TERZO ESONERO
Exercise 1
(@) ylx+h)=y@)+hy'(z) +
(0) : y(z+2h) =y(x) + 2hy'(z)

(@) + 5y (@) + O(h)
A () S () 4 O(h)
Aa) = (0): dy(e+B) — y(x +20) = By(a) + 2hy'(2) — Sh" (@) + O(HY)

—3y(z) 4+ 2y(z + h) — Ly(z + 2h)

y'(z) = W 2 +O(h?)
Exercise 2
1 1
1
1 2
Z= : , 27 = . :
1 n
1 n+1 -+ n+1 1 —(n+1) -+ —(n+1)
1 1
W= , W= ;
1 1
1 n
-1 -1
Y = LY = ;
-1 -1
1 1
11 -1 1
X = , X =
11 1 -1 1
A=XYWZ, A =Zz"lw-ly-1x!
1 1 —-(n+1) -+ —(n+1) n 1
2 1 -1 -1 1
A=
n 1 —1 —1
1 —(n+1) -+ —(n+1) n -1 n+1
2 1 -1 2 -2
= = 3 -3
n 1 -1 n  —-n

Show that there exists p positive, ||p|l1 = 1, such that A='p = p.

The vector equation A~'p = p is equivalent to the n scalar equations:

—p1+(n+1)p,=m (n+1)pn =2y

2(p1 — p2) =2 2p1 = 3p2

3(p2 —p3) =p3 3p2 = 4p3
(n—1)(Pn—2 — Pn-1) = Pn—1 (n—1)pp—2 = npn_1
n(Pn—1— Pn) =DPn npn—1 = (n+ 1)py,



2 32 42 on B R
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; 22 777)

Thus 1 is eigenvalue of A~'. Let us show that the remaining eigenvalues of A~}
have absolute value greater than 1. Let 1, A;, j = 2,...,n, be the eigenvalues
of A. We now prove that |A;| is smaller than 1, j = 2,...,n, and the thesis will
follow.

Taking into account the suggestion, compute A:

1 1 1 n+1 -+ n+1 1
11 n 1 L
—_ 2
A= !
11 - 1 -1 1 1
n
1 n+1 n+1 n+1
1 n Enl 3n n2
1 1 2 1
= . 3
11 1 N
n
1 n+1 n+1 n+1
Pl
Z Q_fL n3—17—ll nﬁ—l
n 2n 3n n2
_ 1 1 1 :
- n 2n 3n
. . n+1
P
B e O
n 2n 3n n2

Note that A is stochastic by columns and positive (thus, non negative and
irreducible). Then, by the Perron-Frobenius theory, since A is non negative and
irreducible, 1 = p(A) is a simple eigenvalue of A with corresponding uniquely
defined eigenvector p positive, ||p|l1 = 1 (note that we already know p), and,
since A is positive, the remaining eigenvalues of A have absolute value smaller
than 1.

Exercise 3. (i)

nPE(h) = 177 (0) + hf(0,77F(0)) = 0+ hy/T = 02 = h;

0" (h) = n"1(0) + hf(h,n®(h)) = 04 h/1 — nP1(h)2,
NP (h)? = R2(1 = 0" (h)?), "' (h) = s

n°(h) = n®(0) + h(a1 K1 + a2 K>) = 0 + hKo,

Ky = f(0,7°(0)) = £(0,0) = v1 - 02 =1

(
K> = f(0+pih,n(0) + p2hf(0,7(0))) = f(p1h,pah) = /1 — p3h? = \/1 — 1h?,

n€(h) = hy/1— $h%;
C/1y _ V1B
n (2)— 3



n” (k) =07 (0) + 2[f(0,77(0)) + f (b, n" (h))]
=0+ 2[V/1=17(0) + /1 -7 (h)?
A+ V1 =0T (),
Co=nC(h)=h\/1—1h2 & =L+ /T-€ i=012,...,
& — nT(h), i — oo,
ﬂT(h) = 1+h%
(iii)

