if
and only if for all x € ) there exists an open neighborhood V,, C Q) of x such that u € subh(V},).
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Also

COROLLARY 2.6. Let @ C R™ be a connected domain. Let u € subh(S2). Then u €

LL (). Moreover, for all x € Q)

loc
u(z) < sup u(w).
wel?
In particular, if Q is bounded and u extends upper semi-continuously on € then u(r) <
maxyeqn u(y) for all x € Q.

REMARK 2.7. Corollary 2.6 says that a subharmonic function satisfies the maximum prin-
ciple, namely, if u € subh({2) is not constant then for each G C §2 open it follows u(z) <
sup,cc; w(w). The converse is however not true. For instance consider Q@ = {(z,y) € R* :
x >0,y > 0}. Letu : 2 — R be given by u(z,y) := /= +y. Then u satisfies the maxi-
mum principle (because u is increasing in €2 with respect to the distance from the origin), but
it is not subharmonic (for instance we see that Au < 0 and by Theorem 4.1 then u cannot be
subharmonic).

Also, since harmonic functions are continuous and satisfy the mean-value property, it fol-
lows that

PROPOSITION 2.8. Let Q@ C R™ be a connected domain. Then harm(§2) C subh(€2).
Moreover, if u € subh(§2) and —u € subh(€2) then u € harm(2).

3. Regularization

Let y € C*(R™) be such that y > 0, supp(x) € B(O, 1), x(z) = x(||z[|) and [, x(z)d\(z) =
1. Let € > 0 and define

xe(@) 1= Eimx(x/e).

Then supp(x.) € B(O, €) and [, Xc(z)dA(z) = 1.
For an open connected subset {2 C R™ let

Q. = {x € Q : dist(z,00Q) > €}.

From now on, we assume without further comments that € is so small that Q. # 0. If u €
L} .(Q) then we let for x € Q.

wle) = wrole) = [

By Lebesgue’s dominated convergence theorem the functions u. € C*(£2,) and u. — w in the
L} .(Q)-topology as ¢ — 0 (and thus u, — u pointwise almost everywhere).

m m

u(z —y)xe(y)dA(y) = / u(y)Xe(x — y)dA(y).

THEOREM 3.1. Let Q@ C R™ be a connected domain. Let u € subh(Q)). Then u. €
C>°(Q) N subh(£). Moreover, {u.} is decreasing as ¢ — 0" and for all x € Q it follows
lim, g uc(x) = u(x).
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PROOF. Let a € 2 and B(a, r) an open ball relatively compact in €).. By Fubini’s theorem
and since v is subharmonic

o i) = [ (s | RCE D)) A
> [ x@ula - pirg) = ulo),

and thus by Theorem 2.2, u, € subh(£2.).
Next we show that u, is decreasing in e. To this aim, for a € () and » > 0 such that
B(a,r) CC Q we let

3.1)

1
L(u,a,r) = W /(')B(a,r) u(¢)do(Q).

We claim that 7 — L(u,a,r) is increasing. Indeed, let r; < ry and let {u;} C C°(0B(a,rs))
be a decreasing sequence whose limit is u on B(a, ;) (such a sequence exists because u is
upper semicontinuous on the compact set 9B(a,2)). Let U; € harm(B(a,72)) N C°(B(a,rs))
be such that U; = u; on 0B(a, rs). Since u < u; on 0B(a, r3) then v < U; in B(a, 1) for all j.
Therefore
L(u,a,r) < L(Uj,a,r1) = Uj(a) = L(Uj,a,rs) = L(uj,a,rs)

for all j. Thus by Beppo Levi’s theorem, L(u,a,71) < lim; .o L(uj,a,72) = L(u,a,rs)
proving that r — L(u,a,r) is increasing. Now, a direct computation from the very definition
shows that

(3.2) ue(x) = u(@IB%(O,l))/O x(r)r™ ' L(u, x, er)dr

and since r — L(u, a,r) is increasing (and thus decreasing as r — 0+), € — u.(z) is decreas-
ing for each fixed x € ().

We have to show that v, — u pointwise as € — 0. From (3.2), since u(x) < L(u, x, er) for
all € > 0, it follows that u(z) < u.(z) for all z € Q.. Let first assume that u(z) # —oo and let
C' > 0. Since u is upper semicontinuous there exists €; > 0 such that u(y) < u(z) + C for all
y € B(z,€;). For € < €, since x. is supported in B(O, €), we have

w(@) = [ ule =) = [ ue =i
(3.3) a
< (u(z) + C) / Ye(W)dAy) = u(x) + C

B(O,¢)
and thus u(x) < u.(z) < wu(z) + C. Therefore lim,_,o u.(z) = u(x). Assume now that u(x) =
—o0. Then, since lim sup,,_,, u(x) < u(z) = —oo, for all C' > 0 there exists €; > 0 such that
u(y) < —C forally € B(x,¢) and € < €;. Arguing as in (3.3) we find that u.(z) < —C for
€ < ¢ and therefore u.(x) — —oo as e — 0. O
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COROLLARY 3.2. Let Q2 C R™ be a connected domain. If u,v € subh(Q2) and uw = v almost
everywhere then u = v.

PROOF. Since u = v almost everywhere, then u, = v.. Thus, by Theorem 3.1, u(x) =
lim, g uc(x) = lime_g v.(z) = v(x) for all z € Q. O

REMARK 3.3. Let 2 C R™. Let u € subh(2). Let B(x,r) be an open ball relatively
compact in {2. Consider the function

1
Az, u,r) = —/ udA.
V(B(Xv r)) B(x,r)
Then A(z,u,r) is increasing in » > 0. Indeed, in the proof of Theorem 3.1 we proved that
L(z,u,r) is increasing in » > 0 and

1
A(z,u,r) = m/ t"L(x, u, tr)dt.
0

PROPOSITION 3.4. Let Q) C R™ be a connected domain. Let {u;} C subh(2) be a sequence
of subharmonic functions which are uniformly bounded from above on compacta of ). Let

S({u;}) == {z € Q: 3U open neighborhood of =,3Cy > 0 : sup/ lu;|d\ < Cy}.
Jj Ju

Then, either S({u;}) = 0 or S{u;}) = Q.

PROOF. The set S({u;}) is clearly open. Since €2 is connected, it is enough to show that it is

also closed in 2. Assume that S({u;}) # 0 and lety € S({u;}) N Q. There exist x € S({u;})
and r > 0 such that B(x, r) is relatively compact in Q2 and y € B(z, 7). In order to show that
y € S({u;}) (proving that 2 is closed) it is enough to show that there exists // > 0 such that

(3.4) sup/ lu;|dN < M.
J B(z,r)

Since {u;} are uniformly bounded on compacta, there exists C' > 0 such that u;(z) — C < 0
forall j € Nand z € B(z,r). Thus, we can assume that v; < 0 on B(z, ). By hypothesis,
x € S({u;}). Therefore, there exist 0 < " < 7 and M’ > 0 such that

sup/ |u;|d\ = sup <—/ ujd)\> <M.
J JB(z,r) J B(z,r)

According to Remark 3.3, for all j € N,
1
_— Jdh=—A ; < —A !
V(B(I,T)) /B(x,r)‘uj‘ (I,UJ,T) — (;C,UJ,T)
1 M’
= A < ———
VB, 7)) /Mx,r,) N Texa)k

and we are done. U
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4. Subharmonic functions and distributions

THEOREM 4.1. Let Q2 C R™ be a connected domain. If u € subh(Q)) then Au > 0 in the
sense of distribution. Conversely, if u € L. () and Au > 0 in the sense of distributions, then

loc
there exists v € subh(Q) such that v = u almost everywhere.

PROOF. Firsiof all, we assume u € C?(€2). Suppose Au > 0. Let G CC Qand h €
harm(G) N C°(G) be such that u < h on JG. Fix ¢ > 0. Let R := max{||z]]* : z € G},
0<0<e€/Rand

v(2) == u(z) — e+ 6|2

Notice that v < u in G and therefore v < h on JG. Letw(z) := v(z) — h(z). Then w(z) < 0
on 0G. We claim that w < 0in G. Let a € G be such that w(a) = max,.zw(z). Assume
by contradiction that w(a) > 0. Since a € G, then there exists s > 0 such that (—s,s) > t —
w(a + te;) has a maximum in ¢ = 0. Thus

82 d2

a_gj?w(a) = ﬁw(a + t€j)|t:0 S 0.
Therefore Aw(a) < 0. But

Aw(a) = Au(a) + 6A| 2?22« — Ah(a) = Au(a) + 6§ > 0,

contradiction. Thus v < hin G. Hence, u < h+ € — §||z]|> < h+ 2¢ on G. By the arbitrariness
of € we obtain < h in G and thus u € subh(Q). Now, if u € C?(£2) Nsubh(£2) and Au(a) < 0
then there exists an open ball B(a, ) C €2 such that Au(z) < 0 for all z € B(a, ). Therefore
A(—u) > 0in B(a,r) which, by the previous part, implies that —u € subh(B(a,r)). There-
fore u, —u € subh(B(a,r)) and then u € harm(B(a,r)). But then Au(a) = 0, contradicting
Au(a) < 0. Thus the theorem holds for C* functions.

Now assume u € subh({2) (with no regularity assumptions). Let u. be the regularization
sequence given by Theorem 3.1. Then Au, > 0 forall e > 0. If p € C§°(Q2), ¢ > 0, then by
the Lebesgue theorem and integration by parts

/ uAp =1lim [ uAp =lim [ (Au)p >0,
Q =0Ja

e—0 Q

and thus Au > 0 in the sense of distributions.
Conversely, let u € LllOC be such that Au > 0 in the sense of distributions. Let u, := u * ..
Recall that u, — u in L _(£2)—and thus u. — u almost everywhere. For small ¢, test function

€ C§°(£2) with ¢ > 0 and by Fubini’s theorem we have

[ @@ = [ xw ([ ute-nac@am) i o

therefore Au, > 0 (this is true in the sense of distributions and, since u, € C?(€).), integrating
by parts it is true for all x € 2.). Hence u, € subh().). If we show that {u.} is decreasing
in ¢, then by Corollary 2.4 the limit is subharmonic (and, as we already noticed, it coincides
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with u out of a zero-measure set). In order to see that {u.} is decreasing in €, let ¢; < €. Then
Ue, = limg_gue, * Xs. By Fubini’s theorem u., * x5 = (4 * Xe,) * X5 = (U * X5) * Xep,- The
function u * X is subharmonic and by Theorem 3.1 the regularizing sequence approximating it
is decreasing in €, namely (u * x5) * Xe, > (U * Xs) * X¢,. Thus

(4.1) Uey = %li% Uey * X5 > (1;12% Uey * X§ = Uey

as needed. O

5. Construction of subharmonic functions

PROPOSITION 5.1. Let 2 C R™ be a domain. Let V C () be an open subset. Let u €
subh(§2) and let v € subh(V') be such that limsup,_,, v(z) < u(y) forally € OV N Q. Then
the function

win Q\'V

is subharmonic in Q). In particular, if V- = ), namely if u,v € subh(f2), then max{u,v} €
subh(£2).

B {max{u,v} inV

PROOF. Clearly w : 2 — [—00,00). We want to prove that w is upper semicontinuous in
(2. By the very definition, w is upper semicontinuous in Q \ V. Letz € VN Q. If x € V then
lim sup w(z) < max{u(z),v(z)} = w(z),
Qoz—x

while, if x € 9V N € then

limsupw(z) < u(z) = w(x),
Q>z—x

because limsup, , v(z) < u(y) for all y € 9V N ). Thus w is upper semicontinuous in €.
Now, let a € Q. If w(a) = u(a) then

1 1
VB(a, 7)) /Mw) w(@)dM@) 2 TEr T /B(W) u(@)d\(2) = u(a) = w(a).

If w(a) = v(a) > u(a) (and then necessarily a € V) then we can find R(a) > 0 such that
B(a,r) C V forall 0 < r < R(a). Thus

1 1
W/B(a,r)w($)d)\(x) = v(B(a,r)) /}B(M)“(@d}\@) > v(a) = v(a),
and by Theorem 2.2, w € subh(£2). -

A simple argument shows that

PROPOSITION 5.2. Let Q C R™ be a connected domain. Let {u;} C subh(2) be a sequence
converging uniformly on compacta. Then the limit u € subh().
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PROPOSITION 5.3. Let Q@ C R™ be a connected domain. Let {u,}acy be a family of
subharmonic functions on ). Let u(x) = Sup,c; Ua (). Assume that v is locally bounded from
above. Let u* be the upper semicontinuous regularization of u, namely

u*(z) = max{u(x), léglwsff u(w)}.

Then u* € subh(Q2) and u = u* almost everywhere in Q). Also, u* = lim,_o u * Y.

PROOF. By the very definition u* : 2 — [—o0, 00) and, since lim supgqs,,_., u*(w) = u*(x)
it is upper semicontinuous. Notice that

u* = inf{v upper semicontinuous : v > u}.

In particular if v is upper semicontinuous and v > u then v > u*. Let G CC €2 be an open set
and let v € harm(G) N C°(OG) be such that v > u* on dG. Thus v > u* > u > u, on OG for
all @ € J. Since u,, € subh(£2), v > u, on G for all « € J. Thus v > u on G. But v is (upper
semi-)continuous and therefore v > u* in G, proving that u* € subh(£2).

Now consider the convolutions u. := u % x. € C*().). We know that u, — wu almost
everywhere in (). Let B(a, ) be an open ball relatively compact in €. Since for all a € J
1 1

< — < —

) < TR oy ) Sty L MO

then it follows that u(a) < m fB(w) u(z)dA\(z). Arguing as in (3.1) we find then that
the u.’s have the sub-mean property and then u. € subh(€2). Moreover, by Theorem 3.1,
Uy < Uq * Xe and then v, < Uy * Xe < u * X = u, for all a, showing that v < wu, for all € and
thus u* < w, (since u, are C'™°). Arguing as in (4.1) we see that u, is decreasing in €. Thus by
Corollary 2.4 the limit v := lim,_o u. is subharmonic in (). Since v = u almost everywhere in
Q,and u < u* < v then u = w* almost everywhere in {2 and u* = v by Corollary 3.2. U

DEFINITION 5.4. Let {2 C R™ be a domain. A subset £ C {2 is a polar setif foreachx € F
there exists an open set V,, C Q with z € V, and v € subh(V,,) such that ENV, C {v = —o0}.

Since subharmonic functions are L., then every polar set E C (2 has zero Lebesgue mea-

sure and its complementary 2 \ E is dense in €.

COROLLARY 5.5. Let 2 C R™ be a domain. Let v € subh(2) and let E be a closed polar
set. Let u € subh(Q\ E) (respectively w € harm(Q2 \ E)) and assume that u is bounded from
above. Let

(5.1) Ulz) = limsup u(y) ifx e kFE
Q\Esy—=z

Then U is subharmonic (respectively harmonic) in ).
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PROOF. Assume u € subh(2\ £). Since u is bounded from above, then U is upper semi-
continuous on €). Let x € F and let V,, C (2 be an open neighborhood of x such that there exists
v € subh(V,) with ENV, C {v = —oco}. We are going to show that U € subh(V},) and then,
by arbitrariness of = € E and by Proposition 2.5 it will follow that U € subh(£2).

Let define U, := u + ev (here we consider U, (z) = —o0 if v(z) = —o0) in V. Then U, €
subh(Q). Let U = sup, Ue on V; \ E. According to Proposition 5.3 the upper semicontinuous
regularization U* of U is subharmonic in V. By construction U = U* on V, and thus U €
subh(V,,).

If u € harm(Q2 \ E), let V' denotes the function defined as in (5.1) for —u. Then U,V €
subh(2) and U + V = 01in Q2 \ E which is a set of full Lebesgue measure. By Corollary 3.2 it
follows that U + V' = 0 and thus U, —U € subh(2) which implies that U € harm(£2). O

THEOREM 5.6. Let () C R™ be an open set. Assume that one of the following conditions is
satisfied:
(1) u,v € harm(Q) withv > 0 and ¢ : R — R is a convex function;
(2) u € subh(2), v € harm(Q2) with v > 0 and ¢ : R — R is an increasing convex
function;
(3) u, —v € subh(Q), withu > 0, v > 0 and ¢ : R — RY is a positive convex function
with $(0) =
then vp(u/v) € subh(2).

PROOF. We only give a proof of (2), the others being similar. First, being ¢ increasing and
convex, for = € R, the tangent line to ¢(x) is given by y = az + b with a > 0 and b € R. Let

Fop(x) ={ax+b:a>0,be R at+b < ¢(t) Vt € R}.

By convexity ¢(x) = sup,q; Fas(z). Now, v(a® +b) = au+bv € subh(Q2) fora > 0and b €
RR. Thus the upper semicontinuous regularization of v (u/v)(x) = SUP,>0p Fab(au(z)+bv(z))
is subharmonic by Proposition 5.3. To have the result we only need to show that vo(u/v) is
upper semicontinuous. But ¢ is increasing and u /v is upper semicontinuous, thus

lim sup ¢(u(x)/v(x)) < d(u(xg)/v(x0)).

