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LOCAL DYNAMICS OF HOLOMORPHIC DIFFEOMORPHISMS

FILIPPO BRACCI

ABSTRACT. This is a survey about local holomorphic dynamics, from Poincaré’s times to
nowadays. Some new ideas on how to relate discrete dynamics to continuous dynamics are also
introduced. It is the text of the talk given by the author at the XVII UMI Congress at Milano.

SUNTO. Questóe un sunto dello stato dell’arte della dinamica olomorfa complessa dai tempi
di Poincaŕe ai giorni nostri. Sono inoltre indicate alcune nuove idee per mettere in relazione la
dinamica discreta con la dinamica continua.É il testo della conferenza tenuta dall’autore nel
XVII Convegno dell’UMI a Milano.

PROLOGUE

Let M be a complex manifold andf : M → M a holomorphic map. The study of the behav-
ior of the sequence of iterates off , {f ◦k}, is what is nowadays calledholomorphic (discrete)
dynamics. This subject has been studied since the time of Schöder for local dynamics and Fatou
and Julia in case of rational mappings of the complex projective line. Much of this theory has
been used and improved later by people interested in thecontinuous dynamicsof holomorphic
foliations, relating dynamics of vector fields inC2 with the dynamics of holomorphic mappings
by means of the Poincaré time one map.

The study of holomorphic dynamics can be done both form the global and the local point
of view. From the global point of view one is interested in finding invariant sets for the map
and studying their properties. A simple type of (forward) invariant set is given by a fixed point
of the map. The forward orbit of such a point is the point itself, but the backward orbit might
be very complicated. Trying to simplified the situation one can consider only the behavior of
points nearby the fixed point. This type of study is known as local dynamics.

Local dynamics thus uses a magnifying glass to understand what is going on near the fixed
point. Therefore, instead of considering maps of a manifold we can just study germs of diffeo-
morphisms at the fixed point (the ambient will usually beCn, but one can also study singular
ambient spaces). This has the value that, contrarily to the global situation, one can often explic-
itly write down examples on which figure out the theory.

The best situation one can hope to have islinearizationof the germ. This means that suitably
changing coordinates the map becomes a linear transformation. If the change of coordinates
used to linearize the germ is holomorphic than the linear transformation obtained is the differ-
ential of the germ at the fixed point (up to conjugation). However if the change of coordinates
involved is only continuous then the linear transformation might not be the differential. Holo-
morphic linearization is the dream of people that study local holomorphic dynamics, for one
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can really think of the map as a linear transformation. Even topological linearization is useful
(for instance it provides trajectories and behavior of orbits) and sometimes it may be useful also
to have just formal linearization. Anyhow, the differential is the map which first approximates
the dynamics of the map, and thus it is natural to classify and study dynamics according to the
spectrum of the differential itself.

As we will see, a generic germ of holomorphic diffeomorphism is holomorphically lineariz-
able. Unfortunately, the non-generic situation comes out often in celestial mechanics and phys-
ical problems. Thus one is forced to understand non-linearizable dynamical systems. These
are not completely understood, even if from the pioneeristic work of Fatou, Dulac and Poincaré
much has been done.

The aim of these notes is to provide a survey on the state of art about local holomorphic
dynamics, trying to face on the several ideas appeared on the subject.

The notes are based on the talk I gave at the XVII Congress of UMI in Milano. I wish to
thank the organizers for having invited me and for the opportunity of writing these notes.

1. LOCAL DYNAMICS IN DIMENSION ONE

Let f be a germ of holomorphic diffeomorphism at the origin ofC fixing 0. Thus we can
expandf asf(ζ) = λζ + . . . whereλ ∈ C \ {0}.

As one can expect the numberλ discriminates the local dynamics.

1.1. Hyperbolic case: |λ| 6= 0, 1. The main result is due to K̈onigs in 1884 (see,e.g. [22])
who solved the so-called Schröder equation

(1.1) σ ◦ f = λσ,

in case|λ| < 1 (if |λ| > 1 one can solve a similar functional equation forf−1). This means
that there exists a unique holomorphic diffeomorphismσ such thatσ(0) = 0, σ′(0) = 1 which
conjugatesf to the functionζ 7→ λζ. Therefore the dynamics off can be read in this new
coordinates, and one sees that for any pointζ0 near to0 thenf ◦k(ζ0) → 0 ask →∞ following
a spiralizing or a linear path according to whetherλ is complex or pure real.

It should be mention another interpretation of (1.1). Suppose thatf is holomorphic on all the
unit disc∆ = {ζ ∈ C : |ζ| < 1}. Let Hp(δ) be thep-Hardy space on∆. One can define a
linear operatorCf : Hp(∆) → Hp(∆) asCf (h) = h ◦ f (see,e.g., [48]). By the Littlewood’s
subordination lemma one can show thatCf is actually continuous. Such an operator is called a
composition operator. Then (1.1) is equivalent toCf (σ) = λσ. Namelyσ is an eigenvalue of
Cf . The dynamics off is strictly related to the functional analysis properties ofCf . We invite
the interested reader to read [48] for more on this subject.

¿From the point of view of holomorphic dynamics, having aholomorphic linearization, as a
solution of (1.1), is the best one can hope. In particular it is not difficult to see that ifλ1 6= λ2

thenf1(ζ) = λ1ζ + . . . andf2(ζ) = λ2ζ + . . . are not holomorphic conjugated each other,
and thus their dynamics is different from a holomorphic point of view. In particular the space
of holomorphic parameters for hyperbolic germs isC \ [{0} ∪ ∂∆]. From the point of view
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of topology however the situation is different: one can always find a topological conjugation
between any two hyperbolic germs with both derivatives at0 of modulo less than1 (respectively,
both with modulo greater than1). Therefore the space of topological parameters is reduced to
only two points.

1.2. Parabolic case: |λ| = 1, λk = 1 for some k ∈ N. This case can be considered as the
“resonant case”, as it will be clear later. Indeed, one first tries to linearize the germ usingformal
series, and then hope to make them converging. However, the fact thatλk+1 = λ prevents the
possibility to kill (even formally) all the terms. Indeed it is not difficult to show that

Proposition 1.1. The mapf is holomorphically conjugated toζ 7→ λζ if and only iffn(ζ) = ζ
for somen ∈ N.

Thus, linearizable parabolic germs are not many. However the dynamics can be still well
understood, thanks to the work of Leau and Fatou (see,e.g., [22]). First we remark thatfk(ζ) =
ζ + O(ζ2). Thus essentially one can recover the caseλ 6= 1 from the caseλ = 1. In this case
the Leau-Fatou theorem states that it is possible to find invariant simple connected domains
containing0 on the boundary such that on each domain the map is conjugated to a parabolic
automorphism of the domain itself and each point of such a domain is attracted to0. These
domains are calledpetalsand their existence is predicted by theLeau-Fatou Flower Theorem.
To give a simple statement of such a result, we note that iff(ζ) = ζ + arζ

r + O(ζr+1) with
r > 1 andar 6= 0, it is possible to perform a holomorphic change of variables in such a way
thatf becomes conjugated toζ 7→ ζ + ζr + O(ζr+1). The numberr is theorderof f at0. With
these preliminary considerations at hand we have

Theorem 1.2(Leau-Fatou Flower Theorem). Let f(ζ) = ζ + ζr + O(ζr+1) with r > 1. Then
there exist(r − 1) domains called petals,Pj, symmetric with respect to ther − 1 directions
arg ζ = 2πq/(r − 1), q = 0, . . . , r − 2 such thatPj ∩ Pk = ∅ for j 6= k, 0 ∈ ∂Pj, eachPj is
biholomorphic to the right-half planeH, and for all ζ ∈ Pj it follows f ◦k(ζ) → 0 ask → ∞.
Moreover for allj, the mapf |Pj

is holomorphically conjugated to the parabolic automorphism
ζ 7→ ζ + i onH.

