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Abstract. These notes are an extension of lectures given at the National Mathematical Centre in Abuja, Nigeria
during the summer of 1990. They contain brief introductions to algebraic coding theory, the geometry of algebraic
curves and class field theory of algebraic curves. Goppa’s method to contruct codes by means of linear systems on
algebraic curves over finite fields is discussed. Bombieri’s proof of the Riemann hypothesis for curves is given. In
the last sections some recent results on the number of points on curves over finite fields are discussed. These include
work by Drinfeld, Thara, Oesterlé, Serre and V1adut. Finally we prove a new lower bound for the number of rational
points a curve of high genus over Fg can have.

Introduction.

Codes are used to correct errors when transmitting messages through noisy channels such as tele-
graph wires and telephone cables. They have been used transmitting photographs from the planet
Mars and they are present in compact discs. Their purpose is to detect and correct errors that oc-
curred during the transmission of information. The basic idea to do this, is to add, in a structured
way, redundant symbols to the messages. The receiver can then check whether the structure has
been preserved after transmission. If it hasn’t, he knows that an error has occurred. If the added
structure has been sufficiently rich, the receiver can, as we will see, even correct the errors.

In an appendix to these notes I've included an illustration of how codes can correct errors.
The reader will find there three versions of a text taken from pages 6 and 7 of [34]. The first is
the original (including some unintentional typing errors). The second is the text after a simulated
transmission of the text trough a very noisy channel: using a random number generator 4% of the
approximately 21 000 bits were flipped during transmission. We see that as a result of this the text
became more or less unreadable. The third text is the text after transmission through the same
noisy channel, this time using a code. We see that the text is readable again ! Only a few errors
were not corrected. The code used was the so-called binary Golay code . We will describe it in
more detail in section 2.

In this introduction we will only mention a few simple codes. A well-known example is the
so-called “parity-check-bit”: Suppose, by way of example, that one transmits characters using 7
bits to represent them in binary. In this way one can represent 27 = 128 different characters. One
now encodes the 7 bits €;...e7 by adding an 8th bit eg, the parity-check-bit, such that the sum



Zle €; is congruent to 0 (mod 2). Now one transmits messages using common 8-bit bytes. The

receiver checks whether the relation Zle €, = 0 (mod 2) is satisfied. In this way he can detect
1-bit errors in a byte but there is not have enough information to correct them.

Another example is the so-called “repetition code”: instead of sending a bit once, just send it
many times, say, five times. The receiver assumes that only a few errors have been made during
transmission. He will now decode the received messages as follows: when he receives more ones
than zeroes he decides that a one has been sent and vice versa. Using this code, the receiver can
correct errors of at most two bits in one quintuple. There is a price to pay, however: the sender
has to transmit 5 times as many bits.

These two examples illustrate the basic conflict in coding theory: on the one hand one wishes
to be able to correct as many errors as possible, on the other hand, one wishes to transmit as few
extra symbols as necessary. Our first example is extreme in one sense. One adds only very little
redundancy, but one can merely detect certain errors. The second example is extreme in the other
sense. One can correct more errors, but one has to add very many redundant bits.

Example. The ISBN-code.

Many books have nowadays an International Standard Book Number. It is a 9 digit number
followed by either a digit or an X. The famous Theory of Error-Correcting Codes by MacWilliams
and Sloane [16] has the number 0-444-85193-3. The book Introduction to Coding Theory and
Algebraic Geometry by Van Lint and Van der Geer [33] has 3-7643-2230-6. The text Algebraic
Number Theory by Stewart and Tall [28] has 0-412-29690-X. The last symbol is a “parity-check”
symbol. It can be computed as follows: if the first 9 digits are aias . ..ag then the last symbol aiq

is defined by
9

Ziai =ajp (mod 11).

=1
Here ay¢ is taken to be X whenever a19 = 10 (mod 11).

C.E. Shannon showed in 1948 that good codes exist: no matter how noisy the channel is, for
every € > ( there exist codes, with reasonable redundancy rate, that will correct each error with
probability > 1 —e. These codes are very long i.e. the redundant bits will not be computed from 7
bits as in the parity-check-code above but will depend on many, many more bits. One of the goals
of coding theory is to contruct such good codes explicitly. In 1982 M.A. Tsfasman, S.G. Vladut
and Th. Zink [29] contructed a sequence of very good codes. The codes, so-called Goppa codes,
violated the conjectural Gilbert-Varshamov bounds and their existence was a big surprise. They
were contructed by means of certain linear systems on algebraic curves over finite fields.

In this course we discuss codes in sections 1 and 2 and algebraic curves in section 3. Both these
sections are very brief and sketchy. They should not be considered as a serious introduction to the
respective topics. In particular, no attention will be paid to encoding and decoding algorithms and
we will use, but not prove the Riemann-Roch theorem for algebraic curves. We will discuss the
Goppa-codes that can be constructed by means of algebraic curves over finite fields in section 4.
It appears that curves over a finite field F, that have many points over F, with respect to their
genus, give rise to good codes. Unfortunately, an algebraic curve cannot have too many points with
respect to its genus. This issue is the subject matter of the remaining sections.

In section 5 we study (-functions of algebraic curves over finite fields. In section 6 we prove
André Weil’s famous theorem [35]: the Riemann hypothesis for curves over finite fields. It implies
certain bounds for the number of rational points on a curve. Weil’s proof appeared in 1948. We
present S.A. Stepanov’s proof given by E. Bombieri [3] in Séminaire Bourbaki in 1973. Stimulated by
the relations to coding theory, the estimates for the number of F -rational points implied by Weil’s
theorem were reconsidered by several people in the early 1980’s. It appeared, rather unexpectedly,
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that the estimates were not best possible. In section 7 we will prove the theorem of V.G. Drinfeld
and S.G. Vladut [7] which, roughly speaking, says that the number of F ,-rational points on a curve
of genus g over F, has to be rather small with respect to g when g is very large. This indicates
the limitations of the methods to construct codes with algebraic curves. Nevertheless, it is now
interesting to search for curves that have many F,-rational points with respect to their genus.
Using class field theory, explained briefly and without proofs in section 8, we study this problem
in section 9. The discussion is based on J.-P. Serre’s College de France course in 1983-1984. See
[22,23,24,25]. Section 9 contains the only new result in these notes: the existence of algebraic
curves X of arbitrary high genus g over F, for which the ratio #X (Fy)/g is at least 2/9; see [19].

1. Coding Theory: The Hamming code.

In this section and the next we will briefly outline the basic principles of coding theory. This should
not be considered as a thorough introduction to the subject. We will only mention a few codes
as examples or because of their relations to certain Goppa codes that will be studied in section 4.
The reader who wishes to obtain a more complete knowledge of coding theory should consult more
extensive texts like the book by MacWilliams and Sloane [16], the one by Van Lint [32] or the book
by Tsfasman and V1adut [30], which will be translated into English soon. For an informal historical
introduction to coding theory see [6].

We will discuss one special code in detail: the [7,4,3]-Hamming code. We will explain in detail
how to use this code: how to encode and how to decode. We begin by introducing some basic
notions in coding theory.

The messages will be transmitted using an alphabet. In practice, this alphabet will often consist
of the two bits 0 and 1. We will, more generally, consider alphabets that are finite fields. We write
F, for a field with ¢ elements. The alphabet {0,1} corresponds to the field F,. Codes over this
field are called binary codes . When transmitting, the entire message will be split into blocks of
fixed length and each block will be encoded i.e. each block will be provided with certain redundant
letters of the alphabet. In other words, encoding is an injective map F
Fb L pn
where k is the length of the blocks and n > k is the length of an encoded block. We will call the
image of E the code C'. Its elements are called code words or simply words . The integer n is called
the length of the code. The code words are the ones being transmitted.

When no errors occur during transmission, the receiver will receive a code word and, knowing
the map F, he can recover the k bits of the original block. If however, the receiver encounters a
word v ¢ C, then an error has occurred and he will assume that the error made is small i.e. he
will look for a word © € C' which resembles v in the sense that © and v are different in only a few
coordinates. The whole process is very similar to the way we ourselves detect and correct printing
errors in a text: the word immediazely is not an English word, but it is very close to the English
word immediately. It differs in one place only. When we encounter the word immediazely in a text,
we “correct” the error by assuming that a small error has been made and that immediately was
meant.

This leads to the notion of distance in Ff: For v € Fy we define the weight |v| of a word v by

|v| = the number of non-zero coordinates of v.
The Hamming distance between two vectors v and w in Fy is simply |v — w[. A very important
invariant of a code is the minimal distance d: it is the minimal Hamming distance between distinct

words in the code C. Since the Hamming distance satisfies the triangle inequality, every “ball” of
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radius less than d/2 contains at most one code word. Therefore one can, in principle, correct upto
[(d —1)/2] errors in each word.

Clearly, the map E should be injective. We will only consider codes where the map F is also
linear. This gives rise to the class of so-called linear codes. The linearity of C' implies that

d= E}n;{)l{|v|:v e C}.

Recapitulating we have

Definition (1.1). A linear code C over an alphabet F, is an F-linear subspace of . The
dimension k of C' is the dimension of C' as an F,-vector space and the minimal distance d of C' is
d = min,xo{|v|:v € C}.

A code C with the parameters n, k and d, is called a [n, k, d]-code. There are certain restrictions
on the possible values of k and d. We mention a very easy one.

Proposition (1.2). (The Singleton bound) For every linear [n, k,d]-code one has the inequality
k+d<n+1.

Proof. Since the code has dimension k, there exists a codeword with at least k — 1 coordinates
equal to 0. This word has weight at most n — (k — 1). Therefore d < n + 1 — k as required.

Example (1.3). The parity-check code is just {v = (vi,...,v,):D> ;v = 0} C Fp. It is a
[n,n—1,2]-code. The repetition code is the subspace of F,-multiples of the vector (1,1,...,1) € F.
It is a [n, 1, n]-code.

Example (1.4). The code that we used to encode and decode the text in the appendix was the
binary Golay code. We will describe this code in more detail in section 2. It is a [23,12, 7]-code.
We encoded two letters at the time by taking the 2 x 6 = 12 bits of their ASCII-codes as the k = 12
information symbols. Using the Golay code, one can correct upto 3 errors in each 23-bit word.

One could view the ISBN-code from the introduction as a subset of Fi{. It is not a linear
code, however, since the first 9 coordinates of the code words are only in {0,1,...,9} which is not
a full set of representatives for F1; in Z. One could say that it is a [10,9, 2]-code over Fi; not all
of which code words are used.

The rest of this section will be devoted to the [7,4, 3]-Hamming code H. It is the binary code
in F7 generated by the four vectors

_ =0 0000
HOP—‘vOOP—‘O
OH)—!QOHCJO
l—le—lul—\OOO

Equivalently, it is the 4-dimensional subspace of F§ given by the linear equations

— O O
O = O
e =)
O O =
=
[ N
— =

§
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Here is a complete list of all 16 code words:

01 0101010101010 1
0 0110011001100 11
0000111100001 111
0 0000O0O0OO0O0T17 1111111
001111001 10000O0T11
0101101010 1O0O0T10O01
011001101001 1001

When using this code, we let the first 4 coordinates contain the information bits. We’ll transmit
the unique vector v € H which has its first 4 coordinates x1, ..., x4 equal to the 4 information bits.
It is easy to find v by means of a matrix multiplication:

100 0 1
0100 o
00 10| (™ T3

v=|0 00 1]|[™]= T4
01 1 1]\™ Lo + 23 + 14
101 1 T4 T1 + 23 + 74
1 1 0 1 T+ X9+ 24

Now v will be transmitted and a, possibly erronous, vector ¢ is received. We must decode v by
looking for a vector w € C nearest to ¥ and “hope” that w is indeed the message sent. In general
this is a very difficult problam, but here it can be done as follows: the vector ¢ is in some coset C’
of the code H. We look for a vector v' € C’ of minimal weight. The vector w = © — v’ is now in C'
and as close as possible to v. We will assume that w is the original message.

