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Section 1 Preliminaries
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Statement of the first problem

The first case is associated to the Hamiltonian function of the
form

H(q1,q2,p1,p2, ϵ) = H01(q1,p1) +H02(q2,p2) + ϵkH1(q1,q2,p1,p2)+

HR(q1,q2,p1,p2, ϵ), k ∈ N,
(1)

where q1 = (q11, q12), q2 = (q21, q22), p1 = (p11, p12), p2 =
(p21, p22) are points of R2,

H01(q1,p1) =
∥p1∥2

2
−

1

∥q1∥
, H02(q2,p2) =

∥p2∥2

2
−

1

∥q2∥
,

correspond to two planar decoupled Kepler problems, the per-
turbed differentiable function denoted by H1(q1,q2,p1,p2) is the
first perturbation part which can or not have coupled terms and
the functionHR(q1,q2,p1,p2, ϵ) is differentiable with order O(ϵk+1).
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Statement of the second problem

The second case is associated to the Hamiltonian function of the
form

K(q1,q2,p1,p2, ϵ) = K01(q1,p1) +K02(q2,p2) + ϵkK1(q1,q2,p1,p2)+

KR(q1,q2,p1,p2, ϵ), k ∈ N,
(2)

where q1 = (q11, q12), q2 = (q21, q22), p1 = (p11, p12), p2 =
(p21, p22) are points of R2,

K01(q1,p1) =
∥p1∥2

2
+ωp1Jq

T
1 −

1

∥q1∥
, K02(q2,p2) =

∥p2∥2

2
+ωp2Jq

T
2 −

1

∥q2∥
,

correspond to two planar decoupled rotating Kepler problems,
the perturbed differentiable function K1(q1,q2,p1,p2) is the first
perturbation part which can or not have coupled terms andKR(q1,q2,p1,p2, ϵ)
is differentiable and of order O(ϵk+1).
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The existence of symmetries

It is also assumed that H in (1) and K in (2) are invariant under
some of the following anti-symplectic reflections

S1 : (q11, q12, q21, q22, p11, p12, p21, p22) → (q11,−q12, q21,−q22,−p11, p12,−p21, p22),
S2 : (q11, q12, q21, q22, p11, p12, p21, p22) → (−q11, q12,−q21, q22, p11,−p12, p21,−p22),
S3 : (q11, q12, q21, q22, p11, p12, p21, p22) → (q11,−q12,−q21, q22,−p11, p12, p21,−p22),
S4 : (q11, q12, q21, q22, p11, p12, p21, p22) → (−q11, q12, q21,−q22, p11,−p12,−p21, p22).

(3)

The respective fixed sets of the symmetries S1, . . . , S4 are the
four-dimensional Lagrangian subplanes defined by

L1 = {(q11, 0, q21, 0, 0, p12, 0, p22) : q11, q21, p12, p22 ∈ R},

L2 = {(0, q12, 0, q22, p11, 0, p21, 0) : q12, q22, p11, p21 ∈ R},

L3 = {(q11, 0, 0, q22, 0, p12, p21, 0) : q11, q22, p12, p21 ∈ R},

L4 = {(0, q12, q21, 0, p11, 0, 0, p22) : q12, q21, p11, p22 ∈ R}.
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Symmetry conditions (Half-time symmetry and Time
reversal symmetry

If a solution φ(t) starts in the Lagrangian sub-plane L1 at time
t = 0. Using the time reversible symmetry S1 (S2

1 = I) we have
that the two solutions φ(t) and ψ(t) = φ ◦ S1(t) coincide at
t = 0; then by the theorem of uniqueness of solutions of an
ordinary differential equation, they must be the same.

If there is another time T/2 such that the solution φ(t) crosses
the L1 sub-plane orthogonally, then by the symmetry S1 the
orbit of φ(t) must be closed, and φ(t) is called an S1-symmetric
periodic solution with period T .
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Notations and objectives

In order to enunciate our main results, under our approach, we
call circular orbit of the bi-circular Kepler problem, the solution of
the unperturbed problem associated with the Hamiltonian func-
tion (1) (resp. (2)), such that the projection of this solution onto
R4 = {(q1,p1)} and R4 = {(q2,p2)} are circular solutions of the
Kepler problem H01(q1,p1) and H02(q2,p2), respectively (resp.
K01(q1,p1) or K02(q2,p2)).
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Poincaré-Delaunay variables

Furthermore, we consider conveniently modified Poincaré-Delaunay
variables.
The main reasons to consider these types of variables can be
summarized as follows:

Firstly, in these coordinates the characterization of “reflection”
symmetries is simpler,

Secondly, because the periodicity equation (equation that
characterizes the initial conditions of symmetric periodic
solutions) can be reduced to a minimum number of equations,

In third place, the elimination of the degeneracy due to
periodicity (maximal rank).
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Poincaré-Delaunay variables

Q11 = l1 + g1, P11 = L1,

Q12 = −
√
2(L1 −G1) sin(g1), P12 =

√
2(L1 −G1) cos(g1), (PD-1-1)

(4)

Q21 = l2 + g2, P21 = L2,

Q22 = −
√
2(L2 −G2) sin(g2), P22 =

√
2(L2 −G2) cos(g2), (PD-1-2),

(5)

where (li, gi, Li, Gi) are the classical Delaunay variables, associated with the Kepler
problem H0i, and given by

li = Ei − ei sinEi Li =
√
ai,

gi = θi − fi Gi =
√

ai(1− e2i ),
(6)

where (ai, ei, gi) are the classical Keplerian elements of an elliptical orbit of the Kepler

problem H0i. Moreover, the angle θi is the latitude argument, fi is the true anomaly

and Ei is the eccentric anomaly of the corresponding orbit, see more details in K. Meyer

and G. Hall (1992).