Now,f−1(ζ) = ζ−ζr+O(ζr+1). Thus, applying Theorem 1.2 tof−1 one getsr−1 attracting
petalsQj for f−1 symmetric with respect to ther − 1 directionsarg ζ = (2q + 1)πq/(r − 1),
q = 0, . . . , r − 2. Notice that these directions are exactly the bisectrices of the angles between
two consecutive attracting directions forf . It is clear that theQj ’s are repelling petals forf ,
intersecting thePj ’s and

⋃
j Pj ∪ Qj ∪ {0} is an open neighborhood of0 in C. Therefore now

the dynamics off can be read easily.
If λ 6= 1 (andλk = 1) thenf acts as a permutation on the petals offk, which are thus a

multiple ofk. It should be notice however that iff(ζ) = λζ + arζ
r + . . . with ar 6= 0, then the

number of petals might be different fromr. Indeed it may happen thatfk has order> r at0.
We saw that there is no hope to obtain a holomorphic linearization for parabolic germs.

However one may ask what happens from the topological point of view, and more generally
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which are the classes of holomorphic conjugacy. Both questions have been answered. The
topological classification is in fact pretty simple (even if not easy to obtain) , and it is due to
C. Camacho [18] and, independently, by Shcherbakov [49].

Theorem 1.3(Camacho, Shcherbakov). Let f(ζ) = λζ + O(ζ2) be holomorphic,λn = 1 for
somen ∈ N and, ifn > 1 assumeλm 6= 1 for 1 ≤ m < n. Then

(i) eitherfn(ζ) = ζ,
(ii) or there existsk ∈ N such thatf is topological conjugate toζ 7→ λζ(1 + ζnk).

Remark1.4. If f(ζ) = ζ + arζ
r + O(ζr+1) with ar 6= 0 thenf is topological conjugate to

ζ 7→ ζ + ζr.

The proof of the theorem shows actually that one can topologically conjugatef to an auto-
morphism of a suitable Riemann surface. Camacho’s original proof is itself very beautiful and
provides some more hints on the dynamics of the map. Therefore we provide some details of
the proof, at least for the caseλ = 1.

Sketch of the proof of Theorem 1.3 forλ = 1. Let f(ζ) 6= ζ be given byf(ζ) = ζ + ζm+1 +
O(ζm+2). By Theorem 1.2 the union of petals

⋃
j Pj ∪Qj is an open set around0, and on each

petal the germf is conjugated to an automorphism of such a petal.
The idea is now to consider each petal as a chart of a suitable Riemann surface in such a

way that the conjugations on each chart glue together to give a global conjugation off to an
automorphism of the Riemann surface. More precisely, letSm be the Riemann surface of the
functionζ 7→ ζ−m. The surfaceSm can be defined asSm = {(z, w) ∈ C∗ × C∗ : w = z−m}.
Let C∗r = {ζ ∈ C∗ : |ζ| < r} for a smallr > 0. Let Sr

m = π−1
1 (C∗r), whereπ1(z, w) = z.

Then we can well define a holomorphic injective mapF : Sr
m → Sm asF = π−1

1 ◦ f ◦ π1.
Now notice thatπ2 : Sm → C∗, whereπ2(z, w) = w, is am-th covering. In particularπ2 is a
biholomorphism onπ−1

1 (Pj)∩Sm (andπ−1
1 (Qj)∩Sm), whose inverse, which with some abuse

of notation we denote byπ−1
2 |π−1

1 (Pj)
, is given by (the appropriate branch of)z 7→ z−1/m. If we

use(π2|π−1
1 (Pj)

, π−1
1 (Pj)∩Sm) as a local chart onSm, and take into account that by Theorem 1.2

the domainPj is f -invariant, we get

π2|π−1
1 (Pj)

◦ F ◦ π−1
2 |π−1

1 (Pj)
(z) = π2 ◦ f(z−1/m) = [f(z−1/m)]−m = z −m + cz−1/m + . . . ,

where the branch ofz−1/m is chosen so thati−1/m ∈ Pj. We define an injective holomorphic
mapG : Sr

m → Sm in the following way. If(z, w) ∈ π−1
1 (Pj) ∩ Sm then

G(z, w) := π−1
2 |π−1

1 (Pj)
(π2(z, w)−m).

Similarly if (z, w) ∈ π−1
1 (Qj)∩Sm. One can easily check thatG is a well defined holomorphic

map which can be extended to all ofSm as an automorphism.
The upshot is to show thatF is topologically conjugated toG onSr

m, which will imply thatf
is topologically conjugated tog := π1◦G◦π−1

1 onC∗r. Since alsoζ 7→ ζ(1+ζm) is topologically
conjugated tog this will prove the theorem.



LOCAL DYNAMICS 5

To this aim we define aC∞ diffeomorphismK : Sr
m → Sm by gluing togetherF andG in

such a way thatK = F outside some large compact subset ofSm andK = G on a open set
contained in such compact subset. Notice that this is possible for|F (z, z−m)−G(z, z−m)| goes
to zero as|z| → ∞. It is now enough to show thatK is topologically conjugated toG.

The idea is to define a conjugationH on a setE, calledexaggerated fundamental domain,
such that for anyp ∈ Sm there existsa ∈ Z such thatGa(p) ∈ E, and then extend the
conjugation by means of the relationH ◦ G ◦ H−1 = K. The setE can be defined taking the
setB of points whereK = G union2m semi-strips fromB to infinity delimited on each chart
π−1

2 (π1(Pj)) ∩ Sm by Lj = π−1
2 ({Re ζ = 0}) andG(Lj). ThenH can be defined onE by

means ofH|B = id, H|Lj
= id, H|G(Lj) = K(Lj) and glue together as aC∞ diffeomorphism

on each semi-strip. One can then check thatE is absorbing iterates ofG and thusH can be
extended as wanted. ¤

The above proof shows that, iffn(ζ) 6= ζ, then actuallyf is C∞-conjugated toλζ(1 + ζkn)
outside0. One might suspect that with some more refinement it would be possible to extend the
conjugation in (at least) aC1-way to0. However this is not the case, as shown by Martinet and
Ramis [36]. In such a paper they provide a differentiable classification of parabolic germs. In
particular they prove

Theorem 1.5(Martinet-Ramis). Letf andg be two parabolic germs at0.

(1) If f andg are formally conjugated then they are topologically conjugated.
(2) If f andg areC1-conjugated then they are holomorphically conjugated.

The first statement is not surprising after Theorem 1.3 and the formal classification due to
Voronin [54]. However the second result is very impressive!

Theorem 1.5 is actually a corollary of the holomorphic classification of parabolic germs
which is also provided in [36]. This latter is also due to Voronin [54] andÈcalle [25], see also
Il’yashenko [32]. Such a classification is quite complicated. A parabolic germf is associated
to anorbits spaceFf . SuchFf is a complex Riemann surface given by the amalgamated sum
of 2m Riemann spheres. Each sphere represents a petals off and the sum is defined by means
of the behavior off on the intersection of two consecutive petals (one attractive and the other
repelling). The orbit spacesFf provide the searched holomorphic invariants. See [36] for
details.

1.3. Elliptic case: |λ| = 1, λ = eiθ for some θ ∈ R \ Q. This case can be considered as a
big world by itself, formed by several interesting problems—some still open—known assmall
divisors problems, related to physics and celestial mechanics. We only provide some small
survey on the basic results.

Firstly, from a formal point of view one can kill all the terms after the linear one, so that
f(ζ) = λζ + O(ζ2) is alwaysformally conjugated toζ 7→ λζ.