How to find vectors of small weight in the cosets of C'7 For our small Hamming-code H this
is very easy. By inspecting the 16 vectors in C given above one sees that the minimal distance d is
equal to 3. This implies at once that the 7 basis vectors ey, ...er are each in a different non-trivial
coset of C. It so happens that there are precisely 2% — 1 = 7 non-trivial cosets of H. So each basis
vector e; is contained in precisely one coset C; of H. To decode an erronous v we must decide in
which coset C; it is. This can be done by means of the following elegant trick: Consider the matrix

0001111
A=[(0 1 100 1 1];
1010101

it is the matrix of equations for the code H given above. So C' = ker(A) and A is constant on
cosets of C. Observe now that the column vectors of A can be viewed as the numbers “1” upto “7”
written in binary: we see that Ae; =“i”. Now the decoding recipee is clear: apply A to ©. You will
find a vector “i” where 0 < ¢ < 7. If i = 0 the vector ¥ is in C' and probably no error has been
made. If 7 # 0 then ¥ is in the same coset as e; and you should take, in the above notation, v' = e;.

In other words: an error has been detected in the i-th coordinate. Change the bit there.

Exercises.

(1.A) Find the parameters n, k, and d of the code {(0,0,0,0),(0,0,1,1),(1,1,0,0),(1,1,1,1)} C F3.

(1.B) Let < v,w > denote the usual scalar product on the vector space Fg: For v = (v;); and w = (w;);
one has < v,w >= Z:;l viw;. By V1 we denote the dual of a linear subspace V of Fy: that is
VvVt ={veF}:<v,w>=0forallwin V}. Show that (V) = V. Show that the dual of a code
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is again a code. What can you say about its parameters ? Show that the parity-check code and the
repetition codes are dual to one another.

(1.C) Suppose that Fy is a subfield of F,. and suppose that C' C F is a code over F,. Show that C' = F;NC
is a code over F,. The code C’ is called the restriction of C to Fq. What can you say about its
parameters?

(1.D) Show that the weights of the code words of a self-dual binary code C' are even. Suppose that this code
C is generated by v1,...,Vm. Show that if |v;| = 0 (mod 4) for 1 < ¢ < m then |z| = 0 (mod 4) for
every code word .

1.E) Use the Hamming code and encode the the vectors (0,1,1,0) and (1,1,1,0). Decode the following
words: (0,0,1,1,1,1,1) and (1,0,1,0,0,0,0). Which are the weights that occur in the Hamming
code H? Which weights and with which frequencies occur in the cosets of H? What are the parameters
of the even-weight subcode of H?

(1.F) Construct an extended Hamming code H' by adding a parity-check bit to the words of H. What are
the parameters of the new code ? Show that it is self-dual. Determine the weight distribution of H’.

(1.G) The Hamming ball B(v, r) with center v and radius r is the collection of vectors w € Fy with w—v| < r.
What is the cardinality of B(v,r)? A code C C Fy is called perfect if there is an integer r such that
F7is the disjoint union of the Hamming balls B(c,r) with ¢ € C. Show that the Hamming code is
perfect. Are the parity-check codes or the repetition codes perfect?

(1.H) Let V = F§®. Calculate the cardinalities of the Hamming balls B(0, k) for 1 < k < 23. Show that the
binary [23,12, 7]-Golay code is perfect.

2. Coding Theory: Cyclic Codes.

In this section we will discuss the important class of cyclic codes. We will study generalized
Hamming codes, BCH-codes and quadratic resisue codes.

Definition (2.1). A cyclic code is an ideal in Fy[X]/(X™—1). The F,-basis for this ring is formed
by the monomials 1, X,..., X" 1.

Examples. The ideal generated by X — 1 consists of the poynomials f with f(1) = 0. We see that
this is the parity-check code. The other extreme, the ideal generated by (X™ —1)/(X — 1) consists
of the scalar multiples of the polynomial 1 + X + X2 + ...+ X"~ This is clearly the repetition
code.

Cyclic codes are called cyclic because whenever f(X) is in the code, so is X f(X). Looking at
the coefficients of f, we see that this means that whenever a vector is in a cyclic code, so are all
its cyclic shifts. Next we introduce binary Hamming codes. For non-binary Hamming codes see
Exercise 2.A.

For f > 1 let a denote a generator of the cyclic group F;; and let #(X) € F»[X] denote
its minimal polynomial. The ideal generated by ¢(X) in the ring F, [X]/(Xzf_1 — 1) is called a
(binary) Hamming code .

Let H be a Hamming code. Since a has order 2f — 1 in the multiplicative group, there are no
non-zero words of weight 2 or less in a Hamming code. We conclude that the minimal distance d
is at least 3. On the other hand, the Hamming balls (see Ex.1.F) of radius 1 and center in H are
disjoint, they each contain 2/ vectors and there are 22" =f of them. By counting we see that these
balls cover the vector space F>[X]/(X 2/=1_1). We conclude that the minimal distance is actually
equal to 3. The Hamming codes are [2/ — 1,2/ — f — 1,3]-codes. They are perfect (see Ex.1.F).
One recovers the Hamming code of section 1 as the ideal generated by the polynomial X3 + X + 1
in Fo[X]/(X7 —1). It is the case with f = 3. To see that the codes coincide it suffices to permute
the first, second and fourth coordinates of the code of section 1. A vector (ai,as,...,a7) then
corresponds to the polynomial a1 X% + a2 X® + ... + ar.
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Next we study BCH-codes over arbitrary base fields F,. BCH-codes were invented by Bose, Ray-
Chaudhuri and Hocquenghem in 1959. These codes come with a designed distance ¢: Let n be
a positive integer and let o € F, have order n. The ideal I C F,[X]/(X™ — 1) consisting of the
polynomials f(X) for which f(a’) = f(a®*1) = ... = f(a®**72) = 0 for some b is a called a
BCH-code of designed distance t.

The ideal I is, of course, generated by the lowest common multiple of the minimum polynomials
of a,abtt, ... abtt=2

Proposition (2.2). A BCH-code with designed distance t has minimal distance d > t.

Proof. Suppose f(X) is a code word of weight less than t. Suppose a;,,a;,,...a;,_, are its only
possibly non-zero-coefficients. Substituting a®, a®*1, ..., a’™*~2 into f we find a system of linear
equations:
ahb o a1t a;,
a0+ i (b1 a,
=0.
i1 (brt—1 oo (bt—1
i (0Ft=1) gl (btt=1) a;,_,

It is easily seen that this matrix is equal to a(i1ti2t+i-1b times an invertible Vandermonde
matrix. This implies that the matrix is non-singular and we conclude that a;, = a;, = ... =
ai, , = 0 and hence that f = 0 as required.

Since every f(X) € Fy[X] for which f(a) = 0 also satisfies f(a?) = 0 we see that binary

BCH-codes automatically have minimum distance at least 3. Binary Hamming codes are precisely
the binary BCH-codes with designed distance 3.
Example (2.3). Let o € Fj; be a generator of the multiplicative group. It has order 15. Let I
be the ideal in Fo[X]/(X!® — 1) generated by the product h(X) of the minimal polynomials of «
and o®. This is a (binary) BCH-code. Clearly h(a) = h(a?) = h(a?®) = h(a*) = 0 and we see that
its designed distance is 5. The dimension of the code I is 7= 15—2 x 4. This is a [15,7, > 5]-code.
Using it, one can correct upto 2 errors in each code word.

Example (2.4). Consider the polynomial X?? — 1 € F»[X]. Since 2 has order 11 modulo 23, this
polynomial factors as a product of X — 1 and two irreducible polynomials of degree 11. The binary
Golay code is defined to be the ideal generated by one of these 11-th degree polynomials.

Example (2.5). Quadratic residue codes. Let p be a prime and let £ be a prime which is a square
modulo p. Let a be a primitive root mod p and let () denote the subgroups of squares in F

¢X)=J[X-a") and n(X)=][(X-a").

zEQ T€Q

We have that and that X? —1 = (X — 1)g(X)n(X) in Fy. The ideals in F;[X]/(X? — 1) generated
by ¢(X), (X —1)¢(X), n(X) or (X — 1)n(X) are the quadratic residue codes over F; of length p.
The binary Hamming code and the binary Golay code are examples of quadratic residue codes.
Quadratic residue codes have minimum distance at least ,/p (see Exercise 2.E).

As an illustration we show that the binary Golay code, that was used in the example mentioned
in the introduction, is perfect.

Proposition (2.6). The binary Golay code is a perfect [23, 11, 7]-code.
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Proof. Let G denote the binary Golay code. In the notation of Example 2.4 it is the ideal generated
by q(X) in Fp[X]/(X?3 —1). There are two possibilities for ¢(X) depending on the choice of a
primitive 23-th root of unity in F,. Since the sum of all non-trivial 23-th roots of unity is equal
to 1, we see that one factor of (X232 —1)/(X — 1) has a X'°-term, while the other has not. We will
take ¢(X) to be the factor without this term.

Let G denote the code obtained from G by adding a parity check bit. This code has length 24
and dimension 12. It follows easily from Exercise 2.D below that G is self-dual. One can verify
that the words <Zie(F;3)2 Xt 1) and (X224 ...+ X + 1,1) form a basis for G. Since there are
precisely 11 non-zero squares modulo 23, these words all have weights divisible by 4. By Exercise 1.D
we conclude that every word in G has its weight divisible by 4. Therefore it follows from Exercise 2.E
that the minimum distance of G is at least 8 and we see that G itself has minimum distance at
least 7. The result now follows from Exercise 1.H.

Finally we mention the so-called Reed-Solomon codes. These are BCH-codes of length ¢ — 1
over F,. So, they are ideals generated by a polynomial of the form Hle(X — ') where a € F; is
some primitive root. They have length n — d + 1 and designed distance d. By the Singleton-bound
(Prop.1.2), the minimal distance is actually equal to d. Therefore the Reed-Solomon codes are
[n,n —d+ 1,d]-codes. Of course one should have ¢ > 2 in order to obtain a somewhat interesting
code. Reed-Solomon codes are used in compact discs.

Exercises.

(2.A) Show that the BCH-codes of length (¢/ —1)/(q — 1) over F, and designed distance 2 do, in fact, have
minimum distance 3 and are perfect. These codes are the so-called g-ary Hamming codes.

(2.B) Show that in Example 2.3 one can take h(X) = (X* + X + 1)(X* + X3 + X% + X +1).

(2.C) Let « be a zero of the polynomial that generates the binary Golay code. Express the other zeroes in
terms of . Show that Proposition 2.2 implies that the minimum distance is at least 5.

(2.D) Let C be a cyclic code with generator polynomial g i.e. C = (g) C Fg[X]/(X™ —1). Let h(X) =
(X™ —1)/g(X). Show that C* has generator polynomial X8 X p(x 1),

(2.E) Prove that the minimum distance d of a quadratic residue code of length p over F; is at least \/p
(Consider “both” codes at once). Prove that, if p = 3 (mod 4), then one even has that d> —d+1 > p.
Show that the binary Golay code (Example 2.4) has minimum distance at least 6.

3. Algebraic Curves.

In this section we will briefly review some of the fundamental results in the theory of algebraic
curves over a field. In the next section we will apply these results to curves over finite fields and
construct the Goppa codes. It is therefore important to consider curves over fields that are not
necessarily algebraically closed. Although in the literature many of the basic theorems on curves
are formulated over an algebraically closed field, they usually hold over perfect fields as well, see
[27,Lemma I1.5.8.1]. We do not pretend to give a self-contained introduction to the theory of curves.
This would take us too far. Very often proofs will not be given. If the reader wishes to study the
theory more thoroughly, she should study other, more extensive texts, like Hartshorne’s book [12],
or older books like [5,8,20,26]. There is also a proof of the Riemann-Roch theorem in [31].

A curve X over a field k is a smooth irreducible projective algebraic variety of dimension 1.
Every curve can be embedded into some projective space P™ over k as a closed subvariety. This
means that we can describe a curve as the common zero locus of a finite collection of homogeneous
polynomials. By the irreducibility of X, the ideal generated by these polynomials is a prime ideal.
The function field i.e. the field of rational functions on X over k will be denoted by k(X). Note
that these “functions” need not be defined everywhere. They may have poles. When k = C they
are precisely the meromorphic functions on X.



We will henceforth assume that k is perfect and we fix an algebraic closure k of k. For any
field F with k C F C k we let X (F) denote the set of points on X that are defined over F i.e. they
have their coordinates in F. We have, of course that X (F) C X (k), the set of “all” points on X.

The degree deg(P) of a point P is the degree over k of the field of definition of P. A divisor D
on X is a formal sum D = Y ,npP where the sum runs over the points P € X (k) and the
n, € Z are almost all 0. The divisors form a free abelian group Div(X). Examples of divisors are
provided by the divisors of rational functions on X: for f € k(X) we let div(f) denote the divisor
dpP sero of f £ = 22P pole of § 17 Where one should count with multiplicities.

