Ezxamples of unitary U, Ue, = #e, and the corresponding £ = {Ud(z)U ™}
Exercise. For such £ compute £4 where A is the stochastic by columns
tridiagonal matrix in toe_lqr, and compare its eigenvalues (in particular, the
second one \o(L4)) with those of A. If they do not fill our requirements,
introduce p # I so that £4, £ = {U(p o Z)UM}, does what we want (f.i.
A2(A)] < [A2(La)] < 1)).

Circulant 4 ' o
Set U;j = Lw,(ﬂffl)(]fl), i,j=1,...,n, w, = e'~n. U is unitary symmetric.

vn
Note that Uey = —-e. Set C = {Ud(z)U""} = {Ud(2)U}. Then C = {p(II)},

where II is the following n x n 0, 1-matrix

(see [ ]). The matrices A of C are Toeplitz and satisfy the cross-sum condi-
tion (under suitable border conditions). The matrix A of C whose first row

is z”" is here denoted C(z):

z1 z2 Zn
Zn zZ1 )
C(z) = Ud(Uz)d(Ue,)™'U = vnUd(Uz)U = Zn
z2
) Zn 21

An orthogonal basis for C is {Ji, Ja, ..., J,} where
Ji=1, Jo=1I, J,=1I*"', s=3,...,n

Note that the Js are 0, 1-matrices orthogonal each other with respect the
Frobenius scalar product (-,-) for any fixed n. Given A € C™*" write the
best approximation of A in C:

n n

1 1

Ca=—Y (J,A)J, = Ud( - Z(JS,A)ZS) U
n s=1 n s=1

where zg is defined as the vector of the eigenvalues of Js;. Note that z, =

vnUe; since Js = \/nUd(Ues)U. Thus

1 & —
= - s»A s .
Ca \/ﬁUd(Un SZI(J )e,)U

In the following may be we will use the symbol U¢ in order to denote the
above unitary matrix defining the circulant algebra C.



Haar

Set .
_ _ | ee1 Q% _ k
Q1_17 Qn_[Qg _ee’{:|;n_274a87"'72'
DzS» 0 o1
Dy =1, Dn:{ Y D%S%},Sg:dlag(%,l,...,1)7n=2,4,8,...,2k.
Set U =U, = @,D,. Examples:
1 11| %
QQDQ = |: 1 —1 va 1 ;
J V2
- L
1 ‘ 1 1 Vi
1 1 -1 75
Q4D4 = 2 T ;
1 1 |-1 e
1 —1]-1 L
- V2
- i}
M1 1 11| v
1 1 1 —1 V2 L
1 11 -1 7
1 1 -1 -1 -
QsDs = | T 1] -1 . ;
1 1 1 1 vE 1
11 -1 1 Ve
1 -1 -1 -1 | Vi
L ol
M1 1 1 1 1
1 1 1 1 —1
1 1 1 1 -1
1 1 1 -1 -1
1 1 1 1 -1
1 1 1 -1 -1
1 1 1 -1 -1
1 1 -1 -1 -1
Q16D16 = 1 I I T -Dss,
1 1 1 -1 -1
1 1 —1 -1
1 1 -1 -1 —1
1 1 1 -1 -1
1 1 -1 -1 —1
1 1 —1 —1 —1
1 -1 -1 —1 —1 |
_ | DsSs I
D16 = |: DSSS :| 5 Sg = dlag(\/i, 1, 1, 1, 1, 1, 1, 1).
Note that
eel Q% D%Sn ﬁee,{ U%SE
Un = QnDn - = .
Q% —eelT D%Sn U%S% —ﬁeelT



(See [ |; for a different order of the columns in @) see Appendix 2). By
construction, the matrices U and U7 are unitary real matrices defining fast
discrete transforms. Note that Ue; = Lne.

Consider the matrix algebra L associated to the transform U: L =
{Ud(z)U"} = {QDd(z)DQTY.

