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MecC™ NeC* = (MN)!=NIM" (MN)' =NTMT

M,N € C"™" non singular = (MN)'=N"'M"
M € C™ N e C*" MN non singular = (MN)'=?
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Let zx, k= 0,..., N —1, be N distinct real numbers, and f(xy) the values of a function f
(that might be unknown) in such zj. Assume that ¢;, i = 0,...,n — 1, are n simple linearly
independent functions defined on a subset of R including the x;. The aim is to investigate
when the following (error) function

N—-1 n-—1 ap
2
E(a) = (Zaz(bz(xk) —f($k)> :c—2bTa+aTMa, a— cR",
k=0 =0 U1
Nl N-l N-1 n—1

f(l"k)z, b; = (bi(xk)f(xk)a Mij = Z ¢i(9€k)¢j(9€k)a i,7=0,...,n—1, a’ Ma = Z(Z ai¢i(9€k))2
k=0

k=0 =0

has a unique minimum &, and therefore it is well defined in the set {327 a;0:(z) : a; € R}
the best approximation "' " @;¢;(x) of the table (24, f(2x)), k =0,..., N — 1, nel senso dei
minimi quadrati.

The matrix M is n X n real symmetric positive semi-definite, M =YY, Yi; = ¢;(xy),
Y N xn. M is non singular (i.e. the system $Vf(a) = Ma—b =Y (Ya— f(x)) =0 has a
unique solution) if and only if it is positive definite [this is true for any positive semi-definite
matrix]. a’ Ma = 0 if and only if Ya = 0, [Va], = Y1 a;idi(2x), k= 0,..., N — 1.

Now, if N < n, then certainly the system Ya = 0 has non null vector solutions a, i.e.
Ja # 0 such that a’ Ma = 0 and M is singular. So, assume from now on that N > n. Then
Ya = 0 implies a = 0 if and only if the columns of the high rectangular matrix

¢0(9€0) ¢1($0) . ¢n—1(9€0)

v — Po(w1) ¢1(x1) Qﬁnl:(xl)

(bO(fol) Qﬁl(fol) (bnfl(.fol)

are linearly independent.

Note that the linearly independence of the ¢; is a necessary condition for the columns of
Y to be linearly independent. However, it can happen that, due of an unlucky choice of the
Tk, the columns of Y are linearly dependent even if the ¢; are independent.

Thus if the ¢;, © = 0,...,n — 1, are linearly independent, and, together with N > n
distinct real numbers xy,, are such that the columns of the N x n matriz Y, Yy, = ¢;(zx),
are linearly independent, then E(a) is minimum fora=a = M"'b = (YTY)'YT f(x) and
E(a) =c—-2blat+aTMa=c—-b"M b= |fx)|*— fxX)TYYTY) YT f(x). If moreover
N =n, thena=M"'b =Y f(x) and E(a) = c—2bTa+a’ Ma = | f(x)||?— f(x)T f(x) = 0.

If the ¢; are degree-i poynomials then the columns of Y are linearly independent, and
Z;:Ol a;p;(x) is the best degree< n—1 polynomial approzimating (xy, f(xx)), k= 0,..., N—1.
The ¢; can be chosen such that YTY = I, so that a = YT f(x) (i.e. no system needs to be
solved to compute a).



Theorem: Let M be a n X n matrix with complex entries, i.e. M € C"*"™. Then the homogeneous
linear system My = 0 has solutions y # 0 if and only if det(M) = 0.

Proof. Assume that My = 0 has solutions y # 0. We want to prove that det(M) = 0. Suppose
that it is not true, i.e. that det(M) # 0; in this case M is invertible and the vector equation My = 0
implies M~ 'My = M~'0 =0 = y = 0, i.e. the only solution of My = 0 is the null vector, which
is a contradiction with the hypothesis.

Now assume that det(M) = 0. We want to prove that My = 0 has solutions y # 0. Since
det(M) = 0, we can say that the columns of M, Mey, Mes, ..., Me,, are linearly dependent, thus
there exist complex numbers a1, o, ..., ay, not all zero such that oy Me;+asMes+. . . +a,Me,, =0,
but this is like to say that

o1 aq aq
M| | =[Me Mey ... Me,|| * | =0, | ® | +#0
[67% Qp On

that is, the thesis.

A € Cis an eigenvalue of A € C™*™ if and only if 3x € C™ x # 0 such that Ax = A\x if and only
if 3x # 0 such that (A] — A)x = 0 if and only if (by the above Theorem) det(A] — A) = 0.

If A € C is an eigenvalue of A then the set of all x € C™ such that Ax = Ax (eigenvectors of A
associated with A) is called eigenspace of A associated with A.

So the eigenvalues of A € C"*" are the roots of the characteristic equation det(AI — A) = 0.
One can observe that det(AI — A) is a degree n monic polynomial in A whose coefficients depend on
the entries of A; in particular, it can be proved that the coefficients of A» ! and of A? are — Yo aii
and (—1)"det(A), respectively. So the characteristic polynomial has the following form:

det(A — A) = A" — (zn: ai) A" (=D)L ON + (= 1) (det(A)).

Since, by the fundamental theorem of algebra, any degree m polynomial with coefficients in C
has exactly n roots in C, it follows that the eigenvalues of A are n, and we can call them A\ =
A(A), Ao = Xa(4), ..., A = A (4).

Important remark: by the definition of the \;(A), the equality
det(AT—A) = X" = (3 @) A" o+ (= 1) (DA (1) (det(4)) = (A= A1) A=A2) - (A= Aue1) (A= An)
=1

must hold. Such equality implies the following two important relations between the entries and

the eigenvalues of A:

Zaii = Z)\“ det(A) = H)\"

=1 i=1 i=1
For example, if A € C?*2: det(\ — A) = A2 — (a11 + az2)\ + (det(A)) = (A — A\)(A = A2) =
A2 — ()\1 + )\2))\ + A1 implies a11 4+ ase = A1 + A9, det(A) = M.

If A e C3%3; det()\I—A) = )\3—(0,11 +a22—|—a33))\2—|—(...))\—(det(A)) = ()\—)\1)()\—)\2)()\—)\3) =
A3 — ()\1 + Ao + )\3))\2 + ())\ — At A2 A3 implies a1 + a9 + agz = A1 + Ag + Az, det(A) = A A2A3.



ry ... 1) = R=VT with V = [vy ... v,;] unitary and T upper triangular invertible =
V=RT"' = VBV =T"RYBRT' =

vEBv), = [VEBV], = [T ¥ R BRT )4
- Z k;r RHBR]TS[T ]sk: = Z[T_H]kr[RHBR]rr[T_l]rk

r=1

(because the r; are B-conjugate and T~ is upper triangular)

Z RHBR]TT[T ]rk = Z |[T_1]Tk|2[RHBR]rr
= [T [R™ BR] +Z| Y *[RY BR],,
= [R" BRI + (I[T""|* = D[R” BRIk + Z [T~k *[R" BR],.,

1 — |Tip|?
= [RHBR]kHMRHBR k+Z| Y.%2[R" BR),,

But Tkk = [VHR]kk = V,?I'k, thus |Tkk| S HV].CHHI']{H = ”I‘k” S 1 (here the hypothesis ”I‘kH S 1
isused) = 1—|Ti*> > 0= viBv; > rl Br.
= T11V1a el < 1= 12> [rufl = [[Tuval = |[Tulllvill = [Tul = v{'Bvy =

T ‘er HByr, > r HBry



Let ry,Ta,...,r, be vectors of C" such that rf Br; = 0, i # j, where B is a Hermitian
positive definite n x n matrix. Assume, moreover, that r¥r; = 1 Vi. Apply Gram-Schmidt
to ry,ro,...,Iy:

k—1
r; — (vifry)vy Tk — Zj=1 (VJHrk)VJ'
Vi=17—"7, V2= H y veey V= k—1,. H )
] T2 = (vi'r2)v4]] e — > 252 (vi're) vyl
Note that .
B
V{{Bvl = rlH n = I'{IBI'l,

where the last equality follows from the hypothesis rfr; = 1. Thus r¥ Br; = v{ Bv,.
Note also that, by the hypothesis vl Br; = 0, we have

(r2 — (vi'r2)v1) " B(rs — (vi'ra)v1) _ (xf — (v{'ra)v{") B(rs — (vi'ra)v1)
(r2 = (viTra)v)H (r2 — (vi'r2)vi) (el — (vHry)vH)(ry — (viry)vy)

vilBvy =

. I'gBI'Q — v{{rgrﬁval — (V{II'Q)V{{BI'Q + (V{II'Q)V{{I'QV{{Bvl . I'gBI'Q + |V{{I'2|2V{{BV1

rry — (vi'ro)rivi — (vi'ro)v{’rs + (vi'ra) (v{'r2)vi'vy rjry — [vi'raf?
_ ri Bro(1 — [vire|?) + vl Bro|viry|2 + |vilrey|>vi Bvy _ rfBrg—i—rg{Bm’V{IrZ’Z + vl re|2vH Bvy

H

el — [viTrsf? g

where the last equality follows from the hypothesis rifry = 1. Thus ri Bry < vi Bv,.
At the generic step, by using the hypothesis rkHBrj =0,j=1,...,k—1, note that

k—1 k—1 k—1 k—1
By, — (ri — 25— 1(VHI‘k)VJ)HB(I‘k -2 1(VHrk)V]) B (rf — > -1 (Vfrk)vJH)B(rk — ijl(vHrk)Vj)
k - k—1 k—1 - 1 oo
(rp = 5o (Vire)v) H (e = 0 (v vy) (el = 52 (v vi) (o — 352 (v ) vy)
k—1 k—1
_ Tk H Bry, + (Z (VHrk) H)B(ijl(vfrk)vj)
rir), — ZFl |v§{rk|2
k—1 k—1 k=17 . k—1
I'kHBI'k(l - Zj:l |V§{rk|2) + rkHBrk Zj:l |V3Hrk:|2 + (Zj:l (V]Hrk)vf)B(ijl (Vfrk)"j)
e, — S [viTry 2
k—1 k—=17_H.. \ k—1
vy Bry 35y [vil? + (32521 (vilee)vi ) B2 (viTre)vy)
1= 352 vl |2

where the last equality follows from the hypothebls rk r; = 1. Thus r HPBr, < ka Bvy,.

= Br;, +

So we obtain the matrix identity [ry [V1 . Vn]T with T upper triangular, T;; = vir;,

i<],Tii:VZHrZ-:Hri—211VrZV]H—\/l V2, Ty =04 > .

Now apply any other QR orthonormalization algorlthm to R = [r; --- rp)], and call v; the
orthonormal vectors so generated, thus R = [vy --- vn]T for some upper triangular 7. But then it
must exist D diagonal unitary such that [y --- V,,] = [v1 --- vu]D, i.e. 6 for which ¥ = el vy;
this implies that v By, = Vi H By > rkHBrk




Definitions:
A matrix A € C™" is a square array with n? entries aij, 1,7 = 1,...,n, that are real or complex
numbers. Associated with a matrix A, there are its eigenvalues, which are complex numbers

A € C such that Ax = \x, for some non null vector x € C".