n(1) = n(z)+305/(5:0(3) = 3(0,1(0))]
O Nt Varoy
= Bahi-gd
_ 4\/§52+13

MULTISTEP

Since y(t) solves the equation y'(¢t) = f(¢,y(t)), t € a,b, we have

ylatrh) —y@) = [Ty (@)t

LT p ey () e

h [y f(@+&h,y(x +&h)) d€

= hlaof(z,y(x)) + arf(x + h,y(x + h))
+...+a-f(z+rhylx+rh))
Fa1f(x—hy(z—h))+af(x—2hy(x—2h))
+...+a_sf(x—sh,y(x—sh))]+ F

MULTISTEP method: given y(x + jh), j = —s,...,—1,0,1,...,r — 1, define
n(z + rh), approximation of y(x + rh), by the identity

n(x+rh)—y(x) = hlaof(z,y(@)+...+ar_1f(x+ (r—1Dh,y(z+ (r —1)h))
Farf (e + rho (4 Th) + a1 f @ — B y(z — h) + a_sf(x — 2 y(a — 20))
+...+a_sf(x— sh,y(x — sh))]

where a; are chosen such that n(x + rh) = y(x + rh) when y(t) = (t — z)?,
i=0,1,...

Characteristic polynomial: 2"7% — 25 = 25(2" — 1), thus O-stable.

r = 1: Adams. Bashforth: Explicit Adams (EE). Moulton: Implicit Adams
(L, T)

r=s=1:

ylx+h) = y@)+hla_1f(@—hy(x—h))+aof(z,y(x)) +a1flx+hylx+h)]+FE
= y(@) +hla1y'(x — h) + aoy'(z) + a1y’ (z + h)| + E

By imposing E = 0 for y(t) = (t — x)%, i = 1,2, 3, one obtains, respectively, the
following conditions:

1 1
a_1+ap+a =1, al—a,1:§, a1+a,1:§



(for y(t) = (t — x)° we have E = 0 for any choice of the parameters).

Example: a1 =0, ag = % a_1 = —% (p-83,85 Lambert).

)
. _ 5 _ 2 _ 1
Example: a1 = 35, a0 = 5, a-1 = — 13-

Preliminaries

Space of all matrices with constant column sums:

a11 ai2 ais co A1n
a21 E@ Qi1 — 2#2 ;2 a23 ce a2n,
I — | a3 asz Dol =D gz asn
an1 An2 an3 e E/[ a1 — Zz;én Ain

It is a vector space. It is closed by multiplication and inversion. Look for a good
basis ? For instance in order to compute the best least squares approximation
in L of A e C™*".

If 1, eigenvalue of A stochastic by columns, is simple, and
AX =XJ, J= { 1 } — Jordan ([T =1, [Tl = [T =0, k=2,...,n),

then >, (X);; = 0 for all j # 1.
If 1, eigenvalue of A stochastic by columns, is not simple, and

AX =XJ, J= 1 1 = Jordan

then ), (X);; = 0 for all j # 2,4,5.

The product of two stochastic by columns matrices is stochastic by columns
(MTe=e, NTe =e = (MN)Te = e). The inverse of a non singular stochas-
tic by columns matrix is stochastic by columns (MTe = e = (M~ HTe =
(MT)"le=e).

Alternative proofs:

D UMN)G =N (M)(N)ig = D _(N)iy D (M), =D (N)i; = 1.
7 k

i k 7 k
YAy = DD S = iy Tl e(4)
A
mdet( S TP T R )
A



where the ones are in the jth row.

1
1 A
:mdet( -1 - -1 1 _11 R | R T il el )
- 1 -
r A
:mdet( L=2, ar l_zjg;ﬁja” el =30 A ):mdet(/l):

where the last but one equality holds by the stochastic assumption.