Preliminaries Study of the first problem Application to the planar three-body problem

Section 2 Study of the first problem
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The first problem in Poincaré-Delaunay variables

It is verified that in the (PD-1-1)-(PD-1-2) variables (that we call
of the Poincaré-Delaunay variables or PD variables) the Hamil-
tonian (1) takes the form

H(Q,P, ϵ) = H01(Q1,P1)+H02(Q2,P2)+ϵ
kH1(Q,P)+HR(Q,P, ϵ),

(7)

where Q = (Q1,Q2), P = (P1,P2), Q1 = (Q11, Q12), Q2 =
(Q21, Q22), P1 = (P11, P12), P2 = (P21, P22), HR(Q,P, ϵ) =
O(ϵk+1), k ∈ N, and the Hamiltonian of the bi-Kepler problem
assumes the form

H0(Q,P) = H01(Q1,P1) +H02(Q2,P2), (8)

H01(Q1,P1) = − 1

2P 2
11

, H02(Q2,P2) = − 1

2P 2
21

. (9)
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The Hamiltonian system of the first problem in
Poincaré-Delaunay variables

The Hamiltonian system associated to the Hamiltonian (7) is
written as

Q̇ = HP, Ṗ = −HQ. (10)

whose equations of motion are defined as

Q̇j1 =
1

P 3
j1

+ ϵk
∂H1

∂Pj1
+O(ϵk+1), Ṗj1 = −ϵk ∂H1

∂Qj1
+O(ϵk+1),

Q̇j2 = ϵk
∂H1

∂Pj2
+O(ϵk+1), Ṗj2 = −ϵk ∂H1

∂Qj2
+O(ϵk+1),

(11)

for j = 1, 2 and k ∈ N.
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Periodicity conditions of the first problem

Let us now assume that the Hamiltonian in (1) is invariant under
the symmetry S1. Additionally, note that in the set of PD vari-
ables an orbit is S1-symmetric and T -periodic, if and only if, it is
characterized by the following relations

Periodicity conditions

Q11

(
T

2

)
= 0 (mod π), Q12

(
T

2

)
= 0,

Q21

(
T

2

)
= 0 (mod π), Q22

(
T

2

)
= 0.

(12)
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Suitable initial conditions

In this section, we will denote by φK(t,X) the solution (in PD-
variables) of the bi-Kepler problem (8) with initial condition X.
Next, we consider a suitable initial condition X

(1)
0 for the S1-

symmetric bi-circular solution of the system defined in (11) with
ϵ = 0,

X
(1)
0 =

(
n1π, 0, n2π, 0, α

−1/3
1 , 0, α

−1/3
2 , 0

)
, n1, n2 ∈ Z, α1, α2 ∈ R+, (13)

and we perturbed the previous initial condition in the following
convenient form

X(1) = X
(1)
0 + (0, 0, 0, 0, δP11, δP12, δP21, δP22) , (14)

where δQj2 , δPj1 , δPj2 are sufficiently small (i.e., |δPj2| < α
−1/3
j + |δPj1|, j = 1, 2 and will be considered

as independent variables. Note that α1 = α2 corresponds to a bicircular solution with equal radii for the initial

condition (13), while α1 ̸= α2 corresponds to a bicircular solution with different radii.
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Suitable initial conditions

Observe that n1 and n2 represent the number of orbital revolu-
tions in each of the decoupled Kepler problems. Hence, without
loss of generality, we shall assume from this point onward that
n1, n2 ∈ {0, 1}.
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Auxiliary relation

Next, we consider the following relation

Ξ1 =

∫ T/2

0

∂2H1

∂δP12∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt

∫ T/2

0

∂2H1

∂δP22∂P22

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt−

∫ T/2

0

∂2H1

∂δP22∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt

∫ T/2

0

∂2H1

∂δP12∂P22

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt.

