
On lower Hessenberg Toeplitz matrices
Set

Hn =









a1 γ
a2 a1

γ
an a2 a1









, HT
n =









a1 a2 an

γ a1

a2

γ a1









.

Recall that

AX −XA =
∑

xmyT
m ⇒ A = −

∑

τ(Jxm)

[

τ(In−1
1 ym) 0

0T 0

]

+ τ(JAen)

(the converse is true if
∑

τ(xm)ym = 0). Note that

HnX − XHn = −













a2 − γ
a3

an

ρ













eT
1 + en[ρ an a3 a2 − γ]

Thus, since (H−1
n )T J = JH−1

n (H−1
n is persymmetric because Hn is),

H−1
n X − XH−1

n = H−1
n













a2 − γ
a3

an

ρ













eT
1 H−1

n − H−1
n en[ρ an a3 a2 − γ]H−1

n

= H−1
n













a2 − γ
a3

an

ρ













(JH−1
n en)T − H−1

n en(JH−1
n













a2 − γ
a3

an

ρ













)T ,

Hn = (τ(









ρ
an

a2









) − γJ)

[

J 0

0T 0

]

−













τ(









a3

an

ρ









) 0

0T 0













+ τ(





a1

γ



),

H−1
n = −τ(JH−1

n













a2 − γ
a3

an

ρ













)

[

τ(In−1
1 JH−1

n en) 0

0T 0

]

+τ(JH−1
n en)(

















τ(In−1
1 JH−1

n













a2 − γ
a3

an

ρ













) 0

0T 0

















+ I).
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Note that if |[H−1
n ]1i| = |[H−1

n ]n+1−i,n| = | det An−i/ det An| 6= 0 then

H−1
n









a2

an

ρ









=
1

[H−1
n ]1i

(H−1
n ei−1 −ZT H−1

n ei), ρ = − 1

[H−1
n ]1i

[0 an a2]H
−1
n ei

So, if det An−1 6= 0 then the first and the last columns of H−1
n define H−1

n . How
to compute such columns ?

We now assume γ = 1:

E1 =









1
x1 1

1









, x1 = − 1
a1

= − 1
u11

, . . . ,

En−1 =









1

1
xn−1 1









, xn−1 = − 1

a
(n−1)
n−1

= − 1
un−1n−1

En−1 · · ·E1H
T
n = U, HnET

1 · · ·ET
n−1 = UT , (ET

n−1)
−1 · · · (ET

1 )−1H−1
n = (UT )−1,

u11 = a1, u22 =
a2
1 − a2

a1
=

det A2

det A1
, u33 =

det A3

det A2
, unn =

det An

det An−1

H−1
n = ET

1 · · ·ET
n−1(U

T )−1, H−1
n e1 = ET

1 · · ·ET
n−1(U

T )−1e1

H−1
n en = ET

1 · · ·ET
n−1(U

T )−1en =
1

Unn

ET
1 · · ·ET

n−1en

H−1
n en =

1

unn

[(xn−1 · · ·x2x1) (xn−1 · · ·x2) . . . (xn−1xn−2) (xn−1) 1]T

H−1
n en = [(−1)n−1 1

unn · · ·u11
(−1)n−2 1

unn · · ·u22
. . . − 1

unnun−1n−1

1

unn

]T

H−1
n en =

1

det An

[(−1)n−1 (−1)n−2 det A1 . . . − det An−2 det An−1]
T

An alternative way to compute H−1
n e1 and H−1

n en . . .

Assume n even. So, Hn, γ = 1, can be written as follows

Hn =

[

Hn
2

(em
n
2
)(em

1 )T

Tn
2

Hn
2

]

= An + en
2
eT

n
2
+1, An =

[

Hn
2

0
Tn

2
Hn

2

]

, m = n/2.

Note that T n
2

is a generic (non symmetric) Toeplitz matrix. Then, by the

Sherman-Morrison formula, since eT
1 H−1

n = eT
n (JH−1

n )T = (H−1
n en)T J , we

have the following formula for H−1
n :

H−1
n = A−1

n − 1
1+e

T
m+1A

−1
n em

A−1
n emeT

m+1A
−1
n

=

[

H−1
n
2

0

−H−1
n
2

Tn
2
H−1

n
2

H−1
n
2

]

− 1

1−(H−1
m e

(m)
m )T JTmH

−1
m em

[

H−1
m e

(m)
m

−H−1
m TmH−1

m e
(m)
m

]

[

− (H−1
m e

(m)
m )T JTmH−1

m | (H−1
m e

(m)
m )T J

]

.
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As a consequence (for simplicity set em = e
(m)
m ), we have a formula for H−1

n en:

H−1
n en =

[

0

H−1
m em

]

− (H−1
m em)1

1 − (H−1
m em)T JTmH−1

m em

[

H−1
m em

−H−1
m TmH−1

m em

]

(computations: H−1
m em, Tm(H−1

m em), H−1
m (TmH−1

m em), and O(n) a.o.), and a
formula for H−1

n b, in fact, if b1 and b2 denote the first and the second half of
b, then

H−1
n b =

[

H−1
m b1

−H−1
m TmH−1

m b1 + H−1
m b2

]

− (H−1
m em)T J(b2 − TmH−1

m b1)

1 − (H−1
m em)T JTmH−1

m em

[

H−1
m em

−H−1
m TmH−1

m em

]

(computations: H−1
m em, Tm(H−1

m em), H−1
m (TmH−1

m em), H−1
m b1, Tm(H−1

m b1),
H−1

m (b2 − TmH−1
m b1))

From now on, we set γ = 1 in the matrix Hn.

Computing H−1
n en from H−1

n−1e
(n−1)
n−1

Hn = An + en−1e
T
n , An =

[

Hn−1 0
[

an a2

]

a1

]

,

H−1
n = A−1

n − 1
1+e

T
n A

−1
n en−1

A−1
n en−1e

T
nA−1

n

=

[

H−1
n−1 0

− 1
a1

[

an a2

]

H−1
n−1 a−1

1

]

− 1

1− 1
a1

[an···a2]H
−1
n−1e

(n−1)
n−1

[

H−1
n−1e

(n−1)
n−1

− 1
a1

[an · · · a2]H
−1
n−1e

(n−1)
n−1

]

[

− 1
a1

[an · · · a2]H
−1
n−1

1
a1

]

,

H−1
n en =

[

0

a−1
1

]

− 1/a1

1 − 1
a1

[an · · · a2]H
−1
n−1e

(n−1)
n−1

[

H−1
n−1e

(n−1)
n−1

− 1
a1

[an · · ·a2]H
−1
n−1e

(n−1)
n−1

]

.

Thus, assuming Hk non singular, k = 1, . . . , n, and starting from H−1
1 e1 = 1

a1
,

one can compute H−1
n en with n2 + O(n) a.o. .

