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e Problem

“In 1963 | attended a meeting at Imperial College, London, where most of the
participants agreed that the general algorithms of that time for nonlinear optimization
calculations were unlikely to be successful if there were more than 10 variables, unless
one had an approximation to the solution in the region of convergence of Newton's
method. However, because | had studied the report of Davidson that presented the first
variable metric algorithm, | already had a computer program that would calculate least

values of functions of up to 100 variables using only function values and first
derivatives.”

M. J. D. Powell

f:R"” — R lower bounded,

find x4 such that
f(x«) = min f(x).
x € R"
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Matrix Algebras [1980-2001]
Let U be a unitary matrix, let us define

L={Ud(z)U" : zeC"} = sdU, d(z) = diag(z,...,zn).
Given A € M,(C) let us define

o La=argminxer |[|[X — Allp, where ||Al|r =320 _; 3rart;

Properties L4

o L, well defined because L is a closed subspace of C"*" (Hilbert's Projection Theorem);
LA = Ud(za)U" where [z4]; = [UMAU];, i=1,...,n;

A€ R U e R (UH=UT) = L4 € R™*7;

A S.P.D (Real Symmetric Positive Definite), U € R"*" (U" = UT) = L S.P.D;
trla =) ;[zali = tr A

detLp = [];[za]i > detA.

X(M) number of FLOPS sufficient to perform matrix-vector product Mx, x € C".

If L € £ =sdU, then x(L) = x(UT) + x(U) + n.
o x(U)=0(n) = x(L) = 0O(n) forall L€ L.
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Generalized quasi-Newton: Algorithm Structure

Algorithm 0.1: Generalized Quasi-Newton [2003]
Data: x, € R”;
8o = Vf(xo);
By S.P.D., dg € R", d] go < 0;

1 for k=0,1... do =

2 X1 = X + Aedy ; o By is a S.P.D. approx. of By;

3 Sk = Xk+1 — Xk; B

2 Vi = 8kt — Bk on’Bk':kaoraIIk:O,l,...We

5 Bisr = O(Br, s, yi); obtain classical BFGS method;
Define Bii1 S.P.D = dis1 = —B lgi1  NS; o the NS algorithm and S

6 algorithms generate sequences
dey1 = =B g1 = Define By S.P.D S; {xk}ken {8k} ken {Br}ken

COMPLETELY DIFFERENT!
> _R 1 T _ 1 > TR
© O(By,sk,yk) = Bi + vl s YkYy T Brsk Bysks, Bk

K
is the generalized BFGS-type updating formula;

Adaptive Matrix Algebras In Unconstrained Optimization S. Cipolla, C. Di Fiore



Generalized quasi-Newton : Properties

Properties

Algorithm 0.2: Generalized g-N

S YveT—— o O(Bx, sk, Yik)sk = Yk
- X0 '

Byi1sk = yxk — Secant Algorithm;

g0 = Vf(x); = . .

By S.P.D, do € R, d] gy < O; Bit18k # Yk — Non Secant Algorithm;
1 fork=0,1... do o g/ dx < 0and A such that (0 < ¢ < ¢ < 1):
: )Srk+1 j Xk + i\k'dk ; f(xeq1) < Fxk) + C1>\kngdk

k= Xk+1 — Xi; T
4 | y=g—ga lYf(Xk + Mdi) > g/ di
5 Biy1 = D(Br, s, yi); =
—é;:rllgwrl NS Sy Yk > 0 and f:(Xk+1) < f(xk).~

6 | desr= o s/yx > 0and By S.P.D. = &(B, sk, yk) S.P.D;

- B;;rllgwrl S;

Biy1 SPD. =g/ dii1 <0 (NS);
Bii1 = ®(Bx, s, yk) S-P.D. =g/ di1 <0 (S).
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Generalized quasi-Newton : Complexity

