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Statement of the first problem

]:I'he first case is associated to the Hamiltonian function of the
orm

H(qi,q92,pP1,P2,¢) = Hoi(ai,p1) + Hoz(qz, p2) + €*Hi(q1,q2, p1, p2)+

Hgr(q1,92,pP1,P2,€), kEN,
(1)

where q1 = (q11,¢12), 92 = (¢21,922), P1 = (p11,P12), P2 =
(pa1,paz) are points of R?,

2 1 2 1
lps]l® HO2(%m)zllpz\l _ ’
2 llaz]|

Hoi(aq1,p1) = 5 Tl

correspond to two planar decoupled Kepler problems, the per-
turbed differentiable function denoted by H1(q1, q2, p1, p2) is the
first perturbation part which can or not have coupled terms and
the function Hz(qi, g2, P1, P2, €) is differentiable with order O(e#*1).
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Statement of the second problem

]:I'he second case is associated to the Hamiltonian function of the
orm

K(ai,q2,p1,P2:€) = Koi(a1,p1) + Koz2(d2, p2) + €*K1(a1, 92, p1, p2)+

Kr(q1,92,p1,p2,€¢), kEN,
2

where q; = (Q11,Q12), Q2 = (Q21,Q22), pP1 = (P11,p12), P2 =
(pa1, p22) are points of R?,

l[p2|? 1
Koz2(az,p2) = 7+WP2qu—m7

2
P1 1
Ko1(q1,p1) = u+wpqu{_7’
2 llaz |l 2

correspond to two planar decoupled rotating Kepler problems,

the perturbed differentiable function K;(q1, g2, p1, p2) is the first
perturbation part which can or not have coupled terms and Kz(q1,qa, 1
is differentiable and of order O(e**1).
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The existence of symmetries

It is also assumed that H in (1) and K in (2) are invariant under
some of the following anti-symplectic reflections

St :(q11,912,921,G22, P11, P12, P21, P22) — (q11, —q12,Q21, —q22, —P11, P12, —P21,P22),
: (Q11, q12, 921, Q22,P11,P12,p217p22) i (—(1117 q12, —q21,922,pP11, —P12, P21, —1?22)7
Ss  :(qu1,q12, g21, 22, P11, P12, P21, P22) — (q11, —q12, —q21, G22, —P11, P12, P21, —P22),
: (q117 q12,421, q227p117p127p217p22) — (_q117 q12,421, —q22,pP11, —P12, _p217p22)'

(3)

The respective fixed sets of the symmetries S1,..., Sy are the

four-dimensional Lagrangian subplanes defined by
L1 = {(q11,0,¢21,0,0,p12,0,p22) : q11, 21, P12, P22 € R},

L2 - {(07 Q12’O,QZ271711707P21,0) - 412,422, P11, P21 S R}a
Ls = {(q11,0,0,¢22,0,p12,p21,0) : q11, g22, P12, P21 € R},
Ly ={(0,q12,¢21,0,p11,0,0,p22) : q12, G21, P11, P22 € R}.
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Symmetry conditions (Half-time symmetry and Time
reversal symmetry

If a solution () starts in the Lagrangian sub-plane L, at time
t = 0. Using the time reversible symmetry S; (S? = I) we have
that the two solutions ¢(¢) and ¢ (t) = ¢ o S1(t) coincide at

t = 0; then by the theorem of uniqueness of solutions of an
ordinary differential equation, they must be the same.

If there is another time T'/2 such that the solution ¢(t) crosses
the L, sub-plane orthogonally, then by the symmetry S; the
orbit of ¢(¢) must be closed, and ¢(¢) is called an S;-symmetric
periodic solution with period 7.

v
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Notations and objectives

In order to enunciate our main results, under our approach, we
call circular orbit of the bi-circular Kepler problem, the solution of
the unperturbed problem associated with the Hamiltonian func-
tion (1) (resp. (2)), such that the projection of this solution onto
R* = {(q1,p1)} and R* = {(qz, p2)} are circular solutions of the
Kepler problem Hyi(q1, p1) and Hp(qz, p2), respectively (resp.
Koi(q1, p1) or Kp2(qz, p2))-
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Poincaré-Delaunay variables

Furthermore, we consider conveniently modified Poincaré-Delaunay
variables.