(15)
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The first main result: Existence of S1-symmetric
periodic solution

Theorem

[Existence of S1-symmetric periodic solution] Let αj ∈ R+

arbitrary, n1, n2 ∈ {0, 1} and aj ∈ Z, j = 1, 2 with a1a2 > 0.
Suppose that the Hamiltonian function H in (1) is S1-symmetric
and let φK(t,X(1)) be a solution of the bi-Kepler problem with
initial condition X(1), where X(1) is given by (14) which is a
perturbation of X(1)

0 as in (13). Moreover, assume the following
conditions

A)

∫ T/2

0

∂H1

∂P12

(φK(t,X
(1)

))

∣∣∣∣
X(i)=X

(1)
0

dt = 0,

B)

∫ T/2

0

∂H1

∂P22

(φK(t,X
(1)

))

∣∣∣∣
X(i)=X

(1)
0

dt = 0,

C) Ξ1 ̸= 0.
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Continuation of the theorem

Theorem

(a) If α1 ̸= α2 such that α1
α2

= a1
a2

∈ Q, then for ϵ sufficiently small there exists a

family of initial conditions parametrized by ϵ, X(1)
ϵ = X

(1)
0 +X(1)(ϵ) with

X(1)(ϵ) = (0, 0, 0, 0, δP11(ϵ), δP12(ϵ), δP21(ϵ), δP22(ϵ)) ,

such that φ(t,X(1)
ϵ ; ϵ) = φK(t,X

(1)
0 ) +O(ϵ) is a S1-symmetric periodic solution

of the Hamiltonian system associated to the Hamiltonian (1) with fixed period
T = 2a1π

α1
= 2a2π

α2
=

2π(a2−a1)
α2−α1

.

(b) If α1 = α2 = α, then for ϵ sufficiently small there exists a family of initial
conditions parametrized by ϵ, X(1)

ϵ = X
(1)
0 +X(1)(ϵ) with

X(1)(ϵ) = (0, 0, 0, 0, δP11(ϵ), δP12(ϵ), δP21(ϵ), δP22(ϵ)) ,

such that φ(t,X(1)
ϵ ; ϵ) = φK(t,X

(1)
0 ) +O(ϵ) is a S1-symmetric periodic solution

of the Hamiltonian system associated to the Hamiltonian (1) with fixed period
T = 2aπ

α
where a = a1 = a2.
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Main ideas of the proof

To prove part (a), let us note that in the PD variables, the flow of
the unperturbed system is given by

Q
(0)
j1 (t) =

t

P 3
j1(0)

+Qj1(0), Q
(0)
j2 (t) = Qj2(0),

P
(0)
j1 (t) = Pj1(0), P

(0)
j2 (t) = Pj2(0).

(16)

It should be noted that this solution includes the circular solu-
tions that occur when Qj2 = Pj2 = 0, j = 1, 2, that is, the circu-
lar solutions of the bi-circular Kepler problem with initial condition
X

(i)
0 as in (13), are given by

φK(t,X
(i)
0 ) =

(
t

P3
11(0)

+
(i − 1)π

2
+ n1π, 0,

t

P3
21(0)

+
(i − 1)π

2
+ n2π, 0, P11(0), 0, P21(0), 0

)
,

(17)

for n1, n2 ∈ {0, 1}.
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Main ideas of the proof

Furthermore, by defining P 3
j1(0) = α−1

j , j = 1, 2, it is verified
that this circular Keplerian orbit is of course S1-symmetric, has
period T = 2πa1

α1
= 2πa2

α2
, if and only if, α1

α2
= a1

a2
∈ Q. Moreover,

we have

T = 2πa1
α1

= 2πa2
α2

= 2π(a2−a1)
α2−α1

.

Now, considering the initial condition X(1) given in (14) and
denoting by φ(t,X(1); ϵ) the flow of the unperturbed system
(11).
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Main ideas of the proof

We verify that the coordinate components of the solution φ(t,X(1); ϵ)
can be approximated by

Q11(t,X
(1); ϵ) =

t

(α
−1/3
1 + δP11)3

+O(ϵk+1),

Q12(t,X
(i); ϵ) = ϵkQ

(1)
12 (t) +O(ϵk+1),

Q21(t,X
(i); ϵ) =

t

(α
−1/3
2 + δP21)3

+ n2π + ϵkQ
(1)
21 (t) +O(ϵk+1),

Q22(t,X
(i); ϵ) = ϵkQ

(1)
22 (t) +O(ϵk+1),

P11(t,X
(i); ϵ) = α

−1/3
1 + δP11 + ϵkP

(1)
11 (t) +O(ϵk+1),

P12(t,X
(i); ϵ) = δP12 + ϵkP

(1)
12 (t) +O(ϵk+1),

P21(t,X
(i); ϵ) = α

−1/3
2 + δP21 + ϵkP

(1)
21 (t) +O(ϵk+1),

P22(t,X
(i); ϵ) = δP22 + ϵkP

(1)
22 (t) +O(ϵk+1),

(18)

where k ∈ N, n1, n2 ∈ {0, 1} and
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Main ideas of the proof

where

Q
(1)
jl (t) =

∫ t

0

∂H1

∂Pjl
(φK(s,X(i)))ds,

P
(1)
jl (t) = −

∫ t

0

∂H1

∂Qjl
(φK(s,X(i)))ds,

for j, l = 1, 2.
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Main ideas of the proof

Now we impose that the solution φ(t,X(1); ϵ) is S1-symmetric.
For this, we impose that the solution (starting in L1) at the instant
t = T/2 intercepts orthogonally the subspaces L1, that is, the
following four equations in PD variables must be satisfied

Q11

(
T
2 ,X

(1); ϵ
)
= 0 (mod π),

Q21

(
T
2 ,X

(1); ϵ
)
= 0 (mod π),

Q12

(
T
2 ,X

(1); ϵ
)
= 0, ,

Q22

(
T
2 ,X

(1); ϵ
)
= 0.