Algorithm 0.3: Generalized g-N

Data: x, € R”";
g0 = Vf(xo);
By S.P.D, dy € R, dj g < 0;
1 for k=0,1... do
2 X1 = Xk + Axdk ;
3 Sk = Xk4+1 — Xk,
4 Yk = 8k+1 — Bk;
5 Bii1 = P(Br, Sk, Yi):
*B;:rllgk 1 NS
6 diy1 =
*B;;rllgku S;

°Bk+1 ‘U( Sk:Yk)
-2y ey

yksk ’

o if By = By forall k=0,1... we obtain BFGS and
its complexity is :
O(n?) FLOPS per step;
O(n?) memory allocations;

o if By # By algorithm’s complexity is :

B Time Complexity per Step :

- number of FLOPS sufficient to calculate ék_l where

By is an approximation of By;

- number of FLOPS sufficient to multiply the matrix

B by a vector;
- O(n) more FLOPS ;
B Space Complexity :

- number of memory allocation sufficient to store Bk_l

- O(n) more memory allocation.
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Global convergence of generalized QVN'S

Non Secant Global Convergence [2003]

If By is such that

Algorithm 0.4: QNN'S ;
Data: xo € R"; {tI’Bk > trBy

. 1
g = Vf(x), Bo S.P.D; detBy < detB @)
do € R", d] go < 0;

1 for k=0,1... do and there exists M > 0 such that
2 X1 = Xk + Apdk ;
31 S = Xkl = X |lyx|l?
4 Yk = Bi+1 — Bk Ts <M, (2)
5 Biy1 = (B, sk, yk): Yic Sk
6 dii1 = — B i then
liminf ||gk|| = 0.

NOTE 1: (1) is verified if By = Lp, for some £ = sd U.
NOTE 2: (2) is verified if f is convex.
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Global convergence of LX) QNN'S (“pure projections”)

Algorithm 0.5: £ QNN'S
Data: xo € R";

g = Vf(x), £ L0 = {Uk+1d(Z)UtI<-I+1 1 zeC
By S.D.P, dg € R”, dj go < 0;
for k=0,1... do 4

Xpr1 = Xk + Axdi ;
Sk = Xk+1 — Xk,
Yk = 8k+1 — 8k

5 Biy1 = ‘D(ﬁ(;k), Sk, Yk)i

o (k+1)
tr Byy1 = tr[lBkA1

AW =

det By < det £UY

6 Define £+, Bii1
k1) —
7 dyy1 = *[ﬂ(Bk:ll)] ‘g

The choice LK*) = L for k = 0,1,... is allowed! (LQNNS)

LK) QNNS and LQNN'S are CONVERGENT but NOT EFFICIENT [2003,2015] J
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Global Convergence Generalized QNS

Global Convergence Secant

Algorithm 0.6: QNS
Data: xg € R";
8o = Vf(Xg), Bo S.D.P,;
do € R", d] go < 0;

1 for k=0,1... do

If ék is such that

trB > trék, detB) < deték

2 Xkr1 = Xk + Aedy ; 2 B 2
3| s = Xt — xe; [|Brskl| < || Besiel ()
4 Yk = 8k+1 - 8k (SZ—BkSk)2 (SZ—BkSk)2
5 Bis1 = (B, sk, yu); )
6 dey = —B,;llgkﬂ: and there exists M > 0 such that v%s” < M, then
k Sk
liminf||gk|| = 0.
v
Bysix = o Bysk — *Bk_lgk = ody =4 (*) J
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One step analysis of Generalized QNS self-correction properties [1987

mlz|® < 27 G(x)z < M|z Vx € {x € R": f(x) < f(xo)}
4

— — 1
Gsy = yi, where G = / G(xx + Tsi)dT
0

Bis1 = (B, sk, Yk)

B o, |2 2
| B |l [yl

Bii1 = ®(Bk, sk, Y«)

trBryq = tr By —

Bysk || 2 TB T
trBjpy = trBy— I Tk Al ||y71_<|| s, Bisk Yy Sk
s, Bisk Yy Sk : s[(Esk)
= det(B = det(B, =
B ST (Gsy) (Bk+1) ( k)sTBksk
det(By1) = det(By) k

s;(ersk

If Bysk = aéksk, tr ék = tr By, det ék > det By

1Bl | Iyl

s[ﬁsk

trByy1 = trBy — s det(Byy1) = o det(By)

o sZ—Bksk y[sk sz'Bksk

o = 1 = self-correction properties analogous to BFGS!