The main reasons to consider these types of variables can be
summarized as follows:

Firstly, in these coordinates the characterization of “reflection”
symmetries is simpler,

Secondly, because the periodicity equation (equation that
characterizes the initial conditions of symmetric periodic
solutions) can be reduced to a minimum number of equations,

In third place, the elimination of the degeneracy due to
periodicity (maximal rank).
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Poincaré-Delaunay variables

Qu = lL+ag, P = Ly,
Q2= —v/2(L1—Gi)sin(g1), Pi2 mcos(gl), (PD-1F1)
(4)

Q21 = Iz + g2, Py = Lo,
Q= 2L~ Ga)sin(g), Pu= 2Lz~ Ga)cos(ga), (PD-112),
()
where (I;,9:, Li, G;) are the classical Delaunay variables, associated with the Kepler
problem H;, and given by
l; =FE; —e;sinE; L, =./a;,

gi =0;—fi Gi :mv ©

where (a;, e;, g;) are the classical Keplerian elements of an elliptical orbit of the Kepler

4

problem #,;. Moreover, the angle 6; is the latitude argument, f; is the true anomaly
and E; is the eccentric anomaly of the corresponding orbit, see more details in K. Meyer
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The first problem in Poincaré-Delaunay variables

It is verified that in the (PD-1-1)-(PD-1-2) variables (that we call
of the Poincaré-Delaunay variables or PD variables) the Hamil-
tonian (1) takes the form

H(Q,P,e) = Ho1(Q1, P1)+Ho2(Q2, P2)+€"11(Q, P)+HRr(Q, P, k),
(7)

where Q = (Q1,Q2), P = (P1,P2), Q1 = (Q11,Q12), Q2 =
(Q21,Q22), P1 = (P11, Pi2), Py = (P, P), Hr(Q,P,e) =
O(e**1), k € N, and the Hamiltonian of the bi-Kepler problem
assumes the form

Ho(Q,P) = Ho1(Q1, P1) + Ho2(Q2, P2), (8)J

1 1

Ho1(Q1,P1) = ~5p Ho2(Q2, P2) = —5pz ) ’
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The Hamiltonian system of the first problem in
Poincaré-Delaunay variables

The Hamiltonian system associated to the Hamiltonian (7) is
written as

Q=Hp, P=-Hq. (10)

whose equations of motion are defined as

1 r O k+1 : x O k+1
Pi=—-€——+0
Qi1 P331 + € P + O(e"), il € 90,1 + O(e"),
g OHq : OHy
.k k+1 Py — — I k+1
Q2 =€ 9P + O(e"), ’j2 € 7362]'2 O(e"),
(11)

forj=1,2and k € N.
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Periodicity conditions of the first problem

Let us now assume that the Hamiltonian in (1) is invariant under
the symmetry S;. Additionally, note that in the set of PD vari-
ables an orbit is S;-symmetric and T-periodic, if and only if, it is
characterized by the following relations

Periodicity conditions
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Suitable initial conditions

In this section, we will denote by ¢k (¢, X) the solution (in PD-
variables) of the bi-Kepler problem (8) with initial condition X.
Next, we consider a suitable initial condition Xél) for the S;-
symmetric bi-circular solution of the system defined in (11) with
e =0,

x{V = (nm,o,nm,o,ajl/S,o,a;]/S,o) . n1,n2 € Z, a1, as € RY, (13)J

and we perturbed the previous initial condition in the following
convenient form

X<1) =S Xél) 4+ (07 0,0,0,0P11,0P12,0Ps1, 5P22) s (14)

where §Q 2, 6 Pj1, 6 P; are sufficiently small (i.e., |§ Pj2| < a7f1/3 +18P;11, 5 = 1,2 and will be considered
as independent variables. Note that «; = «2 corresponds to a bicircular solution with equal radii for the initial

condition (13), while a1 # 2 corresponds to a bicircular solution with different radii.
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Suitable initial conditions

Observe that n, and ns represent the number of orbital revolu-
tions in each of the decoupled Kepler problems. Hence, without
loss of generality, we shall assume from this point onward that
niy,ng € {0, 1}.
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Auxiliary relation