(19)
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Main ideas of the proof

In this last equation, considering

0, (mod π) = mjπ,mj ∈ Z, mj ̸= nj ,

then from the equations Qjl(t), Pj2(t) for j, l = 1, 2, it follows
that the periodicity equations which we must solve for ϵ ̸= 0 as
function of δQj2, δPj1, δPj2 are fj1 = 0 and fj2 = 0, where

f11(x(1); ϵ) =
T/2

(α
−1/3
1 +δP11)3

− a1π +O(ϵk),

f21(x(1); ϵ) =
T/2

(α
−1/3
2 +δP21)3

− a2π +O(ϵk),

f12(x(1); ϵ) = Q
(1)
12 (T/2) +O(ϵ),

f22(x(1); ϵ) = P
(1)
22 (T/2) +O(ϵ),

(20)

with x(1) = (δP11, δP12, δP21, δP22) and aj = mj − nj , j = 1, 2.
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Section 3 Application to the planar three-body

problem
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The planar three-body problem

In this section, we apply our results to the planar 3-body problem
whose equations of motion are

ẍl =

2∑
j=0,j ̸=l

µj(xj − xl)

||xj − xl||3
, l = 0, 1, 2, (21)

where xj ∈ R2 describes the position on the particle with mass
µj . Our first step is to eliminate the center of mass using He-
liocentric variables, see S. Ferraz, 1992 and J. Moser, 1970. In
contrast to the restricted 3-body problem, we do not assume that
one of the particles has zero mass but we assume instead that
the masses of the two bodies µ1, µ2 are small compared with µ0.
We follow the ideas of J. Moser and E. Zehnder in Notes on dy-
namical systems. American Mathematical Soc., vol. 12, 2005.
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The planar three-body problem

Next, we shall normalize

µ0 = 1 with M =

2∑
l=0

µl and
2∑

l=0

µlẋl = 0.

The center of mass is

q0 =
1

M

2∑
l=0

µlxl,

and we introduce the relative coordinates of the first and second
particle with respect to the center of mass setting

q1 = x1 − q0, q2 = x2 − q0,

so that with µ0 = 1,

x0 =Mq0 −
2∑

l=1

µlql, x1 = q0 + q1,x2 = q0 + q2,
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Equations of motion of the planar three-body problem
using Heliocentric variables

and we obtain the equations

q̈0 = 0,

q̈1 = ẍ1 =
x0 − x1

||x0 − x1||3
+ µ2

x2 − x1

||x2 − x1||3
,

q̈2 = ẍ2 =
x0 − x2

||x0 − x2||3
+ µ1

x1 − x2

||x1 − x2||3
.
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Equations of motion of the planar three-body problem
using Heliocentric variables

The first equation expresses that the center of mass q0 moves
on a straight line and can be ignored. The other two equations
with

x1 − x2 = q1 − q2,

x1 − x0 = (1 + µ1)q1 + µ2q2,

x2 − x0 = (1 + µ2)q2 + µ1q1,

can be written of the form

q̈j = − (1 + µj)qj + µlql

||(1 + µj)qj + µlql||3
+ µl

ql − qj

||ql − qj ||3
; j ̸= l; j, l = 1, 2.
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Equations of motion of the planar three-body problem
using Heliocentric variables

Defining pj = q̇j , we obtain that the corresponding Hamiltonian
function is given by

Hj =
1

2
||pj ||2−

1

(1 + µj)||(1 + µj)qj + µlql||
− µl
||ql − qj ||

; j ̸= l; j, l = 1, 2.

(22)

Therefore, the Hamiltonian associated with the planar 3-body
problem in Heliocentric variables is invariant through the sym-
metries Sl, l = 1, 2 and it is of the form

H = H1(q1,q2,p1,p2) +H2(q1,q2,p1,p2), (23)

where Hj(q1,q2,p1,p2) is defined as in (22) for j = 1, 2.
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Hamiltonian of the planar three-body problem using
Heliocentric variables and putting µ1 → ϵ, µ2 → ϵ

Now, considering

q1 = (q11, q12), p1 = (p11, p12), q2 = (q21, q22), p2 = (p21, p22)
and by putting µ1 → ϵ, µ2 → ϵ,

after expanding in series, the Hamiltonian (23) associated with
the planar 3-body problem is given by

H = H01(q1,p1) +H02(q2,p2) + ϵ(F01 + F02)(q1,q2) +O(ϵ2),
(24)
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Hamiltonian of the planar three-body problem using
Heliocentric variables

where

H0j(qj ,pj) =
1

2
(p2j1 + p2j2)−

1√
q2j1 + q2j2

, j = 1, 2,

and

F01(q1,q2) =
2q211 + 2q212 + q11q21 + q12q22(

q211 + q212
)3/2 −

1√
(q21 − q11)2 + (q22 − q12)2

,

F02(q1,q2) =
2q221 + 2q222 + q11q21 + q12q22(

q221 + q222
)3/2 −

1√
(q11 − q21)2 + (q12 − q22)2

.
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Hamiltonian of the planar three-body problem in
polar-nodal variables

Thus, we observe that the perturbed Hamiltonian is a pertur-
bation of the planar bi-Kepler problem. Then, we express the
Hamiltonian function in polar-nodal variables given by

qj1 = rj cos(θj), pj1 = Rj cos(θj)−
Θj sin(θj)

rj
, j = 1, 2,

qj2 = rj sin(θj), pj2 = Rj sin(θj) +
Θj cos(θj)

rj
, j = 1, 2.