Adaptive Matrix Algebras In Unconstrained Optimization S. Cipolla, C. Di Fiore



Global convergence LKK)QNS, By ="“pure” projection

2 B oo |2
At each step impose kaSkH - = Hfl:SkH
(Sk Bksk) (Sk BkSk)2
Algorithm 0.7: LK) QNS Choose £{<*+1) — Totally Non Linear Problem

Data: xo € R”; o To guarantee the convergence:
g = Vf(x), £ = sd Uo; Find U, such that
By S.P.D, dy € R, dj go < 0;
for k =0,1... do

1 _ p(ktD)

2 Xes1 = Xk -+ Adi ; Bri1ski1 = 0Ly "Ski1,
3 Sk = Xk+1 — Xk,

4 Yk = 8k+1 — 8k; where (k1) -
5| B = O(LY), s, y); L., = Uk1d(zi41) Ugya
6 diy1 = =B 8k and

7 Choose £<+1);

[2e1li = [Uf41BrsrUiali >0, i=1,...,n.
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Global convergence LK) QNS, B, =“hybrid” projection

The matrix By approximation of By = ®(By,sk,yx) must be S.P.D. and in £(k+1),
i.e must have the following structure :

Bii1 = Uy1d(zx1) Ul 1, Ukga unitary, zg 1 > 0, x(Uks1) << n?.

Which kind of structure should have £(*1) = sd Uy; and which kind of spectrum z,;
should have By in order to guarantee convergence?

Algorithm 0.8: Hybrid £(K) QNS Partially Non Linear Problem
Data: ... To guarantee the convergence it is sufficient
1 for k=0,1... do
2 X1 = Xk + Aidy ; H no_ _
3 St = Xir1 — Xe; GivenzeR , Z=2ky1 > 0, such that
b YT Bl B det By < [ 21, v Brs1 > D 2
= k+1 > Zjy trDky1 2 Z
5 Bicy1 = (B, sk, Yx); . H " Z '
6 diy1 = —Bkjrllgkﬂ; Find U, 1 unitary such that
7 Define z,11 > 0; B T
s = oUi+1d(2)U, ¢s
8 Choose £k+1) (i.e choose Uyi1); Lttt L ( ) k+13k+1
o | Define Biy1 = Ueiad(zi1) Uy, 1 EXAMPLE: Try for
lzirali = (U] B Uiy e zien = ALY ).

Brt1
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Existence of the solution for PNLP (using o as a parameter) [2015]

Given z > 0, exists Uy1 unitary and 0,41 > 0 such that
Bii18k+1 = Okt1Uis1d(2) Uf 1841
if and only if the following Kantorovich condition holds

4zmz) (st 1(—8k+1))?
(zm +2m)% = llskrall?llgks1l]?