Next, we consider the following relation

T/2  92H T/2 9%°H
Elz// 71<¢K(t,x(“))' dt/ ! 71(501(@,)((1)))’ dt—
0 O6P120P2 X(l):xél) 0 86 P30 Pso X(1>:X[()1
'T/2  9%H 'T/2  9%H
/ 71<¢K<t,x(”))‘ / 71(¢K<t,x<“>>’
0 96 Py20P12 x(l)zx(()l) 0 96 P120Pa2 x(1>=xgl)

(15)
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The first main result: Existence of S;-symmetric
periodic solution

[Existence of Sy -symmetric periodic solution] Let a; € RT
arbitrary, ni,no € {0,1} and a; € Z, j = 1,2 with aiaz > 0.
Suppose that the Hamiltonian function H in (1) is S;-symmetric
and let o (t, X)) be a solution of the bi-Kepler problem with
initial condition X", where XV) js given by (14) which is a
perturbation of X((J ) as in (13). Moreover, assume the following
conditions

)/T/Z OH 1 (<P @, X(l)))‘

T/2 9%, @
B t, X
) [ prs teree XM

C) 21 #0.

——————————————————————————————————————————————————————————————————————————————————

dt =
(i) = x(()l)

x (%) =xél)
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Continuation of the theorem

(a) Ifar # a2 such that Z—; = Z—; € Q, then for e sufficiently small there exists a

family of initial conditions parametrized by e, XEI) = X(()l) + X (€) with
XM (€) = (0,0,0,0,5P11(e), 5Pr2(€), 6 Pax (€), 6 Pas(e)) ,

such that (¢, Xi”; €) = px(t, X(()l)) + O(e) is a S1-symmetric periodic solution
of the Hamiltonian system associated to the Hamiltonian (1) with fixed period
T — 2017 _ 2a9m _ 2w (ag—aq)

a a9 ag—ay

(b) If a1 = a2 = a, then for e sufficiently small there exists a family of initial
conditions parametrized by ¢, XV = X{ + X (1) (¢) with

XM (e) = (0,0,0,0,8P11(c), 6Pr2(€), 5 P21 (€), 6 P2z (e)) ,

such that o (t, XE”; €) = ok (t, Xél)) + O(e) is a S1-symmetric periodic solution
of the Hamiltonian system associated to the Hamiltonian (1) with fixed period
T = 29% where a = a1 = as.

@




Study of the first problem
0000000008000 00

Main ideas of the proof

To prove part (a), let us note that in the PD variables, the flow of
the unperturbed system is given by

Oy ¢ . O _ .
le (t) = m + Q;1(0), Qj2 (t) = Q;2(0), (16)

P () = P (0), PE () = Pja(0).

It should be noted that this solution includes the circular solu-
tions that occur when Q2 = Pj» = 0, j = 1,2, that is, the circu-
lar solutions of the bi-circular Kepler problem with initial condition
X(()z) as in (13), are given by

t (s — 1)m t (2 —1)m
3 +mnim, 0, —
PP, (0) 2 P31 (0) 2

+ nam, 0, P11(0), 0, P21(0), 0> )

(17)

P (t X((,i)) = <

for ny,ne € {0,1}.
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Main ideas of the proof

Furthermore, by defining P]?”I(O) = aj‘l, j = 1,2, it is verified
that this circular Keplerian orbit is of course S;-symmetric, has
period T = 27% — 2792 if and only if, & = % ¢ Q. Moreover,

a1 ' an
we have
T — 2ma1 _ 2mas _ 27m(az—aq)
T o T az  az—ar J

Now, considering the initial condition X(*) given in (14) and
denoting by ¢(t, X(1); ¢) the flow of the unperturbed system
(11).
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Main ideas of the proof

We verify that the coordinate components of the solution o (¢, X(V); ¢)
can be approximated by

Qu1(t, XD e) = (aﬂ/s T + Ok,
Qu2(t,XD;¢) = F QL (1) + O(FH),
Q21(t,XW;¢) = ,1/+3 +nam + QN (1) + O,
(o +0P21)
Qoo (t, X (). fe) = ekQ(l)( t) + O(Ek+1), (18)

