Let A be a n x n matrix and £ some space of matrices of the same order,
but of lower complexity. This means, for instance in case A is non singular,
that solving linear systems Xz = b, X € £, is much easier than solving systems
Az =b.

We associate to A an element A in £ such that for any € > 0 there exist n.,
r. and a splitting of A of type A = A+ R + E, where the matrices R and F
satisfy the conditions rank(R) < r., ||E|| < € for all n > n. (PROPERTY).

If at least one such element A exists, then we have the problem of determin-
ing the best A, or an as good as possible A.

In other words we have an approximation problem (of A) with matrices of
the form A+ R, A € L, rank(R) small (or of the form D + R, D diagonal,
rank(R) small, if £ = {UDU~!: D;; =0, i # j} with U non singular).
See [OT],[ZOT] (one needs to know SVD to read [OT]) where also a black dot
algorithm is proposed to solve it. (Possible research: black dot to the coefficient
matrix of google system? extend black dot from circulants to more general L
? f.i. to spaces in pages 3-12 of [CDFFZ] ? look for alternatives to black dot
algorithm, ok also for £ ! see my e-mail).

Once a good A has been determined, a system Ax = b can be efficiently
solved by applying iterative methods to a preconditioned version of the same
system, obtained using A as preconditioner. (This by an obvious generaliza-
tion of the Theorem(clusterTC) stated below). In fact, as a consequence of
PROPERTY the eigenvalues of A=A cluster around 1 (check it!). (Note that
one should also have that the condition number of the new system is bounded
uniformly on n). (Note also that if A is singular, as we will see it may happen,
then is introduced a matrix A with the same eigenvalues of A except the null
ones which are replaced by 1 and A is set equal to A [OT]).

Let us see an EXAMPLE: A = real symmetric Toeplitz, L = Circulants

Set A = [t|;_;|i5=1, where t§, k = 0,..., are real parameters, and £ =
{C(z) : z € C"}, where C(z) is the circulant matrix with first row z7 .

Observe that if A is non singular, then a system Ax = b can be solved via
direct methods with O(n?) a.o. (arithmetic operations) [L,Tr], which reduce to
O(n(logn)?) if A is p.d. [AG] (a further reduction for particular A is obtained
in [Dick]).

Solving a circulant system C(z)x = b is much cheaper. Via the known
representation of C(z)

C(z) =Y 2P = VnFd(Fz)F*, P = :
k=1
1

(d(v) = diag(z;)) in terms of the Fourier matrix F = [w(=DU=D]n_ /\/n,
w=e"27/" two (or three) FFT are enough.

Circulants make iterative CG/GMRES methods an alternative to direct
methods, in solving a Toeplitz system. In fact, each step of CG, for exam-
ple, requires a matrix-vector multiplication A - v, which can be computed via



order—2n FFTs through the formula

0 tho1 - t1

ERHEEI b

(compute it via order—(2n+1) FFTs !). Moreover, the number of steps required

by such methods to converge often reduces drastically if suitable circulants are

used as preconditioners. In these cases iterative outperform direct methods.
T.CHAN. Set A = C’(ngc)) where, if z7¢ = Z;TC), then

1
218 = —((n— i)ty +itn—y), i=0,...,n—1
n

(tn, = 0). Observe that ||A — Al|r = min, ||A — C(2z)||r [TC]. Moreover, A is
real symmetric, like A.

The proof of the following result shows that under suitable assumptions on
the real sequence {tj}, which make the matrix A p.d., such A (besides being
p.d. as A) has exatly the required PROPERTY, i.e. for any € > 0 there exist
ne, e and a splitting of A of type A = A+ R+ E, where the matrices R and F
satisfy the conditions rank(R) < r., |E|| < ¢ for all n > n.. As a consequence
the eigenvalues of A~'A cluster around 1. On the contrary the eigenvalues of
A are equally distribuited (under the same assumption on ¢y).