(Note that if X is not real and A is real then x must be not real.) The set of all eigenvectors x of
A, satisfying the above equality, forms a vector space (subspace of C"), known as the eigenspace of
the eigenvalue A of A. Note that such space is invariant under the action of A. Given two distinct
eigenvalues of A, A\1 and Ao, any eigenvector of Ay is linearly independent with any eigenvector of
Az, in fact, if Axy = A\1xq, X1 # 0, Axy = \oX2, X2 # 0, and X1 +aexy = 0, then 0 = p(A) (a1 x1+
a9Xs) = a1p(A1)x1 + aap(Ae)xa, for all polynomials p !; in particular, for p(z) = (x — A2) /(A1 — A2)
and p(x) = (x — \1)/(A2 — A1), choices allowed if A\ # A2, we obtain that c;x; = 0 and asxs = 0,
which imply a; = 0 and ag = 0, respectively.

In the eigenspace of A one can choose a set of linearly independent vectors spanning the
eigenspace. This can be repeated for each distinct eigenvalue of A. By collecting all such sets,
one can form a rectangular n x m matrix R, n > m, whose columns are linearly independent, such
that

AR = RD, D diagonal m x m, D;; € {the distinct eigenvalues of A}.

If m turns out to be equal to n, then R is square n X n and invertible (so its columns form a basis
for C"), D is n x n with eigenvalues of A as diagonal entries (they are all the eigenvalues of A,
why?), and the identity AR = RD can be rewritten as R"'!AR = D, in other words, A turns out
to be diagonalizable by a similarity transform.

If m < n, then it is not possible to diagonalize A by a similarity transform (why?); anyway
R can be completed, involving suitable vectors as new columns, so to become an invertible square
n X n matrix y such that y"'Ax = J, with J block diagonal with diagonal blocks of type

pe 10 .0

0 M 1

Mklsk + Zg; = . . .. . Sk
o . . .1
0 . . 0 px

ur € {eigenvalues of A}, where at least one of them is of order at least 2.

Since the equation Ax = Ax is equivalent to the homogeneous linear system (A — A)x = 0, the
eigenvalues of A can be obtained by solving the characteristic equation det(A — A) = 0, since the
latter is a NASC (Necessary and Sufficient Condition) on A for the existence of non null solutions
x of (A — A)x = 0. If one writes the matrix AI — A, then it is clear that det(\] — A) is a monic
polynomial in A of degree n whose coeflicients are functions of the entries a;; of A, and are real
whenever the a;; are real. Thus the set o(A) of the eigenvalues A of A coincide with the set of the
n roots A1, A9, ..., A, of the following algebraic equation:

det(\T — A) = A" — (D au)A™ '+ ... + (=1)" det(4) = 0

TAx = Xx = AFx = Mx = 3, apAfx =3, ap\fx = p(A)x = p(\)x with p(t) = Y, apt”



(the proof of the expressions of the coefficients of A\” and of A"~! is omitted). As a consequence, if
the a;; are real, then A\ € 0(A) = X € o(A) (why?), i.e. the set o(A) is closed under conjugation.
Note that the representation of the characteristic polynomial ps(\) = det(A — A) in terms of its
zeros, det(A] — A) = II;(A — )\;), implies the following two important identities, >, a; = >, A; and
det(A) = II; \;, relating the eigenvalues of A with its entries. For example, the latter implies that a
matrix A is singular (has zero determinant) if and only if at least one of its eigenvalues is zero.

We have seen that associated with any matrix A there is a monic degree n polynomial, i.e. the
characteristic polynomial p4(\). Viceversa, consider any monic degree n polynomial 2" +a, 12" '+
...+ asx® + a1z +ag. Is it possible to write a n x n matrix A with such polynomial as characteristic
polynomial? The answer is yes, just take the so called Frobenius (companion) matrix associated
with the polynomial

0 1 0 . 0 A =1 0 . 0
. 0 1 . . 0 A -1 .
A= . . . . 0 , write A\ — A= . . . 0 ,
0 0 . 0 1 0 0 LA -1
—ag —a1 —as . —Qg_1 ag a1 az . ANtas_q

0 1 0 A =1 0
A=1] 0 0 1 |, x—=A=l0 X -1 |, =
—ap —a1 —a2 apg ap A+ as

det(A — A) = AA\ 4 a2) + a1) + ag(—=1)(=1) = X3 + X%ay + Aag + ag.

Thus the computation of the roots of an algebraic equation is equivalent to the computation of the
eigenvalues of a matrix.

Instead of computing the eigenvalues of a n X n matrix A, it is often sufficient to localize them,
i.e. find some region of the complex field including all or some of them. In particular, Gershgorin
theorem allows one to localize all of them in the union of n circles easily defined from the entries of
A, in fact it states that

n
reC IAX:)\X,X#O, = )\EU?ZlKZ', Ki:{ZE(CI |Z—an-|§ Z |CLZ]|}
J=1,j#i

When A is irreducible, a more precise assertion holds: A € o(A) = either \ is in the inner part of
at least one of the Gershgorin circles, or it is on the border of each Gershgorin circle. Recall that
a matrix is reducible if there exists Z C {1,2,...,n}, Z # {1,2,...,n}, Z # 0, such that a;; =0
VieT, je{1,2,...,n}\Z, or, equivalently, if there is a permutation matrix P for which PT AP is
an upper (or lower) 2 x 2 block triangular matrix with square diagonal blocks.

Triangular matrices have several interesting properties. Let us see some of them. Assume that
A € C™"™ is such that a;; = 0 for all i > j /i < j, i.e. that A is upper/lower triangular. Then
(i) the eigenvalues of A are its diagonal entries; (ii) A is invertible if and only if there is no zero on
its diagonal; (iii) the matrix A~" (when defined) is upper/lower triangular like A and [A™1]; = -;

aii’



(iv) if B is any other upper/lower triangular matrix, then AB and BA are upper/lower triangular

matrices; (v) the linear system Ax = b can be easily solved by the backward/forward substitution
algorithm with @ multiplicative operations.

A n x n matrix T is said to be Toeplitz if the entries on each diagonal of T are all equal. A
Hankel matrix H is obtained by reversing the columns (or the rows) of a Toeplitz matrix. Such
operation is equivalent to a multiplication on the right (or on the left) by the reversion matrix J.
For example

T= , H=TJ = ., H=JT =

[SEE S

d d b 0 01
c c c ,J=101 0
b b d 1 00

QO U O
QO U 0
IS~ e
o o R
[ ISV

Multiply a matrix A by a vector, compute the eigenvalues of A, solve a linear system Ax = b, are
all operations that become simpler when A has Toeplitz or Hankel structure (...). A Hankel matrix

H:

o o

b
c
d

&0

is Hermitian if and only if it is real.

Triangular Toeplitz matrices have even more interesting properties than triangular matrices.
Let T € C™ "™ be a lower/upper triangular Toeplitz matrix with the parameters ag,aq,...,a,-1 on
its first column/row. (i) 7 is a polynomial in the matrix Z / ZT, in fact T = p(Z) / p(ZT) for
p(z) = ag + a1z + - + a,_12" 1. (ii) if 77 is any other lower/upper triangular Toeplitz matrix,
then TT" is equal to T'T and is yet a lower/upper triangular Toeplitz matrix; (iii) the matrix 7!
(when defined) is lower/upper triangular Toeplitz like T'; (iv) the product T x v, v € C™, can be
computed with O(nlogy n) arithmetic operations; (v) the linear system Tx = b can be solved with
O(nlogy n) arithmetic operations, computing the first column/row of T~!, and then using (iii) and

(iv).



I numeri di Fibonacci sono talmente tanti, che non finiscono mai
I primi due numeri di Fibonacci sono 0 e 1. Il terzo si ottiene sommandoli:
0+1=1, 1= terzo numero di Fibonacci.

Il quarto si ottiene sommando al secondo addendo nella somma qui sopra il
risultato della somma. Quindi:
1+1=2, 2= quarto numero di Fibonacci.

Il quinto si ottiene sommando al secondo addendo nella somma qui sopra il
risultato della somma. Quindi:
1+2=3, 3= quinto numero di Fibonacci.

I successivi numeri (il sesto, il settimo, . ..) si ottengono con la stessa regola:
243 =05, 5 = sesto numero di Fibonacci,

3+5=28, 8 =settimo numero di Fibonacci,
548 =13, 13 = ottavo numero di Fibonacci,
8+ 13 =21, 21 = nono numero di Fibonacci,

13+ 21 =34, 34 = decimo numero di Fibonacci,
e la regola si puo’ applicare infinite volte, quindi i numeri della sequenza di
Fibonacci sono infiniti. Diamo a ciascuno di loro un nome: F, Fy, F3, Fy, ...
I primi due numeri della sequenza di Fibonacci sono quindi F} =0 e Fy, = 1.
L’i-esimo (i = 3,4,5,...) numero della sequenza di Fibonacci, Fj, si ottiene
dai precedenti due numeri, F; 5 e F;_ 1, sommandoli:

F ot F  =F, i=345,....

Ad esempio, il terzo numero F3 (i = 3), si ottiene sommando i primi due
numeri della sequenza, F; e Fy: Fy + F», =0+ 1= 1= F3. Il quarto numero
Fy (i = 4), si ottiene sommando Fy e Fy: Iy + F3 =1+ 1= 2= Fjy. Il quinto
numero Fy (1 = 5), si ottiene sommando F3 e Fy: F3+ Fy=1+2=3 = F;.
Il sesto numero Fy (i = 6), si ottiene sommando Fy e Fy: Fy+ Fy =2+ 3 =
5= Fg. E cosi’ via ...

Calcolare FH, F12 e F12/F11,' €p0i F15, F16 e F16/F15,' €p0’i Flg, F20 e FQO/Flg...



Let B be a Hermitian positive definite n x n matrix, i.e. B;; = B—ji, i,j=1,...,n (B = BH),
and z/Bz > 0Vz € C" z # 0. Then B = Qdiag(\;, i = 1,...,n)Q, where \; = \;(B) > 0 are
the eigevalues of B, \; € o(B), and @ = [q1 Q2 - - qy] is a unitary matrix whose columns q; are
the eigenvectors of B, Bq; = A\;q; (Q can be chosen real if B is real). Note that B has a Hermitian
positive definite square root, that is B3 = Qdiag (VA i=1,...,n)Q".

A well known fact is that the set of real positive numbers {u” Bu: u € C"||Ju|| = 1} coincides

with o(B) := [min; \;, max );], the smallest real interval including the eigenvalues of B. In partic-

ular, q’Bq; = A;, i = 1,...,n. Also observe that o(B) includes any real number (u?? B~!u)~!,

. _ _ 1 _1
u € (Cn HuH = 17 m faCt (uHB 111) = I‘HBI‘, for r = \/ﬁB 2u, and that such number

is smaller than u!? Bu, since, by the Cauchy-Schwarz inequality, 1 = [ufu|? = [u B%B_%u|2 <
|B2u|?|B~2u? = u Buuf B~'u.

Now let U = [ujuy --- u,] € C™™" be unitary (for instance U could be the Fourier or the
Hartley matrix, or even a Givens or Householder matrix), set = sdU = {UDU* : D diagonal},
and consider the following two n x n Hermitian positive definite matrices of U, associated with B:

Up = U diag (uf Bu,) U, Up—)~! = U diag (uf’ B~'n;) " UH.

