Preconditioned finite element method: the Poisson problem on the square

Consider the Poisson problem on € = [0,1] x [0,1]. Let 79 be the trian-
gulation of € obtained by tracing the line through the points (1,0) and (0,1).
Note that hg = V2. Let Ti, Vj, 1L, 5 = 1,2,..., be the triangulations of €2,
the subspaces of V = H{(2) and the interpolating operators defined starting
from 79 via the rule indicated in (toe_1f). Note that diam (1)) = hj = 279/2.
Note also that the number of the inner nodes of 7; is n? where n = 27 — 1.
We call them zj1 = 25 (1,1), ..., zj01 = 5 (27 — 1,1), 20 = 55(1,2), .
Tj(20-1)2 = %(23' — 1,27 — 1), and consider the corresponding elements of the
Lagrange basis ¢;jx, k=1,...,(27 —1)2, of V;.

Ezploiting the Lagrange basis. If u, is fixed in H'() such that u,|sq = ¢, then
the scalars (w;)s solving the linear system

(29-1)?

)
> (wj)k/V%,kV@m:F(%,i):/f%‘,z'—/ VueVeji i=1,...,(27=1)%
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define a function w; = Y (w;)rpjkx € V; which approximates w € V = H}(Q),
a(w,v) = F(v), Vv € V, and thus a function u; = u, + w; which approximates
the solution v = u, + w of the variational version of the Poisson differential
problem —Au = f, z € Q, u = ¢, x € 0.

Let A be the coefficient matrix of such system. We know that it is positive
definite (because [, VuVu is coercive on H{(£)) and that, for each row, there
are at most seven nonzero entries (just look at 7; and at the support of the ¢; ;,
i generic). Let us compute its entries a;,

aip = / VoirVeji = / Vi kVesi.
Q s(pj,k)Ns(04,4)

First, draw a zoom of 7; around the inner node %, so to see only the nodes linked
tod,ie. i —n,i—n+1,i—1,i4+1,24+n—1,%+n. Call T} the triangle of 7;
whose verteces are i — 1,4,i+n — 1, and T, T5,Ty, T5, T the other triangles of
7; having ¢ as a vertex, in a clockwise order. Here below are reported the values
of V;i(z) on these triangles, unless the factor 1/d;, §; := 1/27:

T1 T2 T3 T4 T5 T6
(1,0) (0,-1) (-1,-1) (-=1,0) (0,1) (1,1)

Observe that the value of V; ;1 n—1 on Ty is equal to the value of V;; on T5;
analogously, the value of V;;_1 on T is equal to the value of Vg, ; on Ty, and

so on. Finally, observe that all the triangles Ty, K = 1,...,6, have area equal
to 5?/2.
It follows that, for i =1,...,n?%:
ai = [, (©5.4) v@] iVji= fug 1 Te IVeill?
= le |Vg0j 1”2 + fTQ |VSDJ l”z + fT3 |VSDJ ill? + fT4 IVesill> + fTs IVejill> + fT6 IVe;ill?
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fori=2,....,n% i#n+1,....,(n—1)n+1:

Qii—1 = f(%l 1)m(¢“)V<sz 1V, = leuT6 V;i-1V;i
= fQ V(,qu 1V(P31+IT V(,Ojv 1V(sz
)
(LD + F A (L0 (1,1 =~
fori=n,...,n% i #n,2n,...,n%
Qi 4—n+1 = f(¢71 it 1)Ns(05.5) V@jz n+1v§0]z = fT4UT v@j,ifnJrlv@j,i
= fT4 VSDJ i— ”+1v90] i+ fT VQPJ i— n+1V50j i
52
= 350, -1)5(=1,0)+ 7’7(1 0)5(0,1) = 0;
fori=n+1,...,n%
Aiji—n = f(g;“ 2)Ns(p;, L)V‘PM nVji = fTE,uTﬁ Vji-n Vi
fg}) Pji— nv@jz""fT VQOJ@ anajZ
)
= 5L (0,1)+ 350, -1 (1,1) = -1

and finally, for i = k+1,...,n% a;;—r = 0, Vk # 0,1,n — 1,n, because for such
values of k the measure of the set s(;;—x) N s(p;;) is zero.

Then, since a;x = agi, Vi, k, we can conclude that A is a n X n block matrix
of the form

B I
-1 B I
A= -1
B I
-1 B
whose diagonal blocks are all equal to the following n x n matrix B,
4 -1
-1 4 -1
B - _1 I
4 -1
-1 4

where n = 27 — 1.