T—T0
O

COROLLARY 5.7. Let Q C R™ be an open set. If u € subh(Q2) then e* € subh((2).
PROOF. By Theorem 5.6 with ¢(x) = ¢” and v = 1. O

6. Boundary behavior: the Hopf lemma

THEOREM 6.1 (Hopf’s lemma). Let 2 C R™ be a domain. Let p € 052 and suppose that OS2
has the inner ball property at p (for instance, if 9) is C? at p). Let U be an open neighborhood



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

18 1. SUBHARMONIC FUNCTIONS

of p and let v € subh(Q N U) be such that limgs,_., uw(x) = u(p) and u < u(p) in U N L. Let
v € R™ be a non-zero vector which does not belong to T,,0) and pointing outward. Then

lim sup u(p — hv) — u(p)

< 0.
h—0 h

PROOF. Since () has the inner ball property at p, there exists a ball B C €2 N U such that
OB is tangent to OS2 at p. We can assume with no loss of generality that B = B(O, 1) and that
u(p) =0andu < 0in B\ {p}. Let v(z) := e I#I" — ¢~ for o > 2m. A direct computation
shows that Av = e~*I#I°(4]|z|?a® — 2ma) and v = 0 on dB. Thus, since @ > 2m, v is
subharmonic in {z : ||z|| > 1/2}. Moreover,

%\m:p = grad[v(p)] - v = —2ae p- v < 0,
since v points outward, that is p-v > 0. Fix € > 0. Let M be such that u < —M on ||z|| = 1/2.
Now v > 0 in B, but, since e 4 — ¢™® — 0 as a — oo, there exists @ >> 1 such that
v(z) < M/2¢for ||z|| =1/2. Let V =B\ {z € R™ : ||z||* < 1/2}. Then u + ev € subh(V).
Moreover, by construction © + ev < 0 on dV. By the maximum principle, v + ev < 0in V
and p € OB is a maximum since u(p) + ev(p) = 0. Let ty > 0 be such that p — tv € V for

0 <t <ty Then
(u+ev)(p — tv)

lim sup <0.

t—0+
Now let {tx}, tx > 0, be any sequence converging to 0. Then for all &

(u+ev)(p—tyr) ulp—tyr) N Ev(]o — txV)

0> =
tr tr tr
and since limy,_, .o ”(p;—:’“”) = —g—’lj(p) > ( we obtain
_ u(p — tyv) v
limsup —— < e—(p) <0,
k—>oop tk: - aV (p)
proving the statement. O

Hopf’s lemma can be used in analysis to prove uniqueness for the solution of von Neumann-
type problems. As a matter of example, we give the following:

PROPOSITION 6.2. Let €2 C R™ be a bounded domain with C? boundary. If u € harm(Q)N
C?() is such that ad—r:;(p) = 0 for all p € 0N (here n,, is the outer normal vector) then u =
const.

PROOF. Assume that u is not constant. By the maximum principle it has a strict maximum
at some p € J€2. Thus Hopf’s lemma implies that (%;(p) > (), against the hypothesis. U
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CHAPTER 2

Pluriharmonic functions

1. Interlude on holomorphic functions

Consider the complex space C" as a 2n-dimensional real space R*". The multiplication by
i in C" determines a complex structure J on R?", called the standard complex structure of R?",
More explicitly, if v € C" and we denote by v® its image in R?", then J(v*) := (iv)®. Let
Q) C C" be an open set. Then TQ2 = 2 x C" and one can consider the real structure ) x R?"
with the standard complex structure on each fiber which, being independent of z € (2, we still
denote by J. If we consider (TQ)* ®@p C ~ Q x C?" the operator .J determines an operator .J©
on (TQ)® ®g C which has the property that (J)? = —1I and thus one has the decomposition
(TR @r C = TH°Q & T in terms of the eigenspaces of JC. Namely, J°X = iX
forall X € T'°Q and J°X = —iX forall X € T%'Q. Accordingly, one can decompose
the cotangent space (T*Q)* @ C = (T*Q)'° @ (T*Q)%!. In general, given an R-linear map
L: (TQ)® — TC, then L is C-linear (namely there exists a C-linear map [ : TQ) — T'C such
that [* = L) if and only if Lo J = iL, thatis, L commutes with the complex structures on €2 and
C respectively, while L is C-antilinear if L o J = —iL. Notice that L is C-linear (respectively
C-antilinear) if and only if L® € (TH°Q)* (respectively L € (T%'Q)*).

Now, let u € C*'(Q, R). Considering R C C we can think of u : Q — C as a function such
that w = . Thus du : (TQ)® = Q x R* — TR C TC = C x C is an R-linear morphism.

LEMMA 1.1. Let Q C R*™ be an open set and let u € C*(Q, R).
(1) The C-linear part of du is given by du := 5(du — idu o J).
(2) The C-antilinear part of du is given by Ou := %(du +iduo J).

The decomposition du = Ou + Ou is the unique decomposition in C-linear and C-antilinear
parts.

PROOF. Clearly du = Ou + Ou. Since
(du —iduo J)oJ = (duo J+idu) =i(du —iduo J)

then Ju is C-linear. Similarly one can prove that Ou is C-antilinear. Finally, if du = A + B'is
another decomposition in C-linear and C-antilinear parts, then du — A = du — B and thus

i(Ou—A) = (0u—A)oJ = (0u—B)oJ=—i(0u— B) = —i(0u — A)
forcing Ou = A and Ou = B. U
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In local coordinates z; = z; +4y; in C", we define dz] = dxj +tdy; and dz; = dx; — idy;.
Also, we let 8‘9 =1(% —i)and 4 = ai +ig- ) A direct computation shows that

Ox; Ay,
ou
ou = 8 ——dz;j, ou = jz az]
Let us define _
d®:=1i(0 — 0).

LEMMA 1.2. Let Q C C" be a domain. Let u € C* (2, R). Then d°u = —du o J.
PROOF. We have
du = i0u — i0u = —OuoJ —OuoJ = —duo J.
g
The classical Cauchy-Riemann equations can be read in terms of d, d° as follows:

THEOREM 1.3. Let Q C C" be a domain. A function f = u+iv € C1(Q, C) is holomorphic
in Q) if and only if d°u = dv in €.

PROOF. Let fix coordinates {x;,y;} in Q2. The function f is holomorphic in €2 if and only
if the Cauchy-Riemann equations
ou __ Ov
{%—@
du _ v

dy;  Oxj

are satisfied. Now, writing % = ((;9—;, U 6‘1—”) (and similarly for g—Z) we have
ou Ou 0 —I ou Ou
duoJ = (=—,=—)- =(=—,—=).
“e (ax ay) ([ 0 ) (ay Ox)
Thus Cauchy-Riemann equations become —du o J = dv. By Lemma 1.2 Cauchy-Riemann
equations are then equivalent to d°u = dv, proving the statement. U

2. Pluriharmonic functions

DEFINITION 2.1. Let  C C" be a domain. A function v € C?(§2,R) is pluriharmonic,
u € Ph(Q), if forall p € 2 and v € C” the function C 5 ¢ — u(p + (v) is harmonic for
I¢] << 1.

For a C%-real function u we define the complex Hessian (or the Levi form) as the following
(0, 2)-tensor:
2.1 L(u) := ——dz; ®dz
2l )= 3 gt

Notice that, since u = @ then the matrix ( af- 5=) is Hermitian.
J

We have the following characterization of pluriharmonic functions in terms of Levi form:
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PROPOSITION 2.2. Let Q C C" be a domain. A function u € C*(2, R) is pluriharmonic if
and only if L(u) = 0. Namely, uw € Ph(Q)) if and only if%(x) =0forall j,k=1,...,n
and x € .

PROOF. Recall that in C with ¢-coordinate, A = 4-2 2 Therefore

¢ ac”
@) Aol = PRI oS T s L)
' AT T T A b0 T T )
Thus Au(p + (v)|¢—o = 0 forall p € Q and v € C" if and only if L(u) = 0. O

COROLLARY 2.3. Let Q C C" be a domain. Then Ph(2) C harm(Q2). If n > 1 the
inclusion is proper.

PROOF. By Proposition 2.2 it follows that if u € Ph({2) then £(u) = 0 which implies
Au = 0 and then u € harm(€2). For n > 1 let 2y ¢ (2 and consider the function u(z) =
|z — 20|72V, Then Au = 0 but ¢ — u(p + Ce;) is not harmonic. O

COROLLARY 2.4. Let Q2 C C" be a domain. Let ) C C™ be another domain and let
f Q' — Q be a holomorphic map. If u € Ph(Q) then wo f € Ph(Y).

PROOF. In view of Theorem 2.2 it is enough to prove that £L(u o f) = 0. By the chain rule,
since df = 0f
L(uo f) = L(u) o (df @df) =0,
because L(u) = 0. O

Summarizing these last two corollary, we can say that a harmonic function is pluriharmonic
if and only if it is harmonic under holomorphic changes of coordinates.

THEOREM 2.5. Let 2 C C" be a domain.
(1) If f is holomorphic in ) then Re f,Im f € Ph(Q).
(2) Suppose H*(Q,R) = 0. If u € Ph(Q) then there exists v € Ph(Q) such that u + iv is
holomorphic in ).

PROOE. (1) If f : 2 — C is holomorphic then for all p € 2 the function C > ( — f(p+(v)
is holomorphic for || << 1. Thus its real and imaginary parts are harmonic and then Re f, Im f
are pluriharmonic.

(2) Let w := d°u. Then dw = 0 and since H'(€2, R) = 0, Poincaré lemma implies that w is
exact. Thus, there exists v € C'(2) such that dv = w. Hence d°u = dv and the function u + v
is holomorphic in view of Theorem 1.3. U

REMARK 2.6. The previous theorem says that locally every pluriharmonic function is the
real part of a holomorphic function.
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CHAPTER 3

Plurisubharmonic functions

1. Definition and first properties

DEFINITION 1.1. Let Q2 C C™ be a connected domain. A function u : 2 — [—00,00) is
plurisubharmonic, u € Psh(€2), if
(1) u # —o0.
(2) w is upper semicontinuous.
(3) Forall p € Q and v € C" the function C 5 { — u(p + (v) is either subharmonic or
= —oo for |(| << 1.

PROPOSITION 1.2. Let 2 C C" be a domain. Let u € C?(Q). Then u € Psh(Q) if and only
if for all v € C" it follows

(1.1) L(u)(v;v) > 0.
PROOF. By Theorem 4.1, u € Psh(Q) if and only if Au(p + (v)|c=o > 0 for all v € C™.
By (I1.2.2) it follows that Au(p + (v)|c=o > 0 if and only if £(u)(v;v) > O

COROLLARY 1.3. Let Q2 C C" be a domain. Then
(1) Ph(€2) C Psh(£2).
(2) Psh(©2) N C?*(Q) C subh(Q).
PROOF. (1) By Proposition I1.2.2, if u € Ph(€2) it follows that £(u) = 0, thus by Proposi-
tion 1.2 we have u € Psh(2).
(2) Let u € C?(Q). If u € Psh(£2) then by Proposition 1.2 it follows that £(u)(v;v) > 0 for
all v € C", namely the matrix ( Pu ) is positive semi-definite. In particular its trace is > 0.

8Zj85k
Since a direct computation shows that
0%u
Au = 4tr >0
¢ (8zj(9§k ) -
it follows that u € subh(€2) in view of Proposition 1.4.1. g

DEFINITION 1.4. Let Q C C" be a domain. Let u € C?(Q2). We say that u is strictly
plurisubharmonic if for all v € C™ \ {O} it follows L(u)(v;v) > 0.

REMARK 1.5. One could define strictly plurisubharmonic functions without the require-
ment of C?-regularity. Namely, one can say that a function v € Psh(§2) is strictly plurisub-
harmonic in the weak sense if for each p € () there exists ¢ > 0 such that z — u(z) — c[|z||?

23



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

24 3. PLURISUBHARMONIC FUNCTIONS

is plurisubharmonic near p. Note that u € C?(Q) is strictly plurisubharmonic in the weak
sense if and only if it is strictly plurisubharmonic in the sense of Definition 1.4. This follows
easily from the fact that (z,v) — L(u)(v;v) is continuous and thus it has a minimum for
(z,v) € B(p,r) x OB(O, 1), where B(p,r) CC € is any open ball.

LEMMA 1.6. Let Q C C" be a domain. If u € Psh(2) then for all a € Q and b € C" such
that {a + Cb: || < 1} C Q it holds

1 21 ]
(1.2) u(a) < —/ u(a + e“b)de.

2 Jo
Conversely, if u : Q — [—00,00) is upper semicontinuous, v Z —oc and (1.2) holds, then
u € Psh(Q).

In particular a plurisubharmonic functions has the sub-mean property with respect to poly-
discs.

PROOF. If u € Psh(Q2) then ¢ — u(a + (b) is subharmonic and then (1.2) follows from
Theorem 2.2. Conversely, again by Theorem 2.2, if (1.2) holds then ¢ +— u(a + (b) is either
= —oo0 or it is subharmonic and thus u € Psh(€2).

Finally, assume u € Psh(Q2). Let P(a,r) CC  be a polydisc with multiradius r =
(r1,...,7ry,) be relatively compact in §2. Let p; € (0,7;) for j = 1,...,n. By (1.2) we have
2 2
CLl + p1€ , Gy + pnew"))del ...do,

2T 27
— 02 a, 4+ p,e?))dby . .. db,
(2%)”—1/0 /0 u(ar, az + pa€™?, ... an + pe))db:
> u(a).

Now we multiply both sides of the previous inequality by p; - - - p,, and integrate for p; € (0,7;)

obtaining
1

e /P L HEDE) 2 ula)

Thus u has the sub-mean property with respect to polydiscs. U

REMARK 1.7. Again, it should be remarked that being plurisubharmonic is a local property
(which follows directly from the fact that being subharmonic is a local property).

PROPOSITION 1.8. Let 2 C C" be a domain. Then Psh(€)) C subh(S2), and for n > 1 the
inclusion is proper.

PROOEF. Let B(a,r) CC €2 be an open ball. Then (1.2) holds for all ||b|| = r. Consider
7 : OB(a,r) — CP"! the Hopf fibration with fiber S* given by m(z) = [z]. For any real
2n — 1 form w on 0B(a,r) with upper semicontinuous coefficients it is possible to define a
real 2n — 2 form 7, (w) on CP"~! obtained by integration along the fibers (see [4, p.61-63] for
the continuous case, the semi-continuous is analogous). In our case we set w = udo and then
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in local coordinates (6,b) € (0,27) x R**~2 which trivialize the Hopf fibration and for which
do = dONdo’ (b) with do’(b) a 2n—2 form, it follows that , (udo) := fozﬂ u(a+eb)diAdo’ (D).
Thus, by the projection formula [4, Proposition 6.15 p. 63] and by (1.2) it follows that

/ udo = / T (udo) > u(a)27r/ do’.
0B(a,r) Cpn—1 Ccpr-1

Repeating the argument with © = 1 it follows that

W(@B(a,r)) = / do / (o) = 2 / o
dB(a,r) Ccpr-1 Ccpr-1

Putting these two inequalities together we obtain

p(EB(a e < [ a(Odo),
OB(a,r)
by Theorem 2.2 it follows that u € subh(2).

To see that for n > 1 the inclusion is proper, we exhibit an example. Let u(zy,x2) =
4(x% — x3). Then Au = 0 and hence u € harm(C?) C subh(C?). Now, u(zy,x3) = 22 — 23 +
Z] — 73 — 22171 + 2297 and a direct computation shows that £(u)(v;v) = —2|v1]* 4 2|ve|?
proving that u ¢ Psh(€). O

REMARK 1.9. Proposition 1.8 can be proved straightly using the regularization sequence to
be constructed in Theorem 2.1 and the fact that smooth plurisubharmonic functions are subhar-
monic in view of Corollary 1.3. Of course, proceeding this way, the proof of Theorem 2.1 is
more complicated (for this way of arguing see[16]).

In view of Proposition 1.8, plurisubharmonic functions enjoy all properties of subharmonic

functions such as being L{, , the maximum principle and Hopf’s lemma.

LEMMA 1.10. Let  C C™ be a domain and let {2} C C" be a sequence of connected
domains such that Qy, C Qyq and |, QU = €U For each k, let uy, € Psh(Qy) be such that
ug(x) > ugsr(x) for all x € Q. and for all k (that is, {u} is a decreasing sequence). Let
w(x) = lim;_.o u;(x). Then either u = —oo or u € Psh(€2).

PROOF. Assume that u Z —oo. According to Corollary 1.2.4, the limit v € subh(£2). Then
the result follows by Lemma 1.6, since for all (suitably chosen) a,b and 7 >> 1

- — 27

1 2 ]
u(a) < wuj(a) < —/ uj(a+ e?b)do
0
and the latter integral converges to % f027r u(a+¢“b)df by Beppo Levi’s monotone convergence
theorem. U

COROLLARY 1.11. Let Q C C" be a domain. Then u € Ph(Q)) if and only if u,—u €
Psh(£2).
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PROOF. If u € Ph({2) then by Proposition I1.2.2 then £(u) = 0 and then £(u), £L(—u) =0
which implies u, —u € Psh(2) by Proposition 1.2. Conversely, let u, —u € Psh(2). By
Proposition 1.8 and Proposition 1.2.8 it follows that © € harm(2). In particular u € C*().
By Proposition 1.2 and since both u and —u are plurisubharmonic, then £(u)(v;v) > 0 and
L(—u)(v;v) > 0 implying that £(u) = 0 and, by Proposition I1.2.2, u € Ph(2). O

2. Regularization of plurisubharmonic functions

THEOREM 2.1. Let Q C C" be a domain. Let u € Psh(Q)). Let u. := x. * u. Then
ue € Psh(Qe) N C>=(Q). Moreover {u.} is decreasing in € and converges pointwise to u.

PROOF. Since plurisubharmonic functions are subharmonic by Proposition 1.8 and in view
of Theorem 1.3.1 we have only to prove that u, € Psh(€2). By Fubini’s theorem, if {a + (b :
IC| < 1} C Q. we have

udla) = / a0 < [ [Tutar e - sy

/ / (a4 e®b —y)x(y)d\(y)df = —/ uc(a 4+ e®b)ds,

and thus by Lemma 1.6, u, € Psh(£),). d

COROLLARY 2.2. Let Q) C C" be a domain. Let u € Psh()). Then there exists {v.} C
C*(Q,) strictly plurisubharmonic in Q. such that {v.} is decreasing in € and converges point-
wise 1o u.