Exercise: Find an orthogonal basis {.Jy, Jo, ..., J,}, n = 2¥, for £ made
up with matrices whose entries are 0, 1 or —1. Solution: the following
rank-one 0, 1, —1-matrices form a basis for £ (n =4, n = 8, n = 2¥):

11 1 1 1 1 -1 -1
111 1| T T L T ToT
1111 |TOee@ g | T e
11 1 1 -1 -1 1 1
1 -1
-1 1 T AT T AT
= Qese; Q" 1 1 | = Qe
-1 1
1101 1 1 1 1 17 rT1 01 1 1 -1 -1 —1 —1]
111 11 1 11 1 1 1 1 -1 -1 -1 -1
111 11111 1 1 1 1 -1 -1 -1 -1
1111 1 1 1 1] o 1 1 1 1 -1 -1 -1 -1/| -
1111 1 1 1 1|=9e@@| 4 4 4 4 1 1 1 1 |~Qeesd,
111 111 11 -1 -1 -1 -1 1 1 1 1
111 11111 1 -1 -1 -1 1 1 1 1
1111 1 1 1 1| | -1 -1 -1 -1 1 1 1 1 |
T 1 -1 -1 1 r 1
1 1 -1 -1
1 -1 1 1
1 -1 1 1
= Qerer Q" L1 1 L1 | = QesesQ,
11 -1 -1
1 -1 1 1
I | I -1 -1 1 1 |
C L . _ -
1 1
1 -1
. T AT -1 1 . T AT
*QESeSQ 9 7Qeﬁe6Q )
L 1 = Qesel Q" = Qe2e;Q;
-1 1
1 -1
L . L _1 1 .




eel = Qele? T

125—1 —125—1

JS,Z o _12571 12571
i=1,...,55, s=1,2,...logon =k

1, is the r x r matrix with ones everywhere; (") s the 7 x  matrix with 1 in

y I

position i,7 and 0 elsewhere). Note that if X,Y are two matrices from such
basis, then (X,X) = n? %, % .. M =4 and (X,Y) = 0if X # Y.
This implies, in particular, that we have immediately a formula for the best
approximation of A € C"*" in L:

logy n

(ce”, 4) L&
LI S T
s=1 i=1

Observe that for n = 4 and n = 8 the generic matrix in £ has the following
structure:

a+b a—>b c c
a—b a+b c c
c c a+d a—d |’
c c a—d a+d
[ (a+d)+c (a+d)—c a—d a—d b b b
(a+d)—c (a+d)+c a—d a—d b b b
a—d a—d (a+d)+e (a+d)—e b b b
a—d a—d (a+d)—e (a+d)+e b b b
b b b b (a+f)+g (a+f)—g a—f
b b b b (a+f)—g (a+f)+g a—f
b b b b a—f a—f (a+f)+h
b b b b a—f a—f (a+f)—h

Note also that there exists v such that vI'Q = e’. See below, first for
n =8, and then, for a generic n = 2*:

(+14+3)+7 ]
(“"J“%J’% m1 1 117
r+ 1)+ 3
(xll4 1 1 1 -1
T 1 1 1 -1
1 1 1 -1 -1
ve| @rlds sl Qs T 1 -1
(@) +3 1 1 -1 -1
T 1 1 -1 -1
_”"_“L_l_ 1 -1 -1 -1 |
L x -

© i) = Qe.elQT, = (n -2 1)~ 2(i - 1),




(for any 2 we have v7 (Qge;) = 1 Vi > 2; then x is chosen so that v (Qser) = 1),

[ @+ + 5
(+-)+ 51

As a consequence, we can define the matrix £,(z) = QDd(DQTz)d(DQTv)~1DQT =
QDA(DQ*z)d(De) ' DQT = QD?d(Q7z)QT, i.e. the matrix of £ whose v-

row is z7 (vI'L,(z) = z7), and the matrix algebra £ can be represented as

L = {L.(z)}. For example, obtain z such that £,.(z) = QD?*d(QTz)QT =

Qe;el Q7. Such equality is satisfied iff D2QTz = e; iff (DQT)~! = QD)

z=Qe;, QD?d(Q"z)Q" = Qe QT.

In the following may be we will use the symbol U, in order to denote the
above unitary matrix defining the elle algebra L.