Eigenvalues of A. Now let us compute the eigenvalues of A (we already know
that they are real and positive). Let vi be the n x 1 vector whose i-th entry is
sin(ékm/(n+ 1)), 1 < i,k <n. Then

Bvy =[4—2cos(kn/(n+1))]vk, k=1,...,n

Moreover, if we set [-] = [4 — 2cos(kn/(n + 1))], then
B~ Qa1Vg Qa1Vg
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iff
a1 BV — oV = Ao v
—1VE + BV — a3vy = Aag vy

—Op—1VE + an BV = Ao, Vi

iff
a1[|ve — aavi = day vy
—1VE + o[ ]V — azvi = Aagvy
—Qn-1Vk + an[]Vi = Aan vy
iff
[] -1 (6751 Qaq
— Q2 a2
. ENE
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—1 [] Qn Qn
and the latter equation is verified for A = [] — 2cos(sw/(n + 1)) and a, =
sin(rsm/(n+1)),r=1,...,n (s=1,...,n). So, the eigenvalues of A are:
k .
4—2((:osn+1 —cosnsj_rl) :4—2(0052—?4—005;—?), 1<k,s<n=2 —-1.
Thus

_ 1+ cos(m/(n+ 1)) _ 1+ cos(m/(27)) _
1 —cos(m/(n+1)) 1—cos(m/(27))

p2(A) O(n®) = O((2')*),
where p2(A) denotes the condition number of A in the 2-norm. (Recall that,
since A is positive definite, po(A) is simply the ratio of the greatest and the
smallest eigenvalues of A).

For example, if j = 2, then A is a 9 X 9 matrix and

_ l4cos(m/4)  2+V2
1 —cos(m/4) 2—\/5_3+2\/§'

If j =3, Ais a 49 x 49 matrix, and ug(A) =~ 25. If j =4, A is a 225 x 225
matrix, and ps(A4) ~ 103. And so on.

p2(A)

Ezploiting the hierarchical basis. Consider now the hierarchical basis ¢; ., k =
L., (27 = 1)%, of V;. If uy, is fixed in H'(2) such that uy|on = ¢, then the
scalars (w;)x solving the linear system

(27 -1)?

S (i /Q VeVEi = F(350) = /Q F3iim /Q Vu Vs =1, (217

k=1

define a function w; = >~ (w;)x@j,x € V; which approximates w € V = H}(Q),
a(w,v) = F(v), Vv € V, and thus a function u; = u, + w; which approximates
the solution v = u, + w of the variational version of the Poisson differential
problem —Au = f, z € Q, u = ¢, x € 0N.



Let A be the coefficient matrix of such system. We know that it is positive
definite (because [, VuVuv is coercive on Hj(€)). Let us compute its entries

a}ika
ik = / V@irVpji= / V@iV
Q s(@5,8)Ns(B;.4)
and, possibly, its eigenvalues.

j=1 A isNa 1 x 1 matrix.
P11 = p11 = A = A = [4]. Eigenvalues: 4.

j =2 Aisa9x9 matrix.
Note that §o = 27161 = 2726y, §op = 1. Assume Po s = P15 = P25, § =
1,2,3,4,6,7,8,9, g5 = ¢1,1. Then, for r,s € {1,2,3,4,6,7,8,9}:

&T‘S = / vwl,sv¢1,r = / VQOQ,SVQOQ,T = Qps-
S(wl,s)ms(wl,r) 3(592,5)03(‘/’2,7‘)

Moreover, if ¢ = p17:

ass = fg(wll)vwnvwn
- fT¢610) +f2”i0—1)%(0 -1)
+fT<P51 17_)1( 1_1 +fT % 130)%( 10)
+fT¢6016i,1+f 1)5-(1,1)
= 4—a55,

if o =11 and Y =14, s €{1,2,3,4,6,7,8,9}:

as,s = / ViV =
s(¥)Ns(p)

s=1: = fw—(l 0) -(0,0) + [rv 55(0,-1)5-(1,1)
+fTw 52 -1 —1)51(1 D+ [y 5;(-1,0)5(1,1)
+fTw 5(0,1)5:(0,0) + frv 55(1,1)5:(0,0)
—  26,/61,
s=2: = fTw—( )(%(1 D+ [y 5 (0,-1)5-(1,1)
+fTw +(-1,— )il (0,1) +fTw 52( 1,0)5-(0,1)
+fTw 3 ( 1)%( +ng (1L, D11
—52/51,
s=3: = fT“’ = 3(0,1) + fT;p 3(0,=1)5-(=1,0)
+de, 52 1,—1)%(—1,0) + [rp % (=1,0)5(~1,0)
+fTw +(0,1)5(0,1) +ng (1, 1)5(0,1)
— 20,/8),
s=4: = fTw + %(1,0)+ij 3 (0,-1)5-(1,0)
+fT:;/’ 512 (_17_ )%(170) +fT1’ %(_170)%(171)
+ Jry 55 (0, D (1,1 + [re 5 (1L, 1)5(1,1)



s=6: = fT“’ 32 51 (-1,-1)+ fT“’ 62 1)%(_17—1)
+fT“’ 5 (=1, 1) 1( > +fTw %(_170)%( 170)
+fT“’ 55 (0,1)5-(~1,0) +fT“’ 3 1 1)5-(~1,0)