Computing H−1
n e1

Hn = An + e1e
T
2 , An =









a1 0T




a2

an



 Hn−1









,

H−1
n = A−1

n − 1
1+e

T
2 A

−1
n e1

A−1
n e1e

T
2 A−1

n

=









a−1
1 0T

− 1
a1

H−1
n−1





a2

an



 H−1
n−1









− 1

1− 1
a1

e
T
1 H

−1
n−1









a2

an

















a−1
1

− 1
a1

H−1
n−1





a2

an















 − 1
a1

eT
1 H−1

n−1





a2

an



 eT
1 H−1

n−1



 ,
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H−1
n e1 =









a−1
1

− 1
a1

H−1
n−1





a2

an













−

− 1
a1

e
T
1 H

−1
n−1









a2

an









1− 1
a1

e
T
1 H

−1
n−1









a2

an

















a−1
1

− 1
a1

H−1
n−1





a2

an













= 1

1− 1
a1

e
T
1 H

−1
n−1









a2

an

















a−1
1

− 1
a1

H−1
n−1





a2

an













.

. . .

Arrow matrices.

(T+H)X−X(T+H) =















−t1 + t−1 t−2 + h0 · · · t−n+1 + hn−3 −hn + hn−2

−t2 − h0 −t−n+1 − hn+1

...
...

−tn−1 − hn−3 −t−2 − h2n−2

−hn−2 + hn tn−1 + hn+1 · · · t2 + h2n−2 −t−1 + t1















When the rank of the above (T +H)X −X(T +H) is equal to 2? For instance,
if

T =













� � 0 0
� �

0
�

� � � �













, H =













0 0 � �

�

0 0
�

� � 0 0













then A = T + H, (T + H)T , J(T + H), J(T + H)T are such that AX −XA has
rank 2. . . .




















• 0
• 0

• 0
• 0

• 0
• 0
0





















,





















• 0
• 0

• 0
• 0

• 0
• 0

• 0





















,





















• 0
• 0

• 0
• 0

• 0
• 0

• 0





















,





















• 0
• 0

• 0
• 0

• 0
• 0

• 0





















,

Evaluation of ζ(s) =
∑+∞

r=1
1
rs

Assume s > 1. Then the Euler-Maclaurin formula for f(x) = 1
xs and n → +∞

becomes:

+∞
∑

r=m

1

rs
=

1

2ms
+

1

(s − 1)ms−1
+

k
∑

j=1

B2j(0)

(2j)!

s(s + 1) · · · (s + 2j − 2)

ms+2j−1
+ uk+1,
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|uk+1| ≤ 2
|B2k+2(0)|
(2k + 2)!

s(s + 1) · · · (s + 2k)

ms+2k+1
. (∗)

(proof:
∫ n

m
1
xs dx = 1

s−1 ( 1
ms−1 − 1

ns−1 ); f (j)(x) = (−1)js(s+1) · · · (s+j−1)x−s−j ;

f (2j−1)(x) = −s(s + 1) · · · (s + 2j − 2)x−s−2j+1 )

Exercise. Assume m fixed (f.i. m = 2). Find the value of k that minimizes the
upper bound in (*).

k = 0 : 2 1
6·2

s
ms+1 ,

k = 1 : 2 1
30·4!

s(s+1)(s+2)
ms+3 ,

k = 2 : 2 1
42·6!

s(s+1)(s+2)(s+3)(s+4)
ms+5 ,

k = 3 : 2 1
30·8!

s(s+1)(s+2)(s+3)(s+4)(s+5)(s+6)
ms+7 , . . .

Note. For k large (how much?) there is a good estimate of |B2k+2(0)| (see
below).

Estimates of ζ(3/2). Assume s = 3
2 .

+∞
∑

r=m

1

r
√

r
=

1

2m
√

m
+

2√
m

+

k
∑

j=1

B2j(0)

(2j)!

3(5) · · · (4j − 1)

22j−1m2j+ 1
2

+ uk+1,

|uk+1| ≤
|B2k+2(0)|
(2k + 2)!

3(5) · · · (4k + 3)

22km2k+2+ 1
2

. (∗)

A rational approximation . It is clear that the only way to avoid the computation
of radicals is to set m = 1:

+∞
∑

r=1

1

r
√

r
=

1

2
+ 2 +

k
∑

j=1

B2j(0)

(2j)!

3(5) · · · (4j − 1)

22j−1
+ uk+1,

|uk+1| ≤
|B2k+2(0)|
(2k + 2)!

3(5) · · · (4k + 3)

22k
. (∗)

k = 0 : 1
2 + 2, |u1| ≤ 1

4 ;
k = 1 : ( 5

2 ) + 1
8 , |u2| ≤ 7

192 ≈ 0.036;
k = 2 : ( 21

8 ) − 7
384 , |u3| ≤ 11

512 ≈ 0.0214;
k = 3 : ( 1001

384 )+?, |u4| ≤ 13·33
214 ≈ 0.026.

So, 1001
384 is the better rational estimate of ζ( 3

2 ) which can be obtained (at least
by our knowledges). The error is bounded by 0.025 = 1

40 .

An approximation in Q[
√

2]. It is clear that the only way to avoid the compu-
tation of radicals greater than

√
2 is to set m = 2:

+∞
∑

r=2

1

r
√

r
=

1

4
√

2
+

2√
2

+
k
∑

j=1

B2j(0)

(2j)!

3(5) · · · (4j − 1)

22j−122j
√

2
+ uk+1,

|uk+1| ≤
( |B2k+2(0)|

(2k + 2)!

3(5) · · · (4k + 3)

22k

) 1

22k+2
√

2
. (∗)
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k = 0 : 1
4
√

2
+ 2√

2
, |u1| ≤ 1

4
1

22
√

2
≈ 0.044;

k = 1 : ( 9
4
√

2
) + 1

32
√

2
, |u2| ≤ 7

192
1

24
√

2
≈ 0.0015;

k = 2 : ( 73
32

√
2
) − 7

(3)211
√

2
, |u3| ≤ 11

512
1

26
√

2
≈ 0.00023;

k = 3 : ( 14009
6144

√
2
)+?, |u4| ≤ 13·33

214
1

28
√

2
≈ 0.000071.

So, 1 + 14009
6144

√
2

= 2.6122817 . . . approximates ζ( 3
2 ) with an error bounded by

0.00025 = 1
4000 .

An approximation in Q[
√

2,
√

3]. One can avoid the computation of radicals
greater than

√
3 by setting m = 3, or, better, m = 4:

+∞
∑

r=4

1

r
√

r
=

1

16
+ 1 +

k
∑

j=1

B2j(0)

(2j)!

3(5) · · · (4j − 1)

22j42j
+ uk+1,

|uk+1| ≤
( |B2k+2(0)|

(2k + 2)!

3(5) · · · (4k + 3)

22k

) 1

42k+2+ 1
2

.

Let us check the approximations proposed, for small values of k:

k = 0 : 1
16 + 1, |u1| ≤ 1

4
1

42+ 1
2

= 1
128 ;

k = 1 : ( 17
16 ) + 1

256 , |u2| ≤ 7
192

1

44+ 1
2

= 7
(3)215 ≈ 0.0000712;

k = 2 : ( 273
256 ) − 7

(3)216 , |u3| ≤ 11
512

1

46+ 1
2

= 11
222 ≈ 0.0000026;

k = 3 : (???) + 11
223 , |u4| ≤ 13·33

214
1

48+ 1
2
≈ 0.0000002.