As for the holomorphic and topological linearization we have
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Theorem 1.6. Let f be an elliptic germ. Thenf is holomorphically conjugated toζ 7→ λζ if
and only if the sequence{f ◦k} is uniformly bounded near0. In particular f is holomorphically
linearizable if and only if it is topologically linearizable.

Proof. One direction is clear. Conversely, assume that{f ◦k} is uniformly bounded near0. Let
σn(ζ) = 1/n

∑n−1
j=0 λ−jf ◦j(ζ). Thenσn ◦ f = λσn+1 + O(1/n) and{σn} is a normal family

near0. Therefore, up to subsequences,σn converges to a holomorphic map conjugatingf to its
differential. Finally, it is obvious that iff is topologically linearizable then{f ◦k} is uniformly
bounded near0 and thusf is also holomorphically linearizable. ¤

The question is whether all elliptic germs are holomorphic linearizable. The answer is known
to be negative, and first examples where produced by Cremer. Indeed we have

Theorem 1.7(Cremer). Let θ ∈ R \Q. If lim supn→∞ |{nθ}|−1/n = ∞ (where{x} = x− [x]
with [x] denoting the integral part ofx) then there exists an elliptic germf(ζ) = eiθζ + O(ζ2)
which is not linearizable.

A numberθ satisfying the condition of Theorem 1.7 is called aCremer number. Cremer’s
number form a dense subset ofR of zero Lebesgue measure. If an elliptic germf is non-
linearizable at0, we say that0 is aCremer pointfor f .

On the other hand, sufficient arithmetic conditions onθ for f(ζ) = eiθζ+. . . to be linearizable
were first given by Siegel. Thus we say that0 is aSiegel pointfor f providedf is linearizable
at0. However Siegel’s original conditions were not sharp. Later Bryuno gave a better sufficient
condition onθ for f to be linearizable, and Yoccoz showed the necessity of such a condition.
We suggest the interested reader to read,e.g., the notes [35]. Here we content ourselves to state
the result as follows:

Theorem 1.8 (Bryuno-Yoccoz). Let θ ∈ R \ Q. Let {pn/qn} be the sequence of rational
approximation toθ given by its continued fraction expansion. Then0 is a Siegel point for all
f(ζ) = eiθζ + O(ζ2) if and only if

∞∑
n=1

log qn+1

qn

< ∞.

Notice that the numbersθ for which the condition stated in Theorem 1.8 is satisfied form a
full Lebesgue measure subset ofR.

For what dynamics concerns, Siegel points are easily understood. Instead Cremer points
are still quite mysterious, despite the remarkable work of R. Perez-Marco (see [40] and [41]).
To state some of his results, we recall that asmall cyclefor f is a finite orbit off , i.e., a set
{p1, . . . , pn} ⊂ C∗ such thatpj 6= pk andf(pj) = pj+1 modulon. We say that a germf has
thesmall cycles propertyif for any open neighborhoodU of 0 there exists a small cycle forf
contained inU . If f has the small cycles property then small cycles accumulate at0. Notice
that an elliptic germ with the small cycles property is necessarily non-linearizable.
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Theorem 1.9(Perez-Marco). There exist elliptic germs with the small cycles property. Not all
non-linearizable elliptic germs have the small cycle property.

Actually Perez-Marco provides a precise arithmetic condition onθ in order to decide whether
the non-linearizable germ has the small cycles property. See [40] for details.

As far as we know, there is no topological nor holomorphic classification available for elliptic
germs at Cremer points.

2. LOCAL DYNAMICS IN HIGHER DIMENSION

In higher dimension the situation is much more complicated than in dimension one. Let
F : Cn → Cn be a germ of holomorphic diffeomorphism at the originO fixing O. Even in sev-
eral variables the spectrum ofdFO gives a first picture of the dynamics. However, several new
phenomena may occur. First,dFO may not be diagonalizable. This is mainly a technical prob-
lem which for simplicity we do not discuss here, so from now on we assumedFO is diagonal
with eigenvaluesλ1, . . . , λn. Secondly the eigenvaluesλ1, . . . , λn might haveresonances.

Definition 2.1. We say that the eigenvalueλs with s ∈ {1, . . . , n} is resonantif there exist
m1, . . . , mn ∈ N such thatm1 + . . . + mn ≥ 2 and

λs = λm1
1 · · ·λmn

n .

The vector(m1, . . . , mn) is said theorderof resonance.

Notice that for the same eigenvalue there might be several order of resonances. Roughly
speaking the eigenvalueλs is resonant if the dynamics along the other directions enter to disturb
the dynamics along the eigendirection relative toλs.

As we saw in the previous section, in dimension one the only resonant case is the parabolic
case and it is the only case where there is no formal linearization. So we start to study lineariza-
tion and resonances.

2.1. Resonances and linearization.We begin with a definition. WriteF = (F1, . . . , Fn), with
series expansionFj = P j

1 + P j
2 + . . . with P j

k homogeneous polynomial inz1, . . . , zn of degree
k. We denote byP j

h1,...,hm
the monomialzh1

1 · · · zhn
n in P j

h1+...+hn
. AssumedFO has eigenvalues

λ1, . . . , λn.

Definition 2.2. If λs is a resonant eigenvalue with order of resonance(m1, . . . , mn) we call
P s

m1,...,mn
a resonant monomial.

With these definition we have

Theorem 2.3(Poincaŕe-Dulac Normal Form). LetF be a germ of holomorphic diffeomorphism
ofCn fixingO. Assume thatdFO is diagonal. ThenF is formally conjugatedto a formal series
F̂ = dFO + P̂2 + . . ., where theP̂j ’s are polynomial made only of resonant monomials ofF . In
particular if dFO has no resonances thenF is formally linearizable.
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We note that the formal series provided by Theorem 2.3 is not unique in general. Such a
series is called aformal normal formof F .

Proof of Theorem 2.3.First we try to kill the terms inP2 using a transformation of typeT (z) =
z + H(z) with H a polynomial of degree2. Thus

T ◦ F ◦ T−1(z) = dFO(z) + P2(z) + H ◦ dFO(z)− dFO ◦H(z) + O(‖z‖3).

To kill P2 one has to solve the so-calledhomological functional equationin H given by

dFO ◦H −H ◦ dFO = P2.

This can be always solved provided there are no resonances of order2. Otherwise the resonant
terms might survive. Keeping on solving homological equation of increasing degree one has
the statement. ¤

The question is then when the formal change of variables provided by Theorem 2.3 is actually
convergent. The answer is provided by Poincaré himself.

Definition 2.4. We say thatF belongs to thePoincaŕe domainat0 if all the eigenvalues ofdFO

have modulus strictly less than1 or they all have modulus strictly greater than1. Otherwise we
say thatF belongs to theSiegel domainatO.

Thus we have (see,e.g., [7] for a proof):

Theorem 2.5(Poincaŕe-Dulac). If F belongs to the Poincaré domain atO thenF is holomor-
phically conjugated to a polynomial normal form. In particular ifF has no resonances atO
then it is holomorphically linearizable.

Using this result, Reich [44], [45] gave the holomorphic classification of germs in the Poincaré
domain atO.

If F belongs to the Siegel domain one may also ask for linearization or convergence of the
formal change of variables in Theorem 2.3. The first result in this direction (and the reason for
naming Siegel in this context) is due to Siegel (see,e.g. [7]). We state it here as follows:

Theorem 2.6(Siegel). Let F be a germ of holomorphic diffeomorphism fixingO. Let denote
by {λ1, . . . , λn} the eigenvalues ofdFO. If there existC > 0 and ν ∈ N such that for all
s = 1, . . . , n andm1, . . . , mn ∈ N such that

∑
mj ≥ 2 and|λs − λm1

1 · · ·λmn
n | 6= 0 it holds

(2.1) |λs − λm1
1 · · ·λmn

n | ≥ C

(
∑n

j=1 mj)ν

thenF is holomorphically conjugated to a normal form. In particular ifF satisfies(2.1)andF
is formally linearizable (for instance ifF has no resonances atO) thenF is holomorphically
linearizable.