PROOF. Let {u.} be given by Theorem 2.1. Let v.(2) := u(z) +¢€||z||*. Then for C" > b #
o,

L(ve)(b; b) = L(ue) (b b) + eL([2[*) (b5 b) > 0

hence v, is strongly plurisubharmonic in {2, and the remaining properties follow from the prop-
erties of the u.’s. O

As a consequence, arguing as in Theorem [.4.1, one can prove the following

PROPOSITION 2.3. Let 2 C C™ be a domain. If u € Psh(Q) then L(u)(v;v) > 0 in the
sense of distribution for all v € C". Conversely, ifu € Li. () and L(u)(v;v) > 0 in the sense
of distribution for all v € C", then there exists v € Psh(2) such that v = u almost everywhere.

Also, the arguments in the proofs of results in section 5 of Chapter I work with only minor
changes for plurisubharmonic functions allowing to construct new plurisubharmonic functions
starting from given plurisubharmonic functions. We leave details to the reader.

We end up this section with an application of Hopf’s lemma for plurisubharmonic functions
to analytic discs attached to pseudoconvex domains:
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PROPOSITION 2.4. Let 2 C C" be a domain. Assume there exists a neighborhood U of ()
and p € Psh(U) N CY(U) such that Q = {z € U : p(z) < 0} and dp, # 0 for all z € 9.
Let ¢ : D — Q be a holomorphic disc such that p € C*(D) and ©(0D) C 0. Then (D) is
transverse to 0S) at every point.

PROOF. By hypothesis p(¢(¢)) < 0 for all ¢ € D and p(p(¢)) = 0 for all ¢ € OD. Then
Hopf’s Lemma implies that for all { € 0D

- —pe(t))
d / == l m .
Pe(#(¢)) = lim ——2= #0
Therefore ©'(() & T,,(c)0D and hence ¢(JD) is transverse to OS2 at every point. O

3. Plurisubharmonic and subharmonic functions under changes of coordinates
We begin with the following example:

EXAMPLE 3.1. Let (z,y) € R? and let u(z,y) = 2® — y*. Then Au(z,y) = 0 and
u € harm(R?). Consider the following linear change of coordinates: z = X,y = X — Y.
Then u(X,Y) = —Y? + 2XY and thus Au(X,Y) = —2 which implies that u(X,Y") is not
subharmonic in the new coordinates.

Very roughly, the reason why subharmonic functions do not behave well under changes of
coordinates is that in general a change of coordinates is not conformal, thus it does not preserve
balls and spheres and the sub-mean property is no longer true.

Contrarily, not degenerate holomorphic mappings are conformal in C and thus one might
expect some better behavior for plurisubharmonic functions. Indeed we have

PROPOSITION 3.2. Let 2 C C™ be a domain. Let u : Q) — [—00,00). Then u € Psh({2)
if and only if for all f : QY — Q holomorphic (with ) a domain of C™) it follows that either
uo f €subh(Q)oruo f=—oc.

PROOF. First assume that u € Psh(2) N C?(Q2) and let f : Q' — € be holomorphic. Then

forallv € C™
L(uwo f)(v;v) = L(u)(df (v); df (v)) = 0,

proving that w o f € Psh(Y). If u € Psh(2) (no regularity assumptions) let {u.} be the
sequence given by Theorem 2.1. Then u, o f € Psh(f~*(€,)) and since the sequence {u. o f}
is decreasing in e, it follows that the limit (which is u o f) is either = —oc or plurisubharmonic
(and thus subharmonic) in €2 by Lemma 1.10.

Conversely, if v o f is subharmonic or = —oo for all holomorphic mappings f : ' — Q
then it is so also for holomorphic map C 5 ¢ — a + (b (fora € Q,b € C" and || << 1) and
this is exactly the definition of plurisubharmonic function. U

REMARK 3.3. With some more effort it can be proven that u € Psh(€2) if and only if for
all C-linear isomorphism 7" : C* — C" it follows that v o T' € subh(T1(Q)) (see, e.g., [16,
Theorem 2.9.12 p. 68].



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

28 3. PLURISUBHARMONIC FUNCTIONS

As an application we have the following result:

THEOREM 3.4. Let u € subh(R?). If there exists M < oo such that u(z) < M for all
x € R? then u is constant.

PROOF. We consider u : C — [—00,00) with complex variable z. If u is not constant
we can assume that u(0) < u(1). Let v(z) := u(1/z). By Proposition 3.2 the function v €
subh(C\ {0}) and v(z) < M forall z € C\ {0}. By construction

limsupv(z) = limsupu(1l/z) = limsup u(w) < u(0) < u(l) = v(1).

|z|—00 |z|—00 |w]|—0
Thus there exists B > 0 such that

(3.1) sup v(z) = sup  v(2).
zeC\{0} z€B(0,R)\{0}

Let define v(0) := limsup,_,v(z). Since v is bounded, then Corollary 1.5.5 implies that

v € subh(R?). By (3.1) it follows that there exists z € B(0, R) such that v(z) = sup,,cg2 v(w),
but this contradicts the maximum principle in Corollary 1.2.6. U

As a corollary:

COROLLARY 3.5. Let u € Psh(C"). If there exists M < oo such that u(z) < M for all
z € C" then u is constant.

PROOF. Apply Theorem 3.4 to all complex lines passing through O. U

Notice that the previous result would be false for subharmonic functions (which are not
plurisubharmonic):

EXAMPLE 3.6. In R? let u(z) = —1/||z||. Then Au(z) = 0 for x # O and u(0) = —oo,
therefore u € subh(R?). However u(z) < 0 for all z € R? and it is not constant.

REMARK 3.7. Proposition 3.2 allows to define the sheaf of plurisubharmonic functions on
complex manifolds. In other words, if M is a complex manifold and U C M is an open set,
then u : U — [—00,00) is plurisubharmonic if for all = € U there exists a local chart (V)
such that z € V and u o ¢! € Psh(¢(V)). Proposition 3.2 guarantees that such a definition
does not depend on the (holomorphic) local chart chosen to define it.

The maximum principle (as well as the previous results on plurisubharmonic functions)
extends easily to plurisubharmonic functions on complex manifolds. For instance, this implies
that Psh(CP') = R. With this, we have a simple alternative proof of Theorem 3.4 as follows:
if u € subh(C) is bounded from above, then its extension to CP! given by defining u(oo) =
limsup,,|_ u(z) is subharmonic on CP! (by the analogous of Corollary 1.5.5 for complex
manifolds) thus it is constant.
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CHAPTER 4

Currents

1. Distributions

Let Q C R™ be a domain. We write f € CF(Q) if f : Q — C is such that f € C*(Q) and
supp(f) CC Q. For a multi-index o = (o, ..., o) € N™ we denote by || = > | «; and

J
by D*f = 5t We let Go(Q2) = C(9).

L..oxom

DEFINITION 1.1. Fix p < k. Given f € C¥(2) and K a compact subset of €2 such that
supp(f) € K and € > 0, the sets

Vo(fe, K)={g € C’gf(Q) :supp(g) C K, sug |DY(f — g)(x)| < ¢, Va € N" |a| < p}
TE

form a basis of open neighborhoods of f. We call the C?-topology on C%(2) the topology
defined by V,(f, ¢, K) when f, e, K (with supp(f) C K) vary.

Notice that a sequence {g;} C Ck(2) converges to f € C§(12) in the CP-topology provided
that
(1) Ujsupp(g;) U supp(f) is relatively compact in €2 and
(2) D*g; converges uniformly in 2 to D f for all &« € N™ with |a| < p.

The space C*(2) endowed with the topology of uniform convergence (on {2) is a Banach
space. We can thus consider the induced topology, denoted by C,,, on C%(£2). More in details,
a basis of open neighborhoods for such a topology is provided by

Vo(f.e)={g € CE(Q): sup |D*(f = g)(@)| < €, Va € N™,|a] < p}

when f € C¥(Q), e > 0 vary. Thus a sequence {g;} C C¥(Q) converges to f € C¥(Q) in
the C?-topology if and only if the sequence {D%g,} converges uniformly in 2 to D f for all
a € N™ with o] < p.

Notice that the topology C), is finer then the C'p—topology on C¥(), that is, an open set in
C, is open also in C, because, clearly, V,(f, e, K) C V,(f, ) for all K compact sets which
contain the support of f. However the C),-topology does not coincide with the C’p-topology.
For instance, consider a sequence {g; } defined as follows: let {a;} C Q be a sequence with no
accumulation points in 2. For each j let B(a;, ;) be an open ball relatively compact in 2 with
r; < 1. Let g; be a function with compact support in B(a;, ;) such that max |D%g;| < 1/j for

29
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a € N, |a| < p. Then g; — 0 uniformly in €2 (and thus in the C’p—topology). However, since
Usupp(g;) is not relatively compact in €2, then g; does not converge to 0 in the C),-topology
(indeed {g,} does not eventually belong to any open neighborhood of the form V,(0, €, K)).

As a consequence, the identity map I : (C(Q), C,) — (C¥(Q), C,,) is continuous but not
open. Thus, a continuous linear functional 7 on (C%(2), C'p) gives rise to a continuous linear
functional 7 o I on (C§(€2), C,) (but not all continuous linear functionals on (C§(€2), C,) are
of this form).

DEFINITION 1.2. Let p < k. A distribution of order p is a linear functional 7' : C¥(Q)) — C
which is continuous with respect to the C”-topology of C§(€2). We denote by Disy(Q) the

space of distributions of order p on C5(€2). We omit to write the subindex p in case p = k, that
is, Dis*(Q) := Disk(Q).

Clearly, Disy_,(2) C Disk(Q2) for all p < k and Dis}(Q) C Disy~'(Q) forall k > 1 and
p<k-—1.

The elements of Dis’(2) are called Radon measures. This is justified by the following
version of Riesz’ representation theorem:

THEOREM 1.3. Let 2 C R™ be a domain. To any Radon measure T there corresponds a
unique (generalized) complex Borel measure | such that

T(p) = /Q pdpr,

for all p € Cy(2). Moreover, any positive linear functional T on Cy(2) (namely, T(p) > 0
for all o > 0 with ¢ € Cy(R2)) is necessarily continuous and pr is a real positive measure.
Conversely, if ur is a real positive measure then ' > (.

REMARK 1.4. Let BB be the o-algebra of Borel subsets of €2 and let Mes(C) be the space of
regular finite complex measure. Let B. = {F € B : E CC §}. The (generalized) complex
Borel measure juir as defined in Theorem 1.3 is a function yir : B, — Mes(C) such that for any
E € B, the measure pr(E) (also denoted by pir|g) is a finite regular complex Borel measure,
namely, ;7 |p is o-addictive, regular and with finite total variation. Moreover, if £ C E’ then
prle = (ur|e)|e. Since  is union of compact subsets, by the Radon-Nicodym theorem
there exists a positive measure v on ) (possibly with v7(€2) = 00) and a complex function
h : Q — C with |h| = 1 such that 7 (E) = [, hdvy for all Borel sets E CC Q. Moreover
vr equals the total variation of pr on each relatively compact Borel set £ C 2. Thus vr can
be defined as the total variation |T'| of T'. If v is a finite measure on €2, then the corresponding
pr is a regular finite complex Borel measure. Moreover, if the Radon measure 7' defines a
continuous linear functional on (C(2), Cy) (that is on C(€2) with the induced topology of
uniform convergence) then yr is a regular finite complex Borel measure on €, and conversely,
to any regular finite complex Borel measure on 2 there corresponds a unique Radon measure
which is continuous on (C(€2), Cy) (see, e.g., [18]).
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From now on, we will consider Dis’;(Q) endowed with the weak™ topology. Note that, a
sequence {7} C Disk(€2) (weakly*-)converges to T' € Disk(€2) if and only if for all f €
C¥(Q) it follows that lim;_, T;(f) = T(f). In particular, by the Banach-Alaoglu theorem, the
open ball in Dis; () is relatively compact in the weak*-topology.

We collect here a few useful and known facts about distributions:

LEMMA 1.5. Let 2 C R™ be a domain. Then
(1) Let T;, T € Dis*(Q). Then T; — T (in the weak* topology) if and only if Tj(p) —
T(p) for all p € C3°(Q) and sup;{|dT;|(K)} < oo for all compact subset K C {2
(here dT; denotes the complex Borel measure given by Riesz’ Theorem 1.3 and |dTj|
is its total variation). Moreover the condition sup;{|dT;|(K)} < oo is not necessary
if1;,T > 0.
(2) If T € Dis®(Q) and T > 0, then T € Dis’().
At this point, it is worth to mention two results about subharmonic functions when con-
sidering their Laplacian as a measure. We state them for C, referring to [16, Section 4.1] for
generalizations to R and proofs. Let {2 C C be an open set and let u € subh(£2). By Theo-

rem [.4.1 and Lemma 1.5.(2), Aw is a positive linear functional on Cy(€2). By Theorem 1.3, Au
is thus a Radon measure and there exists a complex Borel measure i, such that

Au(p) = /Q @dfty

for all ¢ € Cy(2). For each open subset U CC 2 let ¥ be the finite complex measure in C
obtained by extending with 0 on C \ U the restriction of i, to U. The measure i has compact
support contained in U. We define the potential of u

PUE) = 5 [ loglz = Clant Q)

Since Y is a finite complex measure compactly supported in U, it follows that PV € L} (C).
Moreover the following result (known as the Riesz decomposition theorem) holds:

THEOREM 1.6. Let Q) C C be a domain. Let u € subh(Q). If U is an open set relatively
compact in Q, then there exists h,, € harm(U) such that

u(z) = P/ (2) + hu(2)
forall z € U.
PROOF. The key point is to prove the following equality:
(1.1) APY = Y in Dis’(C).

Once this is obtained, we have that A(u — PY) = Au — APY = UV — APY = 0. By
Theorem 1.4.1 there exist h, g € subh(U) such that h = u — PY almost everywhere and g =
—(u— PY) almost everywhere. In particular h+g = 0 almost everywhere and by Corollary 1.3.2
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then h = —g everywhere and thus i € harm(U). By the same token, h = u — PY everywhere
as required. We are left to prove (1.1). First, we recall the well known fact

1
%AC log |z — ¢| =46, inDis’(C),

where 0, here denotes the Dirac delta defined by §,(¢) = ¢(z) for all ¢ € Cy(C). From this
and from Fubini’s theorem we have for all ¢ € C§°(C)

APV = [ PY@AGEINE) = [ 5o [ losls = Cant(©ap()re)
= [ 5 [1o8 1= av@iEaL 0 = [ o0 (©),

and (1.1) follows. O

Using the Riesz decomposition theorem one can prove the following Poisson-Jensen for-
mula:

THEOREM 1.7. Let Q2 C C be a domain. Let u € subh(Q2) and let B(a,r) is an open ball
relatively compact in Q). If u(a) > —oo then

we) =5 [ (o) - o [

= s.
2mr Jo Bla,r) 2

1.1. Regularization and plurisubharmonic functions. Let {2 C C” be a domain and let
{x.} be the sequence of smoothing kernels defined in Section 1.3. If " € Dis>(f2) one can
define a sequence of C'*° functions

Te(x) =T XE(I) = Ty(XE(I - y))

such that 7, — T in Dis>*(2). We have the following generalization of (one side implication
of) Proposition 1I1.2.3:

PROPOSITION 1.8. Let Q C C" be a domain. Let T' € Dis>®({2) be a distribution such that
L(T) > 0 (namely T(L(p)(v;v)) > 0 forall o € C§°(52), ¢ > 0 and v € C") then there exists
u € Psh(Q) such that u = T in Dis™(Q) (namely, T(p) = [, pud\ for all ¢ € C§°(K2)).

PROOF. Let u. := T * x. € C>®(Q). Then u. — T in Dis(2) as ¢ — 0. By Fubini’s
theorem L(u.) = L(T) * x. as distributions. Thus £(u.) > 0 and then u, € Psh(£2.) N C>(,)
by Proposition II1.1.2. Now, arguing as at the end of Theorem 1.4.1 we see that u,. is decreasing
in € and thus, by Lemma III.1.10, it follows that u(z) = lim. g u.(z) € Psh(2). By Beppo
Levi’s theorem u., — wu also in the sense of distributions and therefore 7' = w in the sense of
distributions, proving the statement. U
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1.2. Sequences of L] -bounded plurisubharmonic functions. The aim of this section is

to show that a sequence of plurisubharmonic functions which is bounded in the L' norm on
compacta is actually uniformly bounded from above on compacta and admits a subsequence
converging in L. to a plurisubharmonic function. To start with, we prove the following result:

THEOREM 1.9. Let @ C C" be a domain. Let {u;} C Psh(Q) be a sequence which is
locally bounded from above on compacta of ). Assume that there exists T € Dis™(2) such
that u; — T in Dis™ (). Then there exists u € Psh(QY) such that v = T in Dis>(2) and
u; — win L (Q).

PROOF. Since L£(u;) > 0 for all j, then £(7") > 0. Thus, by Proposition 1.8 there exists
u € Psh(2) such that u = T" in Dis™(£2).

It remains to show that u; — win L. (). First, since {u;} is locally bounded from above,
for any fixed compact subset K C €2, there exists C' = C(K) > 0 such that u; — C < 0in K
for all 7 € N. We can thus assume that u; < 0 on a fixed compact set /.