Note that Up and Up-1 are the projections of the Hermitian positive definite matrices B and B~}
into the n-dimensional commutative matrix algebra U, i.e.

lUp—B|lr < |X—Bl|lr ((X,Up—B)r =0), X €U, |Ug-1—B '|r<|X-B Y r(X,Ug1—B Hp=0),Xcl.

The matrices Up and (Ug-1)~! can be considered approximations of B, since for U = @ they coincide
with B, thus, at least in principle, their eigenvalues, u” Bu; and (uff B~'u;)~!, both included in
o(B), can be considered approximations of the eigenvalues of B, with o((Ug-1)"!) shifted on the
left with respect to o(Up).

Setr; = éBféui, h;, = %B%ul-, and let min~, min, max~, max be indeces for which

v uHEB-1lu, v/uf Bu,

)71 S (rﬁBilri)ilv rH Brmin S I‘fIBI'Z‘, (hfIBilhi)il S (hH Bilhmax*)ila hfIBhZ S hH maax;

min max max

H -1
(rmin* B Tmin-

for all . Note that, by definition of r; and h;, the indeces min and max™ are also such that
(uf. B~luyi,) ! < (uB7tw) Y ul Bu; <u! _Bug,., Vi

min max—

Define from U = sdU a space Z = sdZ such that o(Up) C 0(Zg) or o((Ug-1)~1) C o((Z-1)~1)
Questions: is it always possible? is it possible with the same space Z 7.
Try by orthogonalizing the r; and the h;, which form two sets of n linearly independent unit vectors,

such that rffhj =01 # j, rf{hi = 1/\/uZHBuiuf{B*1ui <1.

Results obtained till now:

12 : 0(Up) C 0(Zp) whenever max = min = max~ is not verified.

AZ:0((Up-1)"1) Co((Zg-1)~!) whenever min = max~ = min~ is not verified.

3Z:0Up) Co(Zp) and o((Up-1)~') C o((Z-1)~') whenever max~ # min.
These conclusions follow from the analysis in the next two pages, which therefore can be skipped
at a first reading.




Apply GS to {r;} starting from rp,;,: obtain V = [vy .. 'in .. Viu] such that r2Z, Br;, = v, Bv,, v Br; <
vH Bv; i # min (this is conjectured), and thus

[« Up] rH. Bry, = min; \;(Vp) < A\ (Up) ?<?max; \;(Vp),

[+ Up-1)"1] min; \j(Vp-1)"Y) < (VE, B lvyin) ™t < v Brog, < Me(Up-1)"1) ?7<?max; \;(Vp-1)71).
(answer to the 7 is difficult because the v; are generated by GS...)

IF max # min (so that hf__ryi, = 0): apply GS to {r;} starting from ry;n, and then choosing t,s, 7é max

max

(besides # min): obtain V = [V ..Tmin .- hpax .. Vo] such that v, Bry;, = v Bvy,, v Br; § vH Bv,
i # min, max (this is conjectured), rf Br; < hZ  Bh,,,., and thus
[« Up =] rH. Bryi, = min; \i(Vg) < A (Up) < Bhy.. < max; \;(Vp),

[<_ (ugl)— %'] mini )‘i((VB*I)_l) S ( IIllIlB leﬂ) ! S rmlnBrmlﬂ < )‘k((u ) )'<' (hgaxB_lhmaX)_l S
max; )\i((f)Bﬂ)_l).
(maybe answer to ! is less difficult?...)

ALTERNATIVE: IF max~ # min (so that hIIlaX rmin = 0): apply GS to {r;} starting from rp;, and
then choosing t,s,.. # max~ (besides # min): obtain V = [vi .. 'min .- Byay— .- Vs such that v
vginvain, rHBri < VHBvi i # min, max (this is conjectured), HBI‘Z < h# Bh,,.«-, and thus

max—

BrIIllIl -

Br,i, = min; -(]}B) < \(Up) <hH

max—

[(* Up 4)] maax* < max; A; (VB)’

mll’l

[ Up") " =) ming A((Vp-1)"") < (VB Vanin) ™! < 1l Brain < Me(Up-1) 1) < (W - B My ) 7! <

max; )\i((val )71).

Apply GS to {h;} starting from hy,,,—: obtain W = [w1 .. hy,.— .. Wy, such that (wH B~'w;)~! < (hZB~'h;)"!
i # max~ (this is conjectured), (w2 B lwy.. )" = (hf B 'h, . )"}, and thus

[(Up-1)"" =] ming \s(Wp-1)"1)7? <?A(Up-1) 1) < max; \i(Wp-1)"1) = (W, B hy,- )7,
[UB 4>] mini )\'L(WB)? S?)\k(uB) < (hgaxfBilhmax ) ! < Wmax meax* < max; )\Z(WB)
(answer to the 7 is difficult because the w; are generated by GS...)

IF min~ # max~ (so that rmm h,..- = 0): apply GS to {h;} starting from h ..~ and then choosing ¢, s, 7é
min~ (besides # max~): obtain W = [wy .. Tyin— - Doy Wn] such that (w//B~'w;)~! < (hf B~'h;)~!

i # max~,min~ (this is conjectured), (W B lw,.. - )7'=(Mf B 'h,..-)"", (r mm_B L min-) 1<
(hZB~1h;)~!, and thus
[« (Up-1)"" =] min; Ai((Vval)—l) < (eF B lry-)7t < M(Up-)7Y) < maxg \i(Wp-1)7Y) = (hE B thy,.,- )t

[' < UB —)] mini Az(WB)
(maybe answer to ! is less dlfﬁcult?...)

Brpi,-! <I\(Up) < (hE B~ lh )t <wi

IIllIl max max— BWmaX7 S max; )\'L (WB)

ALTERNATIVE: IF min # max~ (so that rﬁinhm(le =0): apply GS to {h;} starting from h,,,,- and then
choosing t, s, .. # min (besides # max~): obtain W = [Wy .. 'min .. hyay— .. Wy,] such that (wf B~lw,)~1 <
(hB~'h;)~! iz max~, min (this is conjectured), (W2 B 'w.- ) '=(hZ B h,.. )7t (0l B rgi,) 1<
(h-HB’lh-)’l, and thus

i A (W) ) € (B i) € (@) ) < ma M(OWp)) = (02, By )

min max

[« Up
[+ Up %] min; \i(Wg) < v Broin < \eWp) < (b2, B~ 'h,,-)"' <wl  Bwg..- < max; \(Wp)

ax™—



Until the line we have (z B71z;)~! < (hf B~'h;)~!, with = if i = max (to be verified)
[Us —]: GS to hpax, h; i # max, yields orthonormal z,,,x = himax, 2; 7 # max such that

min)\ (ZB)? <? M (Up) < hH ax Bhmax < InaX)\ (ZB)

where the last inequality can be strict (or not?).
[(Ug-1)"t =] min; A ((Zp-1)"1)? <? \e(Up—1) ) <! (b, B~ hyay) ™t < max; \i((2Zp-1)71)

max

[+ Up —]: If max # min (so that hf_ r.;, = 0): GS to hyax, Tmin, hi i # max, min, yields orthonormal
Zmax = Nmax, Zmin = Cmin, Zi ¢ 7 Max, min such that

min \;(Zp) <

— max

minBrIIllIl < )‘k(UB) < h)! Bhpya < max )\i(ZB)

where the first and the last inequality can be strict (or not?).
[« Ug—)t = min; \i((Zp-1)"1) < (eH. B lrpin) ™! < Me((Up-—1)~H)! <!(hE

min max

B_lhmax)_l < max; )\i((ZB*I)_l)

l' A MB _>l: If max 7é min~— (SO that hmax min— — 0) GS to hIIlaX7 Tmin—> hz { 7é ma'Xamin77 ylelds
orthonormal Zyax = himax, Zmin- = Tmin—» Zi ¢ 7 max, min~ such that

min \i(Zp) < . Bro. ! <I\iUp) <hf Bh,., < max \;(Zp)

min _— max

where the first and the last inequality can be strict (or not?).
[ U~ > min A((Zp-1) ™) < (0B ey )™t < Au((Up-1) ")) <I(h,

min~— max

Bilhmax)il < max; )\i((ZB—l)il)

BrIIllI] < I' Br — hold?

Question: can the inequalities (hZl, B~'hy..)"t'<(h®Z _B~'h .. )7!

max max— ’ rnin Tmin

Until the line we have rff Br; < z/ Bz;, with = if i = min~ (to be verified)

[+~ Ug-1)"1]: GS to rpi,-, r; @ # min~, yields orthonormal z,;,~ = Ty, Z; i # min~ such that

min A ((Z5-) 1) < (B M)t < Me(Up-) 1) 7 <2 max A((Zp-) )
where the first inequality can be strict (or not?).
[l < Up] min \;(Zp) < Brin-! <INe(Up)? <?max; \;(Zp)

IIl in—

[« Up-1)~' —]: If max™ # min~ (so that rl _hy. = 0): GS t0 Tpin—, Bipax—, i § # min~, max~, yields

orthonormal z,,;,- = ryin—» Zmax— = Dmax—, Z; ¢ 7 min~ , max~ such that
min X250 < 0 B e ) € (s ) ) < (0B Ty ) < max A((Zp1) )
K] K]

where the first and the last inequality can be strict (or not?).
l' +—Up 4)l min AZ(ZB) < I' min— Brmln ! <')\k(uB) <hf maax* < max; )\Z(ZB)

max—

[+ Up-1)~! =!]: If max # min~ (so that rmm hpax = 0): GS to ryin—, hmax, i ¢ # min~, max, yields
orthonormal z,;,- = rpin—» Zmax = Dmax, Z; ¢ # min~ , max such that

min

min \i((Zp-1)7") < (- B i) 1 < M) ™! Ui B i) ™ < max Ai((Zp-1) )

where the first and the last inequality can be strict (or not?).
[l <+ Up =] min \;(Zp) < Bri-! <\\e(Up) <hZl Bhy,.. <max; \,(Z5)

IIl in— max




Ifr=rc= ﬁB*%Cu, with C chosen such that [|QTCul? =3, [QTCu]? =1 and 3, /\%[QTCu]% =
u’CTB~1Cu = u” B~ 'u, then

T u?’CTB~1Cu _1 u?’CTB2Cu, _

1 _ (Tp-13-1 o Tp. _ Tp-1 \—1
rrs g b Cyrpg ) @ BT s Br= (B )
If h=he = \/ﬁB%Cu, with C' chosen such that |QTCul? = 3 [QTCu)? =1 and Y, A\ [QTCu]? =
u”CTBCu = u” Bu, then
ToT BOu u’'CTB2Cu
hTh:u =1 TBu= ("B '"h)y'<h’Bh=—"—""|
u’ Bu , w Bu=( ) s u” Bu

For C' = I the assumptions are verified, and in the above inequalities one recognizes one step of the power

method, applied to B~! (min; \; < (Eig:fﬁ)fl +— (uF'B7tu)7!) and to B (u'Bu — ‘:ITT%? — max; \;).