A divisor D is said to be defined over F' C k if it is left fixed by the Galois group Gal(k/F).
The divisors that are defined over a subfield F' of k form a subgroup Divg(X) of the divisor group
Div(X). It is immediate that div(f) is defined over F whenever f € F(X) C k(X). Clearly the
divisors of functions form a subgroup of Div(X): the principal divisors. The quotient group is
called the Picard group of X:

Pic(X) = Div(X)/{(f): f € k(X)}

When k is a finite field, then, for a finite extension F of k inside k, one has that Picp(X) =
Divy(X)/{(f): f € F(X)} is equal to the subgroup of Gal(k/F)-invariants of Pic(X).

The degree of a divisor D = ) pnpP is given by ) pnp. The degree is a homomorphism
Div(X) — Z. Its kernel is denoted by Div’(X). We'll say that D < D’ for two divisors D =
Y.pnpPand D' =% ,mpP ifand only if np < mp for all points P. Divisors D that satisfy D > 0
are called effective . To distinguish a point P from the divisor determined by it, we will sometimes
write (P) for this divisor.

When £k is not algebraically closed, it is sometimes convenient to modify the notion of a point
somewhat: a place v of a curve X is a Galois conjugacy class of points in X (k). The degree deg(v)
of a place v is its cardinality. The divisor (v) associated to a place v is the sum of its points. It
is automatically defined over k. Every divisor D that is defined over k can be written as a sum of
places. One has for D =} n,v that deg(D) = ), n,deg(v). A place is the analog of a prime
ideal in number theory. They will prove convenient in our study of {-functions in section 5 and in
section 9.

A morphism from a curve X to another curve Y is an algebraic map f which is defined
everywhere. The degree deg(f) of f is defined to be the degree of the corresponding extension
k(X) <« k(Y). Since X is non-singular, one can extend every rational map X — P” to a
morphism. We will use the following Theorem from Hartshorne’s book:

Theorem (3.1). Let f: X — Y be a non-constant map of curves. Let P be a point of Y. Then
f~Y(P) is a divisor on X and its degree satisfies deg(f~1(P)) = deg(f).

Proof. This is Hartshorne’s Proposition 6.9 in Chapter II of [12].
Corollary (3.2). The degree deg(div(f)) of the divisor of a function f is 0.

Proof. We can view f as a rational function X — A'. Since X is smooth, it can be extended to
a morphism X — P!. Now we apply Theorem 3.1 to the point P = 0 and the point P = co. We
find that the degree of the zero-divisor of f is equal to the degree of its pole-divisor. This proves
the Corollary.

In other words, the subgroup of principal divisors is contained in DiVO(X ).We will denote the
quotient by Pic® (X). For finite ground fields k one can show, that for every finite extension F' of
k inside k, the group Pick(X) = Div(X)/{(f): f € F(X)} is equal to the Gal(k/F)-invariants of
Pic’(X).



For every divisor D of a curve X we put

L(D) ={f € k(X)": (f) = =D} u{0}.

These k-vectorspaces L(D) are very important. In order to discuss their properties, it is convenient
to use the adele ring A i associated to K see [20].

For every place v we let O, denote the completion of any of the local rings Op where P is a
point “of” v. This is a discrete valuation ring. By K, we denote its quotient field. The ring of
adéles Ak is the restricted product of the fields K, with respect to the O,:

Ag ={(zy)y : xy € K, and z,, € O, for almost all v}.

We let O denote the subring of integral adeles [[, O,. One can show that the k-vector space
A i /(O+K) is finite dimensional. Its dimension ¢ is called the genus of the curve. For any k-rational
divisor D of X we let O(D) denote {x = (x,), € Ak : v(z,) > —v(D) for every valuation v}.

When D is the trivial divisor, then O(D) is just the ring O. The Euler characteristic x(D) of a
divisor D is defined by

x(D) = dimy, L(D) + dim; A /(O(D) + K).

Proposition (3.3). Let D be a k-rational divisor of X and let v be a k-rational place with residue
class field k,,.
(i) There is a natural exact sequence

0 — L(D) — L(D +v) — k, — Ag/(O(D) + K) — Ag/(O(D + v) + K) — 0.

(ii)) x(D +v) = x(D) + degwv.
(iii) x(D) =degD +1 —g.
(iv) deg D + 1 — g < dimy L(D) < deg D + 1.

Proof. To prove (i), we observe that L(D) is contained in L(D + v). Suppose that v occurs with
multiplicity m in D. Let ¢ be a uniformizing parameter at P. We define a map L(D +v) — k, as
follows: Let f € L(D + v). In the local ring at P we have that f = a_,, 1t ™ 1 +a_,t ™™ +....
Now map f to its coefficient a_,,_1 € k,. The next arrow is defined by sending o € k, to the
adele that has at=™~! at v and zero at all other places. The last arrow is the canonical one. It is
straightforward to check that the sequence is exact.

Part (ii) follows immediately from (i). From (ii) we conclude that x(D) = deg D + x(0). Since
L(0) = k and, by definition, dimj, Ax /(O + K) = g, it follows that x(0) = 1 — g and (iii) follows.
Since 0 < dimy Ag /(O(D) + K) < g, part (iv) follows from (iii).

The problem of determining the dimensions of the spaces L(D) is called the Riemann-Roch
problem. Note that the dimension of L(D) only depends on the divisor class of D € Pic(X). We will
formulate the theorem of Riemann-Roch which is an important statement about these dimensions.

For a curve X over k we define the module of rational or Kéhler differentials (2x as follows: it
is generated over k(X) by symbols df where f € k(X) subject to the usual rules for derivations:

(i) d(f +g) =df +dg for all f,g € k(X);
(ii) d(fg) = fdg + gdf for all f,g € k(X);
(iii) da =0 for all a € k.

The module Qx is a vector space of dimension 1 over the function field k(X ); see for instance
[26,I11.4.Thm.3]. Fix a non-zero Ké&hler differential w. We are going to associate a divisor div(w)
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to w. Since the space {2x is one dimensional, for every point P of X and uniformizing parameter ¢
at P there is a unique function g € k(X) such that w = gdt. The order of g at P depends only on w
and P and does not depend on the choice of t. Therefore we will write ord pw for it. For almost all
points P it is zero. This justifies the following definition:

Definition (3.4). Let w € Qx be a Kahler differential. The divisor div(w) associated to w is

div(w) = > ordp(w)(P).
P

Since Qx has dimension 1 over k(X), the divisor class k € Pic(X) does not depend on the
choice of w. This class, the canonical class , is a completely intrinsically defined invariant of the
curve. The divisors it contains are called canonical divisors. The degree of any canonical divisor
does not depend on the divisor either. It is another invariant of the curve.

Examples. Consider X = P!. If ¢ is a coordinate on P!, then, because d(%) = —t~2dt, we have
that div(dt) = —2(oc0) and that deg(k) = —2.

Next consider a smooth cubic curve X given by the equation y? = (z—e1)(x —e2)(x —e3). This
curve has genus 1. Writing P; for the point (e;, 0), one finds that div(dz) = (Py)+(P2)+(Ps)—3(c0).
This happens to be the divisor of the function y and we conclude that div(dxz/y) = 0 and that
deg(k) = 0.

Theorem (3.5). (Serre duality) Let D be a divisor of the curve X and let w be a non-trivial
k-rational Kahler differential. The natural pairing

L(k — D) x Ax/(O(D) + K) — k

given by
(fiz) =) Resp(f @, - w)

is non-degenerate. Here the residue Resp(w’) of a differentail w’ at a point P of a place v is the
coefficient a_; of an expansion w’ = >__ a;t'dt in a uniformizing parameter ¢ at P.
Proof. For a proof see [20,Ch.II]. Note that it is not even clear that the residues do not depend
on the choice of the local parameters!

As a consequence we obtain that

g =dimy Ag /(0 + K) = dimy, L(k)

and we recover the usual definition of the genus g: the number of independent “holomorphic”
differentials.
Theorem (3.6). (Theorem of Riemann-Roch.) Let X be a curve of genus g over k and let D be
a divisor of X defined over k. We have that

dimg L(D) — dimy L(k — D) = deg(D) + 1 — g.

Proof. This follows from Prop. 3.3(iii) and Theorem 3.5.

Corollary (3.7).
(i) The degree of k is 2g — 2.
(ii) If deg(D) > 2g — 2 then dim; L(D) = deg(D) + 1 — g.

11



Proof. (i) take D € k. (ii) If deg(D) > 2g —2 = deg(k), then L(x — D) = 0 by Proposition 3.3(iv).
This implies the result at once.

Next we’ll see how certain divisors give rise to morphisms from X to projective spaces. Let D
be a divisor on X. By |D| we denote the complete linear system associated to D, i.e. the set of
effective divisors in the same divisor class as D. The projective space P(L(D)) associated to the
vectorspace L(D) is in one-to-one correspondence with the set |D| via f — (f)+ D. A subspace of
this projective space is called a linear system. A point P is called a base point of a linear system if
it is in the support of all divisors in it. If a complete linear system |D| has no base points then the
morphism X — P91 given by P+ (fi(P) :...: f,(P)) is well defined. Here the f; are a basis
for L(D) over k. The choice of the basis does not affect the isomorphism class of the morphism.
Moreover, if D is a divisor defined over a finite extension F' of k inside k then so is the induced
map to projective space.

Proposition (3.8). Let D be a K-rational divisor on a curve X. Then :
(i) The linear system |D| has no base points if and only if dimyL(D — P) = dimyL(D) — 1 for
every point P.
(ii) Suppose that D has no base points. The map from X to projective space induced by D is a
closed immersion if and only if dim L(D — P — Q) = dim L(D) — 2 for all points P and Q.

Proof. (i) Clearly the inclusion L(D — P) — L(D) is an equality if and only if P is a base
point of D. This proves (i). To prove (ii) we must show that the morphism from X to projective
space separates points and tangents. Well, it separates points if and only if for every two distinct
points P and @ of X, the point @ is not a base point of |D — P|. By (i) this is equivalent to
dimg L(D — P — Q) = dimgL(D) — 2. The morphism separates tangents if and only if for each
point P there is a divisor D’ € |D| in which P occurs with multiplicity one. This just says that P
is not a base point of |D — P| which by (i) is equivalent to dimyL(D — 2P) = dim,L(D) — 2. This
proves the proposition.

Proposition (3.9). Let D be a k-rational divisor on a curve X of genus g. We have

(i) If deg(D) > 2g then |D| has no base points.
(ii) If deg(D) > 2g + 1 then D induces a closed immersion X — P".

Proof. Using Corollary 3.7 to the Theorem of Riemann-Roch one computes the dimensions of the
spaces L(D), L(D — P) and L(D — P — Q). The result then follows at once from Proposition 3.8.

We will now investigate the linear system |k|. Recall that a curve is called hyperelliptic if it
admits a morphism of degree 2 to P?.

Proposition (3.10). Let X be a curve over k of genus g > 0. Then the canonical system || has
no base points. It induces a closed immersion X < P91 if and only if X is not hyperelliptic.

Proof. Since g # 0, one has for every point P that L(P) = k (Ex.3.A). By Riemann-Roch we then
have that dimgL(k — P) = g — 1. The first statement now follows from Proposition 3.8. To prove
the second statement we consider two points P and () on X. By Riemann-Roch we have that

dimp L(P + Q) — dimyL(k — P - Q) =3 —g.

Therefore, by Proposition 3.8, we see that the canonical system |k| induces a closed immersion
if and only if L(P + Q) = k for all points P and Q. If X is hyperelliptic and f: X — P! is a
morphism of degree 2, we have L(P + @)) > k whenever P and ) make up some fiber of f. On the
other hand, if L(P + Q) > k we obtain a morphism of degree 2 to P!. This proves the proposition.

Exercises.
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(3.A) Show that a curve X has genus 0 if and only if there is a point P on X with dimyL((P)) = 2. Show
that a curve over a field k of genus 0 is isomorphic to P! over k if and only if it has a k-rational point.
Give an example of a curve of genus 0 over R which is not isomorphic to P! over R.

(3.B) Show that a curve of genus 1 can be embedded in P? as a smooth cubic. Fix a point Py on X. Show
that every divisor class of degree 0 contains a divisor of the form P — Py. Use this fact to define a
group structure on the set of points X (k) of X.

(3.C) Show that a curve of genus 2 is hyperelliptic.