Since u; — T in Dis™(2) then {u;} cannot converge uniformly on compacta to the con-
stant function —oo. Therefore, there exist a sequence {z;} C € such that x;, — xy € Q and
a subsequence {u;, } of {u;} such that |u;, ()| = —u;,(x)) is bounded from above by some
constant C' > 0. Let B := B(xo, ) be a small ball centered at xy such that B(xg,2r) C Q.
For k >> 0 there exists 7, > 0 such that B;, := B(xy,7%) has the property that B C B, C

B(z,2r) C €. Thus, since u;,u € subh(€2),

Juidan< [ uglar == [ w,dx < —v(Biu, (@)
B Bg By,

= V(B (20)] < Ov(B(xo, 2r)).

Hence, {u;, } is uniformly bounded in L' (B). By Proposition 1.3.4, {u;, } is actually uniformly
bounded in L} (). Hence, if {x.} is the sequence of smoothing kernels defined in Section 1.3
(which are clearly bounded on compacta together with their first derivatives) it follows that for
a fixed € > 0, the sequence {u;, * x.} is equicontinuous and uniformly bounded on compacta
of €. Therefore—since u; — w in Dis>°({2) and hence u;, * x. — u * x. pointwise—it follows
from Arzela-Ascoli’s theorem that actually u;, * x. — u * X, uniformly on compacta.

In order to prove that u;, — wu in Li (), let K C 2 be an open set whose closure is
compact in €2 and let ¥ > 0 be a smooth function which is compactly supported in €2 and such
that | = 1. By Theorem 1.3.1, the sequence {u;, * x.} (respectively {u * x.}) decreases to
uj, (respect. u) as e — 0. In particular, u * x. — u > 0. For ¢, > 0 small,

lim (u*x€+5—ujk)\11d)\:/(u*x6+(5—u)\11d)\>0.
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Thus

lim Sup/ |u — uj, |[dX < lim sup/ |u — uj, [VdA
k—o0 K k—o0 Q

< limsup [/ \u*¢6+5—u\\1}cu+/|—(u*¢6+5—ujk)|m
Q Q

k—oo
§2/]u*¢6+5—u]\11d)\:2/(u*¢€+5—u)\11d)\,
Q 0

and the last term goes to zero as €, 0 — 0. Therefore u;, — u in L'(K) and, by arbitrariness of
K, uj, — uwin L{ (Q).
Repeating the above argument for all subsequences of {u; }, the statement follows. U

COROLLARY 1.10. Let Q C C" be a domain. Let {u;} C Psh(2) be a sequence which
is locally bounded from above on compacta of ). Then either {u;} converges uniformly on
compacta to the constant function —oo or there exist a subsequence {u;, } and a function u €
Psh(2) such that uj, — win Li, ().

loc

PROOF. If {u;} is not uniformly convergent on compacta to the constant function —oo,
then, as in the proof of Theorem 1.9 we see that there exists a subsequence {u;, } which has
L'-norm uniformly bounded on compacta. By the Banach-Alaoglu compactness theorem, up
to extracting another subsequence, {u;, } is weak™ converging to a distribution 7". Then Theo-
rem 1.9 applies. U

COROLLARY 1.11. Let Q C C" be a domain. Let {u;} C Psh(Q2) be a sequence which is
bounded in Li..(Q?). Then {u;} is uniformly bounded from above on compacta of Q) and there

loc

exist a subsequence {u;, } and a function v € Psh(Q) such that u;, — win Li ().

PROOF. Arguing by contradiction, assume that {u;} is not uniformly bounded from above

on compacta. Thus, up to extracting subsequences, there exists a compact set A such that
(1.2) jhi?o gle%?(uj(z) = +o00.
By the Banach-Alaoglu theorem there exists a subsequence {u;, } which is weak* converging
to some distribution 7". Arguing as in the proof of Theorem 1.9, we see that there exists u €
Psh(€2) such that u;, — w in Dis*>(2). Using the same notations as in the proof of Theorem
1.9, it follows that u;, < u;, * Xx. and u;, * xe — u * X, uniformly on compacta as k& — oc.
Thus, for each compact set X' C (2, the sequence {u;, } is uniformly bounded from above,
which contradicts (1.2).

The second part of the statement follows from Corollary 1.10 since, being L{ .(©2) bounded,
{u;} cannot converges uniformly on compacta to the constant function —oo. U

THEOREM 1.12. Let 2 C C" be a domain.
(1) The real cone Psh(Q) is closed in L. ().
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(2) A subset U C Psh(Q) is compact in Psh(Q) (with respect to the Li (Q) topology) if
and only if it is bounded and closed in L{ ().

loc

PROOF. (1) Let {u;} C Psh(£2) be a sequence which converges in L () to a function

loc

u € Li.(Q). In particular {u;} is uniformly bounded in L] .(Q2) and by Corollary 1.11, up

to subsequences, it converges in Li (Q) to a function v € Psh(f2). Hence u = v almost

everywhere and Psh(Q) is closed in L ().

(2) One direction is clear. Conversely, assume U C Psh({2) is bounded and closed in
(€2). Since Psh(Q) is closed in Li () then U is closed in Psh(Q). Let {u;} C U be a
1

1oc(€2), by Corollary 1.11, up to subsequences, it is converging
(2) and therefore U is compact in Psh(£2). O

Ll

loc

sequence. Since it is bounded in L

-7
in L.

2. Currents. Definition and first properties

Let Q C C" be a domain. We denote by C¥ (€2, AP%) the space of (complex) (p, ¢)-forms
having C* coefficients with compact support in 2. Given

.....

we write |w|c, < €if supg [D%a;,

.....

DEFINITION 2.1. Lete > 0 and letw € CF(Q2, AP?). Let K be a compact set in €2 such that
supp(w) C K. For s < k, we denote by C the topology on C¥(£2, AP9) obtained by declaring
open neighborhoods of w the following sets