In these coordinates, the Hamiltonian (24) admits the form
H̃ = H̃01(r1, θ1, R1,Θ1)+ H̃02(r2, θ2, R2,Θ2)+ ϵ(F̃01 + F̃02)(r1, r2, θ1, θ2)+O(ϵ2),

(25)
where

H̃0j(rj , θj , Rj ,Θj) =
R2

j

2
−

1

rj
+

Θ2
j

2r2j
, j = 1, 2.

F̃01(r1, r2, θ1, θ2) =
2

r1
+

r2 cos(θ1 − θ2)

r21
−

1√
r21 + r22 − 2r1r2 cos(θ1 − θ2)

,

F̃02(r1, r2, θ1, θ2) =
2

r2
+

r1 cos(θ1 − θ2)

r22
−

1√
r21 + r22 − 2r1r2 cos(θ1 − θ2)

.
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Hamiltonian of the planar three-body problem using
Delaunay variables

Now, we need to consider the Delaunay elements (gj , lj , Gj , Lj),
j = 1, 2 given by the relations

θj = fj+gj , Θj = Gj , rj = r(lj , Lj , Gj),
R2

j

2
− 1

rj
+
Θ2

j

2r2j
= − 1

2Lj
.

In these coordinates, the Hamiltonian (25) takes the form

H = − 1

2L1
− 1

2L2
+ ϵ(F 01 + F 02)(z) +O(ϵ2), (26)

where z = (r(l1, L1, G1), f1, g1, r(l2, L2, G2), f2, g2) and
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Hamiltonian of the planar three-body problem using
Delaunay variables

F̃01(z) =
2

r1
+
r2 cos(f1 + g1 − f2 − g2)

r21
−

1√
r21 + r22 − 2r1r2 cos(f1 + g1 − f2 − g2)

,

F̃02(z) =
2

r2
+
r1 cos(f1 + g1 − f2 − g2)

r22
−

1√
r21 + r22 − 2r1r2 cos(f1 + g1 − f2 − g2)

.
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Our next step is to introduce (symplectic) convenient Poincaré-
Delaunay variables (PD-1-1) and (PD-1-2) defined in (4) and (5),
respectively. Nevertheless, we do not have an explicit expres-
sion for the variables fj and rj in the coordinates (PD-1-1) and
(PD-1-2). To achieve this, we use the Kepler equation

lj = Ej − ej sin(Ej), (27)

where lj is the mean anomaly, Ej is the eccentric anomaly, and
ej is the eccentricity of the orbit. Furthermore, if fj is the true
anomaly, then the following equation holds

tan
Ej

2
=

√
1− ej

4
tan

fj
2
, j = 1, 2. (28)
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Now, considering the eccentricity as a small parameter and trun-
cating at order two in ej , from the equation (27), we have that

Ej = lj + ej sin(lj) + e2j sin(lj) cos(lj) +O(e3j ), j = 1, 2. (29)

Then, using (29) we develop rj = L2
j (1− ej cos(Ej)) up to order

two in function of the mean anomaly, that is,

rj = L2
j

(
1− ej cos(lj) + e2j sin

2(lj)
)
+O(e3j ), j = 1, 2. (30)

Furthermore, using (28) and (29) it is verified that the expres-
sions for sin(fj) and cos(fj) up to order two as a function of the
mean anomaly are given by the relations

sin(fj) = sin(lj) + 2ej cos(lj) sin(lj) +
1

2
e2j sin(lj)(5− 9 sin2(lj)) +O(e3j ), j = 1, 2,

cos(fj) = cos(lj)− 2ej sin
2(lj)−

9

2
e2j sin

2(lj) cos(lj) +O(e3j ), j = 1, 2.