(3.D) Show that a curve of genus 3 is either hyperelliptic or a smooth quartic in P2. Show that a curve of
genus 4 is either hyperelliptic or is a smooth curve of degree 6 in P3. (In the latter case the curve is
the intersection of an irreducible smooth quadric and an irreducible cubic surface. This last statement

is proved in [12,IV.Ex.5.2.2].).

4. Goppa Codes.

In this section we will explain how to construct codes using linear systems on curves. The basic
ideas are due to the Soviet mathematician V.D. Goppa, who explained them in two papers [9,10]
in 1981. See [11,30] or Lachaud’s Bourbaki talk [15] for an exposition of this work.

Let X be a curve over a finite field Fy,. Let D be a divisor on X defined over F, and
let Pp,..., P, be a collection of points in X(F,) which do not occur in the divisor D. We will
contruct linear codes over F,. We define a map 6 from the F-vectorspace L(D) to &}, F, by
f—= (f(P1),...,f(Pp)). The Goppa code I'(D, ) .(F;)) associated to the curve X and the divisors
D and ), (P;) will be the image of 6.

We now want to estimate the parameters of this Goppa code. Its length is clearly n. Suppose
the image of f € L(D) has weight d. This means that f vanishes in n—d points. So by Prop.3.3(iv)
we must have that deg(D) — (n —d) > 0. hence d > n — deg(D). This gives a lower bound for the
minimum distance of the code. We will assume that the bound is positive i.e we will assume that
deg(D) < n. Prop.3.3(iv) implies then at once that the kernel of §, which is equal to L(D —>_,(F;))
is trivial. Therefore the dimension k of the code is just dimL(D) which is at least deg(D) — g + 1
by Prop.3.3(iv). We conclude that we have the following estimates for the parameters of the code
I(D.Y,(P)):

d >n— deg(D)7
k> deg(D)+1—g.

Let’s work out an easy example. Consider the cubic curve given by y? +y = 2> + x over Fy. It
is a smooth curve of genus 1. It has 5 points over Fy: (0,0), (0,1), (1,0), (1,1) and the point
(00) at infinity. Since L(co) contains only constant functions, we take D = 2(c0); then we have
L(D) ={0,1,z,x+1} and evaluating these functions in L(D) on the remaining four rational points
we obtain the following Goppa code:

0
0
1
1

OO ==

1
1
1
1

o O O O

a hardly impressing [4, 2, 2]-code. Using D = 3(co) we have that L(D) is generated over by 1, z
and y. It is easily seen that with this D one obtains the parity-check code.

One finds back the binary Hamming codes as follows: Let ¢ be a power of 2. Take X = P!
over F, and let ¢ be a parameter on X. With D=(c0) — (0) we have that L(D) is one dimensional,
generated by ¢t. For the rational points divisor we take the formal sum of all the other points
on P'(F,). This gives a one-dimensional code in FI~!. Its elements are Fg-linear multiples of
(1,a,0?,...,0972) where a is a generator of the multiplicative group F;. The dual of this code

13



can easily be identified with the ideal generated by X — « in the ring F,[X]/(X97! —1). The
restriction of this code (Ex.1.C) is precisely the Hamming code.

Taking X = P! over F, and D = r(00) — 5(0) and the sum of all other F,-rational points as
the rational points divisor one finds, in a similar way, the BCH-codes of length ¢ — 1 and designed
distance r — s + 2 as the restrictions of the duals of the Goppa codes.

Many of the classical codes can be viewed as Goppa codes constructed by means of certain
divisors on P!. One can obtain good codes by considering curves of higher genus. We present one
example due to A.M. Barg, S.L. Katsman and M.A. Tsfasman [2].

Example (4.1). The Klein curve X is a smooth curve of genus 3 given by the equation z3y +
y32 + 23z = 0. Tt has the three points (0:0:1), (0:1:0) and (1:0: 0) over F,. These are the
only points with xyz = 0. We will consider X over Fs. Let a € Fg be a primitive element satisfying
a’+a+1=0. Suppose (x :y: 2) € Fg with 2yz # 0. We put z = 1, y = o and z = o3'¢. We find
that &3+ &+ 1=0. So £ = a, a? or a* and we find 21 points. Altogether there are 24 points in
X (Fg). Let P=(0:0:1) and take D = 10(P). We take the sum of the remaining 23 points over
Fy as the rational points divisor. Now we estimate the parameters of this Fg-code: it has length
23, dimension 10 — g + 1 = 8 and minimum distance at least 23 — deg(D) = 13.

Now we apply some tricks from coding theory to get a nice code over Fs. Since Fg has
dimension 3 over Fs, we can view the vectors in the code as 3 x 23-matrices over Fo. We now
extend the code by adding a fourth “parity-check”-row and obtain 4 x 23-matrices. Clearly the
minimum distance of this binary code is at least 2 x 13 = 26. We have constructed a binary
[92,24, > 26]-code. By leaving out one bit we find a binary [91, 24, > 25]-code. This beats the best
known code with n = 91 and d > 25 (See [16,appendix A]).

From the inequalities above and the Singleton bound it is easily seen that the parameters of a
[n, k, d]-Goppa code satisfy
1—-g k d 1

1+ <S4 - <14
n mn n

n

It follows that we can make good codes i.e. codes with both k/n and d/n large, when we have
a curve with small g and a large number n of rational points. For this reason (and others) it is
interesting to try and search for curves over finite fields that have many rational points with respect
to their genus. Therefore we will in the next sections, discuss the (-function of a curve. We will
obtain a bound on the number of rational points in terms of the genus. In the last section we will
exhibit some examples of curves that have many rational points.

Exercises.

(4.A) Realize the repitition codes and parity check codes as Goppa codes on P!,

(4.B) Show that the curve y® + y = 2 + = over F2 has genus 1 and has 25 points over Fig (use Prop.5.2).
Let P be one of these 25 points and let D = 13(P). We take 21 of the remaining points as the rational
points divisor. Show that the corresponding Goppa code has the parameters [21, > 8, > 13]. Next pick
an Fo-basis of Fi6 and add a parity-check bit to each Fig-coordinate. Show that the resulting binary
code is a [105, > 32, > 26]-code. Deleting one bit gives a [104, > 32, > 25]-code which beats the code
in [16, Appendix A].

(4.C) Let w € Ff be a primitive third root of unity. Consider the curve z?y + wy?z + @z?x = 0. Show that
its genus is 1 and that it has precisely 9 rational points over Fy. Let Q1 = (w:1:1), Q2= (1:w: 1)
and Q3 = (1:1:w) and let D be the divisor 2(Q1) + (Q2). Find a basis for L(D). (use the function
x4y + @z; its zero-divisor is D). For the rational points divisor we take the sum of the remaining six
rational points Py, ..., Ps. Compute the F4-Goppa code I'(D, Z?:1(Pi))- What are its parameters?
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5. Curves over finite fields.

In this section we will study the (-function (x(s) associated to an algebraic curve X over a finite
field F,. We will prove that it satisfies a functional equation, similar to the one satisfied by the
ordinary Riemann (-function. We also show that the most interesting part of the (-function is a
polynomial in ¢—*%. The analogue of the Riemann hypothesis will be proved in the next section.
Let X be a curve over a finite field k = F,. We are going to associate a meromorphic complex
function to X: its (-function (x(s). It will be similar to the well-known Riemann (-function

1
IR |
p prime
The sum and the product converge for s € C,Res > 1. It is well-known and easy to prove that
¢(s) admits a meromorphic extension to all of C. It has only one pole. It is of order 1 at s = 1.
The analogue of a prime number, or rather of the prime ideal in Z generated by it, is a place i.e. a
Galois conjugacy class of points on X. Every k-rational divisor can be written as a sum of places
in a unique way. The analogue of an ideal nZ C Z is an effective divisor of X which is defined
over k. Therefore we put for s € C, Res > 1'

Cels) =D NDs - H st

D>0

Here the product runs over the places v of X. The norm Nwv of a place v is defined to be the
cardinality of the field of definition of a point P in v, in other words Nv = ¢%¢8(*), Similarly we
put ND = gdes(P),

We will prove certain properties of the function (x(s). They are similar to properties enjoyed
by the Riemann (-function. Before stating the main result, we will first, as an example, calculate
the ¢-function associated to P! over F,. Let a4 denote the number of places on P! of degree d. So,
a1 = ¢+ 1 and for d > 1 one simply has that ag4 is equal to the number of irreducible polynomials
of degree d over F,. Obviously we have that Zd‘m dag = #P1(Fym) = ¢™ + 1.

The (-function of P! is given by

Geor(s) = [J (@ - g~

d>1
Therefore we consider the power series || d>1(1 — T4~ 1t is straightforward to verify that

tog([J( 747 = 37 S dagrm = 32 Ty

a>1 m>1 dlm m>1

and this easily implies that
1

)=
We see that this ¢-function is periodic modulo 27i/logq. Modulo the period it has only poles at
s=0and s = 1. It satisfies ((1 — s) = ¢*75((s).
For arbitrary curves X we have the expansion

= Z #{D € Div(X): D is effective and deg(D) =n}-¢ "*
n=0
and therefore we put
= Z #{D € Div(X): D is effective and deg(D) =n}-T" < Z[[T]].

We have the following general result:
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Theorem (5.1). Let X be a curve of genus g over F,. Then
(i) Zx(T) satisfies the functional equation:

ZX(qlT) = q' TIT*29 7 (T).
(ii)) On has that
_ Px(T)
250 = T g1y

where Px (T) € Z[T)] is a polynomial of degree 2g.

Proof. Let 0 denote the ged of the degrees of all divisors in Divy (X) or, equivalently, of all effective
divisors of X. We have that § divides 2g — 2 = deg(r). We write Pic"(X) for the set of divisor
classes of degree n and we let

Zx(T) = #{D € Div(X): D is effective and deg(D) =n}-T" = > b,T".
n=0 n=0

Clearly
dimL(D) _ |

b= > 2

DEPic™ (X) ¢—1

Now either Pic™(X) is empty or it is in one-to-one correspondence to Pic’(X) via D — D — Dy for

some fixed Dy € Pic™(X). Since there are effective divisors D with L(D) > 0 it follows from the
above formula for b,, that every Pic" (X) is finite. We put

h = #Pic’(X).

By Cor. 3.7 to the Riemann-Roch theorem we have for divisors D with deg(D) =n > 2g — 2 that
dimp,L(D) = n + 1 — g. It follows that for n a multiple of 6 we have that

n+l—g _ 1
b, = hqi
q—1
So pe s
g— né+1l—g _ 1
Zx(T) =Y bT" + Y h%T‘S”.
n=0 n>(2g—2)/6 q

It is easy to sum the geometric series. One finds

29—2 —14872g—2+38 29—2+6
q9 T T h
Zx(T) = E b,IT" + - .

So, Zx(T) is a rational function. It has poles of order 1 at 7% = 1 and at T° = ¢~°. Using the
product expansion of the (-function it is very easy to show that for every positive integer m one
has the relation

Zx/p,m (ITT) = H Zxr,(CT)
¢m=1
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where the product runs over all m-th roots of unity . We apply this with m = §. Since Zx (T) =
Yon bnsT™ we have that Zx (T') = Zx(¢T) and hence ZX/Fq5 (T%) = Zx /¥, (T)?. Since ZX/Fq‘; has
only poles of order 1, we conclude that § = 1. We now have

dimL(D) _ 1 h T29-1 9T29-1
_ 4 deg(D) q
Zx(T) = — T8 — —
x(7T) Z g—1 q—1(1—T 1—4T
DePic(X)
0<deg(D)<2g-—2
292 291
1 dimL(D 1-¢ (T)™ 1
:q—l(g " 2: qm()—l—h(q gl—qT _1_T))
n=0 deg(D)=n

The functional equation in (i) now follows at once from the theorem of Riemann-Roch. Part (ii) is
obvious from the explicit expression for Zx (7') above. This proves the theorem.

To a curve of genus g over F;, we now associate 2g complex numbers ¢;: the reciprocal zeroes

of the polynomial Px(T): we have that Px(T) = Hfi 1 (1 —¢;T). It follows easily from the above
theorem that we can order the ¢; in such a way that ¢,4; = q/¢; for 1 <i<g.

Proposition (5.2). Let X be a curve of genus g over F. Let the ¢; € C be as introduced above.
We have for every positive integer m that

2g

Px/p,. (T) = [[(1 = ¢7"T)

i=1
and

2g
HX(Fgn) =q"+1- ¢
i=1
Proof. The first formula follows at once from the relation

Zx/p,m (ITT) = H Zx/r,(CT)
¢m=1

where the product runs over all m-th roots of unity. We apply this with m = § that we used in the
proof above. The second formula follows by inspection of the linear coefficient of Zx (T') and the
theorem above. This proves the proposition.