In order to try to improve the power method applied to B~!, choose C = C~ such that (r’B71r)~! is
minimum or, equivalently, such that u”CT*B~2Cu =", A%[QTCu]% is maximum. Analogously, in order to
improve the power method applied to B, choose C' = CT such that h” Bh is maximum or, equivalently, such
that u” CTB2Cu =Y, A2[QTCu)? is maximum.

TT

Lemma (improve power to B: u’ Bu — ‘I‘JTTE;;‘ g i%gicou — max; \;)

Let m and M be indices such that Ay, <A\ < Ay, Vi If Y 22 =1 and 3, A\y22 = u? Bu, then
TBu—>\py, Av—uTB

> A%“ﬁ"“Zr#M,m 27 A =Ar) Ar=Am) = 0" BuAar+Am) = A A = )‘?\/l uAMli/\m +A%, &IME/\mu’

where the last equality holds only if Ay # A,,. As a consequence, if A\, < Aps, then the conditions

on the x;,

Zx% =1, Z M\z? = ul Bu, Z M2 is maximum (#)
T s

r

: 2 _ ufBu-J)p _ 2 _ )\MfuTBu .
are satisfied for x5, = o Tr = 0r#M,m,x;, = X and are not satisfied for other
values of x, whenever A\, and Ap; are simple.

Let C, = Coit be a matrix such that Y [QTCoul2 =1, > A\ [QTCpou)? = ul Bu, and

> NQTCoul? =u"CIB*Cou > ) " A2[QTCul2 = uCT B*Cu

for all C such that Y [QTCu)? =1, 3, A\ [QTCu)? = ul Bu, i.e., by the above arguments,

Am— u’ Bu

T

u’! Bu— \

Coll = Ty Ay + TarQnr, T2, = X 3 ——
M — A\m

2
) :CM:
)\M_)\m

Then, for any matrix C such that Y, [QTCul? =1, 3, \[QT Cu]? = u” Bu, we have

T TBQ
u"Bu = (LB 'h¢) ™t <hEBhe = ————— < h%, Bhg, = %Bcou Ay AmAM
u u

<A
u’Bu - M

(used properties: 0 < A\, < Aar, u? Bu, A € (A, Ayr) 7 # m, M; satisfied by other entities. ..?).
C, is well defined (for ex as a Householder matrix), but we do not know A\, qm, A, Qar-



proof. The first equality in case A, = Aps is left to the reader. For \,, < Aps, by using the first two

conditions in (#), obtain (via Kramer) expressions for 3, and z2,, and replace them in Y, A2z
> Ay = )‘?\/I,\ i,\ [( TBu Zr;ﬁM,m Ary) = (1= Zr;éM,m 7)Am]
+ 2 iMm )‘2952 +Ah >\M pyd (€ ZT¢M,m a) A — (W' Bu =30 Aew?)]
=3 uAEu)\:Lm + A% )\IfMu,\fu + A e o m T (A — Ar)
Dt MR A A Y enrm e (Ar — Awr)
=\2, “;5“)\’\7” + A2, )‘JfM‘j/\fu + Dt Mm x2[...] where
(o] = 2] 4 32 4 2o
,\fw(xm Ar)HFAZAr =Ar)FAZ (A=A )22 (A —Anr)
oA O A+ A2
= —Our = A0 =),

THT R—2 —
Lemma (improve power to B~1: min; \; < (%)*1 — (%)*1 — (u'B~tu)~h)

Let m and M be indices such that Ay, < X\; < Ay, Vi If > 22 =1 and Zr /\ixz = u’ B~ !u, then

ul T p—1
B —u" B 'u

E:L2§: 2 1 _ 1yl _1y_yTB 1yl 1yt _ 1 >\7n 1>‘M
7'>\2:Cr+ T;ﬁM,mZT()\M )\)(,\ )\m)*u u()\MJF,\m) A dm A2, )\J\/I )\m JF X2 A}\/I_Ain )

where the last equality holds only if A\ys # A,,. As a consequence, if A\, < Aps, then the conditions

on the x;
1
2 _ 2 _ .
E x; =1, E = E )\2 2?2 is maximum (#)
r r 0T
TR-1 1 1 _,Tp-1
. u' BT lu—v— X u*B7'u .

are satisfied for 2%, = ——2= 2, = 0r # M,m, 22, = 2X+———— and are not satisfied for

AM Am AM Am
other values of x, whenever \,, and Aj; are simple.

Let C, = Cot be a matrix such that > [QTCou)? =1, ZT /\%[QTC’Ou]% =u?’B !y, and
1 -
D 5[Q"Coul; = u"CI B Cou > S Q" Cull = u’CTBCu

for all C such that > [QTCul2=1, >, /\—t[QTC’u]% =ul'B 7ty ie.

)\L —ul'B lu u'B~lu — )%

C.u= + 2 _ AMm 2 _ m
ou ImQm T TMAM, Ty 1 1 y M 1 1
AM Am Am Am

Then, for any matrix C such that Y [QTCu? =1, ", /\—t[QTC’u]?ﬂ = u’ B~!u, we have

)\M)\m 1 uTCTB_QCOu —1 T —1 —1
A < = = g =(rp B 'r
T A+ A — (BT L g ) = FaB )
TcTB—2C
< (B 2 UM Ip-lro) !t < ¥ Bro = (W B tu) !

ul’B~lu
(used properties: 0 < A, < Ay, u! B~lu ,)\ € ()\M, b )  # m, M; satisfied by other entities. ..?7).
C, is well defined (for ex as a Householder matrlx) but we do not know A\, Qum, A, Qs



Our aim is to improve the approximation u” Bu of Aj; with something better than 1111TT£§1;1 The
above Lemma states that

u’'CTB2C,u AmAM Ay —ul'Bu u’Bu -\
hl, Bhg = — 07 207 _ N\ Ay — 2o u= - m
Co Co u?’ Bu +Am u’ Bu’ Cou )\M — )\m A + )\M — )\m s,

is certainly better than h? Bhy = ‘I‘JTT%QJ‘, but of course such number is not computable. However

we can replace the unknown \,,, qm, Am, dum, present in the definition of such number, with
some approximations of them computable from what is available, and in particular from u’ Bu and
u” B%u
u?lBu -

Assuming to have Up = U diag (u{{Bui, i =1,... ,n)UH, we can think u” Bu as one of the
eigenvalues of Up, i.e. we can think u = u; (for instance u = u,,,,, recalling the definition of

max~, u Bu; < ugax_ Bu,, .~ Vi).

Assume that we can construct a unitary matrix Q = [ §2 - - - Gn] such that 4’ Bq. = min; §} Bq; <
u’ Bu < max; c];prc]i =g’ Bq,. (For example, if max # min, then obtain Q applying GS to Imin, i
i # min, max, and adding hy,ay, or applying GS to hyax, h; ¢ # min, max, and adding ry,;,.) Then
the idea is to consider QTBQL, qd., C]TB(L, d,, as approximations of A\, Qm, Ay, Qur, respectively,
and define C, so that

~ a’'Bq, —u’Bu _ u’Bu-q'Bq. .
Cou: ~T P ~T P qL + ~T ~ ~T ~ qJ7
q,Ba,—q. Bq. q,Bq,—q. Bq.
Observe that ||C~2TC~’OuH2 = uTCN';‘FQQTCN’Ou =1, uTCN';‘FQBCN’Ou = u’ Bu, and
u"ClO3Cu = (a7 Ba. + " Ba )u" Bu— 4’ Bq.a B,
>u’CTQ%Cu =~ > [Q"Cul}(§" Ba, - &/ B4,)(a; B4, —a’ Ba.)
L,
+ (@"Ba,+ & Bg )u"Bu— g’ Ba g’ Ba.

for all C such that uCTQQTCu =1, u’CTQpCu = u’ Bu.

Problem: uTC';fQQTC'Ou =1 ok, but uTégBégu = u’ Bu not ok, uTégBQOOu not maximum; so
what inequalities the new actors satisfy in place of

u!CTB%2Cu
ul Bu

u?CTB2C,u AmAM
— 0 0 At — =
u? Bu +tAu

u’Bu = (hfB 'he) ™! < hiBhe = <hg, Bhg, = < Au

u’Bu —
for all C such that u/CTQQRTCu=1, u’'CT"BCu=u"Bu?



Our aim is to improve the approximation (uTBflu)*1 of A, with something better than

(Eigjﬁ)*l. The above Lemma states that

AMAm B 1 B (uTC’OTB*QC’Our1
v+ Ay —(@IB~tw)-t - L4 L L u? B-'u

Am A AmAinuTBlu

= (rgoB_IrCO)_l7 Cou=

is certainly better than (rf B~lr;)~! = (%)_1, but of course such number is not computable.

However we can replace the unknown A\, q;n, Ay, qQar, present in the definition of such number,
with some approxirr%ati(g)ns of them computable from what is available, and in particular from
(u’ B~'u)~! and (3T§—1E)_1-

Assuming to have (Ug-1)~! = Udiag (u/B~'w;)~1, i = 1,...,n)U¥ we can think (u” B~1u)~!
as one of the eigenvalues of (Ug-1)7", i.e. we can think u = u; (for instance u = Uy, recalling the
definition of min, (ul, B~ uyiy) ™! < (ul B71w;) ™! Vi).

Assume that we can construct a unitary matrix Q = [q; qa - - - ] such that (" B~'q )~ =
min; (¢ B71q;) 7! < (W'B7tu)™! < max;(@f B7'q;)"! = (@7 B7'q,)"!. (For example, if max~ #
min~, then obtain Q applying GS to hy,.—, h; ¢ # max™, min~, and adding r ; - or applying GS
tor, .., r; i # min~,max", and adding h, .. .) Then the idea is to consider (¢’ B~'q.)~!, q.,
((]TB*(L)A, 4., as approximations of A\, Qm, Arr, Qar, respectively, and define C, so that

- == —u’B~lu u'B-lu— — Lt
Cu= (@B~ 'a.) ~ (a’B~'a) ~
ou = 1 1 a. + 1 1 q..
(@'B~'q,)! (a'B='q.)~! (aB-1q,)7 ! (@f'B-1q.)!

Observe that [|QTC,ul? = u"CTQQTCou =1, u"CTQp-1Cou = u’ B~'u, and

. 1 1 1
T AT A2 Tnp-1
C 710 - B -
Qo= gy P arsa "t P Y @) @A)
O ~ JOp. 1 1 1 1
> uleTo2 _ T A 12 _ _
2w 0T Cu=— ) I Gy ~ @ e @ e @A)
1 1 1

T »n—1
B _
@ et P Y @) @B e

for all C such that u’CTQQTCu =1, uTC’TQB_léu =u’'B'u.

Problem: u"CTQQ"Cou = 1 ok, but u”CT'B~'C,u = u” B~'u not ok, u” CT B~2C,u not maxi-
mum; so what inequalities the new actors satisfy in place of

AMAm 1 wTCTB-2Cu. ) )
)\7 S = — o ) 1: I'T B erO) 1
" A A A — BT ) i BT (e,
TcTBf2C
= (ﬁ)*l — (rnger)fl < I‘EBI‘C — (uTBflu)fl

for all C such that u/CTQQRTCu=1,u’'C"B 'Cu=u"B u?