(31)
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

On the other hand, from equations (4) and (5), we obtain the
following relations

lj = Qj2+arccos

 Pj2√
Q2

j2 + P2
j2

 , gj = − arccos

 Pj2√
Q2

j2 + P2
j2

 , Lj = Pj1, Gj = Pj1−
P2
j2

2
−

Q2
j2

2
; j = 1, 2,

leading to equations

cos(lj) =
Pj2 cos(Qj1) +Qj2 sin(Qj1)√

Q2
j2 + P 2

j2

, cos(gj) =
Pj2√

Q2
j2 + P 2

j2

; j = 1, 2,

sin(lj) =
Pj2 sin(Qj1)−Qj2 cos(Qj1)√

Q2
j2 + P 2

j2

, sin(gj) =
Qj2√

Q2
j2 + P 2

j2

; j = 1, 2.
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Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Moreover, we seek to express the perturbation in PD variables
as a series expansion in the vicinity of a bi-circular solution.
Specifically, we must determine all quadratic terms in Qj2 and
Pj2, as we will be working with second-order partial derivatives.
To achieve this, it is essential to expand the eccentricity in a se-
ries up to second order. Since the eccentricities are given by

ej =

√
Q2

j2 + P 2
j2

√
4Pj1 − P 2

j2 −Q2
j2

2Pj1
, j = 1, 2,

it follows that the expressions for rj , sin(fj) and cos(fj) in PD
variables up to second order correspond to

rj = P
2
j1 −

1

2
Pj1Qj2 sin(Qj1)

√
4Pj1 − P2

j2 − Q2
j2 −

1

2
Pj1Pj2 cos(Qj1)

√
4Pj1 − P2

j2 − Q2
j2+

Pj1[Qj2 cos(Qj1) − Pj2 sin(Qj1)]
2 −

1

4

(
P

2
j2 + Q

2
j2

)
[Qj2 cos(Qj1) − Pj2 sin(Qj1)]

2
,



Preliminaries Study of the first problem Application to the planar three-body problem

Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

sin(fj) =
(Qj2 cos(Qj1) − Pj2 sin(Qj1))

16P2
j1

√
P2
j2 + Q2

j2

[
(P

2
j2 + Q

2
j2)

2 − 16P
2
j1 − 16Pj1Pj2 cos(Qj1)

√
4Pj1 − P2

j2 − Q2
j2−

2Qj2

(
9Pj2 sin(2Qj1)(4Pj1 − P

2
j2 − Q

2
j2) − 8Pj1 sin(Qj1)

√
4Pj1 − P2

j2 − Q2
j2

)
+

9(Q
2
j2 − P

2
j2) cos(2Qj1)

(
4Pj1 − P

2
j2 − Q

2
j2

)
− 4Pj1

(
P

2
j2 + Q

2
j2

)]
,

cos(fj) =
1

32P2
j1

√
P2
j2 + Q2

j2

[
Qj2 sin(Qj1)

(
8Pj1 − 3(P

2
j2 + Q

2
j2)
) (

4Pj1 − 3(P
2
j2 + Q

2
j2)
)
+

32Pj1Pj2Qj2 sin(2Qj1)
√

4Pj1 − P2
j2 − Q2

j2 − 16Pj1(Q
2
j2 − P

2
j2) cos(2Qj1)

√
4Pj1 − P2

j2 − Q2
j2+

Pj2 cos(Qj1)
(
8Pj1 − 3(P

2
j2 + Q

2
j2)
) (

4Pj1 − 3(P
2
j2 + Q

2
j2)
)
− 16Pj1(P

2
j2 + Q

2
j2)
√

4Pj1 − P2
j2 − Q2

j2−

9
(
4Pj1 − P

2
j2 − Q

2
j2

) (
Qj2(Q

2
j2 − 3P

2
j2) sin(3Qj1) − Pj2(P

2
j2 − 3Q

2
j2) cos(3Qj1)

)]
.



Preliminaries Study of the first problem Application to the planar three-body problem

Hamiltonian of the planar three-body problem using
Delaunay-Poincaré variables

Therefore, the HamiltonianH given by (26) in coordinates (PD-1-1)
and (PD-1-2) assumes the form of the Hamiltonian (7) with k =
1, that is,

H(Q,P, ϵ) = − 1

2P 2
11

− 1

2P 2
21

+ ϵH1(Q,P) + · · · (32)

Remark
It is important to note that the expression for H1(Q,P) can be
determined explicitly using MATHEMATICA, however, since this
expression is sufficiently extensive, it has not been included in
this work since for our analysis only the expressions of certain
partial derivatives evaluated in the solutions of the bi-Kepler
problem are needed.
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Main result applied to the planar three-body problem:
Existence of S1-symmetric periodic solution

Theorem

[Existence of S1-symmetric periodic solution] We consider the
initial condition X

(1)
0 in (13) with n1 = 1, n2 = 0, and α1 = α,

α2 = β = 3α with α > 0 arbitrary. Then for the Hamiltonian
system associated to the Hamiltonian as (23) with µl = ϵ,
l = 1, 2, there exists a family of initial conditions parametrized
by ϵ, such that each of them gives us a S1-symmetric periodic
solution with fixed period T = 2π/α close to a bi-circular
Keplerian solution of period T with radius α−2/3 and β−2/3.
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Main ideas of the proof

Step 1: The proof of this result is obtained by directly applying
Theorem 2.2(a) with i = 1 by considering α1 = α, β = 3α and
assuming that n1 = 1, n2 = 0 in (13).
Step 2: That is, considering the initial condition X(1) of each S1-
circular solution of each Kepler problem, by

X
(1)
0 = (π, 0, 0, 0, α−1/3, 0, β−1/3, 0), α ∈ R+, (33)

Step 3: we perturbed the previous initial condition in the follow-
ing convenient form

X(1) = (π, 0, 0, 0, α−1/3 + δP11, δP12, β
−1/3 + δP21, δP22). (34)

Step 4: Therefore, the Keplerian S1-symmetric solution with ini-
tial condition X(1) is given by

φK(t,X
(1)

) =

(
t

(α−1/3 + δP11)3
+ π, 0,

t

(β−1/3 + δP21)3
, 0, α

−1/3
+ δP11, δP12, β

−1/3
+ δP21, δP22

)
.