Exercises.

(5.A) Prove that h = #Pic®(X) = [[2%,(1 — ¢:) = Px(1).
(5.B) Compute the number of points on the curve 2® + y* 4+ 2® = 0 over every finite extension of Fs.
(5.C) Compute the ¢-function of the Klein curve 2*y +y32 + 232 = 0 over F,. (Use the example in section 4)

3

(5.D) Compute the ¢-function of the hyperelliptic curve given by y* +y = 2° + 1 over F,.
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6. Weil’s Theorem.

We will prove the analogue of the Riemann hypothesis for (-functions associated to curves over
finite fields. This was first proved by André Weil [35], who published his proof in 1948. This result
and the program started by Weil to generalize it, has had a profound influence on the development
of algebraic geometry in the second half of this century. It stimulated Grothendieck to develop his
powerful theory of schemes. Using these techniques, a generalization of Weil’s Theorem was proved
in 1973 by Deligne. The classical Riemann hypothesis remains unproven, however.

Let X be a curve over F, of genus g. Let p denote the characteristic of F,. Let ¢; for
i=1,2,...,2¢g denote the reciprocal zeroes of the polynomial Zx (7' introduced in Theorem 5.1.
Our proof follows Bombieri’s exposé [3] of Stepanov’s proof. The idea is to construct a rational
function f on X that vanishes to high order m at the F,-rational points of X except possibly one
but whose number of poles can be bounded. By Cor. 3.2 we will then have that

m(#X(F,) — 1) < #{ zeroes of f } = #{ poles of f }

which implies a bound on #X (F,). Using the functional equation we can then prove that |¢;| = /g
which is easily seen to be equivalent to the analogue of the Riemann hypothesis.

We let m: X — X denote the Frobenius morphism which for the function fields is just the
inclusion k(X) « k(X)? = k(X). The Frobenius morphism acts on the points X (k) in a natural
way: it “raises the coordinates of the points to the g-th power”. By Galois theory, the fixed points

of 7™ make up the subset X (Fgm ).

Proposition (6.1). If q is a square and q > (g + 1)* then we have that

#X(F,) <qg+1+(29+1)\/q.

Proof. We may assume that there is a point P in X (F,). Otherwise the proposition is obvious.
We will study the spaces L(m(P)) for X over k. For a positive integer u we let L(k(P))?" denote
the space of functions fP" where f € L(m(P)). By L(k(P))™ we denote the space of functions
f-m= f(X?) where f € L(m(P)). We first prove a lemma.

Lemma (6.2). Let n and m be two positive integers and let u be a positive integer with np* < q.
The natural homomorphism

L(n(P))"" @ L(m(P))™ — L(n(P))"" L(m(P))"

is an isomorphism.

Proof. By Prop.3.3(ii) we have that dim;L((v 4+ 1)(P)) < dimjL(v(P)) + 1 and we conclude that
there is a k-basis e, ea,...,e, of L(m(P)) such that ordp(e;) < ordp(es) < ... < ordp(e,). The
homomorphism in the statement of the lemma is clearly surjective. We must show it is injective
i.e. we must show that whenever ) ._, gf“(ei -m) = 0 for certain g; € L(n(P)) then all the g; are 0
themselves. So assume that iy is the smallest integer in {1,2,...,r} for which g;, # 0. We have

ordp(gf: (e;-m) =ordp(— Z g (e; - 7))

1>10

> minord(g!" (e; - 7))

1>10

> —npt + qordp(€iyt1)
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Therefore
—np“ + Q(Ol‘dp(ei(ﬁ,l) — ordp(eio))

—npt +q >0

p"ordp(gi,) >
>

and we see that g;, vanishes at P. But g;, being an element of L(n(P)) has no poles outside P.
Therefore it must be constant and hence 0. This proves the Lemma.

Since dimyL(n(P))?" = dimzL(n(P)) and dimzL(m(P))™ = dimzL(m(P)) we obtain, as a
consequence, that

dimz L(n(P))P" L(m(P))™ = dimz L(n(P)) x dimgL(m(P)).

We have a natural well-defined homomorphism L(n(P))?" L(m(P))™ — L(n(P))*" @ L(m(P))™ —
L(n(P))*" @ L(m(P)) — L(n(P))"" L(m(P)) mapping f = 5", gfu (ei-m) to ), gi(e;-m) because the
first arrow is the inverse of the isomorphism of the lemma, while the second arrow is the inverse of
an obvious isomorphism. Since L(n(P))?" L(m(P)) C L((np*+m)(P)) we obtain a homomorphism

6 : L(n(P))"” L(m(P))" — L((np" +m)(P)).

By Prop 3.3(iv) we have that dim L(n(P)) > n+1—g and dim L(m(P)) > m+1—g. If n and m
are at least g, we have by Cor.3.7(ii) to the Riemann-Roch theorem that dim L((np* + m)(P)) =
np”* +m + 1 — g. Therefore we find that, whenever m,n > g,
dim kerj(0) > dimj L(n(P)) x dimz L(m(P)) — dimg L((np* + m)(P))
>(n+1=g)(m+1-g)—(np'+m+1-yg).

Suppose that f =", gfu (e; - m) is a function in ker(#) and @ € X (F,) is a point not equal to P.
We have that

(@) = g Qe M@ =Y 6! (Qe)(@) = (#/)(Q) = 0.

We conclude that f vanishes at every point of X (F,) except P. But, since f is a p”-th power, f has
zeroes of order at least p* at these points. Therefore any f in ker(6) has at least p*(#X(F,) — 1)
zeroes. Since

f € L(n(P))P" L(m(P))™ C L((np" + mq)(P))
such a function f has, on the other hand, at most np* + mq poles. We conclude that if the
assumptions np* < ¢ and n,m > g are fulfilled and if ker# > 0 i.e. if

m+l—g)m+1—g)>np"+m+1-—g)

then one has that

mq

— + 1.
pﬂ

We will choose the parameters p*, n and m as follows: p" = ,/q, m = \/qg+2g and n = [ﬁ Val +

#X(F,) <n+

g+ 1. Since ¢ > (g+1)*, it is readily verified that with these choices, the assumptions are fulfilled.
This proves the Proposition.

Theorem (6.3). Let X be a curve of genus g over a finite field F,. Assume that q is a square and
that ¢ > (g + 1)*. Then for k large enough

#X(For) = ¢" + 0(¢"?)
where the O-symbol depends only on X over F,,.
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Proof. Use any non-zero function in F,(X) to construct a morphism X — P!. The corresponding
extension of function fields Fy(X) « F,(P!) is not necessarily Galois. Let L denote the Galois
closure of this extension. The field L is the function field of a smooth irreducible curve Y of
genus gy over F,. Let G denote Gal(L/F,(P')) and let H denote the subgroup Gal(L/F,(X)).

Let A denote the set of unramified points P € Y (F,) whose image in P! is rational over F.
Since P! has ¢* + 1 rational points over Fyx, it is immediate that

#A = #G(¢" + D#G + 0(1)

where the O-symbol is due to the finitely many ramification points of the covering Y of P!. It is
independent of the degree k.

For every unramified point P € A the point 7(P) maps to the same point in P! as P does.
Therefore there is a unique ¢ € G such that 7(P) = o(P). The automorphism o is called the
Frobenius substitution of P. For every o € G put

A, ={P e A:n(P)=0(P)}.

The set A is a disjoint union of the A,’s. Since ¢¥ > gy for k large enough, we can argue as in the
proof of Proposition 6.2, but now with P € A,. We now have tha map

0o L(n(o™ P))"" L(m(P))™ — L(n(o~"P))"" L(m(P))" — L((np" +m)(c~"P)).
We obtain easily that
#A, < q"+1+ 29y +1)¢"?

and hence

HA=D H#A, = (F + D#G+0(¢"?).

ceCG
Combining this with the formula for #A that we deduced above, we find that for each o € G

#A4, =¢" +0(¢*?).
By Galois theory we have that

U Ay ={P €Y: the image of P in X is rational over Fx}
occH

Therefore
D #A, = #H#X(F,) +0(1)

oc€H
= #Hq" +0(¢"?)
and the result follows at once.

Theorem (6.4). (A. Weil, 19/8) Let X be a curve of genus g over a finite field F,. Then the
reciprocal roots ¢ € C of the function Zx (T) satisfy

9l = va-

Proof. By Proposition 5.2, it suffices to give the proof for a power of q. We will call this power
g again and choose it so large that the condition of Proposition 6.1 is satisfied: ¢ is a square
exceeding (g + 1)*. We deduce from these propositions that for large enough k we have that

#X(Fp) =¢" +1+0(¢"?).
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and therefore, with the usual notation, that

29
D ol =0(¢*?).
j=1

This implies that the function f(z) = Zfi (1 — ¢;2)~" has a radius of convergence at least as large
as ¢~ /2. Therefore we have that |¢;| < V/q for 1 <4 < 2g. The theorem now follows from the
functional equation (Theorem 5.1(ii)) satisfied by Zx(T'): when ¢ is a reciprocal root, so is ¢/¢
and it follows that |¢| = /g for all ¢ as required.

Corollary (6.5). Let X be a curve of genus g over F,. Then

g™ 4+ 1 — #X(Fm)| < 29¢™/2

Proof. This is immediate from Proposition 5.2 and Theorem 6.4.

Exercises.

(6.A) Show that a curve of genus 0 over a finite field is isomorphic to Pl

(6.B) Show that a curve of genus 1 over a finite field always has a point rational over that field.

(6.C) Prove the Riemann Hypothesis for the (-function (x(s) of a curve X over a finite field: If {x(s) =0
then the real part of s is 1/2.

(6.D) Let X be the projective curve given by y? 4+ xy = x>+ over Fy. Show that its genus is 1 and compute
the zeroes of the (-function (x(s).

(6.E) Let p be a prime and let x: F; — {£1} be the quadratic character mod p: x(r) = 1 whenever z is a
square in F, and x(r) = —1 otherwise. By convention we put x(0) = 0. Show that for every A, B € Z

3

one has that |Zzer x(z® + Az + B)| < 2,/p.

(6.F) Let F, be a finite extension of degree m of F» and let Tr:F;, — F> denote the Trace map: a —
a+a?+...+a2" . Show that for every a, 3 € F, one has that Zzqu |(—1)Tr(13+‘m+m| < 2,/4.

(6.G) Using the same notation as in Exercise 6.F, let f(X) € F,[X] have odd degree r. Then one has that
Ser, (CDTUO | < (= 1)/

(6.H) Using the same notation as in Exercise 6.F, consider the map 0: F; x F; — V defined by 0(a, 8) =

(Tr(az + Bz~ )ser,. Here V is the Fa-vectorspace with basis indexed by the elements of F,. Show
that 6 is injective. View the image of 6 as a code in V. Estimate its parameters (cf. [18]).

21



7. The Theorem of Drinfeld and Vladut.

Since asymptotically good Goppa-codes can be constructed using families of curves over finite
fields that have many points with respect to their genus, it was natural to try and find such curves
(cf. [17]). It was soon found, rather surprisingly, that the bounds on the number of points that
follow from Weil’s theorem are not sharp when the genus is very large. In this section we will prove
the asymptotic estimate by Drinfeld and Vladut [7] and mention an unpublished theorem due to
Oesterlé [22] that is somewhat more precise.

Let X be a curve of genus g over F,. We will be interested in the ratio #X(F,)/g. Curves
for which this ratio is large can be used to construct good codes. First we will look a little bit at
curves with small genus and then we will study the behaviour of this ratio as the finite field F is
fixed and the genus tends to infinity. We will only consider the case F;. It is the most interesting
case for coding theory and the easiest field when one wishes to do computations.