Pii(t,XD;¢) = a7/ 4 6P11 + P (1) + O(FT),
Pra(t, X®;¢) = 5P12 + PR (8) + O,
Poi (£, XD 6) = ay V/? + 6Py + " P (1) + O(eF ),
Paa(t,XD;€) = 6Pas + e PLY () + O(F ),

where k € N, ny,ny € {0,1} and
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Main ideas of the proof

where 5
M ;
QW= | gpler(sX)ds,
tOH ;
BP0 = - [ 5o (el X)ds,
forj, 1 =1,2.
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Main ideas of the proof

Now we impose that the solution ¢(t, X(1);¢) is S;-symmetric.
For this, we impose that the solution (starting in L) at the instant
t = T/2 intercepts orthogonally the subspaces L1, that is, the
following four equations in PD variables must be satisfied

0 (mod ),

o

, ;€

J€ 0 (mod ),

?

(T\

’

O O
) =
N o
/N /N /N

;€

SIS SIS
N N N I><

) =
i€e) =
) =
)j€) =
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Main ideas of the proof

In this last equation, considering

0, (mod 7) = m;jm,mj € Z, m; # n;, |

then from the equations Qj;(t), Pj2(t) for j,i = 1,2, it follows
that the periodicity equations which we must solve for ¢ £ 0 as
function of 6Q 2, 6 Pj1,dPj are fj; = 0 and fj» = 0, where

Q.. — T/2 _ k
JF11 (x5 €) (a;1/3+6P11)3 a1 + O(e%),
1). _ T/2 k
In@®i9) = oo —eam + O, (20)
f2(eWse) = QB (T/2) + Oe),
fa2(zWs5e) = P (T/2) + O(e),

with :L’<1) = (5P11, (5P12, 5P21, 5P22) and aj = m; —nj, j = 1, 2.
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The planar three-body problem

In this section, we apply our results to the planar 3-body problem
whose equations of motion are

b= 0102 (21)

where x; € R? describes the position on the particle with mass
. Our first step is to eliminate the center of mass using He-
liocentric variables, see S. Ferraz, 1992 and J. Moser, 1970. In
contrast to the restricted 3-body problem, we do not assume that
one of the particles has zero mass but we assume instead that
the masses of the two bodies 1, 12 are small compared with 1.
We follow the ideas of J. Moser and E. Zehnder in Notes on dy-
namical systems. American Mathematical Soc., vol. 12, 2005.
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The planar three-body problem

Next, we shall normalize

2 2
po =1 with M = Z,ul and Zulkl =0.
=0 =0

The center of mass is

2
1
Q=17 gum,

and we introduce the relative coordinates of the first and second
particle with respect to the center of mass setting

q1 = X1 —qo, 92 = X2 — qo,
so that with gy = 1,
2

xo=Mao— Y juai, X1 =dqo+d1,Xs = qo+qa,
=1
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Equations of motion of the planar three-body problem
using Heliocentric variables

and we obtain the equations

qo =0,
. X0 — X1 X9 — X1
qr = X1 =

|[x0 — x1[3 |[x2 —x1[3
- Xp — X2 X1 — X2
q2 = X2 =

|[x0 — x2l|? |[x1 — x2l|3
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Equations of motion of the planar three-body problem
using Heliocentric variables

The first equation expresses that the center of mass qo moves
on a straight line and can be ignored. The other two equations
with

X1 —X2 =q1 — 92,
x1 —xg = (1 + p1)q1 + p2qe,
X2 — Xg = (1 + p2)q2 + p1qs,

can be written of the form

(1 + py)aj + a q — q;
q; = — i 7.77él]7_172'
! I1(1 4+ pj)a; + pma? llar — qj 3
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Equations of motion of the planar three-body problem
using Heliocentric variables

Defining p; = q;, we obtain that the corresponding Hamiltonian
function is given by

1 1
(T + p)(X + pj)a; + mal| [l — aqj]

1 . .
Hj:§HPjH2— i #FL =1

Therefore, the Hamiltonian associated with the planar 3-body
problem in Heliocentric variables is invariant through the sym-
metries S;, I = 1,2 and it is of the form

H = Hi(q1, 92, p1,p2) + H2(q1, 92, P1, P2), (23)J

where H;(qi1,q2, p1, p2) is defined as in (22) for j = 1, 2.
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Hamiltonian of the planar three-body problem using
Heliocentric variables and putting 11 — €, o — €