Theorem(clusterTC)

Let tx, K =0,1,..., be real numbers such that Z$§) [tr] < +o0. Set

+oo
t(0) = Z t|k|eik9 =to+2 Z ty cos(k0).
keZ k=1

Note that the function ¢(6) is a real, even, continuous (absolutely convergent
sum of continuous functions), 2w-periodic, and

L [7 ;
te =5 7ﬂt(9)e*‘k9d9.
(In fact,
t(0)e™0 = "t = [ 4(0)e 00 = 1y / elk=00gp )
kEZ - keZ -

Set tmin = mint(0), tmax = maxt(d). Consider the real symmetric Toeplitz
matrices A = [t‘i_ﬂ]%:l, n=1,2,..., and the corresponding circulant matrices
A= C(Z;Tc)). Then

1) A(A) € [tmin, tmax] (A(A) are dense in the same interval), A(A) € [tmin, tmax]
and A\(A — A) cluster around zero;

i) if fyin > 0 then A and A are p.d. Vn and A\(S71AS~T), where SST = A,
cluster around 1, i.e. Ve > 0 3 v., ko | Vn > v. at least n — k. eigenvalues
AS7IAS~T) arein (1 —¢,1 +¢).

| We will call (assu) the hypothesis ZZ;’B |tk < 400, tmin > 0]



Proof of i):
By the definition of A, if z € C™ then

whn = X[ [ 0]z, = o 7 (T s RO, e )b
< tmaxe fjﬂ( () = taxs >k ZRZ f:r ei=R0dg = t,...2*7.
Thus tminz*z < z2°Az < {yax2*2z, Yz € C". In particular we have A\(A) €
[tminv tmax] .

The fact that A(A) are in [tmin, tmax] follows from the stronger result that
for any hermitian matrix A its best circulant squares fit A is hermitian and
min A(4) < A(A) < max A\(A) (see below).

The fact that A(A — A) cluster around 0 and assertion ii) are proved after
the section ’An interesting problem’.

end(Theorem(clusterTC))

Note that the proposed definition of A can be extended from real symmet-
ric Toeplitz A to any arbitrary matrix A. Moreover, as a consequence of the
following expression

A=Fd(F*AF)F*, d(M) = diag ([M]s),

verified for any A, the matrix A4 is p.d. whenever A is p.d..
If -1 <t<1,thent, =tF k =0,1,..., verifies the hypothesis of Theo-
rem(clusterTC). In fact

— k| ,ik6 _ N0 4k iko +00 4k ,—ik
1O) = Cpeptle? =30 tRe 0 1+ 3T tke

S DT B S
- 1—tel® 1—te—10 T 1+4t2—2tcos@’

1—t 1+t

1y < LI

1+ |¢] 11—t

Thus A = [tI=9I]%._, is p.d. for all n (for a direct proof of this fact see the
decomposition below), A is p.d. V n, and the eigenvalues of A7'A cluster

around 1.
G.STRANG (n = 2m even). Set A = C’(zfs)) where, if 25 = szs)

0<

szl =t;, 1=0,...,m, szl =tp—i, t=m+1,...,n—1.
Note that A is real symmetric like A and ||A — Al|? = min, ||A — C(2)]]» [RC].

The proof of the following result shows that under the same assumptions
(assu) of Theorem(clusterTC) on the real sequence {t} such A (besides being
p.d. as A for large n) has exatly the required PROPERTY, i.e. for any € > 0
there exist ne, 7. and a splitting of A of type A = A+ R+ E, where the matrices
R and FE satisfy the conditions rank(R) < r¢, ||E|| < ¢ for all n > n.. As a
consequence the eigenvalues of A=A cluster around 1.

Theorem(clusterGS). Identical to Theorem(clusterTC) except that A is p.d.
only for large n and it is not known if A(A) C [tmin, tmax] (but then how can
point ii) be proved? check...)

Proof [STAM Review 38 (1996), pp.427-482 ]

However, the G.Strang definition of A cannot be easily extended to a matrix
which is not a real symmetric Toeplitz matrix. Moreover, it can happen that A
does not inherite p.d. from A.



For example

2 -1 2 -1 -1
e -1 2 o A= -1 2
-1 -1
-1 2 -1 -1 2
and A is p.d., whereas the eigenvalues of A are 2 — 2 cos %4_1), ji=1...,n,

so A is only semi p.d.. In fact, not both the sufficient conditions (assu) in
Theorem(clusterGS) are verified: Z$§) [tk] = 3 < +o0, but t(0) = 2 —2cosf is
not positive in [—, 7.