By Exercise 6.A the only curve, upto isomorphism, of genus 0 is P!. It has 3 points and
the bound #X (F,) < ¢+ 1+ 2¢,/q of Weil is sharp. The curve y* +y = 2 + x is a curve of
genus 1. It has been used in section 4 to construct a simple Goppa code. It has 5 points rational
over F,. This is best possible since the Weil-bound is 3 + 24/2 here. Since all curves of genus 2 are
hyperelliptic (Ex.3.C) they can have at most 6 points over F». This is best possible as the example
y?+y = (22 +2)/(2® + 2 + 1) shows. The Weil bound is not sharp; it is only 3 + 4v/2 ~ 8.65
here. For curves of genus 3 the Weil bound is approximately 11.48. However, by Exercise 3.D a
curve of genus 3 is either hyperelliptic or isomorphic to a smooth quartic curve in P2. Over F, the
projective plane has only 7 points! So curves of genus 3 cannot have more than 7 points. This is
the best possible bound: the curve

By +vyiz+ B+ a2yt + 2222+ 222 2tz +ay?2 =0

passes through all seven rational points of P2.

According to the remark in Ex.3.E a curve of genus 4 is either hyperelliptic or can be realized
as the intersection of a smooth irreducible quadric and an irreducible cubic surface in P3. One can
show that quadrics in P? can have at most 9 points over F,. This is not sharp as we will see later,
but it is a lot better than the Weil bound which is approximately 14.31 for curves of genus 4. The
curve with affine equation

22y Py oyt eyttt P+ 1=0
in P! x P! passes through every point except (0,0). This is best possible. It follows from Oesterlé’s

theorem below that a curve of genus 4 over F5 can have at most 8 rational points.

So we see that the bounds that follow from the Riemann hypothesis are by no means sharp
when the genus becomes somewhat large. Next we’ll investigate what happens when the genus
becomes very large. Put

A(q) = limsup w.

g—oo g

It follows from Weil’s Theorem that
A(q) < 2V/q.

It is rather easy to improve this somewhat.
First we discuss an improvement due to Serre [24].
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Theorem (7.1). For every curve X of genus g over F, one has that
#X(Fy) <q+1+[2/dqlg.
Proof. We have that #X (F,) =q+1—Y.7_,(¢: + ¢;) where |¢;| = \/g for 1 <i < g. Put
i =2/q+1+¢;+¢  for1<i<g.

By Theorem 6.4 the numbers z; are totally positive algebraic integers. Therefore their product is
at least 1. It follows from the arithmetic-geometric-mean inequality that

1 g g

=Y = (]Je)r > 1

9 i=1 i=1

So we have that ), x; > ¢ which is easily seen to imply the result.

An immediate corollary is that
A(q) < [2v/4].

A second improvement is due to Ihara [13]: Consider X also over F,2. We have that

g
#X(F) <H#X(Fp)=¢>+1-) (67 +¢})

i=1

g9
=q2+1+2qg—2t?

=1

12
<¢*+1+2q9 - E(th)Q

i=1

where t; = ¢; + ¢;. The last inequality is the inequality of Cauchy-Schwartz. We conclude that
1
#X(F) <¢*+ 14299 — (#X(Fy) —q 1)’

which easily implies that
1

A@)gﬁ—a

Now we come to the best known estimate due to Drinfeld and Vladut [7]. The proof is an
extension of Thara’s argument. It involves a consideration of all finite extensions of F,. We will
write aq for the number of places of X of degree d. Equivalently, a4 is the number of points

in X (F,) of degree d upto Galois conjugacy. So, we have that #X (Fym) = >, dag.
Let ¥(T) = Y77, ¢,T™ be a polynomial with non-negative coefficients ¢,, for which

U(t)+¥({#)+1>0  forallte C with |¢t| =1.
By U4(T") we denote the polynomial }°, ¢ (1noa ay cn 1™
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Theorem (7.2). Let X be a curve over F, of genus g and let U(T') be a polynomial as above. We
have

> daqWa(q™?) < g+ W(g"?) + V(g ).
d>1

Proof. As usual, let ¢; denote the reciprocal zeroes of the function Zx (7). By the Riemann
hypothesis we have that ¢; = \/Qeief with 6, € R. By Theorem 5.1(i) We can order the ¢; in such
a way that 0,1 ; = —0;. We have that

g
#X(Fq") = qn +1— qn/2 Z(emej + e*inHj)'

j=1
So
g .
Z PR + \I’( —inb; )+ 1) _ g+z znéj +€—zn9j)

—g+2q" (4" +1— #X(Fgn))

n>1
=g+ W) +u(gY/?) ZZQ "2dage,
d>1 d|n

and the inequality follows.

The theorem clearly implies that
(HX(Fy) —1)W(¢/?) < g+ V(¢"/?)

and therefore that .

Aq) < W

We must choose our polynomial U(T) = >>°° ¢, 7" in order to get an estimate for A(g). The

n=1
larger we can take the c,, the better the estimate will be. However, we have that

0< 1/%(14-\1/( ) 4+ W (—e?))(1 — cosnf)dfh = 1 — ¢,
T Jo

So ¢, <1 and we cannot choose all ¢,, = 1 since they should be zero for large n. We will, instead,
choose a sequence of polynomials ¥ whose coefficients approach 1 viz:

1
1+\IJ(T)+\II(T‘1):m(1+T+...+TN)(1+T_1+...+T‘N)

It is easy to see that this gives a sequence of bounds on A(q), the limit of which is
A(g) < q— 1.

One can show that this estimate is sharp when ¢ is a square [13,29]. The curves that meet the
bound are Shimura curves. In the case ¢ = p? the Shimura curves are the modular curves Xg(¢)
and the proof then briefly runs as follows:

For every supersingular j-invariant j in characteristic p, there exists over F,. an elliptic curve
with j-invariant j whose Frobenius endomorphism can be identified with an integer. Therefore all
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the finite cyclic subgroups of its points are defined over F,2. Consider the modular curves X(¢) for
prime ¢ = 11 (mod 12) over the field F,2. The curve X((¢) parametrizes elliptic curves together
with an isogeny of degree ¢. The genus of this curves is (¢ + 1)/12 and its degree over the j-line
is (p — 1)/2 and by the above, all the points lying over the supersingular j-invariants are rational
over F,.. Since there are roughly p/12 supersingular j-invariants in characteristic p, which are all
in the field F,2, there are, upto a slight error due to the cusps and the j-values 0 and 1728, at least
(+1) x (p—1)/12 rational points on Xy(¢). We see that the ratio of the number of point on X (¥)
to its genus is approximately p — 1. It is not so difficult to check that it actually approaches p — 1
as ¢ tends to infinity.

For finite fields F, for which ¢ is not a square, much less is known. Th. Zink [37] has shown
that for prime p, one has that A(p®) > 2(p? — 1)/(p + 2). Serre [24], using an infinite class field
tower of the function field of a hyperelliptic curve over F, showed that there exists a positive
constant ¢ € R such that A(q) > clogq. For ¢ = 2 one can show that 2/9 < A(2) < v2 — 1, so
0.222 < A(2) < 0.415. These results are proved in section 9.

It is possible to do the above estimates in such a way that one obtains information for “finite”
values of g as well. This was done by Oesterlé in 1982. We state his result without proof.

Theorem (7.3). Let X be a curve of genus g over Fy with L + 1 points rational over F,. Then

(L —1)\/qcosty +q— L
q+1—2,/qcosty

g >sup{L¥(q~'/?) —W(¢"/?)} >
]

Moreover, if ¢ > 3 the second inequality is actually an equality. Here the supremum is taken over
the polynomials ¥(T') with non-negative coefficients satisfying U(t)+W(t)+1 > 0 fort € C, |t| = 1.
The value of 0y is defined as follows: Let m be the unique integer for which \/q" < L < \/Qm—H.

Put o
Lo VO L
Lya—va™

and let 0y denote the unique solution 0 = 0y of the equation cosmTHG + ucosmTflﬁ = 0 in the

interval 2=, 7).

€[0,1)

See Table 8.8 for the bounds one obtains from Theorem 7.3 for small values of g in the case
q=2.

Exercises.
(7.A) We use the notation of Theorem 7.2. Show that the choice ¢1 = 1/2 and ¢, = 0 for n > 1 leads to the
Weil bound: #X (F,) < ¢+ 1+ 29,/q.
(7.B) Verify the bounds given in table 8.8.
(7.C) Show that the inequality in Theorem 7.3 is equivalent to

g—1> 1

Vqet? —1 ):

Deduce that A(q) < /q — 1.

(7.D) (cf. [24]) Let ¢ = 2. We will choose ¥ such that 1 + ¥(t) + ¥(t™') = ¢ "1 +di(t +t7) + ...+
Ao (t™ +t7™))? with d; > 0 and ¢ = 1 4 2d} + ... + 2d2,. Show that Theorem 7.1 with m = 3 and
the choice d1 = 1, d2 = 0.7 and ds = 0.2 gives rise to the bound #X (F>) < 0.826¢g + 5.346. Compute
which bounds it gives for 2 < g < 12. Compute the bound one gets with m = 5 and the choice d1 = 1,
d2 =0.8,d3 =0.6,ds = 0.4 and ds = 0.1.
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8. Class Field Theory.

Following J.-P. Serre, we use class field theory over function fields [20] to construct curves that have
many points with respect to their genus. Examples of rather high genus that meet the bounds of
Oesterlé are presented. Most of the results in this section are due to Serre who lectured on this in
October 1982 at the College de France [22,23,24,25]. For the cohomology theory of groups that we
will use see [4,21] and see [1,14] for a cohomological approach to class field theory of number fields
as well as function fields.

Let X be a curve over a finite field F,. Recall that we only consider projective, absolutely
irreducible non-singular curves. Let K = F,(X) denote the function field of X. A place of X
or K is a Gal(F,/F,)-conjugacy class of points in X (F,). For every place v we let O, denote the
completion of any of the local rings Op where P is a point “of” v. This is a discrete valuation ring.
By K, we denote its quotient field.

The ring of adeéles Ak is the restricted product of the fields K, with respect to the O,:

Ax ={(zy)p: 2y € K, and z, € O, for almost all v}.

The unit group A7 is called the group of idéles of K. It contains K* as a subgroup. The quotient
group Cxg = Aj./K* is called the idele class group of K. The ideles admit a natural surjective
homomorphism A%}, — Div(X) induced by the valuation maps. The kernel is denoted by U.
It consists of the idéles that have trivial valuation at all places. The intersection of U and K*
inside A% is precisely equal to Fj. Writing P for the group of principal divisors and @) for the
quotient U/F} it is easy to see that we have the following diagram with exact rows and columns:

0 0 0

0O — U — A} — Div(X) — 0

Class field theory gives a description of the idele class group C'i. It relates its open subgroups
to abelian extensions of the function field K or, equivalently, to abelian coverings of the curve X.
The main result is contained in the following theorem.

Theorem (8.1). Let X be a curve over F, with function field K.

(i) (Artin-Reciprocity.) For every finite extension L of K with m = Gal(L/K) abelian, there are

canonical isomorphisms R R
HY(r,Cp) = H" (1, Z).

(ii) (Existence Theorem.) For every subgroup of finite index M of Ck there exists a unique finite
abelian extension L for which N(Cr) = M. Here N denotes the norm map from L to K.
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Proof. For the proof of this theorem we refer to standard texts on class field theory [1,4,14]

Applying Theorem 8.1(i) with ¢ = 0 to a finite extension L over K with 7 = Gal(L/K) abelian,
one obtains the classical reciprocity map

oy

Cx/N(Cp) =7

A place v of K is unramified in L if and only if the unit group O} is contained in N(Cp). In this case
we obtain a map Z = K /O — Ck/N(Cp) = w. The image of 1 is called the Frobenius element
¢, of v in 7. It determines the splitting behavior of v in the extension L over K. For instance, v
is totally split if and only if its Frobenius element ¢, is trivial i.e. if and only if K*/O} C N(Cy).

We will study some special abelian extensions of a function field K, the so-called ray class
fields . Let D be an effective divisor which is defined over F,. So D = )" n,v where the sum runs
over the places v of K, the n, are non-negative and only finitely many of them satisfy n, > 0. Let
Up = {(zy)y € Uiz, =1 (mod tI'¥)}; here t, denotes a uniformizing element at v. The group
Up/F; is a subgroup of the idele class group Ck. The abelian extensions of K corresponding to
the finite quotients of Cx /Up are called ray class fields. Let L be a finite extension of K and let
M C Ck be the ray class group that corresponds to it according to Theorem 8.1.(ii). There is an
effective divisor D, minimal with respect to division, such that Up/ F, C M. This is called the
conductor of L

For D = (0) the group Up/F} is just U/F; and the quotient Cx/Up is precisely the Picard
group Pic(X). For arbitrary D we have an exact sequence

0— U/UD — CK/UD — PiC(X) — 0.
For the first group we have the following explicit description:

UfUp= @ Fllt])"/{a:a=1 (mod ).