<" Starting from z > 0 such that hypothesis are fulfilled, we build explicitly
Uk41 = dHe(z) = H(wier1)H(vira)

where H(x) is the Householder matrix | — —2xxT

[1x H
Let us denote the corresponding algebra

L) = sd Uy g =: [2Ho] <+

Observe that x(H(x)) = O(n) for all x e R" = x(L) = O(n) for all L € [2Ho](k+1)
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Existence of the solution for PNLP with o0 =1

Given z > 0 such that

-
i1 Brt1Skt1

Zm ZM,

llsk+1l1
| Bis1sit 1l — (zm + zm)sf 41 Bis1Sika1 + zmzZmlIsirl* < 0

and exists j € {1,...,n}\{m, M} such that

i1 Brriskiizv — | Biraskiall? i1 Brrisirizm — l|Birasiil?

|= [és, BSL

Va
! zmllsir1l? = s{y Birasirr T Zmllsl? — s Brrises

(we will write P(zn,, zpy) = True) then there exists a unitary U1 such that

.
Byi1sk1 = Ukt1d(2) Uy y1Skt1-

“«<": Starting from z > 0 such that P(zm, zy) = T, we build explicitly

U1 = dHe(z) = H(wy1)H(vir1)

where H(x) is the Householder matrix | — ﬁxxT .

In this case let us denote the corresponding algebra
LU = sd Uy q =: [2Ho] <)
Observe that x(H(x)) = O(n) for all x ER" = x(L) = O(n) for all L € [2Ho](k+1)

Adaptive Matrix Algebras In Unconstrained Optimization S. Cipolla, C. Di Fiore



Algorithm 0.9: Hybrid LK) QNS

Data: ... "

1 for k=0,1... do Complexity
2 Xip1 = X + Aidyc ;
3 Sk = Xiil — Xi; Set [2Ho](K) = sd Uy, where Uy = H(wy)H(vy) .
4 Yk = Bk+1 — Bki B O(n) memory allocations are sufficient for
5 Biy1 = O(Bx, sk, yi) ; implementation.
6 | der= B lgen M Line (6): O(n) FLOPS

i (k) .
7 Consider [ZHO]B,(H' o Invert a matrix in [2Ho]();

_ (k) y.

8 Compute z1 = A([2Holg, ); o Multiply a matrix in [2Ho](%) by a vector;
9 if P([zxk+1]ms [26+ = T then . . .
10 I EJ[::I 1]: dh::(zllfl)); l Line (8) : O(n) FLOPS via a simple
1 Bror = Ukpad(zee)Uf eigenvalue updating formula
12 [2Ho]**Y = sd Uy yy; k
I 2k = 21 = A([zHo]gk)H).

Zi41 = SC ; .
" Eeit e (z’f“) M Line (10) o (15): O(n) FLOPS for the
i: 7}‘:11 — 3ﬁé(1k 0 construction of U = dHc(z).

- e ) B If P(zm, zy) = False 7 Which is the
v Bicia = Uer1d(@en)Uiai computational cost of SC?
18 | [2Ho]**Y) = sd Upiai 4
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If P([zk+1]m> [zk+1]m) = False 7 Spectral correction: the strategy

Given z; = (U,’("Bk“ Uy)ii > 0 such that
P(zm,zm) = F,

we need to produce a correction Z of z The last two conditions hold any time

ZEa % = (V"B V)i
such that
o P(Zm,zm)=T;

o Y1 .7 < trBiyy;
° H:'T:l Z; > det Byy;.

for some V unitary
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Spectral correction: the theoretical framework for o = 1

orem

Let be B a S.P.D. matrix and s € R" a given vector. Then:

185l — (Am + A)s” Bs + Ay Amlls|® < 0

Assumption (Bx; = Ajx; where ); are all simple)

s

sl #x;forallj € {1,...,n}.
s

Theorem

| N\

Vs € R"

s’ Bs € [0, fa] : [sTBs/\M — ||Bs||? sTBs\, — ||Bs||?
lIsl12 T Amls? —sTBs T Anlis|? - sTBs

1,

0s < Bs.

.
Theorem

Bs = Ar(m) and Os < Ajy)-
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Let us suppose to have the following four eigenpairs of Byj:

(Amyxm)s (Ar(mys Xe(m))s - (Nimys Ximy) - and (Au, xm).

Then there exists a unitary V' such that defining

Zi = (VHBk+1V)ji for =

it holds that

=1,...,n,

PEmzZm)=T.