So, (1 + 1
2
√

2
+ 1

3
√

3
) + ...

...
approximates ζ( 3

2 ) with an error bounded by . . . .

Estimates of ζ(5/2). Assume s = 5
2 .

+∞
∑

r=m

1

r2
√

r
=

1

2m2
√

m
+

2

3m
√

m
+

k
∑

j=1

B2j(0)

(2j)!

5(7) · · · (4j + 1)

22j−1m2j+1+ 1
2

+ uk+1,

|uk+1| ≤
|B2k+2(0)|
(2k + 2)!

5(7) · · · (4k + 5)

22km2k+3+ 1
2

=
4k + 5

3m
· (bound for s =

3

2
).

Thus, for m = 1, we have |uk+1| ≤ 4k+5
3 · (bound for s = 3

2 ): 5
30.25 = 0.416

(k = 0), 3 · 0.036 = 0.108 (k = 1), 13
3 0.0214 = 0.0927 (k = 2); and, for m = 2,

we have |uk+1| ≤ 4k+5
6 · (bound for s = 3

2 ): 5
60.044 = 0.036 (k = 0), 3

20.00159 =
0.0023 (k = 1), 13

6 0.000236 = 0.00051 (k = 2), 17
6 0.000071 = 0.000201 (k = 3).

So, by setting m = 2 and k = 3 we obtain an approximation of ζ( 5
2 ) involving

the only radical
√

2 and with an error bounded by 0.000201:

ˆζ( 5
2 ) = 1 + 1

23
√

2
+ 1

3
√

2
+ 5

(3)26
√

2
− 7

212
√

2
+ 11·13

(3)217
√

2
= 1.34155356 . . . ,

| ˆζ( 5
2 ) − ζ( 5

2 )| ≤ 0.000201

We know that

ζ( 3
2 ) ≈ ˆζ( 3

2 ) = 2.6122817 . . . , ζ(2) = π2

6 = 1.644934067 . . . ,

ζ( 5
2 ) ≈ ˆζ( 5

2 ) = 1.34155356 . . .
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where the error for the first and the third value is bounded, respectively, by
0.000236 and 0.000201.

We can use the above estimates to obtain an approximation of the following
integral:

I =
∫

5
2
3
2

ζ(s) ds = 1 +
∑+∞

r=2

∫
5
2
3
2

1
rs ds,

∫
5
2
3
2

( 1
r
)s ds =

∫
5
2
3
2

es loge
1
r ds = 1

(loge r)r
√

r
(1 − 1

r
).

In fact, by the Romberg extrapolation method,

I1 = 1[ 12ζ( 3
2 ) + 1

2 ζ( 5
2 )], I 1

2
= 1

2 [ 12ζ( 3
2 ) + ζ(2) + 1

2ζ( 5
2 )],

Ĩ =
22I 1

2
−I1

22−1 = 1
3 [ 12ζ( 3

2 ) + 2ζ(2) + 1
2ζ( 5

2 )] ≈ 1.7555 . . . ≈ I.

Let ε be in (0, 1], and set f(x) = xε−1. Then f ′(x) = (ε− 1)xε−2, f (s)(x) =
(ε− 1)(ε− 2) · · · (ε− s)xε−s−1, f (2j−1)(x) = (ε− 1)(ε− 2) · · · (ε− 2j + 1)xε−2j

⇒
∑n

r=m
1

r1−ε − nε

ε
= 1

2 ( 1
m1−ε + 1

n1−ε ) − mε

ε

+
∑k

j=1
B2j(0)
(2j)! (ε − 1)(ε − 2) · · · (ε − 2j + 1)

(

1
n2j−ε − 1

m2j−ε

)

+ uk+1,

|uk+1| ≤ 2
|B2k+2(0)|
(2k + 2)!

|(ε − 1)(ε − 2) · · · (ε − 2k − 1)|
∣

∣

1

n2k+2−ε
− 1

m2k+2−ε

∣

∣.

Set γε = limn→+∞(
∑n

r=1
1

r1−ε − nε/ε). Then

γε =
∑m−1

r=1
1

r1−ε + limn→+∞
(
∑n

r=m
1

r1−ε − nε

ε

)

=
∑m−1

r=1
1

r1−ε + 1
2m1−ε − mε

ε

−∑k
j=1

B2j (0)
(2j)!

(ε−1)(ε−2)···(ε−2j+1)
m2j−ε + uk+1(∞),

|uk+1(∞)| ≤ 2
|B2k+2(0)|
(2k + 2)!

|(ε − 1)(ε − 2) · · · (ε − 2k − 1)|
m2k+2−ε

.

Exercise. Set ε = 1
2 .

Remark. The number γε seems well defined for any ε ∈ (−∞, 0) ∪ {0} ∪ (0, 1]
(casio PB200):

ε = 1 : γε = 0;
ε = 0.75 : γε = −0.724;
ε = 0.5 : γε = −1.44917;
ε = 0.25 : γε = −3.439613;
ε = 0.1 : γε = −9.429;
ε = 0.01 : γε = −99.42;
ε = 0 : γε = 0.577 . . . ;
ε = −0.5 : γε = 2.61 . . . ;
ε = −1.0 : γε = 1.64 . . . ;
ε = −1.5 : γε = 1.34 . . . .
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5 E = 0.75
10 I = 1 : S = 0 : N = 2000
20 S = S + 1/(I(1−E)) : I = I + 1 : IF I ≤ N ; GOTO20
30 Y = S − (NE)/E
40 PRINT Y

10 I = 1 : S = 0 : N = 800
20 S = S + 1/I : I = I + 1 : IF I ≤ N ; GOTO20
30 Y = S − LN N
40 PRINT Y

One guesses that γε is equal to the Riemann zeta function when ε is negative;
is well defined and increasing (from −∞ to 0) when ε ∈ (0, 1]; is equal to the
Eulero-Mascheroni constant when ε = 0 (that is, is equal to limn→∞(

∑n

r=1 1/r−
loge n).

Computing the Bernoulli numbers

Assume we know that text

et−1 =
∑+∞

n=0
Bn(x)

n! tn (yet, however, we have no proof of
this equality). In particular, for x = 0 we have:

t

et − 1
=

+∞
∑

n=0

Bn(0)

n!
tn = −1

2
t +

+∞
∑

k=0

B2k(0)

(2k)!
t2k.

Then

t = (− 1
2 t +

∑+∞
k=0

B2k(0)
(2k)! t2k)t(

∑+∞
r=0

tr

(r+1)!)

= − 1
2 t2(

∑+∞
r=0

tr

(r+1)! ) + t(
∑+∞

k=0
B2k(0)
(2k)! t2k)(

∑+∞
r=0

tr

(r+1)!)

= − 1
2

∑+∞
j=2

tj

(j−1)! + t
∑+∞

k,r=0
B2k(0)t2k+r

(2k)!(r+1)! .

By setting 2k + r = j − 1 in the latter equality, one realizes that the coefficient
of tj , j = 2, 3, . . ., on the right is

−1

2

1

(j − 1)!
+

[ j−1
2 ]
∑

k=0

B2k(0)

(2k)!(j − 2k)!
(∗)

and it must be zero, like the coefficient of tj on the left (note that the coefficient
of t on the right is 1, like the coefficient of t on the left).