Some details on Enlarge o(Ug) and o((Ug-1)~1). Let B be a real symmetric positive definite n x n
matrix (Q =[q1q2 ... qn], Q¥Q =1, Bq; = \iqi, \i >0,i=1...n). For u e R", |lu|| = 1, set

B~ 1/24 ) RN u’B%u __ —1N—
TS ey © NS 0TBTI T = () S B = (uF BT
B1/2 H p2
hi=——" = (h/B'h) ' =u’Bu<h?Bh="—"" < max)
vuf Bu uf’ Bu i
(recall that z7?Bzz"B~'z > 1 if ||z|| = 1, with ?equality verified iff z is eigenvector of B?), thus

(B tu) "t € ((r1B~1r)7!, (W'B~'h)~!) and u’ Bu € (v Br, h¥ Bh) whenever u is not eigenvector
of B. Note that u? B~'u — % is one step of power method applied to B~1, convergent to 1/ min; \;,

and u? Bu —» 2 % Y is one step of power method applied to B, convergent to max; \;.

U=[uwuy...u,),UHU=1,U = sdU = {UDU¥ : D diagonal matrices},

1B —Unllr = mitiy e gq ) | B = Xllr, [ B4 —Up+ | = ming g, 1B X|e
Up = U diag (W Bu,))U" | o(Up) = {ul! Bu; = (W B~'h;)"1} C o(B)
Up-1)~" = Udiag (uf' B~'wi) YU, o(Up-1)"") = {(uf B~'w;) "' = Bri} C o(B),
Note: since (u B~'u;)~! <uf Bu;, o((Up-1)71) is shifted on the left with respect to o(Up)

Definition of the indeces min and max (question: when min = max ?):
(eH _B7lr )7t <rfl Bron <rfBri = (ufB7'w;) "t < uf Bu; = (WP B 'hy) 7! <hfBh; <h[l Bhya

max

(for the definition of min~, see below). Apply Gram-Schmidt to {r;} starting from rp;y,:
Vmin = TI'min, mmBlen = rIII{linBrminv t 7é min:

Vi = (rt - rg{vminvmin)/Hrt - rg{vminvminHa Vg{th > I{{BI}, y S 7& min’t:

Vs = (rs — v Vi — rvivy)/|Irs — v v v — rivevy||, v Bv, > v Br,

I have proved the above two inequalities (see the next page). Conjecture: the inequality is
true also for the successive steps .
V=[viva ... vy] = vl Broyg, = ming \i(Ve) < \iUp) (77 Xi(Up) < max; Ai(Vp) 77).

min
If max # min: in G.S. choose t,s,.. # max and set V = Vi .. hpax .. Vi) (VemaX = hpax) =
gmBrmln = min; \;(Vp) < \i(Up) < hgathmax < max; \; (VB)
Definition of the indeces min~ and max~ (question: when min~ = max~ 7):
(e B lry, )t <(@f B ry) 7 <rf Bri=(uf B~'w;) " '<ufBu;=(hf B~'h;) "' <(hf B 'hy.- ) '<hf Bhya
Apply Gram-Schmidt to {h;} starting from h, - (set t :=¢7, s :=s7):
Whnax— = hmax—a Wr]zax B_lwmax = hﬁax _1hmax—a t 7& max  :
W = (ht - hz{{wmax Winax— )/Hht wmaxfwmax H Wy 7'B~ 1wt hz{{Bilhtv y S 7é max,t:

Ws= (hs_hfwmaxfwmax* _hs Wtwt)/Hhs _hs Wmax— Wmax— _hs Wtth7 WfBilws > thBilhs
I have proved the above two inequalities. Conjecture: the inequality is true also for the
successive steps .. ..

WZ[Wl W9 ... Wn] = )\Z‘((Z/[Bfl)fl)gmaxi )\Z‘((WBfl)fl) = (hH _Brlhmaxf)f1 (?mini )\Z‘((WBfl)fl)S)\Z‘((UB—l)fl)(?).

max

If min~ #max": in G.S. choose t,s,..#min~ and set W =[wy.r_ - .W,] (We_ - =T -) =

m min min

min; A\j(Wg-1)"1) < (rZ. B 'rin- )7t < XN(Up-1)7") < max; \i(Wp-1)"") = (b B~ h .- )~".

min~— max




On the two questions of the previous page

1) Let us prove the two inequalities satisfied by the vectors vy, v generated by G.S.:
b

It can be shown that - " -
ri’ Bry + (r{ rmin) T, Brmin

1- (r{{rmin)2

v,{{th =

)

H H H H H H H
H I T —T; Tminly T'min\2., . H H. . T4 Tmin (T3 £t —T}" Pminls Pmin) \2. . H Br,
r Brs+( g 3 ) r;' Bry (I‘s T'min — f_ o2 ) I hin P Tmin
1—(ry rmin) (r{ rmin)

2

H
vy Bvg =
3 ° 1— (I'HI' . )2 _ (rfrtfrtHrminrfrmin)
S min 1—(I‘fl‘min)2

From the above explicit expressions of V{J Bv; and Vf Bvy, it is obvious that V{J Bv; > rf{ Br; and
vEBv, > vl Br,. One can guess that also at any successive step of the G.S. procedure we have
that

v/ Br), + (> O)rfBrj +... 4+ (> 0riBrg+ (> 0)rf Bry + (> 0)rf. Bry, )
G- (E0.. —E0- (20

vl Bv;, =

which would imply the inequality v Bvy, > r¥ Bry. But how to prove (7) ?

(2) If max # min, then from U it can be constructed a unitary matrix V such that
min \;(Vg) < \p(Up) < max \;(Vg), Yk
K3 K3

(see the previous page).

Question: when max = min ? Conjecture: if max = min, i.e. if 3§ € {1,...,n} |
Hp2 Hp2
u; B“u; _ ug Bu, H el Ho1
W Bu, = u}IBuS’ u; B 'uz >uB 'u;, s=1,...,n, (#)
then the above inequalities must hold for any other § € {1,...,n}; in other words the above

inequalities can be satisfied only if they are all equalities:

H p2 H p2

uz B u; u: B7u, B B

e = *  uB luy;=ufBlu,, s=1,...,n. (@)
u;’ Bu; ul! Buy

If the Conjecture is true, then Problem: find all U = [u; ... u,] unitary for which (@) hold.
See the next page



B Hermitian positive definite (Hpd) n x n matrix, u;,ug,...,u, € C" such that u{{uj = 0.
Conjecture: if 3§ € {1,...,n} such that
ufBng ufBQuS
> Y
uf/Bu; = ul/Bu,

Hp— Hp-1
uw/B 'u; >u’B7tu,, s=1,...,n, (#)

then the above inequalities must hold for any other § € {1,...,n}; in other words the above

inequalities can be satisfied only if they are all equalities:
u?Bng B ufBQUS
u/Bu;  ulBu,’

Problem: If the Conjecture is true, then find all U = [u; ... u,] unitary for which (@) hold.

uwfB v =u’Bu,, s=1,...,n. (@)

The conjecture is true for n = 2: B € C2*2Hpd,u,v € C2, |ju| = ||v| = 1,uflv=0=u=ajqi +

a2q2, V = 51(11 +/BQQ2 (Bq] - )‘]qjv )‘j > 07 qu{qZ - 51]7 ’L’.] - 172)7 ’(Xl‘ + ’CMQ’ == ’/81‘ + ‘52‘ == 17
a1 + azfe = 0. Thus we have

u?B?u _ vHB2%y

u’Bu ~ vHBv’ w?B 2 viB Y, (#)
|1 [PAT + |ao|PA3 _ [B1PAT + |82 A3 2y-1 2y-1 2y-1 2y-1
> A A, > A A
1P+ JaslPhe = (B 1 1BaPA, (AT Flelen 2 IAPAT IR e
— |aa2(A2 — A3) A2—|52|2()\2—)\2) ~ _ _
T T L
(AT = lazP(AF = AD)) (A1 = B2 (A1 = A2)) = (AT = [B22(A] = M) (M1 — [aa (A1 — A2)),

|a2| (A2 = A)/(A2A1) < B (A2 = M)/ (hehi) &
= AZ[Bal* (M = A2) — laaPAi(A] — A3) +[azl?[B22 (A1 — A2) (AT — A3) >
A?—A%IOQIQ(M—Az)—|52|2>\1(>\%—>\§)+|ﬁzl2|0z2|2(>\1—>\2)(>\%—>\3)7 (laa?=1B2[) (A2 =A1)/(N2M1) <0 &

=A1B2P (A1 — A2) — [e2PA (AT = A3) > =ATaz* (A1 — A2) — |BolP A (AT — A7), ... <0 &
M (B2 = |a2?) (A1 = A2) — (Jaa|® = |B2]%) Al(AQ A2)>0, ...<0 =
(1821 = lazH) A A2 (A1 — A2) =0, (|B2]® — |aa*) (A1 — A2)/(A2A1) <0

and the above inequalities hold only if they are equalities.

The casen=3: B € C>*3 Hpd, u,v,w € C3, |lul| = |v| = |w] = 1, uflv = uflw = WHV =0=
U= a1qi + 20 +a3qz, v = Bid1 + f2d2 + B30, W = 11d1 + 7202 +73a3 (Ba; = Ajq;, A >0, ) q; = 513,
0,5 =1,2,3), la1]* +|az* +|as? = B2 + ||+ [ = [P+ L[+ =L @b + @b +@fs =mmn +.+. =

FiB1 + .+ .= 0. Thus the conditions
u”?’B%2u _ vZB%?v uf”B?u_  wliB?w
ufBu — vEBv’ ufBu ~ wf{Bw’

are equivalent to

(182> = laa|*) M Az (A1 = A2) ]+ (1832 — s *) [\ Az (A1 = As)] + (| ez |*| B3> — s ] *[ B2 /) [(A1 = A3) (A1 — A2) (A2 — As)] > 0
(2= laal?) M A2 (A1 = A2)]+ (|vs]* = |as ) A Az (A1 = As)] + (Jorz | [y [* — [aes | |72|2)[()\1—>\3)(>\1—>\2)(>\2—>\3)] >0
(182> = [e2|*) (A1 = A2)/ (A2 A1) + (1Bs]* — las[*) (A1 — As)/(AsA1) <
(Iv2l® = laz?) (A = A2)/(A2A1) + (Iysl® — |as?) (A — As)/(AsAy) <

Do the above inequalities hold only if they are equalities ?

u’B lu>vliB v, ufBlu>wiBlw, (#)




Enrico Bozzo: The conjecture (that, in (#), the inequalities are satisfied only if they are equal-
ities) is false, even for n = 3. Choose

1 00 1 1 1 1 1 1
B=]0 2 0], uy=— , we=—=12 1|, u3=— | —1
00 3 V2| V6| V3|
1
NG
Hp—1,. _ 2 _ 1 -1 /3 H _ 3
up BTuy = 3,11 = o= B = /5 N Bry = grprg, =3
V6
1
Hp-1,, _ 5 _ 1 - _ /3 1 _9
uy B~ ug = g, rop = N 1112B 2u2 =1/ 15 \/15 , Iy Bro Tl
V3
1
Hp-1, _ 11 _ - /e | - L 1 _ 18
uy B~ uz = 35, 13 b, BT\ ERE ry Bry = wlB-Tu; 11
V3
1 2
1 1 _1 u;’ B u 5
! Buy =2,y u{{BulB2u1 -2 ?/§ ’ hl Bh uf! Bu; 2
1 H p2
1 B
1 H u ug 13
= 2 = — — — 292
Uy Bllg 2, h2 ugBugB L8 5} vz 2\\//_35 s h2 Bhg ué'IBUQ G
1 H p2
H 1 1 1 H uy B'uz 7
= = —— 2 = — — = = =
ujg Bll3 2, h3 ua{{Bu3B us /6 \/5 s h3 Bh3 ungug 3

V3
It is clear that rf! Bry < rf{Bri, Vi # 1, and that hi Bh; > hf{Bhi, Vi # 1. Thus, this example
shows that in order to have that min = max it is not necessary that (#) are all equalities, i.e. my
conjecture is false.