Now, considering

q1 = (q11,q12), P1 = (P11, P12), 92 = (G21, G22), P2 = (P21, P22)
and by putting u1 — €, o — e,

after expanding in series, the Hamiltonian (23) associated with
the planar 3-body problem is given by

H = Hoi(q1, p1) + Hoa(qz, p2) + e(For + Foz)(ai, a2) + O(€?),
(24)
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Hamiltonian of the planar three-body problem using

where

1
=12,

1
Hoj(aj,pj) = 5(17]2‘1 —|—p]2~2) et
\/ 41t %o

and
Foi(au, q2) = 2¢%, + 2435 + q11921 + q12q22 _ 1
(¢34 + q%Q)B/2 V(21 — q1)? + (q22 — q12)?
2q31 + 2q3, + q11921 + Q12922 1
Foz2(q1,qz) = —2 2 372 =

(a3, + ¢3,) Vi —a21)? + (@12 — g22)%
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Hamiltonian of the planar three-body problem in

Thus, we observe that the perturbed Hamiltonian is a pertur-
bation of the planar bi-Kepler problem. Then, we express the
Hamiltonian function in polar-nodal variables given by

©,sin(6;) .
qj1 = rjcos(0;), pj1 = Rjcos(b;) — Jr,(j)d =1,2,
J

qj2 = rjsin(0;), pje2 = R;sin(0;) + W,j =1,2.
J

In these coordinates, the Hamiltonian (24) admits the form

H = Hyi(r1,61, R1,01) + Hoa(r2, 02, Ra, ©2) + e(Fo1 4 Foz2) (71,72, 01, 02) + O(€2),
(25)

where .

- 1
Hoj(r;,05,R;,0;) = 7

22,]:1,2.
) 1

\ r% + r% = 2r175 cos(01 — 62)

2
7
2
2 9 COS(91 02

Fo1(r1,7m2,01,02) = — + 5
1 7’1

)
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Hamiltonian of the planar three-body problem using

Now, we need to consider the Delaunay elements (g;,1;, G;, L;),
j = 1,2 given by the relations

0 fi+ O G (l;,L;,G;) RJZ 1 +@? !
o fg. =Gi, ri=r(1;,L;,G), —L——pL =
J FREAE J J J VRSV ERCS 2 1 27“]2- 2L;

In these coordinates, the Hamiltonian (25) takes the form

g —2%1 - i + e(For + Fon) (2) + O(e2), (26)J

where z = (r(l1, L1, G1), f1, 91,7(l2, L2, G2), f2, g2) and
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Hamiltonian of the planar three-body problem using
Delaunay variables

ﬁ()l(z)— 2 +7"2(3os(f1 + g1 — f2—g2) 1
== 5 — ,
™ ™ 72 + 712 —2riracos(fi + g1 — f2 — g2)

1

Fos(2) = 2 mcos(fitgr—f2—g2)
= 2 .
T2 T2 r 473 — 2rira cos(f1 + g1 — f2 — g2)
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Hamiltonian of the planar three-body problem using

Our next step is to introduce (symplectic) convenient Poincaré-
Delaunay variables (PD-1-1) and (PD-1-2) defined in (4) and (5),
respectively. Nevertheless, we do not have an explicit expres-
sion for the variables f; and r; in the coordinates (PD-1-1) and
(PD-1-2). To achieve this, we use the Kepler equation

lj = Ej — ejsin(Ey), (27)

where [; is the mean anomaly, E; is the eccentric anomaly, and
e; is the eccentricity of the orbit. Furthermore, if f; is the true
anomaly, then the following equation holds

E; 1
tan#:\/T]tanf] Jj=12. (28)
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Now, considering the eccentricity as a small parameter and trun-
cating at order two in e;, from the equation (27), we have that

E; =1; + e;sin(l;) + e? sin(l;) cos(l;) + O(e?), j=12. (29)
Then, using (29) we develop r; = L3(1 — e; cos(E})) up to order
two in function of the mean anomaly, that is,

rj = L? (1 —ejcos(lj) + 6]2- sin2(lj)) + O(e?-), j=12. (30)

Furthermore, using (28) and (29) it is verified that the expres-
sions for sin( f;) and cos(f;) up to order two as a function of the
mean anomaly are given by the relations

. . . 1,5 . ;
sin(f;) = sin(l;) + 2e; cos(l;) sin(l;) + 5632- sin(l;)(5 — 9sin®(;)) + O(e;’)7 ji=1,2,

. 9 o . .
cos(f;) = cos(l) — 2e; sin®(1;) — 56? sin?({;) cos(l;) + 0(63’-’), ji=1,2.