For any value of the parameters b;, the following matrix is well defined:

—02
| S o
n n—1 n—2
bn
- 1n:b12 % 1_(n_1)bn

|—

Example 1. b; = %: Al =
Example 2. b; = g
Example 3. b; =0
Example 4. b; = &

eel p(\) = A" — A\n L.

n

A~ is stochastic by columns. A1 is non negative iff b; and 1 —(j —1)b; are
non negative iff b; € [0, j%l] A1 is positive iff b; € (0, J%l) A~1is irreducible
iff 777

In order to compute the inverse, note that

1 b2(n71) b3(n72) . by 1
1—b2 1—2b3 1—("7,—1)1)»,,, E
1 b3(n—2) 1_b2
1—2b3 n—1 1-2bs
Al = 1 1 1 po—)
. b,
1—(n—1)b,
1 1 1 1 1—(n—1)by,
where
ba(n—1) b3 (n—2) by ba(n—1) b3 (n—2) by
1 2171)2 §72b3 1—(n—1)bn, 1 1 1—bo 1—2b3 1—(n—1)by,
1 1 bz (n—2) 1 1 1-bon 0 0
1205 111 1=b2 1—bsn
1 1 1 = 1—2b3
b . .
n . O
1—(n—1)by 1 1 1 1 b
ot ! ! (-1t



Thus

1 ba(n—1) b3(n—2) bn 1
1 117bb2 1—2bg T—(n—1)by, P )
—ban 1—
L s 1 (11 ’ = 1-2b
—ban _
At=| b LT T30 =1
0
1 1 1 1 1—1(:7,linlglbn 1—(n—1)b,
1
1 1—bon
1 1 1—bo b
—bgn
_|1 11 Toohs
1 1 1 1 _1=ban
1—(n—1)by
1 ba(n=1)  b3(n—2) by, 1
1—bs 1—2b3 T—(n—1b, T 1by
1 0 n—1 1—26
1 n723
0
1 1—(n—1)by,
Thus the inverse is
n 1 _bg(’nfl) _b3(n72) o by
n—1 1—b2 1—21}3 1—("7,—1)1)»,,
1—by 1 0 0
n—2
A= 120 1
0
1
T—(n—1)b, 1
1 1
171)2
1—ban 1—ot _1 1
—92bs
1*b3n _1 1
1—(n—1)b, -1 1
1-b,n
__nba(n—=1)  nbz(n—2) - nby,
n 10y 1205 I—(n—1)by,
n—1 0
1-b
2 n—2
= 1721)3
0
1
1—(n—1)b,
1
_ 1—bo 1—bo
1—b2n 1—b2n
1-2b3  1—2bs
1—b3n 1—b3n
_1-(n=1)bn 1—(n—1)b,
1-b,n 1-b,n
n(l+b2B2) n(b3Bz —b2B2) n(bsfs —b3B3) n(bnBn —bn—18n-1) —nbnfn
—B2 P
—Bs3 B3 n—j+1
A= B ="
7ﬁ4 ﬁ4 IBJ 1-— bjn
—Bn Bn
1+b,_1mn 2+4+by,_omn
P = Ap: pn-1 = bunpn, pn2 = fl n—1, Pn—3 = %pnfb
—2+4¢
= B,

p1



Example. b; = ”n—";l (thus B; = —j, b;3; = — =)

n

-1 n+1
A= 3 -3 , paN) =Ty (A +j) — (n+1)!
n —N

(compute det(A] — A) with respect to the first row). For n = 3: pa()\) =
A+DA+2)A+3) =4l =23 +6A2 + 11X — 18 = (A — 1)(A? + TA + 18).

The matrix A~! is invertible if and only if b; # % Vi (b = % for some j
implies that the first and the jth columns are equal; if b; # % Vj, then we can
define the inverse). A~ is singular iff has n — 1 eigenvalues equal to zero (and
one equal to 1).