Since min = max (= 1), applying Gram-Schmidt to rmyin, hmax, r¢, ..., the vector hp.y is

changed because it is not orthogonal to ry, (hifr; = @), i.e. we obtain

_1
2
= 0
_V3
2

we are afraid that zl! Bz < h¥ Bhy, in this case it would not be guaranteed anymore that zl! Bz,

h;—(hfr)r;

Z1 =T 7o — ———F
L= 00 22 = = ()|

is an upper bound for the uf{BuZ, i =1,2,3. But z& Bz turns out to be equal to 2 5= = hiBh;. Is
this lucky or not ?
In general, if max = min, GS t0 ruyin, hmax (hmax and rp;, indep unless u eigenvector), ... =

hmax— (hgaxrmin)rmin

Z] = Tmin, 22 = |

|hmax (hr}r{ax 1'min)rmin || )

7 BZ2 _ (hmax (hmaxrmln)rmln)HB(hmaxf(hgaxrmin)rmin) — hrl;llathmaX_Q(hmaxrmln) mlthmaX+(hmaxrm1n)2 Brmm
2 (hmax— (M, rmin)rmin) ¥ (hmax — (W, rmin) Tmin) 1—(hif,  rmin)?
2 hgmthmax Tie. (hgaxrmin) (r mmBrmln + hgmthmaX) - (hgaxrmin) mmmaax >07 hl Br, = \/§



Problems (1), (2), (3)

Given B € C™ "™ Hermitian (or real symmetric) positive definite (i.e. B = Qdiag(X\;, i = 1,...,n)Q
with @ unitary and X\; > 0), look for information about the unitary (or real unitary) matrices

U=[ujuy - uy (uf{uj = 0;5 i,§ = 1,...,n) such that, respectively, max = min, max = min~,
max~ = min, max_ = min_, or, equivalently, for which there exists an index s such that, respec-
tively,

max = min
ufBQUS S u’ B2y,
u’Buy; — ufBuy

max — min_

ufBQus uZ-HBQui i ufB_Qus uf{B_QuZ- i
i i
uf/Bu, = ufBu;” 7 ullB7lu, T ullB-lu;’ 7
max~ = min
uBu, > uf Bu;, Vi, u’B7'u,>uB 'y, Vi,
max~ = min~ oo oo
. ulB“u u’ B~y )
u’ Bu, > u’ Bu,, Vi, T > o1 L Vi
u/ B lus T u By,
( I think that we can assume B diagonal. )
(1) Find U = [u; - -- u,] such that max = min = max™, i.e. for which
Hp2 Hp2
u; B“u u;' B*u; . _ _ . .
Js: = > L—— Vi, B, >uf By, Vi ufBu, > ul’Bu,, Vi
uy’ Bu, u;’ Bu;

( Note that for the remaining U we can define Z such that o(Up) C 0(Zp). )

(2) Find U = [u; - -- u,] such that min = max™ = min~, i.e. for which

Hp-2 Hp-2
u/ B "u, _ u' By

Js: ufBlu, >u’B ', Vi, u!Bu, > u’Bu,, Vi
s s = i ot s - "7 ullB7luy T uf By’

Vi.

( Note that for the remaining U we can define Z such that o((Ug-1)~1) C o((Zp-1)71). )

(3) Find U = [u; -+ u,] such that max™ = min, i.e. for which
ds: ufBus > uf{Bui, Vi, ufBilus > uﬁBilui, Vi,

( Note that for the remaining U we can define Z such that
o(Up) C o(Zp) and o((Up-1)~1) C o((Zp-1)~1) simultaneously. )

( I think that (1) and (2) are equivalent. )




Given x € R" well defined (for instance x could be the solution of a linear system Ax = b)
such that the product Mx for some fixed M real symmetric positive definite is much more easily
computable than computing % (for instance, if X = A~'b, M could be chosen as AT A or even as
A, in case A is real symmetric positive definite), find a sequence x; € R™ convergent to X, in the
sense that ||x — xg|[; — 0, such that the computation of x;; from xj is much more easy than
computing X. (Recall that ||v|3, = (v,v)y where (u,v)y = ul Mv.)

Choose an arbitrary xg € R"™. For £k =0,1,2,...

compute the residual M (%X — xx) ; if it is the null vector, then x; = X, otherwise

{ choose s, such that (M (x —xx))s, # 0,
(M = xk))

}.

set Xp41 = X +wres,, where wyp =

Mskask
Note that wy satisfies the following three equivalent properties:
. (M (% —x))3 ) 5 .
e=xklliy — 57— = [%=xull3r — llwkesilir = Ik —xe —wres, 3 < [[x—xi —wey, |3, Y € R;
SksSk

(M(X = Xk41))s, = (X = Xpt1,€5.) M = (X — Xk — wkesy, €5 )0 = 0
1
F(x +wies,) < F(x; +wes,), Yw R, where F(z) = izTMz —z'Mx,

thus the si entry of x; is changed so that the s; entry of the new residual is zero.
M(x —
Then lim [(M (% — xp)) s

k—400 A /M5k75k

=0 =

(OG-0 | =

k——+o0

Let ¢ € (0,1] be fized. If, for each k, sy is chosen such that |(M (X —Xy))s,| > c[(M (% —xx))i| Vi
(i.e. if, for each k, a quite big residual entry is made equal to zero), then X — X.

Moreover, V k, Vi : 1 <t < k we have

t—1 =1
)A( - Xk} = )A( - Xk‘—t-‘rl - E wk‘—jesk 7 = (X Xk}’ eSk,t)M = - E Wk—j(esk,jaesk,t)M
j=1 j=1

N ’(M(f(_xk))sk—z’ < § |(M(>A(_Xk_]‘))3k7j|

. = =
Mskftvskft ]:1 Mskfjvsk—j
max; My; =
kg 1 2 ~
(M(% —x3))s,_,| < —y 73 Z; (M(% — X))y, VE, VE: 1<t<k. =
]:

Let m € N, m > n, be fized. If, for each k and r € {1,2,...,n}, exists t =ty, € {1,...,m} such
that sx—y = 1 (i.e. if all the residual entries are periodically made equal to zero), then x; — X.
(M& = %)) = [(M& = xp))s,,] < ... <. =00

Proof: Vr we have < =1



Corollaries:

Case X = A~'b, M = A :=real symmetric positive definite (M (X — x;) = b — Axy):
For k=0,1,2,...

compute b — Ax;, ; if it is the null vector, then x; = X, otherwise

{ choose s, such that (b — Axy),, # 0,

(b — Axy)s, }
Ask:7sk:

Let ¢ € (0,1] be fized. If, for each k, sj is chosen such that |(b — Axy)s, | > c|(b — Axy);| Vi, then

X — X.

Let m € N, m > n, be fized. If, for each k and r € {1,2,...,n}, exists t = t, € {1,...,m} such
that sp_; = r, then x5, — X. Note: for m = n and s; = k mod n + 1 the latter method is

the Gauss-Seidel method or, more precisely, x,,, X2, ... turn out to coincide with the first, second,
.., iterates generated by the Gauss-Seidel method (started with xg). So we have obtained an

alternative proof of the convergence of the Gauss-Seidel method when applied to real symmetric

set Xp41 = X +wpes,, where wy =

positive definite linear systems.

Case x = A~'b, M = AT A, A real non singular (M (x — x;) = AT (b — Axy)):
For £k =0,1,2,...

compute AT(b — Axy,) ; if it is the null vector, then x; = X, otherwise

{ choose s such that (AT (b — Axy)),, #0,

(AT(b - Axk))sk }

(ATA)SImSk '
Let c € (0,1] be fized. If, for each k, sy is chosen such that |(AT (b — Ax))s,| > ¢|(AT (b — Axy));|
Vi, then xp — X.
Let m € N, m > n, be fized. If, for each k and r € {1,2,...,n}, exists t = t, € {1,...,m} such
that sj_y = r, then x5, — X.

set Xp41 = X +wres,, where wy =

Question 1

Can we assume M;; = 1 Vi 7 For instance, can every real symmetric positive definite linear system
be reduced to a real symmetric positive definite linear system Ax = b where A;; =1 V¢ ? or, can
every real normal linear system be reduced to a real normal linear system A7 Ax = ATb where
[ATAl;; =1Vi?

Question 2

In the original Southwell method the parameter wy is only an approximation of the ratio (M (x —
Xk))si/Msy,s,» chosen so simple to make the updating of (x;)s, (and thus of xj;) computable by a
hand desk calculator. Thus the s; entry of x; is changed so that the s, entry of the new residual
is almost zero. Try to prove the convergence of such old method.



Minimizzazione globale alla Gross

Risolvere il sistema lineare Ax = b & equivalente a cercare i punti estremali della funzione
h(x) = xT Ax — 2bTx. (quadr)

Infatti, il sistema delle derivate parziali di tale funzione, che determina appunto i suoi estremali, &
proprio h;(x) = 2Ax — 2b = 0. In particolare, se A ¢ definita positiva, allora I'unica soluzione X
del sistema lineare Ax = b, corrisponde all’'unico punto estremale per h, che & un punto di minimo
assoluto. Quindi, X potra essere calcolata applicando alla funzione (quadr) un algoritmo per la
minimizzazione non vincolata di funzioni, anziché i noti metodi per la risoluzione di sistemi lineari
(e.g. Cholesky, Gradiente coniugato).

Nel seguito studiamo due tecniche (tt) e (tp), la seconda delle quali di piu facile implementazione,
per il calcolo dei punti di minimo X di una funzione h generica. Lo scopo di tali tecniche e produrre
una successione {xy} i cui punti di accumulazione (quando esistono) siano punti stazionari per h.
Inoltre, {x;} deve essere una successione minimizzante h, i.e.

h(Xk;—H) < h(Xk), for all k.

Possibilmente, ma non necessariamente, se applicate a forme quadratiche (quadr) definite positive,
le tecniche (tt) e (tp) dovrebbero produrre X con un numero finito di passi, cioé si dovrebbe avere
(in aritmetica esatta) x,, = X per qualche m > 0. I metodi per la minimizzazione di funzioni che
rientrano in queste due tecniche sono quindi metodi iterativi e possono diventare diretti solo se
applicati a funzioni quadratiche.