From the exact sequence

0 — Pic’(X) — Pic(X) 257 — 0

we see that for each degree n there is a ray class field corresponding to the cyclic quotient of order n
of Z. This is the constant field extension Fy»(X). In general the degree of the field of constants of
a finite abelian extension L of K corresponding to M C Ck is equal to the index of deg(M) in Z.

Finally we mention Dirichlet characters i.e. continuous homomorphisms x : Gal(K/K) —
C*. Here K denotes a separable closure of K. A character y has a finite image and the fixed field
of ker y is a cyclic extension L of K. We define the conductor of x to be the conductor of L. We
recall the following result, very useful to calculate the genus of an abelian covering.

Proposition (8.2). (Fiihrerproduktdiskriminantformel) Let X be a curve of genus gx over F,
and let f :' Y — X be a covering of genus gy. Suppose that the corresponding extension of
function fields has a finite abelian Galois group G. Then

29y —2 =deg(f)(29x —2) + Zdeg(condx).

X
Here the product runs over the characters x of G.
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Proof. See [35.Ch.V].

In the remainder of this section we will use class field theory to show the existence of curves
over Fy with certain properties.

Example (8.3). Consider P! over F,. Let K denotes its function field and let P be a point of
degree 3 on P!. Consider the ray class fields of conductor P. Since Pic(P!) = Z and Fy = {1}, we
have an exact sequence

0 —F; —Ckg/Up—7Z—0.

Next we pick an Fy-rational point @ on P! and we let L be the fixed field of the Frobenius element
of @ and let X be the curve corresponding to it. Clearly L has degree 23 —1 = 7 over K. Its
genus g is easily computed using Prop.8.5: 2g —2 = —2-246-3. Since all the points over @) on X
are rational we see that we have found a curve over Fy of genus 3 and at least 7 rational points. It
is rather easy to see that there are, in fact, precisely 7 rational points.

Example (8.4). Let (00) be a rational point on P! over F» and let 0 and 1 denote the others.
Let D = 4(c0). We have an exact sequence

0 — Fy[[t]]*/{f: f =1 (mod t*)} — Cx/Up — Z — 0.

It follows easily that, as an abelian group, Cx /Up = Z ® Z/AZ ® Z/2Z. Let L be the invariant
field of the two Frobenius elements of the other two points 0 and 1. It is easy to see that the degree
of L over the function field K of P! is 2. The genus g of the curve E corresponding to L follows
from 2g — 2 = —2 -2+ 4. By construction the points 0 and 1 are split and (co) is ramified in E
over P1. We have found a curve over F, of genus 1 with 5 rational points.

Example (8.5). This time we use the curve E of Example 8.3 as a basis. Its genus is 1 and it has
five Fy-rational points Py, Ps, ..., Ps. Its class group PicO(E) has order 5. We will only consider
2-extensions of E. Take D = 2(P;) + 4(P,). We have that

U/Up = Fs[[t]/{1 (mod ¢*)} & Fa[[t]]/{1 (mod t*)}
~ 727 & ZJAZ & 727

Let L denote the fixed field of the Frobenius elements of the three other rational points P3, Py
and Ps;. This is a quadratic extension. The genus g of the corresponding curve is given by 2g —
2 =0+ 6. We have found a curve over Fs of genus 4 with 8 points.

These examples show that one can find curves with many points with respect to their genus
by means of class field theory. All examples are best possible: there do not exist curves over Fy of
genus 1, 3 or 4 that have more points than the curves above. This follows from Oesterlé’s estimates
that have been explained in the previous section. Serre used this idea to find curves over F, with
rather high genus and a large number of rational points. We present two of his examples. Others
can be found in the exercises.

Example (8.6). (Serre) Consider P! over Fy. Let P, be the unique place of degree 2 and let P3
denote one of the two places of degree 3. Consider the full ray class field of conductor P, + Ps. Let
K denote the subfield in which the point co of P! is completely split. This field has its Galois group
over P! isomorphic to Fj x Fi. There are two characters of conductor P; they have degree 2.
The six characters of conductor Ps have degree 3 and the 12 remaining non-trivial characters have
conductors of degree 24+3=5. We conclude from Proposition 8.5 that

29x —2=21(2-0—2)4+2-246-34+12-5
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and hence that gx = 21. Since all points on X that lie over oo are rational, we see that X is a
curve of genus 21 with 21 rational points. This is best possible.

Example (8.7). (Serre) Let E be the curve of genus 1 and five points from Example 8.3. Let
Py, ..., Ps; denote the rational points on E. We will consider ray class fields of conductor k(P;) and
in particular the subfields in which the other points P, ..., Ps are completely split. It is easy to
see that there exists such a subfield K of conductor 12(P;) and Galois group over Fy(E) isomorphic
to Z/2Z ©Z/27Z & Z/2Z. There is one character of conductor 8(P; ), two of conductor 10(F;) and
the remaining four non-trivial ones have conductor 12(P;). Let X be a smooth curve with function
field K. By Proposition 8.5 we have that

29x —2=2(2-1—2)+1-842-10+4-12

and hence that gx = 39. The unique point on X over P; is rational. Over every other point P;
there are precisely 8 rational points. So, the curve X has genus 39 and 1+8-4 = 33 rational points.
This is the maximal possible number for a curve of genus 39.

We conclude this section with a table. In the first column we have the genus g. In the second
column the bound b from Theorem 7.2 is listed: every curve of genus g over Fy has at most b
points. In the third column one finds the maximal number n for which a curve of genus g over Fy
with n rational points is known to exist. Most entries in the table follow from the examples or the
exercises in this section. They can also be found in [22,23,24]. The entries with an asterisk were
found by Serre more recently.

Table (8.8).

g b n g b n g b n g b n
1 5 5 7 11 10 13 15 15% | 19 20 20
2 6 6 8 11 11 14 16 15 20 21 19
3 7 7 9 12 12 15 17 17 21 21 21
4 8 8 10 13 12 16 18 16 22 22 21
5 9 9 11 14 14% | 17 18 17 39 33 33
6 10 10 12 15 14 18 19 18 50 40 40
Exercises.

(8.A) Let Py be a point of degree d > 2 on P! over F». Show that the degree of the maximal subfield of
2-power degree inside the ray class field of conductor 2(P;) in which the three rational points are split
has degree 2°72. Show that the corresponding curves have genus 2 and 6 rational points for d = 3,
genus 9 and 12 points for d = 4 and genus 28 and 24 points for d = 5.

(8.B) Use ray class fields of conductor k(co) of Fo(P') to show that there exists curves over Fy of genus 5
with 9 points and of genus 17 with 17 points.

(8.C) Let E be the curve of genus 1 over F> from Example 8.3. Study its ray class fields of conductor k(P:)
where P is a rational point and show that there exist curves over F> of genus 6 or 7 with 10 points,
of genus 15 with 17 points. Study its ray class fields of 2-power degree of conductor 2(P;) where Py
denotes a place of degree d. Show that there exist curves over F> of genus 19 with 20 points and of
genus 50 with 40 points.

(8.D) As Exercise 8.C with F replaced by a curve of genus 2 with 6 points. Show that there exist curves
over Fy of genus 8 with 11 points, genus 9 or 10 with 12 points, of genus 22 with 21 points and of
genus 26 with 24 points.

(8.E) As Exercise 8.C with F replaced by a curve of genus 3 with 7 points. Show that there exist curves
over F, of genus 11 with 13 points and of genus 12 or 13 with 14 points.
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(8.F) Show there exist curves of genus g over F» with n rational points, for the following pairs (g,n): (14,15),
(15,16), (16,16), (17,17), (18,18), (20,19) and (21,20).

(8.G) (Serre [22]) Show that there is no curve over F» of genus 7 with 11 points. (Hint: show that such a
curve has no “new” points over small extensions of F2; use this to calculate its (-function and show that
it factors into two polynomials that are coprime in Z[X]; show that this contradicts the irreducibility
of the O©-divisor on the Jacobian of X.)

9. Class Field Towers.

In this section we show how to construct infinite class field towers of function fields; see also
[4,Ch.IX]. We will use freely the main results of class field theory that have been explained in the
previous section. As an application we prove Serre’s result that A(q) > clogq for some absolute
constant ¢ > 0. We will moreover show that A(2) > 2/9.

The only way known to construct infinite class field towers is by means of a group theoretical
result that will be proved below. Let £ be a prime and let G be a finite /-group. We let d =
dim Hy(G,Z/VZ) denote the number of generators of G and we let r = dim Hy(G,Z/¢Z) denote
the number of relations of G. Here the dimensions are F;-dimensions. From the homology of the
exact sequence 0 — Z — Z — Z/{Z — 0 we see that

H(G,Z)/tH\(G,Z) = H\(G,Z/(Z)
and we have a surjective map
Hy(G,Z/tZ) — H,(G,Z)[(].
This shows that » > d.

Theorem (9.1). (Golod and Shafarevi¢, 1965) Let ¢ be a prime. For every finite ¢-group G one
has that )
P
"7y
Proof. Let I denote the augmentation ideal in the group ring Fy[G]. Since I/I? = Hy(G,Z/(Z)
we see, using Nakayama’s lemma, that the minimal number of F;[G]-generators of I is d. Let Fy
be a free F;|G]-module of rank d admitting a surjective map F; — I. From the long homology

sequence it is easy to see that the minimal number of F;[G]-generators of the kernel of this map is
precisely r. Therefore there exists an exact sequence of F;[G]-modules:

F,.—F;—1—0

where F. is free of rank r. Because d is the minimal number of generators of I the map Fy — I
is an isomorphism modulo I. So the image of F;. must be contained in IF;. We conclude that we
have exact sequences

F.JI*"1F, — Fy/I"Fy — I/T*" — 0

for every k > 1. We obtain the following inequalities for 0 <t < 1:
> dimg, (Fg/TFF)tt < dimp, (/75 + > dimg, (F, /I F, )"
k=1 k=1 k=1
Observe that the group ring Fy[G] is finite, so the ideal I* = 0 for k large enough. Therefore the
sums converge for 0 <t < 1. We define the “Poincaré polynomial” P(t) by
P(t) = dimg, (I*/TFH)".

k=0
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It is easy to see that for a free F;[G]-module M of rank m one has that

mP(t)
1—t°

> dimg, (M/TFH M)EF =
k=0

Using this, the inequality above becomes

tdP(t) - Pt)—1 rt2P(t)
1—t = 1—t 1—t

for 0 <t < 1 and hence we obtain

mtz—dwrlzm for 0 <t < 1.

1

t

Since P(t) has all its coefficients positive, we have that 7t> —dt +1 > 0 for all 0 < t < 1. We
have already seen that r < d and hence that 0 < d/2r < 1. Substituting this value for ¢ gives the
required result.

Theorem 9.1 was proved by Golod and Shafarevi¢ in 1965. They used it to solve the “class
field tower problem”. More precisely, they showed that there exist algebraic number fields that
possess infinite class field towers. Their proof applies to function fields over finite fields as well. We
will now study the function field case in more detail.

Let X be a curve over F, and let K denote its function field. Let S denote a non-empty set of
places on X. Recall that places are Galois conjugacy classes of points. The S-Hilbert class field of K
is the maximal unramified abelian extension H(K) of K in which all places in S split completely.
This is a finite extension K7 of K = Kj and by class field theory, the Galois group Gal(K;/K)) is
isomorphic to Picg(X) = Pic(X)/B where B is the subgroup generated by the points in S. This
can be repeated: Let S’ be the set of places of H that lie over S. Let Ky = H(H(K)) be the
S’-Hilbert class field of K1 = H(K). Etcetera. In this way one obtains a sequence of fields

K=KycK),C...CK,C...

all unramified over K in which the places in S are totally split. This is the S-class field tower of K
or X. It is said to be finite if it stabilizes i.e. if for some n one has that K,, = K,, for all m > n,
and infinite otherwise.

Rather than class field towers we will consider f-class field towers since these are easier to
handle. For a prime ¢ one defines the (¢, S)-class field tower of a function field K in a similar way:
The (¢,5)-Hilbert class field of K is the maximal unramified abelian f-extension Hy(K) of K in
which all places in S split completely. This is a finite extension K7 of K = Ky and by class field
theory, the Galois group Gal(K;/Kj) is isomorphic to the ¢-part of Picg(X) = Pic(X)/B where
B is the subgroup generated by the points in S. As before, one can repeat this and obtain the
(¢, 5)-class field tower of K. It is easy to see that a field K has an infinite S-class field tower
whenever it has an infinite (¢, S)-class field tower for some prime Z.