In order to have [A]1; =0, j = 2,...,n — 1, the parameters b; must satisfy
the following (equivalent) conditions:

biBj = bjt1Bj+1,
(n_]+1)bj _nbjijrl = (n_j)ijrlv j=2,...,n—1,
iy, = (n=dt1)b;
Jj+1 nbj+n—j °
Examples.
b; all equal to b: then b must be such that b — nb* = 0, and thus zero or %

bj:O;ﬁjzn—j+1,bj6j:0,

n
1-n n—1
2—n n—2
-1 1
bjznn—J;l;ﬁjZ—j, b;B; = -2,
-1 n+1
2 =2
3 =3
n  -n
bj =547 B =1-4, ;8 = —1,
n
1 -1
A= 2 =2



Let 1, Ag, ..., A, be the eigenvalues of

3=

= O3 =
O3 =

M=(AH" =

C N =S

1 1
n—1 0

n—1

1
| f=ee
=

(b; = ]%1) (Riccardo Fastella: for n = 4 the characteristic polynomial of M is
P %/\3 - %—}l/\z - %/\ - 2—14) Note that 1 is simple and |A\;| <1, 7=2,...,n.
By using the equality Me = e, we can introduce a matrix W whose eigenvalues
are 0, Ao, ..., Ayt

[0 0 0 0 0 7
O -1 _1 _1 1
W=M e(e] M) == n—3  n—3 1 1
(ef M) (e1 M) S =
O ; :
1 1 1
L . n(n—1) o o nn—-1) ~n J
and thus a (n — 1) x (n — 1) matrix whose eigenvalues are As...., A, the n —1
eigenvalues of A~! different from 1:
_1 1 _1 1
1 1 1
n2113 n—% _i _i
3n 3n n n
1 1 1
n(n—1) n(n—1) n
Gershgorin rays: (j — 1)% + %‘71; centers: —.
Result. A sufficient condition for |A\;| <1, j =2,...,n, is that
—7)(27—1
=NE=D iy (+)
jn

The above inequality is satisfied for j = 1 and for j = n — 1. Since the function
o) = (n —x)(2z — 1)/(nx), z € [1,n — 1], reaches its maximum value for
r = +/n/2 and ¢(1/n/2) < 1if and only if (n + 1)v/2n < 4n, we can say that
for n < 5 the inequalities (*) are certainly true. For n = 6 the inequalities (*)
are all verified except for j = 2, in which case the equality holds. Gershgorin
yet applies (Third G. Theorem). For n = 7, the inequality j = 2 would yield
15 < 14), so Gershgorin for n > 7 does not apply.

Question. Are for all n satisfied the inequalities |\;| <1, j=2,...,n?
COMPITO D’ESAME



Let B be any positive, stochastic by columns n X n matrix. Let

1 1 1
n 2 n—1 n
5 003 T 1 -1

Al = : : , A= 2 -2
1 1 . .
n n—1 ’ ’
% 0 0 n—1 1-n

Since A is invertible, the following identities are equivalent
(B—A)p=0, Bp=Ap, A~'Bp =p.

Note that A=!B is positive and stochastic by columns (product of stochastic
by columns matrices), thus, by the Perron-Frobenius theory, 1 = p(A~'B) is a
simple eigenvalue of A™1B and there is a unique positive vector p, ||p|1 = 1,
such that p = A~'Bp. Moreover, such vector can be computed by the following
iterative method

p® positive, Y p{” =1, p** = A1 BpM, k=0.1,...

(i.e. by the power method), which in fact generates a sequence of positive vectors

p®, Zipf;k) = 1, convergent to p (A~!B positive and stochastic by columns

imply that 1 is eigenvalue and the remaining eigenvalues are smaller than 1!).
The vector p**+1 is defined by the equation

Ap*t) = Bp®) |k =0,1,...

and thus can be computed from p*) by a matrix-vector multiplication involving
B and by solving a linear system, Az = b, whose coefficient matrix is A. It
is clear from the structure of A that such system can be solved in at most 2n
multiplicative operations (z, from the first equation, z,_1 from the last one,
..., 21 from the second one).