So we have the conditions:

−1

2
j +

[ j−1
2 ]
∑

k=0

(

j
2k

)

B2k(0) = 0, j = 2, 3, 4, . . . . (∗∗)

(A) By considering separately the cases j even and j odd, we have

j = 2s, s = 1, 2, 3, . . . : −s +
∑s−1

k=0

(

2s
2k

)

B2k(0) = 0,

j = 2s + 1, s = 1, 2, 3, . . . : − 2s+1
2 +

∑s

k=0

(

2s + 1
2k

)

B2k(0) = 0.
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It follows that






























(

2
0

)

(

4
0

) (

4
2

)

(

6
0

) (

6
2

) (

6
4

)

(

8
0

) (

8
2

) (

8
4

) (

8
6

)

...
. . .













































B0(0)
B2(0)
B4(0)
B6(0)

...















=















1
2
3
4
...















,



















1
1 6
1 15 15
1 28 70 28
1 45 210 210 45
...

. . .





































B0(0)
B2(0)
B4(0)
B6(0)
B8(0)

...



















=



















1
2
3
4
5
...



















,

and






























(

1
0

)

(

3
0

) (

3
2

)

(

5
0

) (

5
2

) (

5
4

)

(

7
0

) (

7
2

) (

7
4

) (

7
6

)

...
. . .













































B0(0)
B2(0)
B4(0)
B6(0)

...















=















1
3/2
5/2
7/2
...















,



















1
1 3
1 10 5
1 21 35 7
1 36 126 84 9
...

. . .





































B0(0)
B2(0)
B4(0)
B6(0)
B8(0)

...



















=



















1
3/2
5/2
7/2
9/2
...



















.

In other words, the Bernoulli numbers can be obtained by solving (by forward
substitution) a lower triangular linear system (one of the above two). For ex-
ample, by forward solving the first system, I have obtained the first Bernoulli
numbers:

B0(0) = 1, B2(0) = 1
6 , B4(0) = − 1

30 , B6(0) = 1
42 ,

B8(0) = − 1
30 , B10(0) = 5

66 , B12(0) = − 691
2730 ,

B14(0) = 7
6 ≈ 1.16, B16(0) = − 47021

6630 ≈ −7.09,

. . . , B2k(0) ≈ (−1)k+14
(

k
πe

)2k√
πk (see below).

[. . . An algorithm bi-diagonalizing a lower triangular matrix . . . α, β such that
αT1 + βT2 has a sparse lower triangular inverse. . .].
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A final remark. Let us consider the finite versions of the above two linear
systems. If b denotes the vector [B0(0) B2(0) B4(0) · · · B2s(0)]T , then such
finite systems can be rewritten as follows

T1b = e, T2b = e, e = [1 1 · · · 1]T

where T1, T2 are lower triangular (s+1)× (s+1) matrices, with [T1]jj = 2j−1,
j = 1, . . . , s + 1, [T2]11 = 1, [T2]jj = 2, j = 2, . . . , s + 1. It follows that b is left
unchanged by the transformation T−1

1 T2, which is a lower triangular matrix with
diagonal entries 1, 2

3 , 2
5 , 2

7 , . . ., 2
2s+1 , i.e. b is the eigenvector of the dominant

eigenvalue 1 of the matrix T−1
1 T2. So, in principle, b could be computed by

means of the inverse power iterations. Write T−1
1 T2:

T−1
1 T2 =

[

1
1
2 3

]−1 [
1
2
3 2

]

=

[

1
1
18

2
3

]

,

T−1
1 T2 =





1
1
2 3
1
3 5 5





−1 



1
2
3 2
2
5 4 2



 =





1
1
18

2
3

− 19
450

2
15

2
5



 , . . . .

(B) Instead, by considering the equations obtained by equating (*) to zero
for j = 3, 4, 7, 8, 11, 12, . . . , 4s + 3, 4s + 4, . . ., we obtain a lower block triangular
system whose blocks are 2 × 2 matrices. More specifically, the first block-row
condition:
[

1
0!3!

1
2!1!

1
0!4!

1
2!2!

] [

B0(0)
B2(0)

]

=
1

2

[

1
2!
1
3!

]

,

[

B0(0)
B2(0)

]

= 2!4!

[

1
2!2! − 1

2!1!
− 1

0!4!
1

0!3!

]

1

2

[

1
2!
1
3!

]

.

The second block-row condition:
[

1
0!7!

1
2!5!

1
0!8!

1
2!6!

] [

B0(0)
B2(0)

]

+

[

1
4!3!

1
6!1!

1
4!4!

1
6!2!

] [

B4(0)
B6(0)

]

=
1

2

[

1
6!
1
7!

]

,

[

B4(0)
B6(0)

]

=

[

1
4!3!

1
6!1!

1
4!4!

1
6!2!

]−1(
1

2

[

1
6!
1
7!

]

−
[

1
0!7!

1
2!5!

1
0!8!

1
2!6!

] [

B0(0)
B2(0)

])

.

The generic block-row condition:

[

1
0!(4s+3)!

1
2!(4s+1)!

1
0!(4s+4)!

1
2!(4s+2)!

]

[

B0(0)
B2(0)

]

+

[

1
4!(4s−1)!

1
6!(4s−3)!

1
4!(4s)!

1
6!(4s−2)!

]

[

B4(0)
B6(0)

]

+ . . .+

[

1
(4s)!3!

1
(4s+2)!1!

1
(4s)!4!

1
(4s+2)!2!

]

[

B4s(0)
B4s+2(0)

]

= 1
2

[

1
(4s+2)!

1
(4s+3)!

]

, s = 0, 1, 2, . . . ,

from which we have the following formula:

[

B4s(0)
B4s+2(0)

]

= (4s)!(4s + 2)!4!

[

1
(4s+2)!2! − 1

(4s+2)!1!

− 1
(4s)!4!

1
(4s)!3!

](

1
2

[

1
(4s+2)!

1
(4s+3)!

]

−∑s−1
j=0

[

1
(4j)!(4s+3−4j)!

1
(4j+2)!(4s+1−4j)!

1
(4j)!(4s+4−4j)!

1
(4j+2)!(4s+2−4j)!

]

[

B4j(0)
B4j+2(0)

]

)

,
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s = 0, 1, 2, . . ., or , alternatively, multiplying by

[

1 0
− 1

4 1

]

,

[

1
0!(4s+3)!

1
2!(4s+1)!

1
0!(4s+4)!

−4s
4

1
2!(4s+2)!

2−4s
4

]

[

B0(0)
B2(0)

]

+

[

1
4!(4s−1)!

1
6!(4s−3)!

1
4!(4s)!

4−4s
4

1
6!(4s−2)!

6−4s
4

]

[

B4(0)
B6(0)

]

+ . . . +

+

[

1
(4s−2)!6!

−2
4

]

[ ]

+

[

1
(4s)!3!

1
(4s+2)!1!

0 1
(4s+2)!2!

2
4

]

[

B4s(0)
B4s+2(0)

]

= 1
2

[

1
(4s+2)!
1

(4s+3)!
1−4s

4

]

, s = 0, 1, 2, . . . .