Jacobi

Set Uij:\/%djcosw,i,jzl,...,n, whereéj:%iszl, and

0; = 1 otherwise. The matrix U is unitary real. Note that Ue; = ﬁe. Set
Y = {Ud(z)U"} = {Ud(z)UT}. Then Y = {p(T)}, where T is the following

tridiagonal n x n 0, 1-matrix

(see [ ]). The matrices A of T are symmetric and persymmetric and satisfy
the cross-sum condition (like the matrices of 7, see below). The border
conditions are: ap; = a1, ¢t =1,...,n.

Exercise. Find, at least in case n = 2, an orthogonal basis {J1,J2,. .., In}
for T made up with matrices whose entries are 0, 1 or —1. Given A € C™*"
write the best approximation of A in T:

- Usd) ~ (Js, 4)
Ta= Y o= vd( SZI (JS’JS)ZS) uT

s=1

where zg is defined as the vector of the eigenvalues of Js. Observe that
(UTey); # 0 Vi, thus the matrix Y(z) in Y with first row z7 is well de-
fined, Y(z) = Ud(UTz)d(UTe;)"'U”, and T can be represented as T =
{Y(z)}. Exercise: Find z such that Y(z) = Js and then observe that
z, =d(U%e) U z.

In the following may be we will use the symbol Uy in order to denote the
above unitary matrix defining the upsilon algebra 7.



Hartley

Set U;; = ﬁ(cos ZW(F;)(];D + sin Zﬂ(ifz)(jfl)), 1,7 =1,...,n. The matrix
U is unitary real symmetric. Note that Ue; = ﬁe. Set H = {Ud(z)U"} =

{Ud(z)U}. Then H = C° 4 JIICSK, where C¥ is the algebra of symmetric
circulants and C¥ is the space of skew-symmetric circulants (see | ]). The

matrices of H are symmetric.

Exercise. Find, at least in case n = 2, an orthogonal basis {J1,J2,. .., In}
for H made up with matrices whose entries are 0, 1 or —1. Given A € C™*"
write the best approximation of A in H:

N s A ~ (/s A)
HA_SZI (JS’JS)JS—Ud(SZI(JS’JS)ZS>U

where z; is defined as the vector of the eigenvalues of Js. Observe that the
matrix H(z) in H with first row z” is well defined, H(z) = Ud(Uz)d(Ue;) U =
VnUd(Uz)U, and H can be represented as H = {H(z)}. Exercise: Find z
such that H(z) = J, and then observe that z; = /nUz.

In the following may be we will use the symbol Uy in order to denote the
above unitary matrix defining the Hartley algebra H.



Eta
Set
Uip = ﬁ, Ui, = \/%cos 7(2i71)7§’j71)ﬂ, i=2,...,[3n],

UiénJrl = (_\1/);’71 if n is even, U;; = \/gsinw, Jj= L%n—k?J,...,n,

i=1,...,n. The matrix U is unitary real. Note that Ue; = ﬁe. Set n =
{Ud(z)U"} = {Ud(z)UT}. Then n = C% + JC¥, where C¥ is the algebra
of symmetric circulants (see [ ]). The matrices A of n are symmetric and
persymmetric and satisfy the cross-sum condition. The border conditions

are: aop,; = a1,n+1—1i, 1= 1, e, n.

Exercise. Find, at least in case n = 2%, an orthogonal basis {J1,J2,. .., Jn}
for n made up with matrices whose entries are 0, 1 or —1. A possible such
basis, for n = 4, 8, is displayed here below