If -1 <t <1, then t, = t*, k = 0,1,..., verifies the hypothesis of The-
orem(clusterGS). Thus A = [t'i_j‘]?jzl is p.d., A is p.d. for large n and the
eigenvalues of A~'A cluster around 1.

Actually, in this particular case the eigenvalues of A~! A are known in explicit
form. In fact, it can be shown that

t t
0 0
Ae,, = Aen,, Aepyr = Aepy, A - :LA -
m m m m b) :th 1:|:t q:tm 9
0 0
+t +t
yi 1 yi 1t . gmel
A[iyi}ZthA[iyi}’ {tml S R

[ES,Tor Vergata] (Proof ...). So, they are: -, %th’ = m — 2 times, #
m — 2 times, and 1 twice (Proof ...). There is a clustering around 1 (there
are two outliers), as we expected from Theorem(clusterGS). Moreover, only five
eigenvalues are distinct.

E.TYRTY. Set A = C(ZSLXET)), where z%7 = z;ET) is such that C(zF7) is
an optimal circulant solution of the C' 4+ R approximation problem (of A), C
circulant, rank(R) low [ZOT], [OT]. An approximation of zZ7 can be computed
via the black dot algorithm [OT]. Experiments show that such approximation
of A inherites from A real symmetry but not p.d.. ... ET construction via black
dot more expensive than TC, GS ? more recent references 7 ET construction via
black dot for the coefficient matrix of the google system ? Consider the £+ R
approximation problem, £ more general spaces 7 extend black dot algorithm to
solve it 7 Algorithms alternative to black dot?

See, in the enclosed Figure, the eigenvalues of the three matrices A =
[(0.5)1791]%_ 1, A7'A with A = C(zY{ ) and A'A with A = C(z'{?)
(n = 16,32).

AN INTERESTING PROBLEM
An interesting problem is inverting D + C where D is diagonal and C cir-
culant (by Tyrty, Rome 2006).
Observe that there exist a unitary matrix ) and a unitary diagonal matrix
A such that
F=Q"AQ,



thus
Q(D+C)Q* = Q(D+FDF*Q* = Q(D+Q*AQDQ*A*Q)Q* = QDQ*+AQDQ*A*.
Remarks. Set W = /2F where F is the Fourier matrix of order 2, i.e.
1 1
W= { b } |

Then det(A] — W) = (A2 —1) — 1 = A2 — 2. Tt follows that the eigenvalues of F
are: 1, —1. The corresponding eigenvectors are

%\/2+ 1V2-V2
LWV2-1)V2 V2 —1(V2+ V22 |
Proof: ...
Set W = +/3F where F is the Fourier matrix of order 3, i.e.
e 1 V3
W = 1 g Z , a:—§+17.
Then
det(W —AI) = (1-N)[(a—N?—-a°] - [(G—A)—E]Jr[ﬁ—(a—)\)]
= (1-X)(a®—2a\+ 22 —@%) +2[(@—a) + A
= 1-XNX—-(a+a)][N— (a—a)]+2[>\+(a—a)}
= (- MO DO 1VE) 200 - iV3)

= (A -iVBB-N).

So, the eigenvalues of F' are: 1, —1, i.
The eigenvalues of the 4 x 4 Fourier matrix

are: 1, —1,1i, 1.
By using MATHEMATICA, the eigenvalues of F' are:
n==6:1,—-1,1, 1, —i, —1;
n=28 1,-1,1i,1, —i, —1, 1, 1.
We conjecture that

F=QAQ=0q L Q.

It follows that

PP =qr ; Q. (QEMHA@Q")



NOTE: F* =T (it is in fact known that F? is a permutation matrix) = for the
eigenvalues X\ of F' we have A\* = 1, so the conjecture is proved.

Find Q; properties of Q; find v such that, for all 4, [QTv]; # 0, so that
for the algebra of matrices simultaneously diagonalized by @, sd Q@ = {QDQ* :
D diagonal} we have the representation

5dQ ={Qd(QT2z)d(QTv)™'Q* : zc C"}.