(31)
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

On the other hand, from equations (4) and (5), we obtain the
following relations

lj = Qj2+arccos % ,gj = — arccos % ,Lj:le,Gj:lefi‘QQ*Qi?z?j:
V@2, + P% V@32, + P3 2 2
leading to equations
cos(ly) = 22 COS(Q]1)2+ szzsm(le)7 cos(g;) = T 2 = ji=12,
\/ﬁ \/QjQ + sz
sin(l;) = Pj2sin(Qy1) — Qj2 cos(Qj1) Qj2 =12

, sin(gj) = —F——;
2 2 2 2
2 + Pia V@2 + Fi
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Moreover, we seek to express the perturbation in PD variables
as a series expansion in the vicinity of a bi-circular solution.
Specifically, we must determine all quadratic terms in @ ;2 and
Pj5, as we will be working with second-order partial derivatives.
To achieve this, it is essential to expand the eccentricity in a se-
ries up to second order. Since the eccentricities are given by

\/Q?2+Pj22\/4pj1_Pj22_ 32‘2
J 2})]1

e 7j:1727

it follows that the expressions for r;, sin(f;) and cos(f;) in PD
variables up to second order correspond to

1 1
2 .
rj =Py — 3 i1 Q2 8in(Qj1)4/4Pj1 — Pj22 — Q?z -3 i1 Pj2 cos(Qj1)41/4Pj1 — P722 - Q?2+

1
P;1[Qj 2 cos(Qj1) — Pja sin(Q;1)]% — 1 (Pj22 + Q?z) [Qj2 cos(Qj1) — Pj2 sin(Q;1)1%,
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

sin(f) = (Quzcox(@1) = Tya (@) [<Pj22 + ng-z)2 - 16Pj21 — 16P;1 Pj2 cos(Qj1)/4Pj1 — PF — ¢

2 3 3
16P?% /P2, + Q2,
. 2 2 .
2Qj2 (9Pj2 sin(2Q;1)(4Pj1 — Pj — Q) — 8P;15in(Q 1)/4Pj1 — P7, — Q?z) +

9Qja — P) cos(2Q;1) (4Pj1 — Pl — @3 — 4Pj1 (Ply + @3a)]
1

2 2 2
32P2 /P2, + Q2,
. 2 2
32Pj1 Pj2Qj2 sin(2Q;1),/4Pj1 — Pf, — Q3, — 16P;1(Qj2 — Pj3) cos(2Q;1)/4Pj1 —
2 2 2 2 2 2
Pj2cos(Qj1) (8Pj1 — 3(Pjy + Q72)) (4Pj1 — 3(P + QF3)) — 16Pj1(Py + Q)0)y/4Pj1 — P2, -

9 (4Pj1 = Ply = Q72) (Q52(Q72 — 3P72) sin(3Q;1) — P2 (P — 3Q72) cos(3Q;1)) ] -

cos(f;) = [Qj25in(Q;1) (8Pj1 = 3(Pfz + @72)) (4Pj1 — 3(Pl + Q3)) +
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Therefore, the Hamiltonian H given by (26) in coordinates (PD-1-1)
and (PD-1-2) assumes the form of the Hamiltonian (7) with & =

1, that is,

1 1
%(Q,P,E) = _2P121 2P221

It is important to note that the expression for H,(Q, P) can be
determined explicitly using MATHEMATICA, however, since this
expression is sufficiently extensive, it has not been included in
this work since for our analysis only the expressions of certain
partial derivatives evaluated in the solutions of the bi-Kepler
problem are needed. )

+ et (Q,P) +--- (32)
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Main result applied to the planar three-body problem:
Existence of S;-symmetric periodic solution

[Existence of S -symmetric periodic solution] We consider the
initial condition X" in (13) withny = 1, ny = 0, and oy = a,
ag = B = 3a with a > 0 arbitrary. Then for the Hamiltonian
system associated to the Hamiltonian as (23) with p; = e,

I = 1,2, there exists a family of initial conditions parametrized
by €, such that each of them gives us a S, -symmetric periodic
solution with fixed period T' = 2x /o close to a bi-circular
Keplerian solution of period T with radius o=2/3 and 5=2/3.
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Main ideas of the proof

Step 1: The proof of this result is obtained by directly applying
Theorem 2.2(a) with i+ = 1 by considering a1 = «, 8 = 3« and
assuming that ny = 1, no = 0in (13).