11 11 1 -1 1 -1
11 11 -1 1 -1 1
11|11 ’ 1 -1 || 1 -1 :
11 11 -1 1 -1 1
11 11 1T 11 117
11 11 11 11
11 11 11 11
11 11 11 1
T 1 T 1 ’ T 1 T 1|
1 11 11 11
11 11 11 1
i 11 1 1] |11 11 |
1 -1 1 -1 1T 1 -1 1 -1
-1 1 -1 1 -1 1 -1 1
1 -1 1 -1 1 -1 1 -1
-1 1 -1 1 -1 1 -1 1
T -1 T -1 ’ T -1 T -1
-1 1 -1 1 -1 1 -1 1
1 -1 1 -1 1 -1 1 -1
i -1 1 -1 1 ] [ -1 1 -1 1
1 1| -1 -17 [ 1 -1 -1 1
11 -1 -1 1 -1 -1 1
11 -1 -1 -1 1 1 -1
1 1| -1 —1 -1 1|1 -1
—1 —1[ 1 1 -1 1| 1 -1
-1 -1 11 -1 1 1 -1
-1 -1 11 1 -1 -1 1
-1 -1|1 1 1 —1|-1 1
1 —1 —1 1 1 -1 -1 1
-1 -1 1 1 1 1 -1 -1
—1 —1 1 1 1 1 -1 -1
-1 1 1 —1 -1 1 1 —1
—1 1 1 1 —1 1 1 1
1 1 -1 —1 -1 -1 1 1
1 1 -1 -1 -1 -1 1 1
i 1 -1 -1 1 1 -1 —1 1




Exercise: find such basis for generic n = 2*. Note that if n = 4 = 22,
(Js, Js) =8 =23 if n =8 =23, (J,,Js) = 32 = 2°; and, we conjecture, if
n =2k (Js, Js) = 2271, Given A € C™*" write the best approximation of
Ainn:

2k 2k
1 1
A = Sap—1 Z(J&A)Js = Ud( 92h—1 Z(J5>A)Zs> U’
s=1 s=1

where z; is defined as the vector of the eigenvalues of Js. Observe that the
matrix 7(z) in 1 with first row z”' is well defined, 1(z) = Ud(U”z)d(UTe;)~'UT,
and 7 can be represented as 7 = {n(z)}. Exercise: Find z such that n(z) = J;
and then observe that z, = d(U”e;) U z.

In the following may be we will use the symbol U,, in order to denote the
above unitary matrix defining the eta algebra n.

P.S.
Another orthogonal basis of 7:

1 1 1 1 ~1 1
1 1 1 1 -1 1
1 ’ 1 1|1 ’ 1 —1 |
1 1 1 1 1 ~1
o1 177 1 177 1 1
1 1 1 1 1 1
1 1 1 1 1
1 1 1 1 1 1
1 1 ’ 1 1 ’ 1
1 1 1 1 1 1
1 1 1 1 1 1
|1 S I 1 11 1 1
I 1 1 7T —1 1]
1 ~1 1
1 -1 1
1 —1 1
1 ’ 1 -1 |’
1 1 -1
1 1 ~1
I 1 | |1 ~1 ]
1 ~1 ~1 1 17 —1 1 -1 1
-1 -1 1 1 ~1 1 ~1 1
-1 ~1 1 1 1 -1 1 -1
-1 1 1 ~1 1 -1 1 ~1
—1 1 1 ~1 ’ —1 1 -1 1
1 1 -1 ~1 -1 1 -1 1
1 1 ~1 ~1 1 -1 1 ~1
I 1 ~1 -1 1] [ 1 ~1 1 ~1




APPENDIX (The anti-Haar transform and the corresponding algebra)

Set U = DQT. The matrix U is unitary real. Set £ = {Ud(z)U"} =
{Ud(z)UT}. Since (UTe1); = (==e); # 0 Vi, the algebra £ can be rep-

7

resented as £ = {£(z)}, where £(z) is the matrix of £ with first row 27,
L(z) =Ud(UTz)d(UTe)) Ut = /nDQTd(QDz)QD. Write L(z):
First problem: how to choose the order of the columns of () 7 Assume

n = 4. First choice:

11 1 i 1
I B 3
@=11 4 1 | P= 7
1
1 -1 -1 7
Second choice:
1 -1 -1 z )
111 -1 . vz
@=1, 1 1 P P= 1
1
1 1 1 75
Finally, the third, definitive choice:
1 11 3 )
e 1 -1 B G
@=11 1 4 D= i
1
1 -1 -1 75
n=_8&:
1
2v2 L
e
Q = [e .. ]7 D = %
1
V2
L(z2) =
[ 21 29 23 24 Z5
22 21— 25— V223 —V22 —22
3 —V220 Z1 — 25 V224 —23
24 V224 21— 25 +V223 —z4
25 —22 —2Zz3 —2Z4 Z1
26 26
z7 z7
L 28 28