Here below are three formulas for the generic Bernoulli number in terms of
the previous Bernoulli numbers:

B2s(0) =
1

2
− 1

2s + 1

s−1
∑

k=0

(

2s + 1
2k

)

B2k(0), s = 1, 2, 3, . . . (odd)

2s + 1

2
B2s(0) =

1

2
− 1

2s + 2

s−1
∑

k=0

(

2s + 2
2k

)

B2k(0), s = 1, 2, 3, . . . , (even)

(2s + 1)B2s(0) =
3 − 2s

2
+

s−2
∑

k=0

s − k + 1 − 2

s − k + 1

(

2s + 1
2k

)

B2k(0), s = 2, 3, 4, . . .

(third)
(the latter formula is obtained by combining the previous two).

Exercise. B2k(0)B2k( 1
2 ) < 0 ∀ k > 0.

Assume B2k(0) = 0 for some k. Then, since B2k(x) = B2k(1 − x), we also
have B2k(1) = 0. Moreover, we also have B2k( 1

2 ) = 0, otherwise, in order to

have
∫ 1

0 B2k = 0 it should be 2kB2k−1(ξ) = B′
2k(ξ) = 0 for some ξ ∈ (0, 1

2 )

which is not possible. So, B2k(0) = B2k( 1
2 ) = B2k(1) = 0. But this implies

again 2kB2k−1(ξ) = B′
2k(ξ) = 0 for some ξ ∈ (0, 1

2 ), which is not possible.
Now assume B2k(0) > 0. Then B2k( 1

2 ) < 0 otherwise in order to have
∫ 1

0 B2k = 0 it should be 2kB2k−1(ξ) = B′
2k(ξ) = 0 for some ξ ∈ (0, 1

2 ), which is
not possible.

Exercise. B2k+2(0)B2k(0) < 0

Since, for k large, ζ(2k) ≈ 1 and (2k)! ≈ (2k)2ke−2k
√

4πk (Stirling’s for-
mula), we have

|B2k(0)| =
2(2k)!

(2π)2k
ζ(2k) ≈ 4

( k

πe

)2k√
πk

/mathworld.wolfram.com/BernoulliNumber.html
http://numbers.computation.free.fr/Constants/Miscellaneous/bernoulli.html

Proof of the identity text/(et − 1) =
∑+∞

n=0 Bn(x)tn/n!

Set F (x, t) =
∑+∞

n=0
Bn(x)

n! tn (the function F is well defined for any x ∈ R

provided that |t| ≤?). Note that F solves the following differential equation:

∂

∂x
F (x, t) =

∂

∂x
(1+

+∞
∑

n=1

Bn(x)

n!
tn) =

+∞
∑

n=1

Bn−1(x)

(n − 1)!
tn = t

+∞
∑

n=1

Bn−1(x)

(n − 1)!
tn−1 = tF (x, t),
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and F (0, t) + t = F (1, t). So, F (x, t) = T (t)ext where T (t) + t = T (t)et. (alter-

natively,
∫ 1

0
F (x, t) dx = T (t)

∫ 1

0
ext dx = T (t)(et − 1)/t.

∫ 1

0

∑+∞
n=0

Bn(x)
n! tn dx =

∑+∞
n=0

tn

n!

∫ 1

0 Bn(x) dx = 1).

Discussing with Francesco
Set

Z =













0
a2

a3

an 0













.

Then Z0 = I ,

Z2 =

















0
0

a2a3

a3a4

an−1an 0 0

















, Z3 =





















0
0
0

a2a3a4

a3a4a5

an−2an−1an 0 0 0





















, . . .

Note that (I − Z)−1 = I + Z + Z2 + . . . + Zn−1 =
∑+∞

k=0 Zk. In fact,

An = I − Z =















1
−a2 1

−a3 1
. . .

. . .

−an 1















=

[

An−1 0

−aneT
n−1 1

]

,

A−1
n =

[

A−1
n−1 0

aneT
n−1A

−1
n−1 1

]

=





















1
a2 1

a2a3 a3 1
a2a3a4 a3a4 a4 1

an−1 1
an−1an an 1





















.

Define X =
∑+∞

k=0
1
k!Z

k =
∑n−1

k=0
1
k!Z

k. Since, for i ≥ j,

Zi−j =

















a2a3 · · ·ai−j+1

a3a4 · · ·ai−j+2

an−(i−j)+1 · · ·an−1an

















where the non zero entries are in positions i− j + s, s, s = 1, . . . , n− (i− j), the
entry i, j (1 ≤ j ≤ i ≤ n) of X is

[X ]ij =
1

(i − j)!
[Zi−j ]ij =

1

(i − j)!
aj+1 · · ·ai−1ai.

12



In particular, if as = s − 1, then

[X ]ij =
1

(i − j)!
j · · · (i − 2)(i − 1) =

(

i − 1
j − 1

)

, 1 ≤ j ≤ i ≤ n.

The lower triangular matrices appearing in the linear systems defining the
Bernoulli numbers (see the sections below) are submatrices of X , as = s − 1:

X =



















































(

0
0

)

(

1
0

) (

1
1

)

(

2
0

) (

2
1

) (

2
2

)

(

3
0

) (

3
1

) (

3
2

) (

3
3

)

(

4
0

) (

4
1

) (

4
2

) (

4
3

) (

4
4

)

(

5
0

) (

5
1

) (

5
2

) (

5
3

) (

5
4

) (

5
5

)

(

6
0

) (

6
1

) (

6
2

) (

6
3

) (

6
4

) (

6
5

) (

6
6

)



















































=















1
1 1
1 2 1
1 3 3 1
1 4 6 4 1















.

Remark:

Z =

















0
1

2
3

4

















, Z2 =

























0
0
2

6
12

20
30

42

























= φ+ ψ,

φ =





























0
0
2

0
12

0
30

0





























, ψ =





























0
0
0

6
0

20
0

42





























,

+∞
∑

k=1

1

(2k)!
φk =















































0
0

(

2
0

)

0 0
(

4
0

)

0

(

4
2

)

0 0 0 0
(

6
0

)

0

(

6
2

)

0

(

6
4

)

0 0 0 0 0 0
(

8
0

)

0

(

8
2

)

0

(

8
4

)

0

(

8
6

)














































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and

(+∞
∑

k=0

1

(2k + 1)!
ψk

)



















0
1

0
3

0
5



















=











































0
(

1
0

)

0 0
(

3
0

)

0

(

3
2

)

0 0 0 0
(

5
0

)

0

(

5
2

)

0

(

5
4

)

0 0 0 0 0 0
(

7
0

)

0

(

7
2

)

0

(

7
4

)

0

(

7
6

)











































.

Compact representations of the (even and odd) Bernoulli triangular matrices

φ =



















0
2

12
30

56

. . .



















(Note: 2 = 1 · 2, 12 = 3 · 4, 30 = 5 · 6, 56 = 7 · 8, . . . )















2
12

30
56

. . .















+∞
∑

k=0

1

(2k + 2)!
φk =































(

2
0

)

(

4
0

) (

4
2

)

(

6
0

) (

6
2

) (

6
4

)

(

8
0

) (

8
2

) (

8
4

) (

8
6

)

...
. . .