Step 2: That is, considering the initial condition X" of each S;-
circular solution of each Kepler problem, by

XV = (7,0,0,0,a7Y3,0,8713,0), a e RY,  (33)

Step 3: we perturbed the previous initial condition in the follow-
ing convenient form

XM = (7,0,0,0,0 3 + 6Py, 0P, B3 + 6Py, 0P5). (34)

Step 4: Therefore, the Keplerian S;-symmetric solution with ini-
tial condition XV is given by

t, XMy = ! + 7,0 i 0,0 Y3 4 5Py, 6P19, B7Y/3 + 6Py, 6P,
PKI\T, - (a_1/3+6P11)3 ) v(ﬂ_1/3+§P21)3: ) 11, 12 21> 2:
(35)
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Main ideas of the proof

Step 5: Furthermore, considering m; = 2 and mo = 3 in the pe-
riodicity equation, we obtain that a; = 1 and ay = 3. Therefore,
it is verified that 7 = 217 — 2021 _ 21,

Step 6: Now, clearly the Ham|lton|an (23) is Si-invariant, so we
will focus on verifying hypotheses A), B), and C) in Theorem
2.2(a) with i = 1. After differentiating #; with respect to P;» and
evaluating at the Keplerian solution defined in (35), we obtain

that
oH1 (1) = _Eas/ﬁ cos(a — g 3 cos(2a
o (PK (X ))‘x(U:xgl) =-2 s(at) [3 =19 V53 + 27 V3 cos(2at)| +

18a,5/6 cos(at) [3 —2%¥3+3 %cos@at)}

[9 +32/3 46 %/Ecos(zous)r/2

ab/6 [3 cos(at) + 12 %cos(iﬁat) — 37 cos(5at)}
x(1):xgl) B 2v/3 N

Ha ) ‘
t, X
oo (P X))

61/3a5/6 cos(at) [3 - 34 (3 +2 {0’/5) cos(2at) — 3 cos(4at)]
}3/2 :

[9 + 32/3 4 6 ¥/3 cos(2at)



Application to the planar three-body problem
000000000000 00000000e0000000

Main ideas of the proof

Thus, we verify that

T/
/ Ot (pr(t, X)) dt=0,7=1,2.
0 8Pj2 X(l):X(()l)

Therefore, hypotheses A) and B) have been verified. Next, we
proceed to demonstrate hypothesis C'). To do this, we define the
following parameters

a=9+ V9, b6=6V3 nl}) =54(1-9¥5-2¥9)a, r{} = —54(19+3¥3) a,
k(Y =27 (1-57¥3+5V0) a, n{} =675 Va,

rsy =54V (3-2¥3 - g)a w$y =279 (394 5¥3+3%0) a, x5} =369 (27 4+ 7¥9) a
rsy = —1890 (114 ¥0) a, x5y = -9 (279 — 16 V) a, x$3) = 9724,

Kiy = -18v3 (9 - 18 V3 + ?f) a, k(3 =9v3 (36 — 63 V5 4+ 4V0) a, n{}) = —162 x 3°/%,
iy =54v3(9-2V3+ ¥0)a, n(y) = —27x3%% (14+8V5) a
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Main ideas of the proof

On the other hand, let us define the following integrals

1 _ /7\'/& dt
R (a + bcos(2at))5/2

Va—b[4aE (§2) — (a+ b)K (§2)] + Va +b[(b— a)K (§1) + 4aE (51)]
3a(a — b)2(a + b)2

2 T/ cos(2at)dt
hn = / (a + bcos(2at))5/2
(a + 3b2) [(b— a)Va ¥ BE (£2) — va —b(a + b)E (€1)] + a(a® — b?) [Va — bK (£1) + va + 6K
3ab (a2 — 62)5/2