It is worth noticing that the condition in Theorem 2.6 is full Lebesgue measure forν suffi-
ciently big. Thus, collecting all the previous results, roughly speaking, we can say that almost
all germs of holomorphic diffeomorphism fixingO are holomorphically linearizable.
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It should also be remarked that Bryuno [16] gave an improvement of Siegel’s condition of
Theorem 2.6.

In several variables it makes also sense to ask forpartial linearization, or linearization along
some submanifold. Namely, the full germF might not be linearizable, but it may exist a com-
plex submanifoldM passing throughO such thatF (M) ⊂ M andF |M is linearizable. Again,
partial linearization depends on small divisors.

Theorem 2.7(Pöschel). LetF be a germ of holomorphic diffeomorphism fixingO. Let denote
by{λ1, . . . , λn} the eigenvalues ofdFO with eigenspacesE(λj). Letk ≤ n. If there existC > 0
andν ∈ N such that for alls = 1, . . . , n andm1, . . . , mk ∈ N such that

∑
mj ≥ 2 it holds

(2.2) |λs − λm1
1 · · ·λmk

k | ≥ C

(
∑k

j=1 mj)ν

then there exists anF -invariant complex submanifoldM ⊂ Cn such thatTOM =
∑k

j=1 E(λj)

andF |M is holomorphically linearizable.

Again, condition (2.2) can be improved, see [43].

2.2. Stable/unstable center manifolds.Assume thatF is linearizable by means of the conju-
gationϕ, i.e., ϕ ◦ F ◦ ϕ−1 = dFO. If E is an eigenspace ofdFO of dimensionk thenϕ(E) is a
complex submanifold of dimensionk of Cn containingO and which isF -invariant. Moreover
the action ofF onE is essentially determined by the eigenvalue—sayλ—associated toE. With
obvious meaning, the manifoldϕ(E) is calledstableif |λ| < 1, unstableif |λ| > 1 andcentral
if |λ| = 1.

Now, linearizable germs are dense in the space of germs (with any decent topology, for in-
stance the compact-open topology). Thus one might hope to recover stable/unstable and central
manifolds even in the non-linearizable case. This is however only partially true. To fix nota-
tions, letEs be the sum of eigenspaces ofdFO associated to eigenvalues of modulus strictly less
than1. Let Eu be the sum of eigenspaces ofdFO associated to eigenvalues of modulus strictly
larger than1. Finally letEc be the sum of eigenspaces of modulus1. Then the stable/unstable
center manifold is the following:

Theorem 2.8(Stable/Unstable Center Manifolds). LetF be a germ of holomorphic diffeomor-
phism atO fixingO.

(1) There exists a uniqueF -invariant complex submanifoldWs ⊂ Cn of dimension dimCEs

such thatO ∈ Ws, TOWs = Es, andF ◦k(p) → O ask →∞ for all p ∈ Ws.
(2) There exists a uniqueF -invariant complex submanifoldWu ⊂ Cn of dimension dimCEu

such thatO ∈ Wu, TOWu = Eu, andF ◦−k(p) → O ask →∞ for all p ∈ Wu.
(3) There exists a (not unique)F -invariantC∞ submanifoldWc ⊂ Cn of dimension dimREc

such thatO ∈ Wc andTOWc = Ec.

Notice thatF |Ws andF |Wu are holomorphically conjugated to a polynomial normal form by
Theorem 2.5.
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Theorem 2.8 is not the most general statement one can get. For instance, one can prove
the existence of complex stable/unstable manifolds related to any eigenspace associated to an
eigenvalue of modulus strictly smaller/larger than1. Moreover one can give several useful char-
acterization ofWs, Wu, Wc. For these and for proofs, we refer the interested reader to [31] or [3],
where also the non-invertible and non-local cases are considered. The theorem is originally due
to Pesin, Hadamard and Wu [56] for the complex category.

It is important to note that in general the non-uniqueness ofWc prevents this latter to have a
complex structure.

2.3. Hyperbolic case. We say thatO is ahyperbolic pointfor F if dFO does not have eigen-
values of modulus1. In this case Theorem 2.8 gives a clear picture of the dynamics nearO, for
no center manifolds appear.

If F is in the Poincaŕe domain atO (that is all the eigenvalues have modulus either strictly
smaller than1 or strictly greater than1) Theorem 2.8 assures that all points in an open neigh-
borhood ofO are attracted toO by F or byF−1.

If F has some eigenvalues of modulus> 1 and some of modulus< 1 then Theorem 2.8 gives
two F -invariant complex submanifoldWs, Wu where the dynamics is attractive/repulsive. Any
other point in a neighborhood ofO escapes fromO both iterating forward and iterating back-
ward, exactly as ifF were linearizable. Indeed hyperbolic germs are topologically linearizable:

Theorem 2.9(Gröbman-Hartman). If F is a germ of hyperbolic holomorphic diffeomorphism
at O fixingO thenF is topologically linearizable atO.

Aside the original references, see [3] for a proof.

2.4. Parabolic cases.A germ of diffeomorphismF at O fixing O is parabolicif at least one
of the eigenvalues ofdFO is a root of unity. This terminology is not standard since the study
of holomorphic dynamics in several dimension is only at the beginning. Also, some results are
true for dimension two, while they are false or unknown for dimension greater than2.

2.4.1. Semi-attractive case.We say that a parabolic germF is semi-attractiveif 1 is an eigen-
value ofdFO and all the other eigenvalues have modulus strictly less than1 (if all the other
eigenvalues have modulus strictly greater than1 we argue onF−1). There are essentially two
cases to be distinguished here:F has or not a submanifold of fixed points. In caseF has a sub-
manifold of fixed points (of the right dimension) we have a result due to Nishimura [38] which
roughly speaking says that, in absence of resonances,F is conjugated alongS to its actionLF

on the normal bundleNS to S in Cn. The precise result is:

Theorem 2.10(Nishimura). Let F be a parabolic germ atO and assume there exists a sub-
manifoldS ⊂ Cn such thatO ∈ S andF |S = id. Let{1, λ1(p), . . . , λm(p)} be the eigenvalues
of dFp at p ∈ S. Assume that for anyp ∈ S, TpS is the eigenspace related to1, |λj(p)| < 1 for
j = 1, . . . , m and there are no resonances amongλ1(p), . . . , λm(p). Then there exists an open
neighborhoodU of S and a unique biholomorphic mapϕ : NS → U such thatF ◦ϕ = ϕ ◦LF .
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Other results of more global nature (obtained from the local situation by means of blow-ups)
are contained in [6], we come back on these later when talking about germs tangent to identity.

In caseF has no curves of fixed points there are results of Ueda [52], [53], Hakim [29] and
Rivi [46] which generalize older results of Fatou [27]. Such results essentially state that, under
suitable generic hypotheses, there exist “fatty petals” (calledparabolic manifoldsor basins of
attractionwhen they have dimensionn) for F atO. To be more precise,

Definition 2.11. A parabolic manifoldM for F atO is anF -invariant complex submanifold of
Cn containingO on the boundary such that for anyp ∈ M the sequence of iterates{F ◦k(p)}
converges toO.

Roughly speaking, the number of parabolic manifolds is related to the “order” ofF−id along
the parabolic direction atO while their dimension is given by the number of non-unimodular
eigenvalues ofdFO. Here we content ourselves to state the following result:

Theorem 2.12(Hakim). LetF be a semi-attractive parabolic germ atO, with 1 as eigenvalue
of dFO of (algebraic) multiplicity1. If O is an isolated fixed point ofF then there existk disjoint
basins of attraction forF at O, wherek + 1 ≥ 2 is the “order” of F − id at O.