V(w, K,¢) = {n € Cg(Q,A") : supp(n) C K, |w —1lc, < ¢}
as € > 0 and K (with supp(w) C K) vary.
Thus a sequence {w;} C CF(2, A7) converges to w € CF(Q, AP?) in the C,-topology if
and only if
(1) Usupp(w;) U supp(w) is contained in a compact set in {2 and

~~~~~~~~~~

DEFINITION 2.2. A current of order k and bidegree (n — p,n — ¢) is a continuous linear

functional on C%(€2, AP9) (endowed with the C,-topology). We denote by D" ""~?(Q) the
space of currents of order &k and bidegree (n — p,n — ¢) in 2.

In what follows we will always consider only the Cy-topology on C§ (2, AP9). Also, we
will consider D,(Cn_p "9 (()) endowed with the weak*-topology.
When the underlying complex structure has no relevance, we will consider the space of

currents of order k£ and degree m given by
DP(@Q) = > D).

s+t=m
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DEFINITION 2.3. The support, supp(T), of a current T € D" """~ () is the complement
in D of the union of all open sets U C D such that for all p € CF(Q, AP?) with supp(p) CC U
it follows that 7'(¢) = 0.

There are two main examples of currents to be kept in mind:
EXAMPLE 2.4. Let Z C 2 be a closed and orientable C''-submanifold of dimension p. The

current of integration [Z] € Dy~ "(Q) is given by

[mwwzéfwx

for ¢ € Cy(2, AP) and i : Z — () the natural embedding. It is clear that supp[Z] = Z. If Z is a

complex submanifold of complex dimension p, then [Z] € D{" " (Q) for i*(¢) = 0 for all
2p-form such that ¢ & Cy(Q2, APP).

EXAMPLE 2.5. Let ¢ € L (2, AP?). Define
Tyle) = [0 ne,

for p € Cy(Q2, A"P"~9). Then T}, € D(()p’Q)(Q).
Let

2.1 dV =dxi N ... Ndxo, = (%)ndzl/\dfl A...Ndz, Ndz,
be the standard volume form on Q C C". Letn € CF(€, A*™). Then there exists a € CF(Q)
such that n = adV. This allows to define a homeomorphism W : DY(Q) — Di"(f2) given by
W(T)(a) :==T(adV)
for T € DY(2) and a € CF(2). The inverse is
WH(S)(n) = S(a),

for S € D(Q), n € CF(Q, A*™) and = adV (notice that W, W~! are linear isomorphisms
and are continuous in the weak™ topology).

Let us denote by Q,(m) the set of all multi-indices I = (iy,...,4,) with 1 <i4; < ... <
i < m.

THEOREM 2.6. Let Q) C C". Let T € D} (). For each multi-index I € Q,(2n) there exists
a unique Ty € Dis*(Q) such that

T = Z Tjdl’il/\.../\dl’ip.

I€Qp(2n)
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In other words, for o € CF(Q, A*"P) it follows
T(p)= > W NIy (day A... Adzi, Ap).
1€9Qp(2n)

PROOF. Let [ = {iy,...,i,} € Q,(2n) and let I° = (ji1,...,Jon—p) € Qan—p(2n) be its
complementary. Let us write dz; := dx;, A...Adz;,. Then dz;Adxje = ordV, where o7 = &1
and dV is the standard volume form in C". For a € C¥(2), let us define

Ti(a) := o;T (adzre).

Letnow ¢ € Ci(Q, A" 7). Then o = 3 ;cq, 5,y asda; for some a; € Cf(€). Thus

’I’L

T(g&) = Z CLJdJJJ Z O'[T] CL[c

JE€Qon_p(2n) IeQ,(2n)
= Z W T[)(O’[CL[ch Z W T[)(dl‘“ VAN dl’ip N 90),
1€0,(2n) 1€0,(2n)
as wanted. ]

According to Theorem 2.6 a current of degree p and order £ is a p-form with distributional
coefficients of order k. An analogue of Theorem 2.6 holds in the complex category, namely, if

T ¢ D,(CP’Q)(Q) (and, say, ¢ > p) then

(2.2) T = (i/2)P S Tpgdz, AdZ, ALz, NdZ, AL A,
I1€Qp(n),J€Qq(n)
with 77 ; distribution of order k on 2. The 17 ; are called coefficients of T'.

Be aware: the term (7/2)” in (2.2) is clearly asymmetric in (p, ¢). However, it really makes
sense only in case p = ¢ (when discussing positive currents).

3. Operations with currents

Here we consider only few operations among those that can be operated on currents. We
refer to [12] or [9] for the general theory.

3.1. Exterior derivatives. Let @ C C". Let T' € D}(). We define dT' € D} (Q) as
follows:
dT(¢) := (=1)""'T(dp) Ve € CgrH(Q, A* =),
Since the operator d : Ca(Q, A?"~®+1)) — CF(Q, A>*~P) is continuous (with respect to the
Ci+1 and Cj-topologies) then d : D} (§2) — DZE(Q) is continuous (with respect to the weak*-
topology).
Similarly, in the complex case, one can define the operators 0 : D} (Q) — D,(ﬁ:l ) (Q2) and

9:DL(Q) — DAY ().
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PROPOSITION 3.1. Let Q C C" be a domain. Let ) € CE(Q,AP). Then dT,;, = Tyy.
Similarly, aTz/, = T&p and 8T¢ = ngf

PROOF. By definition, integrating by parts and by Stokes’ theorem it follows

dTy(p) = (=P Ty(dp) = (1) /Ql/) Ndp = /Qdiﬂ Ao =Tu(),

for all p € C¥™(Q, A>*~P=1). In case of O (and 0) the argument is similar because d() A
@) = 0 A ) for p € CE(Q, AP?) and p € CETH(Q, A"~P~1~9) and thus Stokes’ theorem
applies. U

3.2. Wedge product. . Let ) C C". Let T € DY(Q2) and ¢ € C($2, A?) with p + ¢ < 2n.
We define T' A b € DT(Q) as follows:

(T AD) ) =T Ap), Vo€ Cy(Q A1),

Be aware: The wedge product is defined (here) only between currents and (smooth) forms and
not between two currents, that is

A DE(Q) x CF(Q, AY) — DITY(Q).
It can be easily proved that d(T A ¥0) = dT A1 + (—1)9€8TT A dup.

4. Positive forms and positive currents

4.1. Positive forms. We recall that a distribution 7 is said to be positive provided 7'(¢) > 0
for all test functions ¢ > 0. In order to define positive currents, we first define positive forms.

DEFINITION 4.1. Let Q C C" be a domain. A form w € C*(Q, A?) is real if w(X) € R
for all X € (TQ%)%P.

Notice that w is real if and only if w = @. In particular if a (p, ¢)-form is real then p = q.
PROPOSITION 4.2. Let Q) C C™ be a domain. A (1, 1)-form w is real if and only if
W= % 3" hidz A dz,
jk=1
with (h;,(x)) being a n x n Hermitian matrix for all x € .
PROOF. It is a direct computation from w = w. U

DEFINITION 4.3. Let {2 C C”" be a domain. A 2n-form w is positive if w = fdV with
f > 0 and dV the standard volume form (2.1). If w is a positive 2n-form we write w > 0.

DEFINITION 4.4. A (p, p)-form w is elementary strongly positive if w(x) # 0 for all z € )
and there exist w; € C*(Q, A9, j =1,...,p such that

S\ P
“.1) w:(%> wi AWy AL Lowp AWy,
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Notice that wy, . .. ,w), as in the previous definition are linearly independent at each point of
(2 since w is nowhere zero in €.

Let SP®?)(Q) be the real cone in C*(2, A(P?)) generated by the elementary strongly posi-
tive forms (that is, n € SP®P)(Q) if there exist \; € C*(€2, R) with A; > 0 and 7; elementary
strongly positive forms such that = > \;7;). A formw € SP®P)(Q) is said strongly positive.

PROPOSITION 4.5. The C*(Q, R)-module C*(), Ag’p)) of real (p,p)-forms has a basis of
strongly positive (p, p)-forms. In particular S PPP)(Q) has non-empty interior.

PROOE. First of all we notice that the complex space of (p, p)-forms has a basis of strongly
positive forms. To this aim, notice that

p
dzj, NdZ, A Ndzj, Nz, = £ N dz, A dZ,
=1
and

dzj Ndzy, = %{—z’(dzj +dz) A (dZj + dzy) —i(dz; — dz) A (dZ; — dZy)
+ (dzj +idz) A (dz; — idzy) — (dz; — idz) A (dZ; +idzy) }-

Now let w be a real (p, p)-form. Write w as linear combination of strongly positive (p, p)-forms
(with complex coefficients a priori). Since strongly positive forms are real, it follows that the
coefficients in such a linear combination are real, proving the statement. U

The cone of strongly positive forms is invariant under holomorphic changes of coordinates:

PROPOSITION 4.6. Let Q) C C™ be a domain. Let f : Q) — € be a biholomorphism. Then
fH(SPPP(Q)) = SPPP(Q).

PROOF. First of all notice that if 7, ...,n, are (1,0)-forms linearly independent at each
z € Qthen f*(m),..., f*(n,) are (1,0)-forms linearly independent at each x € ' and then
f *( ) is elementary strongly positive if and only if 7 is elementary strongly positive. Therefore
f(SPPP(Q)) = SPPP(Q)), O

DEFINITION 4.7. A (p,p)-form w € C*(Q, APP)) is positive, and we write w > 0, if for all
Y € SPCPn=P)(Q) it follows w A 1) > 0.

REMARK 4.8. Since n € SP™P"=P)(Q) is of the form Y~ \;n; with \; > 0 and 1, elemen-
tary strongly positive, then a (p, p)-form w is positive if and only if w A7 > 0 for all elementary
strongly positive (n — p, n — p)-forms.

Clearly, one can localize the notions of elementary strongly positivity, strongly positivity

and positivity to each fiber of the bundle A®P) on €. In other words, a form o € AP (here
o is an element of the fiber of A®PP) at ) is positive if for all elementary strongly positive

(n —p,n — p)-form 3 € ALTPP) it follows o A B = AdV (x) with A > 0.
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LEMMA 4.9. Let Q C C" be a domain. Let w € C*(Q, A®P)). Then w > 0 if and only if
w(z) > 0forall x € Q.

PROOF. If w(z) > 0 for all z € Q then w > 0 because if it were w A = fdV % 0 for
some elementary strongly positive (n — p, n — p)-form that there would exists x € 2 such that
f(z) < 0and thus w(z) An(z) = f(x)dV(z) < 0 contrarily to our hypothesis.

Conversely, if w(z) A1, = AV (x) with A < 0 and 1, € A""P"~P) elementary strongly
positive, then there exists n € C*(2, A"=P"P)) elementary strongly positive such that n(z) =
1, and then w A n 2# 0. U

Lemma 4.9 allows to check pointwise if a given form is positive. Next result says that
positivity is a notion compatible with holomorphic maps:

PROPOSITION 4.10. Let 2 C C" be a domain. Let w € C*(2, APP),

(1) If w > 0 then for all 0 : U — §Q holomorphic from a domain U C C° (with s < n) to
Q it follows o*(w) > 0.

(2) Iffor all o : U — Q holomorphic from a domain U C CP to € it follows o*(w) > 0
then w > 0.

PROOF. (1) First of all notice thatif o : U — 2 with U C C" is a biholomorphism then
o*(SPPP)(Q)) = SP®P)(U) by Proposition 4.6. Let n € SP®P?)(Q). By Cauchy-Riemann
equations, o*(dV') = | det(%)PdV and then 0*(w A 1) > 0 if and only if w A > 0, namely,
w > 0if and only if o*(w) > 0.

Assume now that w > 0. Let 0 : U — (2 be holomorphic with U C C°. If s < p then
0*(w) = 0 and there is nothing to prove. Assume that s > p. Let ¢ = (i/2)* P41 A b, 4 A
...1s A 1, be an elementary strongly positive (s — p, s — p)-form in U (here we take ¢ = 1
if s = p). We have to show that o*(w) A ¢ > 0. According to Lemma 4.9, it is enough
to check that o*(w)(x) A ¢(xz) > 0 for all x € U. Moreover, for what we already proved
at the beginning, we can compose with biholomorphisms. Thus we can choose holomorphic
coordinates {2, ..., zs} in U near x such that ¢;(z) = dz;(x) forj = p+1,...,s(if s = pwe
do not need this change of coordinates). In such coordinates, we need to show that o*(w)(z) A
(Z'/Q)Sipdzp_i_l VAN dEpH VAN dZS VAN dZS > 0.

Let F; = dom(%) forj = 1,...,s. We can assume that £, ..., E, are linearly indepen-

J
dent (with r < s) and generate do,(7,U). Notice that if » < p then o*(w)(x) = 0 and there
is nothing to prove. We can thus assume that » > p. Let {E,,4,..., E,} be a completion of

Ey, ..., E.}toabasis of T,,,2 = C". Let
{ ()

T(21,-.y2n) =0(21,...,25) + Z Ei(zj — ;) + Z E;z;.

Then there exist V' € C"* an open neighborhood of O and U’ C U an open neighborhood of
xzsuchthat T : U’ x V' — Q is holomorphic and 7T'(z, O) = o(x). Notice that by construction
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dT(x,O)(a%j) = ¢;E; withe; = 2if j = p+1,...,r and ¢; = 1 otherwise. Thus dT} ¢ is
invertible and, up to shrink U’, V', we can assume that 7" is a biholomorphism on its image. Let
n be an elementary strongly positive (n—p, n—p)-form. Then T*(wAn) > 0. Forj =1,...,n,
let 7; be (1, 0)-forms such that n;(o(x))(E)) = 6. By construction

T"(n;)(x, 0) = €;dz;

withe; =2if j =p+1,...,7r and ¢; = 1 otherwise.
Letn = (i/2)" Pnpi1 ATy A ... A AT, Then 7 is an elementary strongly positive
(n — p,n — p)-form near x. Thus

0 <T*(wAn)(z,0) =T w(z,0) NT"n(z,0)
=T w(x,0) A (i/2) " P2 Pdz, ) AdZpir A ... Adz, A dZ,
= 2" Po*(w)(x) A (i/2) " Pdzyiy AdZppr A ... Adzn A dZ,,
which implies that o*(w)(z) A (i/2) P dz,1 AdZper A ... Adzg Adzg > 0.
(2) Assume that for all o : U — 2 holomorphic it follows c*(w) > 0. Let n be an
elementary strongly positive (n — p,n — p)-form. We have to show that w A n(z) > 0 for all

x € . Fix x € Q. Write x = (2, 2") € C? x C"P. By (1) we can choose local holomorphic
coordinates near x such that

n(x) = (1/2)" Pdzp1 ANdZps1 A ... Ndzy N\ dZy,.
Now let U = QN (CP x {2”}) and let o : U — (2 be given by
(21,0, 2p) = (21, ., 2p, "),
By hypothesis 0*(w)(z’) = A(i/2)Pdz1 AdZ1A. . .Adz,AdZ, with X > 0 and o™ (w) (') An(z”)
w A n(z), from which w A n(x) = AdV proving that w > 0.
LEMMA 4.11. Let Q C C™ be a domain. If w € SP»P)(Q) then w > 0.

0l

PROOF. Let z € (). According to Lemma 4.9 and Proposition 4.10 we can prove that w is
positive using any local holomorphic coordinates change. We can thus choose local holomor-
phic coordinates at  such that w(x) = (i/2)?dz; Adzy A ... A dz, A dZ,. From this it follows
easily that w(x) > 0. d

THEOREM 4.12. Let Q C C" be a domain. Let w = /23" hjdz; A dz), € C¥(Q, AY).
Then the following are equivalent:
(1) w > 0.
(2) (hji(z)) is a semi-positive definite hermitian matrix for all x € €.
(3) w e SPEY(Q).

PROOF. Assume (1). By Proposition 4.2 it follows that (h;;) is an hermitian matrix if and
only if wis real. Let z € © and w € C" and define ¢(() := x + (w for || << 1. Then

=i/2)  hy(x)do;(0) A dy(0) =i/2 ) hjp(x)wmpd A dC
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and by Proposition 4.10.(1), w > 0 implies 0*(w)(0) > 0 and then (h;;(x)) > 0, proving (2).

Assume (2). Then H = (hji(x)) > 0. Let W = (u;;,) be a unitary (n X n)-matrix such that
W*HW = D with D a diagonal matrix with entries A\; > 0 on the diagonal. Let us consider
the following change of coordinates z = W z. Then

i _ l - —
w(z) = 3 Z hjrdz; N\ dz), = 5 Z hird(WZ2); Nd(WZ)y,
Jik 7,k
= Y gttt dZ A dZy, =Y NP AZ A dZy =Y AndEn A dzp,.
j,k,l,m m,l m
Thus w € SP1Y(Q) by Proposition 4.6, and this proves (3).
Finally, if (3) holds, then (1) follows from Lemma 4.11. O

4.2. Positive currents. Now we are in the good shape to define positive currents.

DEFINITION 4.13. Let Q C C" be a domain. A current T € D" (Q) is a positive current
of degree p, and we write 7 > 0, if T(w) > 0 for all w € SP™~P"=P)((Q)).

Notice that a positive (p, p)-current 7" is real in the sense that for all real (n — p, n — p)-form
w with compact support it follows 7'(w) € R. Indeed, by Proposition 4.5 it is enough to prove
it for strongly positive elementary forms. But if w € SP®?)(Q) then T'(w) > 0.

npnp)

Let x € () be a given point and consider the natural bilinear map A(p r) X Ag —

A( ") given by (n ©) — n A p. It is a non-degenerate bilinear application which deﬁnes a du-

ahty between AP and A(nfp "P)_In other words, it defines a R-linear isomorphism between

Ag ) and (A(nxp "~P))* (and in particular AH{ ?) and A" """ have the same dimension). Thus,

if {n;} is a basis for A]({f , we say that {p;}isa dual basis for A(n PP if A p = 0 for
I%Jandm/\gpl—dV

THEOREM 4.14. Let QX C C" be a domain. Let T € DL (), T > 0. Then T € DPP) ().
In particular the coefficients of T" are positive Radon measures with respect to any basis which
is dual for a basis of strongly positive forms of C*(, A]gb_p nP)Y

PROOF. By Proposition 4.5 the space of (real) (n — p, n — p)-forms has a basis of strongly
positive forms, say {¢1,...,on}. Let {n1,...,nn} be a basis of real (p, p)-forms, dual for

{¢1,...,9m}. According to Theorem 2.6 we can write
M
T=> T
j=1

with T; € Dis>®(2). Fix t € {1,..., M}. Then

0< T(¢) ZW )15 A pr) = WHT) (e A o).
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Since clearly the isomorphism )V maps positive distributions to positive (7, n)-forms, then 7}
is a positive functional on C§°(€2) and by Lemma 1.5 it follows that 7} is a positive Radon

measure. Another application of Theorem 2.6 implies that 7" € D(()p ) (Q). U
Now we can relate plurisubharmonic functions to positive currents:

THEOREM 4.15. Let Q C C" be a domain. Let u € L. (). The following are equivalent:

loc
(1) There exists v € Psh(§2) such that u = v almost everywhere in ().
(2) The matrix ( 82-2@%) is positive semidefinite in the sense of distributions.
(3) dd‘u is a positive (1, 1)-current.

PROOF. By Proposition I11.2.3 (1) is equivalent to (2). Now assume that u € C?(). Then
dd°u = 4(i/2)00u and thus u € Psh(€2) if and only if dd°u is a positive (1, 1)-current.

If u € Psh(Q2) (no further regularity), let u. € C*°(€2.) N Psh(€2) be such that {u.} point-
wise decreases to u (see Theorem II1.2.1). Then dd°u, > 0. Let p € SP™~1"=D(Q). By
Beppo Levi’s theorem it follows

ddu(yp) = / uddiyp = lir% ue ddp = lirrol dduc(p) > 0,
Q —~VJa e

thus dd°u > 0 showing that (1) implies (3). Conversely, assume dd“u > 0. Let u = u * x. €

C*>(€). Then u, converges to u in L} () (and almost everywhere). In particular for all

f € C5°(92) we have
2 2
aa;_ Fdv ::/u dV = lim o]
Q U%j0%k Q

u ——
e—0 Jq ‘ 82j62k

av.

0 f
8Zj65k
Therefore dd®u > 0 implies that dd“u,. > 0 and then u, € Psh(€2,) for all e. Now, arguing as at

the end of Theorem 1.4.1 we see that v, is decreasing in € and thus, by Lemma II1.1.10, it follows
that v(2) = lim._o uc(z) € Psh(£2). Since u = v almost everywhere then (1) follows. O

REMARK 4.16. By the previous theorem, if u € Psh(Q2) then dd“u is a d-closed positive
(1, 1)-current, namely, d(ddu) = 0.

REMARK 4.17. According to Theorem 4.15 and Theorem 4.12, if u € Psh(2) N C*°(Q)
then dd°(u) € SPLD(Q).

Conversely we state and sketch a proof of the following result which says that locally every
(1, 1)-positive current has a potential.

THEOREM 4.18. Let Q2 C C" be a domain. Let T € DYV (Q) be a positive current such
that dT' = 0. For any z € §Q there exist an open neighborhood U, C ), z € U, and u €
Psh(U.) such that T = dd°u in DYV(U,). Moreover, if T = T, is the current associated to
w € C°(Q, A then u € C=(U,) for all 2.
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PROOF. One can define a cohomology on () given by d-closed currents over d-exact cur-