(35)
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Main ideas of the proof

Step 5: Furthermore, considering m1 = 2 and m2 = 3 in the pe-
riodicity equation, we obtain that a1 = 1 and a2 = 3. Therefore,
it is verified that T = 2a1π

α1
= 2a2π

α2
= 2π

α .
Step 6: Now, clearly the Hamiltonian (23) is S1-invariant, so we
will focus on verifying hypotheses A), B), and C) in Theorem
2.2(a) with i = 1. After differentiating H1 with respect to Pj2 and
evaluating at the Keplerian solution defined in (35), we obtain
that
∂H1

∂P12

(φK(t,X
(1)

))

∣∣∣∣
X(1)=X

(1)
0

= −
2

3
α
5/6

cos(αt)
[
3 − 19

3√
3 + 27

3√
3 cos(2αt)

]
+

18α5/6 cos(αt)
[
3 − 2 3√3 + 3 3√3 cos(2αt)

]
[
9 + 32/3 + 6 3√3 cos(2αt)

]3/2 ,

∂H1

∂P22

(φK(t,X
(1)

))

∣∣∣∣
X(1)=X

(1)
0

=
α5/6

[
3 cos(αt) + 12 3√3 cos(3αt) − 37 cos(5αt)

]
2
√
3

−

6
√
3α5/6 cos(αt)

[
3 − 3√3 +

(
3 + 2 3√3

)
cos(2αt) − 3 cos(4αt)

]
[
9 + 32/3 + 6 3√3 cos(2αt)

]3/2 .



Preliminaries Study of the first problem Application to the planar three-body problem

Main ideas of the proof

Thus, we verify that∫ π/α

0

∂H1

∂Pj2
(φK(t,X(1)))

∣∣∣∣∣
X(1)=X

(1)
0

dt = 0, j = 1, 2.

Therefore, hypotheses A) and B) have been verified. Next, we
proceed to demonstrate hypothesis C). To do this, we define the
following parameters

a = 9 +
3√
9, b = 6

3√
3, κ

(1)
11 = 54

(
1 − 9

3√
3 − 2

3√
9
)
α, κ

(2)
11 = −54

(
19 + 3

3√
3
)
α,

κ
(3)
11 = −27

(
1 − 57

3√
3 + 5

3√
9
)
α, κ

(4)
11 = 675

3√
9α,

κ
(1)
22 = 54

3√
9
(
3 − 2

3√
3 − 3√

9
)
α, κ

(2)
22 = −27

3√
9
(
39 + 5

3√
3 + 3

3√
9
)
α, κ

(3)
22 = 36

3√
9
(
27 + 7

3√
9
)
α,

κ
(4)
22 = −18

3√
9
(
11 +

3√
9
)
α, κ

(5)
22 = −9

(
279 − 16

3√
9
)
α, κ

(6)
22 = 972α,

κ
(1)
12 = −18

√
3
(
9 − 18

3√
3 +

3√
9
)
α, κ

(2)
12 = 9

√
3
(
36 − 63

3√
3 + 4

3√
9
)
α, κ

(3)
12 = −162 × 3

5/6
α,

κ
(4)
12 = 54

√
3
(
9 − 2

3√
3 +

3√
9
)
α, κ

(5)
12 = −27 × 3

5/6
(
1 + 8

3√
3
)
α.
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Main ideas of the proof
On the other hand, let us define the following integrals

I
(1)
11 =

∫ π/α

0

dt

(a + b cos(2αt))5/2

=

√
a − b [4aE (ξ2) − (a + b)K (ξ2)] +

√
a + b [(b − a)K (ξ1) + 4aE (ξ1)]

3α(a − b)2(a + b)2
,

I
(2)
11 =

∫ π/α

0

cos(2αt)dt

(a + b cos(2αt))5/2

=

(
a2 + 3b2

) [
(b − a)

√
a + bE (ξ2) −

√
a − b(a + b)E (ξ1)

]
+ a(a2 − b2)

[√
a − bK (ξ1) +

√
a + bK (ξ2)

]
3αb

(
a2 − b2

)5/2 ,

I
(3)
11 =

∫ π/α

0

sin2(2αt)dt

(a + b cos(2αt))5/2

= −
2
[[

(a2 − b2)
(√

a − bK (ξ1) +
√
a + bK (ξ2)

)]
− a(a + b)

√
a − bE (ξ1) − a(a − b)

√
a + bE (ξ2)