It is worth noticing that ifF is an automorphism ofC2 then each basin of attraction provided
by Theorem 2.12 is biholomorphic toC2 (the existence of proper subsets ofCn biholomorphic
toCn for n > 1 is known as theFatou-Bierbach phenomenon).

Ueda, whose works hold inC2, provided precise information on the shape of the basin of
attraction (in case the order ofF − id is exactly2) and showed thatF is conjugated to(z, w) 7→
(z + 1, w) on such a basin of attraction.

Rivi generalizes Theorem 2.12 under the hypothesis that1 has algebraic multiplicity greater
than1, proving thatgenericallythere exist parabolic manifolds forF atO (here the word “gener-
ically” refers to the existence of “non-degenerate characteristic directions” which we will dis-
cuss later for germs tangent to the identity).

As for the topological classification of semi-attractive germs, we have the following result in
C2 due to Canille-Martins [20].

Theorem 2.13(Canille-Martins). Let F be a semi-attractive germ ofC2 fixing O. Then there
existsk ∈ N such thatF is topologically conjugated to the map(z, w) 7→ (z + zk, 1/2w).

Sketch of the Proof.By Theorem 2.8 there exists a real differentiable two dimensionalF -in-
variant manifoldM passing throughO and tangent to the eigenspace of1 at O. SuchM is
not unique. However by the theory of normal hyperbolic system of Palis and Takens [39] the
dynamics from a topological point of view ofF nearO depends only on the dynamics ofF
on M . If it happens thatM is complex thenF |M is topologically conjugated toz 7→ z + zk

by Theorem 1.3. IfM does not have a complex structure then the result is still true using the
theory of real diffeomorphisms of [24]. ¤
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It is clear that ifF is a parabolic germ such thatF ◦k is semi-attractive for somek ∈ N then
the previous results apply toF ◦k and from this one recovers information on the dynamics ofF .
We left details to the reader.

2.4.2. Non-attractive case.We say that a parabolic germ isnon-attractiveif all eigenvalues of
dFO have modulus1.

Let write the spectrum ofdFO asR ∪ I, whereR contains the roots of unity andI the other
unimodular eigenvalues. The dynamics along the eigenspaces related toI are described by
Theorem 2.7 in absence of small divisors.

The present section deals with dynamics along the directions related to the eigenvalues inR,
and thus, up to replacingF with some higher iterate, along the eigenspace relative to1. We
start with the following lemma

Lemma 2.14(Hakim, Abate, Bracci-Molino). LetF be a parabolic non-attractive germ ofC2

fixingO. If

F (z, w) = (z + zk + O(zk+1, zkw), λw − δzk−1w + O(zk+2, zkw))

with Re (δλ) < 0, then there existk − 1 parabolic curves (ı.e. parabolic manifolds of complex
dimension1) for F at O tangent to[1 : 0].

Here we say that a parabolic curveP is tangent to[a, b] whether the complex span of the
tangent cone ofP atO is generated by(a, b).

The previous result is due (in more than two variables) to Hakim [30] and Abate [2] for
λ = 1, and to Molino and the author [11] forλ 6= 1 (and|λ| = 1).

Very rough sketch of the Proof of Lemma 2.14.If the second component ofF has no pure terms
in z then the curve{w = 0} is F -invariant and the result follows from Theorem 1.2. In general,
since the pure terms inz in the second component have sufficiently high order, one can infer
that parabolic curves—if any—should not be too far (in an appropriate topology) from the
petals we would have in case the second component ofF were divisible byw, i.e., the petals
of z 7→ F1(z, 0). Thus we may try to find the parabolic curves among those of the form
ζ 7→ (ζ, ζ2u(ζ)) for ζ belonging to a petal ofF1(z, 0) and |u|∞ < ∞. These curves form
a Banach space (with norm given by theL∞ norm of u). Starting fromF one can define an
operator on such a Banach space whose fixed points are exactly the searched parabolic curves.
Then one shows that such an operator is a contraction and the fixed point theorem provides then
the existence of a fixed point. ¤

In principle Lemma 2.14 is a powerful tool. Given a parabolic non-attractive germF of C2,
if it is possible to change coordinates in such a way thatF has the wanted form thenF has
a certain number of parabolic curves atO tangent to the eigenspace of1. Moreover, one can
allow also “meromorphic changes of variables”.

To be more precise, letπ : C̃2 → C2 be theblow-up(also called quadratic transformation) at
O. Then it is possible to define a germ of holomorphic diffeomorphismF̃ near the exceptional
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divisorD := π−1(O) such thatπ ◦ F̃ = F ◦ π andF̃ |D([v]) = dFO([v]), for all [v] ∈ D ' CP1

(see,e.g., [1]). It is clear that ifP is a parabolic curve for̃F at a point[v] ∈ D thenπ(P ) is a
parabolic curve forF atO tangent to the directionv.

Then, if after changes of coordinates and/or blow-ups one finds thatF (or its blow-up) has
the form required by Lemma 2.14 it follows thatF has parabolic curves.

In practice however it is almost impossible to explicitly perform holomorphic changes of
coordinates or blow-ups in order to obtain that the germ has the form required in Lemma 2.14.
Nonetheless, what one does in practice is to find some invariant, easily to be computed, attached
to F which tells whetherF has the wanted form after changes of variables or blow-ups.

In [11] two (holomorphic and formal) invariants are defined for the caseλ 6= 1. To describe
them the authors introduced a generalization of the Poincarè-Dulac normal forms, calledultra-
resonant normal forms. These latter are somewhat better than the usual Poincaré-Dulac normal
forms because the existence of a convergent ultra-resonant normal form is related to the exis-
tence of a curve of fixed points forF . However, for what the definition of invariants concern,
we can also use Poincaré-Dulac normal forms. So, let̂F be a Poincaŕe-Dulac normal form for
F . Without loss of generality we can assume that

F̂ (z, w) =

(
z +

∑

j+k≥2

pj,kz
jwk, λw +

∑

j+k≥2

qj,kz
jwk

)
.

We let

ν(F ) := min{j ∈ N : pj,0 6= 0}, µ(F,w) := min{j ∈ N : qj,1 6= 0}.
If ν(F ) < ∞, we letΘ(F ) := ν(F ) − µ(F, w) − 1 (with the convention thatΘ(F ) = −∞ if
µ(F, w) = ∞). We say thatF is dynamically separatingif ν(F ) < ∞ andΘ(F ) ≤ 0.

One should prove thatν(F ) and being dynamically separating are definitions well-posed,
since as already remarked, Poincaré-Dulac normal forms are by no means unique. This can be
done as in [11]. Let us only note thatν(F ) can be viewed as the “order” ofF on the formal
curve of its fixed points. Indeed, the formal Poincaré-Dulac normal form has no pure terms in
z in the second component, and thus{w = 0} is a “curve of fixed points” forF̂ .

We said before that invariants should be quite easy to be computed, while, finding a Poincaré-
Dulac normal form might not be so easy. Actually, to defineν(F ) and see whetherF is dy-
namically separating one needs only to solve some homological equations as in the proof of
Theorem 2.3 until the first non-zero pure term inz in the second component ofF has degree
equal or greater than the first non-zero pure term inz in the first component ofF . For instance,
if

F (z, w) = (z + az2 + O(z3, zw, w2), λw + O(z2, zw, w2))

for somea 6= 0 thenν(F ) = 2 andF is dynamically separating. For dynamically separat-
ing maps one can perform changes of coordinates and blow-ups to obtain the form needed in
Lemma 2.14. Thus we have:
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Theorem 2.15(Bracci-Molino). Let F be a parabolic germ ofC2 at O such thatdFO has
eigenvalues{1, λ} with |λ| = 1 andλ 6= 1. If F is dynamically separating atO then there exist
ν(F )− 1 parabolic curves forF at O tangent to the eigenspace of1.