rents. As in the smooth case, such a cohomology is locally exact, in the sense that an analogue of
Poincaré’s Lemma holds for currents (see [12], [9]). Namely, since d7" = 0, for any z € (2 there
exist a convex open neighborhood U C 2, z € U and S € D*(U), S real, such that dS = T in

D2(U). Now S = 10 + SO with 10 ¢ POO(J) and SOV = S0 € DOD(U). Now,
dS = 0S8 + 98 = 9S"Y + 95OV 1 50 4§

and because T is of bidegree (1,1) it follows that 9S*? = 98D = 0. By the Dolbeault
lemma for currents (similar to the one for sm(ﬂh forms, see [9]) there exists ¢ € DY(U) =~

Dis(U) such that O = SOV, Therefore S = dp + dp = 0F + dy and

T =dS = d(0p + 0p) = 0% + 00p = 00(p — @) = 2i00v = dd°v,
where v = —i(p — ©)/2 is a real distribution. Thus we have a real distribution v such that
T = dd®v. If T > 0 then dd°v > 0, which implies that £(v) > 0, and by Proposition 1.8 it
follows that v is associated to a function u € Psh(U).

Finally, assume that w is a smooth (1, 1)-form and 7' = T,,. Then T' = —2i9(du). Since T
is C™ then Ou € C*(U, A19) because 0 is a hypoelliptic operator in degree (p,0). Indeed,
Ow = 0 because T = 0 and 0T = T, and thus (by the Poincaré lemma for the 9 operator—
recall that U is convex and thus pseudoconvex) there exists § € C*(U, A(%)) such that 90 = w.
Therefore (identifying forms with currents as usual) 9(6 + 2i0u) = 0 and then 6 + 2i0u is

holomorphic which implies that ou € C*(U, A(l’o)) and, since Ju = Ou because u is real,
du € C*°(U, A'). From this it follows that u € C>(U). O

EXAMPLE 4.19. Let Z C () be a complex submanifold of (complex) dimension p (with no
boundary in 2). Then the integration current [Z] is a (n — p,n — p)-positive d-closed current.
Indeed, leti : Z — Q be the natural holomorphic embedding. If ¢ € SP®P)(Q2) then i*(p) > 0
by Proposition 4.10 and thus [Z](y) := [, i*(¢) > 0. Finally, for ¢ € C°(Q2, A>*~?*~1) and by
Stokes’ theorem

d2)(¢) = (2)de) = [

Z

i*(dp) = % / ()=

5. Integration over analytic sets

In this section we sketch how to define currents of integration along analytic subsets of
) C C". We refer to [9] for details.

Let T € D" (Q2) be a (p, ¢)-currents in Q. According to Theorem 2.6 we can write T as
in (2.2), with 77 ; Radon measure. Let us define the mass ||T'|| of T" as

I == |Tl,
1.7

where |77 ;| is the measure total variation of 77 ; (see Remark 1.4). Since by construction
Ty, is absolutely continuous with respect to ||7'|| then the Radon-Nykodim theorem implies
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that there exists a locally ||7'||-measurable complex function f;; € Li.(S,||T]|) such that
Tr.; = fr,4||T|| (according to Remark 1.4, such a function f; ; is defined on a relatively compact

Borel subset £ of ) by applying the Radon-Nykodim theorem to 77 ;|z). Since

Il =Y [Tral =Y 1T,
it follows that ) _ | f7, ;| = 1. Thus if we set f := (i/2)P Y frsdz;, N dZ; A ... it follows that

T =|T]f.

LEMMA 5.1. The current'T' € D(()p’p)(Q) is positive if and only if the form f is positive at
| T'||-almost all points of .

PROOF. If f > 0 (for ||T'||-almost everywhere) then for all ¢ € SP"~P"~P)(Q), we have

’H@zHﬂU@%zAfAMWHz&

Conversely, if 7 > 0 then for all o € SP"P"~P)(Q)) we have

03T@%ﬂﬁW@%=AfAMWH

thus f A ¢ > 0 but at most zero ||7’||-measure sets. Letting ¢ varying, we see that f > 0 for
||T'||-almost all points. O

DEFINITION 5.2. A complete pluripolar set E C () is a subset such that for each z € F
there exists an open neighborhood V, C 2 and a function v € Psh(V,) such that ENV, =

{v=—o0}.
The following theorem is due to Skoda and El Mir:

THEOREM 5.3. Let Q) C C" be a domain. Let E C ) be a closed complete pluripolar set.
Let T € DPP(Q\ E) be a positive (p, p)-current, dI' = 0. Suppose that || T|| is bounded near

each point of E. Let I be the trivial extension of T' to I obtained by extending 17 ; to zero on
E. Then T is positive and closed on §).

Now let X C 2 be a (possibly singular) complex subvariety (with no boundary) of pure
dimension p. Then X defines an element of (H?"~2P(€), R))* as follows. Given any (2n — 2p)-
form ¢ such that dp = 0, one can define | « by taking any C°°-smooth submanifold X’ C (2
which is homologous to X and defining [, ¢ = [y, 7% (), with ix, : X’ < Q the natural
embedding. Since dp = 0, Stokes theorem implies that such a definition is independent of the
cycle X’ homologous to X which has been chosen (see, e.g., [13]).

However, this definition does not allow to define a current of integration on X (the problem
being how to defining integration of non-closed test forms).



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

46 4. CURRENTS

We can thus try to define the current of integration [X| by integrating over the regular part
X" of X:

XUe)i= [ (o)

where i : X <  is the natural embedding (and ¢ € Cy(£2, A®P), It can be proved that [X]
is a current of bidegree (n — p,n — p) on © \ Sing(X). It is also clearly positive and, suitably
using Stokes theorem for subvariety, one can even shows that it is closed. The following result
of Lelong implies that such a definition is the good one:

THEOREM 5.4. Let Q) C C" be a domain. Let X C () be a complex subvariety (with no
boundary) of pure dimension p. The current [X"| has finite mass near every point of Sing(X).
Thus its trivial extension [X] is a closed positive (n — p,n — p)-current of order 0 on ).

Notice that, by the previous theorem and since Sing(X) has zero measure in X, the current
[X] defined as extension of the current of integration [X "], coincides on closed test forms with
the integration on cycles homologous to X .



Filippo Bracci, Stefano Trapani - Notes on pluripotential theory

CHAPTER 5

The Complex Monge-Ampere operator

1. Maximal plurisubharmonic functions

Consider the unit ball B C R™ and let ¢ € C°(0B). The unique solution u € C°(B) N
harm(BB) to the Dirichlet problem

Au = in B
(1.1) u=0 1n
UlalB =@
can be characterized as
(1.2) u(z) = sup{v(x) : v € subh(B),limsupv(z) < p(p)Vp € OB}.
Bax—p

Thus, harmonic functions can be characterized as the maximal functions among subharmonic
functions. In other words:

PROPOSITION 1.1. Let Q C R™ be a domain and let u € C°(Q2) N subh(Q). Then u €
harm(Q) if and only if for all G CC 2 open and v € subh(G) such that limsup,_, v(z) < u(p)
for all p € OG it follows that v < u in G.

PROOF. The necessity of the condition follows from the maximum principle. Conversely,
suppose that G CC 2 is an open ball. Let v € harm(G) N C°(G) be such that v(p) = u(p) for
all p € 0G. Then by the subharmonicity v < v in GG and by hypothesis v < u which implies
that v = v and thus u € harm(G), proving that u € harm(£2). d

Since pluritharmonic functions are harmonic, and plurisubharmonic functions are subhar-
monic, pluritharmonic functions are maximal among plurisubharmonic functions. However,
considering the unit ball B C C" and given ¢ € C°(9B), there is, in general, no u €
Ph(B) N C°(B) such that u|sgz = ¢ and maximal plurisubharmonic functions are not neces-
sarily pluriharmonic.

EXAMPLE 1.2. Let us consider the unit ball B C C% Let f : D — (—o00,00) be any
continuous subharmonic function which is not C' at some points of D. Let ¢(z) = f(z;) for
z € OB. Then ¢ € C°(OB). Let us define u(z) := f(z;) forz € B. ThenD > ¢ — u(a+(b) =
f(a;+Cby) is subharmonic for all {a+¢b : ¢ € D} CC B. Hence u € Psh(B)NC?(B). Since u
is not C'*° by construction, u ¢ Ph(B). However, if v € Psh(B) is such that lim sup, , v(z) <
@(p) for all p € OB then v(z) < u(z) for all z € B because u is harmonic on z; = constant.

47
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This implies that there are no V' € C°(B) N Ph(B) such that V|5 = ¢, because otherwise the
maximum principle would imply V' = w forcing u to be of class C'*°.

DEFINITION 1.3. Let Q C C" be a domain. A function u € Psh({2) is said to be maximal
(according to Sadullaev) if for any open set G CC 2and v € Psh(G) such thatlim sup, , v(z) <
u(p) for all p € OG it follows that v < uw in G.

The function v in Example 1.2 is an example of maximal plurisubharmonic function which
is not pluriharmonic. More generally:

PROPOSITION 1.4. Let Q2 C C" be a domain. Let u € Psh(2). Suppose that for all z € )
there exists a proper holomorphic map ¢ : D — Q such that z € (D) and u o ¢ € harm(D).
Then u is maximal.

PROOF. Let G CC €2 be an open set. Let v € Psh(G) be such that limsup,_, v(z) < u(p)
forall p € OG. Let z € G and let ¢ : D — 2 holomorphic and proper such that p({) = z
for some ¢ € D and u o » € harm(D). Since ¢ is proper then ¢ ~1(G) is an open set relatively
compact in D and we can assume, without loss of generality, that it is connected. Now, u o ¢ is
harmonic in D. Also, by Proposition I11.3.2 either voy = —oc or vop € subh(¢ ™' (G)). In the
latter case, since by hypothesis the upper semicontinuous extension of v o ¢ to the boundary of
©1(G) is less then or equal to uoyw on ¢~ (AG) it follows by the very definition of subharmonic
functions that u o ¢ > v o p on (@) and hence u(z) > v(z) proving that u is maximal. [

Proposition 1.4 gives a geometric criterion for maximality. In particular one can use such
a criterion to construct a maximal plurisubharmonic function by giving a foliation on 2 whose
leaves are properly embedded holomorphic discs and a plurisubharmonic function on {2 whose
restriction on each leaf is harmonic.

PROPOSITION 1.5. Let Q C C™ be a domain. Let u € Psh(2). The following are equiva-
lent:

(1) w is maximal.

(2) For each open set G CC Q and v € Psh(G) such that liminf,_,,[u(z) —v(z)] > 0 for
all p € 0G it follows u > v in G.

(3) For each open set G CC 2 and v € Psh(QY) such that liminfes,_,[u(z) —v(z)] > 0
forall p € OG it follows u > v in G.

(4) For each v € Psh(Q)) which has the property that for each € > 0 there exists a compact
set K C Qsuchthatu —v > —einQ\ K thenu > v in ).

(5) For each open set G CC Q and v € Psh(Q) such that v(p) < u(p) for all p € 0G it
follows u > v in G.

PROOF. Assume (1) and let v, G as in (2). Then limsup, ,,v(z) < u(p) for all p € JG.
Indeed, let {2;,} C G be such that z;, — p and L := limsup, ,,v(z) = limg_ v(2). Then

0< lignjglf[u(z) —v(2)] < lilgr_l)glf[u(zk) —v(z)] < limsupu(zx) — L < u(p) — L.

k—o0
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Thus limsup,_,, v(2) < u(p) forall p € G and by (1) v < u in G, which proves (2).

Clearly (2) implies (3) because Psh(Q)|¢ C Psh(G).

Now assume (3) holds. Let v € Psh(£2) with the property that for each ¢ > 0 there exists a
compact set K C €2 such that u — v > —e in Q \ K. Seeking for a contradiction, we assume
that there exists a € (2 such that u(a) < v(a) — 0 for some 6 > 0. By hypothesis, there exists a
compact set K C €2 such that u(z) — v(z) > —d/2 for all z € 2\ K. Notice that a € K. Let
G CC Qbe an open set such that X' C G. Then liminfes,_,[u(z) — v(z) + /2] > 0 for all
p € 0G. Since (v — 0/2) € Psh(2) then (3) implies that v > v — ¢/2 in G and in particular
then u(a) > v(a) — ¢/2, absurd. Thus (3) implies (4).

Assume (4) holds. Let G CC €2 be an open set and let v € Psh(Q2) be such such v(p) < u(p)
for all p € OG. Let us define

() forz € Q\ G
(1.3) w(z) = {max{u(z)av(z)} forz e G

By the analogous of Proposition 1.5.1 for plurisubharmonic functions, w € Psh(f2). By con-
struction, for all € > 0 it follows that 0 = u(z) —w(z) > —eforall z € Q\ G. By (4) it follows
that © > w in €2 and thus v > v in G, proving (5).

Finally, if (5) holds, given G CC Q2 anopen setand v € Psh(G) such thatlimsup,_,, v(z) <
u(p) for all p € OG we define w has in (1.3). Then w € Psh(Q2), w < w on G and by (5) it
follows that w < w in G, proving that v < u in G and then (1). O

2. Characterization of maximal plurisubharmonic functions of class C*

In this section we characterize maximal plurisubharmonic functions of class C? by means
of their Levi form. Let  C C" and let u € C*(Q2). Then

2
2.1) (dd°w)™ := ddu A ... A dd°y = 4™n] det ( Ou ) %
v~ E)zjﬁzk

n

where dV is the volume form (IV.2.1)
LEMMA 2.1. Let Q C C" be a domain. Let u € Psh(Q) N C?(2). Then (dd°u)™ > 0.

PROOF. It follows directly from Theorem IV.4.15 and (2.1). [Alternatively, by Theor-
em IV.4.15 the (1, 1)-form (with continuous coefficients) ddu is positive. By Theorem IV.4.12.(2)
it is actually strongly positive. Therefore (dd“u)™ is a positive (n, n)-form.] O

THEOREM 2.2. Let Q C C" be a domain. Let u € Psh(Q2) N C?(2). Then u is maximal in
Q if and only if (ddu)™ = 0 in .

PROOF. Assume first that (dd°u)™ = 0. Let G CC €2 be an open set and let v € Psh({2) be
such that v(p) < u(p) for all p € IG. We want to show that v < w in G which, by Proposition
1.5 and by the arbitrariness of v implies that « is maximal. Seeking for a contradiction we
assume that there exists a € G such that 0 < v(a) — u(a) = sup,cq(v — u)(2). Let § > 0 be
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such that v(a) — 0 > u(a). Then v(z) — 3 € Psh(§2) and v(p) — § < u(p) for all p € OG. Thus,
if {v.} is the decreasing sequence of regularizing plurisubharmonic functions for v — 9, there
exists € > 0 such that G CC €, v. € C*(£) N Psh(€,), v(a) > u(a) and v.(p) < u(p) for
all p € 0G.

Let M = max, g ||z]|?>. Let A > 0 be such that v.(a) + A(||a]|* = M) > u(a) and let
w(z) == v(2) + A(||2]]* = M). Then w € Psh(€,), w(p) < u(p) for all p € G, w(a) > u(a)
and L, (w(z))(b;b) > 0forall z € Gand b € C™\ {0}.

Let 2 € G be a local maximum of w — u. Since w(a) — u(a) > 0 and w — u < 0 on 0G,
such a point does exist.

Notice that det ( 3 226%) () = 0is equivalent to the existence of a vector b € C™\ {0} such

that £, (u)(b;b) = 0. Let f({) := (w — u)(z + ¢b) for ¢ € C, |¢| << 1. Since ¢ = 0 is a local
maximum and f is of class C? then A f(0) < 0. Therefore

02> Af(0) = 4L (w — u)(b;0) = 4L (w)(b; b) > 0,

a contradiction. Therefore v is maximal.
Conversely, assume that u € C?(Q2) N Psh(£2) is maximal. Assume by contradiction that

there exists a € () such that det ( 85‘23%) (a) # 0. This implies that £, (u) is positive definite.
J

Since u is of class C? one can find a ball B(a,r) CC Q and C > 0 such that £ (u)(b;b) > C
for all b € C" such that ||b|]| = 1 and z € B(a,r). Then u(z) + C(r? — ||z||*) € Psh(B(a, 7))
because L(u(z) + C(r? — ||z — al|*))(b; b) = L(u)(b;b) — C||b]|* > 0 by construction. Let

o(z) = {u(z) for z € Q\ B(a,r)
w(z) +C(r? — ||z — al|*) for z € B(a,r)

By the analogous of Proposition 1.5.1 for plurisubharmonic functions, v € Psh(2). Moreover,
v(p) = u(p) for all p € IB(a,r) and v(a) = u(a) + Cr? > u(a) against the maximality of
U. U

REMARK 2.3. With some more effort (see, e.g., [16, Proposition 3.1.7]) one can prove the
following generalization of the previous theorem: let u,v € C?(2) N Psh(Q). Let G CC Q2 be
an open set. If v < won 0G and (dd“u)" < (dd°v)" in G then v < w in G.

REMARK 2.4. Let Q C C" be a domain and let u € C?(2). The condition (ddu)” = 0
is equivalent to the fact that the rank of the Levi form £(u) is < n — 1 in €. In other words,
(dd°u)™ = 0 is equivalent to the existence for every z € 2 of vector v € C" \ {0} (depending
on z) such that £(u),(v;v) = 0.

3. Maximal plurisubharmonic functions and foliations

In this section we relate maximal (regular) plurisubharmonic functions to complex foliations
(in Riemann surfaces).
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Let Q C C" be a domain. A real foliation of class C* and dimension 2m on (2 is a map
F : Q — (TQ)¥ such that for each p € () there exist an open set U C C*™, D C C™ and
® : U x D — Q a C*-diffeomorphism onto its image such that d,,®({z} x T,,D) = Fo(.c)
for each x € U. Moreover, if the map D > w +— ®(z,w) is holomorphic for each x € U
the foliation F is said to be a complex foliation of dimension m. Notice that if F is a real
(respectively complex) foliation of dimension m then for each p € (2 there exists a real (respect.
complex) manifold M (p) C Q, p € M(p) such that (T, M (p))* = F, forall 2 € M. We call
such a manifold M (p) the leaf for F at p. We refer the interested reader to [7] for details on
foliations.

By definition, a foliation is a distribution of (7°Q)%, namely, a map Q — (T'Q)%. Itis clear
that if F is a foliation of class C* then [F, F] C F, that is, F is involutive. The converse is
contained in the well known Frobenius’ theorem:

THEOREM 3.1 (Frobenius). Let Q C C" be a domain. A C* (k > 1) distribution F C
(TR is a foliation of class C*** if and only if it is involutive.

If one is interested in the complex side of the story, then one can consider (complex) dis-
tributions & C T(2. For later reference we prove here only the following complex version of
Frobenius’s theorem.

PROPOSITION 3.2. Let Q C C" be a domain. Let F C T) be a C* (k > 1) distribution of
complex rank 1. Then F is a complex foliation of class C*! and (complex) dimension 1.

PROOF. Consider the associated distribution F% C (T'Q)®. Then F* is a C* distribution of
rank 2. Let U be an open set in §2 on which F is trivial and let z — Z(z) be a generator for F
on U. Then Z, JZ (here J is the complex structure coming from the multiplication by ¢ in 7°(2)
generate F* on U. Now

0=1[2,JZ)=1Z,iZ) =1i[Z,Z] = 0,
and then F® is involutive. By Frobenius’s theorem FX is a real foliation of dimension 2 and
class C**1, Let p € Q and let M(p) C (2 be a real two dimensional submanifold such that
T.M(p) = FR for all 2 € M(p). To see that F is a complex foliation it is enough to prove that
M (p) is a complex submanifold of 2. By construction T, M (p) = JT,M (p) for all z € M(p)
and therefore T, M (p) has a structure of complex subspace of T,€. Since a C''-submanifold of

C" is a complex manifold if and only if its real tangent space at every point is a complex space,