.

ψ =



















0
6

20
42

72

. . .



















(Note: 6 = 2 · 3, 20 = 4 · 5, 42 = 6 · 7, 72 = 8 · 9, . . . )

(+∞
∑

k=0

1

(2k + 1)!
ψk

)















1
3

5
7

. . .















=































(

1
0

)

(

3
0

) (

3
2

)

(

5
0

) (

5
2

) (

5
4

)

(

7
0

) (

7
2

) (

7
4

) (

7
6

)

...
. . .































.
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Given

φ =























0
2

12
30

56
90

. . .























,

the Bernoulli triangular even and odd linear systems can be easily reduced to
the systems

+∞
∑

k=0

1

(2k + 2)!
φk















B0(0)
B2(0)
B4(0)
B6(0)

...















=



















1/2
2/12
3/30
4/56
5/90

...



















=



















1/2
1/6
1/10
1/14
1/18

...



















= qe, (even)

+∞
∑

k=0

1

(2k + 1)!
φk















B0(0)
B2(0)
B4(0)
B6(0)

...















=



















1/1
(3/2)/3
(5/2)/5
(7/2)/7
(9/2)/9

...



















=



















1
1/2
1/2
1/2
1/2
...



















= qo, (odd)

In other words, we can use the same matrix φ in order to define them.

Question.
There exists M sparse non singular such that the matrices

M(
∑+∞

k=0
1

(2k+2)!φ
k)M−1 =

∑+∞
k=0

1
(2k+2)! (MφM−1)k,

M(
∑+∞

k=0
1

(2k+1)!φ
k)M−1 =

∑+∞
k=0

1
(2k+1)! (MφM−1)k

are much more sparse than
∑+∞

k=0
1

(2k+2)!φ
k and

∑+∞
k=0

1
(2k+1)!φ

k ?

If yes, then . . .

Remark.
Introduce the ε-circulant-type matrices Ce and Co with the same lower triangu-
lar part of the matrices

∑+∞
k=0

1
(2k+2)!φ

k and
∑+∞

k=0
1

(2k+1)!φ
k . Then the solutions

of the systems Cez = qe and Coz = qo could be satisfactory approximations of
the Bernoulli numbers; smaller ε better the approximations.

An ε-circulant-type matrix is any polynomial in the following matrix













0 εa1

a2

a3

an 0













, (a1 = 1 ?).
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Set

e(z) =

+∞
∑

k=0

1

(2k + 2)!
zk, o(z) =

+∞
∑

k=0

1

(2k + 1)!
zk.

Note that 2x2e(x2) = ex + e−x − 2 and 2xo(x2) = ex − e−x (Roberto Peirone).
Thus, for any n × n matrix A such that there exists B for which B2 = A

(B =
√

A), we have the equalities

2A
+∞
∑

k=0

1

(2k + 2)!
Ak = eB + e−B − 2I, 2B

+∞
∑

k=0

1

(2k + 1)!
Ak = eB − e−B .

Unfortunately, for our matrix φ there is no matrix B such that B2 = φ.

Perhaps, the matrix
∑+∞

k=0
1

(2k+1)!φ
k is similar to a lower triangular Toeplitz

matrix:













a
b

c
d

e













(

4
∑

k=0

1

(2k + 1)!













0
2

12
30

56 0













k

)













a−1

b−1

c−1

d−1

e−1













=

4
∑

k=0

1

(2k + 1)!













a
b

c
d

e

























0
2

12
30

56 0













k 











a−1

b−1

c−1

d−1

e−1













=

4
∑

k=0

1

(2k + 1)!

(













a
b

c
d

e

























0
2

12
30

56 0

























a−1

b−1

c−1

d−1

e−1













)k

=

4
∑

k=0

1

(2k + 1)!

(













0
2b

12c
30d

56e 0

























a−1

b−1

c−1

d−1

e−1













)k

=

4
∑

k=0

1

(2k + 1)!

(













0
2ba−1

12cb−1

30dc−1

56ed−1 0













)k

.

Choose a, b, c, d, e such that

2ba−1 = 12cb−1 = 30dc−1 = 56ed−1 = cost 6= 0
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If it is possible, then one can compute Bernoulli numbers by solving a lower
triangular Toeplitz linear system.

Perhaps generalized-Toeplitz (generalized circulants) simply reduce to Toeplitz
(circulants). Perhaps it is useless to introduce such generalized matrices . . .

Solving infinite Toeplitz lower triangular linear systems

Assume we want to compute the solution of the system Tnxn = cn, n-section
of the infinite lower triangular Toeplitz linear system

Tx = c, T =











1
a2 1
a3 a2 1
...

. . .











, c =











c1

c2

c3

...











,

i.e. Tn is the n × n upper left submatrix of T and cn = I1
nc (thus xn = I1

nx).
Note that

T2kx2k =

[

Tk 0
Mk Tk

] [

xk

Ik+1
2k x

]

=

[

ck

Ik+1
2k c

]

= c2k,

so, if we have solved Tkxk = ck (we have xk) then x2k (Ik+1
2k x) is obtained by

calculating the matrix-vector product Mkxk (note that Mk is Toeplitz!) and by
solving the linear system

TkIk+1
2k x = Ik+1

2k c − Mkxk.

In other words,

s(2k) ≤ t(k) + 2s(k),
s(k) = multiplicative complexity of solving a system Tkz = w,
t(k) = multiplicative complexity of a matrix-vector multiplication Mkz.

An obvious algorithm solving T2rx2r = c2r consists in solving the first equation
(no operation is required, i.e. s(1) = 0), solving the second equation (by one
multiplication, i.e. t(1) = 1, s(1) = 0), solving the third and fourth equations
simultaneously (doing t(2) and s(2) ≤ t(1) + 2s(1) operations), solving the 5th-
8th equations simultaneously (doing t(4) and s(4) ≤ t(2) + 2s(2) operations),
and so on. It is clear that

s(2r) ≤ s(1) + t(1) + s(1) + t(2) + s(2) + t(4) + s(4) + t(8) + s(8) + . . . + t(2r−1) + s(2r−1),

= 2s(2r−1) + t(2r−1) = . . . = 2r−1s(2) +
∑r−1

j=1 2j−1t(2r−j).

(s(1) = 0, t(1) = 1, s(2) = 1). Noting that t(k) = O(k log2 k) one easily proves
that s(2r) = O(2rr2) = O(n(log2 n)2) (if n = 2r).

Bernoulli numbers computation by solving a triangular Toeplitz linear system

DφD−1 =











d1

d2

. . .

dn





























0
2

12
30

. . .

(2n − 3)(2n − 2) 0





























d−1
1

d−1
2

. . .

d−1
n










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=





















0

2d2

d1

12d3

d2

30d4

d3

. . .

(2n − 3)(2n − 2) dn

dn−1
0





















=



















0
x

x
x

. . .

x 0



















,

where the latter identity holds if

dk =
xk−1d1

(2k − 2)!
, k = 1, 2, 3, . . . , n,

or, equivalently, if

D = d1Dx, Dx =

















1
x
2!

x2

4!
. . .

xn−1

(2n−2)!

