Since A~! is non negative and irreducible (one goes from i to j passing
through 1, and thus the graph associated with A~! is strongly connected), we
can say that

3! p positive, [pli =1, A™'p=p

(by the Perron-Frobenius theory). For n = 4:

ATt = M= (AT =

NSNS TN
o O O
O ONF—
O oo o=
I = s =
W= O |
W= O Okl
O O ORI

The matrix M has the same eigenvalues of A~!. Moreover, Me = e. We can
apply the deflation:

T M 0 0 0 0

T 3 1 1 1

o Ty |eM | _| 1 —1 -1 —71

W=M elTMeeelM_M oM | = % % _% _%
T 1

e M 5 iz 13 1



So, the remaining eigenvalues of M are the eigenvalues of the following 3 x 3
matrix:

1
1

1
2

IS

=

C:

o

NN PN P

—
[ V)

which, by the first Gershgorin theorem, has all its eigenvalues inside the the
circle with center —% and ray %

By the above arguments, it follows that if 1, Ay, A3, A4 are the eigenvalues of
A~ then |A;|, j = 2,3,4, are smaller than 1. Thus, the procedure

p® positive, sz(,o) =1, ptth =4"1p® k=0,1,...
i
generates a sequence of positive vectors p(k), Zipl(.k) = 1, convergent to p
positive, ”p”l =1L, p= AilP-
In the generic case, such p can be computed by observing that it also solves
the vector equation p = Ap, or equivalently, the n equations

n =
pp"_pplzp p1=npy
oo p2=§p1=%pn

2 — e
v =) = s . Ps=3p2=5pn

(n —2)(Pn—2 — Pn—1) = Pn—1
(n—1)(pn—1 — Pn) =pn

_ n=2 _ n
Pn—1 = n_lpn—Q - n_lpn

n .
Py = Spu J =1, 1=>"pj = pu=
J

n( 1)

The product of two stochastic by columns matrices is stochastic by columns.

Loy
s=[1 0] ves
1 2 1
a_ [ L+ laba-b
BB b+b(1_b) I RAC
u 1 1
B"B = 2
{% bQ+(1—b>2}
1 1 1 1 1 1
BBY =BHB, — 412 == b=+4-, = - == p=-=
; 4+b 27’9 2,4—1-5( b) X b 5

A normal = A = QDQ¥Y, with @ unitary and D diagonal with diagonal
entries equal to the eigenvalues of A. pa(\) =\"= D=0= A=0.

The matrices
0 0 0 1
0O 0|”]0 O

have the same eigenvalues but are not similar (prove it!).

The inverse of a stochastic by columns matrix is stochastic by columns (see
above)

10



3 2 -1 1
A=1 2 3 -3 |, Su= a B
-1 -2 1 B «
3 2a+p 28 —a ] 3 \2/25 (1)
ASp;z=1| 2 3Ba+38 38—-3a |=| 2 3% 35
-1 —%a-8 —iB+a -1 - =2
. 3v5  3V6
(for « = 2//5, B =1/V/5).
! 2 1 [ 3 V50
TN el NS
VA L0 0 3
f(:v) :x73/27 f’(x) _ _gx75/2’ f”(x) _ %gftﬂ/z7 f”’(x) _ _gg%ffg/z7
. (35 (254+1) o 3:5-7---(45—1) _(9:41
f( )(Z‘) =(-1) or 2 ¢ Jr3/2)7 f(2] 1)(1,) - SooT 7~ (2i+3)
! 2 ., 2 2
/m kil v ey Y
~ 1 1,1 1 2 2 Bs;(0) 1 1 .3.-5.7---(45—1)
2 = g R L T e e e
i=m J=

where, since f(*) does not change sign in [m,n], m > 0,

[ukt1] < 2“(822;:—2(2(;3" - n2k+12+% + m2k12+% |3 : 722k+(fk+3)
For n — 4-o00:
= 1 2 GnBy(0)3-5-7-- (45— 1)
; 372 = 2/ + ﬁ + ; 2))! 3t 192i-1 + ugg1(00)

| Bok+2(0)[3-5-7---(4k + 3)
(2k +2)!  pp2k+2+3592k+1

[ugt1(00)] <2

m =2

] < | Bott2(0)]3-5-7---(4k + 3)
(2k 4 2)124k+2/2

k=0: ﬁ =0.0441..
k=1: ﬁ = 0.0016..
k=2: s =237.-1071
k=3 2323275 =7.23..-107°
k=4 2LIBITI — 368, .107°
k=5; SLTATIE2 — 981..-107°
k=6: %:3.0..-10—5