We are mainly interested in infinite S-class field towers because of the following application:

Proposition (9.2). Let X be a curve of genus g over Fy. Let S be a set of F,-rational points
of X. If X has an infinite S-class field tower then

45

A(q)ZQ_1
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Proof. There is no loss in assuming that S is not empty. Consider the curves
X:X0<—X1<—X2<—...

whose function fields are the layers in the infinite S-class field tower of K. Since the points in S
are totally split in every covering X «— X,,, we see that X,, has field of constants equal to F, and
that it has at least d,,#S points rational over F,. Here d,, denotes the degree of X,, over X. Since
X,, is unramified over X, the Hurwitz-Zeuthen formula for its genus g,, becomes

20, —2=4d,(2g9 — 2).

Since the tower is infinite, we conclude that

i dn#S #S
A > ] —
(@) 2 lim = =) ~ g =1

as required.

We will freely use the notation introduced in the previous section. Before deriving a criterion
for a function field K to have an infinite (¢, S)-class field tower, we introduce some more notation.
Let X be a curve with function field K and let S be a finite set of places on X. By Og we denote
the subring of K consisting of the functions that have at most poles at places in S. let O% denote
its unit group. The group of S-divisors Divg(X) is the subgroup of divisors with support outside S.
The kernel of the canonical map A} — Divg(X) will be denoted by Ug. Finally we let Pg denote
the group of principal S-divisors and we let Qg = Us/O%. We have the following diagram with
exact rows and columns:

0 — Us — A} — Divg(X) — 0

0 — Qs — Cg — Picg(X) — 0

0 0 0

For a finitely generated abelian group A and a prime number £ we let dyA denote the ¢-rank of A,
i.e. dyA is the Fj-dimension of A/(A.

Proposition (9.3). Let X be a curve over F, and let S be a non-empty finite set of places of X.
If for a prime number ¢ one has that

ngiCS(X) > 24 2\/(1[0; +1
then X has an infinite (¢, S)-class field tower.
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Proof. Suppose X has a finite (¢, S)-class field tower. Let L denote the union of all the layers
of the tower of function fields. The Galois group G = Gal(L/K) is a finite ¢-group. Its maximal
abelian quotient is the ¢-part of Picg(X). Therefore its number of generators d satisfies

d = dyPicg(X).
From the exact sequence 0 — Z — Z — Z/{Z — 0 we obtain the exact sequence
0 — Hy(G,Z)/lH2(G,Z) — Hy(G,Z/lZ) — H,(G,Z)[{] — 0
and the inequality
r—d<dyHs(G,Z).

Next we compute the group Ho(G, Z) = H=3(G, Z). By class field theory we have that H—3(G, Z) =
H=Y(G,CyL). To compute the latter group we consider the diagram above with field L and the set
of places S’ of places of L over S: by the maximality of L, the ¢-part of Picg(Y') is trivial and so

are its G-cohomology groups. Since L is unramified over K the G-cohomology groups of Uy are
zero and we find that H~1(G,Cr) =2 H (G, Q1) = H°(G,0%,). we conclude that

r—d<dHG,0%) < d,O%.
The result now follows easily from the theorem of Golod and Shafarevi¢ and the fact, mentioned
above, that d = d,;Pics(X).
To apply this proposition, we need to know d,O% and d¢Picg(X). It is well-known that

« _ | #5, if £]g — 1;
05 = {#S — 1, otherwise.

To estimate the ¢-rank of Picg(X) we consider only a special case:

Proposition (9.4). Let X be a curve over F, with function field K. Suppose that K is a cyclic
extension of degree £ of a field F. Let S’ denote the set of places of F' over which the places in S
lie and let p denote the number of places of F' that are ramified in K. Then
(i) If
p=> 3+d402//(051 ﬂNUs) + 2 ngj; +1
then K has an infinite class field tower.

(ii) If

24+ #S" 4+ 2/#8S, otherwise.

then K has an infinite class field tower.

- {3 +#S +2HFS 1, ifblg—1;

Proof. Using class field theory we obtain the following inequalities from the diagram above:

d¢Picg(X) > deH ' (m, Picg(X)) > deH® (7, Qs) — dy — H (7, Cc)
> dyHO (7w, Us) — deO% /(0% N NUg) — doH ™ ?(r, Z)

The last inequality follows, because we have that Us & [[,45 Oy [[,c5 K, where O, is the com-
pleted local ring at v and K, its quotient field. Therefore, by local class field theory, d, H’(7, Ug) is
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equal to the number of ramified places p of F' plus the number of inert places in S’. We will neglect
the latter contribution. A combination with proposition 9.3 yields (i). Part (ii) follows from this
together with the estimate

§ . #S'+1, ifllg—1;
’ ’ <
deO% /(O NNUs) < { #S' otherwise.

This proves the Proposition.

We will use this Proposition to prove some results concerning the function A(g) that was
introduced in section 7.

Corollary (9.5). For every finite field F, and every prime ¢ there exists a curve X over F, and
a set S # () of rational places of X such that X has an infinite (¢, S)-class field tower. For every
finite field F, one has that A(q) > 0.

Proof. Let F be F,(T), the function field of P'. Let K be a cylic extension of degree ¢ of F' in
which at least 8 places are ramified one of which is an F,-rational point P. Using class field theory,
it is a trivial matter to exhibit such an extension. Now take S = {P} and S equal to the unique
point over P in K. By Proposition 9.4 the field K has an infinite (¢, .5)-class field tower and it
follows from Proposition 9.2 that A(q) > 0.

Proposition (9.6). There exists an absolute constant ¢ > 0 such that A(q) > cloggq.

Proof. Let us first suppose that ¢ is odd. In view of Corollary 9.5 there is no loss in assuming that
q is large. We let A and B be two subsets of F; with the property that o — 3 € (F2)2 for every
o € A and § € B. Next we let X be the hyperelliptic curve given by Y2 =[], . 4(T — «). This is
a curve of genus #A4/2 —1 or (#A —1)/2. All places (T — ) of P! with a € A are ramified in the
function field K of X. For S we choose the set of places lying over the places (1" — ) with 5 € B.
Since a — 3 is a square for every a € A and [ € B, the places in S are F,-rational. Moreover, we
have, in the notation of Proposition 9.4(i), that 0%, C NUg and we conclude that X admits an
infinite (2, 5)-class field tower when #A > 3 + 2y/#B + 1. Choosing #B as large as possible with
respect to #A i.e. #B ~ (#A)?, we have in this case that

Alg) 2 27~ A

for some ¢ > 0. When g is even there is a similar argument with quadratic Artin-Schreier extsen-
sions.

It remains to see how large A can be chosen. The following combinatorial lemma gives an
estimate for this. It should be applied with Q = Fy and R = {(z,y) € @ x Q : z —y € (F})’}.
One has that m = (¢ — 1)/2. It follows easily from the lemma that one can find sets A and B with
a=#A~logqand b=#B ~ log2q. This proves the Proposition.

Lemma (9.7). Let Q be a finite set of cardinality w and let R C ) x Q. Suppose that

#{r e Q(x,y) € R} >m for all z € Q.

() =(7)

then there exist two subsets A of cardinality a and B of cardinality b such that A x B C R.

If
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Proof. Let T = {(4,y): A C Q,#A = a, A x {y} C R}. Each fiber of the natural projection
T — Q given by (A,y) — y, contains at least (') elements. Therefore #T > w(™).

Now let P,(A) denote the collection of subsets of Q of cardinality a and consider the other
projection T — P,(Q2) given by (A,y) +— A. Since the cardinality of P,() is (‘;’), we see that
there must exist a fiber with at least

() o(2) ()

elements. So, it suffices to take the set A corresponding to this fiber and B = {y € Q:(A,y) € R}.
This proves the Lemma.

Finally we restrict our attention to the field F,. We know that A(2) < /2 — 1 ~ 0.414. Here
we will prove a lower bound.

Theorem (9.8). One has that
A@)z%~02m.

Proof. We will give two proofs. The first one is due to Serre. In both proofs a curve X and a set S
of places are exhibited such that the function field K of X has an infinite (2, S)-class field tower.

(i) Serre starts with a curve of genus 1 with precisely two Fy-rational points, e.g. Y2 + XY =
X3+ X + 1. This curve has three points with field of definition equal to F; and four with field of
definition Fg. Let F denote the function field of E and let S” be the set of two rational points on E.
The unit group O%, is infinite and cyclic generated by e say. For each of the points @) of degree 2
and 3 there exists a quadratic extension of conductor 2(Q)) where ¢ is a local norm. Therefore there
exists a quadratic extension K of F' of conductor ZQ 2(Q) in which the points in S’ are totally
split and for which e € NUg. Here S denotes the set of places over S’. Since doO% = 3 and
0% C NUsg, it follows from Prop.9.4(i) that K has an infinite (2,.5)-class field tower. The genus
gx of the corresponding smooth curve X is given by Prop.8.2.:

29x —2=2(2-1—-2)+3-4+4-6.

So gx = 19 and #S = 2#S5’ = 4 and we conclude from Prop.9.2 that

4 2
A(q) > = —.
@W=15-77%
(ii) This time we start with a curve E of genus 1 and 5 rational points Py, Ps, ..., Ps over Fy. It

has been constructed in section 8 as a quadratic cover of P! of conductor 4(co) in which the other

two rational points (0) and (1) are split. We will make two quadratic extensions of the function

field of F:

F: A quadratic extension of conductor 2Q) in which all points Py, P, ..., Ps split. Here Q is a
point of degree 5 of E. The curve Y corresponding to this field has genus 6 and 10 points
rational over F,. It has been constructed before in section 8.

F’: This field is the composite of Fo(E) and the following extension of the function field of P!:
a quadratic extension of conductor 2(0) + 2(1) in which (oo) splits. As a consequence F’ has
conductor 2 Z?Zl P; and Ps, the unique place over (00), splits.

We let X denote the curve corresponding to the function field F'F. It admits a map of degree
two to Y. Now we apply Proposition 9.4(ii). For S” we take the two points on Y over P;. They
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are split in the covering X — Y. The remaining 8 rational points on Y lie over Pi,..., Py and
they are all ramified. We conclude that #S5 = 4 and that p = 8. Therefore

p=2+#S +2/#S

and we see that K = F»(X) has an infinite (2, .5)-class field tower. The degrees of the conductors
of the characters of the Galois group of X over E are 10, 8 and 18 respectively. It follows from
Proposition 8.2 that the genus of X is 19. Since #S = 4 we deduce from Proposition 9.2 that
A(q) > 4/(19 — 1) = 2/9 as required.

Exercises.

(9.A) Let G be a finite abelian p-group with d independent generators. Show that it has precisely (dgl)
independent relations.

(9.B) Let p be a prime. Show that the group presented as a pro-p-group as < z,y:z” =1, [z,y] =y* > is a
finite p-group. It is a group with two independent generators x and y and two relations.

(9.C) Let p be a prime and let G be a group of order p®. Show that G has at most a independent generators
and at most (“;rl) independent relations.

(9.D) (Mennicke) Let p be a prime and let d > 3 be an integer. Let G be the pro-p-group generated by
x1,T2,...,xq with the following relations: [z;, ;1] = «f for 1 < i < d and [z;, ;] = 1 for all ¢ and
j for which i — j # £1. Here all indices should be taken modulo d. Show that G is a finite p-group
with d generators and (g) relations.

(9.E) Exhibit for each prime p and each d < 3 a finite abelian p-group with d generators and d relations.
Show that no such group exists when d > 3. Give an example of a p-group with 4 generators and 6
relations. It is not known whether there exist finite p-groups with 4 generators and 5 relations.

(9.F) (Kostrikin) Let p be a prime and let d > 1 be an integer. Let G4 be the pro-p-group generated
by z1,%2,...,2q and y1,y2,...,yqs with the following relations: zf = y? = 1 for all 1 < 7 < d,
[s, ;] = [ys,y;] for all 4 # j and [z;,y;] = 1 for all ¢ # j. Show that G4 is a finite p-group with 2d
independent generators and at most %d(d + 1) independent relations. Conclude that for every prime
p one has that 1/4 < limsupg 4. (r/d®) < 3/8. Here the limit is taken over finite p-groups G with
d generators and r relations. It has been shown by J. Wisliceny [36] that for p > 2 one actually has
that imsup,q 4. (r/d*) = 1/4.
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