3) _ [T/« sin? (2ct)dt
' = / (a + bcos(2at))5/2
2[[(a? = b?) (VA= BK (61) + Va T BK (€2))] — ala + b)Va = bE (&1) — ala — b)va T BE (62)

3ab? (a2 — b2)3/2

() _ [7/o cos(2ab) sin® Gat)dt
fn = /0 (a + bcos(2at))5/2
_2(4a® = 36%) [(b— a)Va F BE (£2) — Va — b(a + b)E (£1)] + 8a(a® — b?) [Va — bK (£1) + Va + |
N 3ab3((a — b)(a + b))3/2

1 _ /7\'/& sin? (2at)dt
22 7 Jo (a + bcos(2at))5/2

4[1a [(a +)Va =B (&1) + (a — b)va T bE (62)] — (4% — 2 ){Va =K (1) + Va T 0. (é2.
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Main ideas of the proof

Thus, After some routine but lengthy calculations, we verify that

82
_OT e x M) =2 [4(6+5V3) cos(2at) — V(5 cos(aat) +27)] +
06 P120P;o X(1)=Xgl) 6
ngll) + n(2) cos(2at) + H(l?;) sin? (2at) + K(%) sin? (2at) cos(2at)
la + bcos(2at)]3/2 ’
829, ( @ X(U))‘ @ [20 cos(2at) — 5 cos(4at) + 24 %cos((}at) — 123 cos(Sat)]
—————(pr(t, =
96P250Pag ' N x(l):xgl) 23

Ng? + K:é22> sin?(2at) + n(‘s) sin? (2at) + 14(4) cos(2at) L
la + bcos(2at)]‘)/2
ng? cos(2at) sin?(2at) + ng; sin? (2at) cos(2at)

[a + b cos(2at)]5/2

)
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92H, ((pK(t,X(l))) _ 7a[3cos(2at) — 10 cos(4at) -!—27cos(60¢15)]+
05 P220P12 x(W=x(V V3
ngé) + ”522) sin? (2at) + ”532) sin® (2at) + ngé) cos(2at) N
la + bcos(2at)]5/2
14552) cos(2at) sin? (2at)
[a + bcos(2at)]5/2
82 62
i(v&x(tx(l)»’ = i(«pmax(”)) .
06 P220P12 x(1)=xgl> 06 P120Pa2o x(1)=x(()1>
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Main ideas of the proof

From what, we get that

m/e  9%Hy 1 9 Y3 WD @@ @)@ @)@
(x5, X)) dt = —— " 4 =PI 4k +r r ,
/o 95P120P1s K x(1)=x(D) 2 R

/o 9*H
[T (et X))
J0 98 P20 P22

(1) (1) (4) ;(2) (2) ;(3) (5) 7(4) (3) ;(1)
Rog 11 + ko Iy + koo Iny *"23 Iiy" + gy 1oy -

x(l):x[()1>
/e O0°Hy 1 1,1 4) (2 2) (3 5) (4 3) (1
/o 96P220P1s (ox (£, X )))’ (1) (D) dt = "52)[;1) + “52)151) + "52) I§1) + "‘(12)I§1) + "‘52) Ié2>'
x(M=x§
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Main ideas of the proof

Therefore, the computation carried out in Mathematica yields
21 = —215.67229755178545¢ £ 0, where =4 is defined in (15).
Hence, all the hypotheses of Theorem 2.2(a) with i = 1 are
verified, which completes the proof.
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An illustration of the S;-symmetric periodic solution
established in Theorem 3.1 is presented in Figure 1

X;=(a11(6)0.0,pr2()-
“ P2 Xor=(an 0.

Figure: lllustration of the bi-circular Keplerian solution and the near
bi-circular S;-symmetric periodic solution (in blue color). The initial
condition (in Cartesian coordinates) of each circular Keplerian orbit
are Xo1 = (¢11,0,0,p12), Xo2 = (g21,0,0,p22), Where ¢;; = a~2/3 and
g21 = (3a)~%/3. We denote by X; = X;(¢) and X, = X»(e) the
projection of the initial condition of the S;-symmetric periodic solution
with initial condition X = (qn(e), 0, QQl(E), 0,p12(€), 0,p22(€>).
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THANK YOU VERY MUCH
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