11



ft,y(t)) = =200ty (t)%, y(=1) = w7 = n"F(=1) = n°(-1)
EE:
WEE(_%) = nlEE(_%OO—’_% 2(0:1777EE(_1)) = Wll %[ 200( )1012]
= L0001 0197
IO = WD AP ) = B+ A
201 | 50(201 )2 ~ 200101%50201% _ 4070451 _ () 39116
C:
Kl B f(_l’ni(;l)c - _2001(1 22) 012> 3 1 1 200 \2
Ky = f(-1+3L 001+ = 200(—3)(-L 4 12002,
c _12 fé 1 221;7( (_ ) 2%010012) 1 200( 24)( w01 + 11012)
n“(=3) = n( )+222— 2(101""41012)
= @+ = 101t j'07154151 = 2020376 — 0.026334. ..
K, = f(—%,ncl(l—% )21—2001(1—%)770(—%)27 . . .
Ky = f 2 5517770(—5)4' 33K1) = —200(—1) (% (—3) + $100n°(=3)?)?,
n“0) = 770(—?) + ¥K2 X -
= UC(—?) + 550(n¢ —15) + 25770(—15) )
= n9=3)+25(n°(—3) +25n°(—%)%)? = 0.074014.

Compute an approximation of fnﬂ f@ydt, f(t) = %, by using three values
of fin [n,n + 1]. (Note that the right value of the integral is log, (1 + 1)).

1 1 1 1 2n+1
I, =1-[= - D=1-[— =
! 5/ () +5fn+1) G T3 D T T D
Iy = l5f)+fn+3)+5f(n+ )] = sloiiy + zom)
_  10n+1D)’+An(n+1) _ _ 8n’48n+1
2 2n(n+1)(2n+1) — 4n(n+1)(2n+1)
I L S ot 8n24+8n41 2n41
I _ 225_1 — n(n+1)(2n+§) " 2n(nt1)
2(8n%+8n+1)—(2n+1)? _  12p2412n+1
- 6n(n+1)(2n+1) — 6n(n+1)(2n+1) -

Note that for I — 400 when n — +oo.

We already know that Bag11(0) = BQk+1(%) Bop+1(1) =0,k > 1. As-
sume Bogy1(€) = 0, £ € (0,3). Then Bh,  (n) = B ,(n) = 0, for some
1€ (0,€), n € (&%), and therefore, since By, (z) = (2k + 1)Bak(z), we have
Boy(p) = Bak(n) = 0. It follows that B}, (p) = 0, for some p € (p,n) C (0, 3),
that is, being B}, () = 2kBag—1(x), the polynomial Bar_q1 must be zero in
p € (0,3). Since k is generic, such arguments imply that there exists v € (0, 1)
such that Bj is zero in 7, which is absurd, since the only zeros of B3 in [0, 5]
are 0 and %

12



(@): ylx—h) = y(r)—hy'(2) + 5y ()
" (@) + by (@) + O(h)

0): ylat+h) = yla)+hy'@) + 5y ()
ey (@) + Ly (@) + O(h°),

(¢) : yla+2h)

—(
() —4

Dy (x)

y(x) + th'(x) + —42’2 y”(m)
3 4
82, y///(x) 132 y////(x) O(h5)7

a) : y(z+h) —y(z —h) = 2hy'(x) + §h%y" (2) + O(hP),

(b) + y(o +2h) —dy(z + h) = =3y(x) — 20y’ (z) + §hy" (z) + 53 h'y"" (2) + O(h®),

_ =2y(x —h) = 3y(x) + 6y(z + h) — y(x + 2h)

3
h + O(h?)

13