What structure has sd Q7
v ==e;: QF = AQ = FQTe; = QTe; = PROBLEM: find z, Fz = z,
lzllo =1; 2 #0V i?

Proof of TheoremClusterTC

Let us show that A(A — A) cluster around 0. Let R™N) and E®) be n x n
matrices such that 4 — A = RWY) + E) and EWY) is null except for its upper-
left n — N x n — N submatrix which is equal to the corresponding upper-left
submatrix of A — A. Moreover, observe that

(A—-A)y; = Ay —ty = [(n—IZ—JI)% g1 1= dltnjizg] = iy
= —zll—JI(t\z i1~ tn—li—j1)-
Thus
p(EM) < |[EM|; = max; ¥, |e” M =maxjoy v i (A - A)yl
= maxjo1 N L 3 i = jlIti—g) — tn—ji- J||_ZZ§ Sl =t
< 2y N J+ DI Nt |t|—2Zj v (=t + 2 Py N 1J|t|
= 230 N+1|t| Zj Tl 200 _1J|t|<2ZJ g It + 2 Z —1 Jlt]-

(regarding the latter inequality, it is obvious if n — N — 1 < N; otherwise the
terms with j > N are liquidated by the ﬁrst terms of the other sum).
Let € > 0 be fixed. There exist N | 2 N 1t <e/2,and e |V n >V,

2 ZJ S dlt] < ef2.
Thus there exist N., 7. | for all n > v, = max{7., 2N} we have:

p(EWN)) <& and rank(R™<)) < 2N..

The latter result implies that RVe) has at least n — 2N, null eigenvalues. So, if
i, @ =1,...,n, denote the eigenvalues of A — A in non-decreasing order, then,
by the min—-max eigenvalue representation theory (see below), we have that

V' n > ve at least n — 2N, eigenvalues v; of A — A are such that

—e <0+ min)\(E(NE)) <7 <0+ max)\(E(Ne)) <e

ie. AM(A— A) cluster around 0.

Proof of ii):

By i), tmin > 0= Ap.d= Apd.

Now let 7;, 3 =1,...,n, be the eigenvalues of I — A4 or, equivalently, of
I —S7tAS~T (S real non singular s.t. SST = A) in non-decreasing order. We
want to show that they cluster around 0, as the eigenvalues 7; of A — A.

By the min—max eigenvalue representation theory (see below), we have

v = miny, maxyevy; f(x),
x*(I=S7'AS ™ T)x . f(x
——ex = Winy; maxxev; 55y (1)

NG

¥j = miny, maxXxey;



where f(x) = x*(A — A)x/x*x, g(x) = x* Ax/x*x, 0 < tmin < 9(X) < tmax-
It follows that, for j =1,...,n,

1 3 1
15l < 1951 <

il (2)

tmax tmln

This with what we know about the ~; yields the assertion:

For all n > v, at least n — 2N, eigenvalues ¥; of I — A~'A satisfy the
inequality |¥;| < €/tmin
i.e. the thesis.

Proof of (1):

x*(I-S7*AS~Tx x*S71(s8T-A)s Tx

miny; maXxey, T = miny; Maxxey; e —
; Yy A-Ay _ . vy (AZAy
miy; MaXyes-Ty; Ty Ay T ming-ry, MaXyecg-Ty; =
i YAy _ YUA-AY/Y'Y _ s £(y)
mmvj maXerj v Ay = mll’lvj maxyevj Yy Ay /y*y = mmvj maxyevj )

Proof of the right inequality in (2):

First note that

~j > 0 iff maxeey, f(x) >0,V V; iff maxeey, gg;‘)) >0,V Vjiff ;> 0.
Then, for j such that v; > 0 we have:

0 < maxyev, % = MaXxev;, £(x)20 % S MaXxev;, f(x)20 {(X)
= mMaXxev; {:;) = t,jan maXxev; fx), YV

({x €V, f(x) > 0} # 0) which imply 5; < 7;/tmin; whereas, for j such that
v <0,

1

f(x)

EI‘A/j|O>%=maﬂx—>maxmzimaxf(x)2 minmax f(x) =

xeVj Q(X) o xef/} tmin tmin xef/} tmln Vi xeV; tmin

(f(x) > 0, on the right of the first equality) which imply —%; < —7v;/tmin.