Le due tecniche (tt) e (tp) sono presentate con i rispettivi risultati di convergenza (globale) che
le riguardano. Dal teorema di convergenza per la tecnica (tt), applicato alla forma (quadr), seguono
noti risultati di convergenza dei metodi iterativi (per equazioni) lineari. Da quello per la tecnica
(tp) segue un risultato di convergenza globale del metodo di Newton per il calcolo degli zeri di un
sistema non lineare f(x) = 0, modificato in modo tale che la successione {f(x;)7f(x;)} da esso
generata sia decrescente. Infine, si ottiene banalmente la convergenza del metodo di discesa piu
ripida (o del Gradiente), usando sia la tecnica (tt) che quella (tp).

Due richiami sul Calcolo: i) Se h € C' in un insieme contenente il segmento che unisce il punto
x = (x1---x,) al punto y = (y1---yn), allora su tale segmento esiste un punto £ = (&1 -+ &),
&=y + (9(:61 — yl'), 0 € (0, 1), tale che

hz1, ... xn) — h(y1, ..., yn) = h(x) — h(y)
= ha()(x—y) = Xy 2 (&rr- -5 ) (@i — 1)

ii) Se x(¢) & una curva parametrica di classe C! per t € Z ed h € C! in un insieme contenente
il tratto x(t), t € Z, allora

(TeoMedia)

%h(x(t)) 3 O en @) _ o xt)x(t), te T (DsuCurva)

... e sulla notazione: Nel seguito, se v & un vettore, allora il simbolo ||v|| indichera la norma euclidea

div, cioe ||v|]| = 1/>"v2. Consideremo, invece, anche norme di matrici diverse dalla norma spettrale
(che ¢, ricordiamo, quella indotta dalla norma vettoriale euclidea).



Supponiamo che una funzione h(x) di n variabili abbia un punto di minimo locale X. Necessari-
amente si dovra avere

oh
—(X)=0 =1,...
61']()() ) J ) , 1,

0, in forma compatta,

ha(X) = 0. (SistDP)

Sia x¢ € R™ una approssimazione di un X. Una componente connessa della curva di livello h(x) =
h(xp) contiene X. Introducendo un vettore sg di norma 1, che formi un angolo acuto con il vettore
gradiente hy(xq), e scegliendo un numero Ao > 0 opportuno, si puo trovare un punto xo — Agsg dove
la funzione A € piu piccola che nel punto xg. E naturale quindi definire x7, la nuova approssimazione
di X, come segue:

X1 = X0 — )\()S().

In ogni tecnica di minimizzazione la nuova approssimazione xx1, del punto di minimo X, & definita
dalla vecchia, xj, con questo procedimento. La scelta della direzione di ricerca s e del passo A
distinguera una tecnica dalle altre.

In entrambe le tecniche (tt) e (tp) da noi trattate, le direzioni di ricerca sy si scelgono tali che

hx(Xk)Sk ir
Tl =7 (dir)

Si richiede, cioe, che I’angolo con il vettore gradiente di h (direzione di massima crescita per h)
sia acuto uniformemente nell’intero processo di minimizzazione. Le due tecniche differiscono nella
definizione del passo Ax: nella prima, per scendere, si sfrutta per intero la potenzialita della direzione
sk scelta; nella seconda si cerca di definire un A che produca una sufficiente decrescita ad un costo
computazionale minimo. Tuttavia, entrambi i Ay proposti in (tt) ed in (tp) soddisfano la condizione

Ak
|7 (i) |

Quindi, si permette che il passo possa diventare piccolo solo quando si € prossimi alla soluzione X
(ovvero solo quando ||y (xg)|| € piccolo).

Le due ipotesi (dir) e (passo) assicurano che i punti di accumulazione della successione x siano
punti stazionari per h. Per avere la convergenza dell’intera successione {xy}, € ovviamente anche
necessario che il passo A; non possa essere troppo lungo in prossimita della soluzione.

Matematica:

Stabiliamo, innanzitutto, il seguente Lemma fondamentale.

Lemma 1. Sia K un insieme di R" compatto e convesso dove la funzione h ¢ di classe C' e
tale che

>0 >0. (passo)

lhe (x)]| > M > 0. (gradlowb)

Siano x, v numeri reali fissati tali che 0 < x <1, 0 <~y < 1. Allora esiste = u(M,~,x) > 0 tale
che

h(x = As) < h(x) = Axha(x)s < h(x) = Ax7yl[ha(X)]



per tutti gli x € R", s € R", A € R tali che
ha(x)s

x ek, |Is|| =1, >,
Il =1 T Go

0<A<pu e x—Xsek.

Dim. Esiste v, 0 < v < A, tale che
h(x — As) — h(x) = —Ahy(x — vs)s.
Esiste, inoltre, p = u(M,~, x) > 0 tale che
v<p = |he(x) = ha(x —vs)|| < (1 —x)Mr.

Quindi, se A < p, allora

h(x — As) — h(x) + Axhg(x)s
= Al(ha (%) = ha(x = vs))s = (1 = x)ha(x)s]
= All[he (%) = ha(x = ws)|| = (1 = x)yM] < 0.

Teorema 1 (tt). Sia h continua con le sue derivate nell’insieme Zop = {x : h(x) < h(xo)} e Zy
compatto. Siano sp € R™, pr, \p € R tali che

he (X)Sk Pk
Rl XKISk 50, o = —PF
[l A (1) [ (1) |

h(Xk — )\ksk) < h(Xk — )\Sk), VA€ (O,pk].

Isk]l =1, >0 >0,

Si ponga Xpy+1 = X — A\pSg. Allora

X, € 1o, h(Xk—I—l) < h(Xk), kh—>rgo hx(Xk) =0.

Quindi, ogni punto di accumulazione di xi (Nota: esistono!) é soluzione del sistema delle derivate
parziali di h.

Commento 1. Se h ha piu di un punto stazionario in Zy allora la successione {xj} generata con
la tecnica (tt) potrebbe non convergere. In realta, la non convergenza si potrebbe avere solo nel
caso critico in cui la funzione h assume lo stesso valore in almeno due distinti suoi punti stazionari
in Zp (questo perche {h(xy)} & convergente!); in tal caso, infatti, s; e Ay potrebbero essere definiti,
rispettando le ipotesi, in modo che x;, salti da uno all’altro. Se nei punti stazionari in Zy, h assume
valori diversi, allora xj; necessariamente convergera ad uno di questi.

Nella tecnica di minimizzazione (tt) illustrata nel Teorema 1, il calcolo del passo Ay richiede
Papplicazione di un metodo iterativo per la minimizzazione della funzione unidimensionale h(xj —
Asi) nell’insieme (0, pg].

E possibile introdurre una tecnica (tp) piu pratica per la definizione di A;. Questa ¢ illustrata
nel seguente Teorema 2.

Teorema 2 (tp). Sia h continua con le sue derivate nell’insieme Zop = {x : h(x) < h(xg)} e
Ty compatto. Sia {c;} una successione di numeri reali tale che

Ci—1

co=1, 0<¢ <c¢-_1, zliglo ¢ =0, <ec. (succe)

Ci



Per ogni k > 0, siano s € R", pr, A\ € R tali che

ha (Xk)Sk
[ (x )H -
Ak = c¢jpi dove

h(xk = cjprsk) < h(xk) — ¢jpexha(Xr)sk  (AGL)
h(xy — ciprsk) > h(xy) — cippXxha(Xg)sk, 1=0,...,5 — 1.

Isk]l =1, v >0, co> o0 = >0 >0,

Hh )H

Si ponga Xpy1 = X — ApSg. Allora

X, € 1o, h(Xk—I—l) < h(Xk), kh—>rgo hx(Xk) =0.

Quindi, ogni punto di accumulazione di Xy, (Nota: esistono!) é soluzione del sistema delle derivate
parziali di h.

Commento 2. Quanto si ¢ osservato sul Teorema 1 (vedi Commento 1) vale anche per il Teorema
2. Inoltre:

Per entrambe le scelte di A; proposte nei Teoremi 1 e 2 si puo dimostrare che l'ipotesi su py
implica la condizione The T (x I > o' >0 (se h € C?), necessaria per la convergenza.

(Problema: 'ipotesi su py implica la seconda condizione di AG o, per lo meno, la disuguaglianza
(ha(Xk+1) = ha (X)) (Xpg1 — xp) > 07)

La definizione di A, suggerita nel Teorema 2 (tp) utilizza una procedura, di tipo “backtracking”,
sicuramente di piu facile implementazione di quella suggerita nel Teorema 1 (tt). Ad ogni iterazione
k, per i = 0,... si pone Ay = ¢;pg, con ¢; definita in (succ), finché la disuguaglianza (AG1) &
verificata (poiché inizialmente si prova sempre la scelta A\ = pg, il numero p; non potra essere
uguale a +o0o per nessun k). Si noti che la condizione ¢;—1/¢; < ¢ (= ¢; — 0 non piu velocemente
di (1/¢)? (¢ > 1)) assicura che ¢;pp non sia troppo piu piccolo di ¢;_1py; infatti, se il passo pp non
va bene, si puo si ridurre il passo, ma per mantenere la convergenza del metodo tale riduzione deve
essere la minima possibile (affincheé anche A soddisfi una condizione del tipo A /||hs(xk)|| > o’ > 0).
E da notare che nella effettiva implementazione della tecnica (tp), si richiede spesso soltanto che c;
sia il primo termine della successione (succ) per cui

h(x — cjprsi) < h(xr)

Questa semplificazione della tecnica (tp) si puo giustificare osservando che il numero x, in teoria,
puo essere preso piccolo quanto si vuole.

Com’e evidente, sia la tecnica (tt) che quella (tp) (vedi i Teoremi 1 e 2) produconno una
successione xj convergente se imponiamo una limitazione superiore sulla scelta di pg:

Corollario 1. Arricchendo le ipotesi analitiche ed algoritmiche del Teorema 1 (oppure 2),
rispettivamente, con l’ipotesi che in Ly non vi sia che un numero finito di punti stazionari per h e

con l’ipotesi che
Pk >

k<
([ (1) |
oltre alle conclusioni gia note, potremo dire che xj € convergente (converge a un punto stazionario
per h).




Teorema 1 = conv. dei metodi “lineari” del grad. e del rilass. (pr = o)

Teorema 3 Sia h(x) = 3xTAx — xTb + ¢ (A n x n reale simmetrica definita positiva, b € R™,

ceR). Siaxg €R" e, per k=0,..., siponga Xg+1 = Xk — \,Sk Con s € A\ tali che
hx(Xk)Sk
w5 =7 >0,
[ (%) |
sghm(xk)

h(Xk — )\ksk) < h(Xk — )\Sk), A E R+, cioe A\ = S%Ask
Allora {x }}/25 ¢ convergente ad A™'b (Vxg).

Dim. Vxg € R", {x : h(x) < h(x¢)} & compatto (connesso, convesso). Dal Teorema 1 per
pr = +00 segue che limg_, o hy(x;) = 0, cioe ogni punto di accumulazione di xj, € punto stazionario
per h; ma h ha un solo punto stazionario, A~'b. Quindi x;, & convergente e converge a A~ 'b.

Applicazioni:
1) s = % (Grad.) soddisfa l'ipotesi con v = 1 = il metodo del Gradiente & convergente
2) s = sign (hg(xg))i €, con i tale che [(hy(xk))i| > c|(ha(xk));], Vj, dove c ¢ fissata
0 < ¢ <1, (Ril.Gen.) soddisfa 'ipotesi con v = ﬁ:
ho (i), sign (R (%) )iy (P ()i _ [P (x0))is] o (o (x0))s]
1 (1) 1 (1) lha )l e (i)
da cui, quadrando e sommando su j, si ha:
hm(xk)sk > L > 0.