.

It follows that the Bernoulli triangular linear systems
∑n−1

k=0
1

(2k+1)!φ
kb = qo

and
∑n−1

k=0
1

(2k+2)!φ
kb = qe (b is the vector of the first n Bernoulli numbers) are

equivalent to the Toeplitz triangular systems
∑n−1

k=0
1

(2k+1)! (DxφD−1
x )k(Dxb) =

Dxqo, and
∑n−1

k=0
1

(2k+2)! (DyφD−1
y )k(Dyb) = Dyqe (for any x, y 6= 0).

Let us write them explicitly:

n−1
∑

k=0

xk

(2k + 1)!

k + 1

















1
·

·
1

















(Dxb) = Dxqo.

n−1
∑

k=0

yk

(2k + 2)!

k + 1

















1
·

·
1

















(Dyb) = Dyqe.

The Toeplitz triangular linear system solver (what is the optimal? The one we
know of cost O(n(log2 n)2) ?) gives the following vector z:

z = Dxb =























1 · B0(0)
x
2!B2(0)
x2

4! B4(0)

xs

(2s)!B2s(0)

xn−1

(2n−2)!B2n−2(0)























,
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from which one computes the vector of the first n Bernoulli numbers b = D−1
x z.

Choice of x (y) ? So that the entries of the solution vector z have magnitude
smaller than 1:

x0

(0)!B0(0) = 1

| x1

(2)!B2(0)| ≤ 1 iff |x| ≤ 12

| x2

(4)!B4(0)| ≤ 1 iff |x| ≤ 26.84

| x3

(6)!B6(0)| ≤ 1 iff |x| ≤ 31.2

| x4

(8)!B8(0)| ≤ 1 iff |x| ≤ 33.2

| x5

(10)!B10(0)| ≤ 1 iff |x| ≤ 34.37

| x6

(12)!B12(0)| ≤ 1 iff |x| ≤ 35.2

| x7

(14)!B14(0)| ≤ 1 iff |x| ≤ 35.8

| x8

(16)!B16(0)| ≤ 1 iff |x| ≤ 36.2

| xs

(2s)!B2s(0)| ≤ 1 about iff | xs

(2s)!4
√

πs s2s

(πe)2s | ≤ 1 iff |x|s ≤ (2s)!
s2s

(πe)2s

4
√

πs

| x16

(32)!B32(0)| ≤ 1 about iff |x|16 ≤ 1
1293

(8.54)32

4·7.09 iff |x| ≤ 37.82

( xs

(2s)!B2s(0) ≈ (−1)s+1 xs

(2s)!4
√

πs s2s

(πe)2s ).

Roberto Peirone: as = (2s)!
s2s , as+1

as
= (2n+1)(2n+2)

(n+1)2
1

((1+ 1
n

)n)2
→ 4

e2 , which is less

than one, so as → 0.

as = xs

(2s)!4
√

πs s2s

(πe)2s , x positive ⇒ as+1

as
→ x

4π2 , thus if x = 4π2 ≈ 39.4 we can

conclude neither as → 0 nor as → +∞.
as = xs

(2s)!B2s(0), x positive ⇒ as+1

as
= xB2s+2(0)

(2s+2)(2s+1)B2s(0) →?

Other criteria for the choice of x: the entries of the coefficient matrix less
than 1 but great as possible; the diagonal entries of D−1 less big as possible; . . .

Remark.

k + 1

















1
·

·
1

































1
x
2!

x2

4!
. . .

xn−1

(2n−2)!

















=
k + 1



















1
x
2!

. . .
xn−k−1

(2(n−k−1))!



















=
k + 1



















·
·

1
x
2!

. . .
xn−k−1

(2(n−k−1))!



















k + 1

















1
·

·
1

















.
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Set B0(0) = 1 and k := 1. Choose x. Then REPEAT {

solve













1
x
3!

·

... · ·

xk−1

(2k−1)!
·

x

3!
1



























xk

(2k)!
B2k(0)

xk+1

(2k+2)!
B2k+2(0)

...
x2k−1

(4k−2)!
B4k−2(0)















= 1
2















xk

(2k)!
xk+1

(2k+2)!

...
x2k−1

(4k−2)!















−











xk

(2k+1)!
·

x2

5!
x

3!

·

x2

5!

· ·

x2k−1

(4k−1)!
· ·

xk

(2k+1)!























B0(0)
x

2!
B2(0)
...

xk−1

(2k−2)!
B2k−2(0)













IF ??: {compute B2k(0), B2k+2(0), . . . , B4k−2(0), and, if necessary, update x}
Set k := 2k. }

k = 1 : 1 ·

x

2!
B2(0) =

1

2

x

2!
−

x

3!
B0(0) =

1

12
x,

k = 2 :

[

1 0
x
3! 1

]

[

x2

4! B4(0)
x3

6! B6(0)

]

=
1

2

[

x2

4!
x3

6!

]

−
[

x2

5!
x
3!

x3

7!
x2

5!

]

[

B0(0)
( x
2!B2(0))

]

,

k = 4 :









1
x
3! 1
x2

5!
x
3! 1

x3

7!
x2

5!
x
3! 1



















x4

8! B8(0)
x5

10!B10(0)
x6

12!B12(0)
x7

14!B14(0)











=
1

2











x4

8!
x5

10!
x6

12!
x7

14!











−











x4

9!
x3

7!
x2

5!
x
3!

x5

11!
x4

9!
x3

7!
x2

5!
x6

13!
x5

11!
x4

9!
x3

7!
x7

15!
x6

13!
x5

11!
x4

9!



















B0(0)
x
2!B2(0)

(x2

4! B4(0))

(x3

6! B6(0))









, . . .

Set B0(0) = 1 and k := 1. Choose y. Then REPEAT {

solve













1
2
y

4!
·

... · ·

yk−1

(2k)!
·

y

4!
1
2



























yk

(2k)!
B2k(0)

yk+1

(2k+2)!
B2k+2(0)

...
y2k−1

(4k−2)!
B4k−2(0)















=















1
4k+2

yk

(2k)!

1
4k+6

yk+1

(2k+2)!

...
1

8k−2
y2k−1

(4k−2)!















−











yk

(2k+2)!
·

y2

6!
y

4!

·

y2

6!

· ·

y2k−1

(4k)!
· ·

yk

(2k+2)!























B0(0)
y

2!
B2(0)
...

yk−1

(2k−2)!
B2k−2(0)













IF ??: {compute B2k(0), B2k+2(0), . . . , B4k−2(0), and, if necessary, update y}
Set k := 2k. }

k = 1 :
1

2
·

y

2!
B2(0) =

1

6

y

2!
−

y

4!
B0(0) =

1

2

1

12
y,

k = 2 :

[

1
2 0
y
4!

1
2

]

[

y2

4! B4(0)
y3

6! B6(0)

]

=

[

1
10

y2

4!
1
14

y3

6!

]

−
[

y2

6!
y
4!

y3

8!
y2

6!

]

[

B0(0)
( y
2!B2(0))

]

,
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k = 4 :









1
2
y
4!

1
2

y2

6!
y
4!