10

idem

Z6

Z6

z1+ 25 — \/§z7

—V2z

21
z2
Z3
Z4

21
z2
23
Z4

z2

Z1 — 23
Z3
— 24

z2
21 — 23
—29

Z2
21 — 23
—29

27

27
—V/226
21+ 25

V2zg

z3 24
z3 —Z4
21+ 29
21 — 22
<3 24
—29
21 24

z4 21+ 23

z3 zZ4
—29
z1 z4

z4 21+ 23

Z8

Z8

V2zs
21 4 25 + V227 |




APPENDIX 1 (The first investigations on the Haar matriz algebra)
Q=[e- -], D= diag (ﬁ, ...), @D and DQT are real unitary. Investigate
the matrix algebras {DQ7d(z)QD : z € C"} and {QDd(z)DQ" : z € C"}.
{QDd(z)DQ" : z € C"} (the other one is investigated in APPENDIX)

Md(MTz)d(MTv)*M~1, vI'(-) =2", M = QD: v = ey is not ok, what v
is ok ? ... Write QDd(DQTz)DQ" = QD3d(Q72)Q":

1

2

1 1 1 )
o 1 1 -1 _ 72
1
1 -1 -1 e
a+b a—> c c s t c c
3 T r | a—-b a+b c c |t s c c
QDd(Q72)Q" = c c a+d a—d | | ¢ ¢ H44d S—'QH’—d
c c a—d a+d c c Q'QH d S—'QH’—i—d

+b=s5,a—-b=t, a=
1
2v/2 N
V2
n=8Q=le-,D= 1 ,
1
V2
idem
QD*d(Q"2)Q"
[ (a+d)+c (a+d)—c a—d a—d b b b
(a+d)—c (a+d)+c a—d a—d b b b
a—d a—d (a+d)+e (a+d)—e b b b
a—d a—d (a+d)—e (a+d)+e b b b
b b b b (a+f)+g (a+f)—g a—f
b b b b (a+f)—g (a+f)+g a—f
b b b b a—f a—f  (a+f)+h
b b b b a—f a—f (a+f)—h
(s ¢t q q b b b b
t s q q b b b b
q q S;t—i—e S;t—e b b b b
|l g ¢ S'QH—e S'QH—i—e b b b b
b b b b ’
b b b b
b b b b
bbb b |
a= 81%(21—1—22—1—23 —1—124), b= ﬁ(%—l—z@'—i—z?—i—z@,
c= m(zl—@), d=g(z1+2 —23—2), e= m(23—24),
[= §(25+ZG—Z7—28), g= ﬁ(%—zs)’ h = ﬁi('z?—zs),
(a+d) +c=s, (a+d)—c=t, a—d=gq, a+d=F,
20—c=q+t, 2a+c=q+s, a=1(H= +q).

11




Appendix 2 (A different position of the columns in Q)

- 1
1 -1 7
QQDQZ |: 1 1 [ V2 1 ]7
. V2
- 1
1 -1 ‘ —1 Vi
1 1 ]-1 7
Q4Dy = I ;
1 1 -1 i
1 1 1 1
- V2
~ r 1L
1 -1 -1 —1 11 v8
1 1 -1 -1 V2 1
1 1 -1 -1 i
1 1 1 | -1 NG
QsDs = —— 2 L
1 1 1 1 7
1 1 1 -1 1
1 1 1 -1 V2o
1 1 11 Vi
B L V2
1 -1 -1 -1 -1
1 1 -1 -1 -1
1 1 -1 -1 -1
1 11 -1 -1
1 1 -1 -1 -1
1 1 1 —1 —1
1 1 1 -1 -1
1 1 1 1 -1
Q16D16 = T T -1 1 1 -Dss,
1 11 -1 1
1 1 1 -1 -1
1 1 1 1 —1
1 1 1 -1 -1
1 1 1 1 —1
1 1 1 1 —1
1 1 1 11
DgSg . 1
Dqg = Sg = d —,1,1,1,1,1,1, 1
16 |: DSSS ’ 8 lag(ﬂv s Ly Ly Ly Ly Ly )
Note that
n —eer{ D%S%
QnDn: -
ee; (Q@n D%Sg
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