[P (x| — v/

= il metodo del Rilassamento Generalizzato € convergente. In particolare, si ha la convergenza del
metodo del Rilassamento, dove i € scelto tale che

(o)) ()
v Qi iy, N \/@ ’

(rilass)

metodo di Newton per f = 0 = metodo di Minimizzazione per h = f1'f

Si consideri il seguente sistema di n equazioni non lineari nelle n incognite z1, ..., x,,
filxy, ..., zp) 0
£(x) = folzy, ... ) _| 0
fo(x1, ..o zp) 0

(si suppone che questo sistema abbia soluzione).

Se X € una sua soluzione, cioe¢ f(X) = 0, allora X ¢ un punto di minimo (assoluto) per la funzione
h(x) = f(x)Tf(x) = fi(z1,...,2,)? (in cui h vale zero). Quindi, X & un punto stazionario per h,
cioe risolve il seguente sistema, delle derivate parziali di h,

() = -2 30 A0 T ] = 28007 .00 = O,




(Si noti che f,(x) ¢ lo Jacobiano di f).

Non vale il viceversa; infatti, f(X)”f,(X) = 07 non implica f(X) = 0 se det f,(X) = 0.

Tuttavia, se riusciamo ad individuare una regione contenente un minimo assoluto X per h (ovvero
uno zero per f) dove lo Jacobiano di f & non singolare, allora in questa regione i punti stazionari
per h saranno punti di minimo assoluti per h, e, quindi, soluzioni del sistema non lineare dato.

E ben noto che per calcolare approssimazioni xj, sempre migliori degli zeri di f (ovvero, per
risolvere numericamente il sistema non lineare dato) si puo usare il seguente schema iterativo di
Newton:

X1 = Xp, — £ (x5) "L (xp). (Newton)

Ovviamente, se la successione {xj} cosi definita converge ad X | f(X) = 0, contemporaneamente
{xr} convergera ad un punto di minimo assoluto (in particolare stazionario) della funzione h(x) =
f(x)7f(x). (Newton) puo cio¢ essere visto come un metodo per la risoluzione del problema

min h(x), h(x) = f(x)7f(x).

xER"
Tuttavia, applicato cosl com’e¢, ad esempio a partire da x9 € R™, non ¢ detto che la successione
{x1} rimanga nell'insieme Zy = {x : h(x) < h(xg)}, perche la disuguaglianza

h(Xk+1) < h(xg) (decr)

puo non essere soddisfatta. Notiamo che senza la condizione {xy} C Zy, la successione {xy} potrebbe
non avere punti di accumulazione; in tal caso, la convergenza a zero di ||h, (X )| potrebbe verificarsi
solo se x; — +00.

Osserviamo che

B (x5 ) (—f(x1) T (x1)) < 0

a meno che f(x;) = 0. Quindi, —f,(x) 'f(x), il passo usato in (Newton), & una direzione di
decrescita per la funzione h; ne segue che possiamo dotare il metodo di Newton della condizione
(decr) di decrescita di h, per ogni iterazione k, modificando (Newton) come segue:

individua il max ¢, ¢ <1, tale che
-1 . 1 (NewMod)
h(xp — cfp (%) £(xk)) < h(xk); poni Xp41 = xg — cfp(xx) ™ f(xx).
Il metodo di minimizzazione per la funzione h(x) = f(x)Tf(x) appena abbozzato in (NewMod)
puo essere definito piu rigorosamente e, allo stesso tempo, corredato di un teorema di convergenza
globale, se inquadrato nella tecnica di minimizzazione (tp).
Innanzitutto, si riscrive il metodo di Newton (Newton) nella forma

Xkg+1 = Xk — PKSk
pr = () T )l s = 5 () T E ().

Quindi, posto h(x) = f(x)7f(x), si osserva che pph,(Xx)sp = 2h(x}1), che valgono le disuguaglianze

e (Xk)Sk 1 PE_ o 1
([ha ()|~ 1€ (i) 1€ k) H (1P (i) (| 201E2 (x8) (|2

(DIS)



e che l'algoritmo suggerito dalla tecnica (tp), corrispondente alle nostre h, pj e s, diventa:

Xp41 = X — CjpiSy dove
h(xi — cjprsk) < (1 —2xcj)h(xy) e (NewModP)
h(xx — ciprsk) > (1 —2xci)h(xk), i =0,...,5 =1

(Nota: y va scelto minore di 1. Inoltre, la condizione su ¢; in (NewModP) viene sostituita spesso
con la condizione h(xy — ¢;jprsk) < h(xy))

Utilizzando le disuguaglianze (DIS) e il Teorema 2 (tp), € semplice dimostrare il seguente risul-
tato di convergenza per l'algoritmo (NewModP):

Teorema 3. Sia f € C' e con Jacobiano f, non singolare nell’insieme compatto Ty = {x :
h(x) < h(xo)}, h = fTf. Se il sistema f(x) = 0 ¢ risolvibile, allora il metodo di Neton modificato
(NewModP), inizializzato con Xg, converge a una sua soluzione.

Commento (piu chiaro con 'aiuto di disegni, considerando il caso unidimensionale). L’ipotesi
fondamentale utilizzata nel teorema di convergenza & che lo Jacobiano di f sia non singolare
nell’insieme compatto Zy. Se tale ipotesi non e soddisfatta, come succede in pratica, h puo avere,
in Zy, punti stazionari (e.g. minimi locali) che non sono minimi assoluti e, quindi, non risolvono
il sistema non lineare f(x) = 0. Inoltre, in tal caso, non esiste un risultato teorico che assicuri la
convergenza della successione {x}. Il metodo di Newton mo dificato, infatti, potrebbe convergere
ad un punto stazionario non minimo assoluto, al minimo assoluto, o non convergere affatto. In
generale, non & mai noto a priori che in Zy lo Jacobiano di f sia non singolare. L’utente si accorge
che esso e singolare in qualche punto di Zy quando, durante 1’applicazione di (NewModP), j & scelto
dall’algoritmo # 0 per diversi valori di k, oppure quando xj sembra convergere, ma h(xj) rimane
grande. In questi casi, conviene ripartire da un’altra zona (ridefinire x¢), perché o non si sta con-
vergendo o si sta convergendo a un minimo locale. Durante I’applicazione di (NewModP) 'utente
dovrebbe anche verificare che le componenti fi(x)? della funzione h(x) abbiano tutte pitt o meno
gli stessi ordini di grandezza e che decrescano contemporaneamente. Perche avvenga cio € a volte
necessario applicare degli opportuni pesi p; alle ff e continuare il procedimento di minimizzazione
sulla funzione S~ p; f;(x)2.

Le dimostrazioni dei Teoremi 1, 2 e del Corollario 1

Dim. del Teorema 1
La funzione unidimensionale ¢ (\) = h(x;—Asy) in zero & decrescente, infatti ¢} (0) = —hg(xg)sK <
0. Quindi,

h(xXk+1) = pr(Ak) = oggk er(A) < r(0) = h(xy)

e X € 1y, Vk.

Sia, per assurdo, X € Zjy un punto di accumulazione per xj tale che h,(X) # 0 e X; una
sottosuccessione di xj, convergente a X. Notiamo che se X; = xy, allora X;11 =%, m > k+1, e
h(Xi+1) < h(xg+1). Inoltre, esiste una sfera chiusa S5 di centro X e raggio § > 0 in cui ||hy(x)| >
M = }||h;(X)|| > 0 ed un intero positivo N tale che, per I > N, |[%; —X| < §/2. Sia p = (M, x,7)
il numero positivo del Lemma 1 applicato a K = S5. Sia [ fissato > N e k tale che X; = x;, e si
consideri il punto di S

) 01 _
x, — As, A = min{ps, 5, 2ol ()}



(Esercizio: perche & in Sy ?7)
Poiché A < pg

(Esercizio: verificarlo)
e A < p,siha

1
h(Xi41) < hxpe1) < hixy = Asg) < h(X) = 5 Axy[ha(R)]]-
Passando al limite per | — oo, si ha 'assurdo ||h,(X)|| < 0. Quindi non puo essere ||h;(X)|| # O.

Dim. del Teorema 2
Per ogni k tale che h,(xy) # O esiste una sfera chiusa K di centro x, dove |h,(x)| > My > 0.
Quindji, per il Lemma 1, applicato a K, esiste p = u(Mg, x,7y) > 0 tale che

A<pexi—Asy € K = h(xgp — Asg) < h(xg) — Axhz(Xg)sk.

Ne segue lesistenza dell’indice j usato in (*) nella definizione del passo Ax. Quindi, ogni iterazione
dell’algoritmo ¢ ben definita (finché h,(xy) # 0).

Per costruzione si ha immediatamente che h(xjt1) < h(xy) € Xp11 € Zp per ogni k > 0.

Sia, per assurdo, X € Zy un punto di accumulazione per xj tale che h,(X) # 0 e X; una
sottosuccessione di xj convergente a X. Notiamo che se X; = xy, allora Xj4+1 = X, m > k+ 1, €
h(Xj+1) < h(Xg4+1). Inoltre, esiste una sfera chiusa Ss di centro X e raggio 6 > 0 in cui ||hy(x)]| >
M = ||y (X)| > 0 ed un intero positivo N tale che, per | > N, [|%; —X|| < 0. Sia p = p(M, x,7) il
numero positivo del Lemma 1 applicato a I = Ss. Sia [ fissato > N e k tale che X; = x;.. Si osserva
che

1 1
i > EA’ A= min{,u, §U‘|hz(i)”}

()\k = P = A > A > A/C; A = CipPk = Cj—1Pk > b = A > CjM/Cj_l > A/C) Quindi

_ _ 1 1 _
h(Zi1) < hlxpea) < hixp) = Aexyllha (i)l < h(3) = —Axy5 R (X))

La tesi segue come per il Teorema 1.

Dim. del Corollario 1

Racchiudiamo in sfere C, aperte disgiunte i punti stazionari di A in Zy. Sia d > 0 la minima
distanza tra tali sfere; quindi, se x € C,, x € Cg e v # (3, allora ||x — Xx|| > d. Inoltre, sia
p = ming\uc,q [|he(x)[|. Sinoti che p > 0. Poiché hy(x)) — 0 (perche?), esiste un intero positivo
N tale che, per k > N, ||hy(xg)| < min{p,d/X}. In particolare, gli elementi con k > N della
successione {x;} appartengono all'insieme UC,,. In realta si puo affermare che tali elementi devono
essere tutti contenuti nella stessa sfera, diciamo C., in cui & contenuto Xy41.

(Esercizio: dimostrare che se x;, € Cy, k > N, allora ||x;41 — x| < d)

Da cio segue la convergenza della successione {x;} al punto stazionario racchiuso in C., (se non
convergesse, o, equivalentemente, se avesse in C due o pit punti di accumulazione, questi sarebbero
punti stazionari per h, il che ¢ assurdo perche C, contiene solo un punto stazionario).

mettere qui la cosa che si vuole stampare ...