]
3αb2

(
a2 − b2

)3/2 ,

I
(4)
11 =

∫ π/α

0

cos(2αt) sin2(2αt)dt

(a + b cos(2αt))5/2

=
2(4a2 − 3b2)

[
(b − a)

√
a + bE (ξ2) −

√
a − b(a + b)E (ξ1)

]
+ 8a(a2 − b2)

[√
a − bK (ξ1) +

√
a + bK (ξ2)

]
3αb3((a − b)(a + b))3/2

,

I
(1)
22 =

∫ π/α

0

sin4(2αt)dt

(a + b cos(2αt))5/2

= −
4
[
4a
[
(a + b)

√
a − bE (ξ1) + (a − b)

√
a + bE (ξ2)

]
−
(
4a2 − b2

) [√
a − bK (ξ1) +

√
a + bK (ξ2)

]]
3αb4

√
a2 − b2

,

I
(2)
22 =

∫ π/α

0

cos(2αt) sin4(2αt)dt

(a + b cos(2αt))5/2

=
4
[
(32a2 − 9b2)

[
(a + b)

√
a − bE (ξ1) + (a − b)

√
a + bE (ξ2)

]
− a(32a2 − 17b2)

[√
a − bK (ξ1) +

√
a + bK (ξ2)

]]
15αb5

√
a2 − b2

,

where ξ1 = 2b
a+b , ξ2 = 2b

b−a and K(ξi), E(ξi) are complete elliptic
integrals of the first and second kind, respectively.
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Thus, After some routine but lengthy calculations, we verify that

∂2H1

∂δP12∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

=
α

6

[
4
(
6 + 5

3√
3
)
cos(2αt) − 3√

3(5 cos(4αt) + 27)
]
+

κ
(1)
11 + κ

(2)
11 cos(2αt) + κ

(3)
11 sin2(2αt) + κ

(4)
11 sin2(2αt) cos(2αt)

[a + b cos(2αt)]5/2
,

∂2H1

∂δP22∂P22

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

=
α
[
20 cos(2αt) − 5 cos(4αt) + 24 3√3 cos(6αt) − 123 cos(8αt)

]
2 3√3

+

κ
(1)
22 + κ

(2)
22 sin2(2αt) + κ

(3)
22 sin4(2αt) + κ

(4)
22 cos(2αt)

[a + b cos(2αt)]5/2
+

κ
(5)
22 cos(2αt) sin2(2αt) + κ

(6)
22 sin4(2αt) cos(2αt)

[a + b cos(2αt)]5/2
,



Preliminaries Study of the first problem Application to the planar three-body problem

Main ideas of the proof

∂2H1

∂δP22∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

= −
α[3 cos(2αt) − 10 cos(4αt) + 27 cos(6αt)]

√
3

+

κ
(1)
12 + κ

(2)
12 sin2(2αt) + κ

(3)
12 sin4(2αt) + κ

(4)
12 cos(2αt)

[a + b cos(2αt)]5/2
+

κ
(5)
12 cos(2αt) sin2(2αt)

[a + b cos(2αt)]5/2
,

∂2H1

∂δP22∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

=
∂2H1

∂δP12∂P22

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

.
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From what, we get that

∫ π/α

0

∂2H1

∂δP12∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt = −
9 3√3π

2
+ κ

(1)
11 I

(1)
11 + κ

(2)
11 I

(2)
11 + κ

(3)
11 I

(3)
11 + κ

(4)
11 I

(4)
11 ,

∫ π/α

0

∂2H1

∂δP22∂P22

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt = κ
(1)
22 I

(1)
11 + κ

(4)
22 I

(2)
11 + κ

(2)
22 I

(3)
11 + κ

(5)
22 I

(4)
11 + κ

(3)
22 I

(1)
22 + κ

(6)
22 I

(2)
22 ,

∫ π/α

0

∂2H1

∂δP22∂P12

(φK(t,X
(1)

))

∣∣∣∣∣
X(1)=X

(1)
0

dt = κ
(1)
12 I

(1)
11 + κ

(4)
12 I

(2)
11 + κ

(2)
12 I

(3)
11 + κ

(5)
12 I

(4)
11 + κ

(3)
12 I

(1)
22 .
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Therefore, the computation carried out in Mathematica yields
Ξ1 = −215.67229755178545‘ ̸= 0, where Ξ1 is defined in (15).
Hence, all the hypotheses of Theorem 2.2(a) with i = 1 are
verified, which completes the proof.
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An illustration of the S1-symmetric periodic solution
established in Theorem 3.1 is presented in Figure 1

Figure: Illustration of the bi-circular Keplerian solution and the near
bi-circular S1-symmetric periodic solution (in blue color). The initial
condition (in Cartesian coordinates) of each circular Keplerian orbit
are X01 = (q11, 0, 0, p12), X02 = (q21, 0, 0, p22), where q11 = α−2/3 and
q21 = (3α)−2/3. We denote by X1 = X1(ϵ) and X2 = X2(ϵ) the
projection of the initial condition of the S1-symmetric periodic solution
with initial condition X = (q11(ϵ), 0, q21(ϵ), 0, p12(ϵ), 0, p22(ϵ)).
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