= 52/51,

s=T: = fT”’ 61 1 0) 1a0)+fT’/’_ 1)%(0’_1)
+fT¢ 52 1,—1%(0 —1) +ij, 3 (=1,0)5-(0,-1)
+fTw e 1)%(170) +fTé/’ %(171)%(170)

= 252/(51,
s=8: = fTw 3 (1,0)5-(0,-1) + Jry 3 (0,-1)5(0,-1)
+fT"’ 62 15_1)%(_15_1) +fo %(_170)%(_17 1)
+fT‘f’ e 1)%(_17_1)—’_]@;" %(171)%(()’_1)
= 52/51,
§=9: = fT"’_ (%( 1,- +fT‘f’ )%(0 0)
+fTw 3 (=1,-1)5(0,0) +fTw —1 ,0)5-(0,0)
+fT”’ 35 1)&( 1, - +f:rw 1)%( 1,-1)
= —262/51

So, for j = 2, the matrix A differs from A only by the fifth row and the fifth
column (note that the submatrix of A formed by the entry ass is equal to A,

ji=1).
Here below the matrices A and A, for j = 2, are compared:

4 -1 0 -1 (—23) T
-1 4 -1 —1(1%)
0 -1 4 (23) -1
-1 4 —1(13) 0 -1
(-21) —1(1%) (2% —1(1Y) 44  -10d) (21 -1(11) (-2}
-1 0 —1(13) 4 -1
-1 (21) 4 -1 0
—1(11) -1 4 —1
_ S Y e
O Eigenvalues and condition number of A: 77
Remark. Obviously, a different definition of @2, s = 1,...,9, yields a

different matrix A, however the spectrum of A remains unchanged (why?).

j =3 Ais a 49 x 49 matrix.

Note that d3 = 2715y = 27267 = 2736¢, dp = 1. Assume P35 = a5 = @35, 5 &
{9,11,13,23,25,27,37,39,41}, P35 = 1.k, = po.k., s = 9,11,13,23,27,37, 39,41,
ks = ]-7 2) 37 47 67 77 8a 97 853,25 = ¥1,1-
The hierarchical basis for j =3 ((j = 2) and [j = 1]):
[ @343 344 Y345  P346  P3.47 348 P39 |
w336 (p2,7) @338 (p2.8) @340 (p2,9) @342
©3,29  ©330 ©331 P332  P333 P334 93,35
3,22 (502,4) 3,24 [(4,01,1)] $3,26 (502,6) $3,28
©3,15  P3,16  ©3,17 @318  P3.19 P320 P3,21
w3s  (p21) @310 (p22) w312 (p2,3) ©314
L 31 P32 33 ©34 ©35 ©36 w37




For r,s ¢ {9,11,13,23,25,27,37,39,41} we have

drs = / va,svd}?,r = / VQPS,SV@&T = Qrs-
5(%2,s)Ns(P2,r) s(p3,s)Ns(ps,r)

The 9x9 submatrix of A composed by the entries a,s, , s € {9,11,13,23, 25,217,317, 39, 41},
is equal to A, j = 2. The remaining entries of the 25th column (row) of A are
of type g—i‘() = %() The remaining entries of the 9,11,13,23,27,37,39,41th
columns (rows) of A are of type g—z(-) =1().
[ Compute all entries of A, j = 3.

O Eigenvalues and condition number of A: ??

Cosine transform ?

Reading the proof of the fact that the sine transform is unitary, one also
observes that

2
C?=2(I+Q)=2 I 5 J ,
J I
1 ef 1 el _11
_ Ci CiJ e v
C= +0n 1 VT (_l)nJrl VTJ y V.= )
JC11 JCHJ e Jv (_1)n
1 0
0 1
x+y=e=]11 1]T, v—-x=v,x=|11|,y=1|0|,

Ch + o (xx +yy") =1,
(x+y)"Ci = —ony”,
(X - y)TCH = onyTJ.

O Check the previous remarks

U By using the previous remarks, try to introduce a unitary matrix Ch1,
defining it in terms of C1;. Such C1; would define a fast cosine transform.