M (p) is a complex curve and thus F is a complex foliation of dimension one. 4

We begin with the following result which generalizes Proposition 1.4.

THEOREM 3.3. Let Q C C" be a domain. Let u € C*(2) N Psh(Q). If there exists a one
dimensional complex foliation F of class C of Q) such that the restriction of u to each leaf is
harmonic then u is maximal.

PROOF. Let ® : U x D — Q be a local foliation chart for F, namely, U C C"! is an
open set, @ is a diffeomorphism (onto its image) of class C*, for each z € U the image ®(x, D)
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is contained in a leaf of F and the map ( — ®(x, () is holomorphic. By hypothesis for each
x € U fixed, the map ( — wu o ®(x, () is harmonic on A and therefore

0P 0P

0=Auo®(z,() =4L(u )(aC( ,¢), _C

(z,¢))-

Since 22 (x () # 0 because P is a diffeomorphism, then £(u) has rank < n — 1. In particular

it follows that (dd°u)™ = 0 at ®(x, (). By the arbitrariness of x € U and ¢ and according to
Remark 2.4, it follows that (dd“u)™ = 0 in 2 and then u is maximal by Theorem 2.2. U

The converse of the previous theorem is given in the following form:

THEOREM 3.4. Let Q) C C" be a domain. Let u € C3(Q) N Psh(Q). Suppose u is maximal
and (dd°u)™~' # 0 for all = € Q). Then there exists a one dimensional complex foliation F of
class C? of ) such that the restriction of u to each leaf of F is harmonic.

PROOF. Since u is maximal (and of class C®) Theorem 2.2 and Remark 2.4 imply that the
rank of £(u) is < n — 1 and by hypothesis it is exactly n — 1 at each z € €. This implies that
for each z € (Q there exists a vector Z(z) € 1. \ {0} unique up to complex multiples, such
that £,(u)(Z(z),Z(z)) = 0. Let F, = spanc{Z(z)} C T.Q. Thus we have a well defined
distribution F : Q > z — F, C TS). Notice that, if Z7 = (Zy,...,Z,) then Z is the only
solution (up to complex multiples) of the system

)Z;( 0, k=1,...,n.
Zazjazkz Z) ) ) y TV

Thus, for every p € (2 there exists a neighborhood U, of pand j, € {1,...,n} suchthat Z;(z) =
Pj(z)Z;, where P;(z) is a polynomial combination of Bfﬁuz (z2) forj e {1,...,n}\ {jp} and
z € U,. Since by hypothesis u is of class C®, one can perform a choice (for instance Z;, = 1)
which makes the map z — Z(z) of class C"!, showing that z — F, is a C' distribution. Thus
F C TQis a C* distribution of complex rank one and by Proposition 3.2 it is a complex one
dimensional foliation of class C?.

It remains to show that the restriction of u to every leaf of F is harmonic. Let p € (2 and let

¢ : D — Q be holomorphic such that ©(0) = p, p(D) is contained in a leaf of F and ¢ (¢) # 0
for all ¢ € D. Then ¢ (¢) = A(¢)Z(¢(C)) for some C-function A(¢). Hence

Ac(uo @) (Q) = 4L(u)y(c) (% (O); # () = MO PLW)pi0)(Z(2(0)); Z((€))) = 0

proving that the restriction of u to each leaf of F is harmonic. U
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4. The generalized Dirichlet problem

Let Q C C" be a domain and let ¢ € C°(0N). The generalized Dirichlet problem on €2 is
the following:

u upper semicontinuous in
4.1) u maximal in Psh((2)

ulon = ¢

Notice that, if the requirement u € Psh(2) is changed with v € subh(€2) then the problem
(4.1) turns out to be equivalent to the classical Dirichlet problem which has a unique solution in
case (2 is bounded with boundary of class C?.

Looking at (1.2), one is tempted to define the following function:

4.2) Mg ,(x) = sup{v(z) : v € Psh(Q2),limsup v(z) < p(p)¥p € 00Q}.
Qoz—p
The function Mg, , is called the Perron-Bremermann function for (2.

As a matter of notation, we say that a point p € € is a plurisubharmonic peak point if there
exists an open neighborhood U of €2 and @, € Psh(U) such that ®,(p) = 0 and ®,(z) < 0 for
all z € Q\ {p}. If this is the case, we say that the function ®, peaks at p in ().

REMARK 4.1. If Q C C” is a strongly convex domain and p € 0f), there exists a real
hyperplane H,, such that Q@ N H, = {p}. Such a hyperplane can be written as H, = {z €
C" : Re(z — p,v,) = 0}, for some complex vector v, € C". Up to replace v, with —v,, the
strong convexity of 2 implies that Re (2 — p,v,) < 0 forall z € Q\ {p}. Thus the function
®,(z) := Re (2 — p,v,) is a pluri(sub)harmonic function which peaks at p in €2 and then each
point of 0f2 is a plurisubharmonic peak point. In particular each point of the boundary of the
unit ball B" is a plurisubharmonic peak point. More generally, it is known that if @ CC C”
is a strongly pseudoconvex domain, for each p € J() there exists a holomorphic function f,
(defined in a neighborhood of ) such that |f,(p)| = 1 and |f,(2)| < 1forall z € Q\ {p}.
The plurisubharmonic function @, := log|f,| peaks at p in €2 and thus each point of JS2 is a
plurisubharmonic peak point.

THEOREM 4.2 (Bremermann-Walsh). Suppose Q@ CC C" has boundary of class C? and
assume that every p € 0X) is a plurisubharmonic peak point. Then the Perron-Bremermann
Sfunction Mq , is a solution of the generalized Dirichlet problem (4.1). Moreover, Mq , €
C(Q).

PROOF. Let us denote by

Pa,, = {v € Psh(Q2),limsup v(x) < ¢(p)¥p € 00Q}.
Qoz—p

Let H € harm(£2) N C°(2) be the solution of the classical Dirichlet problem, so that AH = 0
in Q and H|sn = . By the maximum principle in Corollary 1.1.6 applied to v — H, v < H
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in Q2 for all v € Pq . This implies that Mg, < H in {2 and by (the analogous for plurisub-
harmonic functions of) Proposition 1.5.3, its upper semicontinuous regularization (Mg ,)* is
plurisubharmonic in €2. By the very definition, Mg , < (Mgq,,)* and (Mg )" < F for any
upper semicontinuous F' such that Mg, < F. Thus (Mq,)* < H in Q which implies that
(Mg, ,)* € Pa,,. Thus Mg, = (Mq,,)* and then Mg, € Psh(Q).

By construction limsupg., ., Mo, (z) < @(p) for all p € 9€. In order to show that
limgs.—., Ma ,(2) = ¢(2) for all p € 02, we will prove that, for all p € 012, € > 0 there exists
a function u., € C°(Q) N Py, such that u.,(p) = p(p) — e. Assuming such a function u,,,
exists, since Mg , > uy, in €2, it follows that

lim inf Mo, (x) = lim inf u.,(z) = o(p) — ¢,
and thus, by the arbitrariness of €, liminfos, ., Mo () > ¢(p) showing that Mg, is contin-
uous at p and Mq ,(p) = ¢(p). The function v, , can be defined by taking a plurisubharmonic
function ®, which peaks at p in 2 and defining v, ,(z) := ¢®,(2) + ¢(p) — € for ¢ > 0 chosen
so that u., < ¢ on 0f2.

To show maximality of Mg ., let G CC €2 be a open set and let u € Psh(2) be such that
u(z) < Mg (%) forall z € 0G. Define

o(z) = Mg ,(2) 2€Q\G
| max{u(z), Mg ,(2)} 2€G

By the analogous of Proposition 1.5.1, v € Psh(£2). Moreover, by construction v € Pg .. Thus
v < Mg, which implies that u < Mgq ., in G, proving maximality of Mg, ,,.

It remains to prove that Mq . is continuous. We already know that it is upper semicontin-
uous, so it is enough to prove that it is lower semicontinuous. To this aim, we define a new
function as follows. Fix € > 0. Let y € C" be such that ||y|| < § (with § = §(e) > 0 small to be
chosen later) and let

uy(z) = HlaX{MQ#,(z), MQ,SO(Z +y)—€} z€ gﬂ (_ﬁ — )
U Ma(2) 2 e\ (@Q-y)

If we can show that u, € Pq , then u,, < Mg, in €, proving that for ||z — w|| < § then
Map(2) = t-(2) = Maop(z +w— 2) — € = Mo p(w) — ¢,

proving that Mg, ., is lower semicontinuous.

Let, as usual, Q5 = {z € Q : dist(z,0Q) > §}. Since Q5 C QN (—y + Q), by the
analogous of Proposition I.5.1 for plurisubharmonic functions, u, € Psh(€2s). In order to prove
that u,, € Pq ,, it is then enough to prove that, for a suitable choice of d, u, = Mg , on 2\ (s,
for then u,, € Psh(Q2) and limgs,_., u,(2) = ¢(p) for all p € ONQ.

If 2 € Q\ (2 — y) then u,(z) = MQQK,( ) by definition. If z € (2N (Q — y)) \ Ny, let
w € 0N be such that ||z — w|| < 26. Now, since limgs,_., Mq () = ¢(p) for all p € 0N and
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Mg oo =  is uniformly continuous on 02, we can choose > 0 in such a way that for all
¢ € Qandn € 992 with || — n|| < 46 it follows

|Mq,,(¢) — Ma,(n)] < €/2.
Since ||z —wl|| < 2§ and ||z + y — w|| < ||z — w| + ||y|| < 39, hence
[Ma,p(2) — Map(w)| <€/2,  |May(z+y) — Mag(w)| <e€/2.
Thus
Mq ,(2) > Mo ,(w) —€/2 > Mg (2 +y) —€/2 —€/2 = Mg (2 +y) — €,
as needed. U

REMARK 4.3. The Perron-Bremermann function Mg, is also the unique solution in the
L>-class of problem (4.1). However, uniqueness does not follow at once from tools such as
the maximum principle, but it is a particular instance of the so-called comparison principle of
Bedford and Taylor, see Remark 6.7. From the proof of Theorem 4.2 it follows only that M, , is
the maximum among other solutions of (4.1). Indeed, if u is any solution of (4.1) then u € Pq
and therefore u < Mgq , in (2.

REMARK 4.4. In [1] Bedford and Taylor proved that if ¢ € C2(9) then Mg, € C11(Q)
(namely it is C'' with Lipschitz first derivatives) and Mg, € W20 (Q) (that is Mg , has weak
second order derivatives which are in L{? (12)).

REMARK 4.5. It is worth noticing that if 2 C C” is a domain for which the generalized
Dirichlet problem (4.1) has a continuous solution for each p € C°(9) then every point of O
is a plurisubharmonic peak point (just solve (4.1) with p(z) = —||z — p|| for p € Q).

5. The complex Monge-Ampere operator on locally bounded plurisubharmonic
functions

The aim of this section is to extend the definition of the complex Monge-Ampere operator
(dd®)™ to locally bounded plurisubharmonic functions, according to Bedford and Taylor [1].
First of all, notice that if u € Psh(£2) N L2 (€2) then w is actually locally bounded (because

it is upper semicontinuous and does not assume the value +oco be hypothesis).

LEMMA 5.1. Let Q C C" be a domain. Let T = Y. Tyn; € DE(Q) (with ny smooth k-
forms and T Radon measures) and let u € Li%.(Q). If ¢ € Co(Q, A**7F) define a, € Cy(2)

by means aidV = @ A ny (with dV the volume form on C"). The functional uT' defined on
Co(Q, A*F) as

5.1) uT(e) =Y [wal)Ts, Ve Co@am
7 Q

is a current of degree k and order 0. In particular, if u € C°(Q) then uT () = T (uy) for all
€ Co(Q, A2n7F),
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PROOF. Since u is locally bounded then it is 7;-integrable on the support of any ¢ &€
Co (€2, A*=%) for any J. Thus the integrals in (5.1) are well defined and finite. It is then clear
that the definition does not depend on the choice of the decomposition 7' = > 71, and thus
uT' is a current of degree k and order 0. U

Now we need the following result:

PROPOSITION 5.2. Let Q C C" be a domain. Let T € Dc(ﬁ’p)(Q) be a d-closed positive
current. Let u € Psh(Q2) N L2 (§2). Define

(dd*u AT)(p) = dd*(uT)(p) == (uT)(dd"p),

for ¢ € C°(Q, A=P=tn=p=1) Then dd°u A T is a d-closed positive current of degree (p -+
Lp+1).

PROOF. Itis clear that dd“u AT is a d-closed current of degree (p+ 1, p+ 1). We have only
to show positivity. To this aim, let {u.} be the sequence of smooth regularizing plurisubhar-
monic functions given by Theorem III.2.1. Since {u.} pointwisely decreases to u, by Lebesgue
dominated convergence theorem and the very definition (5.1) of w7, it follows that u.T" — uT'
in the weak® topology. Therefore, if we can show that u./T'(dd°p) > 0 for all ¢ > 0 and
o € SprP=Lln=p=1(Q) it will follow that uT'(dd“p) > 0 and thus u7T is positive.

Let p € SP*P=br=r=1(Q)). Since u, is smooth, then (dd°u. A T)(p) = T (u.dd°yp). By
hypothesis dT" = 0, that is, T'(d®) = 0 for all ® € C°(Q2, A>"~2P~1). In particular if we let
® := u.d°p we obtain

(5.2) 0="T(d®) =T(d(udp)) = T(due A d°p) + T(u.ddyp),
while, if we let ® := d°u. A ¢ we obtain
(5.3) 0="T(d®) =T(d(duc N\ ¢)) = T(dduc A\ p) — T (duc A dp).

Moreover, recalling that 7" is a (p, p)-current and thus 7'(¢)) = 0 for any (2n — 2p)-form of type
different from (n — p,n — p), it follows that

T(duc A d°p) = T((0 4 O)uc Ni(0 — 0)) = T(due A idp + du, A iOv)
=T(i(0 — J)uc A (0 + 9)p) = =T (duc A d)
Putting together (5.2), (5.3), (5.4) we have
(5.5) T(u.ddp) = =T (du. A d°p) = T (due A dp) = T(ddu. N ).

(5.4)

Now, since . is plurisubharmonic (and smooth) then dd®u, is a strongly positive (1, 1)-form by
Remark IV.4.17 and then dd°u A ¢ € SP™P"=P)(Q)). But T > 0 by hypothesis and therefore
T(ddu. N\ ) > 0, which, by (5.5) implies that T'(u.ddp) > 0 as needed. O

Now we can define the complex Monge-Ampere operator for locally bounded plurisubhar-
monic function by induction as follows.
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Let Q C C™. Letuy,...,u; € Psh(2) N L2

= (€2). By Proposition 5.2 we can define by
induction

(dduy A ... Ndduy) =T A dduy,

where T' = (dd“uqy A ... A dduy_q) is the positive d-closed (k — 1,k — 1)-current defined
inductively on k. More explicitly, for ¢ € C5° (2, A=Fn=k))

(dduy A ... AN ddug) (@) = uk(dduy A ... A ddug—1)(ddp).

The functional dd®u; A ... A dd“uy is then a d-closed positive (k, k)-current (of order zero).
The previous definition is coherent with the case uy, ..., u;, are C*(€2). Indeed, for all
@ € C5o(Q, A=Fn=k)) it follows

(5.6) / dduy A ... Nddup AN @ = / ug(dduy A ... A ddug—1 A dd°y)
Q Q

and thus, in case uy, . .., u; € C*(Q) the current ddu; A ... dduy, defined as before coincides
with the natural current associated to continuous forms. Formula (5.6) can be proved by using
Stokes’ theorem and division into types (see [16, p. 111]).

It is known that the complex Monge-Ampere operator cannot be defined on a generic
plurisubharmonic function. Demailly (see [9]) extended the domain of definition of the com-
plex Monge-Ampere operator to plurisubharmonic functions which are bounded outside com-
pact sets. Other generalization are in Cegrell [8]. Jus recently, Z. Btocki [3] characterized
completely the domain of definition of the complex Monge-Ampere operator.

6. Properties of the complex Monge-Ampere operator

We collect here some basic properties of the Monge-Ampere operator referring the reader
to [1], [2] and [16] for those stated without proof.

THEOREM 6.1 (Chern-Levine-Nirenberg estimate). Let §2 be a domain in C" and let K CC
Q2 be a compact set. There exists a constant C = C(§2, K) > 0 and a compact set H CC Q\ K
such that for all uy, . .., u, € Psh(Q2) N L>®(Q) it follows

/ ddcul VANPIRAN ddcun < CH“lHLW(H) ce HunHLoo(H)
K

Such an estimate can be first proved for plurisubharmonic functions of class C? and then,
using the next approximation theorem, extended to bounded plurisubharmonic functions.

THEOREM 6.2. Let Q C C" be a domain. For k = 1,...,m < n let {uy;}jen be a

decreasing sequence of plurisubharmonic functions of class Ly;,. Let uy, = lim; uy ; and assume
that uy, € Psh(2) N L.(Q) for k =1,...,m. Then

loc

lim dd®uyj A ... A ddUy; = dduy A ... A dd°u,,  in D™ (Q).

J—00
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The previous theorem, together with the regularization theorem, allows to pass all alge-
braic properties of the Monge-Ampere operator from C'*°-plurisubharmonic functions to locally
bounded ones.

Let 2 C C" be a domain and let u € Psh(2) N L2 (2). The (n, n)-current (ddu)”™ can be
seen as a Radon measure on (), the Monge-Ampeére mass of u. We already saw that if « is of
class C? then u is maximal if and only if its Monge-Ampére mass is zero. The same is true for

less regular functions, and it follows from the following result:

THEOREM 6.3 (Comparison Theorem). Let 2 CC C" be a domain. Let u,v € Psh(2) N
L>(Q). Suppose that for all p € 0X it holds

lim inf(u(z) — (=) > 0.

Then

/ (dd°v)" < / (dd°u)".
{u<v} {u<v}

As a consequence we have:

COROLLARY 6.4. Let Q2 C C" be a domain. Let u € Psh(2) N L2 (Q). If (dd°u)™ = 0 in
(2 then v is maximal.

PROOF. Let G CC €2 be a connected open set. Let v € Psh(G) be such that lim inf, ., [u(z)—
v(z)] > 0 for all p € OG. We have to show that v < w in G. First we claim that we can
assume v € L*(f2). Indeed, if this is not the case, we can replace v with the plurisubhar-
monic function v’ := max{u|g,v}. The function v' has the properties that v < ¢’ in G and
liminf, ,[u(z) — v'(2)] > 0. Moreover, since v is bounded from above in G (by definition of
plurisubharmonic functions and the hypothesis on the behavior near 9G) and u € L*°(G) then
v" € L*>°(G). Thus if we prove that u > v’ in G then it will follow also that u > v in G. We can
thus assume v € L>((2).

Assume by contradiction that the set {z € G : u(z) < v(2)} is not empty. Let v.5(z) =
v-+e€|[z|>— & and choose € > 0,5 > 0so thatv. s < vin G. Since the set {z € G : u(z) < v(z)}
is not empty we can choose €, d in such a way that the set {z € G : u(z) < v.5(2)} is not empty
as well. The set {z € G : u(z) < v.5(2)} has positive Lebesgue measure, because otherwise
the plurisubharmonic function max{u|g, v s} would be almost everywhere equal to u|s and
thus by Corollary 1.3.2 it would be equal to u|G everywhere in G, implying u > v, 5 in G.

Now we claim that for all wy, ws € Psh(G) N L2.(G)

loc

(61) (ddc(wl + wg))” Z (ddcwl)” + (ddCU)Q)n
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If wy, wy € Psh(G) N C?(G) then, taking into account that (ddw;)* A (ddwq)™™* > 0 for all
k=0,...,n,

[y

n—

(ddc(wl + ’LUQ))n = (ddcwl)” + (ddcwz)n + <;l) (ddCUJl)j VAN (ddcl(}g)nij

1

<.
Il

Z (ddcwl)" + (ddcwg)”

Formula (6.1) for general wy,wy € Psh(G) N Li2.(G) follows now from Theorem 6.2 by ap-
proximating w;, wo With decreasing sequences of smooth plurisubharmonic functions.

From (6.1) and Theorem 6.3 we have

/‘ u&mn+/) MJQWW—ﬁﬂng/‘ (dd°v. ;)"
{ulg<ves} {ula<ves} {u|g<ve,s}

g/' (dd°u)" = 0.
{ulg<ves}

But (dd“v)™ > 0 and (dd®(¢||z]|* — 0))" = 4™€"n!dV, thus

/' (mww+/ @w@WW—@wzmwm/ v >0,
{ulg<ve,s} {ulg<ve,5} {ulg<ve,s}

giving a contradiction. O

REMARK 6.5. An argument similar to that used in the proof of Corollary 6.4 shows that if
(2 is a bounded domain, u,v € Psh(Q) N L*>°(Q2) are such that v = v on 99 and (dd°u)" =