It is likely that a result similar to Theorem 2.15 holds inCn for n > 1.
We turn now our attention to the case of non-attractive germs tangent to the identity,i.e., such

thatdFO = id. These are, up to now, the most studied for some unexpected beautiful geometry
that can be found inside.

In the preliminary work [55], Weickert constructs a family of automorphisms ofC2 tangent
to the identity atO with a basin of attraction atO, biholomorphic toC2 on which the automor-
phisms are conjugated to the map(z, w) 7→ (z + 1, w).

In his huge work [25] (see also [26]),Écalle gives a (partial) formal classification of germs
tangent to the identity, proving as an intermediate step that “generically” a germ tangent to the
identity has a certain number of parabolic curves. His proof is based on the theory of resurgence,
a very elaborate tool. Recently, Hakim [30] gave a complete analytic proof of such a result. To
better describe her approach we need some definitions. To avoid triviality, we always suppose
F 6= id, even if not explicitly stated.

Definition 2.16. Let F be a germ ofCn fixing O and tangent to the identity atO. Let F (X) =
X + Ph(X) + . . ., h ≥ 2 be the expansion ofF in homogeneous polynomials,Ph(X) 6= 0. The
polynomialPh(X) is called theHakim polynomialand the integerh theorderof F atO.

Let v ∈ Cn be a nonzero vector such thatPh(v) = αv for someα ∈ C. Thenv is called a
characteristic directionfor F . If moreoverα 6= 0 thenv is said anondegenerate characteristic
direction.

It can be proved that ifP is a parabolic curve forF atO tangent tov thenv is a characteristic
direction. However there exist examples of germs tangent to the identity with a parabolic curve
not tangent to a single direction (that is with tangent cone spanning a vector space of dimension
greater than one). Hakim’s (andÉcalle’s) result is the following:

Theorem 2.17(Écalle, Hakim). Let F be a germ of holomorphic diffeomorphism ofCn fixing
O and tangent to the identity atO with orderh. If v is a nondegenerate characteristic direction
for F then there exist (at least)h− 1 parabolic curves tangent tov.

The proof is essentially the one given for Lemma 2.14: with a finite number of blow-ups
and changes of coordinates one obtain a “good form” forF (or its blow-up)—just like the
one written in Lemma 2.14—and then can argue similarly. However it should be notice that in
general (namely if one of the eigenvalues to be introduced in Theorem 2.18 is a natural number),
the transformations involved are much more complicated!

Actually Hakim’s work provides the existence of basins of attraction or parabolic manifolds
according to other invariants related to any nondegenerate characteristic direction. Letv be a
nondegenerate characteristic direction forF and letPh be the Hakim polynomial. We denote
by A(v) := d(Ph)[v] − id : T[v]CPn−1 → T[v]CPn−1. Then we have
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Theorem 2.18 (Hakim). Let F be a germ of holomorphic diffeomorphism ofCn fixing O
and tangent to the identity atO. Let v be a nondegenerate characteristic direction. Let
β1, . . . , βn−1 ∈ C be the eigenvalues ofA(v). Moreover assumeRe β1, . . . , Re βm > 0 and
Re βm+1, . . . , Re βn−1 ≤ 0 for somem ≤ n − 1 and letE be the sum of the eigenspaces as-
sociated toβ1, . . . , βm. Then there exists a parabolic manifoldM of dimensionm + 1 tangent
to Cv ⊕ E at O such that for allp ∈ M the sequence{F ◦k(p)} tends toO along a trajectory
tangent tov.

In particular if all the eigenvalues ofA(v) have positive real part then there exists a basin of
attraction forF atO.

Hakim’s results, and the fact that there are examples of germs tangent to the identity with no
nondegenerate characteristic directions give rise to the question: is it true thatall germs tangent
to the identity do have parabolic curves?

The answer is positive in dimension two and it was solved by Abate [2], while it is presently
unknown in dimension greater than two. We have:

Theorem 2.19(Abate). Let F be a germ of holomorphic diffeomorphism ofC2, havingO as
an isolated fixed point, and tangent to the identity atO. Then there exists at least one parabolic
curve forF at O.

The original proof of Abate—while correct—is quite mysterious. In [9] and [6] we gave a
different explanation, based on the better known theory of holomorphic foliations. Therefore,
in order to provide details we need to recall some basic facts on the local theory of holomorphic
foliations.

Interlude on holomorphic foliations

A local (one dimensional) holomorphic foliationF inCn atO is roughly speaking the data of
a germ of a holomorphic vector field atO up to nonzero multiples. More precisely,F is given
by a holomorphic line bundleL nearO and a morphism of vector bundleϕ : L → TCn. If 1 is
a base frame ofL nearO thenv = ϕ(1) is a vector field. Thesingularitiesof F are defined to
be the points whereϕ is zero, or, equivalently the points wherev = 0. A leafof F is an integral
curve ofv, regardless of its parameterization. Namely, a (possibly singular) curveS is a leaf of
F if the vector definingF belongs to the (Zariski) tangent space ofS at all points ofS.

In caseO is not a singularity ofF then the well-known Cauchy-Kowaleskaya Theorem pro-
vides auniquenon-singular leaf forF at O. Moreover, since singularities are closed, one can
choose local coordinates{z1, . . . , zn} in such a way thatF is generated by∂

∂z1
(“linearization”

of the foliation).
The problem is whenO is a singularity ofF . We are mainly interested in the case whereF

has an isolated singularity atO. The constant “curve”O is clearly a “leaf” ofF . However it
is not unique in general. For instance, ifF is generated by

∑n
j=1 zj

∂
∂zj

then all complex lines
throughO are leaves forF . The study of the leaves of a holomorphic foliation is the subject of
theholomorphic continuous dynamics.
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There are strict relations between continuous and discrete dynamics. A first way is provided
by associating to a vector field its time one flow, which is a diffeomorphism ofCn. The problem
with this is that the converse operation is not always (actually seldom) possible in the holomor-
phic category. That is to say, starting from a holomorphic vector field, the associated flow is
holomorphic, but conversely, starting from a holomorphic diffeomorphism there are in general
no holomorphic vector fields whose time one flow coincides with the given diffeomorphism.
This operation can be done (locally) only in the formal category, using the so called Campbell-
Hausdorff formula. Nonetheless this is the philosophical argument which provides a strict link
between continuous and discrete dynamics.

A second way to relate continuous and discrete dynamics is by means of theholonomyor
Poincaŕe return map. In our case, in presence of an isolated singularity for a germ of vector
field of Cn at O and a nonsingular simple-connected leafP passing throughO, the holonomy
is a germ of holomorphic diffeomorphism ofCn−1 at O constructed as follows. Take a (germ
of a) complex (n − 1-dimensional) transverseT to P at a pointp ∈ P near toO. Let γ be a
generator of the ciclic groupπ1(P \{0}; p) ' Z. If q ∈ T , following the leaf ofF starting from
q which projects toγ we finish at some pointF (q) ∈ T . The applicationq 7→ F (q) is a germ of
holomorphic diffeomorphism ofT atp (fixing p), called thelocal holonomyofF (the holonomy
can be defined more generally for nonsingular foliations). The dynamical properties ofF read
the dynamics ofF . A custom result is that, in general, two foliations are the same from the
topological point of view if and only if their holonomies are topological conjugated. This is
particular useful for foliations ofC2 for then the holonomy is a germ of diffeomorphism ofC.
It is known after Perez-Marco and Yoccoz [42] that any germ of holomorphic diffeomorphism
in C can be realized as the holonomy of a suitable germ of holomorphic foliation inC2.

There is a third way, much more easy to handle in practice, to relate a holomorphic germ
of diffeomorphism to a (family of) holomorphic foliations, introduced in [9] by the author for
dimension two and generalized to higher dimension in [6]. This will be discussed later to solve
our problem about existence of parabolic curves.