Proof of the left inequality in (2):
For j such that v; > 0 we have:

% = MaXxeV;, f(x)20 % 2 MaXxeV;, f(x)>0 f(—x)

= maXxeV; tfrr(.}:j = % maXxev; f(X), v ‘/J

max

maXxevj

({x €V;, f(x) >0} # 0) which imply 4; > 7;/tmax; whereas, for j such that
v <0,
3V; 10> 5 = max f(x),

xeVj
0> vj = max f(x) > max M > min max f() =7,
tmax xef/} tmax xef/} g(X) Vi x€Vj g(x)

which imply —7; > —7;/tmax-

LINEAR ALGEBRA et al. :
Ax = Mx, Ay = py, A # 1 = x and y are linearly independent.




ax+ 0y =0 = p(A)(ax+Fy) = 0,V polynomials p = ap(\)x+OBp(u)y =0
= Oé; =0 (p(z) = (z —p)/(A—p)) and By = 0 (p(z) = (z = A)/(n— ) =
a=0p=0

Ax = Mx, Ay = py, A # u, A = A* = x and y are orthogonal, that is
y'x =0.

y*Ax = \y*x,

(Y A*x)" = x" Ay = ux*y = p(y*x)* = py*x

y*A*x = fiy*x

A—Dy'x=y"(A—A")x

if A is normal?

Ax = Ax, Ay = py, A normal = A(A*x) = A*Ax = MA*x = A*x is an
eigenvector of A (besides x); A*Ay = pA*y = x*A*Ay = ux*A*y

Polar decomposition - Marco Maddalena

Fourier series on Gantmacher

p-486 Wilkinson: Goldstine and Horwitz Jacobi for normal

Goldstine (Gauss and Fourier)

Isaacson Keller: a page on charact. meth. for 1st order equ.

and reference to Lax,Douglas

min-maz eigenvalues representation theory
Theorem.
i) Let A be a hermitian matrix with eigenvalues A\; < Ao < ... < A,. Then

x*Ax
Aj = min max
V;CC™,dim V;=j x€V;, x#0 X*X

(in particular, A\; = mino "}:*—Axx, An = MaXx£o x}:,fix, x)::ix € [A1, \n])
ii) Let A, B, C be hermitian matrices such that C' = A+ B, and let o5, 5;,7;,

7 =1,...,n, be their eigenvalues in non-decreasing order. Then

o+ 61 <y Loy + B
Proof ...

SVD
Anxn,a; € C=A=UcV* UV nxn unitary, 0 = diag(o;) with
012022 ...20,>0. ...

FFT: F -z, 7€ C" can be computed in O(nlogn) a.o.
F = [\/Lﬁw(i’1)(3‘*1)]%:17 w=e 127/ W, = /nF, n = 2m even. Then

(1.0 0 - 0]

001 0 0

I D ][Wn O 0 01 0
W”_{I —DHO Wm]Q’Q_ 010 0 0
000 1 0

L0 0 1]



Proof ...

decomposition of A = [t‘i_j|]?j:1

t tn_l
A=[tl=n ) = . , teR =
tn.—l
1 1 1t Ak
t 1 1—¢t2 :
A= 1 :
: s ¢
TP T | 1—¢t? 1
The formula follows easily from the equalities
t ... gn—l 1 1 ¢ ... ol
t t 1 .
=] . + 1 Lo -,
: t
tn—1 A t 1 1
1 —t 1 t tnfl
! 1 =1.
—t t
1 1
If t2 = 1 then
1 (£1) - (£1)"! 1
(£1) 1 (£1)
A= = [ (£1) - (£1)" 7Y
(:l:l)nfl (:l:l)nfl

is a rank 1 matrix.

If t2 # 1 then A is non singular and A~! is a tridiagonal (non Toeplitz)
matrix (compute it!).

If t? < 1 then A is p.d.
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