(dd°v)™ = 0in Q then u = v in €.

To end up the discussion about the complex Monge-Ampere operator, we state the following
very deep result of Bedford and Taylor:

THEOREM 6.6. Let 2 C C" be a domain. Let u € Psh(€2) N Ly.(2). Then u is maximal if
and only if (dd°u)™ = 0 in .

One implication of this theorem is contained in Corollary 6.4. For the other implication,
namely if u is maximal then (dd“u)™ = 0, the hard part is to show that the Perron-Bremermann
function My, for the ball B satisfies the Monge-Ampere equation (dd°Mg )" = 0 in B (apart
the original source, see, e.g., [16, Theorem 4.4.1]).

REMARK 6.7. Theorem 6.6 and Remark 6.5 imply that the Perron-Bremermann solution
Mg, is the unique solution of the generalized Dirichlet problem (4.1) in the class L{? (€2). It
also satisfies (dd°Mq,,)" = 0.
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7. The pluricomplex Green function for bounded domains

One of the main object in classical potential theory is the Green function. Such a func-
tion (and its normal derivative, the Poisson kernel) allows to reproduce smooth functions and
harmonic functions (see, e.g., [9], [16]). To be more concrete, in the unit disc D C C let

(7.1) Gp(2,¢) = log |T=(¢)]

where T.(¢) := (z — ¢)(1 — Z¢)~" is an automorphism of I which maps ¢ to O and such that
T? = id. Then G : D x D — [—00, 0] enjoys the following properties:

(1) Gp is of class C* in D x D \ Diagy, where Diagp = {(2,{) € D xD: z = (}.

(2) Gp(¢, 2) = Gp(z,¢) forall ¢, z € D.

(3) Gp((,2) <0inD x Dand Gp((,z) = 0 on OD x D.

(4) D > ¢ — Gp((, 2) is harmonic in D \ {z} for all fixed z € D.

(5) D> (+— (Gp(¢,2z) —log |z — ¢|) = O(1) for all fixed z € D.

It can be shown (see, e.g. [9, Theorem 4.3]) that for all ¢ € C5°(D) it follows

o) = 5= [ Gol€.2Ap(O3dC AL,

2

namely, A:Gp((, 2) = 276, in Dis>(D).

As we already saw, in several variables the notion of harmonic functions is not invariant by
biholomorphisms, thus when working in higher complex dimensions, one is tempted to define
and study “pluricomplex Green functions”.

DEFINITION 7.1. Let €2 C C”" be a domain and let z € €. The (Klimek) pluricomplex
Green function of () with logarithmic pole at z is defined as

Kq.(2) :=sup{u(z) : u € Psh(Q),u < 0,limsup(u(z) — log ||z — z||) < +o0}

Z—T

with the convention that sup ) = —oo.
We state here some properties of the pluricomplex Green function:

PROPOSITION 7.2. Let 2,2 C C" be domains and let x € ().

(1) If Q C Q' then Kq ,(2) > Kq ,(2) forall z € Q.
(2) If 2 =B(x,r) then Kp(r(2) = log(||lz — | /7).
(3) If R > 0 and Q) C B(z, R) then for all z € ) it follows

o (271 < iy .

4) If r > 0 and B(z,r) C Q) then for all z € B(x,r) it follows
Ko.(2) < log (M) .

r
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(5) If f : Q — Q' is holomorphic then f*(Kq ¢(z)) < Kqg. In particular the pluricom-
plex Green function is invariant for biholomorphisms.

(6) If Qis bounded then Kq, , is maximal in Q \ {x} (i.e. it is plurisubharmonic in S and
maximal) and (dd°Kq )" = 0in Q \ {z}.

PROOF. Let us denote by
(7.2) Ko ={uePsh():u<0,u(z) —log|lz—z|| <O(1) as z — z}.

Then (1) follows directly from the very definition since every if ©v € K¢ , then its restriction
U‘Q € ICQ@.

Q) If Q =DB(x,r),letu € Ky, andlet z € B(x,7) \ {«}. Fix v € C" with ||v|| = r and
such that = 4+ (v = z for some (, € D. Consider the function @ : D > ¢ — u(¢v + z) —log |C].
Such a function is subharmonic in D \ {0} and bounded from above in D (since log (| =
log(||Cv + « — z||/r) and u has a logarithmic pole at ) thus, by Corollary 1.5.5, @ extends to a
subharmonic function in D. Since limsup,_,, u(¢) < 0 for all ¢ € ID by construction, by the
maximum principle @ < 0 in D. Therefore for all { € D it follows u(¢v + x) < log (|, proving
that u(z) < log(||z — z|/r). Thus Kg(,,(2) < log(||z — z||/r), but since log(||z — z||/r) €
ICB(QUJ“)@’ then K[B(JCJ)(Z) = 10g(||z - JIH/T)

(3) and (4) follow from (1) and (2).

(5) follows from the fact that if u € Ko/ ¢z then v o f = f*(u) € Ko, because clearly
f*(u) < 0in Q and

u(f(2)) = log |12 — &l = u(f()) - log | £(=) — ()] + 1ogw

= u(f(2)) —log||f(z) = f(z)[ + O(1).

(6) If Q is bounded then by (3) the pluricomplex Green function K ,(z) > —oo for all
z € Q\ {x}. According to (the analogous for plurisubharmonic functions of) Proposition 1.5.3
the upper semicontinuous regularization u := (Kq ,)* is plurisubharmonic in €. We claim that
u € Kq.. Indeed, by (4) u has a logarithmic singularity at x. Also, clearly v < 0 in Q. If
it were u(z) = 0 for some z € (), then by the maximum principle v = 0, contradicting the
fact that « has a logarithmic singularity at z. Thus v < 0 in 2 and therefore u € Kq ,. Hence
u = Kgq, which is then plurisubharmonic (and strictly negative) in €2.

To show maximality, let G CC Q\{z} andletv € Psh(G) be such that lim supg, ., v(2) <
Kq.(p) for all p € 0G. Define

u(z) = max{v(z), Ko.}(z) z2€G
KQ,:E(Z) = Q \ G

Then u € Kq, and by definition u < K, ,, proving that Kq , is maximal in © \ {z}. Finally
notice that by (4) K¢, is locally bounded in Q\ {x } and thus Theorem 6.6 implies (dd“Kq )" =
0in Q\ {z}. O
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Recall that a domain 2 C C" is called hyperconvex if there exists p € Psh(2) N C°(Q)
such that for all 7 > 0 the open set {z € Q2 : p(z) < —r} is relatively compact in €.

THEOREM 7.3. Let 2 C C" be a bounded hyperconvex domain and let x € §). Then the
pluricomplex Green function Kq , : 0 — [—00, 0], extended to be 0 on 0X2 is plurisubharmonic
and continuous. Moreover, the function Q x Q0 3 (x, z) — Kgq . (2) € [—00,0] is continuous.

SKETCH OF THE PROOF. First of all we can prove that limgs, ., Ko ,(2) = 0 forall p €
0. To this aim, by hypothesis there exists p € Psh(Q2)NC°(Q) such that {z € Q : p(z) < —r}
is relatively compact in € for all 7 > 0. Let B(x,7) C Q C Q C B(x, R) for some 7, R > 0
and define

o(z) = {max{Cp(z),log(Hz —z||/R)} z€Q\B(zx,7)
log(||z — || /R) z € B(z,r)

where C' > 0 is chosen so that C'p(z) < log(r/R) on 0B(x,r). Then v € Kgq (the family
defined in (7.2)). Moreover, since p(z) — 0 as z — 05, then v(z) — 0 as z — 02 and since
v < Kq 4, the same holds for Kq ;.

In order to show continuity, it is enough to prove that K¢ , is lower semi-continuous. To
this aim, Demailly (see, [11]) constructs a sequence of continuous {u;} C Kgq, such that
Kq, = supuy, (and the result follows since the supremum of lower semicontinuous functions
is lower semicontinuous). The rather explicit construction of such a family (which requires the
use of p) is omitted.

Finally, to show continuity of K, (%) with respect to (z, =), one can show that for all a € €2,
e > 0 and open neighborhood U of a, there exists an open set V' CC U, a € V such that for all
(z,2),(y,2) €V x (Q\ U) it follows
K Q,m<2)

ay(2)
Formula (7.3) implies that K ,(z) is continuous in z locally uniformly in z € Q outside the
diagonal Diag(Q2 x 2) in Q x €. From this it follows that Kq () is continuous in  x Q \
Diag(£2 x €2). Continuity on the diagonal follows from Proposition 7.2.(4).

Formula (7.3) follows from modification of the pluricomplex Green function, see [11] or
(16, p. 227]. O

(7.3) (1+e) ' < <l+e

Some remarks are in order.

(1) According to Demailly [11], every bounded pseudoconvex domain with Lipschitz
boundary is hyperconvex.

(2) Although the pluricomplex Green function Ky, ,.(z) (for €2 bounded and hyperconvex)
is continuous in (z, z), it is in general not symmetric in (z, z). Moreover, it can be
proved that it is symmetric in (z, z) if and only if z — Kq ,(2) is plurisubharmonic
for all z € () fixed.

The following characterization of the pluricomplex Green function is due to Demailly:
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THEOREM 7.4. Let () CC C" be a hyperconvex domain and let x € (). The pluricomplex
Green function Kq , is the unique solution of the problem:

u € Psh(Q) N L2.(Q\ {z})
(ddu)"=0in Q\ {z}

u(z) —log ||z — || = O(1) for z — x
lim, ., u(z) = 0 forall p € 002

(7.4)

PROOF. We already know that Kgx(z) is plurisubharmonic in €2, continuous in z € Q,
Kqzloo = 0and (dd°Kq )" = 0in Q\ {2} (see Proposition 7.2 and Theorem 7.3). Moreover,
according to Proposition 7.2.(3) and (4),

Kq.(z) —log|lz — z|| = O(1) for z — x.

Therefore K, is a solution of (7.4).
We are left to show uniqueness. Notice that if « is any solution of (7.4) then

(1.5) lm 43y,
:=a log ||z — x|
Let u be a solution of (7.4). Notice that by Corollary 6.4 the function u is maximal in
'\ {z}. By the maximum principle, v < 0 in  and thus u € Kq , (where K, , is the family
defined in (7.2)). Therefore K, > w in ). Seeking for a contradiction we assume that there
exists a € (2 such that u(a) < Kg . (a). Thus there exist 0 > 0 and 0 < ¢ < 1 such that the set

Es.:={2€Q: Kq.,(z) > cu(z)+ 0}

is not empty. Since u is upper semicontinuous (and Ko , is continuous), the set £ is open.
We claim that E;, is relatively compact in 2 \ {z}. Assume we proved the claim. Then
Kq.(z) < cu(z) + ¢ in OEs,. which would imply Kg .(z) < cu(z) + ¢ in Es . by maximality
of u, contradiction.

To prove that Ejs. is relatively compact in Q \ {z}, let {2} C Ejs. be such that z;, — ¢ €
O0Es.. If ¢ € 0f1 then it would follow that lim,_,, K ,(2) > ¢ > 0, a contradiction. If ¢ = z
then Kq ,(z;) — —oo by Proposition 7.2.(4). Thus, from Kgq ,(2;) > cu(zx) + 0 and (7.5) we
obtain

u(zg) )
1 <e +
Kﬂ,x(zk) Kﬂ,m<zk)
) dele—al 8

T loglle — 2kl Koo(z) | Kao(zk)

from which ¢ > 1 against our choice ¢ < 1. Thus Ej, is relatively compact in 2 \ {z} as
claimed. U

REMARK 7.5. Demailly [9] extended the definition of (dd®)™ to plurisubharmonic functions
which are locally bounded in a domain €2 outside some points (actually he extended such a
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definition to plurisubharmonic functions which are locally bounded outside bigger subsets). For
instance (see, e.g., [16, p. 228-229]) fix x € Q. If u € Psh(2) N L2, (2\ {x}), one can prove
that the regularizing sequence {u.} of smooth plurisubharmonic functions which pointwise
decreases to u is such that the Monge-Ampére masses (dd“u. )™ converges in the weak* topology
of currents to a unique positive Borel measure denoted (dd“u)™ (which of course coincides with
the already defined mass (dd“u)™ if u is locally bounded near x as well). Also, it can be shown

that (dd°Kq )" = (2m)"J,, where 0, is the Dirac delta.

REMARK 7.6. If one changes the requirement that u(z) — log ||z — z|| = O(1) in (7.4) with
another condition of the type u(z) —log(|z1 —x1|** +... 4 |z, —2,]*) = O(1) with ) " a; =1
then the previous construction works entirely (changing the type of singularity in x) and gives
a unique solution ug, ... Even such a solution satisfies (dd°uq ;)" = (2m)"d,.

In case the domain €2 is strongly convex with smooth boundary, Lempert [17] proved that
Kq . (2) is actually C=(Q2 x Q \ Diag(Q x €2)) and that (dd°Kq,,)"*(z) # 0 for all z € (.
Moreover, the foliation in 2 \ {x} associated to K, , according to Theorem 3.4 is formed by
complex geodesics, namely, any leaf is the image of a biholomorphic map ¢ : D — D which is
an isometry between the Poincaré distance of I and the Kobayashi distance of (2.

Demailly [10], [11] used the pluricomplex Green function to prove the following represen-
tation formula

THEOREM 7.7. Let Q CC C" be a hyperconvex domain. Let u € Psh(€2) N C°(QY). Then
forall z € Q)

1

u(z) = p=(u) — 2 /Q | Ka,.(w)|(ddu)(w) A (dd*Kq,:)" (w)

where |1, is a suitable positive measure supported on 0S) and depending on K, ,.

The measure (., which is called the pluricomplex Poisson kernel, is defined as follows.
Forr < Olet B, = {# € Q : Kq,(2) < r}. This set is relatively compact in 2. Let
ur(z) = max{Kq.(z),r}. The Monge-Ampere mass (dd“u,)" is supported on 0B,. The
positive Borel measure (i, is thus defined as the weak™ limit of (ddu,)" as r — 0.

If Q is a strongly convex domain with smooth boundary, it can be proved [5], [6] that the
pluricomplex Poisson kernel is given by dy.(p) = |Pao,(2)|"waa(p), where p € 02, waq is a
volume form on 92 and P, € C=(Q\ {p}) N C°() is the solution of the following problem:

(u € Psh(D)

(00u) =0 in D

u<0 inD

u(z) =0 forze dD\ {p}
(u(z) =~ ||z —p||”* as z — p non-tangentially
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8. Invariant distances and the pluricomplex Green function

Recall that the Poincaré¢ distance w on D is defined as

8.1) (¢, 2) = tanh ™" |TL(C)| = %log —1 - ;;8:

where T.,(¢) := (2 — ¢)(1 —z¢)~" is an automorphism of ID which maps z to 0. Such a distance
is complete. By (7.1) it follows

Gp(z,¢) =logtanhw(z,(), 2z (€D
and by Proposition 7.2 (or directly from the Schwarz lemma) it follows that f*w < w for all
f : D — D holomorphic.

DEFINITION 8.1. Let {2 C C" be a domain. The Carathéodory pseudodistance Cg, : () X
2 — R is defined as

Ca(z,w) :=sup{w(f(2), f(w)) : f: Q — D is holomorphic}.
The Lempert function g, : 2 x Q — R is defined as
do(z,w) = inf{w((y, () : f : D — Q holomorphic with f({;) = z, f({2) = w},

with the convention that dq(z, w) = 400 if there do not exist holomorphic functions ¢ : D —

with p({) = z and ¢(n) = w.
The Kobayashi distance dg, : Q2 x @ — R is defined as

m
do(z,w) = inf Z dalzj, zj41),
j=1
where the infimum is taken over all finite chains of points z1, ..., 2, € ) such that z; = 2z and
Zm = W.

Notice that dq, is the biggest pseudodistance smaller than dg,. It is not too difficult to see that
CQ(Z7 w) < dQ(Z7 w) < 6Q(Za w)

Both the Carathéodory and the Kobayashi pseudodistances are continuous, but in general
the induced distance topology is less finer than the euclidean topology of ). The topology
induced by the Kobayashi pseudodistance is equivalent to the euclidean topology if and only if
dg is a distance (namely, dq(z,w) = 0 if and only if z = w). The topology induced by the
Carathéodory pseudodistance is equivalent to the euclidean topology if the inner pseudodistance
associated to Cq, is a distance (the inner pseudodistance C},(z, w) is defined to be the infimum of
the Cio-length of piecewise smooth curves joining z to w. Notice that Cp < Cf). However, if {2
is bounded then C, induces a topology equivalent to the euclidean one. For all these properties
and much more see [15].

PROPOSITION 8.2. Let Q2 C C" be a domain. Then for all z,w € 2
log tanh Cq(z, w) < Kq.(w) < log tanh dg(z, w).
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PROOF. Let f : D — € be holomorphic and such that f({) = z, f(n) = w. Then

Ko,p¢)(f(m) < Kn(n) = log[T(n)].
Therefore exp(Kq r¢)(f(n))) < |T¢(n)| which implies

tanh™" exp(Ko, s¢)(f(n))) < tanh™ |T¢(n)] = w(C, 7).

For the arbitrariness of f we obtain tanh™" exp(Kgq .(w)) < do(z,w) from which the second
inequality follows.

As for the other inequality, the argument is similar. Let f : Q@ — D. Then Kq . (w) >
Kp ;) (f(w)) = log | Ty (f(w))|. Arguing as before this implies that tanh ™" exp(Kq,.(w)) >
w(f(2), f(w)). By arbitrariness of f the first inequality follows. O

In [17] Lempert showed that for a convex domain C, = dg, = dq and therefore the previous
proposition implies that if §2 is a convex domain then

Kgq .(w) = log tanh do (2, w) = log tanh dq(z, w) = log tanh Cq(z, w).
In particular in this case the pluricomplex Green function is symmetric.

COROLLARY 8.3. Let Q C C" be a domain and = € ). Suppose that Q) > w +—
log tanh dq(z, w) is plurisubharmonic. Then

Kq .(w) =logtanhd(z,w) Yw €

PROOF. Let u(w) = logtanhd(z,w). Then u < 0in Q and u € Psh(Q2). If we show
that v has a logarithmic singularity at z then u € Kq . which implies that u < Kgq . and
by Proposition 8.2 we have the result. Now let » > 0 be such that B(z,7) C Q. Letw €
B(z,r) \ {z} and define

w—z
0(C) =2+ (ri—
lw = 2|
for ¢ € D. Clearly ¢ : D — Q is holomorphic, ¢(0) = z and ¢(||w — z||/r) = w. Thus by
definition 0 (z, w) < w(0, ||w — z||/r). Therefore by (8.1)

log tanh §(z, w) < logtanhw(0, ||w — z||/r) = log ||z — w||/r,

as needed. U

9. Some further geometrical directions

The works [S] and [6] show that it is possible to define a maximal plurisubharmonic func-
tion in strongly convex domains such that it solves a complex homogeneous Monge-Ampere
equation with a simple pole at the boundary. Such a function is the normal derivative of the
pluricomplex Green function and it is called the pluricomplex Poisson kernel. It is strongly re-
lated to the invariant geometry of the domain because its level sets are horospheres of the domain
(namely, limits of Kobayashi balls) and the associated Monge-Ampere foliation is made of com-
plex geodesics (namely, isometries between the Poincaré metric of the disc and the Kobayashi
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metric of the domain). Roughly speaking, similarly to what have been done for the pluricom-
plex Green function, the pluricomplex Poisson kernel can be characterized as the maximum of
the family
Fp={u € Psh(Q) : u < 0,K-limsupu(z)|z —pl| < —1},
Z—=p

where K-lim sup means non-tangential limit, (2 is a bounded strongly convex domain in CV
with smooth boundary and p € 0€2. However, the proof involves the use of fine properties of
complex geodesics and Lempert’s theory, and such tools are not available in other domains.

Thus, a geometrically relevant problem is to understand whether the family 7, has a max-
imum (and which are its regularity properties) when (2 is not strongly convex, for instance if
Q) is strongly pseudoconvex or weakly convex or hyperconvex. Also, it would be interesting to
know whether the Demailly measure y, introduced in Theorem 7.7 can be expressed in terms
of the maximal element (if any) of the family F,,.
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