Now, letF be a germ of holomorphic foliation with an isolated singularity atO. We ask
for existence of curves throughO which are leaves ofF . when they exist they are called
separatricesfor they “separate” the dynamics.

First we examine the caseF is a germ of foliation inC2 with an isolated singularity atO.
Using a process called “saturation” one can always assume that the subvariety of singularities
of a holomorphic foliation have codimension2, thus in dimension two it is not restrictive to
impose thatO is an isolated singularity.

LetX = (αx+βy+O(x2, y2, xy)) ∂
∂∂x

+(γx+δy+O(x2, y2, xy)) ∂
∂∂y

be a holomorphic vector
field representingF . One first looks at thelinear partof X defined by the linear transformation

(x, y) 7→ J1X(x, y) := (x, y) ·
(

α β
γ δ

)
.

This is not well defined in general forX is not uniquely attached toF . However any other vector
field associated toF is a (nonzero) multiple ofX. Therefore, ifλ1, λ2 are the eigenvalues of
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J1X, both are zero if and only if they are zero for all the vectors associated toF . Moreover if
λ2 6= 0 then the ratioλ1/λ2 is independent of the vector field chosen to representF . therefore
we can well say

Definition 2.20. The singularityO of a holomorphic foliation inC2 is reducedif

(?1) eitherλ2 6= 0 andλ1/λ2 6∈ Q+ ∪ {0},
(?2) or λ2 6= 0 andλ1 = 0.

In the reduced cases normal simple forms were known since Poincaré and Dulac (see,e.g.,
[37] or [17]). In particular from such normal forms we can infer

Theorem 2.21(Poincaŕe-Dulac). If O is a reduced(?1) singularity forF then there exist exactly
two complex separatrices forF , nonsingular atO, which intersect transversally atO.

If O is a (?2) reduced singularity forF then there exists one nonsingular separatrix forF at
O. There is also a second formal separatrix atO which may or may not converge.

Therefore in the “generic” case of a reduced singularity Theorem 2.21 provides a positive an-
swer to the question about the existence of other leaves. Somehow, this result can be considered
the analogous of Theorem 2.17 for germs of diffeomorphisms tangent to the identity.

If O is not a reduced singularity one can try to blow-up the origin and blow-up the foliation
F . Thus, letπ : C̃2 → C2 be the blow-up atO. One can define a foliatioñF on C̃2 near the
exceptional divisorD = π−1(O). A way to defineF̃ is to consider a holomorphic one-form
ω such thatω(X) ≡ 0, and say that̃F is defined by the saturated of the pull-backπ∗(ω) (in
local coordinates one obtains the saturated ofπ∗(ω) by dividing the coefficients by a defining
equation ofD at the highest possible power in order to have such new form holomorphic and
with only isolated zeros).

If D is not a leaf ofF̃ then we say that the singularityO is dicritical. It is clear that, by
the Cauchy-Kowaleskaya Theorem, for all but a finite number of points ofD, there exists a
nonsingular leaf forF̃ which projects down to a leaf ofF . Therefore ifO is dicritical there
exist infinitely many separatrices throughO.

Now assume thatO is not dicritical. ThenF̃ has only finitely many singularities onD. The
idea is that if some of them is not reduced one can continue the process of blow-ups to hope to
reduce all the singularities. This is exactly the case

Theorem 2.22(Saidenberg). Let F be a germ of holomorphic foliation ofC2 at O with an
isolated singularity atO. After a finite number of blow-ups one obtains a holomorphic foliation
with only reduced singularities.

A proof of Saidenberg theorem can be found in [17]. Notice that the theorem applies also to
dicritical singularities, even if, from the point of view of existence of separatrices is not very
interesting.

Even with the Saidenberg resolution of singularities Theorem one cannot conclude that there
always exists a separatrix forF . Indeed it could happen that all the reduced singularities of
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type(?1) are corners of the exceptional divisor and singularities outside corners are all of type
(?2) with non-convergent formal separatrix. This is not the case, and the proof is based on
the celebrated Camacho-Sad index theorem. In [19] Camacho and Sad proved the following
theorem

Theorem 2.23(Camacho-Sad). Let F be a holomorphic foliation on a complex two dimen-
sional manifold and letS ⊂ M be a nonsingular compact curve which is a leaf ofF . Then at
all singularities ofF onS it is possible to associate a complex number Res(F , S; p) such that

∑

p∈Sing(F)

Res(F , S; p) = S · S.

Residues are strictly related to dynamics, and decrease by one after blow-ups. Using those
properties, Camacho and Sad, with a complicated combinatorics, showed that after having re-
duced all singularities with Theorem 2.22 then there must be a(?1)-reduced singularity at a
nonsingular point of the exceptional divisor, and thus the second separatrix given by Theo-
rem 2.21 blows down to a (possibly singular) separatrix for the original foliation.

The combinatorics part in Camacho-Sad argument can be very much simplified, as done by
Toma, Sebastiani and Cano, see,e.g., [17] or [21] for details. Theorem 2.23 itself gave rise to
lots of researches on “index theorems” and residues theory, especially by Lins Neto, Lehmann,
Camacho, Suwa, Seade, Brunella, Brasselet, Abate, Tovena and the author (see [50] for a good
account on residues theorems for foliations and, [6], [14], [13], [10] for residues theorems for
diffeomorphisms and generalizations).

For germs of holomorphic foliations inCn with n > 2 the existence of separatrices is a much
more involved problem. Indeed there are examples without separatrices, due to Gomez-Mont
and Luengo [28].

We go back to the problem of finding parabolic curves for germs of holomorphic diffeomor-
phisms tangent to the identity inC2. There is a philosophical explanation on the reason why
there should always exist parabolic curves for holomorphic germs of diffeomorphisms. The
argument goes like this. One can consider the germF as the time one flow of a vector fieldX.
Unfortunately, such a vector field is not holomorphic in general, but it is only formal. Nonethe-
less, one should argue as in the Camacho-Sad paper [19] in order to obtain a “formal separatrix”
for X. Pieces of such separatrix should converge and give the searched parabolic curves forF .
It is clear that there are several problems for making this argument precise, and also, even if one
makes it work in this situation, such technique does not seem to be handleable in more general
situation (like for instance germs on singular surfaces or with singular curves of fixed points).
However it serves as a guide for what kind of results one might expect.

In [9], [6], [12] we introduced another method to relate diffeomorphisms to foliations, which
seems to give interesting results. Let us roughly describe it. LetF be a germ of holomorphic
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diffeomorphism atO in C2. We consider a family of holomorphic foliations given by

F z,w
F = {(z ◦ F − z)

∂

∂z
+ (w ◦ F − w)

∂

∂w
| dzO ∧ dwO 6= 0}.

Of course the foliationFz,w
F depends onz, w. However it can be proved that ifO is a singular-

ity for one of such foliation it is so for all the others. Moreover, ifO is a singularity ofF z,w
F ,

the linear part ofF z,w
F is independent ofz, w up to a non-zero multiple. In particular ifO is

a singularity forF z,w
F one can defineO as a singularity of reduced or non-reduced type forF

according to the kind of singularity ofF z,w
F regardless of thez, w chosen. In particular one can

define adicritical point of F to be a point which is dicritical forF z,w
F . Also, Theorem 2.22,

provides a theorem of reduction of singularities forF (already proved by direct methods in [2]).
Therefore if we had a “residue theorem” like Theorem 2.23 for the blow-up ofF on the excep-
tional divisor, with residues reading the dynamics, then we could argue as in [19] to prove the
existence of parabolic curves.