Sh i1 Bhi15kt1 -,
HeaZ € OmAm) = Vem=xm,
Skt 1 Bk+15k+1 -
k+||15k+1H2 € (M(M), Am) = Vem =xm,
Si1 Bhr15k+1 -,
a2 € Qe ) = Vem =xm,

where x5, is such that lIxs Il =1,

T _
Hopyr Bht1Xs gy =

Ve (m) = Xr(m), Vem =xm

Vemy = ximy> Vem = xm

Ve,—xskJrl (I #m,M), Vey =xy

-
i1 Bhr15k+1

T2 9 Mskgr € < Xe(m) Xim) >
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Algorithm 0.10: Coupled Subspace lteration

sT Bszy,— || Bs||2 5 5T Bszpm— 1852
s,0 —

Data: zp :=2z, 650 =
0 v TS0 T s 2=sTBs Zmlis|Z—sT Bs

S,(SO) = [Uem, Ue:], 5(5011 = [Uep, Uep,] where t, b # M, m

z,?,,:zM, z?:zt zE:zb, zg,:z,,,

1 i=0;

2 while STOP CONDITION do

s | z0" = Bsy

4 Z‘(S'H) =: Q,(;rl) (i+1) (QR decomposition);

s | Find P§™) such that

[QgH)PgH)]HBQgH)PgH) _ diag(z,(v'v,ﬂ),zyﬂ));

(i+1) . A(i+1) p(it1).

i I AN
i+ 1

7 z,') =B7's]

8 Z‘gill) = Q('+1)R('+1) (QR decomposition);

o | Find PU") such that

[Q('+1]P('+1)]H ~1QUHIPUTY  diag (), 201,

0 S(’“) — Ut UP(’“)

B—1 B—1" p—1"
sT sz — |1s|)2
1 Os,iv1 = W,
12 Bs,i+1 = ST(?:?)(%HLHBSHQ ;
! Zm H5H2757—Bs
13 i=i+1;

z; = (U Biy1Uk)ii > 0 such that
P(Zmrzl\/l) == F:

v

Lemma

Algorithm 0.10 produces the mutually orthogonal
sequences

Wik Y Wi, (Vb
(columns of the matrices S(Bi) o 5,(3[)—1)

and the sequences

{zmYis {znYi, {z}iand {z,};,
such that
i i , i = (Ams ,
I,H'";O(VM z) = (Am, xm)
lim (Vi 23) = (1/ Am, Xm),

i— o0

im (vis 2) = (i) Xiem))»

’_im (vb,zb) (172

m)» Xr(m))-

Adaptive Matrix Algebras In Unconstrained Optimization

S. Cipolla, C. Di Fiore



[1] C.Di Fiore, P.Zellini, Matrix algebras in optimal preconditioning, Linear Algebra and its
Applications, 335, 1-54 (2001).

[2] C.Di Fiore, S.Fanelli, F.Lepore, P.Zellini, Matrix algebras in Quasi-Newton methods for
unconstrained minimization, Numerische Mathematik, 94, 479-500 (2003).

[3] A. Bortoletti, C. Di Fiore, S. Fanelli, P. Zellini, A new class of quasi-Newtonian methods for
optimal learning in MLP-networks, |IEEE Transactions on Neural Networks, 14, 263-273
(2003).

[4] S. Cipolla, C. Di Fiore, F. Tudisco, P. Zellini, Adaptive Matrix Algebras in unconstrained
minimization, Linear Algebra and its Applications, 471, 544-568, (2015).

[5] R. H. Byrd, J. Nocedal, Y. Yuan, Convergence of a Class of Quasi-Newton Methods on
Convex Problems, SIAM Journal of Numerical Analysis, 24-5, 1171-1190 (1987).

Adaptive Matrix Algebras In Unconstrained Optimization S. Cipolla, C. Di Fiore