1
2

y3

8!
y2

6!
y
4!

1
2



















y4

8! B8(0)
y5

10!B10(0)
y6

12!B12(0)
y7

14!B14(0)











=
1

2











1
18

y4

8!
1
22

y5

10!
1
26

y6

12!
1
30

y7

14!











−











y4

10!
y3

8!
y2

6!
y
4!

y5

12!
y4

10!
y3

8!
y2

6!
y6

14!
y5

12!
y4

10!
y3

8!
y7

16!
y6

14!
y5

12!
y4

10!



















B0(0)
y
2!B2(0)

(y2

4! B4(0))

(y3

6! B6(0))









, . . .

A lower triangular Toeplitz system whose solution is B2(0), B4(0), . . .

n−1
∑

k=0

xk

(2k + 1)!
Zk

n(Dxb) = Dxqo

n−1
∑

k=0

xk

(2k + 1)!
(P1ZnP T

1 )k(P1Dxb) = P1Dxqo

P1ZnP T
1 =

[

Zn−1 e1

0T 0

]

, (P1ZnP T
1 )2 =

[

Z2
n−1 e2

0T 0

]

, . . .

n−1
∑

k=0

xk

(2k + 1)!

[

Zk
n−1 ek

0T 0

]

(P1Dxb) = P1Dxqo

n−1
∑

k=0

xk

(2k + 1)!
(Zk

n−1I
1
n−1(P1Dxb) + (Dxb)1e

(n−1)
k ) = I1

n−1P1Dxqo

n−1
∑

k=0

xk

(2k + 1)!
Zk

n−1I
2
n(Dxb) = I2

nDxqo − (Dxb)1

n−1
∑

k=0

xk

(2k + 1)!
e
(n−1)
k

Extern algorithm:
For each step (computing B2k, . . . , B4k−2 from B0, . . . , B2k−2) we have to

multiply a k×k Toeplitz matrix by a vector, and to solve a k×k lower triangular
Toeplitz linear system, k = 1, 2, 4, 8, . . ., i.e. for each step we have to call two
functions. The first function use FFT. The second function is identical to the
Extern algorithm.

A lower triangular sparse system whose solution is B2(0), B4(0), . . . (Ramanu-
jan)

Ramanujan in his first paper states that the Bernoulli numbers satisfy the
following equations








































1
0 1
0 0 1
1
3 0 0 1
0 5

2 0 0 1
0 0 11 0 0 1
1
5 0 0 143

4 0 0 1
0 4 0 0 286

3 0 0 1
0 0 204

5 0 0 221 0 0 1
1
7 0 0 1938

7 0 0 3230
7 0 0 1

0 11
2 0 0 7106

5 0 0 3553
4 0 0 1

· · · · · · · · · · · ·

















































































B2(0)
B4(0)
B6(0)
B8(0)
B10(0)
B12(0)
B14(0)
B16(0)
B18(0)
B20(0)
B22(0)

·









































=









































1/6
−1/30
1/42
1/45

−1/132
4/455
1/120
−1/306
3/665
1/231
−1/552

·








































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(actually, since Ramanujan Bernoulli numbers are the moduli of ours, his equa-
tions are a bit different).

So, for example, from the above equations I have easily computed B18(0), B20(0), B22(0)
(from the ones already computed):

B18(0) =
43867

798
≈ 54.97, B20(0) = −174611

330
≈ −529.12, B22(0) =

854513

138
≈ 6192.12.

Problem. Is it possible to obtain such Ramanujan sparse equations by our
arguments ? Is it possible to obtain other sparse equations (hopefully more
sparse than Ramanujan ones) defining the Bernoulli numbers ?

Note that the Ramanujan matrix, say R, has nonzero entries exactly in
the places where the matrix

∑

k γk(Z3)k has nonzero entries, but it is not a
polynomial in the matrix d(v)Z3 whatever vector v is chosen. . . .

+∞
∑

i=0

d(vi)Z
i

+∞
∑

j=0

αjZ
j =

+∞
∑

k=0

(
∑

i,j: i+j=k

αjd(vi))Z
k

k = 0 : α0d(v0)
k = 1 : α1d(v0) + α0d(v1)
k = 2 : α2d(v0) + α1d(v1) + α0d(v2)
k = 3 : α3d(v0) + α2d(v1) + α1d(v2) + α0d(v3)
k = 4 : α4d(v0) + α3d(v1) + α2d(v2) + α1d(v3) + α0d(v4)
k = 5 : α5d(v0) + α4d(v1) + α3d(v2) + α2d(v3) + α1d(v4) + α0d(v5)
k = 6 : α6d(v0) + α5d(v1) + α4d(v2) + α3d(v3) + α2d(v4) + α1d(v5) + α0d(v6)

Discussing with Fra

Given w0,w1,w2, . . . ∈ R+∞ (in the simplest case wk = wke, e = [1 1 1 · · ·]T ),
look for v0,v1,v2, . . . ∈ R+∞ such that

+∞
∑

i=0

d(vi)Z
i

+∞
∑

j=0

αjZ
j =

+∞
∑

k=0

d(wk)Zk (∗)

i.e. such that
+∞
∑

k=0

(

∑

i,j: i+j=k

αjd(vi)
)

Zk =

+∞
∑

k=0

d(wk)Zk.

For such equality to be valid it is enough to require

Ik+1
+∞

(

∑

i,j: i+j=k

αjvi

)

= Ik+1
+∞wk

i.e.

Ik+1
+∞vk =

1

α0

(

Ik+1
+∞wk −

k
∑

j=1

αjI
k+1
+∞ vk−j

)

.

The above general arguments (i.e. the above arguments with wk 6= wke) are
necessary in order to obtain the Ramanujan lower triangular system (defining
Bernoulli numbers B2(0), B4(0), . . .) starting from our lower triangular Toeplitz
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systems (defining Bernoulli numbers), because the coefficient matrix of the Ra-
manujan system is of the type

∑+∞
k=0 d(wk)Zk, w0 = e, w3j+1 = w3j+2 = 0,

w3j+3 suitable, j = 0, 1, 2, . . ., but is not a polynomial in d(v)Z3. [I have yet
to verify that such general arguments are also sufficient; in particular, it is im-
portant to check if there’s an explicit formula for the infinite Ramanujan lower
triangular matrix].

In the simplest case, wk = wke, one can look for vk = vke solving (*), and
thus (*) reduces to

+∞
∑

i=0

viZ
i

+∞
∑

j=0

αjZ
j =

+∞
∑

k=0

wkZk, L(v)L(α) = L(w).

This is equivalent to solve the system L(α)v = w. By choosing w sparse (for
instance w = [1 0 0 1 0 0 1 . . .]T ) and solving L(α)v = w we will have v such
that the system

L(w)(Dxb) = L(v)L(α)(Dxb) = L(v)Dxqo

is more sparse than our system L(α)Dxb = Dxqo (or L(α)Dxb = Dxqe), and
thus easier to be solved. But, in order to obtain a sparse system easy to solve
we have to solve a full system, like the original !

Problem. There exists a sparse w for which L(α)v = w, in spite of its fullness,
is much easier to solve than our original system L(α)Dxb = Dxqo ?
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