We give here a version of the residue theorem needed, as obtained in [6].
Let M be a complex manifold of dimensionn, F : M → M be a holomorphic map having a

nonsingular compact hypersurfaceS as fixed points locus. It is possible to define a morphism,
called thecanonical section, of vector bundle

XF : N⊗νF
S → TM |S,

whereνF is the “order of vanishing” ofF − id onS. For instance ifνF = 1 thenXF is defined
by dF |S − id, since this latter is a nonzero morphism fromTM |S to TM |S which vanishes on
TS and thus passes to the quotientNS.

Definition 2.24. We say thatF is tangentialto S if XF (N⊗νF
S ) ⊆ TS.

We define the set Sing(F ) of singularities ofF to be the set of points ofS whereXF is zero.

For a germF of diffeomorphism atO in C2 tangent to the identity,O is dicritical if and only
if the blow-upF̃ of F is non-tangential on the exceptional divisor of the blow-up ofC2 atO.

It is worth noticing that being tangential is actually a local condition (ifS is connected).
That is to say, ifp 6∈ Sing(F ), thenF is tangential toS if and only if there exists an open
neighborhoodU of p such thatXF,q(N

⊗νF
S,q ) ⊆ TqS for all q ∈ U \ {p}.

For tangential germs we do have residues theorems:

Theorem 2.25(Abate, Bracci, Tovena). Let M be a complex manifold of dimensionn, F :
M → M be a holomorphic map having a nonsingular compact hypersurfaceS as fixed points
locus. Assume thatF is tangential toS. Let Sing(F ) = ∪λΣλ be the connected components
decomposition. Then there exist complex numbers Res(F, S; Σλ) such that

∑

λ

Res(F, S; Σλ) =

∫

S

cn−1
1 (NS).

The residues Res(F, S; Σλ) are computed in terms of Grothendieck’s residues in caseΣλ is
a single point. Theorem 2.25 was proved first by Abate [2] in casen = 2, then generalized
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to the caseS is singular in [14]. A proof in terms of foliations in the optic explained before
(and forn = 2) is in [9]. Finally in [6] the theorem has been proved for anyn, for S of any
codimension and possibly singular, and also some other indices theorems are provided in case
F is non-tangential (butS satisfies some suitable embeddability conditions).

The canonical section reads the dynamics outside singularities. Indeed we have

Theorem 2.26(Abate, Bracci, Tovena). Let M be a complex manifold of dimensionn, F :
M → M be a holomorphic map having a nonsingular hypersurfaceS as fixed points locus.
Assume thatp ∈ S is such thatp 6∈ Sing(XF ). Then

(1) If F is tangential toS then there exists a open neighborhoodU of p such that for all
q ∈ U \ S there existsk0 = k0(q) such thatF ◦k(q) 6∈ U \ S for k > k0.

(2) If F is non-tangential toS, XF,p(N
⊗νF
S,p )⊕ TpS = TpM andνF > 1 then there exists at

least one parabolic curve forF at p tangent toXF,p(N
⊗νF
S,p ).

(3) If F is non-tangential toS, XF,p(N
⊗νF
S,p ) ⊕ TpS = TpM andνF = 1, then there exists

“almost always” anF -invariant curve throughp on whichF is linearizable.

Notice that the hypothesisXF,p(N
⊗νF
S,p )⊕ TpS = TpM for F non-tangential toS is a generic

condition: ifF is non-tangential toS thenXF,p(N
⊗νF
S,p ) ⊆ TpS only for a discrete set of points.

The “almost always” in part (3) of Theorem 2.26 refers to the action ofF on the normal
bundle. This action is essentially a number, the only eigenvalue ofdFp not 1 in this case, and
the condition is fulfilled if this number has modulus< 1 or > 1, or if it satisfies some Bryuno-
like condition, thus “almost always”.

Theorem 2.26 can be used to show that the pointO is dicritical for a germF in C2—but ac-
tually inCn for anyn, providing the natural definition of dicritical point—fixingO and tangent
to the identity atO if and only if for all but a finite number of directions there exists at least one
parabolic curve forF tangent to such a direction.

Now we have all the ingredients to give the proof of Theorem 2.19.

Sketch of the Proof of Theorem 2.19.. If O is dicritical, blowingC2 up, the blow-up map̃F is
non-tangential on the exceptional divisorD. A direct calculation shows that the action ofF on
the normal bundle ofD in C̃2 is the identity and thus necessarilyνF̃ > 1. Thus Theorem 2.26.(2)
provides a Zariski open set of points inD where there exists at least one parabolic curve for
F̃ . Such curves project down to form parabolic curves forF tangent at almost all directions.
Thus we may assume thatO (and all further singularities) is not dicritical. By the version of
Theorem 2.22 for diffeomorphisms discussed above, after a finite number of blow-ups all the
singularities of the blow-up̃F of F are reduced. Using Theorem 2.25 and combinatorics as
in [19] (or some other simplified combinatorics as in [9]) one comes up with a(?1)-reduced
singularity at a nonsingular point of the exceptional divisor. But a(?1)-reduced singularity
on a nonsingular curve of fixed points have (up to some changes of coordinates) a form as in
Lemma 2.14, and thus one gets parabolic curves forF̃ and then forF . ¤
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The hidden part in the previous proof is the rôle of the residues. We do not want to enter into
details here, however, the residues play the same rôle as in the theory of foliations. In particular,
Camacho-Sad or Cano’s argument implies thatif F is tangential to a nonsingular curveS of
fixed points,p ∈ S is such that Res(F, S; p) 6∈ Q+ ∪ {0} then there exists a parabolic curve for
F at p. This argument has been pushed forward by the author [9] and F. degli Innocenti [23]
who obtained the following result:

Theorem 2.27(Bracci, degli Innocenti). Let F be a germ of holomorphic diffeomorphism of
C2 at O. Assume that the fixed points locus ofF at O is a locally irreducible curveS. If F is
tangential toS and Res(F, S; O) 6∈ Q+ ∪ {0} then there exists a parabolic curve forF at O.

The previous result is due to the author in caseS is a cusp, while it was proved by degli In-
nocenti in full generality. The proof is quite involved for one has to follow the variation of the
residue according to the process of desingularization ofS.

It should also be remarked that Brochero-Martinez [15] made a very detailed study on dicrit-
ical points. In particular he proved

Theorem 2.28(Brochero-Martinez). Let F be a germ of holomorphic diffeomorphism ofC2

fixingO, tangent to the identity atO. Assume thatO is dicritical for F , let F̃ be the blow-up of
F and letD be the exceptional divisor. Then there exist two open setsU+, U− in C̃2 such that
U+ ∪ U− is a neighborhood ofD \ Sing(F̃ ) and

(1) for all p ∈ U+ the sequenceF ◦k(p) converges to a point ofD, ask → +∞,
(2) for all p ∈ U− the sequenceF ◦−k(p) converges to a point ofD, ask → +∞.

In particular Theorem 2.28 gives information also on the existence of basins of attraction for
F (andF−1) in the dicritical case. Also, in the same paper [15] Brochero-Martinez gives a
(semi-)formal classification of dicritical germs.

In dimension greater than two is presently unknown whether all germs tangent to the iden-
tity have parabolic curves. Surprisingly enough, a similar construction to the one presented by
Gomez-Mont and Luengo [28] for giving an example of holomorphic foliation inC3 without
separatrices, performed in [5] by Abate and Tovena, does not produce the expected counterex-
ample. Indeed, if one callsrobustthe parabolic curves which survive blow-ups, the construction
made in [5] produces example of germs tangent to the identity inC3 with no robust parabolic
curves. Nonetheless such examples do have (non-robust) parabolic curves.

We end up this survey by recalling a recent work by Suwa and the author [12] where it is
proved the existence of parabolic curves for germs of holomorphic diffeomorphisms tangent to
the identity at a singular point of a two dimensional subvariety (under some condition on the
type of singularity).
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